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Preface

This report addresses the implementation of a
pseudo-closed loop control law to a spacecraft intercept
problem formulated as a differential game. Although it
is recognized that a solution to the two-point boundary
value problem is required to initlate this control law,
methods to obtain solutions are not discussed in this
report. My purpose 1s to validate the control law for
a more raaulistic prcblem than has been previously demon-
strated.

I wish to express my sincere appreciation to Prof.
Gerald M. Anderson of the Air Force Institute of Technology

for his advice and assistance in this effort.

Gary D. Bohn
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s constant thrust spacecraft.
The control law is based on a periodic first order
update to the costate vector. This costate correction is
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rion-coplanar trajectories are tested using various vehicle

3
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E tories resulting from application of the control law against %
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APPLICATION OF A NEAR-OPTIMAL CLOSED LOOP
CONTROL LAW TO A PURSUIT-EVASION
GAME BETWEEN TWO SPACECRAFT

I. Introduction

Background

The theory of zero-sum perfect information differential
games has been successfully applied to a large number of
problems in which two players have diametrically opposed
goals, One sgserious drawback to the application of differ-
ential games, however, is that closed loop control laws, by
which one player could take advantage of non-optimal play
by his opponent, have not been developed for realistic,
non-linear problems. 7To date, closed loocp control laws
have been developed only for linear-quadratic problems
(8ef 3) and for simple problems of low state dimension
(Ref 5).

Anderson (Befs 1,2) has proposed two methods to gen-
erate near-optimal oclosed loop solutions to non-linear
differential games. However, neé nas applied these methods
only to simple problems with low state dimension. The suc-~
cess of these methods on realistic non-linear problems with

large state dimension has yet to be demonstrated.

Statement of the Problem

Scope. This study applies these two near-optimal

closed loop control laws to a free final time, minimax range

i
p
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pursult-evasion game between two spacecraft. Both coplanar

and three dimensional models are used.

Assumptions. Both vehicles thrust continuously with

constant thrust, the thrust of both vehicles being the same.
If either vehicle ceased thrusting, the problem becomes a
one player game, the advantage passing to the player which
1s stlll thrusting. A simple intercept or avoildance prob-
lem results.,

Two=-body dynamics with an inverse square gravitational
field are used. The central attracting body is considered
to be a homogeneous sphere, and the vehicles are considered
to be point masses. All perturbative forceé, other than
thrust, are neglected.

The payoff is the separation between the vehicles at
final time. The pursuer's goal is to minimize final range;
the evader's goal to maximize this same gquantity. Each
player has perfect information on the current state of the
system and the performance capabilities of his opponent.
Each controls his thrust direction to achieve his desired
gcal.

The mass of each vehicle decreases at a constant rate
proportional to the vehlcles' thrust. Minimum range is
agssumed to occur prior to either vehicle exhausting its
avalilable fuel.

There are no barriers or ill-defined surfaces. That 1s, <
it 18 assumed that the solution in the small is valid. {

Approach. The two-pcint boundary value problem (TPBVP)
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desoribing the coplanar free final time, minimax range

”

differential game will be formulated and solved, using a

FIXLEIE,

3 et

variety of vehicle thrust-to-wmeight ratios and different

TR T

final ranges.

el

Using a TPBVP solution as a nominal trajectory, both

control laws will be extensively tested, using various non-

LU SRS RN DY C IV TN TR TeRe TR

% optimal controls for the evader, in order to demonstrate
3 the equivalence of the two methods. In addition, the
4 effect of different sampling intervals will also be in-

vestigated. Each control law will then be tested on other

nominal trajectories, allowing the evader to use several
non-optimal controls.

Finally, the model will be expanded to allow both
players to thrust out of the plane of their trajectorles,
and to allow a non-coplanar intercept. Two nominal

trajectories will be investigated here; the first, in which

both vehicles are initially moving in the same reference
plane, and the last, in which the pursuer is initlally out

of the reference plane of the evader.
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II. Equations of Motion
3 Coplanar Equations of Motion
: The equations of motion for two-body orbital dynamics
q are
g " ' Fsina
: ¥ —-rg?= -~’—%—_ + (1)
] r m
) Y . Fcosa
: rg +2rp= — (2)
: m
% where the thrust angle @ is measured from the local hori-
; zontal as shown in Fig., 1. Additlonally, since the thrust
? is constant, the mass 1s allowed to vary by
é L]
%, m=m, + mt (3)
| . -F
: m = (%)
Tep e
A
L
¢
3

Fig. 1. Coplanar Orbital Geometry.
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Rewriting Eqs. (1) and (2) in terms of the radial and

; ) transverse velocities, V. and V¢, gives
E 2
5 VI S ,(: 4 Famna (5)
: r r m

Vo + Vb _ Feosa )
: r m
E where
Ve=r (?)
; Vg = rg (8)

J¢ is desirable to normalize the equations of motion

TR TTRIRYTR

so that all parameters are the same order of nagnitude.

This is done by defining the state variables

e PRoads g

X = (9)
i o

Y

E X3= ¢ (11)
E.

: X = Ve (12)
) VO

where L is the radius of a circular orbit at the surface

of the earth, and V° 18 the transverse velocity of that

circular orbit.
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The non-dimensioal time unit is introduced

k - bt (13)
| z

The time derivatives must be convertied to tau derivatives

IR SV SVPRILASN R0, LECANERC VRS AL R LT Joo

b by :
E df) _ d()(dt) (n)d() .

— -~ —— e = | om—— 1 ) 5
E ar = dt \av/ " (V) dt ‘
3 !
] The vehicle mass and mass flow rate are also normalized '
;
3 relative to the initial mass so that
k .
m={+mT (15)
| m 21 6
; == (16)
i VoM, Tep Ge
Using Eqs. (9) thru (12) and Eq. (14), the normalized
4 gstate differential equations become1
g , ‘
: Xi= X; (17) :
E oo X L Cone (18)
i S S & m
*‘? X

/- 4
Xz = — (19)

'i \
., X = - Xz Xy | Ccosa (20)

! T T m

1Tau derivatives will be indicated by a prime (') to avoid
confusion with time derivatives.

6




o RIS el RUR SR Sl od 00 il AL R S A b T AT AT RO T 2T T T P2 o PSR i P Mt e £ 2y

where

rF

C= —/ (21)
Vo M,

These equations of motlon apply to both vehicles.

Three Dimensional Equations of Motion

T e A % DTS S Ttk 426 S L a4 A T

If the pursuer and the evader are not initlally in the

FOR

same plane, or if the thrust direction is not restricted to
lie in the orbital plane of the vehicle, then three dimen-

sional equations of motion must be used.

DANBEEPNNG ST AP I REavaw RN 2 S

Using the spherical coordinate system indicated in

Fig., 2, the three dimensional equations of motion for two

body dynamics are

S A —--——Fi'n”“‘ (22)

.: ¥ : Fcosa, cosa
ro +2r6 -rpcosbsnd = mc % @)

r@sing + 2r9¢cose +2f‘¢81n9 - FSII’;:. cose

i
N
N

where the thrust angles &; and Q, are measured as depicted
if Fig. 3.

If the vehicles lie in the same reference plane (Q=1/2),
and the thrust direction is restricted to lie in the plane of
the orbit, these equations reduce to the coplanar equations

of motion, Egqs. (1) and (2).
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g Fig. 2. Three Dimensional Orbital
1 Reference Franme.

3 As in the case of the coplanar equations of motion,
§ Egs. (22) thru (24) are rewritten using the radial velocity,

PRI I WP TT Y TP LW RPN NP TCCTRIRLL -0 SV ¥ U SRS NG PRSP e o

; the theta-transverse velocity, and the phi-transverse

] velocity as varlables. E
; ¢
v - yg _ Ve sintb M . Fsina, (25)
! " r r Nt m 5
; |
g v VeVo Vi Fcosa, cose, - :
3 + —— — — cosBeanb = : {26)
:: Vo r m
: ‘ Vi V Vi F sina, cosa
Vg sin® AL ®sin + —22 cosh - S0% (27) :
r m ;
where :

(28)

(23)

(30)

1)
It
1
1
I
4
il
t
%
X
\
x
‘I
"4»..




