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Foreword

The study reported herein was conducted at the U. S. Army Engineer
Waterways Experiment Station (WES) as a part of the vehicle mobility
research program under Department of the Army Project 1T061102B52A,
"Research in Military Aspects of Terrestrial Sciences," Task 01,
_"Terrain Aspects of Off-Road Mobility," under the sponsorship and
guidance of the Directorate 6f~Development and Engineering, U. S. Army S
Materiel Command. .
_ Data for this study were collected from tests previously conducted
by Mobility Research Branch (MRB) personnel at the WES. The study was
concelved and carried out by Dr. Y. T. Chou under the general super- i
vision of Messrs. W. G. Shockley and S. J. Knight, Chief and Assistant 4
Chief, respectively, ol the Mobility and Environmental Division, and N
Dr. D. R. Freltag, former Chief, MRB, and now Chief, Office of Techni:al
Prograns and Plans, WES, and under the direct supervision of Dr. K. W.
Wiendieck, MRB. Dr. Chou prepared this report.
COL Levi A. Brown, CE, was Director of WES during the course cf
this study. Messrs. J. B. Tiffany and F. R. Brown were Technical

Directors.
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Conversion Factors, Metric to British Units of Measurement

Metric units of measurement used in this report can be converted to
British units as follows:

Multiply

By To Obtain
centimeters - -0.3937 inches
" newtons 0.2248 pounds (force)
kilonewtons per square meter 0.145

pounds per square inch
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Summary

The validity of the assumption of uniform pressure distribution
under a pneumatic tire was checked in this study. Measurements of
pressure distributions under pneumatic tires at their interface with
firm surfaces and soft solls, previously made at the U, S. Army Engineer
Waterways Experimen: Station, were used. Two tires (11.00-20, 12-PR,
md 12-22.5, 12-PR) tested at threce inflation pressures (104, 207, and
414 kN/mz) and inder wheel lnads ranging frem 6670 to 20,030 N were
invesfigated. Stresses and displacements were computed by the theory
of elasticity for vafious depths in the half-space under loading
conditions: measured, assumed uniform, assumed'parabolic, and assumed
conical pressure distributions. ' '

Generally, the assumption of uniform pressure distribution was
found to oe unreasonable in cases of high-inflated tires on a hard
surface and on sands, but it was found acceptable in the other investi-
gated cases, including those for clay surfaces. However, the assumption
of parabolic pressure distribution wee found to be more realistic than
that of a uniform one for high-inflated tires on sands and for low-

inflated tires with light load on loose sand.
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~at the U. S, Army Engineer Waterways Experiment Station (WES)

.
* ; Shornal .
B2 4 D ADNGRA W b

EFFECT OF PRESSURE DISTRIBUTION UNDER PNEUMATIC TIRES ON
STRESSES AND DISPLACEMENTS IN THE SUPPORTING ELASTIC MEDIA

Background

1. In analytic studlies of pavement structural design, a common
assumption has been that vehicle tires transmit‘uniformly distributed
pressure to thevgﬁpporting medium over a circular area.1 This assump-
tion, which results in mathematical éonvenience and simplification, also
has been made2 in the studies of off-road soil-vehicle relations that

have been develoning rapidly in recent years. However, the pressure

. distrilution pattern beneath a pneumatic tire is seldom uniform and

depends unon a number of factors, i.e. the magnitude of the load,
geometry and rigidity of the tire, and the characteristics of the sup-
porting medium. Experimental studies on firm and soft surfaces conducted
3,4,5 have
showr that the pressure distribution pattern is approximately uniform
only when the tire-inflation pressure is very low, t-e tire walls are
very flexible, 2ni the supporting medium (soil) is very .:.oft.

2. The magnitudes of stresses and displacements in pavement in-
duced by surface loading have influence upon the pavement design. Since
the stresses and displacements within the supporting medium depend upon
the pressure distributio. Induced at the surface and since the pressure
distribution pattern under a tire is known to be nonuniform, the question
arose »s to the magnltude of the calculated deviation in stress and
strain within the medium caused by the simplified assumption of uniform
distribution.

