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When U, S.Government draviings, specifications, or other .data are used for any pur-
pose other than a definitely related Gover-ment procurement operation, the Govern-
ment thereby incurs no responsibility nor any obligation whatsoever, and the fact
that the Government may have formulated, furnished, or in any way supplied the said
drawings, specifications, or other data, is not to be regarded by implication or
otherwise, or in any manner licensing the nolder or any other person or corpora-
tion, or conveying any rights or permission to manufacture, use, or sell any

patented invention that may in any way be related thereto, a
FOREWORD
This report constitutes the final report for the original portion of the AFRPL -

Motor Component Vibration Study, Contract F04611-73-C~0025, The contract was
recently amended to include an analysis of the Space Shuttle Booster motors. A
separate final report will be issued on the Space Shuttle work. The work reported
was accomplished at Hercules Incorporated, Bacchus Works, Magna, Utah.

This report is submitted in accordance witii data item B-~006 of the referenced con-
tract., Contract F04611-73-C-0025 was issued to Hercules by the Air Force Rocket
Propulsion Laboratory, Edwards, CA 93523. Project engineers for the contract

have been Mr. D. Thrasher and Dr. D. George. The current project engineer is Mr,
W. C. Andrepont,

A subcontract was issued to the MacNeal-Schwendler Corporation for modifications
to TAE-NASTRAN computer program:— Cycl4C symmetry analysis capability was added to
the frequency response package (Rigid Format 8), in Tevel 15.0 NASTRAN by MacNeal-
Schwendler,

The Lockheed Missiies and Space Company at Sunnyvale, Califernia furnished data on
the components that are attached to the aft dome of the C-3 Poseidon SS motor. In
addition, Lockheed loaned Hercules an inert Poseidon SS motor for use in the
acoustics testing portion of this program., The Aerojet Solid Propulsion Company
at Sacramento, California supplied reports and other data on the Minuteman III
third stage motor for use in constructing finite element models of the motor.

The following Hercules empioyees have made significant contributions to this effort:
E. Hikida (Task 3), L. West (Task 4), B. Moore (Tasks 8, 10 and 11), D. Wang (Task
11) and F.R. Jensen, Principal Investigator.

This report has been reviewed by the Information 0ffice/DOZ and is releasable to
the National Technical Information Service (NTiS). At NTIS it will be available
to the general public, including foreign natiors.

This report is unclassified and suitable for general public release,
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SECTION I
INTRODUCTION

There were two major objectives of the Component Vibration program:
(1) Develop simplified finite element structural modeling techniques for
the determination of permissible limiting amplitudes of acoustic pressure
oscillations on the basis of motor-mounted hardware vibration limits,
and (2) develop criteria for the degree of simplification which can be
tolerated in structural modeling of the rocket motor for combustion-
instability-related dynemic structural analyses.

Acoustic pressure oscillations in the combustion cavity of a solid
propellant rocket motor can impose excessive dynamic loads on structural
components and attached auxiliary motor hardware and on hydraulic and
electronic equipment. The problem of combustion instability has received
renewed emphasis in recent years because of these structural effects. High
dynamic loads (accelerations) have been observed on structural components -
particularly in high-strength, low-modulus rocket motor cases - at relatively
low oscillating pressure amplitudes (<3 psi in the Poseiden second stage).
Dynamic response to acoustic pressure oscillations must be predicted to
define acceleration levels to be expected on individual components during
flight and static firings. This information is then used to indicate
possible redesign of the motor or a component, to define component qualifi-
cation test specifications, or to design a means for shock isolation. Since
the analysis method must account for motor design parameters it may be
used to assist in redesign efforts.

Nearly all solid propellant rocket motors curvently in use in upper
stage ballistic missiles exhibit some degree of combustion instability,
In strategic missiles, the most yibration-sensitive guidance equipment
i¢ placed on or above the upper stage motors. The upper stages are, there-
fore, of great conccrn with regard to tolerable levels of acoustic combustion
oscillation,

High amplitude vibrations may be detrimental to components that
have heen designed and qualified to withstsnd lower levels. For example,
MIL~STD-810B requires vibration tests at levels up to a maximum of 50 g's
for components mourted on ground-launched or air-launched missiles. Vibra-
tion levels over 100 g's have been observed on the Minuteman II third stage
motor and vibration lévels over 300 g's have been observed on both the
Minuteman III third stage and Poseidon C-3 second stage motors.

