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i Preface

This thesls on low thrust orbital transfer was suggested by an

G e 2t it S CONIEER S

article which appeared in 2 1371 issue of The Journal of the Astronau-

tical Sciences by J.L. Starr and R.D. Sugar. While their analysis was

s e

limited to transfer between coplanar orbits, It was my desire to extend

this problem to the more general case of transfer betwecen orbits of dif-

fering inclination.

R R S T

The application of modern control theory to such a non-linear system

ultimately necessitated corputer utilization, As s often the case,

this computational phase of engineering was not only time-consuming, but

¢ frustrating as well,

. In my case, the latter difficulty was eventually surmounted through

f the encouragement and understanding of my wife, Glenda. The knowledge J
and advice of my advisor, Professor Gerald M. Anderson of the Alr Force

K Institute of Technoiogy, was also invaluable towards the successful com-

; ' pletion of this work.

Eugene A. Smlth
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Lathaerne oy

Minimum fuel continuous low thrust orbit transfer is an optimal
control problem which requires the application of iterative numerical
methods to solve the resulting two polint boundary value problem. A

combination gradient-neighboring extremal alacrithn gives accurate re-

~sults when both the initial and terninal orbits are coplanar. These

results are then used to extend the probles to include out-of-plane
transfers between orbits of widely varyina inclination. Control hise
tories, in terms of thru.t directicon, are plotted as a function of
time for both coplanar and non-coplanar transfers. Steering prcarams
for coplanar transfers are characterized by a rapid thrust reversal
which is dependent on cceentricity for the tima of [ts occurrence.

In the latter case, out-of-plane thrusting is primarily a function of
the inclination change between orbits. On the basis of these results,
the particular numerical approach used provides an effective method

for generating optimal low thrust orbital transfer guidance,
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MINIMUM FUEL CONTINUOUS LOW THRUST ORBITAL TRANSFER
I Introduction

Wihilec our present chemical propulsion systems have led to tremen-
dous accompllshchts in the fleld of space exploration, it seems ap-
parent that the day of large, bulky, impulslve-thrust rockets will
soon be ending., The ever increasint costs of these systens coupled
with the depletion of our energy resources will soon make the develop=
ment of a low thrust propulsion system, such as an ifon or nuclear en-
gine, imperative.

The purpose of this thesis is to examine the minimum fuel orbit
transfer problem in the context of a continuous low thrust propulsion
system. Since the propulsion systen is assumed to glve constant
magnitude low thrust, a minimum fuel transfer becomes synonymous wlth
a minimum time transfer. While this particular problem has been
analyzed extensively in terms of coolanar orbital transfer (Ref 5:169-
204), the overall purpose of obtaining numerical solutions here is
two-fold: investigate the possibility of using a combined gradient
a- ' neighboring extremal algorithw for coplanar transfer, and apply
th  oplanar results as a reference Input in extending the prohlem
to non-coplanar transfer. | |

The problem is to determine the optimal thrust direction to
transfer a vehicle from some .point on an iniftial orbit, to some de-
sired terminal orbit in minimum time, using a constant magnitude low
thrust propulsion system,

In Chapter 1l both the initlal and terminal orbits are assumed

to be coplanar and coapsidal, while the problem s extended to 4 non-

v
|u
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coplanar terminal orbit in Chapter 111, In cach case, the equations
of motion are developed from the restricted two-body problem with addi-
tional terms to account for vehicle thrust. For this analysis a 5000
pound vehicle with a thrust-to-welght ratio of 0.0125 is assumed.

in this paper the problem is approached with optimal contro)
theory. The thrust direction becomes the control variable and, through
the equations of motion, a Two Point Soundary Value Problem (TPBVP) is
formulated. Numerical solutions are then obtalned to the resulting
TPBYP using a combination gradient-neighboring extrewal algorithm for
the case of coplanar orbits. Solutions for the non-coplanar orbits
are obtalned by a neighboring extremal algorithm using the coplanar
results as an initfal reference.

The results are presented graphically in Chapter IV in terms of
the optimal transfer trajectory and optimal control history. The con-

clusions are dlscussed in Chapter V.
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11, Coplanar Transfer

ngmulation of the Coplanar TPBVP

Usiing the notation as shown in Fig. 1, the state equatlion as

developed in Appendix A are:

! reVr . (1)
]

W

;. Vo

6 = (2)
|

! U 2

g Ypw VO o0 T slny (3)
{ r 2 om. - mt

| o

¢
'l . -

h Ve = V:Ve e 1 cos u (4)
£ Mg ~ m¢ 4
%z

'f. L]

; where m is a constant mass flow rate and u Is the thrust direction as
3 3
f measured clockwise from the local horizontal.

£

|

§

i

s

' Initial Orbit

v Por %o ho

{

¢

¢

!;'

: 6 = 0%

Terminal Orbit
nf; ef, hf

Filg. 1. Coplanar Coordinate System
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Specifying the semi-latus rectum and cccentricity of the initlal
and final orbits as Por €oe Pps and er, respectively, and the true
anomaly of departure from the Initia) orhit as 040 the initial condi-

tions are given by

P
re ™ 2 (5)
1 4+ e, €Os 00
e h. sino
Vro - 00 . _9 (6)
Po .
h
Vog = = (7
Yo
where h, Is the specific angular momentum of the initlal orbit.
The terminal constraints are then determined as
p
Wl w rf = - F u 0 (8)
] % e cos Of
e.h, sin @
by = Vrp - L (9)
Pg
h
by = Vop = a0 (10)
re

where hf is the speclific angular momentum of the terminal orbit and
O¢, the true anomaly at arrival to the terminal orblt, is unconstralned.
Using the Mayer formulation of the cost Function in terms of a

minimum time trajectory
J oot ()

which yields the following for the Hamiltontan

\
. SR TOPEr T AT TP WY b - y
R P P R P e e o i WAy e G e M
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S
ﬁ : 2
i ‘ He X Vr o+, %ﬁ + Ay ('!E.‘- HE'+ Ihélﬂvﬂﬂ..}
I T r m, = mt
1 £, VYO L T cos u- (12)
! ! k\ r m_ - mt
; - )