Fig. 3. Body-Fixed Reference
Frame.,

&  ~T/2<Q,< T2 1
:
4 | F 4
K ¥
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€q N

e AT WA LA L S

Using the defining relationship given by Egs. (13) and

] (1%4), and the normalized state variables

I il € AL T S e AL

5 r ::
% X, = — (31)
. o i

3
5 Y
5 X, = ~r (32) 4
Vo
? 3
E-
Ve :

ey
el

{

=

£

T

Xg= @ (35)

X, = v (36)
]
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;
? the state differential equations are
X =X, (37)
2 4
E X, = Xe . Xooin*Xs | N Csing, (38)
x| X| X| m ;
X
¢ Xg= = (39)
¢ X
3 f XXe R C cosa, co
: X4 ==t COSXBSN'le + 6050 (ko)
3 Xl xl
f‘ Xsl: .)S.‘ﬂ (41)
/ X
; X Xisin X5 M Sin X, !
g where C is defined by Eq. (21) and the mass varies by j
? Eqs. (15) and (16). :

Again, the motion of each vehicle is governed by these

equations.
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JII. Differential Game Formulation

The pursuit-evasion differential game presented here
is free-time, with final range as the payoff. The solution
to the differential game 1s required prior to initiating the
control law. The formulation follows that of Bryson and

Ho (Ref. 3).

Coplanar Game

Both the pursuer (P) and the evader (E) have identical

state equations given by Egs. (17) thru (20). Thus

Xip = Xap (43)

2
I Cpsin U
X Lo

/. Mp 1 (Lh)
XZ.p X ) X\: Me

(45)

(46)

(47)

(48)

(49)

(50)
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where u and v are the thrust angles for the pursuer and
evader, respectively. The mass of each vehicle varies
according to Eqs. (15) and (16)

The desired result for any intercept problem 1s to
hit the target vehicle, or at least to get as close as
possible, at which time the warhead s detonated. The
target vehicle should attempt to escape the interceptors;
that 1is, to maximize the range at closest approach. Thus,
the final range 1s a natural choice for the payoff for this
game. The distance between the two players is given by the
law of cosines (Fig. 4). Por simplicity, the sguare of the

final range is used, scaled by a factor of one-half.

J-= :',_- [X.; + Xig =2 Xip Yie €05 (¥p- Xae)] (51)

Pig. 4. Coplanar Range

12




Since there is no path cost, the Hamiltonian (H) is

formed by adjoining the costates to the state equations.

; Anks + A:*E ‘
H= Aoty + Dy (& - o Conms)

ﬂ : P iy X'P Mp

XapXeg . Cpeosu

g (5] e - 2 )

Q e X'P ™Mp

g Ce sinV

: + AeXge + A ( )

; ¢ fz€ 2€ Xie X\e me

(52)

The costate differential equations are given by

NT=~Hx=gxA7) (53)

which ylelds

X. _ >\;E- 2 _ g“)\-z_p N )\af Xep _ Aw ngxw (54)
A A X

(55)

(56)

(57)
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2

)\l _ )\zexble _ ?_2\_36_.’ + >\3e Xse - )\43 Xae Xae (58)

TR K XE X%

; e = ~Ae + ’l‘r-e)zé-? (59)
F =0 (60)
f Nie = ke e + e Yoo (61)

Xie Xie Xon

The expressions for the pursuer's optimal control

bk 48 100y T30 ks

3 angle are found by minimizing the Hamiltonian with respect

; to u:

: C Co sin

: Huz )\zp plosW _ Aﬂ ES u =O (62)
;, e e

b

whioch yields

P S AL E b ek e A £

; tan u= ;\‘3 (63)
é The sufficiency condition
é it )\gp Cp Sin W )\49 Cp cosu
3 = - - >0 (v
é Muu e Mo )

requires that

[y

sin U
NAip+ Ay (65)

cos U

|

(66)

14




The evader's optimal control is found by maximizing

the Hamiltonian with respect to v. An expression similar

3
.3
35
K
E
A
|
F R
i
B
d

to Eq. (63) results, except that the sufficiency condition :

Tph Lo e g A% #b Ll

(g chy AENE D2

(Bv§'< 0) requires that

Aze ,
Sinv m (67)

Me
cosV = =2t (68)
Ve + e

Rbtnas e 2y

TIPSR

frao g ey

Ry

The transversality conditions give the value of the

costates at final time

B g i RS Lk s

NAERTORE (%)%)1:{_ (69)
g MelT) = (le - Xie €05 Xap- Xae)){f (70)
Ap(m)= O (71)
; Aso (1) (X!P Xie &in (X3P"X’°‘€))‘W (72)
Me()= 0 (73)

Ao [T)= (Xge - Yo cos (Yoo~ Xae))ﬁ (74)

Ae ()= O (75)

>\3e('[;.)= (— Xip Xye 840 (Xap‘ Xae) )Tf (76)

Me(g)= 0 (77)

An additional requirement for the free time problem 1s

that the Hamiltonian be zero at final time. Substituting

15
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the expressions (70) thru (77) into Eg. (52) at final time

glves

H{ry)= 0= [x.P Xap *+ Yie Xae
- (xqa X\e + X\pxu) cos (Yap' X;e)
* (X Kee = X e i (e - Yo | (78)

This is the same condition as requiring the range-
squared rate to be zero at closest approach. Differentiating

Eq. (51) and setting the result equal to zero gives
O= XIP X.’P + X|e x\,e
- (X;? Xie + Xip X"é) tos (Xap‘xae)
t XpXe (X.’:p ~ Xgle) 3N (X;p- X;e) (79)'

Substisuting Eqs. (43) thru (50) gives

0= Xip¥Xep + Xie Xee
= (Yep Xie * XipXee) cos (sp~ ¥se)
+ (chY\c - p x4e) &in (XBP-Xac.) (80)

which, when evaluated at final time, 1s the same as Eq. (78).
The two-point boundary value problem (TPBVP) for the

coplanar model is given by Egs. (43) _thru (50), (54) Lhrn
(61), (70) thru (78), plus the initial values of the states.

Three Dimensional Game

As in the coplanar game, the pursuer and evader have

the same state equatlons.

16
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X\‘P = X’LF (81)
% lep: s ¢p SN XJP__ b Ce sin u, 8
E Xu: Xuy Xf; Mp o)
X, = S (83)
: Xip
c X:p _ Xap Xag . Xg} Sth X30 cos Xzp + Cp tosy, cos U, (84) |
3 X)p XlP h'\p
3
Xy = Kot (85)
f Xig
x Xblf - - sz X‘f _ 2 X4L)QP Cos Xap + (;Esmu, ws U, (86)
: Xip Kip &in Xgp Mp 6in X30
XJ_- = Xze (87)
2 2
XL = Yee . Xee S Ko b 4 Cesiny, (88)
Kie Xie Xfe Me
X, = e (89)
XIQ
Xze X y
X:e = _ Nae Age + Xbe Sin Xae wSXBQ . Ce CosV, cosY, (90)
Xie Xie Me
X .
[ o D6t
Xse = Y (91)
x‘:: _ Xee Xee _ZXAe&e Cos Kse - Ce sInV, cos V; (92)
Xie Kie 210 Xze Me S1N X3¢
17
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where Uyy Upy Vo and v, are the thrust angles for the

3
K]
7
D
3
3
%
bi
3
N
3
&

pursuer and evader, respectively.

2 a0 Bl L ot il Qe dop 4

Again, the payoff is one-half the square of the final

ERU

range between the two players. However, a straight-forward

e A% Y

application of the law of cosines cannot be used in this

(Al iy e S LRSS Cy e
PPN

case, since, in general, the plane defined by the position

1 vectors does not lie in the ¢- or B-plane (Fig. 5). Recog- ;
; nizing that the law of coslines may be written as 1
< 2 ’ 2 — —
D" - re +1e - 2("‘9"1) (93)

reveals the clue to determining the range between the vehicles.

