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SVWe have calculated the short-term beam spread and beam wander of a
laser beam propagating in a turbulent medium-. These results hav.e been used
to calculate the probability that. due to beam wander. the beam will fail to hit
"a receiver aperture.
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Shor-Term Spot Size and Becan Wander
in a Turbuent Medium

I. iIIRODUCTION

One diiiculty in using laser systems for communication through the earth's

atmosphere is that there is a possibility that the b-am may warder from position

to position. and may therefore completely miss !he receiver in some instances.

Since the spot, dances from position to pos;tion in times of order I rmillisecond.

this would not be = proberem for systems using pulses much longer than I milli-

second. but would be an important consideration for systems using puises short

compared with a millisecond. In this report we shanl therefo.-e study the nature

of the beam wander and derive results; appropriate for application to laser comn-H rmiications sys'temas.

2. DERIVATION OF BFA.IN-WANUDE FORMULA

It is well understood from purely physical considerations that eddies which

are large co.-ared with the diameter of a laser beam tend to deflect the beam.

while those smaller than the beam tend to broaden the be2m but do not deflecd it
sigmficanti-y. Let us consider t.he mature of the received spot on an aperture in a

turbulent medium. If we look over very s.ort times we see- a broadez spot: as

we look for loger ties we see that the spot dances from position to position.

Therefore if we average the received intensity over very log times, the total

broadened spot would consist or two components: actual short-term beam

MReceived for piblication 25 Nover-ber 1974)
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broadening due to scatter by the small eddies. and beam wander due to the effect

of the large eddies. The temporal history of the received spot would be as indi-

cated below* in Figure 1.

SPOT TR PTSZ
LOCATION AT t= /TR PTSZ

/ ~LOCATION AT 4M1

LOCATION AT =A?----STZ

iii"~LOATO AT•AIO 3W2t - •

Figure 1. Time History of the Wander of a Laser Beam
in a Turbulent Medium

In the above figure. At = Div where D) is the beamn diameter atd4 v is the trans-
versa. component of, the wind. The long-term spot is what is obtained b averag-

ing over times T >> At.

The Zong- a- short-term beam it-radiance can be obtained from the modified

linyge.s-Fresnel principle. T-ahe short-terc irradiance 1 s is

1 'd- 0%ko
<I) 'P>s- d ZLJ MST (pi. L) ex 1-Ti? -L

*7T e abo - argument holds for icj'S C:' LI I, < I . w=here k. is the signal wave-
number. Ci 2 is the izitex of refraction structure connstant, and L is the path length-.
For kj3 c- LIL we expect that the beam will be broken up into multiple
patches with negligible wander of the beam centroid.

I. Kom. A. (1970) Focusing of light in a turbulent medium. R1diovpbsics and
Quartum Electrnaics 13:43-50.

?_ Fried. D. L. (1-9650 Optical resolution through a randomly imbozrogeneous
medium for very long and very short exp-sure. J.O'-LSoc.Ar. S:1372-
13749.

3. Yura. If. (1973" Short-term average optical beam spread In a turbulent
medium. J.0pt-Soc-Am. S3:5-a-572.
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-where e. is the aperture field oZ the transmitter. L is the path length in turbu-

-lence. k. i the ,tvenumber. and MsT is the short-term rodulation transfer

functirn given by.1 (assuming D o where is the inner scale of the tur&.alerxce)

.- ~~~ 2] 5 0.33 L

i.p. L) ep.L) = _O (2)

where iY is a number of order unity and C is the index of refraction structuren
constant- In Eq. (2) the iztegral en 4 from 7 (pID) to -i indicates that the effect

on the MTF of eddies larger than D is excluded. For opID) <_ 1. Eq. (2) can

be approximated by (assuming also that D < where is the outer scale size

of the turbulence)

%I - exp i -[0s.6i~ 0.0 0-as X (a

_T,' -VI-,-,
S(PO/- 1/n 1•p13_

For 7 'pID) >> 1. v.e can approximate MST by

D

MS ,1.43 D- .- 1 (3b)

where

L
Po = 1.s6 • 5?- dz"(:')/ C2(Z] - (4)

0

For fDR)of order 1. we have n been able to c.erive any approximate results for

MsT" and the full expression of Eq. (2) must be used.