Guidance and related motor control ha.dware are normally coastructed
of lightly-damped metal and plastic marerials in comparison to the heavily-
damped. propellant grain. Hence, vibration amplitudes associated with
resonances of these components can be very high. The degree to whitch
combustion instability can be tolerated depends uron the relative resonant
frequency ranges of the components and the acoust.c cavity, which can often
be unstable at szveral frequencies over a broad range.
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The work planned to accomplish the stated objectives was divided into
three separate phases, with each phase having its own objective. The work
within each phase was further divided into tasks. The three phases and
14 tasks that conmstitute the total effort -are as follows:

Y

i Phase 1 - Establish a Baseline Analysis
<§’ : Task 1 -'Select a Baseline Motor -
i
| Task 2 - Baseline Motor Acoustics Analysis :
e Task 3 - Baseline Motor Structural Dynamics Analysis Yo

Task -4 - Structural Reésponse Testing Using Acoustic Excitation

Task 5 - Baseline Motor Analysis Evaluation

Phase II - Simplified Modeling Studies

PUTEER

Task 6 - Select Simplified Modeling Techniques :

Tacsk 7 - Baseline Motor Analysis Using Simplified Techniques

Task 8 - Evaluation of Simplified Model Analyses

s e st

| Phase III - Verification Motor Analysis

Task 9 - Select Verification Motor(s)

Task 10 ~ Verification Motor Acoustics Analysis

Task 11 - Structural Dynamics Analysis of the Verification Motor(s)

Task 12 - Evaluation of Verification Motor Analyses
Task 13 ~ Select Simplified Modeling Techniques ;
Task 14 -

Issue Final Report Including Modeling Techniques Manual

The major purpose of Phase I was to provide a data baseline for evalua-
tion of simplified techniques. P'ans called for a detailed analysis of a
motor to be conducted with as much detail in the model as could be ¢
; considered reasonable to provide results that would be as accurate as
! state-of~the-art modeling would yield, The validity of a modeling simplifi-
cation could then be evaluated by comparing results from a model using the
proposed simplification with results fiom the detailed analysis, ‘.

o Aoy

Phase II was included in the program to develop simplified modeling
techniques, Proposed techniques were to be screened in Task 6, based on
experience gained during Phase I, The simplified techniques that appeared
to be most promising were to be applied in an analysis of the baseline motor -
in Task 7. Task 8 was intended as an evaluation of simplified model results
obtained by comparing Phase I and Task 7 solutions,

i 1-2
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The Phase III verification analyses were scheduled to verify the
simplified analysis techniques developed in Phase II. The simplified
techniques were to be applied to two verification motors and results were
to be evaluated by comparing available accelerometer data with analysis
results,

The program conducted does not agree exactly wii™ the original program
plan as outlined above. Changes and reasons for the changes are given in
the body of the report.

A separate section of the report is used to discuss each major task or
phase. Much of the work has been documented by task final reports that were
written after completion of the individual task. For the work covered by
task final reports, only a summary is given under the task heading and the
task final report is included as an appendix. For tasks that were not docu-
mented by final reports, appropriate detail is included in the main body of
this report. Some of the technical details previously published in monthly
status reports have been gathered to form another appendix to this report,
A report written to Hercules by the MacNeal=Schwendler Corporation {MSC),
has also been included as an appendix. The MSC report was written to
docurient the addition of the Cyclic Symmetry capability tc the Frequency
Response Rigid format in NASTRAN. A final appendiz is the Modeling Techniques
Manual that is intended to provide guidance to analysts who muSt analyze
solid rocket motors subject to unstable acoustic pressure sscillations,

The following appendices are included as a part of this final rerort:

