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COUPLED BARIUM CLOUD-IONOSPHERE SYSTEMS
4. STRIATION PENETRATION INTO AN INHOMOGENEOUS IONOSPHERE

I. Introduction

In the past few years much theoretical and computational work
has been devoted towards understanding the behavior of striations
produced by barium clouds reieased in the ionosphere [Linson and

Workman, 1970; Simon, 1970; Volk and Haerendel, 1971; Simon and

Sleeper, 1972; Perkins et al., 1975; Zabusky et al., 1975; Lloyd

and Haerendel, 1973; Shiau and Simon, 1973; Goldman et al., 1974,

Scannapieco et al., 1974; and Perkins and Doles, 1975]. In studying
striation growth coupled to the background ionosphere it is important

to know how the induced potential (or electric field transverse to

the magnetic field) varies along the magnetic field line as one moves

away from the localized region of the barium cloud. Some investigators

[Farley, 1959, 1960; Spreiter and Briggs, 1961; Swift, 1972] have

treated the related problem of mapping transverse sinusoidal, spatially
varying electric fields produced in one region of the ionosphere to
other regions. These works characteristically neglect the density
induced by the presence of these electric fields on the mapping
(imaging) of these electric fields. Moreover, the mechanism producing
the primary electric fields is not considered (a static problem is
investigated, i.e., no time variation of the fields). Nevertheless,

such studies have shown in detail [Farlez, 1959, 1960; Spreiter and

Briggs, 1961] that for transverse wavelengths 2 1 km the magnetic
field lines act as equipotentials, i.e., shorter wavelength electric
field perturbations don't couple effectively from one region of the

ionosphere. to.-another.

Note: Manuscript submitted June 24, 1975.




Most ideas about the potential variation along magnetic field
lines, as a function of transverse wavelength, are based on these
earlier works. Moreover, the multilevel, two-dimensional theoretical
and numerical simulation studies of barium clouds coupled to the back-

ground ionosphere [Lloyd and Haerendel, 1975; Goldman et al.; 197k,

Scannapieco et al., 1974] have assumed that the electric fields at

the cloud level and the background ionosphere are the same. That is,
the electric fields have only transverse spatial dependence in the
two dimensions perpendicular to the magnetic field and no variation
along the magnetic field lines. Estimates of striation behavior,
based on linear theory and including coupling to the background

ionosphere, have been done by Volk and Haerendel [1971], and Perkins

et al. [1973]. However, both sets of authors have assumed that the
ionosphere is uniform, though different in density and Pedersen
conductivity from the barium cloud (inhomogeneity region). Also,
high altitude models were used, i.e., the ratio of ion-neutral
collision frequency to ion cyclotron frequency, v/wc, was assumed
small for both the cloud and ionosphere. Indeed, in the section on

"image striations in a homogeneous background" in Volk and Haerendel

[1971], simple conclusions are drawn based upon the simplifying

assumptions of homogeneous ionosphere and equal v/wc for the barium

cloud and the ionosphere. Although these assumptions may be valid

for potential modes which are localized along the magnetic field

lines in the vicinity of the barium cloud, they are not in general -

valid. Volk and Haerendel [1971] state that the results of their




simplified analysis on image effects on striation growth show the
need for considering a real ionosphere. Swift [1972] has also noted
that his results and essentially those of Farley {1959, 1960] and

Spreiter and Briggs [1961] have to viewed with caution when transverse

inhomogeneities (e.g., barium clouds) are present.

With all this in mind, the purpose of the present study is to
assess the interaction between the earth's ionosphere and striations
which are generated in a relatively localized region of the ionosphere
by density gradients in a barium cloud. Our study is posed as an
eigenvalue problem which while determining how far (along the magnetic
field) striations, created in a barium cloud, will penetrate into the
background inhomogeneous ionosphere also, self-consistently, solves
for their growth rate. All this is done as a function of transverse
wavelength, Pedersen conductivity ratio (cloud to ionosphere), and
ambient ionospheric conditions (for real ionospheres). For cases
where the integfated Pedersen conductivity of the barium cloud, Zi,
is large compared to the integrated Pedersen conductivity of the
background ionosphere, Zpi, the growth rate of the instability depends
on barium cloud parameters and is essentially known. However, the
self-consistent imaging at different altitudes in the ionosphere has
not been fully treated. For cases where Z%b is comparable to or
smaller that Zbi neither the striation growth or the self-consistent
imaging has been fully treated.

We present in the second section the model and theory; in the

third section numerical results and discussion of the eigenmodes and




eigenvalues and modifications due to partial coupling to the F
region; and in the fourth section summary and conclusions.
II. Model and Theory

In our model the magnetic field, B, is taken to be vertical
and in the z direction. Furthermore, the barium cloud is taken to
be localized in z at altitudes high enough so that one does not
have to be concerned with the variation of the electrostatic potential
over its length along z. Also, there is a spatially and temporally
constant background ambient electric field, Eo and neutral winds are
neglected.

At each point in space the electron and ion densities, n,
assumed equal under the standard long wavelength (quasi-neutral)

assumption, evolve respectively according to the electron density

equation
On c A N 0 en by
5t B V¥ xz-9n-=- Oz (m_\)_ 0z (1)
and the ion density equation.
dn c A -1 A
- = ¥ In = — VY - — - .
X = ¥ x 2-Un ~ [E ¥ (Eo VW)XE] Yo
§ T
+ B 9%y 4+ 20— 25 (2)




where é = E/|B|, v denotes collision frequency, W, denotes cyclotron
frequency, e is the electronic charge (positive), T, is temperature in
energy units, the minus subscript denotes electron quantities (so that v
appearing alone will mean ion collision frequency and similarly for

wc),cp is the Pedersen conductivity taken as

_ _nec (v/mc)
% T8 TH0e,)7

and ¥ is related to the ordinary induced electrostatic potential

4 by
V¢ = V4 - — —— Vn (3)

Equations (1) and (2) are readily derivable from Eqs. (3) and (k)

of Goldman et al., [197&] and are in the ong drift frame.

We view the striations as due to the first order wvariation in

a zero order background. On expanding Eqs. (1) and (2) with

Vo=V + T (%)
n=n_+n (5)
we obtain
_;;2_ AN z - Vn_ = - 02 ( 02° :i°) (6)
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where we have used o“ = nezlm_v_.

We neglect any altitude variation within the barium cloud and
assume that the striations are localized in a region perpendicular

to B with barium density given by nbo(x). Further we assume

6
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E_ - Ve, = E(x). The assumption DE/Qdy = O is necessary for harmonic
variation in the y direction. The assumption YE/0z = O is based on

. b¢o/bz = 0, which is reasonable for striations with variation exp [iky]
such that k L, =~ 1 where L = |d1n nbO/bx‘-l. That is, we expect
that the.zero-order potential associated with L, is essentially
constant in z over distances for which the first order striation
potential, associated with a more rapid variation perpendicular to

B, is varying. The background ionospheric density is taken to depend

only on z and represents an extension over the work of Volk and

Haerendel [1971] and Perkins et al. [1973] who assumed a constant

background ionosphere. This neglects any zeroth order image clouds

in the background ionosphere (see Goldman et al., 197k; and Scannapieco

. et al., 1974) and is certainly true at early times in the barium
cloud development. It is also interesting to note that neglect of
density gradients perpendicular to B in the background ionosphere
appears reasonable for the inhomogeneous steady state consistent
with our assumptions (see appendix A for discussion). The zero-order
background may in principle be varying in time; since the striation
growth rate at any given time depends only on the zero-order parameters
at the same time, this effect will be neglected.

With the preceding discussion in mind we take

vy =[79 J(x) +9[ ¥ (2)etTYE] (10)




and

n = n_(x,2) + n(2)
By omitting the x variation in first order quantities we overestimate
v by a fraction proportional to (kLL)_] due to nonlocalization of
the mode [Goldman, 1971] and neglect the modification of the insta-

bility by current along the density gradient [ Perkins and Doles,

1975). The latter effect, according to the authors, can (at least
in the absence of diffusion) vanish completely with appropriate
direction of the electric field for the case of two-dimensional
striation variation transverse to the magnetic field.