The costate equations thus become

3 ¢ . Ve Vo2 2y VrVo
Ao S N By, LMD (13)
j i 15 22700 -3 ‘> 3 P
¥ Y
S .
E' ? Ap = 0 (14)
L
: % Ay = = Ay + ;;l Ay {15)
N ,
3 d . V
% y Ay = = dg - gyg'la + %ﬂ Ay (16)
Fo
‘ ;
§ 5 with the following transversality conditlons
! ‘: Al(tf) o \)1 + V3 2 ) (17)
P Fe
: i
; peee sin 0 e:h. cos 0
| velep) w - PRttt (18)
| (1 + ep cos 0¢)2 Pe
: M(tg) = vy (19)
) X“(tf) L V3 (20)
H(tg) = -1 (21)

where vy, v2, and vj are constant Lagrange multipliers,

Minimizing the Hamiltonian with respect to u and enforcing the

strenqathened Leqendre-Clebsch condition gives
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sin u®

ux3

 m——— e —— oo —

,/XSZ + A“Z

as the optimal control.

+

Sunmary_of the Coplanar TPBVP

Defining the state vector components r, 0, Vr, and VO as x,, x

and cos u”®

X4, and x,, respectively, the coplanar TPEVP becomes

X1

X3
Xy,
1
a
(] 2
7\1 Xl
A

) /N 2 2
(mO mt) vk3 * A,

X3k

X\

™,

————— - —— A A " S et

- /y 2 2
(mo mt) YAa% 40y,

X
Xy .

2 2
Xy

2

X, 4 2u

( __‘t.z_ - ‘----5-)A3
X1 Xy

x
[
—
o
~—
4
[o=)

x, (0) = Ve

)\l(tf) = \)1

h
+y ._J;-
N

(22)

2’

(23)

(24)

(25)

(26)

(27)
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3 N -pch Sln Xzf.-
‘:; Ag = 0 hple) = ey,
] ! (1 + ep cos xzf)
t
Ly ~eche cos x
- S Kty (28
L Pf
; i
P A, =, il A A t) =y (29)
= VR e A (t) (30)
¥ L Y Y =
o 4 ET T T o EE Y, 30
:‘ \
i_ x
; + fi A,
f )
1 ! p
o R T T s S (31)
1 + ef cos Xy¢ ,
|
cfhf sin X, ¢ !
|p2 = xaf - - ——n i oA () (32) L
Pe h
¥ " 0 (33) |
] x - e W i
! !
M Xy ;
.‘ .‘*
Q= difte) +1 =0 (34) |
\
i
8 constants of integration 4 intttal conditions
+3 unknown multipllers vy +3 terminal constral °ts
+ o te i +5 transversality condlitions
B |2 unknowns s |2 equations
- Thus in theory It is possible to solve this TPBVP, However, due ?
| i
! to the non-lincarity of the cquations and their capliclt dependence on !
’ |
] time an analytic solution could not be found.
| 1'?
t Gradient Algorithn 'i
. The gradient method proved to be on excellent means of obtalining 1
: duced from 5
: , Rery svalable cop& \
‘ |
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approximate solutions to this TPOYP. The particular approach used
here is the method of multipliers suggested by Hestenes (Ref 3:10).
It consists of reformulating the optimal control problem hy forming

an auamented penalty function of the form

.

Jym oty v % (51 0%+ Sy 4o 4 Sy 03%) + byyy o+ byy + bydy

(35)

where both quadratic and linear terms In ¥ have been added to Eq (11)
to enforce the terminal constralints (Ref h:408). The § terms in Eq

(35) are welghting terms which may be varied as necessary according te

the terminal error. The multipliers b; are updated frum the rela- ?

T I et e W Ty ¥ TR Beee T e

tionship

by = Spp¥y (36)

In such a manner as to Increase in magnltuda as the terminal condi=

tions become closer to belng satlsfied.

R

This change In formulaticn climinates the terminal constralnts,

Eqs (8), (9), and (10), from the problem., The only additional chanqe

o Shim ael il a vamos W sl

]

is then through the transversallty condlitions, Eqs (17), (18), (19),

4 ar

and (20), which now have the form

Tt

P

= . e )
I\l(tf) S“ <x”, I+ 0 cos x,¢ i
h h h‘:
+S33 (xug - e b ey L (37)
. xif 7 % g2 S
q
i
h]

m‘ﬂ"‘“uﬂ'mmuh\- [T} R SR AN L [ o . . i ...
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p
Az(t ) - Sll /Xl - f
f k f i+ eg cos xzf>
“p.e, sin x h, sin x
( f f 2f __..>+ 522 (.x’.if - ..fw«...‘........zf.)
2 P
(1 + e, cos xzf) £
cfhf cos X of (‘pf ¢ sln xzf
S - )
(1 + e cos xzf)2
erhe cos x
. " 8fNf COS Kaf .
b.'! . p > (33)
f
- Pf' sin Xz e
WIS S LY (39)
A (bg) =8 PEN 4+ b (40)
L tf 33 (fuf x;; 3 0

The qradient algorithm is described through the following steps:

(1)

(2)

(3)

With some initla) estimate for u as a functlon of
thne, e.g., upep(t) = 0, the ariginal state cquations,
(V) thru (4), are Inteqgrated forward in time unttl

2
Qiﬂ = 0 and iJ{u > 0 which determines an initial

dte dtg?

final time, tg.

Eqs (37) thru (40) are used as initial conditions
with by = 0 on the first tteration to Intearate the
adjoint equations, (13) thru (16), backward in time
using the non-optimal reference trajectory from

step 1.

Simultancously with step 2, the gradient, H,, '

Is cvaluated at cach polnt along this reference

¢
{
'
1

e T VU T
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trajectory.
(#) Since to first order, §J, = Il, Su, a one dimensional

secarch is made on the parameter o where
§u = =all,, a>0 (1)

to decreasce the augmented cost function, Jg,.

(5) The control Is updated through

Uncw = Vpef * Su (k2)

where upey becomes the new cstimate in step 1.

