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SUMMARY PAGE
THE PROBLEM

In the formularion of lumped parameter models to predict the dynamic response
of the human body such rigid body characteristics as zonstant mass, center of mass,
and moments of Inertia are ascribed to anatomical segments. The subject of this
report is a technique for direct measurement of these quantities.

FINDINGS

The measurement techniques were performed on embalmed specimen human
heads and human head and necks. The mass distribution parameters as measured
are within five percent of the actual specimen value;, but the specimens themselves
are changed comiderably from the living state us o result of the embalming procedures,

RECOMMENDATIONS

These measwrement techniques can be successfully applied to anatomical segments '
of Intarest, but care should be taken to keep the specimen segment from deteriorating., :
The most promising method of preservation at this time is the deep freezing of the :
anatomical segment as soon as possible in order to stabilize the body fluids within the
segment.
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Measurement of Mass Distribution
Parameters of Anatomical Segments

Edward B. Becker
Nuval Aerospace Medical Research Laboratory

Absisaet

Procedures to determine the center of mass and the moments of inertia in three
dimensions of previously defined anatomical segments are presented. As an illus-
tration, these procedures are applied to the human head and head-and-neck. The
results of meusurements made on six human heads and three head-und«necks are
presented und discussed,

IN THE FORMULATION of lumped parameter models to predict the dynamic ;
response of the human body, such rigid-body characteristics as constant mass, |
center of mass, and moments of inertia are ascribed to various anatomical seg- i
ments, Since most of these segments are notoriously not rigid bodies, the best »
rigid-body approximation for any particulat response could be derived only from
an extensive study of that response, Even o, the mass distribution of a particular
body segment for the static case (that is, for motions so slight as to cause no
deformation of the soft tissues) can serve as an iuitial estimate of the best rigid-
body approximation of this segment for more complex behavior,

The procedures outlined in this puper are discussed with respect to a particular
anatomicul body, the human head, 1t is felt that the exhaustive treatment given
the problem of applying the subject measurement procedures to the human head |
and the human head-und-neck will sufficiently illustrate the technigues for applica- |
tion to other anutomical sections,

Any attempt to measure directly the rigid-body charucteristics of the head und
of the head-and-neck must include a treutment of certain fuctors, such as!

1. The human head and head-and-neck have no definite physical demarcation,

2, Neither the head nor the head-and-neck is a rigid body.

3, The physical structure of these bodies varies from individual to individual,
obscuring the sclection of anatomicul landmarks with which to locate and align
these purameters, !
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These factors are treated us follows!

1. The physical limits of the head and the head-and-neck are defined by the
same anatomical procedures as those used in Ref, 1,

2. Two factors compromise the rigidity of the these bodies. Each is composed
of juinted bodies, which can assume a number of positions, and each is composed
of large amounts of soft tissue. These bodies ure made to approximate rigid bodies
by selecting a single configuration (juw shut and the cervical spine in a rigid but
uncontrolled set) and employing measuring procedures that minimize relative
motions of the soft tissues,

3. The auditory meatusces and the orbital notches, which detine Reade's plane,
i are used to define a three-dimensional coordinate system (Fig, 1)in which these
parameters are then located. In this manner, these mechanical characteristics
are fixed in the bony structure of the skull,
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PARAMETERS OF ANATOMICAL SEGMENTS 161

The measuring procedures employed require that a further barguin with physical
veality be struck before any measurements are made. In order to make these
measurements, the head or the head-and-neck must be physically separated from
the rest of the body, Therefore, these procedures are performed upon cadaveric
material in hopes that a statistical evaluation of the information obtained will
rolate these mechanical parameters to such measurements as may be made on
living subjects.

Since the subjects on which these measurements were made were prepared at
Tulane University for measurements of these parameters in two dimensions (that
is, the location of the center of mass in the midsagittal plune and the moment of
inertia about an axis perpendicular to this plane), this study will be concerned
primarily with the procedures and mathematics necessary to obtain the complete
center of mass vector and moment of inertia tensor. The anatomical preparation,
the ages, und the histories of the subjects are reported in Ref, 1,

These measurement procedures are designed to maximize operational simplicity
and redundancy at the expense of computational complexity. In this manner,
procedural errors are minimized, while trunseription errors may be recognized
and eliminated during the data reduction without compromising the results,

The bulk of these procedures involve measurements made on a single piece of
equipment, the stereotaxic jig. This jig is composed of a David Kopf Industries
Model 1630 stereotaxic unit set into a tetrahedral frame. The frame is designed to
facilitate those measurements necessary to obtain the center of mass and the

©-ANATOMICAL. LANDMARKS

Fig. 1 - Head-referenced coordinates
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162 E. B. BECKER

moment of inertia. The stereotuxic unit is designed to locate and secure the subject
within it,

Once obtained, the center of mass and the moment of inertia of the subject-jig
combination and the empty jig can be compared to yield the subject center of mass
snd moment of inertin. Once the subject has been located within the jig, these
mechanical parameters can be transformed to anatomically based coordinates,

Procedures Appuratus

The apparatus can be separated into three groups by function: the subject pro-
cedurs interfuce, ihe center of mass equipment, s nd the moment of inertia equip-
ment,

The subject procedure interfuce consists of the; jig und u DK1 1760 micro-
manipulator, The jig (Fig. 2) is a specially adapted DKI Model 1630 stereotaxic
unit set into a tetrahedral frame, This stereota. ¢ unit secures the subject by means
of two bars inserted into the auditory meatuses, .wo more bars placed on the
inferior orbital ridges over the orbital notches, und a fifth bar pluced under the
chin,