Purpose

2. The purpose of this study was to determine the effect of various

measured pressure distributions wnder pneumatic tires on the stresses
and displacements at points benzath the centroid of the pressure dis-~

iriburicas within an elastic half-space,* as a possible means of
* In general, all considerations and conclusions pertaining to the
elactic half-space refer to the centroid line only.
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obtaining qualitative estimates of the exror induced by simple assumed
pressure distributions.

Scope

4. Existing pressure distribution data from previcus WES tests

with 12-ply rating tires commonly used on military land vehicles were

considered for the analysis. These data were cbtained by using stress
ce119.3’4’5 Pertinent test parameters are summarized in table 1. Rep-
resentative stress maps are presented in plate 1.

5. Stresses and displacements at various depths beneath the centroid
of the pressure distributions were computed by the theory of elasticity
for cases of measured and assumed pressure distributions, and the re-
sults wer=: compar<y. The computations for the assumed uniform pressure
distributions we:  _asxzd on clrcular and rectangular contact areas.

Also, assumed conical and parabolic pressure distributions over circular
coutact areas were investigated. These combinations of areas and pres-
sure distributions represent some of the simpler cases. In fact, test
results show thét under high-inflated tires the pressure tends to con-
centrate in the central portion of the tire, so the pressure distribution
pattern is nearly parabolic.

Basic Equations Used in the Analysis

6. Vertical stress and vertical displacement under a peint load
(fig. la) were needed to analyze the measured irregular prezssures. They

were computed by the following equaf:ions:6

37 z3
g = o - (18
z 2r (rz + z2)5/2 )
Pil + V) r 22 201 - v
W= = D e —— . o ~ (lb)
2%E L(rz . z2)3‘/’5. (rz + zZ)l 2
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7. - Vertical stress and vertical displacement under the cormer of

a uwniformly loaded rectangular area (fig. 1b) were n2eded to compute
stresses und displacements beneath the centrold of measured pressure
distributicns (fig. lc). They were computed by the follcwsing equations:6

2 2 :
¢ ==L mn l+m +2n.2)+sin-l n

z - 2% = 2\ 2. -
freatea ead)al v VAT
w-—%%(l- vz) (A—%%—-\Z,V)B (2b)
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8. Vertical stres: and vertical displacement under the center of
a uniforwiy ioaded civecular ares {fig. 1d) were compuced by the following
equatiov.s:6

c

6 =q<l-=- = (3a)
z i [(a,':'.)z + 1]3/2

w.aﬁdl_:_ﬁ(/1+n2-r91+ .0 (3b)

E ~
2(1-v)Y1l ¢n”

4, Vertical stress under the center uf a circular area with

conical presaure distribution (fig. 1d) was cémputed by the following




ST LS R TIRERA CAR IS

cquation:7

; @)
¢ =mq(l- L
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10. Vertical stress under the center of a circular area with

parabolic pressure distribution ({fig. 1d) was computed by the following

equation:z ' '

z

. N 2 2(—5)
z 1+

-§-+J1+(§-52 l_ /1 +i-§-52

[+

(5)

T

11. The above equations were numerically solved with a General

e s gt g s, e e

Electric 200 computer at the WES. Poisson's ratio was assumed to be
v = 0,25,

12. Since equations 1-5 were derived from the theory of linear
elasticity, they can be used only for elastic materials such as steel
or, to a lesser extent, concrete mixtures and asphalt mixtures. There-
fore, the computed results or conclusions presented herein that are
based on pressure distribution on a firm surface may be applied only to
problems involving supporting materials composed of hard rocks, concrete,
or asphalt mixfures. Unfortunately, such materials as sands and clays
behave in a very complicated, nonlinear manner, and their true behavior
beneath a tire may not conform with the theory of elasticity. Hence,
the results in this study concerning soft soils, i.e. sands and clays,
can be used only as a first approximation of the true solution. How-
ever, this study should provide an insight into the problem.