TR T TS

-~

, N T
! //\
3 \
3 - \
-7 \

e \
3 i \
: 7 Re D \

/

Flg. 5. Three Dimensional Range

TR L.« T

By reference to Fig. 2, it can be seen that the com-

pcaT T aiss

ponents of the position vector in the inertial reference

b frame (ey, eys ez) are

18
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e N=he S ity S Tty

Fue = 1 [COs@ sin0]
sing sinb (9%)
| 056

Performing the dot product in Ea. (93), the payoff

becomes

J = %[X.’,‘. + X% - Z(XI?x\e. sin Xap SinXae Cos(Xsp- Xse)

+ €05 X-a? cos x;e)]f{ (95)

The Hamiltonian is

2 2. .
H=Np¥ep + Ao (—xﬁ«--v———fx“smxa -4 .c_"..?_‘.".‘,i&)
oer * Mo Xip Rip X | mp

+A,P(X&) + M- Kaplae | Xbp Sinep cosKep

Ip Yip -~ Xip
Cp Cosu, cos uz) e X2p Xep
+ + /\ (._..f) + (_ 22p N
Mp °P Xip &P Xip
_ ZXpKepcos¥zp  Cpsinu, os Uy
Yip 310 Xap * Mp SiNn Xap ) * he Xae

+ (2(_:}_3 + szr«smxse cos Xze | + Ce sm\/z)
2e - — —_—
e Xie X Me

*Ase(éf) +>\%(_Xzex4e . Xée 51 Kae Co5 Yae

le Xie Xie
Ce Cos V, CDSVZ (x‘,e) X?.G X"e
+ + -+ -
Me ) >\52 Xie Abe( X;e.
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s
>
)
b
N
A
4
e
3
i
&
I
-
3
Y

g’

S

gs
i

a2
g
3
]
E
kS

) 2 Xy Xee €05 Yao N Ce sinV, cosvz)

6
Xie @In Yae Me N Xze (9¢)
The costate differential equations are
v
A= -He=g(xA,T) (97)

Ne ;(%,[)\?(Xé + Xop SN Yop "%P) = A (Xap Xep

L
-~ X(,P Cos X;P sin X5p) - A‘r<sz )(59 + 2 X“P XI.P cot Xsp) (98)

*hapXig + My X‘,P]

Mg = = Ay + MeXe | Aoy
l

X X (99)
)\;P - - szX«.}SmZ)gF _ >\4p XZ'P cos ZX#
Xip Xip
_ 2hepKep Xep Co Al cos Xap (100}
A g : J
Xip SIN“Xsp mp sin®Xsp [’\%P*’\‘%P + (A"P/““x‘?ﬂ
Ny =-theke | Do AeYar | Zhglepcostep (101)
Xio Xip Xip Xip Sin Xsp
/\;P =0 (102)
/ {
A = - ;‘;[Z)\mx,,?sm%p * Mp Xep SIn 2 ¥3p
+>\sp - an X&p - t\bp XZP-J (103)
20
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)\:e = L P\ze (Xfc + X sin® Xae - 2 ) + )\33 Xae

Xie Xie

- Me (Xze Xee ~ one Cos X3e Smxsc) + Ase Xoe

- he ()(ze Xie + 2 X Xee cot XBP)]

A«gXQe Aae xbe

Me = = Ae + +
e ¢ (e _ Xie
A, = — Moo Xoe 81n2Kse  Age Kie c0S2¥se
Xie Xie

_ 2 N\ee !géh N CeAbe cos Xze
¥ie 81N Yae Me SNXae [\ + AZe *(&e/anxsplﬂ

M& = - [D\ze Xae + Ao = M Kze - Z/\beX“cosXae]

Xe aiN Xze

/\ge"' 0

{

Me = —E[Z)\zg e 51n*Xae + Me Xue 810 2K3e

+hse — A Xze -

2 Me ¥4e COS Xae]
3N Xae
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Applying the optimality conditions
Hy = 0= - Mg Gocos Uz sinu, N Aup Cp COSU, Cosy,
MP mP 5in XBP

- Cp St
He=0= L (/\zpwsl& - Ap o5 U Siny, - w‘) (111)
m? [N XBP .

(110)

from which

Aep

tan y, = 112
‘ )\4‘, Stn X;p ( )
| -1
tan U, = /\zp()up sy, + M*) (113)
sin Xap

The sufficiency conditions require the matrix Huu be positive

definite
C Mop SIN U
Huu = <= cosu (*)x cos U, - -‘5'3-—--—-') (114)
' Me ‘ o ‘ SlﬂXap > O
From Fig. 3,
m T '
Y < U, € 5 (1:5)

y
?é’
G
E
4
S
4
)
3]
K]
A
E
i
v
4
g
Es
k!
[
:
*
p
2
K
3
b1
1
4
4
n
3
4
4
3
]
L
"
:
¥
»
4
3
3
"
g
3
2
]
3
<
P
i
4

cos U, >0 (116)

SIS RN TR

Thus, from Eqs. (110) and (114)

cos U, =

. M (117) | d
\/)\.3‘, + (,\‘,P/sm X:_r,‘?)z

- )\I.P/Sln Xap
\/)‘z? * ()WP/SIH Xap)l (118)

sin U, =
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In addition,

,\L,,smu,\
TSN Xap /

H:_l_‘,ul‘-'- - }\7.psm U, - cos uz(/\qpa)s U, + e O (119)

Using Eas. (113) and (114), the requirement for the in-
equality in Eq. (119) to hola is that

- Azp :

SIN W, = (120 i

: 2 \/>\z7lp+ I\Zip"’(k,p /E»n'\)ﬁ.%?)'1 (120) ;
3 7]
: :i_
3 It follows that i
1 5 +(Aep/sin Xap )t ;
: Cos U, = N s d (121)

N + Nip *(Aep /oin oo’

An addition.al requirement for the matrix Hiu to be

1 positive definite 1s that
{ Det Huw >0 R

3 Using Eqs. (117), (118) and (120), it can be easily shown

Hu.u.z’-' Huzu\:”: O (122)

E Thus, ths matrix 1s positive definite. i
Following the same procedure to find the evader's
control

HV - 0= ~ Me CesinVicosVe A Ce cosVicosVy (123)
’ me Mme sin Xap

Aee St V; siny,
Stin X3e

Ce
HVZ: 0': ;;;;( &eCOSVZ—A%COSVle‘nVZ - {124)
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Ave /Sl
tan v, = Aee/sin ke (125)
Xee .
,; Aee 51N V,\ ! p
5 tan V, = )\z_e >\46C‘05Vl + (126)
4 oin Y30 ¢

Since the evader is maximizing the payoff, the suf- !

ficiency conditions require that H . be negative definite, i

This requires .

A Ace smv,)
; _ Aoy, - XSV 0 a2
: HV,V, cosV, ( )\4e cosV, T

$ Pk AN e R s

As with Uyy Vo is restricted to

T euel
‘ so that

r cosV, 20 (129)
; and, from Eq. (127)

é cosV, = N ()1\::/5'” ol (130)

e /s10 Xze

sinV, = (131)
! \/Xze *(}\be/sm Xac)z
Again, using Egs. (130) and (131), it can be shown
that
Huv= Hyy =0 (132)
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so that, for va to be negative definite requires

Aee SIn'V
Hvzvz= —)\zeem\/z + COSVZ(")QE_CO‘BV"- e om ')( 0O (133)
SIN Xze

Using Eqs. (125) and (127)

e
Si = = 134
"V = T R+ (e o fd (134
oS Vo = Ne *+ he/otn Xae) +(135)

2
e + A + (Aee /611 Xae)
The values of the costates at final time are given by

the transversality conditions

TN oJ

Nt ()= (55, (136

A (1) = (X|p - Yie[SinXap sin Xae cos{Xsp-Xse)
+ €03 Xp COSXae])ﬂ (137)
Az (1g)= O (138)

}\3P (ﬁ‘.)': (" X’.p X|e oS X?,P $\Y\Xge COS(XSP'Xse_)
= Sin¥ap cos Xge)f‘ (139)
NplTe)= O (140)
)\S? (r&): (XW Xie Sin ¥ap s1n ¥ze sin (Xsp - Xse) )1-‘ (141)
N 0 =

