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I. INTRODUCTION

The atmospheric detonation of a nuclear weapon produces a high
temperature air plasma which is commonly referred to as a "fireball".
This fireball begins to emit thermal radiation, mostly in the visible
and infrared regions of the spectrum, into the surrounding atmosphere
immzdiately after it is formed. Although the fireball has a finite
diameter, it is considered to be a point source for calculational purposes,
and the thermal radiation environment produced is expressed in terms of
a time dependent thermal irradiance. The general characteristics of this
irradiance at any point outside the fireball are shown by the curve in
Figure 1. This curve;fs generally approximated by

2
t t
to1as
2.2 . 0.206 e 6(t )

H(t) = H +
o 1+ 1.69 % 3.6 1+ 1t6t 10
o 7o

t
where t is a functiorn of the weapon yield and H° is a function of
weapon yield, distance from point of weapon detonation, and_transmittance
of the atmosphere., Table 1 contains values of t H and f H(t) dt for
several weapon yields and distances. In theory the thermdl environment
is of infinite duration.

(1)

TABLE I. Nuclear Pulse Parameters

Yield Distance t Ho f Hdt
(Xt) (km) (s? (in™2) °(Mn~2)

1 0,32 0.04 11,32 1.25

10 0.70 0.11 11.26 3.26

100 1.51 . 0.31 8.96 7.31

1000 3.26 0.87 4,65 14.08

However, for practical applications the time duration of the environment
is taken to be lOto since 10t° [ acd
H(t)dt= O.SSfH(t)dt and H(t) <0.03 H_

o o
for t > lOto.

The effects of the thermal environment on exposed materials are due
to the absorption of all or part of the radiant energy incident on the
exposed surfaces of the materials. The absorption of this radiant energy
by the lateral surface of a cylinder will result in a transient temperature
rise, a knowledge of which is essential for predicting the response of
the cylinder for those effects which are a function of temperature or
temperature change. Because of the transient heating, a numerical
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calculation of the temperature using finite difference or finite element
methods is generally employed. Although these methods are of great

value for solving a specific problem, they are not convenient as analytical

methods for nondimensional representation or parametric analysis of the
temperature field in the cylinder.

This report describes a deviation of the transient temperature field
in an isotropic, homogeneous, finite length, solid cylinder of radius r
whose lateral surface is subjected to heating by a nuclear thermal
radiation environment, Ojalvo's modified separation-of-variables method!
is used to solve the transient heat conduction equation under the
following assumptions:

1. the thermal properties of the cylinder are independent of
temperature,
2, the thermal radiation is absorbed at the surface,

3. convection and radiation heat losses by the cylinder can be
neglected,

4. the transient temperature field in the cylinder is independent
of the axial coordinate, and

S. the initial temperature field in the cylinder is uniform,

IT. TEMPERATURE EQUATIONS

The thermal irradiance at the lateral surface of the cylinder is

expressed by I
NOF(t) cos 6 0£6 &-2—

H(o,t) ={ © %-se:s %5 (2)
ilof(t) cos 0 i‘lgg <o

where f(t) is the time dopendent portion of (1). The transient tomperature

ficld in the cylinder is governed by the following equations

2 s AT(r.8t)
vir(r,0,) o 2 AL - 3)
whore 3
9l 1 3 .3 1,3 |
VeirwlbE) @ o | @)

1 J.U. Ojalvo, "Conduotion with Time-Deperdent Heat Sources and Boundary

Conditions, " International Jowrnal of Heat and Mase Trangfer, Vol §,.




_Hof cos ® 05652—
K
n 3n
.3_3_.«, {i 0 75055~ (5)
_Hof cos @ 3 <620
K 2
at r =71,
] aT
;-5-6— = 0, (6)
at 6 = 0, I (because of symmetry), and
T(r,8,0) = O*. (N

The modified separation-of-variables method assumes that the
solution of (3) can be expressed as

Te D0 ) (0 0y (1,0) + T(r0 (). (8)
o n

By substituting (8) into (3) one has

-
2 c e ..
EX vuvton i fuen 1]

The method further assumes that

To = San ®m1 (10)
and that either
.2
V'lo = 0 | {11)
or
o d
V"To “me\@m {13)

S

L 4
Yo generality i3 lost by assuming © = 0 3inca the temperature of the
aylinder can be obtained by addixg the initial comatant temporatuav
to T end only the temperature difference ¢s required for tha strese
and dieplacement fields. :
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The substitution of (10) and (12)* into (9) yields

E:z: - _coz:z: : L
‘l’mv ‘”m“'.z' [‘l'm+ anf - % bmnf] P (13)

If (13) is equated termwise and divided by ¥ Qn:n and if - A 2's are

chosen for the separation constants, one obtains the following

differential equations:

and

(14)

(15)

The solution of (14) and (15) along with T0 when substituted into (8)

provides the transient temperature field in the cylinder.