Upon substituting Eqs. (10) and (11) in (8) and (9), going to
a reference frame moving with v = -c Vwox élB, using kL, > 1 and
equivalently Vzwo < kE (valid for |V¢o|/|E‘S 1), and expressing n,

in terms of ¥, (through Eq. (9)) as

c 1
[lk B L_L ) v/
n; = ¥n - - k" (12
W )
c
v/w A
Y+ —o o B-<1k5+ =t k’>
1+ —)
®
c
A A A A
with € = E'y + (V/w )E-x (x and y are unit vectors in the x and y

directions, respectively), we finally obtain

g
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In Eq. (14) we have that 6, =1 for z_ < z S z,, where z is the

bottom of the barium cloud and z; is the top of the barium cloud
(i.e., within the barium cloud) and 6b = 0 otherwise (note that

the subscript b refers to barium) and also

Y

3 p=4 =y 4+ iy (15)
£ <—k€+ oy (2)k” :)k > 1 i

BkL_L

YJ(Z) =

At this juncture we should point out that Eqs. (13) and (1k4) outside
the barium cloud, i.e., 6b = 0 reduce to the equation studied by

Farley [1959, 1960] and Spreiter and Briggs [1961] if we neglect

the factor -ikLL(v/wc)/(1+(v/wc)2)in the denominator of Eq. (14).

This term arises from the contribution of image density transport

in Eq. (9), i.e., in determining the relation between n, and ¥;

for the ionospheric plasma and including effects due to n; (essentially

the terms involving o on the RHS of Eq. (9)).
P1




Equivalently, if we neglect the n,§ type contributions to the current
in the divergence of the current equal zero equation, then we get the

results of Farley [1950, 1960] and Spreiter and Briggs [1961]. That

is to say, we have from Eq. (1%), in the ionosphere,

VL.éLl = rwl (16)
where
k%o iy
P °%k v/ (17)
i L_L i wci
Y1 -

1+ (\)i/wci)d

and we have taken the perturbed current as

g vy A i 2T i Yei i A

J =(E - —— Exz)0 - — (Vo~ + v ol xz)

=11 -1 w . —1 -7 pi1 e i pa v, 1 pa

ci i
I vo
o iw oy, - =1 v g xz) (18)
po L'l w , L7172
ci
d Vo t ikA o} i t How for

and v " ¥ ba etc. However, fo

v
o i i >
iil = - cpo(VJ_\lll - _6:; Vlwlxé) (19)

10




i.e., only contributions from the perturbed potential ¥,, we have

Eq.(16), but here

I' = ko (20)

Equations (13) and (1l4) outside the barium cloud are equivalent to

equations (61) and (62) of Perkins et al. [1973] if we assume v/wc << 1

and is independent of altitude and noting that we have no x variation
for n; and ¥;. Finally Eqs. (13) and (14), in the background ionosphere,

are equivalent to Eq. (59) of Volk and Haerendel [1971] if we assume

kLV/wcvl << 1 and we take a homogeneous ionosphere.

ITII. Numerical Results and Discussion

. On defining
- ¥, N
K = 0“0 bZ (314
we can rewrite Eq. (13) as
D=K 1 ol dK r B .
AL T T T (22)

Equation (22) is solved numerically for the case of a barium cloud
centered at an altitude of 200 km and assumed to extend from 190 km
(zo) to 210 km(zl), with L, =1 km, in an ionosphere defined for

= z 2 100 km. Parameters for the ionosphere are basically those given

by Hanson [1961] for nighttime sunspot minimum and maximum (see




Figs. 1-3; note: that the curve in Hanson [ 1961] for nighttime sunspot
minimum for the Pedersen conductivity is in error below the E region
peak and in any case our Figs. 1-3 are consistently based on the
curves for n, and vV given by Hanson [1961] and show the ambient
ionosphere that we used) and we take the ionospheric temperature, T,

in our equationsto be constant so that dy,;/dz = O (see Eq. (15)).

{The variation in Yy due to the z dependence of £ (through the term

\) 7
VE_/w ) is only significant for — / b, 2L > 1,
x' ¢ w, \ ® eE L
c cb y L
[see Eq. (A-4)], i.e. for z = 100 km where the Pedersen conductivity

is already small; hence it will be neglected.}

The variable K represents the downward current parallel to the
magnetic field lines due to the striations. Below about 110 km
there is a sharp fall-off in the Pedersen conductivity (see Fig. 1);
hence, it appears reasonable to terminate the ionosphere at 100 km.
We assume no current flow outside of the ionosphere; therefore
K(®) = K(100 km) = 0. The condition K(®) = 0O coupled with estimates
of potential variation for the ionosphere based on decreasing values
for the electron-neutral and ion-neutral collision frequencies at
high altitudes suggest that we treat the region above the barium
cloud as being at constant (unit) potential, i.e., ¥;(z) = 1 for
z 2 190 km(zo). This assumption is investigated numerically as
concerns its effects on growth rates and modal structures (see cases
IV and V in this section).

The boundary conditions on Eq. (13) may be written as




K(z,) = f P(z")dz’ (23a)
z0

K(100 km) = 0 (23b)

OK

bz (zo) » 1"(zo) (25¢)

(remembering that 2 = 190 km) where (23a) and (23b) are the current
conditions at infinity and 100 km, respectively and (23c) shows that
the potential is taken to be unity at 190 km. Since Eq. (22) is
second order and there are three boundary conditions, it is clear
that Eqs. (22) and (23) pose an eigenvalue problem. This problem
has been solved using the BODEL program (see Appendix B) with 129
points in the range 100 km =< z = 190 km.

Results for perturbed potential, number density, and parallel
velocity (all as a function of altitude) and growth rates for wave-
lengths from 0.2 km to 1.0 km (in steps of 0.1 km) and for wavelengths
from 1 km to 6 km (in steps of 1 km) are available for the models
listed below. Figures L-16 display these results for selected wave-
lengths and different models. The models used, hereafter to be
referred to by their Roman numerals, are : (I) the canonical situation
of nighttime solarmin (sunspot minimum) conditions [ according to

Hanson, 1961],a cloud with ratio of height integrated Pedersen

13




conductivity to that of the background ionosphere, Z%b/zpi, equal

to 4 and full coupling to the F region (¥;(z) =1, z > 190 km);

(I1) the canonical situation but with ng/zgi 0.2; (III) the canonical
situation but with the value zero substituted for - ikle/wc/(1+(V/wc)2)
in the denominator of Eq. (14), so that this effectively suppresses
the contribution of image density transport in determining the
relationship between n; and ¥; for the ionospheric plasma and provides
the limit, for the ionosphere, appropriate to the earlier calculations
of potential variation along field lines [Farlez, 1959, 1960; Spreiter
and Briggs, 1961; and Swift, 1972]; (IV) the canonical situation but
with solarmax conditions [Hanson, 1961]; and (V) the same situation
as (IV) but with the assumption ¥;(z) = 1 for 190 km < z < 210 km
and ¥,(z) = O for z > 210 km. The difference between (IV) and (V)
is presented to provide an upper bound on the uncertainty due to F
region coupling. It is worthwhile to point out at this juncture
that for solarmin, from Fig. 1, that Z$i = 0.19 mhos while
Zpi (above the barium cloud) = 0.04 mhos; whereas, for solarmax
Zbi = 0.73 mhos while Epi (above cloud) = 0.58 mhos.

Eigenmodes - ¥, is normalized so that ¥,(190) = 1; whereas n, and K are
presented in units of (k¥,/£). For Z;/Z; >> 1 one expects
ky,/€ ~ 1, and for Z§/2§ << 1 one expects ki, /& ~ (Z;/Ei)g, before
non-linear effects on modal structure set in.