The long-term a-'eraged irradiance < VILT is given by Eq. (1) with M-., re-

placed by the long-term modulation trazsfer funcni= is given by

Eq. (2) with Y = 0. and is

= ~exp [(iý)3] (5)

4. Cliffror~d. S. . Okts. G.. and L-awrence. H. (1-074) Satzration of optic;al scin-
till-ation L- s'.-g tarbulet-.. O Soc.A= 64:148-154.
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In general. the e=p.ression-s for the long- UAd sh.ort-term irradiance must be

evaluated n-mericaly, as we have done in Secti-on 3. However. there are limiting

cases where approximate analytical results can be obtained.
i" =• (a) y, I/D >> 1. In this case MST =r M.LT =r 1. and we get

i2 Ir J3

<> --. <I>L 2- v dvJi~
LT 0

- VACUTht"I

where we have assumed an aperture distribution

r

e.= e3M (7)

and har.e defined

%Dp p2 1ýD4

SL 6L2

Therefore if the coherence length p is much greater than the aper Z diameter.

the long- and short-term averaged irraZiances at the receiver are the same as

would be present at the receiver if the turb-alen! med•-:w were replaced by vacuum-

(b) %.VD << 1. In this case the short- and long-term averaged irradiances

can be appror:=m.i&e- lty.

-- '- -0. CYy) (+ 1 8
=4 0

Sri i2 2'

!!LT -- (p+

Equations (8) and (9) are readil- e(ltuated numerically. However. it is possibU

to estimate the radits of the beam by approximating

- " - 1 131 ° 1Igill V-01 -0.62 (7y



by ep (2y 2yo). whenr o ;atisfies

•) 0.6i (7o.... = . (10)
If we use this approximation we hare

"-" I )<1 (- :1I~iST = 2 exp - , (1.1)Ui •1.+192,Y;2 4( l+i3+Yg2

From Eq. (10) 1e see that the mean square beam radius is

SiT i=

n4 L2 D-. 4L (12)

* k 2 D 4 k 2 Dv 2 D ")
0 0 -O

-i -

If we solve Eq.(101 for YO. we find (for -y./D« P

V-o •- [I- 0.6( 7 4 . (13)

so that

2 22 [1 17 17 (wall
0,ST k 2D 2 k 2 0p 4L - .6~.~) (14)

S_0 0 0

Equation (14) gives the mean square short-term beam radius. The Iong-term

mean square beam radius is readily obtained from Eq. (14) by setting 7 = 0

We get

2 41-7 D( 40
17Z= 2D 2 kp

* From Eqs. (14) and (15) it is now -- ssi-hM tZ callUte 1he mean scuare be-am

wander r.... ih e mean square beam wander is rel~ted to aLT and STa

t I



+2 ~ (16)
GLT= r V.

If we Lse Eqs.%14) and (151 in (16). we get

2 4L2 (•-=--•~ ~ = [1-o - 0.67(!. 1171

Since we have been assuming that (YPP ID << 1.* we can approximate Eq- (17i)
further by

M 3 L
3.24 , L - 4.720 LC(

,•- - 70C ( " z 1

Swo0,r E = 1 <02>. where <O 2 > is the _lean sqmre angle of wander of the bearm.

"We therefore have for VOI <<!"