(6) The b; are determined from Eq (3¢) and added to those
used in step 2. This is an Important part of this
procedure because as the terminal constraints become
closer to being satisfied, the linear tarws in Eq
(35) must become dominant to ensure continued cnn=
vergence,

.(7) Steps | thru G are repeated as necassary until the

terminal constraints are sotisfied to yleld the
optimal control, u*(t): and the minimum time trans-
fer trajectory.

This method is quite straightforward In approach, but as with
most gradient schemes, It requires many iteratlons and Is slow to
converqge near the optimum, However, a technique used in the actual
computer program was very cffective in overcoming this problem and
will be discussed in Chapter IV, MNorcover, the rcsults obtalned
served as an excellent reference input to the neighboring extremal

algorithm,
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Nelghboring Extremal Algorithm

A major obstacle In using a neiqhboring‘extremal algorithm is the
necessity of a good initial estimate. This difficulty is overcome by
using tbc results of the aradient method.

The partlculér nelghbering extremal algorithm used here consints
of estimating the unspecified terminal conditions of the TPBVP and
generating a transition matrix, which Is used to adjust the terminal
condltions so as to satisfy the specified initial conditions (Ref 1:
219). Thls lwerative procedure is as follows:

(1) Estimate the following elght parameters: X g Xyp
Xypr Xypr V1o Vyo Voo and e Initlally this is

done using the results from the gradient method.

(2) The elght parameters in step | determine Mg, Apf,
Aggr Nygr B ¥pe ¥ye and D from Eqs (27) thru

(34).
(3) The state and costate equations are inteqrated

backward from t¢ to glve Xjqy Xgs Y390 and x,,

which arc, in general, different from the speci-
filed Initial conditions.
(4) Through small perturbaticns in the clght para-

meters of step 1, a transition matrix of the form

3 (Xlo, XZO, Xso. xhﬁ’ le wz’ W3l Q)

- B E—— —— . @ S — -

a (le. x2f' x3f’ x“fl vl. vzl va) tF)

is numerically generated such that

Eeproducod from
os! available copy.
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4 6 x (0) § x (tg)
. i‘ — a (xlot xzo) xao! xloO' wl' wzi ‘1'3’ n) —
: dy = - ——-3- dv
X X X X Vi, Vo Vo, &
! 1¢°? 2! 3e? Ny 1°? 2! 3! f
| da f f f +f dtf
ﬁ 5 (43)
oo
: i - —
' (5) The destred changes In &8 x (0), d¥, d0 arc deter-
v mined from
; i § x (0) Xg = % (0)
. :’ d&;- - - g Q)‘ 0<e sl (l'll)
s 9 a
=“ :
‘ g since the TPBVP Is completely solved when the error
1 : voctor on the right side of Eq (44) is driven to O, q
or equivalently, all boundary condlitions are satis- .
Lo fled,
é | (6) Inverting the transition matrix of step h and using
[T ﬂ ' the values of § x (0), dy, and d@ determined In
;
! step 5, Eq (43) is employed to solvae for § x (tf),
dv, and dtg.
! (7) The estlimates In step ) are now updated accordling
ﬂl to the rclatlonship
‘ = L
b - - e e .
! Xp X 3 X(l:f) + x(tg) dtg
v w |y + dv
|
tp te dtg (45) t
nev step | — '

and the procedure s repcated until the right '

side of tq (4h) 1s arbitrarily small,
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Upon convergence of the neighboring extremal. alqorithm, u®(t) may
be determined through Eq (22). iowever, such convergence is not always
guaranteed. It [s actually based on wwo unrelated factors which are
covered In Chapter IV: accuracy of the Inftial estimate and sensitivity
effects.

While both of these factors were encountered to some degree, ex-
tremely accurate results were obtalned throuah a comblnation qgradient=
nalghboring extremal algorithm. More importantly, these results pro-
vided the necassary basis for the investigation of the non=coplanar or=-

bital transfer problem.

13
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t11. Hon-Coplanar Transfer

Coordinate System
In a natural extension of the coplanar transfer problem derived in

the preceding chapter, a spherical coordinate system s introduced as

shown in Figq, 2. The coordinate z is normal to the initial orbltal
plane with the angle ¢ described in the usual manner. The orbits are
coapsidal in that a clockwise rotation throuah the inc¢lination ancle |
about the semi-latus rectum of the initial orbit results in a comron

apsidal lina for both orbits.

VWhile this restriction does not allow for the most aencral orbital

transfer case, it is imposed here as an initial atternt to extend this

;
¢
!
t
L
h
*
i
3
b
!
3

problem to out-of-plane transfeis. Moreover, the nunerical technique ,

oz

to be presented could be used to eventually handle the most general non=-

coplanar transfer problem. .

v mpme e o

Inftial Orbit

: , h
pO’ LO’ o

pfl ef’ hf

Fig. 2. Non-Coplanar Coordinate System ' ﬁ
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Formulation of tho Non-Cooiaqgr TPBVP

While this development proceeds in a similar manner to Chapter II,
the spherical trigonometric relationships necessary to formulate this
particular TPBYP are imuch more complex. For this reason, many of the
details Involved in the actual derivation of thils problem are contained

in Appendix B.

i

The state equations are as follows

r=\yr (46)
) m VO
8 = = (47)
b=t (48)
. 2 2 T2
VPR A L L R SR (49)

r r rl my = mt
f o =VrVo L 2Vay T,
Ve = rvg . : ¢ 8 cot (# + (50)

r r (my = t) sin ¢
T23

U 2
Vo = Vrvd , VBS sin & cos ¢ - (51)
r r Y -
where £y, %,, and %, are the direction cosines between the thrust vector
and the r-8-9 coordinates, respectively. They are Introduced in lieu of
the angle control of Chapter Il for ease In establishing optimality cri-
teria later.
In addition to specifying Por 8o Pgr €ps and 60 as In the covlanar

problem, the desired inclination change | must also be sclected. Ini-

ttal conditlons are determined by

P
" B cm—— ——--9-*——— (52)

o +
1 ¢, €os 00

15

Bl o AR

e € e

- e

B o e e



7 GA/HC/ 1l =5
o = 90 (53) j
I ;
v e h_ sin 9 ]
g‘ Vro s ...g._o.._-———-—.-o. (Sl‘) i‘.
b Po 4
%-; h 4
E o K
3 Veg = — (55) !
S‘ Q ;
é j Vig = O (56)