The tetrahedral frame is specially designed to contain the stereotaxic unit and to
fucilitate the functions of the two other equipment groups, 1t is built in the form
of a tetrahedron with projections at the vertexes and at the midpoints of each edge,

The micromanipulutor is a multijointed arm designed to position probes, elec-
trodes, and the like. 1tis used us outlined in Appendix D to locute the auditory
meatuses and the noteh on euch of the inferior orbitul ridges of 4 subject secured
in the jig. The locutions of these four points then yield the precise position and
alignment of the subject with respect to the jig, The center of mass equipment
consists of a single-arm balance calibrated to 0.02 1b,

PROJECTIONS

Fig. 2 - Stereotaxic unit and
VERTEX tetrahedral frame
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PARAMETERS OF ANATOMICAL SEGMENTS lod

By positioning the jig so that it is supported by three of the edge-midpoint pro-
jections and resting one of the three projections on the balance, it is possible to
measure the load supported by that projection.

In actual fact, a problem intrades here. For this particular equipment configu-
ration, there is no stable equilibrium; the balance arm can never be leveled, but
will always be at some extreme limit, high or low, of its travel, An explanation of
this phenomenon is included in Appendix A, The measurement raade is that
weight at which the balance pan moves from its highest to its lowest position, This
procedure introduces definite errors into the measurements, but these errors negate
¢ach other in the data reduction,

There are four different positions in which the jig may be placed so that it is
supported by three of the edge-midpoint projections, yielding a total of 12 mea-
surements that can be made, These 12 measurements then yield the three-
dimensional position of the ¢.g. of the jig.

The moment of inertia equipment consists of three wires, whose ends may be
looper about three of the jig's projections suspending it in the manner of a tritilar
pendulum, and the timing equipment, The timing equipment is composed of o
S00 W slide projector, a mirror, a photosensitive trigger, und a countertimer, The
projector beam, trimmed by placing a razor in the slide receptacle, reflects from a
mirror attached to the jig, and is focused onto the photosensitive trigger. This
trigger is placed as near the projector as possible so that while rotational motion
of the jig sweeps the beam across the trigger, translational motion produces no
discernible beam displacentent, This trigger then activates the countertimer, per-
mitting accurate measurement of the rotational period of the jig.

There ure four ditferent orientations in which the jig may be suspended by three
vertex projections, and six more orientations in which the jig muy be suspended by
two vertex projections and the edge-midpoint projection between the two unused

Fig. 3 - Moment of inertia procedures
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164 E. B. BECKER

vertzxes, as shown in Fig. 3. The rotational periods of the trifilar pendalums
formed by hanging the jig in these 10 different orientations are measveed, and
these 10 measurements yield the full three-dimensional inertia tensoy,

Mathematics

Most of this section is devoted to describing transformation:, between four
separate coordinate systems. The first of these coordinate systems, shown in
Fig. 1, is the one fixed in the bony structure of the human sk all,

Four unatomical landmarks, the right and left auditory rneatuses and the
notches on the right and left inferior orbital ridges, locute the head coordinaies
using the algorithms in Appendix C. The X-Y plane is the plane that passes
through the midpoints of the lines connecting the two suditory meatuses, the two
orbital notches, the right auditory meatuses and the right orbital nowch, and the
left auditory meatus to the left orbital notch,

Proof that these four points are coplanar is provided in Appendix B, The first
of these midpoints is the origin, This point and the second midpoint locate the
X-uxis. The Y-axis is parallel to a line through tae third and the last of these niid-
points, The X-axis is positive in the forward-fucing direction, the Y-axis is positive
on the left side, and the Z-axis, defined by & » 9, is positive through the top of the
skull,

The second of these coordinate systews is located in the jig hardware. This sys-
tem is chosen for its rough alignment with the coordinate system of a subject
secured within it, and is described in terms ol the subject, The origin is the vertex
behind and to the right of the right car. The Y-axis is along the ¢dge connecting
the origin to the vertex behind und to the left of the left ear. The X.uxis is parallel
to the line connecting the midpoint oi'the Y-axis edge to the midpoint of the edge
on the opposite side of the tetruhedron, This edge is the only one of the five re-
maining edges with which the Y-auis edge has no direct contact, This purticulur
edge is ulso parallel to the Z-axis  Positive directions are head left, up, and facing, :
respectively,

The remuining two coordingte systems are fixed in the procedures. Thet - 9
plane in the ¢.g. procedures it the plane threugh the points on which the jig's three
supporting projections rest. The origin is the point of contact between the pro-
jection whose loading is being measured und the balance pan. The £-axis passes
through the origin und is perpendicular to the line through the other two contact
points. The 2-axis is positive upward and parallel to the gravity vector,

The & ~ § plane in tie moment of inertia procedures passes through the loops
at the ends of the threr wires, The 2-axis is posmvc. upward and pumllcl to the
gravity vector. Taking one of these loops as the origin, the P-axis is positive
through the next loop going clockwise (looking down), The R-uxis is defined by

Pox 2

In pcrforming vt wmplc.u. set of measurements, the subject assumes one orienta- ;-‘
tion relative to the jig, The jig assumes 12 orientations to the c.g. procedures and 0

10 orientations to the moment of inertia procedures, each of thc\u 22 procedutai ;

orientations being assumed twice.