The phase variation present in all cases except III (see

Figs. 10-14) has the following interpretation: A modal structure

1k




for ¥; (or v _= or n;) can be written as

N e
lz o

(bap + 1 ¥,,) exp (iky + vt)

or equivalently as

|4, | expliky + iE(z) + vt]

with |4, =¥+ V7 and sin §(2) = ¥, /|l¥al, cosg(z) = v, /[v.|.
Hence the phase {E (ky + €(z) + Yit]} is the same at a given time for
locations y(190~ ) and y(z), just below 190 km and at z, respectively,

provided:

y(z) = y(1907) + [§(19o'£ﬂ- 5(z)) y v m

where m is integral or zero aﬁd A = 2m/k is the wavelength perpendicular
to the magnetic field in the y direction; i.e. the harmonic modal
structures shift along they-axis as z varies. This variation is

shown for case I at .8 km in Fig. (4a) and for case II at .4 km in

Fig. (4b). (The shifts are reflected around y = o for a negative B
field as is appropriate for the northern hemisphere.) It is interesting
to point out that in both cases presented in Fig. 4 the density
variation, n;, just under the cloud (190 km) is out of phase with the

striations in the cloud by approximately 90° (1/4 of a wavelength).

15




This is in agreement with the homogeneous ionosphere theory given by

Volk and Haerendel [1971]. However, the subsequent density variation,

as one descends in altitude, is not as pronounced nor amenable to

as simple an interpretation as given by their Fig. 8 (or the text
pertaining to that figure), i.e., real ionospheres are somewhat more
complicated than homogeneous ionospheres in the treatment of the
image problem.

One notes that one may define a wave-vector

kz(z) =k (z)+ ikzi(z)

such that

=

—_
N

~—
1]

d€(z)/dz

and

]

k .(z) = - d In|¥,(2)|/de

to characterize the z-variation of ¥; (or v1z or n;). With a

spatially homogeneous ionosphere, dkz/dz = 0 (see for example Volk

and Haerendel, 1971) and so one has kzr and kzi being constant as a

function of altitude (although not equal). In our study kzr and

kZi are functions of altitude and in gereral are not simple (this

can be seen by examining Figs. 5-14).




For Case I the potential is progressively less localized with
increasing wavelength (see Fig. 5a). At all wavelengths there is
an imaginary component to the potential (see Fig. 10a); at relatively
shorter wavelengths this component, which can dominate over the real
component of the potential at the same altitude, can be as large as
0.5 of the value of the potential at 190 km. The values for
v1,(190) which are typically 5.5 x 10° cm/sec for k¥,/€ = 1, are
closely spaced for A € 1.0 km and decrease in magnitude as A increases
above 1.0 km (see Fig. 5b) The imaginary components of v;,(190) are
roughly 2/3 of the real components of v;,(190) (see Fig. 10b). It

can be shown that

n ev
K

w (= 1) =~ (e (190)/€ = 1) (2h)

where K(¥; = 1) is the value of K appropriate to ¢1(19O) = 1 and
Vig(ky,(190)/€ = 1) is the value of vy appropriate to ky,(190)/€ = 1,
i.e., the value of v,z plotted in our figures. Since the contribution
of the region below the barium cloud to Y; occurs solely through
K(¥, = 1), see Eq. (28), one sees that one can parametrize the entire

region below the barium cloud by an effective complex Pedersen

= — r . i
conductivity, & | = 2t iz

A = 1.0 km. By Eq. (24) the plots of vyz, particularly v,,(190),

, which varies roughly as k™ 1 for

directly yield the values of ﬁ,and the locations of the digits, m,

m < ) give effective integrated conductivities between 100 km and

Ly




the location denoted by (100 + 10 m) km. The values for n,, expressed
analytically in terms of ¥, by Eq. (12), show that the imaging for
relatively long wavelength disturbances peaks at the Pedersen con-
ductivity maximum, between z = 120 and z = 130 km, but that the imaging
from shorter wavelengths peaks at higher altitudes and is slightly
weaker (see Figs. 5c and 10c).

The results from case 11 for the potential, ¥;, are strikingly
less localized than those from case I (see Figs. 6a and lla). This
is consistent with the lower value of |Y1| (see Fig. 15) which leads
to decreased values of Vl'i;l/wl and hence [ through Eq. (13%)] to
larger scale lengths for the variation of ¥, in the z-direction, as
well as the relatively larger size of Y11/|Y1| for Case II [see
Eqs. (2ha) and (24b) and subsequent discussion]. The behavior at
.2 km for Case I1 is particularly interesting in view of the non-
monotonicity of ¥;. Such a result is possible with Eq. (13) if
there exist values of z where By,; > |yl|2, (with
B = kLLV/[wc(l + vzlwcz)]). To see this we note on multiplying
Eq. (13) by WT, integrating between 100 km and z, using cuobwllbz(IOO) = 0,
performing the analogous operations on the complex conjugate of Eq.

(13) and adding the results that one obtains:

fz . ’ o,
* c —

(T + F*)¢1¢1 @ ad/. N Bz Bz o

100 100

= llo _gé' LA (2ha)

18 y




where for z < z, :

2|y, |2 - 2y, 4P (2hb )
o= T T o, P

r Iy 2
(I + %) /k op

In the zero temperature limit when the left hand side of (24a)

z
2
is equal to Rei{,ﬂ j}-gldz' the condition 0”00|¢1l /8z< 0 corresponds

z = 100
to the existence of a physical volume 100 = z = z within which the

ionospheric particles do work on the wave rather than the opposite.
On the other hand if one neglects the contribution in B to [’ from

(2ha) and (24b) one has the more usual result:
0”0 bl‘l’1|‘/bz ~ 0

Further one notes through (24a) and (2l4b) the possibility of connection
between v, ;B > |y1|2 and decreased values for \b%/bzl and d| ¥, |2/dz,
and hence the possibility of less localization of the potential with
Y1i = 0, even if d| v1|3/02 >0 for all z(< zo).

The behavior for v,, (and hence f) is markedly different from
that of Case I. lvlz(190)l is'monotonically decreasing as a function
of increasing wavelength (see Fig. 6b); further the real part of
vlz(190) is relatively constant, whereas the imaginary part of
Vy,(190) decreases with increasing wavelength (see Fig. 1l1b). This
corresponds to a picture of ¥ whose real part varies roughly as k !
but whose imaginary part is roughly constant at short wavelengths and
at any rate varies less rapidly with k. In keeping with the non-

b i
linear results for barium clouds with Zp /Ep = ¢ << 1 [Goldman et al.,
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1974] we would expect the maximum attainable velocities in the linear
regime to be multiplied by a factor less than unity. (For ¢ << 1,

l -
/2.) The densities are less sharply peaked

this factor would be ~ €
than those for Case I and larger in terms of (ky;/£) especially at
short wavelengths.

The modal structure curves for ¥,, v;, and n; of Case III (see
Fig. 7) are universal in the sense that they are independent of Yy,

(or equivalent of the ratio Z$b/2$i.) Hence Case III can be directly
compared with both Cases I and II as concerns modal structure.
Agreement is closer between Cases III1 and I than between III and 1I.

The results from Case III for ¥, (see Fig. Ta) are more localized
than those from Case I although the values of y; are very close.
Comparison of Eqs. (17) and (20) results in the modification of the
first term of Eq. (13) by a factor of y;/(yy - iB) in passing from
Case III to Case I. Hence at wavelengths with kL >> 1 with locations
in z with 8 > |Y1], O/bz(cnobwllbz) is clearly smaller for Case I
than for Case III and the potential does not vary as rapidly in z.

The values of 'Vlz(190)| for Case III (see Fig. 7b) are charac-
teristically 20-30% higher than those for Case I indicating corresponding
larger values for l§| and hence lower growth rates. The constancy of
|V1z(190)‘ for A = 1.0 km indicates that lil varies as k * in this
range of A. The contrast with g from Case II is striking. The
values of lnl‘ for Case III (see Fig. 7) are higher in maximum value
and more localized in space than those for Case I; n; (z) bears a

fixed phase relation to ¥;(z), independent of z (see Fig. 12).

