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With the advent of sophisticated ballistic missile

early warning and tracking systems, the fuct that a missile's

P 0wt e

tra jectory can be measured and predicted allows for a rela-

tively easy high altitude intercept, It has been suggested

that a modification from the original tra jectory would

improve vehicle survivability. My goal was to investigate

this type of maneuver and to limit the numercus available
modifications by an application of optimization for parameters
of interest in the ballistic missile problen,

I would like to thank my advisor, Major Geraid M,

Anderson for his helpful suggesticns and constructive

comments for this study. I would also like to acknowledge

Captalin Richard M, Potter {»or introducing me to the numericsal

methods of ballistic trajectory calculations., Finally,
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il i et

T
A

l

o




Contents

Hefacer"O.l..""if...".‘f'..0"".%.‘...!5‘30"..

LiSt Of Figures"l"f.I...CC‘*‘Q...O".2'.003’31".0'

Lisg Of T&blesocco0%':.000:06:0'3.6'.i'!.n('s&#’.onoo

ﬁctation" . * P O B S FEFTEET PP IR ETER OSSR SRS

Abstrac'J‘i'..."'.fi..'.tQ.I‘.‘O."".I.‘..“IQOIQQ'

%E I- Intrmucti(’nri‘..""9'..‘...".."0'.'0"OQO’.

kckgcﬁnd IR I X 2R 2R B B B BE BE 2R BN OF B BE BE BE BN BN BE N N B BN AR BN BE BN BN AN 2
Froblen Statement......,.:-...o..=,--...-
outline' E R I3 BB BN BN BE BE B BN BR JE BE AN N B AU BE AR BE B Y BN BN R B BE BE B B AN J

i

11, Problem Definition ~ Coplanar Trajectories.,...

ASSﬂmPtiGﬁS...;.;a........sa..a..-.;.....
Nominal Trajectory Definition...eiveerees
Cholice of ¥odified Orbits.. . ieeieaesscocs
Trajectory Optimization,.cicecevecsascecs

IIT, Maximum Renge Nominal Tra jectory Calculation,,

Rominal G!‘bit F&I‘aﬁeters.ia.-.-ao:ecc...o
Nominal Time of Free Flight Calculstion.,

It

il T

IV. Apogee £O Apogee TransfierS,. v cescesesosecssens

Hodifled Orblt ParametersS., .. vecesoccrsess
Cost Function ParamelerS. . veeveassscacsss
Method of Solution..ieecasvecseessesscancs
Results and AnalysisS..cecsecosccccovarose

v. Pre-Apogee to Apogee TransierS..ieicsvevesscosss

it o A

¥Modifled Orbit ParamatersS..vescescenssves
Cost Function PATrBmeterS. .. vesevccsensvoe
ﬁetho& Qf SOIutiGﬁao:-.o-asontac:oa:sa:a1
Results and AnalysisS..cceeeesccssasssscae

iy

VI. Post-Apogee to Apogee TransfersS....vsescsnsecs

¥odifled Orblt and Cost Function

%z‘ametersii.d"fs!t!.’.'iif..."il!f#‘..
7 Method of Soluticnm...iieiecrnioivanannneas
= Bﬁsu1t5 Eﬁd An31331sca~oots;ectcoo::saa.c

b

111

i

T

S

ii

vi

vii

Lo}

e R AW i R VU ) o

Lo
4o
Lo




i iy

e

Vi, Problem Definition - Thiee Dimensional
Tmnsfersi"ii#ii”'."'.."OOSO'E'S"'.Q‘..OO

b7

Nominal Trajectory Defirition,......coe.. 7

AssumptiaﬁstfI..‘O'O).".'.’O"..I.".... 24'8
Heth(ﬁ o? Solutign.oonoapeati-céciﬁtloilt 51

VIII. Three Dimenrional Orbif TransSlers....eecececes 53
Trajectory Optimization...veeeecssoncenes 53
Fethod of SOIutioN...evecsooss 5

* &£ 8 8 5 8 08 0 5 }5
ResultS."*(’C."‘......O'.J“...’I.'Q.'. 5?

IX, Conclusions and HecommendationsS..eeceesrsnerens 61
ConCIUSEOESOCOOO..l...ll..!léi!l.t‘.l...'l é}'
Reccmegéagicnsaoo0.!00!'&.3::;3:050oooto 65;

BihliomphyQG00.;00!’0:.10:.0!Oocooccoctsntivoaiooco 56
Appendix A: Numerical Trajectory Calculation,.......

Reference Frame

S.'......I’l.'."&“-..." ?

Launch Site aznd Tarzet LocationsS......... 69
Launch Site Inertial Position........ 69
Target Inertial PosiCior......eeveese 7

Burnout Point Inertial Location.....ce.e.
Initial Inertial VeloCcity.ivsvennevenense 73
The Equations of M¥OtioN......eceeeoreeaes 74
Gravitational AccelerationS....eeeecovencs 75
Drag--.’.ssao......c..-..,s-. 7

£ 8 F FE ST 8 Se g{?

Appendix B: The Nonlinear Equation Solver,......¢.e..

ApPpendix C: Computer Program LiStINZS....eee coasses 82

s
:itaclfiooro..oll‘otasicislooccoooicttii§§itﬁscts-oto }-?9

iv

bl

S b S A S

mm:mmmmmmmmmammwmwmmmnwnmmmmmwmmmmmmmmmmmm

i

=

|
E
z
=2
2
=
b=
5
E
E

T T TR e AL




Wmmwmign

T

Flgure
1 The ¥axizuzs Bange Nominal Trajectory.ieevececocess

The é?ﬁgge tﬁ i?ﬁge& ??5nSfer.......,--.sc....o'a

ot
o
A b e o

£0w

=
%
§ Cost vs, Range: Apogee to Apogee Transfers,,..-s 24
] RHeaction Time vs. Range: Apogee to Apogee
E -
Transyer58¥§t$tt§!8’l‘.U.OI'C'.’.CG.C"..‘C‘Ct"‘ 2}
% Vom~Von VS. Range: Apogee to Apogee Transfers... 26
% - ri
= The Pre-Apogee $O ADPOEee Translerl..vveeeessecsess 28
7 Cost vs, Range: Pre-Apogee to Apogee
mnsrersfl!!ii!*i!’ii'i'."..’.‘..'.’..l.‘.i'l" 35
= 8 True Anomaly at Transfer: Pre-Apogee to Apogee B
= Tmnsrersi*"iiilii!3""..".....0.'0"C'I‘!'Ili 33
g Reaction Time vs, Range: Pre-Apogee to Apogee
mnsrersl!I‘Sl-“!i”!‘..""."'.l..ll...ll.!!.‘ 3?
10 Transfer AV vs, Hange: Pre-Apogee to ApDogee
Tz‘ansferst#Iii*if*i'!"'i'.‘("“.".’c'..'..‘!Q( 38
11 The Post-Apogee to £DOgee TransSfer..cceeevesessas 41

12 Ccst vs, Range:; Pcst-Apogee to Apogee Transters, L4z
13 True Anomaly at Trensfer: Post-Apogee to

Apogee TransrersiﬂliiiiQ'CC‘I.C!'IO.Q‘..Q.IO..I.‘ &3
14 Reaction Time vs, Range: Post-Apogee to

Apcgee Traﬁsfers"it‘ﬁfi.Gft’l.'.'....’.‘.‘.lllt. &5
15 Transfer AV vs, Range: Post-Apogee to Apogee )

TranSferSt0"'*”8)!‘!5.'82'9..‘.."...‘..""‘:' i{‘é
16 Cost Comparison -~ Coplanar TransiersS..ocesceesees 62

1? Reference maes**i"i'I..‘("'..f'..‘.“'..G..'. {}8

g




0

I

List of Tsbles

Lofted Kominal Trajectory Assusptions.......