Appendix A - Task 1 Final Report

Appendix B - Task 2 Final Report

Appendix C - MSC Cyclic Symmetry Report

Appendix D - Task 4 Final Report

Appendix E - Task 5 Final Report

Appendix F - Task 8 Final Report

Appendix G - Excerpts from Monthly Status Reports

Appendix H

Closed Envelope Predictions

Appendix I - Modeling Techniques Manual

Final reports covering the analysis of the C-3 Poseidon SS motor,
(Task 3), and the analysis of the Minuteman III TS motor, (Phase ITI), were
not written. Therefore, a detailed discussion of these analyses is included
in this report. The report ends with a section containing conclusions
and recommendations for additional work.

1-3

et~ e e o o ok mareb o mn by o A g A o . ST R o s S i ot S -~ - -

. !
B2

4’\.& -

PR




- . R

2

2.
e e et b et e . e o . S < AR AR A b A S i RN R b

.
kP s e e e

ey

Y TS

SECTION TT
TASK 1 - SELECTION OF Tw:,BASELINE MOTOR

The major ohjective of Task 1 was to select a baseline motor. Motors
to be considered as candidates for the baseline motor included the Minuteman
IT and Minuteman III .third stage motors and the C-3 Poseidon second stage
motor. A secondary objective of Task 1 was to establish error limits to be
used for -evaluatior of the baseline motor analysis.

A,  BASELINE MOTOR SELECTION

The following factors were specified in the contract work statement as
criteria for selecting the baseline motor:

(1) Availability of component vibration and acoustic pressure
oscillacion data from static and flight tests

(2) Availability of acoustic mode analysis and, dynamic structural
analysis results

(3) Degree to which the.mc.or configuration is representative of
probable future ballistic missile motox designs

Both the Minuteman and Poseidon motors appeared to have sufficient
component vibration data from static and flight tests. In addition,
acoustic mode analyses had been performed on each motor by the MacNeal-
Schwendler Corporation. Acoustic bench tests had been performed on each
motor, with the Poseidon C-3 second stage having the most comprehensive
bench test results available. More significant structural dynamic analyses
had been performed on the Minuteman IIIL third stage than on either of the
other two motors,

After reviewing the qualifications of each candidate motor, it was
concluded that either the Minuteman IIL third stage or the Poseidon C-3
second stage motor could qualify as a baseline motor. The Minuteman II
third stage motor was disqualified because the use of four separate nozzles
was judged to be not typical of probable future motor designs. Hercules
selected the Poseidon C-3 second stage motor to be the baseline mocor. The
fact that an inert motor would be readily available for the Task 4 test
program was a major consideration in selecting the Poseidon motor ovex the
Minuteman III motqr. Appendix A provides for a more detailed discussion
of the baseline motor selection.

B.  ERROR LIMIT DEFINITION

The contract work statement specified that acceptable error limits for
predicted component vibration levels be defined prior to the performance
of the dynamic structural analyses; that is, a prediction of the accuracy of
the analysis results, based on some logical rationale, was desired., Exist-
ing component vibracion and pressure oscillation data, as well as available

2-1
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{ Y results from acoustic mode analyses and structural dynamic analyses were to

. D be considered in defining the error limits, The uncertainty in the applied
: oscillating pressure loads and the experimental variability in accelero-

v rieter measurements was to be taken into account.

£ Jo establish the error limits, resulis from the finite element models
B were assumed to represent mean values (m). Error limits about m were then
based on results from statistical analyses of static firing accelerometer
. data. The statistical analyses yielded an estimate of the standard devia-
% tion (s) and the average acceleration response (¥) for each accelerometer
location and for each analysis frequency. The coefficient of variation is
; the ratio of standard deviation to mean, c.0.v. = g/y, Using all available
accelerometer data, an average c.o0.v. = 0.569 was calculated. Assuming that
the maximum accelerations at a point on the motor are normally distributed,

-

.
Do i
A

&

? &< an acceleration selected at random from the population should be equal to or
: less than 1.94 times the mean maximum acceleration 93 percent of the time.
' i Therefore, 1.94 m was selected as an upper bound error limit for evaluation

of the analysis results.,

)]