N (T;)z (X\e =X Pﬁm)(apsm Xze Cos (Xsp— ¥se)
+ CosXapcos Xse])q’ (143)
25
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Am(’l}ek 0 (144) ; 3
"se(""f)= (* Xie ¥ip oS X3e51nXap cos(Xsp- Xse) g

- SIN X3¢ oS x;‘,)ﬁ (145) é
Ae[Ty)= O (146) i f
)\se('fc)= (- KipXie sinXzp $inXze sin (kp-xse) )TF (147) ; j
Mee(tg)= O (148) j

As before, the Hamiltonian must be zero at final time.
Using Eq. (96) and Eqs. (137) thru (148)

Him)= 0= (X Xap + Xe Yee
= (Xie Xep + Xip Yae) [34 Yap StrXse cos (Kop - ¥se)
+ €08 X3p cos Xae] = XepXie [cosXopein Yae cos(¥ep-Xee) |
- 5In¥ap cos Xsel+(YopKie=XipKoe) StnYop sin e sin¥sp- Yse)
= Yip )Qe[sm Xap Cos )gews(Xsp-Xse)- €05 Kzpsin XatJ)T{ (149)

a4 i f Lk aFR S 73 hihEela

LS T P

As in the coplanar case; the stopping condition that

the range-squared rate be zero at closest approach glives

~

the same expression as Eq. (149). -

For the three dimensional game, the TPBVP is given by

Eqs. (81) thru (92), (98) thru (109), (137) thru (149), '\////
and the initial values of the states.
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IV. Pseudo-Closed Loop Control Law

The pseudo-closed loop control law used in this report
is based on a pericdic first order update to ‘he costate

vector. At each sampling time, this update j7 generated

from the difference between the actual states and the

states of a reference trajectory. The reference trajectory J//

assumes optimal play by both players from the sampling time
to final time.

For the error in the state vector at time tk given by
Sxft)= Xlte) = Xeep (t) (150)
the costate vector is updated by
Altid= Aveg () + SA(tx) (151)
The correction to the costate vector 1s produced by

SMt)= C 8x(t«) (152)

where ¢ is an n x n "control" matrix,

Two nearly equivalent methods have been proposed to

generate this C matrix (Refs. 1,2).

Backward Sweep Method (Ref. 1)

Assuming free final time and no control constraints,

the linearized TPBVP is (Ref. 3)

8% = fx8x + fi.6A Sx(to) given (153)
8h = 0x6X + OASA (154)
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SN = loxx +vTu) W Q%[ [8X(tg) (155)
0 Wx 0O dv (156)
0 Qx W |4 [d (157)

where Vfis the terminal constraint, V¥ is a Lagrange multplier
assoclated with'VC and

G LA 12 3 S

Qd (3% (B+97g) + L) (158)

Al g iat ey i

The solution to this linearized TPBVP is assumed to

3
b
A
4
.
F;
<
E
o
»
It
s
3
3
4

have the form

PRV & TOTIS

S\|=(Sft} Rt} mit)] |8x (159)
o| [R't) Q) nft)] |av (160)
O |mft) nvlt) alt)]|dtt (161)

DRI W T FUATPEE £1) X7 S

it wchesd

where 8 is an n x n matrix, R and m are n - vectors, and Q,
n, and o are scalars.
For the problem considered in this report, there is no

VC 80 that Egqs. (155) thru (157) reduse to

LR e I S T U A

tsxtt;)]fm Qt] [Sx(n)] (162)

0 .« Q4] |d% (163)

UL

Xeas ¥ e kTN,

and the assumed form of the solution is
SA\|=|S  m]|8x (164)
O} |m" «f|dt (165)
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For 0#0, Eq. (163) can be solved for dte.

Ly
dt; = -(——-—-) Sx (166)
v ML
This expression is substituted into Eq. (162) to yield
o n
SAlte)= ( - ") & (167)
L\ T Y )

BEqs. (164) and (165) become

S\ (S - mT) Sx S 8X (168)

1]

Thus S is the desired control matrix.

Differentiating Eq. (168) and substituting for SX, 8)\,
and 8)\ Ylelds

0= S + S5fx + §‘F)‘§ - 9A§ - Ox (169)
with the condition at final time
05 Ny
S{t) = (P - (170)
Q+ )+
2Lt %t

Between sampling times, Eqs. (169) and (170) are used to
generate S and Eq. (168) 1s used to obtain the costate cor-

rection, SA (‘t’k), as a function of the state error, SX (tk)

29
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Transition Matrix Method (Ref. 2)

Azain assuming free final time and no control constraints,

the linearized TPBVP is given by Egs. (153) thru (157). For
problems in which there is no W, and for 1 20

dt; = —(}—1—5) §X (166)
+ e 4

and
SNty = A Sx(ty) (171)
where
A = ( _ 05 ﬂx)
¢xx Qe 't.; (172)

The solution to the linearized TPBVP is written as

8x(t) = Bux [t te)Sx(ty) + Bualt, tr) SALLy) (173)
BA) = B lt, t)Sxlty) + P le, te)SAy) (174)

Substituting Eq. (172) for S\ (‘t{,) Zlves

sx(t)= X sx(ty). (175)

SNt)= A 8x(t) - (176)

X = Bultty) v Goflt,t) A (177)

A= Bulotg)+ Bt t)A (178)
30
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Solving Eq. (175) for SX (‘t{;) and substituting into Eq. (176)

BAMty) = (A.X-‘)Q 8X(tx) (179)

TS TV R

This provides the relationship between SX and ON at
-1
time tk, and the control matrix 1s AX .

The state transition matrices are obtained by backward

TR TS TR T

integration of

: é’xx‘fx v + 1) O ) O (‘t{.,'tp) = I (180)
Sixx‘fx G + Fdm s Oalt,)= O (181)
émﬁ b + Db s Onltry)= 0 (182)
B = b + OnBa s @A_A(i},tg)r- I (183)

i s

TR

T IR

i 8 ity v

from ty to tk’ and Eq. (179) is used to generate the cor- 1

reotion to the costate vector.

Implementation of the Control Law

LA tis .

To use thls pseudo-closed loop control law, a player,

say the pursuer, initially vlays his open loop controls for

a short time, while simultaneously integrating the system
gstate and costate equations, and the necessary equations to
generate the control matrix, backward from final time., At
Each sampling time, t,, the pursuer compares the actual

state of the system with the reference trajectory. Any

e 1t e v e ST R ST Mt i L N

PRI

non-optimal play by the evader will be manifested as a

deviation in the states. The pursuer then updates the

31
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costate veotor by Eq. (151). Using the updated costate
vector, the pursuer again plays the updated open loop control
until the next sampling time, Now it 1s necessary for the

pursuer to integrate the states and updated costates forward
until the stopping condition is reached to predict the final %
conditions for the new trajectory. Since the solution 1s
only updated to first order, the transversality conditions

are not, in general, satisfied at the final time. Thus, the ;

final values of the costates must be adjusted to meet the
transversality conditions. Using these new terminal conditions,
a new reference trajectory and control matrix are generated ;
by backward integration, as before. The problem ends when
the range rate is zero. FPFigure 6 presents a simplified flow

dlagram for the control law.

Linearized TPRBVP Coefficiente and Terminal Conditions

The coefflcients for the linearlzed state and costate
equations, Eqs. (153) and (i54), are presented in Appendix A.
The expressions for the terminal conditions given by

Egs. (170) and (172) are given in Appendix B.
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V. Besults

The test cases presented in thils report were numerically
] simulated on a CDC 6600 computer using a predictor-corrector

integration scheme. Three coplanar trajectories and two

el e G K

non-ooplanar trajectories were investigated. The trajec-

o S e

tories used different vehicle characteristics and varying

final ranges as indicated in Table I. 1In all cases, the

L L 7Ea st B

Lot o dh S0 e ALY L

predicted trajectory was integrated forward until the stop-

R

ping condition was reached, and the costates were adjusted

to satisfy the transversality conditions prior to integrating ]
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the reference trajectory.

Ll

Coplanar Model

e LEN

: A sampling interval of 0.012 TU was arbitrarily chosen
- to test the control laws for the copnlanar trajectories.

: This nominally provided 16 updates along the trajectory.