Ini*tial Estimates - Nonplanar Tra
Eﬁigii‘fgticnta-’0.'.'.'.’.l"f’l!lttii*i’iitc

Tra jectory Modification Results,,,

ensitivity - Nonplanar

gn""l.""’.l""!tif'l"!,%P!It

vi

=1

z



L]

o

o

]
G

-r

w

g
o

&)

o
G

Yimy
ol

)
W
L

L

wi

8,

H

S
ik

Ay
o+
(3]

wed
)

o

v

el
wel

143

e

b




; X inertial X direction position component

Y inertial Y direction position component

2 inertial Z direction position component

Av transfer velocity impulse

A Lagrange multiplier
[ gravitational parameter 1 DU3/TU2
v true anomaly i

Yy true anomaly at transfer

ey R )

$bo flight path angle at burnout

174 Tree flight range sngle

Superscripts

- vector

T transposed vector

Subscripts

- a apogee

;% bo burnout point

4 f vehicle at final time

= Tf free flignt

m modified orbit

; mod tra jectory modificaticn point

% n nominal orbit

1 p perifocal F direction :
= p' modified orbit component, written in nominal %

perifocal P direction

q perifocal § direction

viii




Subscripts

q

Tre

modified orbit component, written in nominal

perifocal Q direction

reentry point

required value

target at final time

inertial X direction component
inertial Y direction component
inertial Z direction compscnent
vector component

vector component

vector component

ix

§
=

m

it

kil

l

e A YA R R

i

i

e L

At M S

(il

AT,




4

gl

U

ity
b

MMMMW’:’WMWWWWI

oot

LU

GA/NC/755=3
Abstract

The problen of finding optimal mid-course modifications
of ballistic missile trajectories is investigated, A single
velocity impulse is applied at the point of transfer from
the original orbit to the modified trajectory. This lirmits
the modified trajectory to one which intersects the original
trajectory. Optimization of a weighted function of transfer
velocity impulse and the time to impact after the modification
occurs is accomplished, The function can be weighted to
accomnodate trade-offs between both components,

The study 1is divided into two parts, Elliptical orbits
for a non-rotating, atmosphere free earth are investigated,
and then trajectories for an oblate, rotating earth with
atmospheric reentry are examined, For the elliptical orbit
cases, modified and nominal orbits are coplanar, Pre-apogee,
apogee, and post-apogee transfers from the nominal trajectory
to a modified orbit at apogee are co.sidered, It is found
that a pre-apogee transfer from a near circuiar nominal
tra jJectory is advantageous for the defined problem,

A method of computing an optimal transfer from a single
point on a lofted nominal trajectory for nonplanar nominal
and modified trajectories is then presented, An algorithm
is derived where a nominal trajectory to a pseudo target is
calculated, then transfer to a modified trajectory which
impacts the real target is computed, An example Dbroblem is

shown and the region of s minimum cost transfer is found,
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QPTIMAL MID-COURSE MODIFICATIONS

%= OF BALLISTIC KISSILE TRAJECTCRIES

I, INTRCDUCTION

Backaround
A long~range ballistic miselle trajectory can ve
divlided into three phases, powered flight, free flight,
and reentry, After the initial powered fliight ceases, the
entire trajectory of the vehlcle, including impact point can
be calculated through use of a series of radar measurem:ats,
Green (Ref U4:6) comments on the anti-ballistic missi_.e
intercept problem Quring the free flight phase: Once the
launch has been detected, early warning and tracking infor-
; mation can be supplied to the free flight tracking system of
: a defender, This mid-course tracking system needr to search
only a small space-time 2zons to acquire the vehicle for trajec-
tory prediction, The lcng free flight phase is then a
E disadvantage to the attacking vehlcle because intercept is
i easier,
5 To counteract this prospect of mission failure, it may
; be advantageous to make the reentry vehicle cranxe course
and target at some time during free flight, Iliowever, other

4 factors, sich as accuracy, additional mass rejuired, cost,

i

and reliabllity must be considered. If an acceptible mid-course

oo

4
0

M



modification system is employed, chsnces of vehicle
survival are increased because the missile 18 not committed
to & single trajectory after powered flight ends,

Barnady {Ref 1:18) suggests that this mid-course
modification is a viable penetration ald for use against
high altitude intercept of anti-ballistic missiles, Addi-
tionalliy, if this maneuver could be masked, for example, by
releasing chaff at the point of trajectory change, all
= defensive radar contact might be lost,

5 In any case, the defender has less time for trajectory

calculation if the vehicle is again acquired by radar, This

b 4 R
VR L DA b

reduction in defensive reaction time means that a less

b o
ikl

N
T

accurate measurement of the trajectory is made and the high

altitude ABM threat may be circumvented,

Problem Statement

-4 The purncse of thiec ctudy 15 6 investigste mid-course E
3 puri 7

modifications of long-range ballistic missile trajectories,

ié Optimal orbit chenges are found, where the cptimality of E

the new orbit is defined in terms of the total velocity %

impulse required to change the trajectory, and the warning :

time given to the defender after the tralectory is modified,
The ballistic trajectory modification, as a specialized

3 case of the general orbital transfer problem, can be accom~

é; rlished through any number of thrusts, This investigation

limits the transfer to a single impulsive thrusting manuever,

which in turn, requires that the original and modified

3 tra jectories intersect,




I T o

TR RS

T S

N

Outline

The mid-course modification probler is developed in
two stages, First, the two~-dimensional transfer, where
the nominal and modified orbits are ceonlanar, is examined,

In Chapter II this type of transfer is defined, The
nominal toajestory parameters are developed in Chapter 111,
Chapters IV, V, and VI present three types of coplanar
trajectory modifications, along with the optimum resuvlts
for each,

Chapter VII poses the general thr:e-dimensional or
nonplanar tira jectory change problem, ra jectory modifications
and optimization for this case are presented in Chapter VIII,
Tnis chapter also discusses resuics of the nonplanar modifi-
cation case. Finally, the conclusions and recommendations

resulting from this study are presented in Chapter IX,
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II., FPROBLEM DEFINITION - COPLANAF TRAJECTQRIES

In this chapter, the basic foundation for the coplanar
transfer p-oblam 1s established, Problem definition includes
the assunmptions made to anslyre the transfer problsz, the
type of nominal trajectory used in this part of the study,
the kinds of orbital tranasfers considered, and a diacusaion
of optimizaticn pertaining to the trajectory modification
problen,

Asgumptions

For coplanar nomiral and modified trajectories, &
spherical, non-rotating earth with no atmosphere is assumed,
The equations of a oconie, specifically, the equation of an
ellipss, then describes the ballistic trajectory, Thie
investigation 4id net inclade transfer to perabolic and
hyperbolic trajectories since large velocity impulses are
needed to establish these tyras of orbits,

Earth oenonical units are used in the anslytic
expressions desoribing distance, time, and velocity, These
units are defined by Bate (Ref 2:429):

distance unit 1 DU = 20925740 f't

time unit 1 TU = 806,8136 sec

speed unit 1 DU/TU = 25936.28 ft/sec
gravitational parameter 1 pul/To2 1.&0?65#:1616 ft3/seoz.

Target locaticn and missile altitude at burnout are
two basic parameters in the caloulations, The target range

oy
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is asgumed to be a typical ICBM range of 6000 n, mi, Burnout

is assumed to occur st ,05 DU altitude,

These initial assumptions can be used to solve the

tran-fer prcblem in closed form, if the correct nominal

tra jectory iz employed,

Rominal Trajectorr Definition

There a>e three different types of ballistic missile

tra jectories, the low, the high or lofted, and the maximum

range trajectory, Both the lofted and the low trajectory

can reach a target with the same initial conditions of veloc-

P,

ity and altitude at burnout, The distingulshing factor 1is

g e
Bkt P

ot

the direction of the veleccity vecter at burnout,

o b
"

The low ballistic trajectory is characterized by its

fl

spaller apogee, This type of orbit has the advantage of

- reaching a target quickly, since less total distance along

y the trzjectory 18 covered; however, this type of trajectory
e is not generally useful for bullistic missiles since the
E vehicle may encounter the atrmosphere oo quickly, Even though

. ;g this scction does not consider atmospheric reentry, the low

tra jectory 1s not used since it 1s not a realistic situation

for ballistic missiles. E

The lofted trajectory is produced by having a higher

elevation of the velocity vector at burnout, This path

hag the advantage of being less susceptible to initial errors

AL

at burnout, Since this trajectory has a higher apogee, more

il

distance 18 covered than for a low trajectory to the same target,

R P I

R ]




As would be expected, the time of flight is longer for this

cage, Becausge the final accuracy is better, this type of

tra jectory 1s routinely employed for ballistic missiles. The
lofted nominal trajectory is used for the second part of this
study and is discussed further in Chapter VII,

The third type of trajectory, the one for maximum raage,
18 the lowest energy orbit needed to reach the target, For
given initial burnout conditions there is usually a high and
low tra jectory to a given target range, but there is one target
range where only one path to the target exists, This is the
maximum range trajectory,

¥Maximum range trajectories exist only for target ranges
below 18009 For a range of 1809, the maximum range tre jectory
13 a circular orbit i1f burnout occurs above the earth's sur-
face, The vehicle will not impact on the earth's surface for
this range, If burnout occurs at sea level, this trajectory
is a path along the surface of the earth and cannot be used,

If the maximum range trajectory is assumed symmetrical,
i.,e,, burnout and reentry points are 2t equal altitudes, then
the free flight portion of the orblit can be completely spec-
ifi~d by the free flight range, or the range angle subtended
at the earth's center, and the burnout altitude,

Because this maximum range trsa jectory gives the most
range for an initial velocity, and since it can be analyt-
ically expressed by two parameters, it is selected for use
as a nominal trujectory in the coplanar trainsfer problem,

Norinal maximum range tra jectory parameters are developed

in Chapter III,
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Choice of Modified Orbits
In addition to defining the nominal trajectory, the

modified orbit which connects & trapsfar point on the nominal
to a target is required, A general transfer at any point in
the noainal trajectory includes all types of modified orbits,
Several, less complex anaiytioc elliptical cases are sxamined
in this study, Transfer to the apoges of a modified orbit is
& logical cholce aince the velocity magnitude at apogee 1s the
lowest for the modified trajectory, The type of modified
tra jectories studied are as follows:

1. Transfer from a nominal trajectory at apogee to a
new orbit which also has its apogse at the transfer point,

2. Fre-apogee transfer from a noxinal trajectory to
a new orbit which has its apogee at the transfer point,

3. Post-apogee transfer from a nominal trajectory
to a new orbit which has its apogee at the transfer point.

These coplanar trsnsferg are developed in Chapter 1V,
VvV, and VI respectively., The equations of an ellipse are used
and all orbital parameters are found analytically,

Tra jectory Optimization
A number of modified orbits satisfy the problem of

impacting upon a target from soms point in the nominal tra-
Sectory. In order to relate the merits of one Lrajectory to
those of another, a ccst function must bes defined.