=0 .




The results from Case IV for |, (see Figs. 8a and 1%a) indicate
more localization in the vicinity of the barium cloud than for Case 1I.
Mathematically, for two ionospheres, a and b, with neutral densities
n such that na(z)/nb(z) = o the modal structure is the same for wave-

lengths Xa and lb such that ka = ah. , provided each of the modes is

b’
localized in a region with v/wc << 1. Since the neutral densities in
the vicinity of the barium cloud are roughly a factor of two larger
for solarmaximum than for solarminimum conditions, the rough equivalence
for potential variation in the vicinity of the barium cloud for wave-
lengths such that A(Case IV)/\A(Case I)~ 2 is plausible. At lower
altitudes where the ionospheres of Cases I and IV are more similar
the fall off in ¥, with decreasing z at the same wavelength is closer.
This gives the curves of |¢l| for Case I a more bowed appearance than
those of Case 1IV.

The values of |vlz(190)l for both cases are similar (see Figs. Sb
and 8b). At relatively small values of X, v, ,:(190)/v,,.(190) is
larger for Case IV (see Fig. 1%b) than for Case I (see Fig. 10b).
This effect which also is pronounced for short wavelengths in Case II
is apparently related to relatively large values of Y,;» @s can be

seen from the analytic expression:

er2 + Yli(Yli‘B) + iByir

k2 190
le(]‘%) = n Z19058_[ .
© 00

Y1r2 + (Yli-ﬂ)a

(25)

wl(z')cpo(z')dz' s




which indicates the possibility of negative contributions to v;
for regions of space such that Byli > |Yllp. At short wavelengths

the maxima for |nl| in Case IV (see Fig. {c) are larger and occur

at higher altitudes than in Case I (see Fig. 5c). This corresponds

to the larger Pedersen conductivity under solarmaximum conditions

at higher altitudes in the rénge 100 = z = 190 as well as the greater
localization of Wl. At large wavelengths the agreement is closer

with the maxima in lnll still at slightly higher altitudes.

The results from Case V for ¥, (see Figs. 9a and lha) are very
similar to those from Case IV except at short wavelengths where there
is more localization of the potential near the barium cloud. At short
wavelengths one notes that Yy;i from Case IV is relatively much larger
than vy ; for Case V (see Fig. 15). By Egs. (24a) and (24b) this
suggests a less rapid decrease of |¢1l with increasing distance from
the barium cloud. The larger values of Ivlz(190)l at short wavelengths
in Case IV (see Figs. 8b and 9b) are attributable to the larger
magnitudes of V1z1(190) which appear to be due to the large values of

¥, for z » 150 km. The larger values of n, (see Figs. &c and 9c) at

ad
short wavelengths in Case IV are attributable to the less rapid fall-
off in wJ away from z = 190 as well as the more negative values of

the imaginary part of v.

Coupling above the barium cloud and eigenvalues. In this section, we

first present conclusions obtained in Appendix D regarding electrostatic
coupling above the barium cloud. We then apply these notions to the

estimation of induced velocities parallel to the magnetic field,




density inhomogeneities, and the calculation of eigenvalues taking
partial coupling to the F region conductivity maximum into account.
The reader is referred to Appendix D for analytic details.

For z >z,, the treatment of Appendix D indicates for A 2 0.2 km
and the barium clouds of Cases I and II, or for A = 0.5 km and the
barium clouds of Cases IV and V, that the dominant part of ¥, (z) is

given by

Yio(z) =~ L ralz) ¥1(2y) (26

1 -+ Q’(Zl)

This result is in close agreement with the physical model in

which ¥,,, the potential [ assumed constant and equal to ¥, ()] at

the F region conductivity peak (z > 2z¥), causes an integrated horizontal
|

[e<]
current divergence :/ﬂ I'y;0dz for z* < z < © which in turn draws a
i
z

©

vertical current j/f I'Yy,e dz into the region z > z* along the magnetic
*
z

¢

field lines. If there is no significant perpendicular shorting of

current between z; and z¥*, so that:

[=<] © ©

f F\yldz' Nf T¥10dz” R’/ T e dz”
z z z¥

one has:

dy, T )
-0 3 o ‘\I)dez
llo dz .}r Y

Z
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from which (26) follows, provided one takes kL v/w, << 1 for z > z,.

For Cases I and II, we have @(z;) = 3.2 x 10" ®\"2, and for
Cases IV and V, o(z,) = A" 2, where X is in km. Further we note
@(z) <a(zy) for z > z;, so that dy,p/dz <0, z > 2z;. For the F
region conductivity peak region [z > z* (= 280 km at solarmax),
z > z¥( = 270 km at solarmin), see Fig. 1], we have a(z) < 0.2. Hence
for solarmin conditions a transition from little coupling to the F
region conductivity maximum to full coupling is indicated as A increases
through 0.2 km; while for solarmax conditions the transition is indicated
for A = 1.0 km.

In analogy to Eq. (25) one has on neglect of contributions in B

which are expected to be small by virtue of the discussion of Appendix

De

2 L4 , 4
Vlz(zl) = - e—rfli(—z—J_Tf Upo‘h(z dz (27a)
[o] Zl

which by (28°. and (28" ), q.v., yields [with ki, (z,) =€J:

@

ké;"/z‘l cpodz

eno(zl) [1 +a(z)]

Vlz(zl) = =

@7b)

Within the range of validity of Appendix D under solarmin conditions,
the maximum value for viz(z;), z, = 210, occurs for A = 0.2 km where
Vi1,(21) = 5 x 10° cm/sec; under solarmax conditions the maximum value

occurs for A = 1.0 km where v,z(2;) = 1.4 x 10° cm/sec.
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From Eq. (12) on neglecting terms of order kL_L\)/wc in the

denominator, one has that

n, (z) ~ - k2gpo¢1(z)/ey. (27¢)
For all cases covered by Eq. (26), n;(z) is largest in magnitude for
z>2z%, On using v = Y céVBLL with ? of order unity, Eq. (27c) leads

to the result

L — (27d)

Hence for striations with k¢1(zl)ﬁ€; ~ 1, as is expected to be the
case at the limit of a linear treatment, nl(z)/n0 can be as large as
3 x 102, (at A\~ 1km and z =~ 300 km. under sqlarmax conditions,or
at A\ & 0.2 km and z =~ 280 km under solarmin conditions.)

First, as concerns eigenvalues, it is interesting to note that
the eigenvalue agreement between Cases III and I (see Fig. 15) is
considerably closer than between Case 111’ (prlzbi = 0.2, but neglect
of image density transport) and Case II (see Fig. 15a). In comparing
these cases (in Fig. 15a and remembering that III and ITI  neglect
the effect of images back on striation growth, i.e., no image trans-
port) we do not find, for a real ionosphere, the pronounced effect of

image striations reducing the growth rate that Volk and Haerendel

[1971] found for the homogeneous jonosphere (see their Fig. 9). For
Case IV (full coupling to the F region), as depicted in Fig. 15a, for

long wavelengths - Yip = 0.8 which represents the short-circuited




growth rate since Z%b/2$i = 4,0. For Case V, (no coupling to the F
region) Fig. 15a shows that for long wavelengths ) ~ 0.95. This
can be understood by the fact that although we chose Z$b/2%i = 4.0
in this case, there is no coupling to the F region where most (~ 80%)
of the integrated conductivity occurs (recall that for solarmax
Zbi = 0.73 mhos, and Z$i (above cloud) = 0.58 mhos). Consequently,
the effective integrated conductivity of the ionosphere for long wave-
lengths is 0.15 mhos so that effectively Z$i/2$b ~ 0,05 and this
results in a short-circuited value of 0.95 for -vir.