: Both the backward sweep method and the transition matrix
' method effectively reduced the final range to a value less
than the nominal final range, except for the case where the
evader used the control V = 1.0. This result was not too
surprising since this was very near the evader's optimal
control. When the sampling interval was decreased to
0.008 TU, with V = 1.0, the control law was able to achleve
a final range less than the nominal.

Both the backward sweep method and the transition

matrix method produced similar, though not identical, results
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when tested on Trajectory 1. Differences can best be
attributed to the additional numerical operations associ-
ated with the transition matrix method.

To reduce the computation time, the integration step
size for the transition matrix method wes initially double
that of the backward sweep method. It was found that the

control matrix so produced was not symmetric (as it should

At ALK VraE Al KA

be if the two methcds were indeed equivalent), the elements
were not close to those of the S matrix generated by the

backward sweep method, and the transition matrix method did

SRR AR

not perform nearly as well as the backward sweep method.

When the integration step size was made identical to that of

I W ara ML

the backward sweep method, the final results improved, the
control matrix became symmetrical, gepepally, to five sig-
nificant figures (usually, to six significant figures), and
the elements agreed well with the alements of the S matrix,
Since decreasing the sampling interval to 0.008 TU
improved the final range for V = 1,0, it was decided to

increase the sampling interval to 0.016 TU to see how

badly the method suffered from the use of fewer updates.

Lt~

(This would nominally provide 12 updates.) Again, the
control law was able to decrease the final range below

the nominal except in the case where V = 1,0, The surprising

P LT L PSRRI W E | NI PRCY JOPS LP U IR W ISR IR oW 1 LK o B F F s C T )

results were that in two cases, V = 3,0 and V = -3,0, the

et

final ranze was less than for the smaller sampling interval.

This 18 possibly a result of the way in which the control H
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law works. That is, the first order correction at the long-

er sampling interval may have combined in such a way as to

create these anomolies in the final range.

The final ranges achleved for all the coplanar tra-

Jectories are summarized in Table II. Plots of all the

[ O DN e

TR T IO T vy,

coplanar trajectories are presented in Appendices C thru E.
Each plot compares the TPBVP solution with that produced by

the control law. A range trace for the final portion of

LIl T R D Ll A

each trajectory 1s also shown.

‘’hree Dimensional Model

Because of the larger state dimension, along with the
geometric increase in the number of S matrix differential
equations, the samrling interval was increaged to 0,024 TU
to test the control law for the three dimensional model.
The transition matrix method was not tested.

Since Trajectory 4 was the same as Trajectory 1 except
that both players were allowed to thrust out of the ref-
erence plane, a test case was initially run to valildate
the three dimensional control law, The evader's controls
were set at V1 = 1,871, V2 = 0,0 s¢c that the evadoer would
remain in the r=ference plane. (This corresponds to the
ocoplanar case for Trajectory 1 with the control V = 0.0.)
The resulting final range was s8lightly larger than that

achieved for the covlanar case with a sampling interval of

0,016 TU, as could be expected. More significant was the

37
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result that the control law did not erroneously drive the

pursuer out of the reference plane. 5

In all cases but two, the control law decreased the

final range below the nominal final range. The two ex-

ceptions were for V1 = 0.0, V5, = 1,03 and for V1 = 1,571,

R TaNPENG

V, = 1,0. As before, this was not too disturbing, as the

evader's optimal controls were in this quadrant. A decrease

AL A N et R Ptk SR P 500, dat S A

of the sampling interval to 0.016 TU was sufficient to
cbtain a favorable result for the latter case. However,

for Vy = 0.0, V, = 1.0, the sampling interval had to be

PR TE SRCSPAIL Y U 9 X

b Skl aC L I Lo Y

decreased to 0,012 TU to obtain improvement on the final

range,

SO I LIRS

Table III summarizes the final ranges achleved for the
non-coplanar trajectories., Plots of the non-coplanar
: trajectories are presented in Appendices F and G. The {
nominal traj)ectories are presented in each case for com-
E parison, and the range trace for the last portion of each ]

trajectory is 2lso gziven.

General Comments

Cacc e b 4

Real Time Considerations. To be of practical use,

Vol Jounts

this control law must be capable of being implemented in

real time, This can be a formidable task for reallstic
problems with large state dimension. Both methods tested
require the forward integration of 2n differential equations
for the trajectory prediction. 1In addition, the transition

matrix method requires the backward integration of 2n(2n+1)
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equations to generate the reference trajectory, while the

4
i
7
]
{
:
i
H

backward sweep method requires n(n+2) equations to be
integrated. The computational burden of the backward sweep
method can be reduced to #n(n+5) differentisl equaiions
by taking advantage of the symmetry of the 8 matrix. This
is a significant reduction for large state dimension prob-
lems.

For the coplanar model considered in this report,
the transition matrix method required integrating 272

—’
equations to generate the reference trajectory, and the

backward sweep method required 50 equations. This latter
number could have been reduced to 52 equations. For the
non-coplanar model, 168 equations were integrated to
generate the reference trajectory. This could have been
reduced by almost 40% to 102 equations. The transition \,//
matrix method would require the integration of 600 equationst
Using a sampling interval of 0,012 TU, the backward
sweep method required a maximum computation time of 12.2

seconds to compute a reference trajectory for the coplanar
model, and the transition matrix method required 24%.2 sec-
onds. Thils is not real time, as 0,012 TU corresponds to
approximately 9.7 seconds. For the non-coplanar model,
With a sampling interval of 0.024 TU (19.36 seconds), the
maximum computation time was 32.03 seconds. By reducing

the number of equations to be integrated for the ] matrix,

both of the backward sweep models could be performed very

L5 1
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close to real time for the svecified sampling interval.

Stablility of the Backward Sweep Method. Whlle the

(S et R GA. Sn N

backward sweep method enjoys the advantage of the lesser

bt St sravh

|
H
:
3
H
2
3
%
z

computational burden, the S matrix sometimes becomes in-

L

finite durinz the backward integration of the matrix Riccati

13

equation, Eq., (169). For the problems considered in this

R AR ET)

report, the 3§ matrix originally became unbounded during the

e he SN N R Fao ey,

backward integration. This problem was resolved by de-

(it BT A ALy 3

creasing the lntegration step size tc orne-half its original ;

ko
PR TR N -

value, to 0,0005 TU. However, using this new integration

step size, the backward sweep method failed on Trajectory 3.

Predicted Ranze at Each Update Time. Tables IV thru

R E 25 L el Lty ol AR )
~

XIII present the predicted final range at each update time,

%=

based on optimal play by both players from the update time

AT el Rt

! to final time. The predicted range did not, in general,

3 monotonically decrease at each successive update on a given

trajectory. Only in those cases where the evader's control
was near-optimal did the predicted range display a monotonic
decrease, This phenomenon is apparantly a result of non-

unigque solutions which result when the evadar hehaveg in such

a way that the pursuer has sufficient control to drive the

range to near-zero,

k2
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TABLE IV. PREDICTED FINAL RANGE AT EACH SAMPLING TIME

Trajestory i, Transition Matrix Method,
Sampling Interval = 0,012 TU

F (Entries rounded to two decimal places)

' Predicted Pinal Bange (NM) 4

J Sampling 3
; Tine Bvader's Control (Radlans) 3
j 3.0 2.0 | 1.0 | 0.0 | -1.0 | -2.0 |-3.0 §
, 0.012 | 3.57 |7.39 [8.53 |6.29 |2.53 |2.15 |2.68 ]
i 024 | o0.79 |6.50 |8.97 |4.37 |2.10 [4.03 |2.16 g
% .036 |} 0.68 |5.32 [8.73 |2.35 |0.68 [4.50 !0.90 :
E 048 ¥ 2,64 [b.so [8.7% |0.69 |0.70 |b.ub [1.49 ;
i .060 ﬂ 1.43 [3.52 |8.69 |0.70 |0.59 [4.88 |O0.54 %
% 072 [1.89 |2.62 |8.69 |0.77 |b.62 |47z |1.88 ;
{ .08 | 0.56 |2.43 |8.70 10.95 |3.59 |4.71 |1.95 1
096 H1.61 |2.03 |8.70 |1.58 |2.49 |5.03 |1.61 §

