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SECTION I
INTRODUCTION

The problems of testing the hypotheses on the structures of the
covariance matrix of the multivariate normal population have received
considerable attention in the literature since these problems have
applications in various disciplines. Wilks [1,2) is one of the earliest
workers in this area. In this report, we investigate approximations to
the distributions of the likeiihood ratio statistics for testing the
hypotheses of (1) multiple independence of several sets of variables,
{2) sphericity, (3) equality of the covariance matrix to a given matrix,
and (4) equality of the covariance matrices of independent sets of
variables. These approximations are based upon fitting suitable Pearson
type distributions by using the first four moments of the above statis-
tics. Using the above approximations, we construct percentage points of
these statistics. The accuracy of these approximations is sufficient

for practical purposes.

Exact distributions of the test statistics considered here are very
difficult to compute. One can, of course, use Box's asymptotic ex-
pression by taking a sufficient number of terms to compute the tables
and this may be preferable to exact expressions from a computational
point of view. However, this asymptotic expression is also difficult
to compute when we need to take several terms in the series and this is
the case when vhe sample size is not large. Since Pearson type approxi-
mations are quite simple from a computational point of view and since
their accuracy is sufficient for practical purposes, they are definitely

preferable to either exact expressions or Box's asymptotic series if we
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are interested in computing the percentage points of the statistics

considered in this paper.
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SECTION II
STATEMENT OF THE PROBLEMS AND PRELIMINARIES

Let X' = (Xi....,x&) be distributed as a multivariate normal with
mean vector |' and covariance matrix L. Also, let E(xi) = ui and

q
B{(§i - W) (53 - Ej)'} = zij' vhere X, is of order p, x 1 and 8 = iflpi.

In this paper, we consider approximations to the distributions of the

likelihood ratio statistics for testing the hypotheses Hl, Hz, 53, H4.
and 85 where '
Hy: zij =0 (1$3j=1,.0.,9
Hz : L= 02 Eo (02 is unknown, Zo is known)
ﬂa s L= Zo
H4 : 211 = ,,. = qu (under the assumption that "1 is true
and pl B Lo = pq)
L .= ,,.=1
11 qlvql
“5 : qu+1.q1+1 = ,,, = qu,q;
z . . = LN ] = z
qk-1+1'qk-1+1 q,9
* j *
* = = .
Here a3 0, qj -iflqi and q =4d

These distributions are approximated with Pearson type distributions.

A brief description of the family of Pearson type distributions is

given below.




If £(x), (c < x < d), is the probability density function be-
longing to the family of Pearson type distributions, then f(x) satisfies

the differential equation

i 2, df(x) _
(bo + blx + bzx ) ax (x + a)f(x). (1)

; Let m} = I: £ (x)dx and m o= [3 - mi)kf(x)dx. It is known that
| -m (m +3m2)/A
als A, 2
b, = -m_(4m.m, - 3:2)/5
o = Tmpyldmmy - Imy

2

b, = ‘I3(m4 + 3m2)/a (2)
2 3

b ‘(2'2“4 - 3n3 - 6m2)/h

A= l.Onzm

3 2
s 181\\2 = 12m3

The family of Pearson type distributions is completely specified by its
first four moments and the type of the distribution can be determined by
examining the quantity x where

2
) 81(32 + 3)
4(282 - 331 - 6)(482 - 381)

K (3)

(D G TN o 6 e

B

Pearson's Type I distributicn. Wwhen K is positive, it is classified as

1 " nglng and 82 = n4/-:. If X is negative, we classify it as the

; ' the Pearson's Type IV or Type VI accordingly as X is less than or greater
than unity, respectively. For a discussion of Pearson type distribu-
tions, see [3]). Tables for the percentage points of Pearson type dis-

t':ributions are given in Johns.:n, Nixon and Amos (4) for some values of

the parameters.
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SECTION III
MULTIPLE INDEPENDENCE OF SEVERAL
SETS OF VARIABLES

Let )f:', = ()_E]'_J roes ,5('”) ((j=1,...,N), be jth independent observation

on X' and let

11 e e » lq
Ry v - oo Azq
A=
A....RA
ql qq
i where
N
A, : I = =
Im ey gy = Bg) Ky = X!

N
and X, = % X xzj. Then, the likelihood ratio statistic for testing
=

j=1
H]. is known to be
mfa,,l
ju1 3

The moments of ths statistic V. are given by

1
*n q [P 1
nr [E(nﬁ-i) + h] n I I‘[-z"(m-l-j) ]
s = 2 b= il : (5)
P.
N d i
nr -2-(n+1-1)] n nr [-2-(n+l.-j) +h ]
iml =1 | 3=1
[ 5




s = e s e o s e e 8 c - = i it s BT 0 X TR © 5

where n = N-1 and '(n) is the complete gamma function. The statis-

tic V1 and its moments were derived by Wilks (2). According to the

* <
likelihood ratio test, vz accept or reject Hl accordingly as Vl >c,
*
where Vl = -2log vl and
Y ln) =
r{vl hCH Hl = (1 - a) (6)

The distribution of vl is quite skew. Hence, we approximate the distri-

1/b
1

properly chosen integer. The type of Pearson distribution that has to

bution of V with a suitable Pearson type distribution, where b is a

be fitted is determined by computing K given by Eq. (3) after replacing
L} L [ ] ] 1 L} ] [ ] L} 3 L}
ml, mz, m, and m4 with ubl' ubz, ub3 and ub4, respectively, where ubh

is the h-th moment of Vl/b. By the above method, it is found that the

1
Pearson's Type I curve fits the distribution of vi/b. The density of
the Pearson's Type I distribution is given by
f(x) = 1 a+é;fx-0°)a(0-x)e (7)
B(a+l, e+l){o-0 o)
06 <x<g0

(]

where oo, a, 0 and € depend upon ao, bg, b1

and bg. The parameters

ao, b°, b° anrd b° are respectively equivalent to a, b , b, and b
o 1 2 o 1 2
after replacing mi with ugi. In this report we consider the case where

p; = P.