The orientation of the head relative to the jig is defined by a cosine matrix and a

vector i

! bty b tpgy by
¢ ‘ = iy o iy + b, M
! we Lo 2 oheas W0
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FARAMETERS OF ANATOMICAL SEGMENTS 165

The 22 orientations of the jig to the procedures are also defined by cusine
matrixes and Jisplacement vectors.
In the c.g. procedures, the theoretical load supported by the projection is

W theoretical = Wtotal [l - 1\:—;1- (2)

where:
X, = X%position of jig c.g. in procedural coordinate system
X, = length of line from projection perpendicular to line connecting other
two projections

X, is the same for all 12 orientations, but X is given by

Xc.x.
X.g procedures = [ty 04130l | Vg 3)
Z,
eg.| jig
where:
. = otientation '
Combining these two equations gives a relation in the form ,
¥ thzoretical " . . " .
_}7{&;1—"“ = CIan.g‘J’g + (Znyc.g.llg + CJan.g.Jlg + Cdn (4)
where: .
Oy = — 5
In X‘ ( )
N t
('2n = - _;/L'n (6)
Cpy = — (7
n X‘
. b
Cdn =1 - :",li (8)

Since C; — €y can be calculated from the geometry of the system, each possible
location of the c.g. can be made to yield theoretical values for the 12 measure-
ments, The c.g. is selected from these possible locations by comparing these
theoretical values to the actual measured loads using a least-squares criterion,

— — —_1 W
o2 U A R f .
X ey Leyey Leyey| | Bey (7‘7 - ‘4.)
N {
N
. R w
Y = el 2,0y ey = = ey 9
AN : 4
N 3
4 S \\ 2: 2 3 / W/
4, m. N % ey, =~ 0y
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166 E. B, BECKER

where:
W, = measured value for ith orientation

In the moment of inertia procedures, the theoratical value of the petiod of the
rotation . . motion of the trifilar pendulum is

Iyp-c|'

(10)
mg
as developed in Appendix F. ot
TZ - i 2
13‘; ,"g 47!'[’ (ll)
The value of 7, in these measurements is a function of the jig inertial tensor
and the orientation,
Ly 1y Lyl Jte
lyyprocedures = [tyetaml (12 T o] [tam (12)
Iy Iy Tyl jigtam
Since ;) = 13,1y = I3, I3 = I3, This equation can be combined with the
equation for the period to yizld
Tr = eyl + caliy + eyl + cln + culn + caly (13)

where ¢, ~ ¢, are functions of the system geometry and the locution of the ¢.g.

A least-squates solution is complicated by the fact that 7, is the quantity
measured while 72 is the quantity mobilized in these equations. However, tuking
advantage of

(T? theoretical — T2 measured)? = (T, theoretical -~ T, measured)?
(T, theoretical + T, measured)?
o~ (T, theoretical - T, measured)? 4 72 meusured

and minimizing the term
(T2 theoretical — T2 measured)’/ 472 measured

yields (14)
I - - -~
™ . (e )2 L (o) N .
Ill_] :"'l',lf"z' 2'n ',},’2'" s >‘n(|n
Iy : * '
1, . . .
Iy, : '
1y . . .
Ll ~ gk (1
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| PARAMETERS OF ANATOMICAL SEGMENMNTS 167

The results of the least-squares procedures for both the ¢.g. vector and the
moment of inertia tensor can then be used to caleulate theoretical values for each
of the quantities measured. Cowm:paring these will show which measurements, if
any, involve procedural or transcriptive errors.,

These measurements are then eliminated from the sumnations in a second ap-
‘ plication of the least-squares procedures.

9 Once these procedures have yielded the inertia tensor and the ¢.g. vector for
the empty jig and fot the subject jig combination, all that remains is to extract
these quantities for the subject alone,

The subject ¢.g. is given by

|
Xogs = w“" [Wajxc.y,.s/ - WXy (16)

y"""'} similurly

The subject inertia tensor is given by

1
Iy = lll:/ - lllj + é [W:/(yc.g.z.‘;l + zc‘g.zsj) - Ws(yc.g.z.v + zc.g.za)

. - Wj()’c.g‘zj - 7.;.3./)2] (17N
: Ly @ Dag = Ly = [wylXegyVegsy) = WelXegsVegs)
- W/(xc.a.l.vc.g./)] (18)

and so on,
The values are expressed in the jig coordinate system and are transformed to the
! subject coordinates as follows:

— T
Leg.s Xeg.s by (19)
Yeg.s = |y Yegs -1 b
Zeg.s [subject Zeg.s |jig b3

—dcoordinates -+l coordinates

Ul:].ubject = [‘u] T[ lls]jlg [‘u] (20

where  und b, are the transformation parameters in Eq. 1.

Calibration

A number of small weights were attached to the jig to simulate a body of known
c.g. and moment of inertia. These quantities were then measured using the pro-
cedures described in this paper.