To obtain modifications on vy; and y due to partial coupling to
the F region, we note that Eq. (13) yields, on integrating upwards to
"oo'' from z_, the bottom of the barium cloud, using Eq. (21) and

neglecting (Sb\)b/u'»cbkL_L

b L. ,
Z(yy +1) o vita (2" )dz K. iK,
P + 2O + s =0 (28)
Yy - ikL-va/wcb Y1 - ikle/wc k< k= ? &
2,2 o 2, 2
1+ Yy /u)cb 1+ v /wc

with K(k,zo) = K +1iK, and wl(zo) = 1. From Eq. (26) and the dis-
cussion after Eq. (D-14b) one sees that the bulk of the contribution
to the integral of Eq. (28) comes from the region with z > z¥* where
KL, V/[wc(l + valwc2)] << wy; and ¥3(2°) = ¥10(=) ~ 1/[1 + a(z,)].

Hence the integral may be approximated by
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/ Opotio(®) dz’ (28)

z*

which in turn may be approximated by Epf/[1 + a(z; )] where

) B o b az’. (28 ")
P @ po

Then Eq. (28) yields

kL v i
vl=-{zb[zb+2i(k)1+ : bzi(k)zb}
P P P (1+ 9.2/ ) P P -
29
A
kL v
i "L b i b i
+1 (przpi(k) + YO wcb{zpr(k)tzp + I ()]
i 2
+ [Epi(k)]
A

b i i
where A = [Ep + Epr (k)2 + [Epi(k)lz,
Zik) =k /k®+ T 501 + a(2)], and

pr r P 1/3,

Epji(k) = Ki/ka. Eq. (29) and the resulting values of Yy have been
evaluated using values for Kr and Ki obtained from Cases I, II and IV.

K K
We note from Eq. (24) that the values of Era and —ké are directly
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related to Vg evaluated at z = 190 km; further that v,, evaluated
at 190 km is given in Figs. 10b - 1hb,

For either the solarmax or the solarmin case with partial coupling
and Z%bﬁzpi = 4,0 we note that both the values of Y; and the ionospheres
below the barium clouds are similar; further from comparison of Cases IV
and V at the same k, one has |AK|/|K| R’IA\/1|/|Y1|. (Here Ay, specifies
the variation of an eigenvalue and AK is the corresponding variation
of K.) 1In addition we have AK =~ K’ (-1)Ay;, where K = K(v;) and
K*(-1) = dKMDy, evaluated at y; = -1, so that with |y,| ~ 1,

K'(-1) ~ K(-1).

On taking Z%b large compared to other terms in Eq. (29) as is

generally appropriate for Z%b/2$i = 4.0, we may write Eq. (29) to

-1
lowest order in (Z$b) as:

£
1 [Kr L, kL, o K
Yy +1==p = + - g e =
Ep I_k 1 + a(z;) (1+vb/wcb) wy K
(29a)
Ky KL, 28 K. z ¢
b" ¢cb cb 1

with K = K(y1) ® K(-1) + (v, + 1) K*(-1). Since the quantity
(yp + 1) is small if Z%b is relatively large, the terms linear in
K'(-l), ~ (y; + 1)2, are of second order in the smallness parameter,

(yp + 1). Hence the values of K. and K, obtained from full coupling

0 §
can be used with partial coupling to first order accuracy in (v, + 1).

28




For the solarmax situation, the partial coupling calculations for
A 2 0.5 km (see Fig. 16) attach smoothly to the uncoupled calculations
of Case V (see Fig. 15) for A < 0.5 km. For the solarmin situation
the partial coupling results for A 2 0.2 km (see Fig. 16) go smoothly
into the full coupling results at about A = 0.8 km (see Fig. 15). For
both solarmin and solarmax situations one concludes that there is no
cut-off in the striation growth rates at short wavelengths due to
interactions with the ambient inhomogeneous ionospheric plasma.

For Case 1II, the eigenvalue estimates are not as reliable since
we do not have the data comparable to that of Cases IV and V, and since
the ordering in (Y3 + 1) does not obtain. For A = 0.4 km the eigen-
values with full and partial coupling agree to within 20%, (see Figs.
15 and 16), so that there is presumably little uncertainty in this
range. One can obtain an upper bound on growth rates at shorter wave-
lengths under the assumption that coupling below the barium cloud
reduces Yr. Then choosing K = O for A = 0.2 km with partial F region
coupling yields Yr < 0.23, which appears sufficient to establish the
dip below . ~ 0,30 at short wavelengths.

In addition, we find, at wavelengths sufficiently short that the
perturbations can be regarded as just localized within a (substantially)
constant region of the ionosphere, that coupling to the ionosphere

yields the growth rate:

i
- <€ (, ) L, Zpo
Ye T BL AR b (30)
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with k =.,/3 wci/LL vy and cpi‘the approximate local Pedersen conductivity
at the level of the barium cloud, provided opi/cpg << 1, (see Appendix
E for details). For solarmax conditions, with Z?b/2$i = 4.0, we obtain
Xy = 0.98 cé’/BL‘L at A = 1.1 x 10m; for solarmin conditions, with
bl 4
z
p /Z$
Lt
P P

4.0 we obtain y_ = 0.91 ¢€/BL for A = k7m, and with

0.2 we obtain Yr - 0.9 c€7BLlat A= h?m, where in obtaining

the above values we have used £= 5 mV/m and T = 10° °K.

s

Iv. ngmgrz and Conclusions

In this work we have attempted to provide a critical quantitative
basis for the study of the structuring and growth rates of striations
associated with barium clouds in the ionosphere (i.e., a real ionosphere
whose properties vary with altitude). We have been concerned with
three zero-order physical situations for a barium cloud between 190
and 210 km (Z%b/Zbi = 4.0, solarmin conditions; be/2$i = 0.2,
solarmin conditions; Z%b/2$i = 4.0, solarmax conditions) which have
resulted in five models (see Section III, Cases 1-V) for striation
behavior below the barium cloud. These five models with specified
behavior above the barium cloud have been investigated numerically as
concerns modal structure and growth rates for the region below the
barium cloud (Section III). Analytic estimates have then been used
to obtain a more precise specification of the real (rather than model)
behavior above the barium cloud (Section III, part under eigenvalues).
These in turn have been used to provide corrections to the growth
rates (Section 1551 secggi part) appropriate to the real physical

situations approximated by the original models.
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Comparison of Cases 1 (Z%blz;i = 4.0, solarmin) and II
(beﬁzpi = 0.2,s0larmin) establishes the dependence of image structure
on.Z%b/Z$i for a given wavelength. The smaller conductivity cloud
produces image striations farther down into the background E region
ionosphere (this is in qualitative agreement with the results of image
striations in a homogeneous background given by Fig. 9 in Volk and
Haerendel, 1971) with a more uniform'effective conductivity as a function
of wavelength. Comparison of Cases I and II with Case III (the limit
of earlier calculations suppressing image density transport; see

Farley, 1959, 1960; and Spreiter and Briggs, 1961) shows that striations

penetrate further down into the ionosphere than expected on the basis
of Case III and that they make an aspect angle with respect to B which
varies as a function of altitude (variable parallel component of wave-
number.) Comparison of Cases I and IV (Z%b/2$i = 4.0, solarmax) establishes
the relatively slight dependence of E region coupling on the level of
solar disturbance. Comparison of Cases IV (totally coupled F region)
and V (no coupling to F region) established the relatively slight
dependence of E region coupling on F region coupling even under solar-
maximum conditions when the F region conductivity is greatest.

Some comments with respect to the extension of the modal structure
results to other situations are in order:

1. One expects that penetration below the barium cloud should
increase with increasing L,. Put another way, imaging with Case III
can be viewed as behavior in the limit Ll + 0. Hence reducing LL

brings results under solarminimum conditions closer to those of Case III.
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24 Imaging with very large clouds presumably obtains with
Yop ~ -1, Y,y ®0. CaseV offers the best approximation to this
situation. The transition from Case IV to Case V indicates how the
limit Z%b/Z%i >> 1 is approached.