The fastors considered in the cost funsction formulation
are the impulse required to transfer to the modified orbit




and the reaction time given to a def inder after this change
is made, It 18 assumwed that the boos:ar is capadle of
inparting veloocity needed to establish the nominal trajectory
so this is not consiiered in the cost.

The impulse required to transfer from thes nominal to
the modified trajectory is directly related to the amcunt

AR A

of' prepellant used by the propulsion system, The transfer
imspulse 15 defined at the point of transfer as the magnitude

fl

of the difference between the two different trajectory

valocities:

A

AV=|V_-V (1)

where Vy 18 the velocity or the podifisd orbit at the

transfsr point and V, 1s the velocity on the nominal trajec-

e S e

tory at the transfer point,

Reaction time is included in thas cost formulation since
vehicle survivability is related toc the amount of warning
givan to the defender, But since both time and AV are
included in the cost formulation, some type of relation
between the two componants must de considered,

To prcduce this relationship, a weighting factor on

reaction time is introduced, For high values of thig factor,

the reaction time contributes most to the coat, Low values

of the factor allow transfer AV to dominate, The cost function
is then defined as

2z
E
g
H
E
H
£
%
]
=




AR

e T e e T

N |-

4

2, W-2
AV 2Tr (2)

where AV is the tranafer impulse

W is the weighting factor

T, is the reaction time,

The featurs of including W in the cost function allows

a trajectory designer to apply the optimization to different
mid=-course propulsion systems, The effect of varying W was
examined and the value of ,15 was selected since this gave
optimum transfers in a realistic range of transfer AV, The
trajectories which produce the lowest values of this cost

function sre *he desired soiuiions to the defined problem,
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III., FAXIFUE BANGE NOMINAL TRAJECTORY CALCULATION

Koxzinal Orbit Farameters

If 8 maximur range trajectory is assumed to be

symmetrical, i.e,, burnout and reentry occur at the same

altitude, the magnitude of the radius vector at burnout,
Tyor 8N4 the free fiight range angle, ¥,, describe gll elements
of the two-dimensional trajectory. This nominal trajectory
is shown iu fig, 1, It should De noted that Yy, is the angle
-stween the burnout and reentry radii,

The flight path angle which relates lceal horizontal
to the local veloclity vector is defined for ths =arimum range

tra jectory (Ref 2:292) as

b, 5 () (3)

where ¢bo is the flight path angle
3& is tae nominal free flight range angle,

The noninal orbit eccentricity can be derived from

whers e, is the nominal orbit eccentricity

£ is the specific mechanical ensergy of the orbit
h is8 the specific angular momentum of the orbit

# 1s the earth gravitational parameter,
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Specific mechanical energy, constant for the orbit,

e is found from the relation

ArF
g. Yoo K (5)
bo

% where Vpo 18 the burnout velocity,
1 § The specific angular momentum, also constant for the

R T e

nominal trajector,, cvan be found at burnout:

h=ThoVpoCOos c-bbo

AR A Ry g vt

e

Equations (5) and (6) require the value of Vi,

A0 o, s g

which can be found from the nondimensional orbital
rerameter; Qnh,, defined by Bate (Ref 2:280);

This parameter is the squared ratio of the velocity of
the vehicle to circular orbital velocity at the burnout

point, For a maximum range trajectory (Bef 2:293)

Qpy- 2842 (8)
1+Sin{¥. /2




By substituting egs (5), (6), and (7) into eq (&),

the following expression for nominal orbit eccentricity

results:

[ 5 11/2
en=[14(Qp-2)Qp Cos <P, J | (9)

This can be simplified to a Tunction of ¥4, and ¢y, by
substituting eq (8) into eq (9):

4Sin(¥_/2)Cos2 P }”2
e - d1- ’_Sm n 2:C<35 bo (10)
n [+ Sin(¥,/2))2 f

B s P S i A A A B A R

Nominal Time of Free Flight Calculation

roe

Time of flight on the elliptical orbit 1is found through
ugse of the Kepler time of flight calculaticns (Ref 2:185), The

true anomaly at burnout for the maximum range trajectory is

Vbown‘—(\lfn/z) {11

z

E
#
=
2
L=
=
=
z
E
=
3
=
=
k1
=
2
=
3
:

where Vao is the true snomaly st burnosut.

Once knowing Vye, the eccentric anomaly, Ebo* may be found:

Ebo=CosJ’ {en+Cos Ybo } (12)
\ 1+ e Cos Yoo !
13
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The norinal orbit semi-major axis, 8y is found through
iy use of eqs (5), (7), and (8) substituted into
A (13)
3 This ylields the desiired result for aj:
5 . Tbol1+Sin(¥,/2)] (14)
n 2

Since a, and Eypo are known, the nominal trajectory free

flight time can be found, Because the orbit is assumed to be

symnetrical, the total time of flight, Tee, i3 twice the time
from burnout to apogee, and by inspection of fig, 1, the

eccentric anomaly at apogee is w7, Then

(15)

i 3/2 (e o
Tﬁ- 2ap (ar Evo enSmEbo)

It has been shewn that all necessary rerameters for

. the nominal maximuin range trajectory can be found as

functions of the burnout radius, I'por 8nd the free flight

range angle, 1708
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IV, APOGEE TO APOGEE TRANSFERS

Phe first case considered is the transier from a nominal

orbit at apogees to a new orbit also at apogee, This type of

transfer is depicted in fig, 2, Since the epcgee radius of

the nonminal tra jectory defines the transfer point and the
equations of an ellipse are employed, the transfer is only a

function of the desired final range ansgle and the eccentricity
of the modified orbit,

The required modified =»ange angle employed in all analytic
examples 1s 100°, equivalent to 60C0 nautical miles on a
epherical earth surface, The nominal orbit used is defined
in Chapter III.

Yodified Orbit FPerameters

The semli-ma jor axis of the modified orbilt is defined by

A= ry/live) (16)

whzre ap, 1s the modified orbit semi-mz jor axis
T, 18 the nominal orbit apogee radius
8, 18 the modifizd orblt eccentricity,

Through the use of the equation of a2 conic

r=a(1-e2)
1+eCos v

{17)
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any true anomaly, v, can be found in terms of r, a, and e,

It is necessary to find the true ancmaly at the point where

U S R W o el T

the modified orbit impacts the earth in order to obtain ¥,

the final range angle resulting fromw the orbit modification,
Using eq (17) and solving for the true anomaly at the

target, v

where riy is the radius at the target location. It must be
noted that i1 lles between 7and 2w,

For impact at the target or. “he spherical earth, the
value of ry 1s 1 DU, Then

- -1 _1_ i _ 2 1 {
Vt =Cos emtamﬂ em) s] (19)

The final range angle is calculated once the values of
true anomaly at the burnout and impact points are known, The
range angle traversed on the nominal trajlectory is from burn-
out to apogee or 7~ Yoo The range angle traversed on the
modified orbit is the angular ditference between apogee and
impact, v¢-n Combining these two ranges, the reosulting range

angle, wh, is

17
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Cost FPunction Parameters
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The two parameters required to define a cost for each

transfer are found analytically, Time of flight calculations

are done using the Kepler time of flight equations (Ref 2:186),
Time of flight on the nominal trajectory is one-half the
nominal time of fiight derived in Chapter 11I;

-5 3/2 = ;
f1272ap Sl -EpyrenSin Epy) (21)

where Tflz 18 the time of flight from burnout to nominal

(I

orbit apogee (TU),

S Wt i,

To find the time of flight from 2pogee to impact, or

the reaction time, 1t is first necessary to find the eccentric

anomaly at impact, Ets

ey

e..+Cosv,
m ) (22)