Box [5]) derived asymptotic expressions for a class of likelihood
ratio test statistics in multivariate statistical analysis. This class

inciudes the statistics associated with testing the hypotheses H. , H_,

1° 72
H4, and Hs. The number of terms given by Box is not sufficient tc get




L

the desired degree of accuracy in several practical situations. So, the

authors gave terms up to O(n'ls) in the appendix applying the method of

Box.

Consul (6] and Mathai and Rathie [7] derived exact expressions for
the distribution of Vl, and these expressions are very diffucult to
compute. So, the authors stuaied approximations to these distributions
with suitable Pearson type distributions.

Table I gives a comparison of values obtained by the Pearson type
approximation and the asymptotic expression of order n-13. In Table I,
@ is the value of o if w2 use the Pearson type approximation whereas
a, is the value of 0 when we use the asymptotic expression of order

n—13, whcre o is given by

*®
PIV, <c fH] = (1-a). (8)

Davis and Field [8] computed the percentage points of -2p log V1
for some values of the parameters by using the Cornish-Fisher type in-

version (see Davis [9]) of Box's asymptotic series when

q q q
l-p = 2 s3- L pi + 9 82- X p: 6N 32- z p?
i=1 i=1 i=) 1

In Table II, the entries under the columns L-C-K are the values of c,
obtained by the authors with the Pearson type approximation whereas the
entries under the columns D-F are the corresponding values obtained by

Davis and Field [8].
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Tables I and II indicate that the accuracy of the Pearson type

approximation to the distribution of V. is sufficient for practical

1
purposes. Hence, using the Pearson type approximation, we computed the
values of <, for p=1, 2, 3; q=3, 4, 5; a = 0.01, 0.05, 0.10; and M =
1(1)20(2)30, where M = n - s - 3., These values are given in Table III.
When q = 2, it is found that the Pearson type approximation is quite
satisfactory, and the results aie reported in a companion paper [10]}

by the authors.



TABLE I
COMPARISON OF THE PEARSON TYPE APPROXIMATION

WITH THE ASYMPTOTIC EXPANSION OF ORDER n'3
FOR THE DISTRIBUTION OF V,

q=3 p=1 q=5 p=1

¢ % @, e % )

10 | 1.913 0.05 0.0499 | 4.978 0.05 0.0488
10 | 2.778 0.01 0.0100 } 6.333 0.01 0.0095
15 | 1.187 0,05 0.0500 | 2.947 0.05 0.0497
15 {1.723 0,01 0.0100 | 3.742 0.01 0.0099
20 §0.860 0.05 0.0500 | 2.099 0.05 0.0499
20 | 1.249 <C.0. 0.0100 | 2.663 0.01 0.0100
30 | 0.555 0.05 0.0500 }1.333 0.05 0.0500

30 |o.805 0.01 0.0100 |1.690 0.01 0.0l00




TABLE II
COMPARISON OF THE PEARSON TYPE APPROXIMATION WITH
INVERSION OF THE ASYMPTOTIC EXPRESSION FOR
THE PERCENTAGE POINTS OF V)

q=4 p=1 q=5 p=1

n a L-C-K D-F L-C-K D-F
10 0.05 3.238 3.238 4.978 4.977
10 0.01 4,330 4.331 6.333 6.333
15 0.05 1.967 1.967 2.949 2.948

15 0.01 2.628 2.628 3.742 3.742

20 0.05 1.414 1.414 2.099 2.099
20 0.01 1.888 1.888 2.663 2.663

24 0.05 1.154 1.154 1.706 1.707

24 0.01 1.541 1.542 2.165 2,164

10
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SECTION IV
LIKELIHOOD RATIO TEST STATISTIC FOR SPHERICITY

. . . 2
The likelihood ratio statistic for testing H2 t: L=g0 ZO, where

02 is unknown and Eo is known, is given by

=
e ]A z I
S
‘tr a Z;%]

where A was defin:d in Section III and tr B denotes the trace of B. The

(9)

h-th moment of v2 is given by

1 .
E(vh) = P_hi(ﬂiﬁ_!_ r [3(n+1-1)+h]

2 I‘(sh+-;3) i

(10)

il

-1y ]
1 F[z(nﬂ 1)_|

The statistic V_, and its moments were derived by Mauchly [11]. Using

2
1,b
2

the Pearson Type I distribution, where b is a suitably chosen integer.

the firet four monents, we approximated the distribution of V with

Expressions for the exact distribution of V_ were given by Consul [6],

2
Mathai and Rathie [12]}, and Nagarsenker and Pillai {13], but these

expressions are very difficult to compute. In Table IV the values under
the column LCK are the values obtained by the authors using the Pearson

type approximation whereas the corresponding exact values are taken from

Nagarsenker and Pillai [13). This table indicates that the accuracy of

the Pearson type approximation is sufficient for practical purposes.