The boundary and initial conditions for & T,and¥ a

re

’
obtained by substituting (8) into (5), (6), and (7)° This substitution

vields - :
Hocos 8 9 %1t o<ogn
LIC g r ‘z'
3 Pen AT f P
Zzwmn ar ) Fr “”2‘“953
docos 8 Mole Meogam
< r 2
at v = Yo -
\ a%m 3TQ
ZZWN\ T T
at® « 0,01, and
™ ~1°f

ZZ Vi o

9

e S Y et AR L el

(16}

Gn

(18)

; general than the use of (117 simes [21) i a
tn whick all the b 's are sero. '
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at t = 0. From (16), (17), (18) and Figure 1 the following boundary and
initial conditions for ¢mn’ T., and ‘Pmn are deduced:

o’
Ban 2 * (19)
st r=r, 3T
a¢m
e " O (20)
at = 0’ 6, I
Hp cos 6 C<e<sh
K 2
20 cos gggan
A
atr=r,
aT
e * ¢ (22)
at 9= 0, I, and
\Pmn e 0 , {23)

at t = 0,

Equation (14) is 3 two dimensional Helmholtz's difforential
egquation, the general solutions of which are of the form

¢Qll ° JO (lml') (Aou ¢ amﬂ} , (24a)
for @ = 0 and

O * {&mJ m{A gt} * B m?(.\mr))(cmcos 9 * D sin :;9) (23b)

for 0,

In order for these solutions to be well behaved at v = 0, the8  's sust

br equal to zeru. Also from (20) it is readily scen that the B,.'s and
the D_'s must alsv equal fero and that m= 0, 1, 2, 3, ... . Lguation
(24) cdn now be rewritten as ' !

Oan ™ Aualig™ cos &9 | 25)

* This equation trsured g homogengous boundary condition j‘or {14).

10
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The substitution of (25) into (19) gives

'

Jm (Amnro) = 0 (26a)
or .
J (A1)
m+lmn o
(Amnro) I (Amnro =n (260)

From (26a) one sees that the A_ r 's are the n-th positive roots of
(26a). ma o

Equation (11) cannot be used ir determining Ty The solution of

this two dimensional Laplace's differential equation which is well
behaved at r = 0 and satisfies (22) is

A o

0
To C0 + E Cmr cos n @ (27)

m=1

the substitution of (27) into (21) yields

\ n
Hcos 0 0585

V‘: aCr "' cosmo={ 0 Teog3t (28)

ﬂ*i ﬂ v . 3“ < ( ?

By expressing the rvight side of (28) in terms of the following Fourier
cosine serios: )

“ .
B P, o8 L2 Ll cosne
: = e 5 5 Z 2Ty cos n , (29)

one can rewrite (28) as '

n

0 o '2- *}

2: -1 H 1 ¢os O 2 [ -1 A
> e - - e 3 -

‘ a(.nro cos n @ - i - - . T X E (52-T) cos n @
as] ‘ a=2 (30)
even

It is readily seen from (30) that (27) cannot satisfy the boundary
conditions at ¢ = r because of the first term of {27). This tewn

represents the unifors heating of the entire lateral surface of the
cylinder, and the form of To which is obtained by solving the uniform

11
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heating case is
= 2

== (31)
o ZﬂKro
Consequently, it is assumed that
. H m
10 T ——2 Co + E Cmr cos m 6 (32)

Zﬁnro 1

where the values of the C_'s, except for Co' are obtained by equating
(30) termwise. From (30) one sees that

and (gg)
C = - _2Hg cos\ 2
o

(34)
. .om-1
hm(m -l)uro
for m>1.
In ovder to solve
* K o.2 . ¢ ®
wﬁn A & M %En ‘dmnf ] &% bmnf (15)

the coefficients, a_ . and b 0’ must be evaluated. The amn's can be
evaluated from (10) and (33? and the hmn's from (12) and (32). From
(10) and (32)

) W
" 2. \ o _ \
70— E ' ZZA cos @ 9
2nxr0r » Ln . C‘x £Os 9 6 aa | a Jn( r) cos &

nzl ne) (35)
Lquating (35) termwise one obtains
[+ .
ort e ¢ a g e a_J (A 1)
anro 0 00 oh "0' on (36)
' sl ‘
and
N - | : -
Cﬁr = Z ann‘,a“‘nnr]‘ (37)

fis}




Using the orthogonality properties of the Bessel functions, the amn's
can be evaluated from

by
o o
o /rSJ (A_1)dr + C '/;J (A__r)dr
. - chro o 0" on ° g 0" on (38)
on fro
2
. rJo (konr)dr
0
and /
S 1‘m+1 Jm()\mnr)dr
an s Cm . (39)
2
f 3 (A r)dr
¢
The integration of {(38) yields
- AHorg
aoo Mk * Co (40p)
for Xoo = 0 and
. alo (40b)
HK(xonro) Jo()‘onr)
for n=1., For che remaining amn's the integration of (39) yields
. me]
a = 2(‘m )‘mnro *Jm*lomnro) (41)
L R L R
mi o m mno