E ]

?‘ # with terminal constraints

S p

? wl = rf - -...._—f.........._:_. = (57)

: ] + eg cos 87

‘ )

! g

4 .‘f

g l Uy = ¢f = [0y + arctan (tan | cos 8¢)] = 0 (58)

{f : eche sin 8°

i % bymVre - LIl fag (59)

t ; "

Y t v, = Ve, - £ (cos | - sin 1 cos 8, cot 2.) =0 (60)

S YR f f

] : he sin | sin 8¢

[,. i Ug = Vdge + . =0 (61)

e: 3 f

] ﬁ where

: sin [arctan (tan | cos 9¢)] |

] g 0°f = arccos : (62)

“» .:' [ Sin i j

? : Agaln the Nayer formulation of the cost function glvas

g and the Hamiltonian becomes

|
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h,
! Ve Vs
: - + AL S A
%» Hos ) Ve b d, 2e ) o
; sa (W2aveRsin2e o, Th
: “ r r l‘z m. = mt
a Y I:.-_v_r_vg. S AMreers . TR
r r (g, = mt) sin ¢
o ey 2 . T4
-; + A ( AL YR sln g ses iy L2 (6h)
3 r r Mg = mt
‘ ’
\ This leads to the costate eguatlons
) Lo Ve V3 Va2 ye2 gin2 4 2y
: Ay = b A, b SRoa, 4+ (Ll JELBIN 0 L N
n (_-Vr‘/o _2V3Y: cot ¢) N
b r2 r2 5
i “Yrv: _ V0® sin 4 eos. !
o + (u--—'- + ---~—----------'----~-) g (65} ,-
- re r2 f
A, =0 (66) V
5
' ) . . A2 .
t-; ) U .g.. 2 I..Q. - .S.O.SL .é. .y “— A X
: 3 r b
?
k avsyy T ffif_] Y ;
E' Fosin? ¢ (ng - mL) sin? ¢ ]
| .
i Vo2 (5in2 o = 2 i
. . p W02 LoinZ o - cos? 8) | (67) .
: }» r .
o !
i : YA Ve : i
. R R (¢8) |
.
-' : ! vy sin? 8 (.VL 2!9_5-2&:&) ;
N A m Ty AT T O As |
¥ .a
B :.?-.V.‘L.S.'_n_._i_.cgi».s. A (69) 3
by ) roduced from
' i E:?' available copy.@
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. - - J— - w_ .?'-.—_-.V ‘) C.S).L 5 - !-r-.-
Ag AT, Y - Ag * T xa (70)

and transversality conditions

h
M (tp) = v + v, -J;; (cos | = sin | cos 0f cot ¢¢)

rf“
- vg hi;-sin I sin 8¢ (1)
Ff
Preg sin e‘f 39‘f

Aa(tg) = = v

(1 + e¢ cos O‘f)z 30¢

% vy, fln 9f tan i ) . eche cos G-L 39 ¢
i ] + tan? | cos? 8¢ Pe ¢
-V ﬁi sin 1 sin 6, cot &
‘7 f f
: h ?
; ¥ ve = oin 1 cos 0 (72) ‘
5 r f {
i f
: ; he sin 1 cos 8
- Alte) = vy = vy L 5 f (73)
f é re sin ¢f
o
' A“(tf) - V3 (7“)
. N () = vy (75)
5 1
| As(tf) - v, | (76)
H(tf) - - (77)

Minimizing the Hamiltonian with respect to the controls 2;, %;,

st o i i B i

and £, ylelds

-A"
P S S (78)

/2,2 + (Ag/sin )2 + 22
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*‘ . “Ag/sln ¢
Ez -

‘y 2 1
A E * (g/sin )2 2

-AG

L,* -
3 —
'/Auz + (ks/s‘ﬂ C'): + Asz

(79)

(30)

as the optimal control varlables. hote that these conditions automa-

tically satisfy the control constraint, 212 + £22 + 232 = ], as well as

the strengthened Leqendre-Clebsch condition.

Summary of the Non=-Coplanar TPEVP

R R R e o e T ]

Defining the state vector components r, 8, &, Vr, VO, and V5 as

X1» Xy X3y Xu» Xg, and X., respactively, and letting

A w /AQZ + (\g/sin x3)2 + xai

the non-coplanar TPBYP becomes

X, = Xy x;(Q) = ro
« .
: 5
x P ® 0 )
2 ™ "1 2( ) ™ 9
;( - 3(.5. X (O) " 90°
3 X 3
1
2
. Xg 5 .
X, ® cm= + - 5in? x xy (0) = vr
b X, X, 3 b o
- u - TA“
2 -
Xy (mo mt) A
. =Xy X 2x. X, cOt X
S X X
1 1
] T2
(mo - mt) A sin x,

(81)

(82)

(33)

(84)

(35)

(86)

o ae
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) X X
6 x|
x.2 sin x, cos x
5 3 3
+
*y
e
(mo - mt) A
A, ® e A, o )
1 2 72 2 73
X1 X|
xg2 + xy2 sin? x3 2
+ (.—--.—-..-....—...—--.—.. " tr———
2 3
X Xy

=Xy Xg = 2XgXg COL X,
+-( =) g

2
X3

Ay

- 2
*( X, %e + Xy sin Xy COS X,

2
1

)%

)‘2 = 0
- 2
. 2 sin Xy COS X,Xg
Ay w o - A,
X)

'2)(5'4(6
4 | e "'2'_"'""

X1 sin® x4

TAS COS5 X4 } \

- 2 5
(mo mt) A sin X4

xg(0) = 0 (87)

f
— = (cos |

4
X\ f

kl(tf) = vy + v

= sin 1 cos x,¢ cot xsf)

he :
- Vg ;u—g-sln sin X ¢
1 f
(93)
pfcf sin e‘f Dﬂ‘f

wa(t) ==y
2 f L (1« ¢ cOS 0‘f)2 kP

sin X tan |
+ v 2. .