The values of a in this table are given by the relation

P Vzi"zlﬂz] = (1-a

14
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TABLE IV
COMPARISON OF THE PEARSON TYPE APPROXIMATION WITH
EXACT EXPRESSION FOR THE DISTRIBUTION OF V2

s=4 s=5 s=7
n a L-C-K Exact L-C-K Exact L-C-K Exact

6 0.05 0.0169 0.0169 0.0013 0.0013 - -

6 0.01 0.0050 0.0050 0.00022 0.00022 - -
10 0.05 0.1297 0.1237 0.0492 0.0492 0.0029 0.0030
10 0.01 0.0726 0.0726 0.0242 0.0242 0.0010 0.0010
15 0.05 0.2812 0.2812 0.1608 0.1608 0.0368 0.0368
15 0.01 0.1967 0.1966 0.1052 0.1052 0.0207 0.0207
21 0.05 0.4173 0.4173 0.2877 0.2876 0.1111 0.1111
21 0.01 0.3264 0.3264 0.2156 0.2156 0.0761 0.0761
33 0.05 0.5833 0.5833 0.4663 0.4663 0.2665 0.2665
33 0.01 0.5013 0.5013 0.3910 0.3910 0.2125 0.2125
41 0.05 0.6507 0.6508 0.5453 0.5453 0.3515 0.3515
41 0.01 0.5769 0.5762 0.4741 0.4741 0.2939 0.2939
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SECTION V
LIKELIHOOD RATIO STATISTIC FOR TESTING THE
HYPOTHESIS THAT THE COVARIANCE MATRIX
IS EQUAL TO A SPECIFIED MATRIX

Consider the probler. of testing the hypothesis H. : I = Zo where

3
Zo is specified. The likelihood ratio statistic for testing H3 and tae
moments of this statistic were derived by Anderson [14}. The modified

likelihood ratio test statistic (obtained by changing N to n in the

likelihood ratio statistic) and its moments are as given below:

n/2
_ sn/2 -1 1 -1
vy = (e/n) IA Z etr (-3 A Zo ) (11)
E(V};) = (2e/n)5P/2 Izo|“h/2

e bt
mr [E(n+nh+1-i)]
S|z zo!'“(“h’/"' L (12)

s T

I I'[—(n+1-i) ]
. 2

i=1l

Using the first four moments, we approximated the distribution of V

1/b
3

the Pearson Type I distribution as in Section I1I, where b is a suitably

with

chosen integer. Korin [15] obtained an asymptotic expression of order

- *
n 15 for the distribution of V3 = -2 log V3.

o *
computed percentage points of V3 for some values of the parameters.

Using this expression, he

Nagarsenker and Pillai [16] obtained an expression for the dis-
L ]

tribution of V3, but this expression is complicated from a computational

point of view. Using this expression, they computed exact percentage
]

points of v3

In Table V we compare our values (given in the column

L-C-K) obtained by using the Pearson type approximation with exact

16




values of Nagarsenker and Pillai, and the values obtained by Korin [15].
Table V indicates that the accuracy of the Pearson type approximation is

sufficient for practical purposes.
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SECTION VI
LIXELIHOOD RATIO STATISTIC FOR TESTING
THE HOMOGENEITY OF COVARIANCE MATRICES

Let X' = (xi,...,x&) be as defined in Section II. Let xij
(j=l,...,Ni) be j-th independent observation on Xi. Also, let

pi =p(i=1,.. ,q) and

N.
1 a— —
Aii = I (xi. - xi)(xi. - xi)'.
jzl"'J ~ "“J ~
Wilks [l]) derived the likelihood ratio statistic for H, : L. . = ... = L

4 11 qq
when zij = O(i#j=1,..q) and derived its moments. Let n, = Ni-l, and

q
n= L ni. The modified likelihood ratio statistic V4 (obtained by inter-
i=1

changing Ni wi‘h ng in the likelihood ratio statistic) for H4 and the

moments of V4 are given below:

q n /2
_.J 99 pn/2
v = g=i | g (13)
4 n/2 q pn /2
] T n 9
A -1 g
g qql g9
//q phn /2
E(vg) = nphn/z!' nn 9
/ g=1
P q
« I T Ii(n +hn +1-i)/21/Tin +1-1)/2)
. - g qg 9
i1=1 g=1
. T {(n+1=3)/2)/" [ (n+hn+1-1) /2] (14)

19

st



Korin [17] computed percentage points by using Box's asymptotic ex-
pression up to terms of order n 13, Davis and Field [8] cowputed the
percentage points by using the Cornish-Fisher type inversion of Box's

asymptotic expression. 1In this paper, we approximated the distribution

of Vl/b

4 7 with a suitable Pearson type distribution where b is a suitably

chosen integer. The type of distribution that is fitted is the Pearson's
Type I distribution. In Table VI, we compared some of the percentage
points obtained by us with the corresponding values obtained by Davis
and Field [8) and Korin [17], where ni = no. The percentage points

c4 obtained by us using the Pearson type approximation are given under
the column L-C-K whereas the corresponding values obtained by Korin, and
Davis~Field are given under the columns Korin and D-F, respectively.

Table VI indicates that the Pearson type approximation is satisfactory

for practical purposes. In this table, a is defined by the equation
[ve <elm, ]
P|V,ScylH j=@0-a (15)

When no is large, Bishop [18] investigated the accuracy of approximating
the distribution of the %th power of the likelihood ratio criterion with

the Beta distribution for a few cases, where n = qno.

Using the Pearson type approximation, we computed the values of c4'
when no = (p+1)(1)20(5)30, p = 2(1)6, g = 2(1)10 and & = 0.01, 0.05,

0.10. These percentage points are given in Table VII.
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TABLE VII
PERCENTAGE POINTS OF THE DISTRIBUTION

OF -2 log V4

]
N

a = 0.10 P

n g=2 q=3 qg=4 q=5 q=6 g=7 qg=B8 g= q=10

3 9.75 15,380 21.29 26,52 31420 Joe58 +le03 ©be32 1,12
L} 8.56 16,07 19.08 23.87 28432 33,07 37.5% 41,97 bbe3b
s 7.97 13.22 17.99 22.55 2€.37 31,31 35.58 39,80 43,97
6 7.63 12,70 17,33 21475 26.0% 30,25 3ue 3y 38409 42453
7 7.39 12,386 16,89 21022 2Een2 29454 33.60 37.61 #1.57
8 7423 12,11 16457 20484 24438 29. 04 33,03 36498 “0.88
9 7.10 11,33 16,4 34 20455 24455 28406 32451 36451 40437