Computational Procedure

Measured pressure distributions

13, Stresses and displacements were computed :or various points
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nl_ons the vertieal exis orisinating at the centroi.d of t:he' verti.eal ‘
presaures. Since the. meeam:ed pressure disnihution uader a tite :h
~mot. ‘expressed’ analytically, an approximation ptoceduxe was applied to""f,
Lo uBe’ the above-listed equations. “The actual preesure diagram (fig. 2a)
7 vas separated 1nto two: portionst (a) und formly distributed preasures
. | aver u reetangular areg within the -actusl tire print (fig. 2b), and
;?'Af(b) the temaining irregular pressures over the total tire print that
~ are further teplaced by a number of equivalent point loads (fig. 2¢).
,liigln th&a manner the accuzacy of the procedure was incceased because
- exact equations 2a and 2b were applied to the portion with uniform
_ ”ptessure distribution, while the approximation was restricted to the
d'ffremaining portion. Total stress or displacement induced by actual loadsf
jis the sum of those induced by the two portioms. - _
16 Four the irregular part of the pressure distribution, the tire

‘print was divided into many small areas, depending upon smoothness of
* the pressure distribution, e.g. the low-inflated, treaded tires on firm
. surfaces were divided into approximately 1000 areas, which was about the
greatest number used. The sum of irregularly and uniformly distributed '
pressures should theoretically equal the actual tire load. When the
difference between the load obtained.by the suming procedure and the
'actual'load exceeded about 10-15 percent, the entire procedure was re-
peated with.a refined subdivision of the area of irregular pressure.
~Assumed pressure distributions 7
15. For uniform pressure distribution, the idealized rectangular

and .circular contact areas had the same area as the actual tire prints.
For uniformly loaded rectangular areas, the widths were chosen equal to
those of the actual tire prints, and the lengths were computed so as to

obtailn the same areas.

Analysis and Discussion of Results

16. Computed results, in terms of o!. and w, were very close for
assumed uniformly distributed pressures over the circular and rectangular
areas considered, the difference being less than 5 percent in most cases.
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‘Because of this small difference, and also since most tire prints are

between rectangular and elliptical in shape rather than circular, em-
phasis was placed on comparing results obtained under actual loads with
those obtained under assumed uniform pressure distributions over rec-
tangular areas. For convenience of presentation, the computed results
were expressed as ratios of assumed-to-measur:d conditionr, and the
rutios were plotted for wvarious depths (plates 2-10). 1In so doing,
Young's modulus E in the equations was cancelled, and the results
were expressed as dimensionless numbers.

17. The inset drawings in plates 2-10 depict the measured pres-
sure distributions beneath a tire. They are plotted along the center
line (solid line) of the tire print and along an offset line (dot-dash
line). The equivalent uniformly distributed pressures are also plotted
(dashed line) for corvarison. In most cases, the difference between
stresses and displacewents induced by measured and uniforu pressure dis-
tributions can be anticipated from these drawings. When the pressure
is concentrated at rogions near the center of the contact area (for
example, see plate 6¢), the corresponding stresses and displacements
along the centroid line within the elastic half-space are greater than

those induced by the equivalent uniform pressure distribution (stress

“and displacement ratios are less than 1.0).

18. The equivalent uniform pressure distribution has been deter-
mined from the three-dimensional shape of the measured distribution.
Therefore, the arca inclosed by a rectangle (the uniform pressure dis-
tributicn) in the longitudinal direction on the inset drawings 1s not
equal to the area inclosed by the mcasured pressure wave at the center
line 6r the offset line). Similarly, the area inclosed by a rectangle
in thn lateral direction, as shown at the left-hand side of the inset
drawings, 1s not equal to the area inclosed by the wmeasured pressure
distribution. It also should be pointed out that the pressure distribu-
tion in the longitudinal direction of the tire is not necessarily sym-

metrical, and the peak pressure along tue lateral axis across the centroid

of the pressure pattern may e diffarent from those along other parallel

axes.
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19, The difference in the computed results (stresses and dis-

placements) of the uniform and measured pressure distributions shown

in the plates is large near the surface, but decreases as the depth

8

increases. This may be explained by the principle of Saint Venant,

which states, "If the forces octing on a small portion of the surface

of an elastic body are replaced by another statically equivalent system

of forces acting on the same portion of the surface, this redistribution

substantially changes the stresses locally, but has s negligible effect

‘on the stresses at distances that ave large in comparison with the linear

dimensions of the surface on which the forces are changed."