To use the error limit of 1.94 m, the acceleration response calculated
by analyzing finite element models is multiplied by 1.94 for comparison
with accelerometer data, If the analysis was accurate, then 95 percent of
all accelerometer data points should fall Lelow the 1,94 m exrror limit,

B

Additional detail on selection of the error 1imits can be found in the
Task 1 report in Appendix G.

i 2-2
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SECTION TII
TASK 2 ~ ACOUSTIC ANALYSIS OF THE BASELINE MOTOR

To calculate the response of .a-motor undergoing structural vibrations
due to unstable acoustic pressure oscillations, it is necessary to know the
pressure distribution (mode shape) and frequency for each .acoustic mode
likely to be unstable. The objective of ‘this task was to define the acoustic
mode shapes and frequencies ‘to be used as loading conditions in the structural
dynamic analyses., 'Since analyses .at ‘two burn times were required, part of
the Task 2 effort ccnsisted.of selecting the burn times.

A zero burn time was .preselected so thdt results would be available
for comparison with the zero burn inert motor used in the Task 4 acoustics
testing. The second burn time was to be selected on the basis of the
severity of component vibratioh .Indicatel by existing accelerometer data,

A burn time when both longitudinal and transverse -acoustic modes are

present was desired. Two longitudinal and two tangential modes at each burn
time were desired so that a total of 8 frequency response analyses could be
conducted to characterize the motor structural response,

'To provide information for selection of the second burn time, accelero-
meter data from two static firings were analyzed in detail. In addition,
a graph showing the frequency activity in the motor as a function of time
was studied, (see Figure 9 in Appendix B). 4 four-second burn time was
selected as the required advanced burn time because of motor response to the

first -and third axial modes .and the third tangential mode being present at
that time.

Existing data on mode shapes and frequencies from four different sources
were reviewed. Existing data were concluded to be adequate for use in the
definition of the mode shapes and frequencies and no additional acoustic
analyses were required., Data from the MacNeal-Schwendler Corporation NASTRAN
analysis, from the Naval Weapons Center acoustics tests on a 1/4 scale

model, from the Hercules 2-D analyses, and from Hercules full-scale testing
program were reviewed and compared,

Based on the data review, the following mode shapes and frequencies
were selected for use in the structural dynamics analyses:

Burn Time (sec) Mode Frequency (Hz)
A3 770
A4 365%
0 Y 668
T3 1327
Ay 281
4 Aj3 805
Ty 634
T, 830
*In air

3-1
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The 365 Hz fourth longitudinal {axial) mode was selected to provide
results for comparison with the Task %4 acoustics testing results. Analyses
were also performed during Task 3, at 265 Hz, using the A3 mode to provide
additional data for comparison with Task 4 results.

A more detailed description of the burn time selection and of the
acoustic mode selection can be found in Appendix B.

3-2




P S

SECTION IV
‘TASK 3

STRUCTURAL DYNAMICS ANALYSIS OF THE BASELINE MOTOR

This section on the baseline 'motor analysis has been organized as
follows:

A, Introduction
B. Approach

1, General

2. Application of Mechanical Impedance
C. Structural Models

1. Grid Generation

2.  Checkouts of Models

3. Data Decks

4, Load Generation

No results or discussions are given in this section. Results are given
and evaluated in the Task 5 section.

A,  INTRODUCTION

The C-3 Poseidon second stage (SS) motor was selected for use as a
baseline motor as discussed in Task 1. Loads on the motor due to acoustic
‘pressuxe oscillations were defined in Task 2. The objective of this task
was to calculate the response of the motor structure, including attached
components, to the defined loading distributions,

Rocket motors are often analyzed with the use of two-dimensional (2D)
axisymmetric finite element models. The axisymmetric approximation to the
motor structure has been found to yield good results in.calculating
stresses in the motor due to the axisymmetric internal pressure load or
due to other axisymmetric loads., Typical motor designs are not axisym-
metric, Most motors have slots in the propellant grain and/or miscellaneous
hardware (components) attached that prevent them from being truly axisym-
metric,

Motion of the unsymmetrically attached components was considered to
be important for the Task 3 analyses. In addition, calculation of mator
response to the nonaxisymmetric tangential acoustic modes was required.
For these reasons, the use of a general 3D solution for structural
response calculations was necessary.