10 7.01 11.78 16416 20,33 2uely 28,36 32.28 3601w 39.97
1% 6.93 11467 16,01 20,15 24,18 28412 32.01 35,85 39,65
12 6.87 11438 15,88 20,01 24401 27433 31,79 35461 33.38
13 6.82 11.50 15.79 19,89 23487 27.77 31,62 35,41 39.16
1e 6.77 114463 15.7¢0 19,78 23,75 27463 3leb0 35424 38498
15 6e7b 11.37 15.63 19,69 23455 27.52 31.33 35.09 38,82
16 6e71 11,33 15457 13.62 23456 27442 31.21 .97 38408
17 6.68 11.28 15,51 19,59 23e48 27.32 31018 34,86 38456
18 6.65 11.25 15,46 19,49 23eel 27125 31.33 34el0 38.45
19 6463 11.21 15.42 19.46 23435 27418 30.95 JueE8 38,36
20 6.6% 11.18 15.38 19,40 23.30 27412 30.88 34400 38.28
25 653 11.07 15424 19.22 23+409 26488 30.61 34430 3795
30 bob8 11,00 15.14 19.10 22436 26473 30,45 duel2 37.76

]
w

a=0.10 P
n =2 =3 g=4 g=5 g=6 g=7 g=8 g=9 qg=10

o 10.87 30.76 b1.,78 5201 62,40 73,03 83.1b 93.1c 103,12
5 16.19 26487 36479 Wb, 36 55,73 6u4e 95 74,05 83,09 92,05
6 14.83 2487 3Jhe22 434206 524406 60.76 09,35 77,86 86.30
7 16,01 22,66 32464 41,33 45491 S8.18 b« +4 tTeebu 32,76
8 13,46 22.83 31.586 40,03 wde29 564 b 6l 8 72.45 80,37
9 13.06 22426 30,81 39.09 47.19 55.17 63400 70.88 784604
10 12.77 21.79 30,23 38.38 LY PRI Sw.21 b1.93 69,68 77,31
11 12,53 21 bl 29.77 37.82 45,70 53¢ 4b 51413 6Be 7k Toe2d
12 12.35 21.16 29.40 37.37 15417 52488 0d.40 67498 7545
13 12,19 20433 29,10 37.00 Gaolw 52436 5983 67433 Te,?7
16 12,07 20,73 28445 36.69 buedb 51.9¢ 59,42 bbebe Twel9
15 11.96 20457 28,63 36443 Lbo)b 51.59 39403 66439 73.70
1% 11,87 20043 28445 36021 +3.30 51.28 58407 6oe 01t 73,29
17 11.78 20430 28,29 36.01 43,37 51,02 58433 65,07 T2.92
18 11,74 20420 28415 35.83 43437 50.79 28.11 65438 72459
19 11,65 20.10 28.02 35.68 63.19 50,58 57448 6%.12 72432
20 11.60 20402 27.91 35.55 6302 50.39 57.08 6++90 72.07
25 11.39 19.70 27450 35.05 42443 L9,71 50491 bueolb 71.12
10 11,26 19,510 27.23 34472 42405 49,27 50442 63,43 Tlen2
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q=2

30.70
26416
2379
22433
21,33
20.60
20+00
19,62
19,27
18,98
18.7w
18.53
18.36
18.21
18.07
17.96
17.51
17.24

q=2

45.25
38,56
34,95
32469
31.12
29,97
29.08
28439
27.82
27,35
20,95
26eb2
26432
26,07
25.85
25403
2heb2

q=3

SQe 45
43,85
0o 36
38415
36465
35,56
34,72
34406
33.53
33.08
32,71
32440
32.12
31.89
31.68
31449
30.81
30,37

g=3

Twe90
65.12
59,77
56437
54400
52424
50488
49431
48493
48,21
#7.59
“7.07
46.61
4be21
5,135
Ly 59
43.78

TABLE VII (Continued)

a=0.10 p=4
g=4 g=5 q=6
68.96 86,91 104453
60elets 76.56 92.38
55491 71,02 85,37
53.00 67.55 31.76
51.11 65415 T8.dk
49,67 63,39 TEe3?7
48,58 62.04 75.28
47472 60.98 74402
47.00 60,12 73.00
kb2 59.40 T2el?
45494 58.80 71445
45,52 58.30 70,34
45,16 57,65 70.33
b, 85 5747 6S.87
whe58 57.13 69447
bhe33 56.83 69,12
43003 55472 67430
42,86 55.02 66437
®@=0.10 p=5
g=4 qg=5 qg=6
102,86 130,09 156,89
90421 114,66 138,70
83.27 106,16 128.70
78481 100.70 122.23
75.70 96,88 117472
7340 94,03 114437
71462 91,85 111.78
70.20 90.09 109,70
69,04 88.66 108,01
68.07 A7,48 106400
67.26 Che?7 105.v2
66.57 85.62 104440
65.96 84,87 103,50
6504 84422 102474
6497 83.65 1020015
63,28 81,56 96457
62.22 80,23 98,01