Et=CO§4( L
\ 1+, Cos 1y

3t also lies between wand 2w,

18
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Now, the reaction time can be found:

-~ 3/2 _ - -
Tr=an (Et emSmEt aT) (23)

where Tr is8 the reaction time,

To find the velocity impulse at transfer, the apogee
velocities of both orbits are calculated and the difference
computed, A perifocal coordinate system, i1llustrated in
fig. 2, with P in the direction from the orbit fccus to
perigee, and Q perpendicular to P in the direction of travel
on the orbit, is defined,

Velocities in the perifocal frame at any proint can be

found, once orbit parameters are known (Ref 2:73):

v 1/2
V= 1 _Siny B )l (24)
[F(he osr/):‘ [-SinvPB+(Cosv e)Q)

At apogee, v=mw which means that vp = 0, Velocity in the

Q direction is then

(25)
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The AV required at apogee can then be calculated;

. 1/5 172
AV, -V | _(1~em) (1-en) (26)
am an AT Uy

Since AV and Tr are known, a cost may be found for each

nominal trajectory and its corresponding sclution,

Method of Solution

For the apogee to apogee transfer case, it 1s desired to
£ind a modified orbit eccentricity which, for a given nomninal
tra jectory, hits a specifled range angle, ¢&. The method of
solution involves one function of the variable ep,. The

function is the "hit" equation, F:

F=0=Y,-V¥. (27)

When F=0, the modified orbit impacts at the required target
range, ¥,.. Finding the sclution to eq (27) involves an
3 iteration on ep., A general purpose algorithm, presented
; by Powell (Ref 7), solves a system of nonlinear equations,
This method 1s used for the iteration on e, and other
iterative formulations derived in this investigation., A

further dis~ussion of Powell's algorithm and its use is

found in Appenrdix B,
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For a given nominal trajectory, only one solution of
eq (27) exists in this type of transfer.* A series of
solutions is generated by varying ¥, and a cost function
18 formed from the set of solutions, The computer program
used for this is listed as Program 1 in Appendix C,

Since the cost function is bounded - the lower limit
is zero and the upper 1limit is within the parabolic modified
orbit limitation - a minimum cost exists, For a minimum cost
solution, an assoclated nominal trajectory can be found, This
nominal trajectory is tnen used as the initial targetingz
information for the optimal apogee to apogee transfe- 30
the minimum cost solution must be found to define the nominal
tra jectory necessary for an optimal apogee to apogee transfer,

For the problem formulated, an interior minirum is
exhibited, The minimum cost value and the uassociated ncminal
tra jectory can be found by considering s constrained
optimization problem, The cost function, eq (2), is augmented

with the constraint that the hit equation be solved;

J:%AVZ V;_’ 2»\(\? ¥ ) (28)

where A is the Lagrange multiplier assoclated with the hit

condition,

# The other coplecnar transfers considered have an infinite
number of solutions for each nominal tra jectory,.
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The minimum of eq (28) is found by solving the first

order necessary conditions of a minimum, Three variables,

ems ¥, and Aare used in the following equations to find

the minimum point:

.g_Jzo_Av OAV WT éT{‘ N (}‘I’m
€m Oe ey, den

(29)

(30)

(31)

To solve egs (29), (30), and (31}, the partial derivatives of

J with respect to Y, and e, are required, These derivatives

are calculated through use of a first difference schene

(Ref 3:217)., It was found tha

o

regulating the initisl

perturbations so that first differences are on the order of

10 allows an accurate ninimuz point tc be calculated,

This smz2ll firsy difference is well within the 15 significant

2igit capability of the computer used,

-

The first order necescary conditions of g minizmum

'}
el

programmed and solved for thi

n
©
n
[y}
*
e
[
Jude
n
ot
e
i
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budy
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computer program is found as Program 2 in Appendix C.
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Results and Analysis

For a target Tange of 160°, solutions for transfer
from nominal range angles between 70° and 180° are found,
using Program 1, An interior minimum in the cost function
is exhibited, and the minirum point is found by employing
Program 2,

Figure 3 shows the resulting cost function for a
weighting factor of .15, Figures 4 and S depict the
Teaction time and velocity which produce the cost function.

A minimum cost transier for the apogee to apogee
transfer case occurs for s nominal range angle of 145,859,
Since the azlititude at burnout is assumed to be ,05 DU, this
nominal range angie is sufficlent t»on define all initial
burnout parameters of the nominal trajectory. The optimal
apogee to apogzee tra jectory =modification is then produced
from this initial trajectory,

The behavior of the cost function {for this case can
be explained by analyzing figs. 4 and 5, As nonminal range
increases, a larger nmodified orbit eccentricity is required
in order to hit the target range, The higher cccentric
orbits cause a8 reduction in reuction time, as seen in
fig, 4, This effect is shown in eq (23).

Because transfer to a hizher eccentric orbit is
required for long nominal range angles, the velocity needed

to transfer toc the modified otvbit increases,

in fig. 5.

This is shown
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V. PRE-APOGEE TO APOGEE TRANSTERS

The second case considered 1s the pre-apogee transfer
from a nominael orbit to apogee on the new orbit. A limiting
case of this particular transfer is the apogee to apogee
transfer described iu Chapter IV, The fact that transfer may
be accomplished prior to nominal apogee introduces an added
degree of freedom from the first case, Three paramcters
are now requirsi to define the modified orbit, They are the
modified orbit eccentricity, e,, the rsdius at transfer, T

and the desired final range angle, ¥,., The pre-apogee trausfer

is shom in fig, 6,

This transfer problem is very similar to the first case
considered, The only differensces arise in the definition of
the transfer point, cslculetion of the modified range angle,

and finding the transfer AV, The norinal orbit is the maximum

range trajectory described in Chapter III,

¥odified Orbit Parameters

The orbital varameters for this case are those found
in Chapter IV, with the folliowing exceptions, Definition
of ths transfer point on the nominal trajectory involves the
calculation of & true anomaly at trensfer, V. Becauge the
radius at transzfer, Ty, 15 variable, the true anomaly at

transfer can be found from eq {17):
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112=Cos”1{_1_, [an”'en) 1-” (32)

n >

Since this case considers pre-apogee transfers, v, lies

between 0 and =, The variable r, is the apogee of the
modified orblt,

The range angle traversed on the nominal trajectory 1is
?rom turnout to transfer, or Vo=lype On the modified orbvit,

the traversed angls is from apoges tc impact, or Vy =T, The

resulting renge angle, wh, is

Cost Function Parsmeters

Time of flight calculations are a~ in Chapter IV, An

eccentric anomaly at trancler is defined by using the value

of ﬂéz

E,=Cos”’ (en+Cos "2 ) (34)
\1+e,Cos v,
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3ince pre-apogee transfers are conaldered, Ez also lies

between 0 and ,

]
H

A
LY

Using this result, the time of flight on the nominal

trajectory 1s found from the Kepler time of flight equation:

3

Tf'}2=an/z(Ez-enSinEz‘Ebo"‘ enSinEbO) (35)

where Tpq5 18 the time of flight from burnout to trajectory
modification, Reaction time, T., is found from eq (23],

The transfer AV calculations are different from those in
Chapter iV, Figuras § shows that the direction to perigee is
different for the modified orbit, A modified orbit perifocal
reference frame is defined in order to calculate velocities
from eq (24), Velocities on the nominal orbit are found directly
from eq (24) in the nominal perifocal reference frame, The

relation between the nominal and modified perifccal frames is

V.. -Cos Vv Sin vV V

P 2 24 pm (36)
V., -Sin v. -Cos v, || V

gl | > Los 2|l ‘am
as found from the true anomaly at transfer, V3, and the
geometry of the reference frames, From this relation, the
modified orbit velocities, me
nominal perifocal frame as Vpt and Vq' for direct comparison

and qu can be written in

with the velocities of the nominal trajectory.




Prom eq (24) the veloclty components on the nominal

orbit at transfer are

-Sin V2

V.= = (37)
P [rz(%enCosz/Z)]V2

e ;Cos Vs

g [r2(1 reqCos vV, )]1 /2

(38)

where Vp and Vﬁ are t e velocities in the nominal perifocal
frane,

Because transfer to the modified orbit occurs at apogee,

velocity in the medified P direction is zero, Vpy = 0, But

1-e_1\1/2
Vgm* ( '“zm) (39)

a8 before, The radius et transfer, Toy i8 the apogee radius

of the new orbit,

When the modified orbit velocity 1s transformed to the

nominal perifocal frame by eq (36}, the transfer AV is found

for sach nominal perifocal direction:

AV =V -V =SinVs Vom ™V (40)
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AVq= Vq,~Vq=-COS Vs qu-\/q (41)

= By combining the two differences, the total AV is found:

_— - LD 21/2
A=Y T |- (av2-av2) (42)

Now, since AV and T, are defined, a cost may be found

for each nominal trajectory and its corresponding solutions,

g O o AR SR

Method of Solution

For the pre-apogee to apogee transfer, Ty may vary

between the burnout and apogee radii of each nominal

tra jectory, An infinite number of modified orbits which

hit a required final range angle exist for a single nominal

trajectory, The solution of this transfer problem must

find the optimal transfer for a given nominal tra jectory.