2
I+ tan? | cos? x,¢

hy¢
N ;§F sin I sin xap cot Xa¢

h
+ g SJ—sin 1 cos Ry ¢ (79)
X1 ¢

Aqy(tg) = v,

hF sin | cos Xop

R R Rttt

Xy ¢ sin? Xy

eproduced from ;9
Ees' available copy.
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2 2 2
x.2(sin? x, = cos?® x,).
s 3 I | (90)
Xy ‘
i
4 . X X
: 5 6 -
? Ay ® ot A 4 %y Ag + ", A A (tg) = vy (91)
{ 2
; ' 2% sin® X,
‘ ‘ - SIS T3 A (t v
E\
¥ X 2Xs cot x
TRECON
‘I" 1 1
El [
y \ 2%s 8in xq cOs X
o B sing g, o2
S k
b _ : | 2xg i}
»5[ { e ¥ 7T Ay = Ay Ve ltg) = vy
| :
% ? 2xg cot X3 . Xy (93) ;
y d mme— bttt )‘ ———— )‘ o
E“ t *) 5 % 78
| |
- o ‘
o - - .. - ] l’
: ! LU T I ep cos 97 0 (94)
? b, = xqp = (bg + arctan (tan 1 cos x,p)] = 0 (95)
\Pt I ‘p aoX - ..e.f-h -fj..rl.g..-f. = () (96)
) 3 'ff pf
‘ | ! - he (cos | = sin | cos x,o cot X,¢) = 0 (a7}
3 lr'u = xsf s‘—l—'f-o cOS S 2f 3f‘ »
' b w % = desin i sinx =0 )
g 5 6f X)f 2f
| QmH(kg) +1 =0 (99)
|
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2 constants of Integration 6 initial conditions

+5 unknown multipliers Vi +5 terminal constraints
g +7 transversality conditions
= 13 unknowns = 10 equations

As In the coplanar transfer TPEVP, sufficient relationships exist
to obtain numarical solutions for the non-coplanar problem. Further-
more, it |s apparent that a specified Inclination ¢hange of O raduces

this TPBVP to the coplanar case.

Nelnhborling Extremal Alcorithm

This similarity suggests the likelihood of obtalning solutions to
the non-coplanar TPBVP by Initlially making a small Inclination chance
to an optimal coplanar transfer trajectory. The use of a gradlent al-
gorithm to obtain a reference input for the nelghboring extremal al-
gorithm can thus be obviated.

The particular neighboring extremal algorithm used is ldentical
in nature to that outlined in Chapter |l and for that recason will not
be detalled again here. in fact, the only changes arise through an
inclusion of the four added initlal and terminal condltions to this
enlarged 12 state system,

The original technique of specifying a small Inclination chanqe
with an optimal coplanar trajectory as a refercnce input, proved quite
succassful in obtalning accurate numerical solutlons through this
nelghboring extremal algorithm, Morcover, once a solution s deter-
mined for a small inclination change, 1t Is then passible to use this
solution as a reference input and Increase the socsificed Inclination

change. Thls procedure Is repeated to obtaln numerical results for

eproduced from }
tul avallable copy.

relatively larqge values of Inclination change.
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The major drawback of this approach, however, Is the excessive

‘number of iterations required for convergence, especially in view of

sensitivity effects which may severely limit the size of the variation
in inclination. This problem will be discussed in the next chapter,
where a curve-fitting technique is presented and shown to be very ef-

fective In overcoming this obstacle.
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V. Discusslon and Results

Computer Implementation

In applying the numerical algorithm of Chapters !l and 11§, two
computer proarams were wrltten: CPTRAN for the coplonar transfer and
NCPTRAN for the non-coplanar problem. A separate listing for these
two programs s contalned In Appendix C and D, respectively.

For practical reasons alone, the semi=latus rectum of both the
inltial and fina! orblts remains fixed In this analysis. With one
cxeception, transfer from the Inttial orblit was always specified to
start at perigee. Thus the only parameters that varied were the eccen-
tricities of the inlttial and terminal orbits as well as the Inclina-
tion angle In the non-coplanar problem.

Geocentric canonical units were used for all computational work
with the results displayed accordingly., Thus, the unit of length was
the radlus of the earth and the gravitational constant u was normallized
to one., Thls rosulted In a time unit (TU) of 13.447 minutes. Vehicle
mass was also normalized to one to produce a constant mass flow rate of
.005, In all cases, accuracy was required to the fifth decimal place

before convergence of a solution was presumed.

Analysis of the Coplanar Problem

As previously mentloned, the eFfuctivcncss.oF the nalghboring ex-
tremal algorithm Is based, to a large oxtent, on the reference Input
provided through the gradient method. It was thus deslirable to achlieve
approximate solutions to the coplanar TPBVP from the gradient algorithm
in as few lteratlons as possible. This was accomplished in the 'follow-

Ing manner.

24
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The first few iterations show the augmented cost function of Eq
(35) to decrcase rapidly, after which a plntcaulis reached where
further reductions in the cost become quite small, It is at this point
that the b multipliers of Eq (36) are explolted to overcome this dif-
ficulty and to speaed up the convergence ;iocess., In CPTRAN a check
was thus made on the net decrease in Jg. If this decrease was 'ess than
107! the time consuming process of updatina the control, “ref(t)' and
starting a new [teratlon was bypassed. Instead, the b; were uodated
according to step 6 of the algoriths until a reasonable decrease In
Ja was achieved. This small adjustnent was Instrumental in obtalning
results accurate to the second deci=al place In 50 lterations,

In transitioning to the nelghboring extremal algorithm, tre final

values of u and tg obtained above are used to compute a refererice
trajectory for the coplanar TPBYP. The elght parameters needed in
step | of the procedure are thus determined, In every case this inl=
tial estimate was sufficlently close to the optimal for convergance
of the algorithm.

The linear assumption Inharent in Eq (43) places great erphasls

on the selcction of ¢ In Eg (44). s the boundary conditions tecome

closer to belng satisfied this Vincarity assumption is more valld and
the value of ¢ can be Increased accordingly, up to a maximum value of 1.
On the other hand, a poor initial estimate completely destroys such a

supposition, and no matter how small ¢ Is plicked, usz of this rethod

i
|

would be questionable. The value of ¢ used In CPTRAN was thus con-

tinuously updated by dividing .005 by the root-mcan-square of the

crror vector in Eq (4h) untl) e reached its maxtnmum value of 1.