23

q=7

121,93
107.98
100,51
95, 81
92,55
90,17
88,36
86490
85,73
84476
83.95
83,25
82,65
82,13
81,66
81,25
79,75
78,79

q=7

183,39
162,50
150,99
143,54
138. 36
1340 47
131, 47
129,10
127,14
125.51
124e1k
122,94
121,95
121,06
120428
117,061
$15.60

q=6

139,15
123,40
115,03
109.73
105.00
103.37
101.30
99,68
98,36
97426
96432
95455
9% .86
W4 26
33,75
93.28
91,57
90.49

q=8

209.63
186415
173.12
164,09
158,82
154042
151.03
148,33
146,14
leb,. 31
142475
101442
140 .27
139,23
138430
135410
133.04

q=9

156425
138,81
129,45
123452
119,46
116445
114,15
112436
110,88
103.65
108.€1
107.73
106.98
106,32
105,73
105.22
103.33
102.11

q=9

235.79
209.58
195,06
185,70
179.16
174,28
170.52
167,49
165, 04
162,94
16124
159,75
158445
157.32
156432
1524 €7
150,139

q=10

173.26
154,09
1643.75
137.25
132.76
129,48
126493
12495
123.31
121.98
120485
119,87
119,03
118,30
117,67
117.10
115.00
113,67

q=10

261,72
232490
216494
206461
199,37
194,00
189,84
186453
183,78
181,54
179.62
177.97
178456
175.3¢0
174,20
170.19
167.6¢

b W e



TABLE VII (Continued)

o = 0.10 p=6
n g2 ¢g=3 g=4 q9=5 g=6 qg=7 g=6 gq=9 g=10

7 02,54 104,12 163,53 131,97 21%e37 257,40 294064 331.76 366,58
3 53042 90476 120420 160482 194w.34 228472 20228 295.59 328.81
9 hdou0 63429 1iosbe 148,84 180479 212,41 243,33 275,04 306,13
19 45418 76.%2 110,07 161,01 171.49 201.73 231,72 261,56 291.26
11 w2432 Tee3d9 105456 135,44 164091 194413 223.4% 251,93 2060469
12 1,23 72442 102,16 131,26 159.38 188,42 216465 244e70 272,69
13 39,94 70443 99,54 128,00 15€¢11 183,93 211,57 239,10 26%.48
14 38.91 68,83 9702 125,39 153.21 180.35 207.54% 234.56 261,40
15 36,06 67,51 95,67 123024 150046 177.39 204.15 230.78 257,33
16 37436 662 Glbe23 121,45 148431 17Le35 20:1.33 227.67 253,685
17 Jo.76  65.49 93.00 119,93 14€.51 172.8¢ 199.02 225,05 250.97
13 36026 64439 91493 118460 144035 171403 196,97 222474 2UBonb
19 35,82 64400 91,01 117.47 143.59 16949 195.47 220473 246,20
20 35,63 63.39 90621 116447 142.%0 166.11 193.61 219,00 24we29
25 Ju.0b 61422 87.30 112.86 138.11 163,13 187,98 21l.70 237.33
30 33.21 59,97 B5.49 110,63 132,35 160,06 484,51 200478 233,04

n q=2 q=3 q=4 qzs qsﬁ q-7 q=8 ng q:lo

Q

3 12,18 18.70 24455 30.09 3Eeefk 40,68 w5.81 5087 55486
& 10,70 16,55 22.00 27,07 31,137 36,75 41,45 4be 07 50¢bb
5 9.97 15463 20473 25.57 30.23 34479 39.25 43,67 4b.02
L} 9.53 15.02 19.97 24466 29,19 33.61 37,95 “2+22 46hot5
7 9424 14,62 19.46 24.05 28,49 32.83 37.03 41.20 45,40
L] 9404 14033 19.10 23,62 27439 32.26 36 bete 4057 LI )
9 8.38 1,11 18.83 23.30 27452 31.8% 35,98 ©0.05 4ue 00
10 Be76 13.9% 18.61 23.0% 27,143 31,51 3%.61 39.65 43.64
11 8.67 13.31 18004 22.85 27.10 31.25 35,32 39.33 43.29
12 8.59 13,70 13.30 22468 26.30 31.03 35.03 39,07 43,00
13 8.52 13.50 18,19 22:54 26475 30.05 Ju.87 38,64 42476
14 8,047 13.53 18.10 22442 26001 30,70 36,471 3B.cb 42456
15 B8ek2 13.46 18.01 22.33 26450 30,57 3ue57 38.50 “2.38
16 8,38 13440 17.9% 2224 26440 30,45 3ueb3 3536 42423
1? 8.35 13.35 17.87 22417 26431 30, 35 34432 38424 42.10
18 8.32 13.30 17.82 22010 2€.23 30.27 36023 38,13 41.99
] 19 8.28 13.26 17.77 22,04 26416 30.19 Jbele 38,04 wi.88
20 8.26 13.23 17.7¢2 21.98 26.10 30.12 T4, 07 37.95 k1,79
25 8.17 13.10 1755 21.79 25437 29. 86 33.78 37.63 4l.44
30 8,11 13.08 17 s 4b 21465 2%.72 29.69 33.59 3742 41.21

LA e oo
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TABLE VII (Cuntinued)

a = 0.05 p=3

n q-2 q=3 q=4 qgs q=6. q=7 q=8 q=9 q=10

4 22441 35,00 46458 57.68 68450 79,11 89.60 99,94 110.21
5 13419 30452 40,95 50,95 60459 70.26 79.09 89,03 98.27
5 17.57 28420 38.06 L7449 5607 65,69 The53 83.39 92,09
7 16,59 26484 36.29 45437 54,20 62489 Tiebe 79.90 84430
8 15.93 25490 35.10 43,93 52630 60,99 69,32 77.57 85473
9 15,46 25422 3he20 42,90 51.33 59.062 67478 75486 83,87
19

} 15.11 FLTRAY 33.59 42.11 50642 58,57 66.62 Tue58 82446
¢ 11 14,83 24e31 33.08 41.50 49,71 57.76 6371 73.57 81,36
$ 12 144,61 23,99 32.67 41,00 #9.13 57.11 bl .97 72.75 80445
¢ 13 10043 2372 32433  40.60 48455 56056 64436 72.09 73.72