20. Worthy of note is tﬁe fact that differences in stress are much

more pronounced than those in displacements. The stresses at a certaln

point on the surface and in a region close to that point are influenced

wmore than the displacements are by the intensity of the pressure at or

near the point. In an extreme case, the vertical stress at a point on

- the surface is zero if the pressufe is not directly acting upon the

point, but the displacement for the same case is not zero.

Results for tests on firm surfaces

21. The str.ss and displacemént ratios for am 11.00-20 smooth,

.towed tire at three different inflation pressures and loaded to 13,30 N
are suown in plate 2. The contact area of thz tire was larger and the
zone of high edge pressvwre was more pronounced st low tire-inflation
pressures than at high inflation pressures. The pressure at the center
of the tire for the measured pressure distribution was less than that
under uniform pressure. As the inflation pressure increased, the peak
pressure under the tire tended to move to the center, and the pressure
intensity at the center of the tire print became greater for the measured
pressure distribution than that under the equivalent uniform pressure.
At high tire-inflation pressure, the pressure near the edge of the tire
was still greater than chat at the point halfway between the center

and the edge of the tire. This was caused primarily by the sidewall
vigidity of the test tire (ply rating = 12). The plotted curves in

plate 2 show that tlie computed stress ratlos were much higher than unity

for a low-inflated tire; the situation was reversed for a high-inflated
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L ﬁre. In the latter case, the vertiwal stress on the a\mface undar _
*'vuniform pressure was 66 percent of the stress induced by the measuxedrif
pressure ‘distribution. The computed displacement ratios for a luw-
inflated tire were near unity, but were less than unity for a high- :
-inflated tire, however, the difference was not large within the test B
range. v
22. Results are shown in plate 3 for the same tire under static
conditions. The pressure distribution patterns are very similgr to tho&e
in plate 2, ‘and the computed results are quite close to those for the
rollins tire. :
23. Computed vesults for a 12-22.5 treaded, tubeless tire in the
stetic condition and loaded to 12,450 N are shown in plate 4. The
highly irregular pressure distribution pattern under the tire was caused
by treads with zigzag shape. It is interesting to note that the vertical
pressure distribution along the lateral axis through the centroid of this
truck—mounted tire was markedly assymmetrical, especially at the lowest
inflation pressure. The other tires in this study were mounted on ‘he
single-wheel test carriage and produced symmetrical patterns at all tire
pressures, The assymmefry of the truck-mounted tire had no bearing on
the analysis of data in this study; howaver, the magnitude of the dis-
Aparity in peak pressures (at the lowest inflation pressure, the peak
pressure was 600 kN/tn2 on the outside and 400 kN/m2 on the inside of the
tire) was sufficiently great to suggest that this phenomenon be in-
vestigated further at the first opportunity.
. 24, The pressure distributions showm in plate 4 generally are

gimilar to those in plates 2 and 3, except for the irregular appearance
_ caused by the treads. The computed results for the cases represented

in these three plates are also quite close. As seen in plate 4; the
computed ratios for stresses and displacements were tlose to unity at
inflation pressures of 104 and 207 kN/mz, but at 414 kN/m2 the ratios
were much less than unity. In the case of vertical stress, the computed
results on the surface under uniform pressures were only 43 percent of

the stresses induced by the measured pressure distributions.

10




Results for tests in soft soils

25. Computed results for towed tires on sand and clay are plotted
in plates 5;10. As stated previously, these results, derived by the
theory of elasticity, can be viewed only as a qualitative first approxi-
mation of the desired solution; any attempt to explain the computed
results on a2 quantitative basis probab;§ would be misleading.

26. Tests on sand. Results for a low-inflated (104 kN/mZ) tire
lvaded to 13,350 N and towed uver sand of three different strengths are

shown in plate 5. The sand conditions ranged from loose to dense. Edge
stresses here were significant for all sand strengths tested, which again
was caused by th~ sidewall riéidity of the test tire. As shown in plate 5,
the contact length decreasad with penetration resistance, but the contact
width increased. Double peaks in the pressure distribution along the
center line were common, but were found at the offset line in dense sand
only.