.108 E 1.52 |1.40 |8.70 |1.69 |2.21 |4.95 |1.47 :

.120 !1.33 2.14 |8.70 |1.68 |2.3¢ |s.90 [1.61 é

17 18.70 l1.68 o

=37 2
11.37 |2

; b | 1.8 [2.02 [8.70 [1.68 [1.20 [s.21 [1.07
: 156 | 0.77 [2.19 |8.70 [1.68 |[7.08 |[5.12 |1.44
168 1l 030 [2.62 |8.70 |1.68 [1.36 |5.08
.180 f 0.15 [1.89 |8.b0 |1.68 [1.35 |[5.07
192 o072 [1.73 [8.39 [1.68 [1.36 |5.06
.20 i 0.19 |2.59 - |- -
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TABLE V, PREDICTED FINAL BANGE AT EACH SAMPLING TIME

Trajectory 1, Backward Sweep Method,
Sampling Interval = 0,012z TU

(Entries rounded to two decimal places)

24 el B yad e

Predicted Final Range (WM)

Sampl ing ;
Time Evader's Control (Radlans)

I 3.0 2.0 £2L=p 0.0 | 1.0 |} -2.0 -3.0
% 0.012 3.57 | 7.38 | 8.53 | 6.29 | 2.53 | 0.64 | 2.68
025 0.79 | 6.50 | 8.97 | 4.37 | 2.10 | 4,07 | 2.16
«036 0.68 | 5.32 | 8.72 | 2.35 | 0.68 | 4.03 | 0.90

‘ <048 J 2.64 | 4.50 | 8.73 0.69 | 0,70 | 4.04 | 1.49
é 060 § 1.43 | 3.52 | 8,69 | 0.70 | 0.59 | 4.35 | 0.54
' 072 | 1.89 | 2.62 | 8.69 | 0.77 | #.02 | 4.32 | 1.88
034 | 0.56 | 2.43 | 8.70 | 0.95 | 2.59 | .25 | 0.22
096 | 1.61 | 2.03 | 8.70 | 1.58 | 2.61 | 4.63 | 1.62
: 208 | 1.52 | 1.40 | 8.70 | 1.69 | 1.79 | .52 | 1.53

120 | 1.33 | 2.14 | 8.45 | 1.68 | 1.80 | 4.48 | 1.90

a3z | 137 | .09 |8 [aies ] 2ie0 | 5.85 | 0,88

o 144 0,27 | 2,02 | 8,39 | 1.68 | 1.80 | 4.79 | 1.38
.156 0.77 | 1.29 ) 8.36 |'1,68 | 1.80 | 4,70 | 1.5
.168 0.6% | 1.7 | 8.35 | 1.68 | 1.80 | 4,67 | 1.27

.180 0.50 | 1.19 | 8.3% | 1.68 | 1,80 | 4,66 | 1.50
192 1.50 | 1.97 | 8.33 | 1.68 | 1.80 | 4.65 | 0.60
<204 0.32 | 1.31 —m—— 1.60
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TABLE VI,

Trajectory 1, Backward Sweep Method,
Sampling Interval = 0,016 TU

(Entries rounded to two decimal places)

PREDICTED FINAL RANGE AT EACH SAMPLING TIME

Predicted Pinal Bange (KM)

Sanpling

Time Evader's Control (Badlans)
3.0 | 2.0 | 1.0 | 0.0 | -1.0 | -2.0 | -3.0
0.016 2,26 | 6.95| 8.61 | 5.81 | 1,53 | 2.40 | 1.76
.032 1.99 | 5.91 | 9.0% | 3.56 | 3.01 | 4.94 [ 3.31
048 1.14 | 4.75 | 8.85 | 1.52 | 1.46 | £.97 | 2.10
064 3.75 | 3.19 | 8.81 | 1.60 | 1.73 | 5.16 | 1.61
.080 0.83 | 2.47 | 8.78 | 1.70 | 1.88 | 5.15 | 1.74
.096 1.63 | 2.12 | 8.80 | 1.73 | 2.40 | 5.13 | 1.47
112 2.0 | 1.39 | 8.56 | 1.72 | 2.31 | 5.36 | 0.63
128 | 0.96 | 1.96 | 8.53 | 1.72 | 1.27 | 5.29 | 2.15
J144 0.53 | 1.52 | 8.47 | 1.72 | 1.29 | 5.22 | 0.60
160 0.90 | 1.43 | 8.45 | 1.72 | 1.37 | 5.24 | 1.11
(176§ 0.2 | 1.5h | 8.k | 1,72 | 0.55 | 5.54 | 0.67
.192 0.46 | 1,07 | 8.43 | 1.72 | 0.66 | 5.52 | 0.89
5208 ] 0,28 | come | coae | coue | cmme | === ] 0.35
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' TABLE VII. PREDICTED FINAL BANGE AT EACH SAMPLING TIME
! Prajectory 1, Backward Sweep Hethed, 3
; V = 1.0, Sampling Interval = 0.008 TU ;
3 (Entries rounded to two.decimal places)
5 Sampling Sampling|Final ]
: Time Range i
3 .
: .016 | 8.61 J] .080 8.57 I .44 | 8,28 i
] .02t | 8.59 .088 8.57 152 | 8.25 §
§ 032 |8.57 || .096 | 8.57 ] .160 | 8.23 :
S g
’ : 080 | 8.57 104 8.57 .168 | 8.22 §
; 048 | 8.57 | .112 8.57 .176 | 8.21 %
E ”
) 056 | 8.57 ﬂ .120 | 8.57 .i84 | 8.20 §
: o6 [8.57 | 128 | 833 .192 | 8.20 %
i
i
‘ 3
: j
| y
' %




TABLE VIII. PREDICTED FINAL RANGE AT EACH SAMPLING TIME

Trajectory 2, Backward Sweep Method,

Sampling Interval = 0,012 TU

(Entries rounded to two decimal places)

Sampling
Tine

Predicted Pinal Range (NM)

Evader's Control (Radians)

1.0

0.0

"1.0

‘200

48 | 1.89 |20.39 |24.75 [14.38 | .72 | 7,07 | 3.88
060 | .64 [19.07 |24.68 [11.72 | 3.25 | 7.06 | 1.60
072 | 1.9 [17.74 [24.52 | 8,97 | 1.21 | 7.02 | 1,50
084 | 1.79 |16.64 |2u.42 | 6.66 | 1.14 | 7.24 | 2.08
096 | 3.71 [15.51 [24.36 | 4.61 | 0.73 | 7.16 | 3.58
108 | 1.79 |14.53 |24.19 | 2.73 | 4.39 | 7.13 | 1.79
.120 | .24 |13.65 |26.10 | 1.03 [3.80 | 7.3% | 1.69
32 1523 la288 fan0a | ous | 2,95 | 7,26 | .03
ase | 1.3 (12,21 [23.97 | 0.97 | 2.63 | 7.21 | 1.63
.156 | 0.36 |11.68 [23.82 |'1.23 | 2.66 | 7.21 | 0.08
168 [ 0.36 [11.32 [23.76 [ 1.92 | 2.68 | 7.4 | 0.86
.180 | 1.03 [10.88 [23.72 | 1.91 | 2.68 [ 7.39 | 0.35
192 | 1.63 [10.66 |23.70 - | 7.36 | 1,01
. 204 0.46 110,67 |eceen jomcma fomame foaeol 1.33
47
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TABLE IX.