16 16.28 23450 32.05 40426 48426 56411 63.86 71.53 79.11

15 14415 23.32 31.81 39,97 47432 55,73 63003 71,05 78460
§ 16 1404 23416 31.60 39,72 47403 55440 63,00 70404 78614
H 17 13.94 23.02 3t.43 39,50 47438 55411 62473 70.27 77.78
s 18 13486 22489 31.26 39,31 47416 S5k, 86 62443 69.97 TTe01

19 13.79 22478 31013 39,45 4€e36 Sue bl 62.21 659+€9 77.11
. 2 13.72 22.69 31.01 39.00 w6479 Gl bbte 61.98 694,45 Tosdl
b 25 13.48 22432 30.55 38.bb 4E.15 53,70 61,16 68454 75684
30 13.32 22410 30625 38,09 45,73 53,22 60462 67496 75.18

oa=0.05 p=4

n 9=2 g=3 qg=4 qg=5 q=6 q=7 q=8 qg=9 q=10

5 35,39 56.10 75436 93,97 112417 130,11 147681 165439 182,80
-] 30,06 48462 65490 82.60 984393 115,03 130,94 146,69 162.3%
7 27431 bhed9 60.89 76.56 91,38 106498 121,90 13be71 151,39
8 25.61 b2.24 5777 72,77 8746 10149 116423 130.43 1ww,50
9 2holS 40,57 55462 70.17 Buee2 98,46 112.32 126,08 139.74
10 23462 39, 3¢ Suelb 68426 82419 95.90 109.46 122.91 13€.,24
11 22,98 38401 52484 66481 80,48 93.95 107427 120646 133,57
12 22448 37.67 51490 65466 79.14 92¢41 105.5% 118455 131,45
13 22.08 37.08 51.13 64,73 708,04 91,15 104,12 116,98 129.74
16 21475 36459 5050 63495 T7.13 90612 10297 115,069 128.32
15 21447 36417 49,37 63430 76437 63,26 101433 114,59 127,14
16 21,24 35.32 49,51 62476 75.73 88.51 101e1% 113.67 12v0.10
17 21.03 35.52 49,12 62428 75.16 B7.87 100442 112487 12%.22
138 20.86 35.26 L8,78 61,66 Tu.68 87.3¢ 99,80 112,17 124446
19 20470 35.02 LBen7 61450 Tue25 86.82 99.25 111.56 123,79
20 20.56 Juel82 48,21 61417 73.47 86,38 98475 111402 123,18
25 20.06 Ju .06 47.23 59.98 T2eu? 84:78 96495 109,01 120,99
30 19,74 33.59 46,61 59.21 T1.58 83.74 95,73 107.71 119.57
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g=2

51.11
43.40
39.29
36.71
36493
33.62
32.62
31.83
31.19
30.66
30,22
29,83
29.51
29,22
28,97
28405
2748

q=2

69.62
59.24
53450
49,95
LYRLR
45,56
beoll
42,96
@2.03
bl.24
40.58
«0.02
39,53
39.11
37.58
36.63

q=3

81.99
T1.06
65.15
61.39
58478
5c485
55.37
Seeld
53423
S22k
S1.76
51.19
50+69
50426
49.88
48,48
wTe01

112459
97.92
83.72
84,92
80,69
77.90
75.74
The00
72.59
Tietd
7060
63,54
68,30
68.13
6579
6“. 3:

TABLE VII (Continued)

a=0.05 P=35
q=4 q=5 g=6
97,03 122,22 14€.935
89,45 113,03 136,18
Bhkeb2 107.17 129.30
81.25 103406 124.+8
78475 100.02 120,32
To.83 97.68 118,15
75,30 95.82 115.36
T~o05 9".29 11“.16
73.04 93.02 112456
72.16 91.96 111,41
71439 9103 110434
7074 90423 109,39
70.17 89,54 108,57
69,67 88.93 107.35
67.86 86,70 105.21
66.71 85,29 103.56

a = 0.05 P

q=4

153,28
136042
123,37
117,03
112.18
108.56
105472
103,46
101.61
100.07
98,76
97.63
96464
95.77
92.69
90.77

g=>5

192.75
169.9¢
157.11
a58,77
142.85
136440
134,96
132,19
129,90
128,01
126438
125.01
123.80
122,73
118,93
116.57

=6
q=6

231420
204436
185,33
179,37
173,10
167.79
163.72
16044k
157.76
156.32
153,90
151.36
150455
149,29
1hke?8
161437
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q=7

193. 71
174, 34
159,04
151,17
145, 54
141456
138,38
135. 86
133,80
132,07
130. 61
129. 38
128429
127, 36
126.52
123,51
121.50

g=7

269.98
239,37
222414
210485
202.85
196. 8%
192,15
188,39
185.31
162.73
180.51
178.63
176499
175.53
170,35
167,43

q=8

220466
195,43
181,65
172.40
166450
161,93
158,34
19%¢5
153.21
151.23
149450
148.25
147,03
145497
165,02
141462
139,47

q=8

308,03
273452
254413
2wlebd
232446
2254865
220.37
216403
212463
209.70
207423
205409
203421
201400
195.69
192404

q=9

267437
219.47
20641
194,27
187,37
182424
176,23
175410
172449
170436
1006453
166.99
165465
16bLe 45
163438
159,60
157,22

q=9

Ju5,.81
307.601
286400
271,84
261,80
254425
248439
263,07
239,72
236,48
233,73
231.36
229426
227445
220.92
210482

g=10

273,88
203,30
226448
215.64
208.02
202,37
198,03
19«.51
131,08
189,30
167.32
185,61
184410
182,01
181.€5
177 .49
174,07