The method of finding this optimal transfer uses two 5
steps,

First, the values of ro and 4% are fixed, 2nd a

tra Jectory which connects the transfer proint and the target

ittt

é? is computed, For a constant wh, a series of solutions is

found by allowing ro to vary between burnout and apogee, %

A set of cost values is then calculated, These cost values

are sorted to find the lowest value of cost and the value

of rp for which it occurs, This solution then represents

the region of a minimum cost pre-apogee to anogee transfer

32




from &8 given nominal trajectory, Likewxise, :ther transfers
are found by calculating soclutions for different nominal
renge angles, The resilt of this computation is a set of
near-optimum pre-apcx= %to apogee transfers which vary with
nominal trajectory., Pr.gram 3 of Appendix C is written to
accomplish this first step of the solution,

The region of a minimum cost transfer is predicted from
the first step, Now, the actual minimum c¢c:st trans*er for
a single nominal trajectory is found by solving thz irst
order necessary conditions of a minimum, The initial estimates
for the iterative solution are obtained from the first step,.

As before, the augmented cost function, eq (23), is
‘formed, The variables in this problem are ep, rp, snd A, The

first order necessary conditions are

¥ éTr\ é‘\y
oJ :O=AVQQM+WTr6—*—+\—L”— (43)
c‘)em c)em en c)em

. T
93 . o-Av QAWWWL’“ o D (44)
dry 0:‘2 c)rz c)rz
?\){ =0:=Y -V (45)

The partial derivatives of J are foundé as discussed in
Chapter IV, Equetions {43), (44), and (45) are solved by

an iteration on ep, rp, and A, In this way, the cptimum

33
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pre-apogee to apogee transfer for a given nominal range

angle is found. A series of solutions, where ¥, is allowec

to vary, then produces the cost function. Program 4 of
g“ Appendix C is written to complete this second step,
e Results and Analysis %
% Por a target range of 100°, the minimum cost solutions i
%é were found with nominal range angles varying between 70°

and 180°, & weighting factor of .15 was employed in these

i gt
I 49 P 0 P S

calculations, Results are illustrated in figs, 7 through 10,
As shown by fig. 7, the cost function, in this case,

decreases up to the maximum nominal range boundary, Figure

8 shows that up to a certain nominal range angle (approximately

138°), the optimum transfer point is the ncminal tres jectory

apogee, Beyond this range angle, the optimum transfer point

in the nominal tra jectory moves toward burnout.

The change in the cost function, as compared to the first
case, is due mostly to the different behavior in the transfer
AV, Figures 9 and 10 show that as nominal range increases,
the reaction time remains a generally decreasing function, but

the AV differs from the first case, At the point where apogee

= to apogee transfers become non-optimal, the AV bYegins to
3 decrease, Up to this point, AV is an increasing function.

This behavior accounts for the decreasing trend in the cost

A AR S s g Al

function at the larger nominal range angles,

The initial decrease of AV shown in fig. 10 is due %o

the fact that the magnitude of AV is calculated. The
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Vﬁ—Vﬁ vs, range plot of the epogee to apogee transfer case,
(fig, 5) shows that the AV for the lower range angles is
applied in the direction opposite to vehicle notion;

hoxever, fig. 10 shows velocity magnitude cniy.

The decrease_is AV at the larger noninal range angles
is explained by intultive insight into this transfer problenm,
For'w%.>¢% a relatively high eccentricity of the modified orbit
18 required for apogee to apogee transfers, If transfer
is done prior to the nominal orbit apogee, a lower eccentricity,
i.e., a smmller oxrbit change, is adequate enough to hit the

required final range, These facts explain the bshavior of this

transfer case,

The cost function found for pre-apoges transfers at

higher nominal range angles points out a significant advantage

in fractional orbital tallistic systems (FOBS), The vehicle

is launched into a low, near circular orbit, BZBefors com-
Pletion of ihe orbit, a retro rocket siows down the vehicle,

cauging it to drop on the target. Rarnaby {(Ref 1:20) discusses

this type of system and itfs basic advatage is that the low

orbit remains undetected by ground radar until the range to

the target is approximately 1430 km,
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VI, POST-APOGEE TO APOGEE TRANSFERS

The third case considered is the post-apogee transfer
from a nominal orbit to apogee on the new orbit, Once again,
a limiting case of this transfer is the apogee to apogee
transfer cdescribed in Chapter 1V,

This transfei- problen is essentially the same as th=»
probler of Chapter V, with the exception that the true anomaly

et transfer is after nominal apogee, This transfer is

11lustrated in fig. 11.

Modified Orbit end Cost Functicn Parameters

All parameters for this case are the same except those
of true anomaly and eccentric anomaly at transfer., Equatlions
(32) and (_4) are employed, but it is noted that both ¥z

an. Ep lie between 7 and 2w,

Method of Solution

The method of computing an optimum cost for each ncminal
tra jectory i1s as discussed in Chapter V, Both Prograr 3 and

Program 4 of Appendix B ars used to find optimum solutions,

Results and Anslysis

The cost functicn found for this transfer case is
depicted in fig, 12, Flgure 13 shows that for tne post~
ap-zee to apogee transfer, the eptimum transfer point occurs
after nominal anogee for the lower nomlnal range angles.

As range incireases, the optimum transfer point moves first
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toward the target, then back to apogee, with apogee being the

optimum transfer pecint for large nominal ranges,

Because thig is a post-apogee to apogee transfer, the

reaction time would be expected to be lower than the first

two cases, The reaction time is shorter than for the other

twe cases, but fig. 14 shows that the reaction time increases

up to the point where apogee to apogee transfers become

optimal,

decreasing.

Figure 15 shows that the transfer AV initially dscreases,
up to the apogee to apogee transfer point, Beyond this
nominal range angle, AV increases with nominal range,

These results can also be intultively explained, As
would be expected, the post-apogee to apogee transfers
require a higher zeccentricity in order to hit the target

rarge, Thls implies That a higher AV than the pre-spogee

case is needed. The magnitude of AV i3 higher as expected,

tut this higher impuisze requirenment is offset by a decrease

iy reaction time, The trade-offs between each cost component

ag determined by the weighting factor, produce the poirnt at

which transition from post-apogee transfers to apogee

transfers becomes ocnrtimal, The welghting facter also

produces tne behovicr exhibited by the true anomaly at

ransfer in fig, 13.

At this nominal range angle, the reaction time starts
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VII, PROBLEM DEFINITION - THREE DIMENSIONAL TRANSFERS

Several closed form mid-course transfers have been
examined in the preceeding sections to establish the basic
behavior of the mid-course modification, To see real world
behavior, a more complex model of both the nominal and

modified trajectories is needed,

Nominal Tra jectory Definition

As previously mentioned, the typical ballistic missile
trajectory is lofted. A real world simulation should use
this type of nominal trajectory. In addition, earth rotation
mst be taken into consideration. For a target at 45° latitude,
the impact error due to earth rotation is on the order of
400 miles for a normal ballistic missile trejectory (Ref 8:27),
Earth oblateness affects the trajectory by changing the
gravitational accelerations from motion in an ideal inverse
square gravitational field tc accelerations which are
dependent on latitude, For ICBM ranges, errors caused by
ignoring oblateness effects are on the order of 10 miles
(Ref 8:36). Earth oblateness not only affects vehicle
accelerations, but initial and final position errors result
when locating a point on a spherical earth instead of using
an oblate spheroid model., Positlion errors are latitude
dependent and may vary to as much as 21,4 kxm, as this is
the measured equatorial bulge of the earth (Ref 2:95),

Therefore, it is imperative that earth oblateness be
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considered in a realistic model,

Finally, atmospheric entry of the reentry vehicle must
be simulated. Aerodynamic deceleration of the reentry vehicle
directly affects the trajectory and must be included, A
numerical simulation which accounts for all these real world

effects is used in this second pert of the investigation,

Assumptions

To generate a trajectory, boundary conditions at burn-
out and the target location must be established, The position
of the missile witni respect to the launch site at burnout
locates the burnout point in an earth centered inertial frame,
Velocity imparted to the missile by the rocket motor is added
to the launch site inertial velocity to determine missile
inertial velocity at turnout, Several assumptions are made
for these iritial boundary conditions, The magnitude of =
radius vector from the launch site to the missile at burnout
is gset at 200 n, mi., The elevation, and azimuth from rorth
of the radius vector from the launch site to the burnout
point are assumed to ke #50 ana 20° respectively, The
magnitude of the velccity imparted to the micsile is assumed
to be 25,000 ft/sec, a2 typical bhallistic missile burnout
velocity,

The location of the launch site and target on an oblate
earth are necessary t2 establish boundary point positions.
These locations are defined in terms of lat’tude and longitude
angles, The launch site and target positions are needed for

an earth rotation model: Inertial velocity imparted to the
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missile by the launch site varies with launrcn site latitude.