PR
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RNt ]

vhile a complete sensitivity analysis Is beyond the scope of this

‘thesis, a short note on sensitivity effects Is In order. Due to the

nature of the costaté ar Euler-Lagrange equatlions, as x increases

! along an extremal path A decreases In magnitude. Thi; property in turn
3 causes }arqe inaccuracies in the transition matrix of the nelighboring

? , extremal algorlithm through round-off and Integration errors (Ref 1:

215), 1t is then possible for an overcorrection In the terminal con-

ditions of step 6 In the neightoring extremal algorithm and divergence
from the solution.

It was found that a perturbation on the order of 1072 in step 4

of the nelghborina extremal alqorithnm produced a transition matrix

' equivalent to onc produced using any simaller perturbation, For this

reason a perturbacion of .0l was used in CPTRAN to generate the transi-

‘ f tlon matrix. The slight delay encountered in final convergence of the

solution ls thus explained by the effect of the above noted sensitivity

in forming a transition matrix of sufficlent accuracy to improve the ;

previous estlmate.

The effectiveness of the combinatlon gradient-neiqhboring extra-

{ | mal algorithm is that no knowledqe of the solution s required before-
hand. For any initial estimate of the control, no matter how poor,

y accurate solutions to the TPEVP are ultimately achieved. However,
this Flexibility resulted in a penalty of increased computer time.
Thus, once an optimal solution was obtained for a particular sat of

4 orbltal parameters, It was more cfficient to use this solution as an

estimate In the neighboring extrenal algorithm when small variations :
| in these orbital paramcters were desired. In some instances, such as

a small cliange In the eccentricity of the terminal orblt, it was then 1
\
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possible to bypass the gradient portion of this method. This caused

a 50% reduction In the computational time required for convergence.

Results for the Coplanar Problem

Transfer between two circular orbits was chosen as an obvious
starting place. The well known spiral transfer trajectory was obtalned
as shown in Flg. 3, with the control history plotted as a function of
transfer time In Fig. 4. This steering program compared favorably with
that obtalned by Faulders In a similar problem (Ref 2:45). on all
figures PO, EO, PF, and EF refer to the semi-latus rectum and cccen-
tricity of the initial and terminal orhit, respectively.

Results for various combinations of eeccentricity were also cb-
tained. As one might suspect, there 13 a remarkable similarity In con-
trol historles when wccentricities are the same or even approximately
$0. This effect ls demonstrated by comparing Flg. & with the control
history plots of Figs. 5 and 6. MNote that all throe cases are charace
terized by a rapid reversal In thrust direction through the halfway
point In transfer time.

This is In sharp contrast to orbits of differing eccontriclty.
Corrasponding trajectories and steering proqrams for twio such cases
are displayed in Figs. 7 thru 10, Fig., 8 shows a delay in the thrust
reversal noted above whercas the opposite affect s obsorved In Flg.
10, That Is to say, In transfering to an orbit of greater eccentri-
clity the net effect Is a shift of the control plot to the right,
Similarly, a shift to the left results when the intcial) orbit Is of
larger cccentriclty. .

Fle. 9 shows the only ¢case conslidered where departure occurred

from other than perigee, 8, = 45° to be exact. In this partlcular

27

e s el e R e s T

= X

e mietTa =

[N NG Y

j

/
IR ORI L S Yol e o) . B i
i T u-.“nw,umqpquwmmdwmu]i




o B A L m A T TR T

e BOE T ———— T, 4 KR

GA/MC/Th-5

© a AR N ekt Gl

COPLANAR TRANSFER

[

n¥270

Fig.

3.

Coplanar Transfer Between Clrcular Orbits
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Instance a minimal change in the control law resulted. ‘However, total

time of transfer was some .71 TU's less than the same problem vhere

departure was specified at perlaee. This fact is mentioned here only
to show that no general statement can be made concerning transfer time.
j It ts strictly a function of the eccentricitics of the orbits and the

starting point from the Inlitial orbit.

re—

Analysis of the Non-=Coplanar Problen

g

In Chapter 111l the recursive method of obtalining solutions for

increasing values of inclination between speclified orbits was exololined.

B taal

This technique was Inltially erployed hare inasmuch as reference solu-

tions were already available fron the coplanar analysis. Very slow

convergence of a gradient algorithm in this twelve state system with

i e e e s

three control varlables was also anticlipated,

On the other hand, solutions for an In¢lination change approach=

: { ing 90° wore an ultimate objeoctive. An alternatlve approach was thus !
v‘ . ’“
| ‘

f ; necessary to avold the arbitrariness of the recursive technique. For i

instance,after successfully achleving an Inclination change (IKG) of
36°, this procedure would only work for an increase In inclination of

i less than one-fourth of a degroe using the 36° transfer as the initlal

estimate. This was clearly unacceptable.
The approach that was adopted was stralahtforward and very ef-

fective in surmounting such uncertainty., It consisted of using the

. L

twalve parametors ;f. v, and te obtained from the previous threc solu-

tions for respective values of Inclination. A least square curve-fit

JUC - N

vias then made to estimate these parameters for thae new value of (n-

clination. To !llustrate, conslder the above mentionad problem where

PRI S S

36
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the recursive technique was stalled at 36°. The solutions obtained
for Inclination change of 30°, 33°, and 306° p}ovldes'refcrence points
for each of the twelve parameters needed in step 1 of xgc nelghboring
cxtremal‘algorithm. Curve=fitting thus provided a second order poly-
nomlal which in turn produced an estimate of ?}, v, and te for an in-
clination chaﬁae of 39°.

Flas. |1 and 12 show a plot of these parameters as a function of
inclination change for a transfer between the same clircular orbits
used In the coplanar analysls. Eesides displaying the obvious non-
linear characteristics of the problem, thuse graphs may be Interpreted
as sensitivity plots, since they show the effect of a small variation
in Inclination. Note that while small changes in inclination resulted
in retativeiy small changes in ;f and ted such s not the case for V.
Agaln using the 36° value of inclination, it can be observed from Fig.