The results of the moment of inertia procedures were then used to determine
empirically an operational value for p the length of the wires in the trifilar
pendulum,

The c.g. of the weight-jig system and of the empty jig was calculated, and the
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170 E. B, BECKER

¢.g. was used to calculate theoretical values for the weights measured at the projee-
. tions. As expected, these theoretical values differed in a uniform manner from the
measured quantities. The unilormity of the difference and the symmetry of the
experiments lead one to believe that these errors ure self-canceling,

Similarly, the moment of inertia tensors of these systems were caleulated and
then used to caleulate theoreticul periods of ascitlution, These theoretical values
also differed in 4 uniform manner from the meuasured quantities,

The reuson for this difference is caught up in the mechanics of the jig hungings,
There is a slight difference in the geometry when the jig is hung from the projee-
tions of three vertexes os opposed to when it is hung from projections of two
vertexss and an edge-midpoint,

Although the measurements performed on the series of weights were used to
calibrate the device, since only a single calibration constant was sought, the re-
sults of these meusurements indicate the workability of the method,

The position of the ¢.g. determined by the measurements wus displaced about
1/2 em from its true locavion. Since the muss of the subjects tor which this ap-
proach is intended is on the order of three times greater thun the mass involved
here, one would expect that the positions of the ¢.g. as caleulated would be within
2 mm of their true positions,

The moment of inertin of the series of weights can be visualized as a perfect
sphere. The caleuluted moment of inertia is then a sphere so slightly deformed that
its smallest and lurgest dinmeters are each within 1%, of the true value,

Results

AY The procedures were applied to nine subjects, six heads, and three head-und-
necks at Tulune Medica) School during October 5 23, 1971, The following meu- :
surements were made for each subject: |

1. Subject weight,

2. Locations of right und left uuditory mentuses in the jig,
3, Locations of right und left orbital notches in the jig,

4. Locuation of unterior nusal spine in the jig.

. Weight distribution of projections for subject-jig system,
. Welght distribution to projections for empty jig,

7. Periods of rotutional oscillution for subject-jig system,

8. Periods of rotational oscillution for empty jig.

These were input to u computer program embodying the manipulations devel-
oped in the mathematics section to solve for:

1. Thec.g. vector,

2. The moment of inertin tensor,

. The principal moments,
. The ulignments of these moments,

The value of the measurements tuken on the six heads und the three head-und-
necks is questionable, The weights of the heads dropped as much us 257, from the
time the nnatomical sections were muade to the time of the measurements, This
weight loss is due largely to dehydration in that even though the subjects were im-
: mersed in liquid prescevat.ve, the tissues 1ost their fluids and became leathery,

Afthough this dehydration could not be expected to afieet all tissues uniformly,
massless parameters of the subject mass disteibution would be less altered and
thus more reliable indicators of the actual in vivo situation thun those involving
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mass, For example, the ¢.g. vector would probably be more reliable than the
' weight. The alignments of the principtl moments of inertia would probably be
. more reliable than the values of those principal moments,
: For this reason, there are tabulated, along with the principal! moments of each
subject, the lengths of the semiuxes of un ellipsoidal body of uniform density hav-
ing the same muss and moments of inertin, These parameters are similar but not
identical to the radius of gyration often culculuted for bodies in rotation about a
single axis,

The datu for cuch subject include the three-by-three moment of inertia tensor,
the three components of the ¢.g. vector, a direction cosine matrix composed of
three row vectors of the principal axes of the moment of inertia tensor, the three
principal moments, and the three semiaxes (Fig, 4).

Although the sumple size in each case is too small to validate stutistically any
strong conclusions, the results indicate the following:

1, The data on head 3152 are anomulous,

2. The human head and head-and-neck are roughly symmetrical about the mid-
sugittal plane,

3. The unatomicul reference points used to locate the head-referenced coordi-
nates are sufticiently indicative of the mass distribution of the heud and head-und-

oL

DATA FOR Pt DATA FOR
8 HEADS ! ,-,{ , " 3 HEAD AND NECKS
,f"'u:\:..-’/

+ = CENTER OF GRAVITY
2= AVERAGED C.G.
t ~ ALIGNMENT-DRAWN THROUGH
ORIGIN
{ — AVERAGED ALIGNMENT
HEAD NOT TO SCALE

Fig. 5 - Alignments of I, principal axis and c.g. in head-referenced X-Z (midsoggital)
plane i
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neck thut when these datu are described in terms of these coordinates, there is a

noticeable correlation between subjects, This is illustrated in Fig. 5, which shows
the ¢.g. and the alignments of the z principal moment in the midsagittal plane, .

In the future, lcad cells will be substituted for the scale in the ¢.g. procedures
affording accurate Joud distributions. A new hanging arrangement will be used in
the moment of inertin procedures allowing a v .:ch more accurate determination
of the geometries. These updated procedures will then be zpplied to ag many sub-
jeots as possible,

The problem of weight losses in the cadaveric materinl, while probably not in-
surmountable, is probably so dependent upon embalming techniques that the only
workable solution would be to ingist on the remains of the recently departed.