By substituting (26b), (33) and (34) into (41) one obtains

2
H (A T

a . = (42a)

u ‘](*mlro)z‘l]"x(*m"o) |

for m21 and

2
s . zuoxo cos (@/2) (42b)
. un 2 7 1
;[m -qr[x an® o) n Jm(x umro)
for u21 and n>1. From (12) and (32) '
o 00 .
L =Z:Eb J (A r)cosmo (43)
mcro mA R omn ‘ }
w=0 n=0
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Using the orthogonality properties of the Bessel functions and the cosine
functions, the bmn's gan be evaluatedzﬁrom

0
fer(Amnr)dr f cos médo

bmn . 2Hy o 0 (44)
nmro T, 21
2 2
rJ7(A__r )dr cos modd
mmn o
0 o
The integration of (44) vields
= ._2_}.{.L (453)
0o lkr
o
ane
bmn = 0 {45b)

for m20 and n21,

For )‘oo = 0 equation (15) reduces to

[ ] [ ¥
Voo ° -aoof + 'cT"boof’ (46)
the integration of which is
t
o~ K >
Yoy = - 3 f(E) e bmf £(t)dt » B (a7)

4]

From the initial] condition equation (23), one sees that B must equul
zero.  For the remaining A 's, the generalssolution of ($9) can be
obtainad by using the integx‘ating factor exm kKt

L]

<o
The use of this factor rasults in
R t ¢ : 2y
A me T A =t : “d o~ t,
- B Cp mn Cp . mnep
Vo ® 8n° , / o £(t)dt + B e
' SR 2 : (48)

One also sees from (23) that the ﬁ.m"s must equal zevo, The integration
of the right hand side of (48) by parts yields o '

| 2 o mmmt J kéx‘zm 5t
"ﬁn - -umf(t) * ama i --é-;a-a—-'o . - xf ’p_,.j;,. | £(t)dt
. ' : ) (49)

-
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The substitution of (25), (32), (40}, (42), (45), (47) and (49) into gives

t ) t
2K on CD {
T= = f f(t)dt +

npcro o n= J (Aonro) l

] ) A ln
xf(t)de{ J (A 1) + i Z [1n o] e

n=1 l:O\ln o/ 7 1] I (A pTo)
b XZ -----t AT
b jelncp £(t)dt J(k r) cose.‘ZZ[mo]
o m=2 nel [o'-1)
cos(mH/‘Z) e ' cp f “an ——tf(t)dt
[(xmnso) -m ] J (kmnro) 8
x J (A, ) cos m b ) | (?0)

where f{t) is the time dopoadent portion of (1).

IT1, NUMSRICAL RESULTS

Por simplicity and generality, the derived temperature field
aqustion will be numerically evaluated in terms of the fallom.tg
dinensionless quantities

-
R t = %-
o o
51
5' Kig T* T N
= 1
“"_’8 WL,
lloc.ro :
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In addition, (1) is approximated by the following Fourier series:

p
_ Co nit . lut

f(t) = Ho - ¢ CZ cos =+ dZ sin —= (52)
o1 o 0

If (1) were used in evaluating (50), the integrals would have to be
computed numerically. Since the use of (52) allowed for the direct
integration of these integrals, such a representation is both logical
and convenient, regardless of the number of terms required for accuracy.
All of the calculations were carried out by using a WIVAC 1108 digital
computer and the number of terms used in evaluating the double series
solution were such as to insure at least three digit convergence.

Figures 2. 3, and 4 are plots of the ‘radial temperature distribution
for variovs values of 87, t” and 8, A comparison of the temperatures
calculated usine (50) and those calculated using CINDA-3G2, a finite
differencing he t transfer computer program, shows a five percent or less
differenc~ in the calcuiated temperatures. Approximately ninety seconds
of machine time is required to calgulate the radial temperatures using
(50) for paiied values of § and t and two values of ¢.

IV. CONCLUSION

The anal,tical expression rf the transient temperature field in an
isotropic, homogeneous, fin..e length, solid cylinder whose lateral
surface is subjected to the heating by a nuclear thermal radiation
envivonment has heen derived, This expression provides a convenient
means for the nondimeisional representation end parametric analysis of
the temperature field in the cylinder. In addition, this temperature
equation can by used ‘n tue analysis of thos> effects dependent on
temperature or temperatury .hange, e,p., thermal stvess in a cylinder.

Corporation Space Diviatom, New Orleans, Louisiana.

JoD. Gaski, Chrysler Improved Numerical Differenoing Analuser for
3rd Genergtion (.‘_on%‘ utérs, TN-AP-67-267, October 20, 1967, Chryaler
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GLOSSARY OF TERMS

Coefficients defined by (38) and (39)
Coefficients defined by (44)

Specific heat

Time dependent portion of (1)

Half length of cylinder

Cylindrical coordinates

Radius of cylinder

Dimensionless variables defined by (51)
Time

Rise time of nuclear thermal pulse

Unknown coefficients in (24)

Coefficient defined by
Coefficient defined by

Time dependent irradiance of nuciear thermal
value

Maximum irradiance of nuclear thermal pulse
Ordinary Bessel function of argument Xx
dJ, (x)

dx
Temperature in cylinder

Part of solution to

Dimensionless variable defined by

Thermal conductivity
Separation constant of (13)

Density
Part of solution to (3)
?art of solution tu (3)
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