12 that vy, vy, Vi and vy are rapldly changing for even a small In-

crease in Inclination, This aexplains the difficulty encountered in the

recursive mathod since results for an Inclination chanqe of 36° are
thus shown to provide a poor estimate for any laraer value of Inclina-
tion.

As cxpacted, upon approaching a specifled Inclination change of
35° convergence became extremely slow., This was so fof two reasons:
the extreme!y long transfer times caused round-off and inteqration
errors to have a much greater effect than In the coplanar problem
where this Factor was discussed, and, at an inclinatlon change of 90°,
the state equatlons go undefined as ¢ approaches 0. This in Itself
causes extreme sensitivity to any variation In a near optimal trajec-

tory. The overall result was a complate breakdown In the nalghboring

37
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extremal algorithm and for this reason no solutions were obtalned be-
yond an Inclination change of 85°. Actually, this apparent |imitation
could have been overcome by a simple raotation of the coordlinate system

to avoid this singularity,

Results_for the Non-Coplanar Problen

For ease In understanding, the control historles are displayed
graphlcally as two thrust directions, Ul, in keeping with the co-
planar problem for comparative purposes, represents the thrust direc-
tion as measured clockwise from the local horizontal in the r-0 plane.
U2 1s then defined as the thrust direction measured clockwise out of
the r=0 plane. Previous notation Is used on all figures with the
additlion of INC to derote Inclination change In degrees.

Filg. 13 shows the control histories for a small out-of-plane
transfor between the same clreular orblts used In the coplanar analy-
sls. tote that Ul |s almost ldentical to the control shown in Flg. &,
as should be the case. U2 {s also recasonable since very llttle out-of=-
plane thrusting would be required,

As demonstrated in Figs. 14 and 15, a significant change in con-
trol histories occurred as inclination was Increased. In cach case,
Ul bears little reserblance to any steering progrom obtained in the
coplanar problem, since most of the thrust is now directed out-of-
plane. On the other hand, U2 displayed a remarkable similarity for
an inclination change of 30°, even thouqh the transfer was Letwean
clrcular orblits in Fig, 14 and widely varylng elliptical orbits in
Fig. 15.

These results suqgest the followlng relationships: out-of-plane

control history (U2) is primarily a functlon of specified Inclination

ho
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change while the in-plane stcering program (U)) varies with a change
in eccentricity in much the same manner as a coplanar transfer. Flg.
16 is further confirmation of these relationships.

Further inspection of Figs. 14~16 reveals that U2 is not unlike
a bang=bang controller in that the out-of-plane thrust is, for the
most part, nearly normal (& 90°) to the instantancous orbital plane of
the transfer trajectory. This particular result was obtained In all
transfers of 30°-45° inclination chanqe and Is not surorising In view
of the coordinate system used. It !s nentioned here because transfcrs
in this Inclination range are often required to achieve a polar or
equatorial orbit for vehicles launched from the United States.

Graphical presentation of transfer trajectories was prohlbitive
in view of the added dimensionality of the non~coplanar problem, How-
ever, for values of inclinatlon greater than 45°, transfer trajectories
In excess of one earth revolution were obtained. Flg. 17 portrays a
typlcal control history for a transfer of this type. Due to the long
transfer time required, the previous bang-bang property of U2 Is no
longer present.

Unllke the coplanar problem, transfer time hetween non-coplanar
orblts is very much dependent on required inclination chanve. In fact,
the TF plot of Fig., 12 shows transfer time as a nmonotonically Increas=-

Ing function of specified Inclination change for the alven circular

orbits.
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The problem of minimum time transfer to some desired terminal
orbit using a constant maqnitude, low thrust propulsion system has
been investigated,

For the case of a coplanar transfer, the application of a combina-
tion gradient=-nelghboring extremal algorithm was shown to be a most
effective means of obtaining numerical solutions to the resulting non-
lincar TPBVP. The particular appeal of this method was that no know=
ledge of the solution was requlired a priori to obtain extremely ac-
curate results. Thus, a combinatlion gradient-neighboring extremal
algorithn would seem to be applicable to a wide class of orbital
transfer problems.

On the other hand, for greater ¢fficlency In computer time, It is
possible to bypass the gradient portion of this method once an optimal
solutlion is obtained for transfer between specifled orbits. This is
accomplished by using the above solution as a direct input to the
nelghboring extremal algortithm when making some small variatlon, such
as increasing cccentricity, in the given orbital parometers.,

Mith this approach, the coplanar analysis was Instrumental In
extending the problem to non-coplanar terminal orblits. Upon achleve
ing solutions to the non=coplanar problem for small values of inclina-
tion, a method of using these Initlal results was developed, 1t con-
sisted of generating new estimates to the nelghboring extremal algo-
rithm by a polynomial approximation of parameters as a function of
tnclination. In this manner, solutions to the non-coplanar problem

were achloved between orbies of widely varying Inclination.
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In view of the accuracy of these results, this approach forms the

basis of an effective numerical technique for completely general opti-

mal low thrust orbital transfer.
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Using the standard vaector notation of E} and Eb to denote unft

vectors in the r=0 plane, the position vector of tha vehicle at any

time may be written as

ro= re, _ (A1)

will, the angular velocity of the cocrdinate system given by

" - 'n—

W oe e, (A-2)

where €, is a unlt vector normal te the r-¢ nlane. DIifferentiating

Eq (A-1) twice ylelds

V- ‘-

v + Ire
ro=orep +orie, (A=3)
T (r - rd?) G, + (2ri + 1) & (A=h)

as vehicle velocity and acceleration, respectively.