D= 1 PC()z - 019)

We have rwt ve. specified 7 but estimates obtaired by co:parison with dat

appear to in-.ca1e.0. since this

gives a reasonable fit with the data of Dowling and Livingstom.5 and -ith the theo-
retical results of Fried. 2

3. NUMEMJAL REMSLT

Eqmations (14) and (15) give the short- ard long-term bea. spread for

,70D" << I. Howe.er. we will also often be interested in the case when

1- . In this =ase the lon,- and short-term irradiances must be evaluated

nu erically.. If we assame •.-, xperture field is given by Eq. (7). then we must

evaluate

29 _• _J <I) )>ST 2PP2 - fs{) (0

0

5. Dowlig. J. and Livingston. P. (1973) Behavior of focussed beams in atimo-
"spheric turbulene: Measurezments and comments on the theory.
Soc.Am. 63:846-858.
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- :•{ <!lI>LT = 22 f d~o• 1_ -21+2 1-12K2i

_r 0
- --

where

f. 7) = - *-0.9 [1 -JoJ][ (22)

0

-equations (20) and (21) have been evaluated numerically to determine the long-

term and short-term beanr-idth as a fu-ctton of ypo/D- for various values of

i3 2 when 7 = I. These results are shown in Figure 2. From this figure we can
readil" deter.,-ine the mean square beam wander since

•mm2

W LT

2

4 L
0 LT

__

an aST/'LT is given in Figure 2.

S02-D 2

04L
t0 20 30 40

Figure 2. Ratio of the Short-Term to Long-Term Spot Size
of a Laser Beam in a Turbulent .edium
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Since the beam wander is a gaussian random variable. we can naw calculate

the probability that the beam will miss a voirA aperture. We have for the prob-

ability of the beam wander

( 2
S(PLW) =exp -- P22,

P~p,) 21r 1  2 22n

The probability thNt the beam will miss (by miss we mean that the ampliude at

the receiver will be reduced by more than e-l a point aperture ir equal to the

probability that tht beam wander exceeds the short-term beam spread. That is

--- m • ss = 2zS PlP~V PW dpw--- MISS 2 (V ~ jV

CST

=exp 2~jAf .T (25'

Upon using Eq. M)3 in (25) we have

( 2

P3U = ex•P(. _ (o.ST (26)

This result ia plotted in Figure 3. For th-- case of a receiving aperture of

radius A . we replace CST -br A," - Or.s in Eq-. 25). In the next section we

will do an example to illust.-ate the u- of Figures 2 and 3 for a,-,,spheric

propagation.

-L A?*'CATION TO THE F-ARTIFS AMhOSPHERE

An important aplication of our results is to a la~ser communications link

between the earth and an orbiting satellite. Let us suppose the satellite is at an

altitude h. and at an angle 0 relative to the normal to the earth at the transmitter.

"as shown in F;Zure 4. For this case we may write
SI1

r12
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1 ~Point Receiv'ing -Aperture. as a Ft.-ction of the Ratio of
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S~~Figure 4. Model of Earth-to-Satellite Las,-r Beam. Transrmizsion

dz = (h + a) dh {7

N/h 2ah•+ a2 cajse

where P- is the radius of the earth. If -we assume hs << a and

13
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a < cos- -Ii , (28)

we czn apprmximate Eq. (27) by

dz = sec 6 dh. (29)

and we may therefore evaluate po0 for the earth-to-sat-•1ite path as

-5? 1.46 2 sec 1 2 S3 30
-- 0 d~h Cgo()-(30)

s 0

S2

A commwon:F used distnrbution lor Cr is (31)

2 -
Sc:, = C; h/ .

so that for h. > he

po5 1.46 k 2 secO C2h -Vo o --. (32)

2 -13where r is the gamma function. If we ttke C = 10-13 = 1/3 and b = 1000
meters. we get

pO= h[ .C3 X 1 9  sec e meters. (33)

For G = 30 and ko = 0.9-* X 10" m- 1 (0.633 pm light), -_e ha7e

Po = 2.63 X 10-4 hs ieters. (341

Now supp*se he transmitter diameter D Is 1 a a-:d the satellite is at an

altitcde hs of 200 kr.;. Then po,/ = 52.5 and 2 =10-3. Consequently. from

Figure 2 we hav-e FPSTLT I and from Figure 3 we see fl-at the probabrilit-

that the beam (o-ver- times of order D17) will miss a point receiver on the s=tel-

lite is P 0. - 0. Of course as G - 9O% P90. will no longer be nearly equal

to zero.
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