These procedures can be readily adapted to other anatomical segments, The
tetrahedral jig can be built to the largest scale necessary without any rudical
changes in its structure, Once suitable devices to hold the subject segment within
the jig are fubricated, and the measurements and algorithms necessary to locate
a three-dimensional coordinate system within that segment formulated, all that
remains is to apply the two sets of procedures given here to determine the 6.8, vec-
tor and the moment of inertia tensor,

Nomenclature

by, = nth component of vector displucement ]
Cyy ¢y = #th constant in many equations (second subseript indicutes system ’ !
orientation) :
accelerution due Lo gravity (positive down)
direction cosine between nth coordinate in one system und mth coordi-
nute in another
system muss
length of pendulum wites
rotational period :
weight
cartesian coordinates
ami = coordinates, orientutions, or entries in equation
ep = center of gravity '
jig o = iig @
I

g

bum

m

p
T

w
X )2

& head = subject
sf = subject-jig combination
x = operator for vector eross-product
T = matrix transpose
A w unit vector
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Appondix A

The dynamic equation of u bulance scale (Fig, A-1) iy

I+ b+ (fi + S dé + (farg = fiy) = 0
(A-1)
d < Ly by
where:
I = system inertin
b = system dumping

Jy = weight being measured
J1 = calibrated weight used in measurement

Fig. A-1 - Bal- 2 I i2
ance scale ] fy
CG.
—
93
—hi—~ _I 4

—ha— f2
Fig. A-2 - Pro-
jaction loadings
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d, the offset of the pivot from the lever arm, guarantees that the arm will oseil-
late to u stable equiiibrium at ¢ = 0 whenever,, = f),
However, in the case of the ¢.g. procedures (Fig, A-2), /3 is not constant with ¢

Jr = finlhy + hy0)/hy
Ohy = -1y
d (< hl.hg,h3 (A-Z)

This means that for small oscillations, the dynumic equation of the scale is

1g A = (fmhyid/hd ~ fid ~ fmhyd/hy) ¢
+ (fmhy g/~ fi) = 0 (A-3)

Since the term for ¢ In this equution is negutive, the bulunce arm has no stable
position and will always move towurd one of its limits,

As un alternutive, the test setup was arranged so that the jig was level when the
balance pan was at its higher limit and the butanee arm, consequently, ut its
lower limit, The reading at which this arrungement is no longer stuble is equul
to the loud on the bulunce pan times some constant fixed in the scale geometry,
This constunt is

(A-4)

t|(1A 4 lzf_/:\_)
) = udA

Jyreading = f; :—' - /3 <l +
2

where:

A w» gngle of bulance urm ut its Jower limit

This small ervor is further ullevinted by the least-squures solution to 12 mensure-
ments distributed symmetricully ubout the jig,

Nomenclature «
I = systom Inertin

b = system dumping
d = offset of balunee urm from ity pivot
¢ = ungular position of balance arm
SaoSw = weight being measured
Ji = culibrated counterweight
4,1y = lengths of bulanee lever arms

0

angulur position of jig
Iyhyhy

= lengths in jig geometry
w differentintion with respect to time
= double diflferentiation with respect to time
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Appendix B

Given four points in three-dimensional spuce: (X1, Y1, Z)), ..., (X4, Ya, Z4).
The midpoint of a line joining any pair of these points is given by

XU = (X, + X_/)/?.

YU .

N similar] (B-1)
z,,} y

where py;is the midpoint of the line joining point p, to point Py Applying these
cquutions, one can determing pyy, pagy Py Par
A further application yields the midpoints of the lines joining pj; to py, and
Pay 10 pay, und these midpoints ure identical, being
(X1 + X3+ X3 + X)/4
ete, (8-2)
ete,

Thus, these two lines intersect 80 that pya, pay, pag, und pgy must be coplunar,

Appendix C

The values for ¢y und by are computed from the X, ¥, und Z positions of the
four gnatomical landmurks us measured in the jig coordinates.

Let (Xy. Y1, Z)) and (X3, Y)4 Z5) be the jig-referenced positions of the right and
left auditory mentuses, respectively, and (X3, ¥y, Z3) and (X, Yy, Zy) are the jig-
referenced positions of the right and left orbital notches.

Then

by ow (X + Xy)/2
by = (Y + YV3)/2
b; - (Zl + 22)/2 (C-1)

and

]

ty o= Xy 4+ Xy - X - X))/«
= (Fy + Yy = ¥ = 1))/«
(23 + 24 - Z| -~ /z)/(Y {C-2)

th

where!

]

(X 4+ Xy = X = XD (Yy 4 Yy = ¥, = V)2
+(Zy+ Zy = 2,y = 2P
= W&y + Zy - Zy = Z0) + (Y + ¥y = ¥y — YO8
tay = len{X2 + Xo = Xy = X))+ 0(Zy + 2y ~ Zy - 2))/8
gy = (Yo + Yo = V) = Vo) 4 (X + Xy - X, - X)I/8 (c-3

44
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176 E. B. BECKER ,

where;

g = [{4“(23 24 =Zy=Z) 4 (Y + Yy - ¥V, = YO
+ly(Xa+ Xe = Xy - X))+ (2, + 2, - Z, — 24)12
Flalfa 4 Yo Y= V) 4+ aX + X5 = X = XQP]7 0 (C4)

und

bz ™= g — taty
L2 = by — ity
b = bt = gty (C-5)

where!

Xuo Yoo Z, = three components of position oi point #in jig

nth component of position of origin of head coordinates

direction cosine of alignment of nth jig coordinate to nrth head
coordinate

quantities culeuluted in development for normalizing direction
cosine but of no permanent interest

mm

af

Appendix D

The X Y Z positions of the four anutomical landmuarks in the jig coordinate
system are obtained with the DKT 1760 micromanipulator (Fig, D«1). This highly
‘ flexible device has five measurements to be read for euch setting and cun be used
~ in four different configurations,
; Itis composed of u base designed to attach 1o cither 0! the two culibrated bars
thut muke up the bulk of the DK stereotaxic unit, The base cun be moved along
' the length of these burs and is verniered to give its position on the bur to tenths of .