27. The stress ratios in plate 5 were much greater than unity when
the supporting sand had high penetration reéistance values, but decreased
and be;ame less than unity when the penetration resistance values de-
creased. The disgslacement ratios were near unity for high penetratien
resistance values, but became less than unity as the penetration resistance
values decreased. The computed stress and displacement ratios were ob-
served to be near unity when double peaks of pressure along both the
tire center line and the offset line occurred.

28. Results in plate 6 are from tests conducted under similar
conditions as those represented in plate 5, the only difference baing
the higher tire-inflation pressuve (414 kN/mz) for the tests in plate 6.
Double peaks and edge stresses were not observed. The pressure distri-
butions have shapes similar to a parabola.

. 29. In general. the pressure patterns under the high-inflated tire
on sands of different strengths were very similar to each other, but

they were quite different from those under the low-inflated tire (plate 5).
This may be exrlained qualitatively by the fact that relatively high-
inflated tires almost behave like rigid wheels, experiencing little
deformation and relatively high sinkage, while low-inflated tires undergo

11
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greater deformation (providing greatei contact érea) and relatively
1ittle sinkage. The computed siress and displacement ratios for high-
inflated tires (plate 6) were much less than unity; therefore, the
assumption of unifora pressure distribution under a high-inflated tire
on sand appears to be unreasonable. )

30. The results for a low-inflated (104 kN/mz) tire towed over a
loose sand under three different loads are shown in plate 7. The pat-
terns of the pressure distribution fall between those of plates 5 and 6.
For the heaviest load tested (20,030 N), double peaks of pressure were
observed at both the tire center line and tﬂe offset line; the pres-
sure distributions along these lines were quite similar and relatively
wuniform. For the medium load (13,350 N), the pressure distribution along
i the center line was similar to that at 20,030 N, but the pressure dis-
tribution aloﬁg the offset line presented only one peak near the center.
For the smallest load (6670 N), the pressure distributions were approxi-
mately parabolic in the longitudinal direction, but edge stresses were
observed. Results plotted in plaﬁe 7 show that the computed stress and
displacement ratios near the surface were close to unity uwader heavy
loads, burt became less than unity as the load vas decreased. Therefore,
the assuuption of uniform pressure distribution under a low-inflated
tire on loose sand may be justified.

31. Results in plate 8 refer to test cbnditions similar to those
represented in plate 7, the difference being the higher inflation pres-
sure (414 kN/m?) for the results in plate 8. The pressure patterns are
very much like those in plate 6 in that the pressure distribution along

the lateral section of the tire was quite uniform at the central portion

of the tire and then decreased gradually to the ends. Again as anticlpated,

the computed stress and displacement ratios were much less than unity.
This 1s confirmed by the plotted results in plate 8.
32. Tests in clay. Available pressure distribution data from tests

on clay were not as numerous as those on sand. Results for tes.s with a
tire loaded to 13,350 N and towed over a soft clay at three different
inflation pressures are shown in plate 9. Zones of slightly higher edge

pressures can be seen, but they are not located as close to the edge of

12
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1tﬁé tire as they were in sand ‘and on. a firm surface. In general, the
pressures beneath the tire weve distributed more uniformly in clay than
in sand. . | P ' o

33, The »lotted reSulté show that at low inflation pressure, the

computed stress and displacement ratios were near unity, but tended to
become less than unity as the inflation pressure increased so the as-
sumption of uniform pressure distribution is not justified for a high-
inflated tire on clay.

34, Results from tests conducted under conditions similar to those
represented in plate 9 are shown in plate 10, but thé wheel load was
6670 N-for the tests in plate 10. Test data for an inflation pressure
of 414 kN/ih2 were not complete and so are not shown in the plate. Under
tires with low tire-inflation pressures and light load, zones of edge
stress were agéin'observed aé in sand. The plotted curves for the com-
puted results indicate that the stress and displacement ratios were not
very much less than unity, and the assumption of uniform pressure dis-
tribution thus appears reasonable. |

Computations for assumed conical
and parabolic pressure patterns

35. Computed ratios of vertical stress at three different depths for
equivaleny conical and parabolic pressure distributions are listed in
table 2. The stresses computed for the conlcal distributions were greater
than those computed for the measured pressure distribﬁtions in all cases
analyzed. a

36. The stresses computed for measured pressure distributions on a
firm surface tended to draw closer to those computed for the equiva-
lent parabolic pressures as the tire-inflation pressure was increased.