When a general 3D finite element model is constructed to represent
a structure as complex as a rocket motor, an extremely large number of
degrees of freedom are required. In addition, the nature of a 3D problem
results in very large bandwidths for the stiffness matrices that repre-
sent finice element models. The result is unreasonably long computer
run times and unreasonably large computer core requirements.

Because of the problems associated with obtaining general straight-
forward 3D solutions, special techniques were required to make obtaining
such solutions practical,

B. APPROACH
1. General

The use of NASTRAN, level 15, as the basic analysis tool for
this program was a contractual requirement. In spite of the capacity
that the NASTRAN program has for solving arbitrarily large prollems, the
need for special treatment of this particular problem was apparent at the
beginning., Original plans called for a modal synthesis approach. Separate
detailed models were to have been constructed for the various portions of
the motor and then effectively combined using modal synthesis, Such an
approach was advantageous as considerable detail could be used in the
individual models for each portion of the motor. Another advantage was
that mode shapes and natural frequencies would be calculated in the course
of obtaining the solutions, thus providing valuable insight into the
behavior of the motor model, The modal synthesis approach was found to
have the disadvantage that the frequency dependence of the propellant
grain stiffness could not be accurately modeled,

To obtain a model that could represent the frequency-dependent
grain behavior and still maintain reasonable detail in the model, a cyclic
symmetry model was used. '"Cyclic Symmetry Analysis' is a technique
developed by MacNeal Schwendler for efficient analysis of cyclic symmetric
structures. A rocket motor that is axisymmetric except for radial grain
slots is an example of a cyclic symmetric structure because the geometry
repeats around the motor circumference.

A structure is said to be cyclic symmetric when it consists of a
set of identical segments located symmetrically about a particular axis.
The structure shown in Figure 4-1 is cyclic symmetric when the beam element
model is removed. Figure 4~1 shows a simple motor model with three slots.
If an r-z plane is passed through the centerline of each slot, the model
would be divided into three 120° segments, Since each of the segments
would be identical, the motor structure is said to be cyclic symmetric.

The model of Figure 4-1 could also be divided into three identical seg-
ments so that a slot would be centered in each segment. The type of
symmetry discussed to this point is referrel to as rotational cyclic
symmetry in the MacNeal Schwendler Corporation report included as Appendix C.
A structure that possesses rotational cyclic symmetry also possesses

4-2
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dihedral cyclic symmetry if each segment consists of two subsegments which
are mirror images of one another. The model in Figure 4-1 possesses
dihedral cyclic symmetry because each 120° segment has a plane of symmetry
and can be represented by two 60° segments which are mirror images of one
another, Additional discussion on cyclic symmetry can bé found in
Appendix C.

Using the cyclic symmetry approach, it is possible to obtain a
general 3D solution by modeling only the unique portion of the structure
(i.e., by modeling only the pie-slice-shaped segment of the motor that,
when repeated around the circumference, represents the complete motor).
Most rocket motors with slotted grains possess dihedral cyclic symmetry. :
The use of the dihedral cyclic symmetry option allows the use of a model '
only one-half as large as that required for rotational cyclic symmetry.

The model in Figure 4~1 is represented by only one 60° segment in a
dihedral cyclic symmetry analysis.

The theory upon which cyclic symmetry analysis is based is dis-
cussed in the MacNeal Schwendler's report (refer to Appendix C). Basically,
a coordinate transformation is applied to the one-segment finite element
model, The solutions are then obtained in so-called '"cyclic coordinates."
To obtain a solution for a model represented by n segments, the one-segment
model is solved n times. The model in Figure 4-1 could be represented by
six segments using dihedral cyclic symmetry. Therefore, the 60° segment
model would be solved six times to obtain a general 3-dimensional sclu-
tion for one applied load set. A cyclic symmetry solution is apparently
much more efficient than a standard solution because the problem can te
solved one segment at a time., The bandwidth for a cyclic symmetry problem
can be significantly smaller than the corresponding bandwidth for a standard
solution.