The movement of the target in inertial space is also latitude

Ak A

dependent,

i

Oblate earth effects upon venicle motlion are considered
by including four gravity narmonics (Ref 2:419), These E
harmonics aczcount only for grovity anomalies symmetrically
distributed about the earth's spin axis, Sectoral and tessersal
harmonics, dependent on specific iongitudes, are not included

because their erfects vary for different trajectories,

Tra jectory perturtastions caused by the sun and the moon are

small and so are net included (Ref 6:42, 81455,
Adding reentry to the model requires several assumptions,

An exporiential atmospheric model is used for density calcu~

A

lations, Atxmospheric effects are used only when the gltitude

is btelow approzimately 110 km (Ref 6:44), Altitude compu-

tations assune a fiat earth in the vicinity of the targe

because the range covered by the reentry vehlcle after reentry
h

is smell (Ref 6:84), The alt
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the difference between magnitudes of the inertial radius
vector $o the vehisle and the inertial radius vector to the
target., This, ir effect, produces an oblate atmospheric model,

Por drag czlculations, some measure

Q

f vehicle stream-
1lining is needed, 4 ballistic coefficient, relating vehicle 3

mass, frontal area, and drag coefficient to the total drag

ie employed, The use of this quanvity in drag equetions is

il

defined in Abrencix A, The value of the ballistic coeriicient

s

5
z

used is 4500 kg/m“ corresponding to & streumlined or heavy

kg
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attitude is included.
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“re summarized in Table I,

TABLE I

The fact that the atmosphere rotates in lnertial space
is also coneidered in the drag calculations., The rotation
of the atmosphere has a net effect of changing the velocity
of the vehicle with respect to the air, Atmospheric draz
acts as a force corposite to the direction of velocity.
Direct entry into the astmosphere is assumed, with no skipping

reentry consldered. Additionally, no 1ift due to vehicle

Pinally, a time of rowered flight, between alssile
lcunch and burnout, is needed to determine how far the
launch site and *“arget have moved during the powered phase,
Time of powered flight is assumed to be 5 minutes,

The assumptions made for the nominal trajectory derivation

LOPTED NOMINAL TRAJECTOLLY ASSUMPTIONS

det
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Parameter

Assumed Value

;Burnout Position Vector®
Distance

Elevation

Azimuth

200 n mi
{3 5°
20°

Burnocut Veloclity Magnitude®

25,000 ft/sec

Reentry Altitude

110 ¥m

Velicle RBallistic Coefficient

4500 ke/m?

Time of Powered Flight

5 min

.- * With respect to the lsunch site,
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The use of the preceeding assumptions in defining

boundary points and the equations of motion for the

numerical sirulation of the trajectory is discussed furthar

in Appendix A,

Method of Solution

Because the target is moving, three time varying inertial
coordinates deteriine final conditions, To satisfy the three
terminal conditionc of the target, three initial conditions
at burncut are ad justed, The velceclty magnitude is fixed,
so only the direction may be varied at burnout. The burnout
point is fixed, ard only one other parameter, time of flight
to impact, remains, The three variables, azimuth of the
velocity vector, its elevation, and time of flight, can be
varied at burnout so that the vehicle impacts upon the target
at the final time,

The three variables are used in Powell's algoritnm and

the three functions are formed by a three-dimensional "hit”

condition at final time:

F =O=xf-xt (486)
373=G=Zf-z,£ (48)

where X, Y, and Z are the inertial coordinates
f refars to the vehicle at final time

t refers to the target at final time,
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To insure convergence to the lofted trajectory, the
initial estimate of the velocity vector elevation is set
at 60°, Equations (46), (47), 2nd (48) are then used in
Powell'’s routines where the boundary conditions derived in
Aprpendix A determine trajectory end points, The vehicle
behavior in inertial srace is modeled by the nonlinear
equations of motion, also found in Appendix A, The equations
of metion are integrated numerically, using a Runge-Xutta
and four point predictor-corrector librery routine, The
tra jectory initial conditions are varied by Powell'’s routine
so that egs (46), (47), and (48) are satisfied, The
solution of a nominal trajectory is incorporated in Prograrm

5 of Arpendix C.
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VIII, THREE

KAL ORBIT TRANSFERS

With a numerical model of the lofted nominal trajectory

having been obtained, the mid-course modification simulatin

&

real world behavior can be sxamined, This chapter discusses
tra jectory optimization for thes mid-course modification, the

method of solution, and results for a test cese,

Trajectory Cptimization

The fact that the tra jectory is located in tnree
dimensional fnertial space must be consldered when finding
the cost function defined in Chapter II, In order to use
a velocity impulse in the function, the =magnitude of the

inertial velocity change is employed, The cost function is

>
>
<7
-
o]
REN)
N
©

where AV is the velocity vector added at the transfer point,
In order to hit the target and also =inimize the

cost function, a constrained minimization proble= is

formulated, As before, an augzmented cost function is

formed, This cost function is
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21 2+ 2+ 2 #W 2+ -
5 OV AV AVE) ATTE A (X - X, )

¢>\2(Yf-Yt),>\3(zf~zt) (50)

where ‘[, 1s the vehicle location st final time
X, is the target location at final time
A 18 the thr.e dimensional Lagrange Mu tiplier
X, Y, and 2 are inertial coordinates.
By examining the above equation, 1t can be sesn that thers

are seven unknowns, Seven ascociated functions are the

iii8t order necessary conditionia for a minioum:

6‘. éXJ éYf éZf \
L0 AV A T Ay Ay (51)

dévx "OAV Vi c)AV éAv
c‘>Y ész (52)
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oY a7z
+ N LD f (53) P
23av, Saav,

| éxi_éxt\ ) !()Yi_mcc)

= 5
=- ¢
: F

S R i S G

~ OTr

N ! (54)
"3eT. éT,.)

(55)
(56)

(57)

These equations may now be solved,

Method of Scintion

The zolution to this problem provides conditions at

a point of modification in the nominal trajectory, The

initial conditions of the modified trajectory define ¢ -~
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tra jectory which hits the target and xlso represents a

minimum cost transfer from the point eof trajsctory change,

Tron o %0 et Sl i

T

The partial derivatives of J with respect to AV, Ay,
AV, and T, are needed, These are found numerically by
calculating first differences,

Since thers are seven egvations and seven unknowns,
Powell’s alg-=~ithm can be employed to satisfy the first corder

necessary conditions of a minimum, The initial values of

AV, Avy, AV, end Ty can te roughly estimated by generating
3 two nominel tre jectories, The first 1s between the launch

site and pseudo target. The second is from thne launch site

= to the real target. A time of flizht along the nominal

; tra jectory defines the point of transfer, The initial

estimates for AV,, ANy, and AV, are found by calculating the

difference of the velocity components of the two trajectories

] at the time of transfer, The estimate of Ty is the difference

between the total time on the second trajectory and the

3 time at modification. The Lagrange multipliers are initially

set to zero, The method cf finding initial estimates is
presented in Table II, These rough initizl estimates are
within the area of convergence for the algorithe used.