g=10

334405
Jalebh
317,69
302.17
291,03
282476
276420
27106
266475
263415
260407
257,48
55419
253.189
246400
2ie1e%9
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’ TABLE VII (Continued)

a = 0.01 p=2

o

n q=2 q=3 q=4 q=5 q=6 q=7 q=8 q=9 q=10

3 17.67 2499 31449 37460 4305 49,14 54470 60,16 65,52
o 1553 22425 28.20 33.80 39.15 Gk 36 49,44 Shebl 59.35
5 14e4d 20,38 26456 31.90 37,01 41,97 40,82 51.57 56,26
6 13.84 20,37 25458 30,76 35,72 40454 45024 43.86 Suebl
7 13,42 19.52 24493 30.00 Juasb 33.59 w20 4871 51.16
S 13612 19,13 24.bb 29,46 34,25 38.90 4300w 474,89 52.28
3 12,30 13, 84 2hel1 29,05 33.30 38.39 42.33 47,28 5101
10 12.72 {3.01 23.30 28074 33040 37.49 b2sl0 46.80 51.10
14 12,58 18,43 2362 28449 33,15 37.68 42,09 Lbo 42 50.69
12 12447 18,29 23044 28,28 32.32 374414 41,80 46011 50435
12.37 13,16 23.30 28.11 32.72 37.20 bil57 45485 50,07
12,30 18.06 23.17 27.97 32456 37,01 41436 45.63 49,83
15 12,23 17.97 23,07 27 .84 J2eu2 36.85 41.13 45, b 43,62
16 12.17 17,89 22,97 27.73 32.29 36.72 b1.06 4be28 49,45
17 12.12 17.83 22.89 27.64 32418 36460 #0431 £5.13 43,29
18 12407 17,77 22482 27,56 32499 36, 49 40.79 45,01 49,16
19 12,193 17.71 22,75 27 .48 32.01 36440 “0.69 bie89 49,03
20 11.99 17.67 22.69 27042 31433 36432 4+0.60 bho79 48,93
25 11.86 17,49 22.48 27416 31,35 36.00 40.25 bhob2 48,52
30 11,77 17.37 22430 27.00 31607 35,80 40,02 bhel? 48,25

B AT R S AR R A N
[
& w

o =0.01 p=3

n g=2 =3

w
[N
Fy

g=3 g=6 g=7 gq=8 g=9 q=10

30,17 4o 00 56058 68,55 80.16 91,49 102.060 113.57 124,418
25,75 38,23 49.56 60,36 70.30 81,01 91.03 100.91 110.68
23,53 35.30 46,00 56417 66,02 75.65 85.40 Yhou2 103.61
22.20 33453 43,83 63,62 63.1% 72,38 d1e07 90,45 99,30
21,31 32,34 4237 51.94 61.14 70,17 79.03 87.76 96.38
20.67 31.48 41,32 50467 59.73 6%.58 77.25 85,82 94.27
20,19 30,84 w0e52 49.73 58,65 67,37 75.91 84430 92.69
11 19.82 30433 39.90 49,01 57318 66042 Thebb 83.20 91,43
12 19,52 29.93 39.40 48,02 57e14 62466 703 82.28 9002
13 19,28 29,50 33.30 47.93 5€.28 63403 73.33 81,51 44,99
1w 19,07 23.32 36465 47,53 56413 64e51 72.75 20e07 88,30
13 18.90 24400 38,36 w7.48 55473 6,07 72.27 B0e 3w 88431
16 18.75 28038 38,11 4de89 5439 63499 71.43 79.0c 87479
17 18.62 28071 37.89 46.63 55,10 63,36 Ti.07 79447 87.36
18 18.51 28.5% 37.70 bbob) Ske b 63.07 Tieln 79,12 06,97
19 18eul 28,2 37450 46421 S4eb1l 62480 70,87 78480 L1- T
20 18,32 28,30 37.39 4604 Skeel 62.58 70.60 78,52 8ne 33
5 17.93 27.85 36.083 45.38 53,55 617 0953 TT.048 35420
30 1779 27.56 36,47 4496 53.16 61,18 69.05 Tbe81 B8h.u8
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=
n, q=2
5 k5,48
- 38,01
7 34480
3 32458
9 31,08
10 30,00
11 29.18
12 284506
13 28.03
16 27.60
15 27 424
1o 26.9%
17 26.68
18 26446
19 26426
20 26,08
25 25,44
30 25,03
n gq=2
o]
6 63.59
14 53.60
8 48,35
9 45.09
10 02,86
11 01,23
12 39,99
13 39,00
14 Jg.21
15 37.55
16 37.00
17 36452
18 36412
19 35.77
20 35,46
25 340,33
30 33462

TABLE VII (Continued)

o =0.01 p=4
qg=3 qg=4 g=5 q=6
67,98 88.52 108.33 127.50
58,52 77,05 94,81 11c.11
53.66 71.05 87.72 103,35
50,06 67.33 83,30 98436
48.61 Ghe78 80.27 95,36
47,12 62.92 78.07 92,92
45,99 61.50 76,38 90.97
45410 60439 75.06 89,33
hie38 59,48 73,98 668,09
43,79 58,74 73.09 87.435
43429 58.12 72430 86.19
42486 57.59 T1.71 8,45
42450 57.13 71.17 84082
42.18 56,72 70,68 84426
41,90 56438 70,26 83.79
41.65 56,06 69.489 83,36
40,74 54e92 68.52 81.77
“0.17 54,19 67.64 80.75

a = 0.01 p=5
q=3 gq=4 g=5 q=6
96463 127,33 156.,9¢ 185,34
83,26 110,79 137.35 16).28
76,11 101,91 126.76 153.07
T1.61 96,28 120,07 143,30
68,51 92,37 115,39 137,88
66022 89.50 111,93 133,85
6how? 87.29 109,29 130.76
63,08 85.53 107,18 128.32
61.3% 86s10 105.86 126,31
61.01 82.90 104,02 124466
60,23 81.30 102,82 12,26
59455 81,04 101,78 £22,06
58037 80.30 100.88 120,39
568,46 79.65 100.10 120.008
58,01 79.09 99,41 119.29
56.38 77.00 96.91 116,36
55. 37 75.70 95,36 116,32