To use the cyclic symmetry upproach in the baseline motor analysis,
it was necessary to modify the existing NASTRAN program. MacNeal-Schwendler
added the cyclic symmetry capability to the Frequency Response rigid format
in NASTRAN. Hercules received a computer tape from the MacNeal-Schwendler
Corporation (MSC) containing the object code for the special version of
NASTRAN that includes cyclic symmetry in Rigid Format 8., Hercules also
received the source code that would be required to adapt ecyclic symmetry
to NASTRAN Level 15,5, According to MSC officials, the cyclic symmetry
capability in Rigid Format 8 would be available in the MSC -ersion of
NASTRAN which the MSC company supplies to their customers. Since NASTRAN
Level 16.0 (soon to be released) will not include cyclic symmetry in
Rigid Format 8, the MSC version is apparently the only current location
where the general public can access this analysis capability. The MSC
NASTRAN program can be used on the Control Data Corporation Cjy “ernet
Computer system,

- - - S, e L T L T - - ]




The MSC report in Appendix C describes cyclic symmetry and an
added program feature which allows a more efficient analysis to be conducted
when solutions are desired at several -different frequencies. A table
containing the propellant properties as a function of frequency is input
to the program.. Then, only the portion of the stiffness matrix affected
by the changed propellant properties is modified .to obtain a solution at
a new frequency. & -

XTI SN S AN

By performing frequency response analyses on a cyclic symmetry
finite element model of the motor, it was possible to calculate motor
tesponse in a ‘true 3D sense and to account for the frequency-dependent i
grain properties. However, when components are attached to the motor, (
the motor becomes unsymmetric. To correctly account for the effects of
the attached components, a mechanical impedance technique was applied.
The use of mechanical impedance methods -to deal with the problem of
unsymmetric components was recommended by the MSC.

2. Application of Mechanical. Impedance

"Impedance” and "admittance" are terms generally associated with ¢
electrical circuits., The terms 'mechanical impedance'" and '"mechanical :
admittance" are normally used to indicate that an analogy is being made :
between an electrical circuit and a mechanical system. The literature on i
mechanical vibration analysis contains a large amount of informatiou on
mechanical impedance-type approaches. For example, the Shock and Vibra-
tion Bulletin contains many papers on application of mechanical impedance
techniques. L

Mechanical impedance is ‘h ratio of force to velocity. Mechanical
admittance, commonly called "mobility," is the inverse of mechanical
impedance, i.e., a ratio of velocity to force. A basic discussion on
mechanical impedance and mobility can be found in Reference 2. The term
"receptaace' is used to denote the ratio of displacement to force. The
concept of receptance is discussed in References 2, 3, and 4. Additional

discussion on electromechanical analogies are contained in References 5 ¢
and 6. )

(1)

Index to the Shock and Vibratidn Bulletins, February 1968, The Shock and
Vibration Information Center, Naval Research Laboratory, Weshiugton, D.C.

(Z)Harris, C. M., and Crede, C. E,, Shock and Vibracion Handbook, Vol. 1,
Chapter 10, McGraw~Hill Book Co., New York, 1961.

<3)B:ls'nop, R. E. D., Gladwell, G. M. L., and Michaelson, S., The Matrix
Analysis of Vibration, Section 5.5, Cambridge at the University Press,
London, 1965,

Bishop, R. E. D., and Johuson, D. C., The Mechanics of Vibration,
Cambridge at the University Press, London, 1960. :
(5) .

Crafton, P. A., Shock and Vibration in Linear Systeus, Harper and
Brothers, New York, 1961.