Q

oy —n j

: — ———— Fig. D-1 - DKI 1760 micromanipu- 7
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millimetres. The base also provides angular adjustment and readout in two planes
to a socket in which fits the other major component of the micromanipulator,

This component is a pair of arms of variable and veadable length set perpendicular
to each other, The end of the first of these arms is set in any of four ways into the
socket in the base of the manipulator, A pointer is attached to the end of the
second arm.

The position of the end of the pointer relative to the end of the second arm is

given by
C,
C,
C, (D-1)
) o to the sockei end of the first arm

C'l C"

L) + Cs - Xy

G l_C‘o - X (D-2)

where X, and Xy are the readings from the first and second arms, respectively,
The position with respect to the socket is then

Ay -8By 0 G+ G
' B, A, 0 Cy o+ Oy = X“
AN ' .
v ! : 0 0 ]‘J Cy + Cy + Y, (-3)
» where A, und B, ure determined by the orientation of the arms to the base,
h , Orientation Ay B,
I 1 0
2 0 -1
3 -1 0
4 0 |

To the front edge of the base
cosd) cos¢y —sin ¢y cosd,  sing, Ay -8, 0 G+ Gy

sind, cosdy  cosg, sin g, sing, B, A, 0 Gy + Cy -~ Xy

—5in ¢, 0 Cos ¢, 0 0 1 Cy + Cy + X
(D-4) i
{
: :
( q
; ;
|
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178 E. B. BECKER
» where ¢, and ¢ are the angular readings at the first and second pivots,
! In the jig coordinates for the bar on the right,
'T?QS‘M COS Py v oo v o v v e A,,""j I—C|+C4 Gy + Xy
. . C; + (‘5 - X3 + Cg
. J . C; + Co + X5 Cy |
(D-5) |
!
» For the bar on the left,
o ! . 1
s ' ', -1 0 0 COS¢| COS(bz"‘ An"‘ (‘| +C‘4 6‘7 + XI
0 -1 o . o - Cy 4 Cy = Xyl + [Cp + Cy
0 0 l * d C_; 4 ('(, + X5 CQ i
(D-6)
These expressions can be simplified Lo ‘
For the bur on the right
' Cos gy COS ey [dyee} 1C Cy + X)) l
' K ¢ = X+ Cs
N - ' Co+ Xy G (L-7)
I
For the bar on the left:
-1 0 0] [eosd, cosdyer]| Ay C, C, + X \
0 -1 0O}l o '(‘2—X3+C~5+(‘7 !
0o 01 ‘ . Ly + X G, (B-8) '
where:
¢, = lengths encountered in system hardware

x, = reading giving position of manipulator on jig
Xy = reading taken on first arm

&y = reading taken on second arm

o, = angular position about first pivot

= angulur position about second pivot

A,, B, = vonstants determined by system configuration

el
~
i

¢, Cyareconstants determined by the hardware, Xy ¢y, 0 X, Aparetie
readings for the manipulator in order from the base to the pointer.

codcaiiey
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Appendix E

The moment of inertia procedures involve measurements of the dynamic be-
havior of a trifilur pendulum. A trifilar pendulum consists of a rigid body sus-
pended by three wires of equal length attached to congruent points in the body
and in a plane fixed perpendicular to gravity.,

A complete statement of just the kinematics of such 4 system would be quite
complex und is beyond the scope of this paper. However, the kinematics for small
transverse und rotational displacements from the equilibrium position can be ap-
proximated in the following manner,

Assume a rigid body suspended by three wires. Each of length P attached to
congruent points in the body A, B, and C and a plane fixed perpendicular to
gravity. The equilibrium position then has the plane of 4, B, and C parallel to the
fixed plane and each of the three wires parallel to the gravity vector if the per-
pendicular from the ¢.g. to the plane 4, B, C passes through the triangle 4 B C.

If the wires are not permitted to go slack, this system has three degrees of
freedom. The position and oriente.ion of the body in space for small displace-
ments (Fig, E«1) from the equilibrium condition cun be described as functions of
the displacement « [ the body in a plane perpendicular to gravity und rotation
ahout an axis parallel to gravity,

Assume a right-hunded coordinute system located in the body with the origin
at A, the Y-axis passing through B, und the X ¥ plane including C such that X is
posnwe toward C,

Assume a similar coordinate system locuted in the laboruatory such that the lub
and budy coordinates overlup perfectly when the bo-y is in its equilibrium
position,

Given small displacements of the body relative to the lub in x und y and small
rotutions ¢ ubout the body z-uxis, the displacement of 4, B, and Cin the lub

P

Pa

2

P2

| —d—-i
PiP2aPiPa=P» d
z-g%i_ 'Y
d P azP

Fig. E-1 - Vertical motion for l“‘g%

small displacements
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x-y plane are

dy=2+7
dy = (x — Yeé)2 + 7
de = (x = Yed)2 + (y + Xco)p (E-1)
. Where x, y, ¢ represent the displacements and X, Y represent points fixed in
v the body coordinates.
The z displacements of 4, B, and C can be approximated using the geometry in
the figure
72
2y = G4 (E-2) :
2p ;
ZB} similarly {
Z(‘ )
Rotation about the x axis is '
B, ~tan ~ | C& " 2a) o 28 7 2 (E-3) ;
Yy Yy '
Rotation about the y axis is
‘ 0, = ¥e* 24 = 2 (E-4)
Xe
ASES The displacerents at the ¢.g. are then

Xeg. = X — @Y + 0,2,
Yeg. = Y + d’xc.g. - olzc.g‘ (E-5)
Zeg = 24 + 0lxc.g. = 02Xc.n.