The restricted two~body cquation with terms to account for

vehicle thrust has the form

.“

PR e SR S u) .cs-r + mmemas o8 U EO
2 mg -t . My = Mt
(A=5)
where u is measured clockwise from the Eb directlon.
Now lut
roeVr (A=6)

50
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0 = = (A-7)

and equating vector components on the right hand side of Eqs (A-4) and

(n-5)
' Veom S5« He "J;““?‘ sinu (7-8)
r- Mg = mt
Co T
Vo 'y'-:}v-e- $ rem——— 05 | (A-9)
Mg = mt

The general conic solution to the restricted two-body equation
has the form

- --..-——-P——..—_.“... ™
v 1 + e cos ® (A-10)

Differentlating Eq (A=10) y'elds

eh sin 8 (A=11)

where h Is conserved specific angular momentum such that
hwr?g (A-12)
and applying Eq (A=7) In Eq (A=12) results in

- -
Vo = - (A-13)

Thus, Eqs (A-10), (A-11), and (A~13) are the three conditlons

which must be satisfied In both the initial and terminal orblts.
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capendix B

Derivation of Equations for Non-Coplanar Transfer

T LT § S e @t S @ o)

State Equatlons

The standard vector notation of ¢y, ¢j, and E@ Is again used to
denote unit vectors in the r-9-¢ spherical coordinate system, which has

angular veloclty

.

Wm0 cos ¢ e, * $ ey - 8 sin ¢ E& (8=1)

Differentiating the positlon vector, rey, glves

4
rom e+ 18 sin ¢ &g+ ré 6y (b-2)

as vehicle velocity and

]
(1) f!

¥ou (¥ - rd2 - ré2 sin2g) s,

+ (ro sin ¢ + 2rd sin ¢ + 2rdd cos o) Eb

+ (rd + 2rd = r62 sin ¢ cos ¢) 3; (8-3)

as vehlecle acceleration,

The restricted two-body equatlon with additional terms fur

vehicle thrust becomes

T, - Ty .
2. ey * —-—=—- gy (B-h)

mo - mt My = mt

+

{
~N
=
l
!
;li‘
I
Bt T A . ek

where %, 2,, and &; arc the direction cosines between the thrust

}

}

) - — va

| vector and e, ey and c¢, respoctively.
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In addition to

P vr | | (B-5)

0 - ‘.iP. ' (B-6)
let |

. |

¢ = ;1 (8-7)

. 2 2 TL
Vr o W54 Mﬁ..s;n2¢ - By _.,._Lr. (B-8)
r r r2 my - mt

. - T"t

Vo w SVrVE _ 2VOVY cot B . . (6-9)
r r {mg = mt) sin ¢

Vo = “Vevo . Vo2 sin b cos ¢ + TL3. (3-10)
r r mg = mt

which are the six state cquations.

Inftial Conditlions

Three of the five unspecified initla) conditlions are the same as
those derlved in Appendix A, Eqs (A=10), (A=11), and (A=13). ¢ of the
inftial orbit Is fixed at 90° In view of the definition of the coor-
dinate system In Chapter 111, This in turn sets the value of Ve at 0

everyvharae in the initial orbit.

Termipal Gonditlons

The establishment of terminal conditions for an Inclined ellipti~
cal orbit requires the use of spherical trlgonomotric relationships
to solve for the angles §~ and 0° as shown in Flq. 18,

From dapier's rule for right spherical triangles

53
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Toarminal Orbit
8 = 90°
Inftial Orbit
6 - 90°

Fig., 18, Lateral View of Inclined Orblt

sin | cos 0 _ cos |

K il (8-11)
or
¢° = arctan (tan i cos 0) (B=12)
Similarly, since
- (] .§..'..r.‘.‘ -..‘.. -

cos 0 > % (813)
0° = arctan { &ML farctan (tan | cos d) (B-14)

) 1 sin i J

Determination of 6” thus allows use of the general conle solutlon

in the terminal orbit where

b (B-15)
yr w Sh sIn 07 (B-16)
P
Furthermore, ¢ may now be determlned as
b= o+ 0”5 90° + arctan (tan | cos 0) (8-17)
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The final two conditions are established throuah the definttlon
of conserved speclfic angular momentum

i\-_ Fx .':ﬂ I"V¢ ;0 - rVo sin ¢;¢ (8-18)

In the terminal otbit, h may be written as

Wwhsinie +hcos e, (8=19)

where
ey ® cos 0 sin ¢ e, + cos 6 cos § e, = sin 0 ¢y (n-20)
€, = cos ¢ ep - sin ¢ E; (8~21)

After substitution of Egs (B=20) and (B-21), Eq (B-19) Is equated
to Eq (B-18) to yleld

[

h

Vo = = (cos | ~ sin | cos 0 cot ¢) © (B-22)
-h
Vo = F*'sln | sin @ (B~23)
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> s tmetg ks sy

The following contains a listing of the computer program, CPTRAN,
which was used to obtain results to the coplanar TPBVP of Chapter |1,
Besides  those subroutlnes listed, SET, STEP, and MINV were also em=
ployed. SET and STEP were called for integration purposes, while MINV
was needed to invert the transition matrix of the nelghboring extremal
algorithm. All three of these subprograms are found on the general
package of AFITSUBROUTINES which Is on permanent flle at the Alr Force

Institute of Technology.
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‘ The following contains a listing of the computer program, HCPTRAN,
i

i which was used to obtaln results tc the non-coplanar TPBVP of Chapter
; Itl. The AFITSULROUTINES, SET, STEP, and HINV were again employed in

7 : the same manner as explained in Appendix C.
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Eugene A. Smith was born 27 July 1945, in Middleville dY. He
attended West Canada Valley Central School where he was valedlctorian
of his {963 graduating class. An Air Force Academy appointment fol-
lowed, and upon graduation In 1967, he was commissioned a second
lleutenant and sent to Reese AFB for Undergraduate Pllot Tralning.
After UPT, he served in South Eest Asia flylng A=1's and 0-2's., From
this overseas tour he recelved the Silver Star, the Distingulshad
Fiying Cross, and cioht Alr Hedals,

Upon returning to the Untted States, Lt Smith was assligned to
Williams AFD as a T-38 Instructor pllot. He Instructed for two years
and was In Check Section for one ycar.

In August of 1972 Captain Smlith was nottfled of acceptance to
the Alr Force institute of Technology In the Astronautical Engineering
program,

Captaln Suith currently llves 1n Forest Ridrge, Dayton OH with his

wife, Glenda and dauchter, Andrea.
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