3. As an extension of the comparison of Cases I and IV, for
very large clouds so that e ~ -1, Yiq ~ 0, and short wavelengths
such that ¢l ~ 0 for \J/wc << 1, changing the cloud altitude so that
the neutral density in the vicinity of the cloud is multiplied by a
factor of o should result in the same behavior below the barium cloud
for a new wavelength equal to the original wavelength multiplied by
a factor of o (provided the scale height variation as a function of
altitude is neglected.)

L, If all ionized densities are multiplied by a constant factor
the results are unchanged (¥,, nllno, v,, and y are the same) to the
extent that Coulomb collisions can be neglected compared to charged
particle-neutral collisions.

Analytic treatment for z = z; indicates for A 2 0.2 km and solar-
min conditions and for A 2 0.5 km and solarmax conditions that:

a. ¥, is predominantly real and decreasing with increasing z,

b. the maximum of v,, is close to, but above z,,

c. the maximum of n; is close to, but above z = z¥ (at about

300 km).
The estimate of a value of vlz(zl) as high as 1.4 x 10® cm/sec is
suggestive of the possibility that striations may drive shorter wave-

length ion-cyclotron modes [Kindel and Kennel, 1971]. The estimate

32




of n,/n_ as high as 3 x 10”2 suggests that striations may drive F
region images at z =~ 300 km with n, 2 10* em ® for A = 1.0 km and
solarmax conditions. (The highest values for n; can be found above
the barium cloud because of the large size of n_ in the F region con-
ductivity peak; however under twilight conditions one would expect
more pronounced E region effects.)

The eigenvalue analysis with partial coupling to the F region
indicates for Z$b/2$i = 4.0 that Y, 1s not significantly decreased
(1f at all) at short wavelengths; on the other hand, for Z$b/2$i = 0.2,
with A < 0.2 knm, Y. (with T = 10°® °k, €= 5 mV/m) appears at least
20% below its largest values. The absence of a short wavelength cut-
off for vy with Z%b/Z%i = 4,0 indicates the need for consideration of
finite Larmor radius effects and non-linear effects on the spectral
structuring. Further, for the same barium cloud at higher altitudes
(and hence with lower Pedersen conductivities) diffusion damping

effects would tend to be more significant.

For finite temperatures Eq. (29) yields the growth rate:

br b i
ZI5° + T 0 ()]

_ <€
Ye = BL A (31)
1
1
. k| 6 . prEpi(k)
= 124
B oy, (v 5/w,) el b

i b i i &
o1Te \’b/‘”cb zpr(k)[zp + Epr(k)] + [Epi(k)]
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The shaping of the zero temperature spectrum (as a function of k) is
generally in agreement with the intuitive picture of more coupling to
the ionosphere and hence more damping at larger wavelengths (short
circuiting phenomena). Indeed, the term linear in €7L¢ represents

the growth rate for a barium cloud coupled to an ionosphere with complex
conductivity Z$i(k) + i Z$i(k) at the same potential. The slight
increase in damping (or decrease in growth) between the finite tem-
perature growth rate, Yy compared with the zero temperature growth
rate, -Y,p,at short wavelengths can be attributed to the term linear

in k°T and corresponds to diffusion damping in the y-direction for a
barium ion inhomogeneity with stationary electrons and counter-streaming

ionospheric ions (see Appendix C for a discussion of this effect.)
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Appendix A - Zero-order ionospheric density gradients

In this Appendix, we estimate, within the framework of Eqs. (6)
and (7), modifications on the background ionospheric density at various

altitudes consistent with the zero-order barium density profile

o =¢oPb (x) and E = E(x). We will assume a steady state for the

P po
region. This probably leads to an overestimate in inhomogeneities

because from Eq. (A-2), below, the time necessary to establish an

inhomogeneity in response to cs = cpz(x), E = E(x) varies as (\J/wc)-l

and hence can be very long for the F-region.
Since V x E = 0, O(V¢°) /% = 0 and (Vwo) = constant. Hence in
- y y
the system moving with v = -C(V¢°) x &/B for the region of interest

Eq. (6) and (7) become:

Ono > en bwo
5t "Bz \mv. Iz )¢ (A1)
2 2
dn R 1 do o, o) ¢° cpo . or ) opo
dt T\ x w, 'y e Odx 0x= e e= O0x=
(A-2)

h
do
E, = —E -—-P-°—(-Eh+——\-’—E>+2T X PO
X W y c X Wy e c [
c po c po
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and in particular at the barium level one has:

N bh N bob
By = (nb Eg - P‘tc: (-E B wb E ) + iT 1b }P;O ’
cb Y c cb Y c
po po

(a-3")

Here the barium cloud is taken to occupy the region x > O, Ey > @y
bcpzlbx >0, and the superscript h refers to values at x =0, i.e.,
just outside the projection of the barium cloud along magnetic field
lines.
h b .
In principle we can regard Ex - Ey and cp as known in(A-3 ) thereby
determining E_ and [ through (A-3)] cp(x,z). The case for Exh =0 is

particularly simple. On restricting considerations to the region
b bh

o >>0o__ one has
po po
b
v do
__ b 2T 1 P _
B, %= E_+ == e (A=L)
cb o
P
and
b
two_*_E v Vb e 1 °c’po —ch Y g _*
Ox y \ w 2T b dx %0 =~ %po w_ "y BT °
c cb (&
po
1 bo;o 1
Fur purposes of estimates take = , and assume
b Ox L, (x)

po
v./w. ~3x 102 T=10°°% andE_= 10"%V/m. For the E region
b’ “cb y eE

v
2T ) LLN6°

where V/w_  ~ 1, even for L as small as 10% m,
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Then

1
dx ¢

020 ®c o
~ 1

TR L (x) E e ( )

o 4 y

po
and:

L P o % ot (1 4

opo Ox v L;(x)Eye L

For LL(x) a minimum, where one expects mode growth to be localized,

dL Mx =0 and -

PO

<< 1

(o}
po

Bx

L (x)"

For the F region on the other hand v/wc < \)b/mcb and

1 °cpo -1 bopo - E ( v b ) e
opo Ox B b ox Yy \w, w.,/ 2T
po
h b
c E do
+ po v ye R 1 Ppo .
o w_ 2T b Ox
po c c
po

Thus there are indications of possible contributions to growth

from the zero-order F region; however, as noted, the time to set up

a steady state in the F region would appear to be much greater than

that for the E region and makes these estimates somewhat more tenuous

for the F region.

For the E region on the other hand, the indication

is that inhomogeneities should be relatively unimportant.
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Appendix B - Numerical Method

Here, we briefly outline the numerical procedure called BODEL
(Dr, E. Graham, private communication) which was used to solve Eq. (22).
First, Eq. (22) was written as four equations, each first order in the

spatial derivative, by introducing the variables

DK
2 (B-1)

<
I

so that we also have from Eq. (17)

e T (3-2)
o

where (B-1) and (B-2) are really four equations since V and K have real
and imaginary parts (as does I'). The real and imaginary part of

the eigenvalue Y; were taken to satisfy the two equations

Bz " 0 (B-3)

We then have a sixth order system with six equations, six unknowns and
six boundary conditions (Eqs. (23a),(23b) and (23c)). The finite

difference equations are then obtained by making the substitutions

df
B " (fyyy- £y)/02, £ 3 (£549 * £

at the i th gridpoint (where f represents one of the six variables).