The szame eguations of motion used for the nominai

i bt el

tra jectory generation are employed for the mogdified orhit

calculation, The equations of motion are integiated

nunerically to solve eqs (51) through (57). Thiz method

wag programmed and is incorpovated in Prozram 5 of

Appendix C,
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TABLE 1I
INITIAL ESTIMATES ~ NONPLANAR TRAJECTORY MODIFICATION

Variable | Initisl Estimate at Time of Kodificstion

AVy. Vem = Vxn | modified orbit Vy - nominal orbit Vy

ANy Vym - Vyn modified orbit Vy -~ nominal orbit Vy
AVZ Vom = Van modified orbit V, = nominal orbit V,

Ty Trem=Tmeg | modified orbit free flight time
~ time at transfer

Ay

Az 0

AB 0
Results

Tc test this method, a typical ICBM range to real and

pseudo targets 1s selected, The launch site is located at

37.5° N. latitude and 125° W. longitude. The coordinates of

the pseudo and real targets are 5&0 N. latitude, 3.3° W.
longitude and 55.5° N. latitude, 5.&0 E. longitude, respectively,
The distance between pseudo and real targets is approxinately
350 n mi, Modification takes place approximately 32 minutes
into the nominal trajectory 62 minutes of flight,

The 1nitial state estimates are scaled to lie between
~1 and 1 for better performance of the algorithm (Ref 7:120),
In addition, the matrix of 3F/3X, the Jacobian, is examined

to check that the scaling of both F ard X do not produce an

$11l~-conditioned matrix., PFor this reason, the hit conditions,

eqs (55), (56), and (57) are also scaled,
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After scaling both F and X, the algorithm readily
converged to a point where the sum of the sgquares of F

is about three, At this point, the algorithm cornitinues to

converge, but very slowly, In examining the initial conditions

being ad justed, the velocity at modification is changing by
about ,0001 ft/sec. Time of flight is changing by ,001

seconds, Further reduction in the sum of the squares error

produces no practical results when noting the initial condition

magnitude changes, The fact that the three dimensional hit
equation 1s scaled not only produces better convergence, but
also insures that the real target is reached with reascnable
accuracy when thez algorithm is stopped. For the trajectory
vnder consideration, the miss distances as determined by

eqs (55), (56), and (57) in each inertial direction when the
algorithm stopped are -497,3 ft, -J10 ft, and 415,4 7t in
the X, Y, and Z inertlal directions respectively., This is
translated into a spherical miss at the target of .136 n mi,
The magnitude of the transfer AV is 1255 ft/sec and the
reaction time is 2055.8 seconds. The correspending cost for
this mid-course modification is 488, These results are
sunmarized in Table III,

An lmportant consideration in selecting a trajectory is
itc sensitivity to initial errors, Velocity erroxs in each
inertial dir=2ction were added, one at & time, and the
equations of motion were integrated foreward te final time
in order tc deternine :(inal miss distance due to initial

velocity errors, Table IV presents the results of these
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calculations, Table IV shows that for this test case,

realistic veloclity errors at the point of orbit modification

produce only small final miss distances,

TABLE III

NONPLANAR TRAJECTORY MODIFICATION RESULTS

Parameter Value
ILaunch Site Location 37.50 N.lat, 125o W.long.
Pseudo Target Location 54° N.1at, 3.3° W.long.
Real Target Location 55.5O N.lat, 5.#0 E.long,
Veloclty Vector at Burnout#®#
Azimuth 19°
Elevation 49°
Time of Flight at Transfer 32 min
{ AV 1255 ft/sec
T\ L46,3 ft/sec
Avy 1121,8 ft/sec
av, 342,8 ft/sec
Ty 2055.8 sec
J .488

* Burnout condition assumptions are found in Table I, These
values are the result of the iteration,
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TABLE IV

bl
mN%

VELOCITY SENSITIVITY - NONPLANAR TRAJECTORY MODIFICATION

Perturbation Value Miss Distance from Calculated
(ft/sec) Impact Point (n.mi.)

+.3 .04
-'13 o06

A vy +.3 .04
-.3 .05
+03 002
vi
“a .04
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IX, CONCLUSIONS AND RECOMMENDATICNS

Conclusions

This study has analyzed the single impulse mid-course
ballistic trajectory modification, Methods for examining
both coplanar and three-dimensional transfers were presented,
Application cf the methods shown to real systems is dependent

upon knowing trajectory parameters which have been assumed

for i1illustration of the methods,

Coplanar transfers for elliptic orbits with no atmospheric
reentry or earth rotation were first examined to define the
general behavior of the transfer problem, The nominael orbit
parameter of interest 1s free flight range angle, Because a
maximum range nominal trajectory is used, this range angle,
along with the altitude of the burnout point, defines all
nominal orbit parameters, The optimum transfers for the
three cases investigated are plotted against nominal range
angle in fig, 16,

As fig, 16 indicates, the pre-apogee transfer to a near
circular orbit produces the lowest cost for this fcrmulation.
It was assumed that a booster is capable of reaching any

range angle up to 1800. If this is not the case, the best

type of transfer to use can be found from fig, 16 by noting

the maximum attainable nominal range angle,
Optimum solutions for the coplanar orbit transfers were
founé by solving first order necessary conditions of a minimum

in the cost function, This procedure dces noct assure that a

L AR sttt s S N
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minimur is actually calculated, This fact was considered
and for this reason, the minimunm cost solutions of Progran

3 were used as a starting point to find the minimum, By

starting the algorithn in the area where a series or solutions

show the minimum to exist, convergence to the minimum point

is insured,
The mid-course transfer was then extended from the
coplanar transfer to the case where the nominal and modifiled

orbits are nonplanar., A model which uses a rotating, oblate

earth, atmospheric reentry, and a rotating, oblate, exponential

atmosphere is employed,

A metnod of finding the conditions necessary for an
optimum ftrajectory nodification was then developed, The
region of & minimur cost solution was found by terminating
the algorithm hefore the first order necessary conditions
were satisfied exactly, For the example considered
routine was tersinated when velocity change =2t the point of
tra jectory modification changed only slightly, beyond
reasonable accuracy of control in a realistis system, Final
miss distance at the target still rerpained within an
acceptable distance when the algorithm stopped, Practiczl
consideraticns of computer calculating tine also entered into

the decision of * =zinating the routine, Generatiorn of the
one trajectory modification fourd for this case took
approximately 1800 seconds of computer time from

initial estimates, Convergence at the term

was slow,
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The sensitivity of the modified trajectory to initial
i velocity errors was examined by perturbing the transfer
velocity impulse, It was found that for the modified
trajectory calculated, realistic veloclity errors produce
no significant final miss at the target,

It should be noted that several assumptions of launch

site and target locations, burnout states, and vehicle
parameters have been made, These are for iilustration
purposes and application of the method to a specific problem
will change their values,

In addition, the cost furction weighting factor was
chosen to prcduce required AV in a realistic range of values,
The formulation of the problem with a factor which can be
changed to accommcdate trade-offs between AV and reaction
time allows a trajectory designer to apply this algorithm

to different AV ranges,

Recommendations

L R e A

For the elliptical orb*t coplsrar transfer, only
transfer to a modified orbit apogee was consicered, This

gould be extended to analyze trensfer from a nominal orbit

to a coaxial elliptic orbit, and then transfer tc a

VO O e T Tty

I
U

I

generalized orientation elliptical crbit, Because direction
of orbit change from nominal to mcdified trajectory is quilte
different when the target and nominal ranges vary greatly,

it seems that these other twc types of transfers could do

better in terms of cost for some nominel trasjectories,




The effects of changing the cost function weighting

factor should be considered, For values near the example
welghting factor used, the cost function curves appear to
shift as new optimums are defined, However, for different
values of W, the cost function appears to change appreciahly,
This behavior was not examined in detall, and further study
is required.

Pinally, the performance of an actual system could be
estimated using the second part of the investigation,
Actual system parameters, whicn have been estimrted for

this study would be needed., A set of optimel ronplanar

modified trajectories can be generated and the one that

performs best, i,e.,, in error sensitivity and cost, can be

= chosen,
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frame through a geodetic latitude angle, L, and an equatorial
. rotation angle, 6, similar to a local sideral time, The

reierence frames and their relations are shown in fig, 17,

Leunch Site and Target Locations

The launch site and target locations in the inertial
reference frame are found through use of a gecdetic latitude,
an equatorial rotation angle, and an oblate earth model,

where both taigzt and lasunch site are agsumed to be at sea

level,

Launch Site Inertial Position

The oblate earth model of Bate (Ref 2:98) provides Y
and k locations of the launch site at time of launch:

aaCos L
- XLS= —€ (58)
3 2c: 2, \1/2
T (1‘ee Sin LL)
; a_SinL (1-e2)
7LS - 2e>Nt " Ce (59)

(1-e625in2LL)7/2

where XIS 1is the initial T coordinate
2LS 1s the initial X coordinate
e, 18 the eccentricity of the oblate earth (,08181)
L1, 18 the launch site geodztic latitude

8o 18 She equatorial radius of the earth,
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I7 the 1 and § coordinates at any time after launch are

degired, the rotation angle, 6, 1s employed, For the launch

pop o iy
il

point

where w, 1s the earth's rotation rate

T 18 the tiwe of missile flight,

The X component of the launch site does not change,
Therefore the inertial lccation of the launch point at

any time 1is

_ - -
xL XLi ?Sgt‘ LS 1

YL ={ XLS SiIn L = RI (61)

Z ZLS
UYL |

IS I
where Ry 18 the launch site location with respect to

inertial frame, writfen in the inertial frams,

Target Inertial Position

Similarly, the target location in the inertial reference

bl SRR

frame can be found, Define XTS and ZTS such that

.XTS=:aeCOZLﬁ_2 1/2 (62)
(1-88 Sin =

70




775 = 3eSinL{1-62) (63)
(1-e2sin2()1/2

where Lp 13 the target geodetic latitude,
The equatorial rotation angle, fp, 18 found once knowing
the time and the initial longitude difference between target

and launch site. N,

8T= WeT+N (64}

The angle N 18 measured eastward from the launch point,
The inertial position of the target at any time is

therefcre
-1 -
X | XTS Cos@T
T_1
Yo 5| XTS Sin@r| = R (65)
z| | z7s
TI

where B; is the target location wiih respect to the inertial
frame, written in the inertial franme,