Bl LS L e

Trajectory 3, Transition Matrix Method,
Sampling Interval = 0.0i2 TU

(Entries rounded to two decimal places)

e e sn T

PREDICTED PINAL RANGE AT EACH SAMPLING TIME

Predicted Final Range (NM)
Snggigng Evader's Control (Radians)

3.0 ! 2.0 | 1.0 | 0.0 | -1.0 | -2.0 | -3.0

0.012 |} 16,57 | 22,90 | 25.00 | 20.89 | 14.62 |11.58 |14.85
024 7.93 | 20.81 | 24.82 | 16.72 | 4.09 | 3.30 | &.42
.036 0.93 | 18.77 | 24.75 | 12.67 | 5.57 | 2.60 | s5.44
048 1.29 | 16.81 | 24.57 | 8.87 | 2.75 | 4.10 | 2.35
.060 ﬁ 2.12 | 15,07 | 24,46 | 5.23 | 0.98 | 4,44 | 2,00
.072 H 5.11 | 13.23 | 24.27 | 1.81 | 1.00 | B.25 | 7.49
08 || 0.57 [11.47 | 24,15 | 0.64 | 1,03 | 5.03 | 4.37
.096 0.84 | 9.83123.94 | 4,06 | 0,99 | 4.87 | 2.40
.108 3.24 | 8,44 |23.81 | 0.82 | 1.20 | 5.16 | .57
+120 4.84 | 6.72 23.60 | 1.47 | 2.27 | S5.41 | 3.06
132 | 0.38 | 5.60 | 23.46 | L.47 | 1.94 | 5.70 | 0.84
S84 1.78 | 4.59 |23.26 | 2.35 | 1.32 | 5.45 | 3.27
156 5.02 | 3.33|23.13 | 2.38 | 2.30 | 5.72 | 0.57
.168 1.68 | 2.55|23.04 | 2,39 | 2.08 | 6.04 | 2.05
.180 1,91 | 2.60|22.99 | 2.39 | 2.27 | 5.83 | 0.93
.192 2,70 | 1.72 [ 22.96 |~-eon | ameee 5.77 | 3.00
. 204 l 145 | 2,28 | mcoae |accae |cacae [amaaa 1.15
.216 l 1,50 | momme | ccecce [ acmc v | 1.22
I DR s s Uy DU N— 0.63
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TABLE X. PREDICTED FINAL RANGE AT EACH SAMPLING TIME

Trajectory 4, Backward Sweep Method,
Sazpling Interval = 0,024 TU

(Entries rounded to two decimal places)

Predicted Final Bange (NM) P

Bvader's Control (Radians) lg

Sampling g
Time Vl = 0,0 V1 = 1057 VI = 3.1“ g}
— ;

VZ = 100 VZ = -1.0 Vz = 0.0 Vz = 1.0 V = -100 %

0.024 8.30 6.70 4.21 8.30 6.70 g
.048 8.74 7.19 1.67 8.75 7.18 ]
072 8.27 2.00 - | 1.56 8.28 6.99 :
.096 8.35 6.71 5.45 8,36 6.71 :
.120 8.04 6.63 2.47 8,05 6.63 :
J144 8.08 6.66 | 1.69 8.09 "6.65 E
168 7.95 6.68 0.50 7.96 6.67 ;
.192 7092 6.67 hndendend od 7.93 6.67 %
]

i

]
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TABLE XII. PREDICTED FINAL BANGE AT EACH SAMPLING TIME

Trajectory 5, Backward Sweep Method, V4 = 0,0,
Vp = 1,0, Sampling Interval = 0.01<c TU

(Entries rounded to two decimal places)
Sampling |Pinal ISampling Final

Tinme Range Time Range
|
0,012 16.14 0.108 16.75
024 18.61 «120 16,63
.036 18.51 .132 16,44

.048 | 18.18 4k | 16,32
.060 17.75 .156 16.30
.072 17.48 .168 16.20

084 | 17.19 .180 | 16.13
096 | 16.98 .192 16.10!

TABLE XIII. PREDICTED PINAL RANGE AT EACH SAMPLING TIME

Prajectory 5, Backward Sweep Method, V4 = 1.571,
vV, = 1,0, Saupling Interval = 0.0 6 TU

{Entries rounded to two decimal places)

Sampling | Pinal |Sampling | Pinal

.032 15.9% l .128 15.09
+Ok8 15.66 144 15.07
064 15.52 .160 15.05
.080 15.23 .176 14,87
+096 15.20 .192 14,86
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VI. Conclusions

The contrel law proposed by Anderson has been applied
to a free time, minimax final range pursuit-evasion game
between two spacecraft. The coplanar encounter was ex-
tensively investigated using the backward sweep method and
the transition matrix method. The backward sweep method
was glso applied to the three dimensional intercept problem.

The control law has effectively demonstrated 1its
abllity to guide the pursuer to a better solution when the
evader 1s behaving non-opcimally. The shorter sampling
interval, 12152252é1342£3%ié82’? gsreater improvement on the
final range,7 In addition, the two methods proposed to im-
plement thé control law have been shown to produce equivalent
results.

Another significant conclusion from this investigation
which must not go unmentioned, is that the control law dis-
played remarkable flexibility in the problems considered.

The basic logic displayed in Fiz. 6 was used in all computer
programs used to simulate the control law. The basic program
used for the backward sweep method was only altered to
accomodate differences peculiar to the transition matrix
method, and in the three dimensional case, to accomodate

the larger state dimension, These programs were used,
unaltered, to test all cases presented in this report. No
"fine tuning" of any kind was necessary to adapt the programs

tv each particular case.
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The problem of real time computation is not considered
an insurmountable problem in the implementation of this
control law. Special use computers, along with parallel
processing could provide rapid update solutions. In an
actual encounter, the custate vector should be updated as
often as each new reference trajectory becomes avallable.
This should provide better rzsults than those achlieved with

the fixed update times used in this report.

One disadvantage of this control law which this ,,V4z,jé¢b%

']

report has not considered, is that a reference TPBVP o ng,tig
g e
solution is required grior to starting theggfgggggne, The e f

TPBVP solutions used for this report were generated using

a general purpose algorithm developed by M. J. D. Powell
(Bef. 6) .
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Appendix A
Coefficients for the Linearized TPBVP

The linearized state and costate differential equations

may be written

TRE NS

8x = 'R 5x + ‘F)‘ SA
BA= gx8x + g,8)

T,

Since the state and costate equations are separable, the

n x n coefficient matrices fy, f), &y, and g, may be par-

titioned as follows;

| 0 fa= [Pae i 0] |
. 0 ‘CXeA _0 -;ﬂe_ ¢

k= [orio o= 91 0]

where the elements of the sub-matrices are :

§ 5L
(‘Fxp)zj = —ff-f-

2%p;

(‘F)\p)éj = _a_f_gé_

(9x)ij =

e i il S

t
g

(el = LI
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and similarly for the evader coefficient sub-matrices.

Coplanar Model

The coefficient sub-matrices for the pursuer are

| 0 o o

fp= [ 0 o fu4

; & o o (&)

g R

E 0 0 o o z

fio= | O i) o g
0 o o Q

0 (»Sp ) O ("‘fc ii”w)

|

. ot a2
Em-r,.mv-,Ma AT s n e e F eI S S RS v B Rk I 5
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2~

Bt

r -

y 'Au¥§r+§ﬁﬁt ( ) [}-(qux“’+kﬂj}

[XT;(“‘\’PXAP *'XA(:PXZPXW)] -&%éf O [ -meer
e | (e ¢ 0 fiy

Q 0 0 0

1 [ 2daptap +Aa

Bl oo (e

- .

= ~Frp

The coefficient sub-matrices for the evader are

i
0 | o) O
fie= [ 0 o (2
(f 753‘“} © \Fl':'-)
] (&%.;*) (“%eé) (" he) |
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Ihree Dimensional Model

The non-zero coeffioients for the pursuer are

{X?lls l

z 2
‘Fxpu =" _’l(-\;(x*? M X“‘? SinXap ~ xlf)
- Cp Azp Nep_Los Xop
I;XP 23° ')1(7,;(7‘:? Stn Zx"P) - De”r Sind¥3p
Ripacz 2Kp
Paa *p
- 2 ;
frpu® 25 (Xep sii *Yp) ?
- Xap 2

‘:KP TR

’__

’Y’XP'sq: Xip

i b 2ot 2

= A _ Y& sm2Xsp
X (*‘P"‘w B

‘Fx = — Xap

PAz Yap

Fipas® KopcosBhay  Cp MpAlp 00Xap
P43

feu

Skial £ iy i S5t T K

Xyp Dp ¥z sin3Xep
- Xzp E
fons ~ X 3
'F"P & T (X(.P Sin 2“3;})
= - Xe2
'F“P%\ - Klf

'FXP so le

'i"‘l’cu - 7|\}‘ ( XzpXep + 2 XapXep COt X‘bp)
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bpe = - #

- 2Xer¥ep Cp Mepcosksp [ _ Mt
€XP53 Xip sn*X3p t DPV‘ $\H5X3}> 2 e 5\'”;5;?