38




The system of finite-difference equations was solved by the Newton-
Raphson iteration method. The ith of I equations (I = 6), at the
kth gridpoint, is written as Fi(uj,k) = 0, where there are I variables
uj, and M meshpoints. Let our nth approximation to the solution be

n n+tl = n

the I by M matrix uj,k' Then for uj,k = uj,k + 6uj,k’ subsgtitution

in the system and linearizing gives

Fi(uj,k) +Z(bFi/buj,k)6uj,k =0
ik

which is a system of I equations at each meshpoint. This I by M
system is solved by Gaussian elimination using pivotal condensation
with back substitution. The matrix is block bi-diagonal, since at
the k-1/2 th point, the functions depend only on the values at the k
and k-1 st meshpoints. The Jacobian matrix itself, dF/du, is found
through numerical differencing. The subprogram which perform these
operations are all part of the BODEL language. We iterate until the
maximum residual (value of Fi) is below an error criterion, taken
throughout this work as 10° 2. The boundary conditions are treated

similarly. No differencing need be done on the boundaries.
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Appendix C - The diffusion coefficient for barium ions in a

homogeneous ionosphere with stationary electrons

We consider a barium layer with small inhomogeneity in the x
direction and an ionospheric layer at a different altitude but with

the same generalized potential, ¥(x,y). For the barium ions we have

T

Xb —cb b2$ nbmb an L m

é‘m

(c-1)

where E, is the electric field at the barium level and w ., = w_. B/|B|.
=b —b cb —

For the ionospheric ions, we have

X + Vv,V = (c-2)

Lot T Vi

-V
-1

g
=

where Ei is the electric field at the ionospheric level. Since

(V_L\V)b = (v¢)i we have on assuming equal ion and electron temperatures

Tb an

ESEp =By~ m $aly

from which on integrating over the barium and ionospheric layers

separately we obtain

ZE
fni\_r_idz = —P——e (C-L)

and

Lo




E
Z? ot b

,];bzbdz - e edﬁ'vz$

Since the electrons are stationary

Jrgzste = - fayae

and

i
z
v dz = - S5 P »
v.dz = - = v
f g E;+):g P

From the continuity equation we have

—%E— ~/.nbdz + V-“/;5Zbdz =0

Since the spatial inhomogeneity is small, this results in:

> dz - —2L zli’ e Ev-?f dz =0
ot J/hb T e Z% +-Z$b w . B "

cb
2

A\
1+( wc )
cb

and this has the form

L1

(c-5)



o} _ 2
T 23 = Dgee V) 142

with an effective diffusion coefficient, De

=

) of

S - Yo/%cp

The result of Eq. (31) follows from using Z$i =

taking the real part of Deff'

Lo

P
=4
eff eB zt +-E% L+ (v /o)

i
T (k)

(c-6)

T

pi(k) and




Appendix D - Partial coupling to the F region

From Eq. (13) on assuming no current as z - ®, one obtains

rd

zZ

zZ
¥, (2) - ¥ (=) =f . dz'/ Ty, (2" )dz" (D-1)

) ”O ©

On writing

' = l"o + T,
where

r, = k2°po
and

\)2
ikLL V/U)c/ 1+ "'m'?

rl = k% o
P ikL~L \)/u)c
Yi = ——F
L+ 5=
c
we may expand
tlll = ¥,0 + ¢11 + ... (p-2)
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to obtain

L4

VA
¥10(2) - ¥10(®) =f 01” dz:[ ro\ho(z” )dz’ (D-3a)
@ o
z 2z’
¥11(2) - ¥11(®) i/ﬂ 01 dz;/ﬁ Fo¢11(z”)dz”
“ llo ®
Z Z'
* f —01-”— dz’ f T, ¥10(2" )dz" (D-3b)
© o o

where

‘h(zl) = f10(z1) =1 ,
¥12(z1) = O

and z; denotes the altitude of the '"top'" of the barium cloud.
If, as is expected for partial coupling to the F region, one has
¥10(®) ¥ 0, then $10(z) monotonically decreases in magnitude as z

increases. We may use this to show from (D-3a) that:

¥r0(*) < 1/[1 +a(z)) , (D-4)

where:

4

z z
o(z) =f 01 dz:/ I"Odz” 6 (D-ka)
@ | @

lo




By similar algebra, for any z* 9zl < 2% < ® ye may show

Zl Zl
¥10(®) 2 <1 f dzf r dz”)/A (D-5)
% Z% o

llo

where

Zq z*

A= {1 + [o(2*) +J/ﬁ 01 dzj)f r dZ”]}[l + a(z*)].
I (o]

Z* lO ©

The right hand side (D-5) becomes the right hand side of (D-4) for:

2 Zl

1
I = L 4z’ T d’ <<1 (D-6)
o* GHo M O

and

a(z*) <1 . (D-7)

On the other hand for the transition from partial to total coupling

one seeks by virtue of (D-4) that:

a(zy) ~ 1. (D-8)

We identify z¥* with the bottom of the F region conductivity
maximum and assume negligible potential drop between z* and ®, [This
is equivalent to condition (D-7).] For z* = 280 km and our solarmax

conditions the left hand sides of (D-6), (D-7) and (D-8) are respectively:

L5




0.04/A%2, 0.05/\% and 1/A%, A in km. For z* = 270 km and our solarmin
conditions the left hand sides of (D-6), (D-7) and (D-8) are respectively

5x 107°/A2, 6 x 1073/A\2 and 3.2 x 10"2/A2. Hence on neglect of terms
J

of relative size =~ .2,
¥10(®) = 1/[1 + a(z,)] (D-9a)

for A 20.5km and solarmax conditions or A 2 0.2 km and solarmin
conditions. Since (D-9a) results from replacing V10(2z" ) by ¥10(®)

within (D-3a) one expects to within similar accuracy:

Yio(z) = —i—}%‘%‘:—)‘g )y 21 <z <®, (D-9b)
1

We next demonstrate that in these wavelength ranges the contri-
butions from ¥,,(z) are small. The imaginary part of I'; is bounded
in magnitude by TOG, with 6 = - kL, vi/wciylr’ while the real part
of I';. is bounded by F06/2. To simplify the analysis we consider I’y
to be approximated by its imaginary part,.

On replacing ¥;3(z" ) by ¥11(®) in (D-3b) and defining

,
z

Z
B(z) E/ - dZ'/ Tit10(2" )z’ (D-10)
-] “O -}

we obtain

B(zy)
Y11(®) = - —1_,_1—0,(21—5— (D-11)




which itself can be used to obtain

$11(z) = - B(z1) Ei I zg:z%l + B(z) (D-12)

This procedure is self-consistent if ;3 (z) =~ constant for

z > z¥ and:
“ ] fZ*F 3y g
fz* a7 Ftaa (e (D-13)
From (D-11) and (D-12) we have:
Lya1(2)~¥21 ()] /411 (=) = a(2)-B(2)/B(2z1)
(D~1ka)

- B(z)x(zy)/B(z1).

Since F1¢1o(z)/iro is monotonically decreasing with increasing z,
by successive applications of the mean value theorem, it can be shown

that B(z)/B(zy) < a(z)/a(2z,). Hence on using the estimates for

(D-6) - (D-8) for z > z¥*:
[¥11(2) = #21(=)]/¥12(=)|< 0.2,
Further, from, (D-11) and (D-12) one has:

¥11 (=) 1
G T+elmn) - (D-1kb)

k7




© z*
For solarmax conditions we take o(z;) <4 andf I"Odz '/_/ I"odz' ~ 30;
z* z

© g
for solarmin conditions we take o(z;) < 1 andf l"odz’/.[ I"odz' ~ 6
2%

hence (D-13) is satisfied.
To show that our basic expansion (D-3a) and (D-3b) is valid we

observe from (D-12) and (D-9b):

¥11(2) 1B(zy)
- -1 - -iB(=z)
*0) = RGO VehT - et t TR (D-15)
iB(z, )

Further we have r(z;) = 0, r(®) = <0, and

140 (2

(-18") + a(-18) (8°/p<’/a)
(14e)®

r'(z) =
with -i8 > 0 and - iB’ < (0. Since \)i\ho/mci is a monotonically
decreasing function for increasing z, by using the mean value theorem
on B'/B one can show

B°/B -a’fa <0

Hence,r (z) < 0 and |r(»)| > |r(z)|, z <», or equivalently:

| ¥21(2)/410(2)| < | 412 (=)/¥10(=)]

L8




But we note on decomposing - B(z;) into component double integrals:

z¥ z z z*

1
1 ’ Lo 1 ’ u”
r(®)==- dz/ I'ydz -f ——dzf I'ydz
(=) JE S i . O o 1

llo

X (D-16)
Zl N 2z
.[ de Fl dZ” .
36 HO A
The first term is approximated by
* < >
., a(z )kLl Vi/wci T,
e 1+ O!(zl)
where < Vi/wci > represents an average over the region z > z¥,
The second term is approximated by
< >
. a(z,) kL, \)i/u)ci (6-18)
1 + a(zl) 'er
The third term is approximated by
-1 IkL [vi/wci(EOO)]/vlr 3 (p-19)

where I is defined in (D-6) and [Vi/mci(EOO )] denotes the value of

\)i/u)ci at z = 200 km.