Burnout Point Inertial Location

To find the burnout point in inextial space, it is first

nesessary to define & vector from the launch point to the
turnout polat &t time of burnocutv, This veotor, written in the

71
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launch slte topocentric frame can be defined if & distance,
azimuth and elevation {correeponding to & radar measurement)

are xmown, The vector 1s then written in the launch site

topocentric frame at burnout:

-

bo. L 'COSBRCOSq)R Ruo

SinBr CosPp Ry (66)
Sin P Ry 4

el
-4
1]

where S8 is the azimuth angle from true north of the burnout
vector
¢3 18 the elevation angle of the vector
Bpo 18 the magnitude of the vector,
The topocentric frame at the lsunch site 1s related to
the defined 1nertial reference frame by two Euler angle
rotations through a latitude angle, L;, and a rotation angle,

GL . The resulting transformation matrix from the topocentric

to the inertial frame, [LIT] , is

o

SinLLCOSQL -Sin@L Cc>sLLCc>s<9L
[Lig]=i SinLSin8 Cos§_ CosLSinG| (67)
-CosL, O Sin LL
72
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where 6y 1s .efined by eq (60), I% 1s noted that a time
fromx launch to burnout is needed to determine 6,

Using this transformation, along with the vectors which
describe the burnout point with respect to inertia, eqs (66)
and (61), the burnout point 1s located in the inertial

reference frame:

bo.l , .bo_L Ls_I

F?I= U'IT} f?1_+ F?I (68)

bo 1
where Ry is the vector from the earth's center to the

burnout point, written in the inertial frame, This vector

gives the initial position of the trajectory,

Initial Inertial Velocity

The initial inertial velocity is also required to
conplete the set of initial conditions of the trajectory,
This velocity 1s found in a method similar to that for the
poeition at burnout,

If a velucity azimuth angle, By, elevztion angle, ¢,
and a magnitude are known, the velocity vector in the

topocentric frame can be written as

——

-Cos By, Cos P, Vi,

Po5-S | sinB,Cosdy, Vi (69)
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It 1s noted that the angles B, and ¥ are not related
to the sngles By and $y which describe the burnout point with
respect to the launch site, However, these angles should be
somewhat similar as seen by a physical examples A missile
would not reach a burnout point west of a launch site with
an easterly veloocity,

At this point, it 18 necessary tonote that an initial
inertial velocity is imparted to the missile by the launch
site, This inertial velocity is due to the earth's rotation
and varies with the latitude of the launch site, The velocity

is directed along the east2rly axis of the local topocentric
frame:

LS .1

. - (70)
V = veCos Ls eE

whers V, is the equatorlal tangential velocity (1524 ft/sec)
Eé 18 & unit vector in the easterly direction,
By combining eqs (69) and (70) and employing eq (67),

the initial velocity cen be written in the inertisl frame:

bo-1 [bo_Ls Ls_I
VI :[LIT]\ Vv * vV )

; (71)

The Equations of Motion

The differential equations of motion in the inertial

reference frame are required to complete the general trajectory

e Db B




definition, Two contributions to the acceleratiop experienced
by the vehicle are examined, They are the gravitational

accelerations and drag,

Gravitational Accelerations

A gravity model which employs four gravitationel
harmonics 1s used, (Roef 2:421):

i ‘ 0 e
T N S e DA St s gt i A

-7135[ z Z\3 .. (z\®
J 8(?\,—6) 35R-21O(R} '231«\?) :} (72)

ool )’_ .o




5
. 693 (é) 15 -in] (74)

where X, Y, and Z are the inertial accelerstions

X, Y, and Z are the inertial distance coordinates

2 2 2%
R 18 the inertial radius megnitude, (X" ¢+ Y + 2 )

J2s J39 Jys and Jg are the gravitational harmonilc coefflclients,

The values used for these coeflfliclents are

J, = 1,08264 x 1072

-6
J3 = ~2.5x 10




=6
JS = .15 x 10

This gravitational model accounts only for gravity
anomalies symmetrically distributed atout the inertiasl k

axis, Tesseral and sectorial harmonics, along with the

perturbative effects of other heavenly bodies such as the

sun and moon are ignored since only small errors result

{Ref 6:42, 8:L5),

Drag

The accaleration caused by drag i1s also considered in

the equations of motion, It 1is assumed that burnout occurs
above the earth's atmosphere, 80 only durirg reentry is drag
considered, The atmospheric entry angle was not calculated,
and it 1s agsumed that the vehicle enters the atmosphere
directly, without skipping.

The acccleration cavsed by drag (Ref 5:139), may then
be written as

v_l
Va;:-w\iz( _‘_i
\'4

\ .
o } (73)

i 1 L A et b DAL KA A U b AR,

v
where Ei 18 the drag acceleration ir the inertial frame

P1is the local atmospheric density

Up 17 thu wehicle irayg coefficlent

A 18 the projectsd frontel arss

B 1s the venicle mmss i




e V 18 the magnitude of the velocity veotor

vl
Vy is the inertial velocity vector,

This acceleration acts directly along the flight path
and opposite to the velocity vectoxr,

The coefficient CEA/E is dependent upon the vehicle,

and 1ts inverse 1s callsd the btallistic coefficient, BC:

":u(|n|uuw:mmmm.|mmm.ummm.:wsmmmuinuhu'mwraummm.mnwmummmmumww“ AMRATRAERR IS

The ballistic coefficlient 1s a measure of vehlicle streanm-
lining.

g
E |

High values of the bhallistic coefficlent indicate
& streamlined vehicle.

An stmoaspheric model ig needed to find the local

stmoapheric density required in eq {75). An exponential

density model (Ref 5:38) is used, and atmospheric effects

are ccnsidered negligivle above an altitude of 110 xm, for
computational efficliency.

; The fact thet the earth's atmosphere rotates in inertial
; space can aisc be considered in the drag =odel (Ref 2:424),

This phenomens affects the drag by changing the velccity

3 raslative to the stmcsphere. If the rotating atmosphere is

included, the inertial direction drag expressions are

.o

: . - o
] 4% 3o exp(-n/23999. 10V w)V  (77)




L Py | .,

Yd:-Eé—C— exp(-h/.«:3999.3)(vvae>()v (78)

. P

2.,z -—— exp(-h/239900.3)V_V {79)
d  2BC 4

whers ﬁd, i&, and Ed are the inertial drag accelerations
(rt/secz)

Po 18 sea level density (slug/ft3)

h 18 the local altitude (feet)

7&' V&. and Vz are the inertial velocitr components
{2t/sec)

V 18 the velocity vector magnitude,

The locel altitude, h, is found by assumin; a flat

earth in the vicinity of the target, Because the range

covered during reentry is relatively short, this is a

valid assumition (Ref 6:4%), Altitude is tren

|- Ry (80)

v 1
where BI is the magnituds of the radlius vector to the

vehicle with respect to the inertial frame
T I
Ry 1s the magnitude of the target radius vector in
the inertial frame, This magnitude is8 found (rom
the odblate earth model described by eq (65).
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By combining eqs (72), (73), (7%), (77}, {78); and
{79), the differential equations of motion result,

L]
»
»
LR}
-
L]

These differantial equations of mction can then be

integrated nuzerically to find inertial positions and
velocities,

[ o)
L

(81)

Qv
N

(83)
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THE NONLINEAR EQUATICH S0LVER

The results of this study are dependent upon solvin
a set of highly nonlinear boundary valve problems, The
proble=ms mzay be stated as n functions of n unknowns, In
order to solve this set of defined problems, an alzcriths
for solving systems of nonlinear algebralc squaticns devel-

oped by ¥, J, D. Powell (Ref 7:115) 1s employed, This

Ct

algorithm, named subroutine HESGlA in the computer prograss,
golves the system of equations F.X), where F and X are of the
gaze dipension, The Fowell algorith= uses a modifled Newion
{teration where the steepest descent of F{X) is also considered,

Excellent results were obtained in using this routin

Care must be taken, however, to insure that correct sceling

b

of both ¥ and X is accomplished, With correct scaling, the

o

ot

algorth: usually converges for even poor irnitial estimates
Both toundary value and minimization problexzs were solved

through use of the routline,
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Appendix C

COMPUTER PROGRAM LISTINGS

This sectlion preseats thez computer programs used in
this study. The programs are written in Portran Extended

for use on the CDC 6600 series computer,
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