(4)

(6)

MacNeal, R. H., Electric Circuit Analogies for Elastic Structures,
Vol 2, John Wiley and Sons, New York, 1962,
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The texm 'immittance" has bezn used to »cpresent impedance or admittance.
Mechanical immittance and transmission matrix concepts are discussed in
References 1, 2, and 3,

When a sinusoidal force drives a linear system, the steady state
response displacements, velocities, and accelerations are sinusoidal at the
frequency of the driving force, For a damped system, the response is out-
of-phase with the driving force. The relationship between driving force
and response can be expressed by algebraic equations involving complex
numbers. The analysis of such a system is called a "frequency response
analysis,'" The use of frequency response-type analyses is implied whex:
mechanical impedance is discussed. The frequency response rigid format
in NASTRAN, Rigid Format No. 8, was used for all of the frequency respense
analysis conducted duriung this program. The NASTRAN theoretical manual
contains a description of the theory pertaining to frequency response
analyses (reference 4).

For this discussion consider first a motor with ome component
attached, The same reasoning is generalized for additional components
below. The reason for using the mechanical impedance approach is that
it allows the clean motor model (component not attached) and the component
model to be analyzed separately, yet results are obtained for the
component-mounted~to-motor condition, To make the analysis exact, the
component is replaced by the forces that it creates on the clean motor,

As the motor is oscillating in response to a particular unstable
acoustic pressure mode, the motor proper is considered to he acted upon
by two separate sets of forces; the oscillating pressure forces are
applied internally, and inertia forces due to the attached component are
applied at the motor-component interface leccations, The solution is
obtained by superimposing effects of both loading conditions,

The clean motor model is analyzed with only -internal pressure
loading applied to obtain the velocities iV°} at the motor-component
interface. The velocities [Vll at the interface caused by component
connection forces {F¢} can be expressed by using the motor admittance
matrix [Y]:

The total velocity {Vt} is obtained by superimposing the effects of the
two loading conditions:

el = v )+ (v}

(1)

Rubin, S., Review of Mechanical Immittance and Transmission Concepts,
Presented at the 71st Meeting of the Acoustical Society of America,
Boston, Mass., June 1966,

(Z)Rubin, S., Class Notes distributed at UCLA Short Course on Structural
Dynamics Analysis, Los Angeles, California, 1967,
(3)

Rubin, S., On the Use of Eight-~Pole Parameters for Analysis of Beam
Systems, Soc. of Automotive Engineers, Reprint 925F, October 1964.

NASTRAN Theoretical Manual, R. H. MacNeal Ed., Scientific and Tecanical
Information Office, NASA Administration, Washington, D.C., December 1972,
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Substituting from above gives

g o= {v i+ [¥] {F )

The forces {F.} at the interface are unknown, but they can be expressed
in terms of the total velocity by considering the component impedance
relationship:

th; = -[ZJ in}
where [%c] represents the component impedance matrix, The minus sign
occurs because forces applied to the component are equal and opposite

to those applied to the motor., Substituting {Fc} in the equation for
{Vt} gives:

Wts' - ivo} B [Y] [zc] {Vtz

Rearranging:
b = L+ [¥) [z] 07 v,

where [1] is the identity matrix, Each matrix must be complex to handle
the magnitude and phase information required. for characterization of
damped systems. The solution represented by the last aquation given above
for {thmust be repea*ad at each frequency of interest.

Application of the mechanical impedance method to this particular
rocket motor analysis was discussdd above in terms of forces, velocities,
impadance matrices, and admittance matrices, As a matter. of convenience,
the program was actually solved in terms of displacements rather thauw
velocities. Adopting another terminology, receptance matrices replace
admittance matrices and inverse receptance matrices replace impedance
matrices when displacements ave used in the place of velocities, If Ry
is the receptance matrix for the motor, and R, ia the set of matrices
representing component receptances, then the equation that is solved can
be written:

{upd = EI+R,,,RC"1]'1 {v,3 (1)

The identity matrix is denoted I, The displacements at the component
connection points resulting from pressure mode loading with no components
attached, is denoted U,. Then, Up is the total displacement vector
calculated to represent the response of the motor (including components)

at the component connection points, For the Poseidon SS motor, UT has 42 rows,

The receptance matrices are formed by applying a unit force at
one coordinate while all other forces are zero. The displacements at all
component connection coordinates then form a column in the receptance
matrix according to the equationi