For the cases analyzed at high inflation pressure (414 kN/mz), uniform
pressure appears to be more realistic than the parabolic one. For
measured pressure distributions in sand, the computed stresses were
close to those computed for the parabolic pressure distributions for
high-inflated (414 kN/mZ) tires; however, for low-inflated (104 kN/m®)
tires, this conclusion applies only to loose sand and light load. 1Iam
these cases, the parabolic pressure distributions appear to be more

realistic then uniform pressure distributions.

i3




37.

a.

1=

I

Because the analysis herein is based on limited data, con-
clusions are not drawn on a quantitative basis. Nevertheless, for the , :

analyzed conditions, it is concluded that:

Conclusions

The computed stresses and displacements under measured
pressurz distributions ave different from those under
equivalent uniform pressures. The difference i1s most

significant at shallow depths, but becomes negligibly

small as depth increases. .
Under pressure distributions produced by high-inflated l f
tires on a firm surface, the computed stresses are larger :
than those produced by the equivalent uniform pressure.

Under low-Inflated tires, the situation is reversed.

The computed results for smooth and treaded tires on a - -
firm surface are not signiificantly different. - |
Under pressure distributions produced by high-inflated tires
on sand, the computed stresues and displacements are much
larger than those computed for the equivalent uniform
preosures.

Under pressure distributions produced by low-inflated

tires on dense sand, the computed stresses under measured

pressure distributions are smaller than those computed

et L e ai et el

for the equivalent uniform pressures. For pressure dis-
tributions on loose sand, the difference in stresses and ¢
displacements is Iinsignificant, except under a light load. %
Under a light load, the computed stresses and displacements p
under measured pressure distributions are m.uch greater than
those under the equivalent uniform pressures.

The above conclusions apply to assumed equivalent uniform
pressurc distributions on both circular and rectangular
contact areas. The computed results for both contact areas
differ by not more than 5 percent.

The stresses computed for the assumed conical and parabelic

14




1.

pressure distributions are, in general, much larger than
those for the measured preséure distributions. The com-
puted stresses for measured pressure distributions on a
firm surface tend to draw closer to those computed for
the equivalent parabolic pressures as the tire-inflation
pressure increases. For measured pressure distributions
in sand, the computad stresses are close to those computed
for the parabolic pressures in cases of high-inflated tires;
but in cases ofilow—inflated tires only on loose sand and
-under light lcads (table 2). 1In these cases, the parabolic
distributions appear to be more reasonable than uniform

pressure distributions.
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Computed 3tress ‘Ratics in Conical and Parabolic Pressure Patterns

Identifi~

Stress Ratios .| {Identifi- Stress Ratios
cation Depth Cone/ Parabola/|| cation Depth Cone/ Parabola/
No.* em Measursd Measured No. % em  Measured Heasured
1l 0 3.20 2.14 13 0 1.27 - 0.85

5 1.84 1.51 ' S 1.05 0.86

15 1.09 1.02 15 0.96 0.90

2 0 2.95 1.96 14 0 1.27 "0.85
S 1.83 1.54 5 1.13 0.90

15 1.18 1.12 15 0.92 0.84

0 2.05 1.36
5 1.62 1.41
15 1.18 1.14
0 2.88 1.92
5 2.53 2.10
15 1.45 1.37

0 2.58 1.72

5 2.00 1.70

15 1.27 .22

0 2,30 ° 1.54

5 1.44 1.25

15 .07
7 0
5
5

- . g
o

-]
-
»mun o [ Y.

—
[C RV N

12 2,61 1.74
1.87 1.46 |
15 1.22 1.10 '

15 0 2.01 1.3
5 1.38 112
15 114  1.06
16 0 3.3 2.24
S 2,48 1.9
15  1.53  1.38

17 0o 1.72 1.15
3 1.18 0.96
15 0.96 0.89
18 0 1.60 1.07
3 1.23 0.99
1.05 0.97
2.17 1.44
1.47 .
1.20

24 2.19 1.46
1.11 0.94
15 0.99 0.93

#* Ydentification n'mbers refer to the

same numbers in table 1.
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