28

q=7

146451
129,07
119,86
1164412
110,17
107.28
105.07
1030 3%
101,92
100.75
99,78
98,94
98.23
97,59
97,04
96.55
Y4e75
93,60

q=7

214426
188.83
174,97
166,13
159,97
1554 b
151,90
149,13
166,86
1664.93
163.34
14198
160,77
139, 7¢
138.082
135, 69
133,40

q=8

165413
145.79
135.53
129.14
126074
121.5¢
119.07
117.13
115.56
114.26
113,16
112,24
111442
110.71
110.11
109.56
107,55
106.26

q=8

242,31
216,03
198,58
188,68
161,82
176.71
172.78
169.68
167 .08
166497
163,17
161 .37
160.31
159416
158,11
154,308
152,02

q=9

183456
162,32
151.00
163.99
139,17
135.60
132.89
130.77
129,03
127460
126.40
125.35
126046
123,70
123,02
122,42
120,19
118.78

q=9

270,07
238,93
221,92
211,02
203443
197.81
193,43
190,01
187.15
184,83
182,85
161.15
17965
178435
177.22
173,09
170448

q=10

201.82
178,70
166442
1568.73
153,43
169.57
146462
144,28
142,39
140,61
139,49
138,36
137,61
136,56
135,81
135.13
132,73
131,15

q=10

297,64
263. 64
265,07
233.21
218,68
213.96
21018
207,06
204,08
202,30
200445
198,86
197,02
196.18
191,64
180,82
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10
11
12
13
14
15
15
17
13
13
20
25
30

q=2

8451
Ti.34
obe27
59.31
Soe71
Shebd
52468
51,29

S50.16

49,22
w8.vl
4774
w715
46eb3
biueb0
43,67

q=3

130,23
112.'05
102.74
964351
92415
B3.92
B8oenl
Bivenl
82.77
8iel
8026
79.27
78,40
77.a5
Tuwed7
73.30

TABLE VII (Continued)

a = 0.01

q=4

173,00
150,89
138,714
130.87
125,34
121.24
118,04
115,48
113,38
111.65
110416
103,31
107.80
106,83
103.36
101,21

q=5

21k .01
188,07
173,53
166010
157 .47
152,51
148,67
165,56
163,04
160,92
139,13
137.60
136.26
135.09
130,88
128426

pP=6
g=6

254435
224450
207.62
196.39
188.32
1583.14
176464
175,06
172411
169451
167.53
165,73
16uel?
1624430
157.87
154.80

29

=7

294, 86
260, «3
261423
228.79
219.93
213. 36
208, 24
20k, 06
290,75
197,92
195,49
193, 46
191,66
190,07
1866 bu
180.93

q=8

336,436
295,38
2704l
260453
250454
243413
23?.‘0‘0
232485
229409
225490
223,20
220.87
218.95
217,07
21Ce76
206.73

q=9

37345
331.06
3074306
291,97
280.98
272.79
26b. 46
261433
257.12
253459
250,62
248.03
245480
263,87
236.82
232445

g=10

412,35
365.98
340.08
323,20
311.19
302424
295.22
283.58
284,98
201,09
277,886
275404
272.61
2T 0,467
26271
257.88



SECTION VII
LIKELIHOOD RATIO TEST STATISTIC FOR MULTIPLE
HOMOGENEITY OF THE COVARIANCE MATRICES

In this section; we discuss Pearson type approximations to the dis-
tribution of the likelihood ratio statistic for testing the hypothesis H5
when P, = p(i=1,...,9) and where Hs was defined in Section II. This
hypothesis is of interest ian studying certain linear structures on the
covariance matrices (see Krishnaiah and Lee (19]). The likelihood ratio

statistic for testing Hs is

o ni/2
121 Ay/my
v_ = <
; j i /.
../n
j=1 L. o
1=qj_l+1

where ni and Aii were defined in the preceding section, and

30
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The h-th moment of V_ is given by

5
k , hn'p/2 *
p
1) ¢ p k [ % 1
o I'(=(n +hn +1-i)}
h a=1 2 g g9
E(V)) = T 7 g 1
2 a  hngp/2 * F{>(n +1-i)]
I (na) i=l o=l g=q~_l+l 2 g
g=1 )
Lo
I'[=(n +1-i)]
2
1 * * (17)
=(n_+hn_+1-i
F[Z(na hna 1-1)]
. . . . . : 1/b . .
As in the preceding section, the distribution of V5 is approximated
with the Pearson's Type I distribution where b is a properly chosen
integer. In Tables VIII and IX, we have ni = no and g = kd.
In Table VIII, al is the value of o obtained if we use Pearson
type approximation whereas az is the value of a obtained by using Box's
asymptotic series up to order n-13, where
(18)

*
p[v5 f_cslﬂs] = (1-a)

*
and V5 = -2 log VS.

Table VIII indicates that the accuracy of the

Pearson type approximation

is sufficient for practical purposes. Using the above approximation, .e

computed tables for the values of c_ where a = 0.05, 0.01, k = 2, 3,

5

M =1(1)20(5)30, M = no -p,p=1,2,3,4. These values are given in

Table IX.
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APPENNIX

Let W (0 < W < 1) be a random variable whose moments are given by

U USAGUAR S

a b

where C is chosen such that E(WO) = 1 and Z Xi = 3 Yj' Box (1949) gave an
i=1 j=1
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