{u

[r] {F) (2)
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Solution of equation (1) results in displacements only at com-
ponent connection points., OJome data recovery operations are necessary
if displacements at other points are desired, If displacements at U,
coordinates are desired, after Up has been obtained, then equation (2) can
be partitioned and solved for Ue:

(3)
Ue Ry

Up Ri {F}

(v} = [&J]{F}

In equation {(3), R, is part of the receptance matrix that corresponds to
the extra coordinates U,. The R, matrix can be formed at the same time
as the R matrix. The forces F must include both the pressure loading and
the interconmection forces, The most convenient way to obtain U, is to
superimpose (Uy), from the pressure load with (Uy), resulting from the
interconnection forces. Once the interconnectioun éisplacements, Up, are
obtained from equeZion (1), the interconnection forces can be determined
from:

{Fi} [Rc~1] {UT} (4)

Then, superimposing:

{Ue) (3, + [R,) (R, ™) (U] (s)

Equation (5) defines the data recovery operations required to obtain dis-
placements at points other than the component connection points. When
three components are attached to the motor instead of just one, then
[Rc'l] in equation (1) is replaced by:

-1 .
where the Rci 's are the inverse receptance matrices for each component.

To check out the impedance response equation, (1), a very simple
problem was analyzed., Figure 4~1 shows a motor model consisting of six
propellant elements and six case elements with a four.element beam com-
ponent model attached, The response of the total model shown in Figure 4-1
was calculated, Loads were applied in the centerbore of the motor model
to simulate an acoustic pressure mode, A listing of the NASTRAN deck
used to analyze the simple model is given in Table 4-I with solutions
obtained.
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To determine if the calculated response given in Table 4-I could
be duplicated by applying equation (1), the beam component model was
separated from the motor model and each was analyzed separately. This
time the motor model was analyzed uasing cyclic symmetry. The simple motor
model used for this checkout is the same model used by MSC as an example
for a cyclic symmetry solution., The solution for response of the motor
to an internal load is discussed in Appendix C. For the purposes of this
problem, a DMAP alter was added to the cyclic symmetry alter package to
form the {Uo} vector and save it on tape. A listing of the run made to
obtain {Uy] including the DMAP alter is shown in Table 4-II.

The cyclic symmetry motor model was analyzed again to calculate
the receptance matrix [R;] required in equation (1). The analysis was
conducted by applying unit loads at each component connection point in
each coordinate direction., The {Uo} and [R ]analyses could have been
performed more efficiently by combining them into one computer run. The
run listing for the [R,] calculation is shown in Table 4-III. Only the
altered portion of the executive control deck is shown. The [Rm] matrix
is saved on a tape.

The final run made to check out the mechanical impedance
approach served two purposes: (1) The beam component model was analyzed
to obtain the inverse component receptance matrix [Rc'l], and (2) the
{UT} solution vector was formed by evaluating equation (1l). A listing of
the NASTRAN run used for the final calculations is shown in Table 4~1IV,

A comparison between the results obtained by the direct solu-
tion and by evaluation of equation (l) is shown in Table 4-V. The
multiplier 107 has been omitted from values shown in the table. The
ccmparicon given by Table 4~V indicates excellent agreement between the
two solutions,

C.  STRUCTURAL MODELS

For the analysis of the SS Puseidon motor, several different finite
element models were created. Models of the clean motor (motor with no
components attached) were assembled for a zero burn time and for an
advanced (4.0 second) burn time., Clean motor models for the two burn
times are shown in Figures 4-2 and 4-3. Two component models were created,
one for the flight electronics package, and one to model both the hydraulic
power unit snd the gas generator. The two nozzle actuators were each
modeled with a scalar spring. A sketch of the components attached to the
aft adapter ring is shown in Figure 4-4. Dimensions of the motor are
given in Figure 4-~5., Verification of models was accomplished by comparison
to mass and stiffness measurements, Acoustic pressure distributions were
applied to the appropriate internal grain igniter and nozzle surfaces,

With acoustic loads applied to the mathematical models, accelerations and
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