Combining equations to obtain these quantities in terms of x, y, ¢ and the
system geomelry,

) , 1
} 0, = ._H ¢2 —_— ¢x
2[) P
l }'2. + Xz‘ _ Y Y. l
! g, = — < [¢ B¢ 2 _ 1
T [ X ]¢ Fhs
Z, Yi 4 XL v, Z,
Xog = X = 9Yep ~ TR L BB L gl Doy
. Ny 8 2p X P
' Z z
| Ven = 4 OXeg = Tk Vyol 4 S5 gx
Zog = Lt ggry o Yea¥o o Yoy o
2p 2 »
, LT
, o Xeg [n + X3 -y, y(] o s Yoy o
' 2p Xc »

4
A
ettt deronddil
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or
¢ = —
0 = ¢1¢” ~ ¢ 9x
0; = cyp? + a0y
Xeg. = X + 04 + Csb? + cotby
Veg. = ¥ + 19 + 30! + copx
Zog = Colx? 4+ ¥+ oo + ) 9x + cpdy (E-7)
where ¢)-¢,; are all constants in the system geometry.,
| , N7
2 : 2p P
E - R Yot 4+ Xet - VYo
} 2p Xc
ey = Yoy
Oy z‘.'ll(‘]
Z,
P
p
Cq - Xo:.g.
. . zc.;.Yu
g = ——
2p
1
\\ I\ Co = —
] 9 2P
Cp = L Y., YB + Yex (Yi4 X2 - YyVe |
p [ X
.:':",‘ ! Y‘ ]I
} Cpp = = =2 ;
4 ."
X‘ i
0y =+ % (E-8) !
4
The dynamic equations for the system can now be developed from Hamilton's
principle in the following manner, The kinetic coenergy (TE) of the system is
TE = 1/2mlxdy + §ip + 20,
+ ‘/2[1“0% + 21”.0'02 + 1229%
+ 2030,¢ + 205506 + 1,67 (E-9)
and the potential energy is
v+ mgz.,
i
z
; H
3 1i
3
i
1 ;
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|
forming the integral | ’f

;~ STy PNy

"
f (TE — v)dt
4

g
'Y
o]
and applying the variational calculus yields 5}]
i
|
ax, Py, 0204, 00. 0(1. bl
e yop,, S8 4 3 + 1,0 +11) 1,6 oy
| m[k‘m I Pog == " + e wt — nby ==+ luby 7= ;&
| ot . 00 . 46
+ 12292 2 4 16 - -‘—l + zs‘b — i
) + mg ———3-0z°" =0 5
» dax i

ax. ay. dz, . 0b

miRey —2 + e +l(f——-+10——+l()-——'-

‘[ Ty Ves 2 * "oy w3 b5y L !

t

ae . 00 . 00 !

+ I, 22 4 1d —L 4 3
»0 5y ne p ned iy
dz .

N m[)&w Dok 4 oy o+t fi,ﬂ #1382 1l %2* ol 22

. 4 Inly 52+ iyl + b ‘;‘2 | 3

& + 1n¢ + 12302 + l;\(b 24 mg (Z-—-— =0 (E-10)

d¢ dd

Substit'uting from the kinematic equations, 1

m [‘xc.g. + cobPoy + (2eyx + cll¢)2c.g.] "Z;

- Iycaoly - Lbrerd 4

— 13200 + mglegx + cpyd] = 0 ),

{ m [“b‘bkc.g. + .vc.g. + 209y + ¢‘12¢)5u.g‘] :i

'1 + Iobhyesd + Ialead + Inderd k

+ mg(2eoy + ¢12¢) = 0 ;

! m[(cq + 2050 + co2V¥.p + (07 + 2059 + X)) Poq 3

7 ! + QQepd + cux + il i

i : + (8, + 106, + 1) (2¢16 - cax] i

i | + [Iyly + 1oy + 18] (2¢3¢ + 2)] i

{ + Iyd + I8y + Il + mg(2ci0¢ + cnx + ¢yl =0 (E-11) 4

; ; ‘

fz

3
:

;
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Since all the displacement terms are small, products of these terms are insignifi- ,
cant. Eliminating these from the dynamic equations yiclds

mi.g + mgl2eex + cyyp] = 0
MPoy + Mgl2esy + ¢30) = 0 =
Camkg + Cmyey + Iy + 18y + Iyl
+ mgl2cip@ + cpx + ¢y = 0 (E-12)
And {rom the kinematic equations

¢ - e
0, ~0
0, ~0
Xeg & X + 049
Yeg ™V + (21
~0 (E-13)

Zep

Taking advantage of ,
200X + i = ;l-) (X + cq¢p) = Xeg. ‘
209) 4¢3 = ,1, [y + c10] =y '
Cq ¢y -\
Cjp = 4 — Oy w = E-14
1 I Gz~ ( )
Gives

mig, +m % Xog = 0

Mg + M % Yeg = 0
ey + oMy + I3

V2 22 g 1
+ m (2"10 - “;’!‘ = '(‘l> ¢+ b Xeg, + %ym;. = 0 (E-15)

Which reduce to

g
.\’c.‘_ + ;, Ko = 0

4
yc.g. - l—’ Yeg = 0

WM Yi Yyt
+ I—”g; Vo Yo + KegXe + Xop 36 = Xey o
- Xl - rg_,,} ¢ =0 (E-16)
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184 E. B, BECKER

The equations in Xeg, and Ve, describe the motion of a mmplc pendulum of
length p. The equation in ¢ is also a simple second-order equation completely
uncoupled from the two transverse oscillutions.