Expressions (D-17) - (D-19) are peaked at large k. Under solar-

maximum conditions with A 2 0.5 km, we have < \Ji/wc > e,

i
. kL < 12.6, @ (2%) 0.2, o (z,) <k, [vi/wci(eoo)] =0.03, 1 50.16

and v, ~ - 0.9. Then (D-17), (D-18) and (D-19) are respectively




bounded by 0.01 i, 0.12 1, and 0.07 i, and Ir(m)‘< 0.22. Under

solarminimum conditions with A = 0.2 km, we have < Vi/wci ><2x 108,

kL < 31.4, a(z*) =0.15, a(z,) = 0.81, [vi/wci(eoo)] = 0.01k4 and

I <0.125. For zp"/zpi = 4.0 (and v, ~ - 0.9), (D-17), (D-18) and

(D-19) are respectively bounded by 0.01i, 0.0ki and 0.06i and

| r(=)| <0.12. For Z$b/2$i = 0.2 (and vy ~ - 1/3) we have |r(=)| <0.33.
Hence |r(=)] < 1 in all cases and the expansion (D-2) with ¥;0(z)

given by (D-9b) appears valid over the asserted wavelength ranges.




Appendix E - Coupling from counter-streaming ion diffusion for

short wavelengths

For sufficiently short wavelengths the background ionosphere is
effectively homogeneous. Here we provide an estimate of the effect
of coupling for a barium cloud such that c;o/obo<< 1 where cio and
Ggo are the local ionospheric Pedersen conductivity and barium
Pedersen conductivity. A somewhat similar estimate for small barium

clouds has been carried out by Perkins et al. [1973]. However, imaging

effects involving kLl\)/wc were neglected and the assumption was made
that the region of ionospheric homogeneity was sufficiently large
that its integrated Pedersen conductivity could be comparable with
the integrated barium Pedersen conductivity.

The first order potential is described by Eq. (13):

ay
d b
™ = = ("no dz> (E-1)

Above and below the barium cloud (z > z; and z < z_, respectively)
kao.i Y, (o]

. =T =_—_po? - ol
one has: T Fi Yl'ikLiuﬁ”c 5 0“0 =9, - For the region of

the barium cloud ( z; > z >'zo) one has:

b
_ _ 2 - i )
Fr=T =T, +k_ (v, + 1)/(Y] ikL Vb/ cb)

c =0 (1 + i

llo llo Ry

)




where n and n, are the barium number density and the ionospheric
number density respectively. Within each of the three regions by
assumption of homogeneity one has

03y,
Phs = ollg 77—

Z
Across z; and 2o one has that {§; and %o dy,/dz are continuous.
Further one has the requirements {,(z = z; + L“ ) ¥1(z3) << 1 and
Y1(z = 2z, = L” )/¢1(zo) << 1 where L I is an ionospheric scale length;

this leads to the variation

-(Fyfoy P3(z2)

Y1~ e » 2> 2y (E-2)
i
(T, /o, * )2/2(z-2_)
e * < (£-3)
with Re(T, /o, 1 )2/2 >0,
1" lo

From (E-1) we obtain

Zl"'L”
[ F‘bldz =0
o”h|

On anticipating that ¥;(z) =~ constant for 2, <2<z (as may be
verified self-consistently for vy, -1 and opb >>’o;)for a wide

range of k such that Re(rllcui )'1/2 <L we obtain, with

TR
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i i
Ly b+ Ty/(Fyfojjy WA, + T /(T /oy )l/2|z=z° =0

(E-4)
It 18 clear for order of magnitude estimates that we can evaluate
each of the ionospheric contributions at the barium level.
On assuming cpﬁ/opz << 1 (and consequently y; = -1), Eq. (E-L)

results in:

1
s o§° (1 + (kLL)Z(\)/wc)(\)b/wcb)]
O g 1+ (kle/wc)z

2 (UPi c”i51/2 { (1+ (kle/wc)2]1/2 + 1} 1/2
KLy b

J 1+ (kL-L\)/wc i

T kLJ_(vb/wcb) {[1 + (kL_Lv/wc)2]1/2 . 1} 1/2

ht

cpo
+ 4 5 kL
o

po

(Vg /g, = Vo)

i+ (kL,v/w_)?]

1 4./
V2 (Upoallo)l . 1

KLy, 020 [1+ (kLLv/wc)gjllz

((kl‘*\’b/‘”cb){[1 + (kL v/ 712 4 1} 1/2

AU+ (/e 712 - 1) 1/2)
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We note: Y/(cé'/BL.L) = v, (-1 + 21 —%—) . For short wavelengths

one has 2Tk/e€>> 1 and

1
R A e e
LS ch ol (o]
i\ /2
4 J2 o“? 1 i
kLHb "pi [1+ (kLJ_v/u)c)‘P

((kL*Vb/“’cb){[1 * (kLLV/“’c)a]l/z + 1}1/2
-. {[1 + (kL_L\)/wc)Zjl/Z _ 1}1/2) } .

i << >>
As k increases for either kav/"’c 1 or kLJ_\)/mc 1, e
decreases. Hence the maximum value of Y, for short wavelengths
occurs for k such that the solution is just localized. This is

estimated by Re(oui/f‘i )1/2 = L“ with v; =< and yields

= 2
k = /2TF+1 wci/LJ.vin

A
with 1| =./2 . Characteristically one has
L Vi/u) "
L ci
= -s = = =
Vel g = 1077 v /o, Ly /L, 20,M = 1, and vy /o =T v lw-




This results in

b
LA - I
eé b

po
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Fig. 1 —Zero order Pedersen conductivity, 0., vs altitude at nighttime solarmax and solarmin conditions.

These are basically the values given by Hanson [1961 ], correcting the error in his curve for solarmin below
the E region peak. The curves are consistently based on Hanson’s [1961] curves for the ambient electron

density and ion-neutral collision frequency vs altitude using B = 0.4 gauss and an ionic mass equal to the

neutral atmospheric mass as given by Johnson [1961]. To obtain the units of mhos/m mulitiply the values
given in this figure by 1011,
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Fig. 2 — Zero order parallel conductivity, ¢ o» V8 altitude, at nighttime solarmax and solarmin conditions.
To obtain the units of mhos/m multiply the values given in this figure by 1011,
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Fig. 3 — Ratio of ion-neutral collision frequency to ion cyclotron frequency, V;/wg;, vs altitude for solarmax and solarmin conditions.

The values of p; are taken from Hanson [1961] and w,; is computed using B = 0.4 gauss and an ionic mass equal to the neutral atmo-
spheric mass as given by Johnson [1961].
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equal to 27/k) normalized to h/1(190)! = 1, b) Iv;,(z)! as a function of altitude and wavelength, A, with ¥/;(190) = &/k, c) Iny(2)!
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Locations in phase with {/1(190) at y = O are given by y = -£(z)A/27 where £(z) is the polar angle. b) vy,:(z)
vs v1,:(z). Iy,(z)! is given by distance from origin. Locations in phase with {/1(190) are given by y = -£(z)
A/2m where £(z) is the polar angle. c¢) ny;(z) vs ny,(z). lnl(z)l is given by distance from origin. Loecations in
phase with Y1(190) are given by y = -£(z)A/2m, where £(z) is the polar angle.
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