& = o 2Xep LosX
P Xip SN X3P

-Y.XP“: “"il‘} (sz + ZchotXa()

%‘?n: %}'1 (‘%{,‘l - I)

= CpAphe _
E\m' D:‘/z. = 'FAPW.

= Spdwdgp
ﬁpu Drylw;lntX‘P - .FAPLI
- C e
fow= S5 (42 - |
= Cp g -
'E\P% T Desmikep 'E\Pu

B, = o2 [, |
AP Dp'zsintzp | Dp smblsp

Qxen ™ = %?s [.\;P (X2 + ¥z irtizp - -’%; )~ p[Xapiep - X:vsza:azx,?)

“l\"(X‘Zprp + ZXQpX" cot Xap) +r\'5pX4_P + )\5p Y‘P] ‘

-
gx”l- —x";'& (&f Xﬂ? + A‘Df x‘?) ?
_ — ;
Gion = 7 (Aap K 51 Dhap + M XZpcos gy + ZReEKS *39 ) '7

Gepra xl',i (2dapXap = MapXep - 200 Kep cot Xap + Azp)
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G = [zxq, Npsinthap + Aap Xop SM2a3p + op
~Mp (¥ap +2Kgp cot Xap)]

Oxen = Gxpiz

= Mp
Qs - :
g‘?‘% = x,’,

Oxe3 = Qrpia

gx?%" X (" 2 beclﬂszp + 2N i 2Kp
+4Ne Kap xef COth;P CSCZXBp)

Co AG 3 codX Ao cos*Kzp \
—Ei‘ﬂ‘_i. 2°0°0% - Qe
¥ DpYremtXap ( |+ swntKsp Dp sintX3p )

= o 27 Xep
gXPu X'P 5\“7*5‘:

9“935 = - %TP (/\29 hep SinDlzp + Aap Xip o5 2Ks3p

)
sintXsp

Ixpaz = Gxp24

Qxpaz = Gxp24

= —2)N\zp
9”“ Xip

= ZNp cosksp
o™ v

Greer = Jypre
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T T T T TR RIS T3 R A, ra v wee o RO AT A TS e

Ixee™ Qapae
O™ Jxezi

Opte™ Ixead
Gox b om0

- T
g)P"—XP

The non-zZero coefficients for the evader sre

fren = |

2 i 2 - z
1£ch\ T X ( Xge + Xee Stn Xze Xle)

- &é Sin '2.X3e Ce Aze Mee cos X3e
Cxe 23~ Xie De¥2 sindX3e
fxez4 )he

Rew= % (2 Yo sivae)
fes = = -éu"'

e
’er 3¢ Y‘e

‘F)@‘;l a2 (X'Le Xae — X 5?|.V\ ZXQQ)
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fieas= %

‘erg’ Xz €06 Lxae + CeMe Ace oS Kee
Xie De¥ =ind Xze

Xae
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Appendix B

Terminal Conditions for the Control Larvs

Tha terminal conditon given by

-l
(¢xx - S0 Q2% Oy )rq,
must be evaluated at final time prior to the backward
integration for both control laws.

Coplanar Model

The non-zero elements of the @xx matrix are

Bexn = |
¢xx|3: (Xie A)T{ = Pxxsl ~
Oxais= — B{ Dxrsi |

g SN e S sl gy s,

Becrr © '(XWA)ff = Brxny
Boaa= (Xip Xie B) g,

Pruss™ (X‘P A)fq = Byxs3
Brez® ~(Kioxie B)q = Pixrs
Dewss = |

Gxesr= —(Kip ‘\)ﬁ = DButs
Bamr= (XipXie B)’EF

N R ENC IR T W UL LIRS0 1 [ PUNSTE LR
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Qy = (Kip = XaeB - Xaeh)

> Qo = (Kip - XeeB) g,

Q3 = [(arke + Xiptae) A + (e Xr¥ad Bl g

Q= (XieA) 4,
Qs [¥ee= XapB + Xaph) o,

? Q.= (Kie - %ip B) 1

5 Q= [ [Kepie + KupXae] A= [ap Xie= KipXee) Bl g,
Qxs= (X Ay

where
A = sin (Xsp~ Xze)
B = <5 (Xap~ Kae)

|5

: - (9 o Bﬂ \';\ - P\
"er‘- (3 -1 "/T{“(-QXT/T{.

..\

(This scalar product was performed by matrix multiplication :
within the computer prczram.) -

67

“ﬁ! i ¥ 28 s PV RIS S, 2ot L



Three Dimensional Model

The non-zero elements of the ¢,, matrix are

Ko = |

Bris= ~[Kie (CA- 5B-CC - SA-CB]ly, = dicea
Bois= (Xie SA-SB-SC)p, = Bus

Boxy = (" SA-3B-CC - CA- CB)'T; = Gt
GBrxro= "[X\e(sﬁ\' CB-ce - CA'SBﬂ,@ = B ot
Buoou= ~{ie SA- S8 8C) g = Brxu,y

Bocas = [KipXie (S 5B cC + CA - cB],

Prxas = (ti Kie CA- S8 SC,)TF Pxxs3

Bexwr™ Xip (CA-5B- cC — SA-CBl = Byprs
Bocsg™ ~[Xiw e (cA-cBrcC + Sh- 9Bl = Bues
Boan® (e Xie CA-SB-SC) ¢ = Breu,s
Buss= (Xip Xie SA-SB- CC)

Brxs1 = (Xip SA-SB- 5C) gy = Brxrs

Busa® (XipXie SA- CBSC)q, = Bras

Bos= MipKie SASB-CC)p = Brxus
B |

Braze” Tip (SA-CB: CC - CA-SBlle, = Proay
Bon® Xip SA-<B 55)1‘;‘ Proc 1,1
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Do = [XIP Xie (SA'SB.CQ + CA- CB)]T;
Q«S,i\: “(X'the oA- CB: SC),\-&’ = Buonyg
Brnn® (Xip Xie SA-SB ~CCq

Sy = [Xep - Yee {SA-SB- CC+ CA-CB]
- Yae(SA-CB-CC - CA-SB) - Xie TA-SB-SC]y
Q2 =[Xp -~ Xie (oA 2B CC + CA.CBBﬂ

Qs = [-(XieXap + Xipkae)(cA 58 CC - 2. ¢ 8)
+ Yap e (SA.SB-CC+ CA . CB)
- Yip Kae (CA- CB - cC + SA- 58
+(X:.pX-e - X.Px;e)( cAoSB'sc)]T‘

QL = fhe [en-s8-cc - sa.call,,

L2y = [(Xle Xap + XIsze) SA - SB-SC

+Xap X1 CASRBR.SC  + Xip¥ae SA.L3-5C

+H{Kekie - Xiptie) Sh- 58-cC]y,

Lx, = {Xe SA-SB-SC),
Dy = (Xee = ¥ap [SA 5B CC + cA- cB)

~Yee (CA-SB-CC - SA-CB) + ¥ SA-SB-54] 1

Sixs = [Kie = Xip (3A- 5B cC + cAcaly,
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4
%
3

Qg = [{XeYer + XeXae) (3A-¢B- CC - cA- $B)
~Yaplie (CA- CB. CC+ SA-SB)
+Nip ¥ae (GA- SB-CC +CA- CB)
+[Vap Xre~ XipKee) A CB-SC] 1,
Qg0 [-Xp(SA-CB cC - e s8],

o= [ (Xie Xzp + Xipkae) SA- 98B - 5C
~ XpXie CA-SB:SC —XipXee SA LB SC
- (¥ep Xie - XipXee) SA- oB- CC]T_;

Qun= e SA- 5B - 5¢) g

where

SA= sin fzp
CA = cos Xap
SB= sin Xae
CB= ws Xse
SL= oin (Xop- Yse)
CL = cos (Xsr}(se)

again,
ﬂﬂ‘ (81’ TR Dt T

was formed by ma’rix multiplication within the computer

program,
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