¢ (1) is a sine wave of period

! 12
T - [Mc] 2% (E-17) |
mg

where ¢ is a function of the system geometry

¢ = [Y Yot Xeg Xe + X,

LﬂX

YyYe -
- e g, om, ]

(E-18)

This period is the quantity measured in the moment of inertia procedures, i

Nomenclature -
lengths of pendulum wires :

= points fixed in body geometry
¢ = rotation about body z-axis

rotution ubout body x-uxis ;
rotution about body y-uxis

JA = vector displucement in lab of point a

&7 = xand y components of that displacement
¢y = constunts in system geometry
A TE = kinetic coenergy
M = gystem muss :
Iy = components of moment of inertia tensor f
v = potential energy |
g = ucceleration due to gravity (positive dowit) :
t = time )
1, t; = limits of integral :
.+ = single und double differentiation with respect to time
0—(;- = partial differentiation with respect to ¢

c.g. = cenler of gravity
T = rotational period
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Appendix F

The computer program (Figs, F-1 and F-2) was written for the Univac 1108
computer at the NASA facility in Slidell, Louisiang, No attempt was made at

programming or formating elegance,

(Subject-Jig Calculations)
~-PHIMAS-(c.g. calculation)
-=-ROTIN-(1. caiculation)
(Empty Jig Calaulations)
«-PHIMAS

--ROTIN
(Subjueut Calculations)

and alignment)

alignment)

and glignments)

Fig. F-2 - Pkimas and
rotin programs

~

e

=X TRACT-(calculate subject c.g. and 1)
~-HMMNT - {obtain data for subject location

Fig. F-1 - Main pro-
gram

-=-HDIOR - {calculate sublect location and

«-TRANS- (transform subject parameters
to the subject coordinates)

-VEIGLE - (ocalculate principal moments

PHIMAS
READ PROVECTION LOADINGS
(set up matrix)
«CPHI-(system geometry)
«AXEB - (solve malrix equation)

{back calculate projection loadings)
« CPH

\RE TURN

ROTIN

READ ROTATIONAL PERIODS
(set up matrix)

[ «~RCONS- (squation constants from system

geometry)
ORNTN-{system geomaetry)
+ AXEB
({bock caloulate rotational pe:lods)

[{~RCONS

ORNTN

‘RETURN

— i =
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ADDENDUM
MAXIMUM EXPECTED ERROR

In each of the center of gravity measurements, the ratio of the measured projec-

tion loading, to the total system weighi, ylelds the position of the system c.g. along : i
a distance XL, The error in a single measurement A W would lead to a location etror

for the c.g. of:

AW
A ]
X“ -w; ) )
Since these c.g. measurements are distributed symmetrically about the {ig, the .
worst case possible arlsing from comparing the twelve meusurements doubles the error, '
Applyling equation 16 leads to an error in the specimen c,g. location of: :

= Aw
Mo 24w %

This error Is the magnitude of the worst possible vector dislocation of the subject
center of gravity and assumes that the vector errors of the two sats of measurements,
sbject-]ig and {ig, are worst case and parallel,

Errors In the locations of the jig and subject-]ig centers of gravity lead directly
to errors in 'C, o function of system geometry oceurring in equation 10, The worst
case error in 'C' 1s given by

2 AW
AC=2C R X
W

where R is the distance of the system ¢.g. from the geometrical center of the system
hanging points and whose greatest value is about 5 cm,

The resulting error to the calculated subject moment of inertia Is about 5%, l

The timing errors in the rotational period measuraments are on the order of ten
milliseconds. Comparing this to a total measured time of 150 seconds gives a resulting
error in the calculated moment of Inertia of much less than one percent,

A=) ;‘i
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In equation 17, however, the calculated jig and subject~{ig centers of gravity are
employed to calculate the subject moments of inertia: .

From equation 17

. - 1 ) '
ILL| ILL“ IMJ * [ WOJ KoQ 84
]
=W X
) Xtas
2
J ke J
Let WJ /W. = X
™ | - Y .
Iu., ILL.., -& ) X (%+1) V‘;’(Xm“ xxm) i

Taking the worst case vector errors In the subjuct=jlg and [ig ¢.g. locations as
parallel to the line connecting these two points ylelds the worst case error in I, Q!

~" 2
uu‘aEzAW(zxn)xL(xm -X )

[T} xeay

The sacond largest sourc.s of error (the largest arising fram the detorioration of the
specimens) then, 1s that aristing from the errors in the measurements of the projection
loadings.

Tuking the aceuracy of Hie projection loadings as .02 pounds, the specimen
welght as about 8 pounds, andl the ratio of the specimen weight to the jig welght
as 3, ylelds as the worst possible error for the subject c.g.

AX = 64cm
)

and since

(x "x )< 1.5 em
ke 8 Kead

the worst possible error for thn subject moment of Inertia:
~ 3
AR“ = ,40-04KG~-M

which is less than 4% of any of the principal moments encountered in the specimens.

A-2

Bt




