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AN ANALYTICAL STUDY OF THE EFFECTS OF
SURFACE ROUGHNESS ON BOUNDARY-LAYER TRANSITION

by

C. L. Merkle, T. Kubota, and D. R. S. Ko

ABSTRACT

' An analytical model has been developed to describe the wanner in which
distributed surface roughness affects transition. The model Pictures the
roughness as having two distinct effects: one, it introduces higher dis-
turbance levels in the boundary layer; and two, it alters the mean velocity
profile and, hence, the growth rate of the disrturbances. The alteration of
the mean velﬁéity profile is described by means of a "turbulent sublayer",
which visualizes an enhanced momentum transfer in a narrow layer next to
the svrface. The corresponding change in the amplification of disturbances
is then determined by means of linezr stability theory, and is related to
transition by an empirical transition criterion. Comparisons betweea the
predictions of the model and available experimental results for incompres—
sible boundary layers are in reasonable agreement. In addition, the model
indicates that for large roughnesses, the roughness completely controls

the transition location, regardless of other parameters in the problem.

Similar conclusions have alsoc been suggested by experimental results.
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1. INTRODUCTION

As a re—entry vehicle descends, the boundary layér on its nosetip may

be either laminar, transitional or turbulent, depending on the altitude and
the crajectory of the body. These variations in the local structure of the
boundary ln&é#,affec; both the drag of the vehicle aﬁd the rate of heat
t#ansfer to the body. The changes in the heat transfer characteristics are
particularly important because of the coupling that exists between the heat-
iﬁg rate and the shape of the surface of the ablating noseccne. This coupling
causes an initially sphere-cone configuration to have different “equilibrium"
shapes, depending on whether the boundary layer is laminar or turbulent. Thus
at high altitudes, where the boundary layer is completely laminar, the nosetip’
is somewhat more blunt than at low altitudes, where the boundary layer is al-
most completely turbulent. Huwever, betweén these two regimes, transition
from laminar to turbulen; flow occurs on the nosetip.  In general, the transi-
tion point moves forward with time at a rate.determined by the flight trajec-
tory, but if transition remains fixed at a given locatiom on the nose for an
extended period, "irregular" shapes may form. The formation of such irregular
shapes can result in the deterioration of the vehicle performance and may even
lead to catastrophic failure because of unpredictable aerodynamic forces or

ablation rates. Recent test data have also. shown that these irregular shapes

hence, leading to conditions which can exceed the designed margins of safety.

As indicated above, the appearance of asbnormal nosetip shapes is intimately
tied to the transition location of the nosetip boundary layer; howevex, in spite
of a good deal of research, the factors which influernce boundary~layer transition

are not completely understood. These factors include surface roughness, pressure

gradient, wall temperature, local Mach number, and even the free-stream noise
level. Of these various factors, experimental evidence has indicated that sur-

face roughness is frequently the most important variable in controlling the

il da

location of transition on the nosetip. Although a considerable experimental
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data base is available to describe the dependence of the traunsition location
on most of these parameters, very little of this dat.. is capable of explain-
ing why or how these factors influence tramsition. (onsequently, it is
difficult for the desiguer to use these data to obtain an accurate estimate
of the locus of the transition point on the nosetip during re-entry, or to
choose the trajectory in a reliable manner so as to preclude the appearance
of an abnormal nosetip shape. .

This Report presents the results of oue phase of a research program which
is aimed at understanding the mechanisms which lead to transition in a re-entry
environment, so that improved transition prediction techniques can be developed.
In particular, this Report is concerned with descridbing and predicting the
effects of distributed surface roughness on transition by means of an analytical
model. The approach is based on applying the results of linear stability theory
to the transition problem. One advantage of this approach is that one can con-
sider the various parameters separately and, thereby, determine their individual
effects. Once these individual effects have been assessed, the inclusion of
nﬁltiple effects into a single problem r.an be easily accomplished. All the work
which is discussed herein is limited to incompressible flow. The justification
for using iuncompressible flow as the first step in predicting transition on a
re-entry body are several. First, we are interestad in investigating the effects
of roughness in the simplest possible flow field so zs to more easily understand
the basic phenomena. Second, the only relevant experimental data which describes
the mechanism whereby roughness affects transition is incompressible. Third, a
good base of linear stability calculations is a2vailable for incompressible flow
(due, in part, to the fact that there are fewer parameters governing boundary-
layer stability iu incompressible flow, as compared to compressible flow), and a
good deal of work has been done previously to relate these linear stability re-~
sults to transition. Thus, the approach is to first prove the model in ivcom—

pressible flow and then include the effects of other variables later.
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The phenomena which occur during transition have been determined from a
number of basic experiments (see the review papers by Tani, 1969 and Morkovin,

1969). Based on these results, we can describe transition by means of several

‘steps, some of which may be absent in certain situations. Traansition may be

viewed as starting from a laminar boundary layer within which small distur-
bances are present. As the boundary layer grows thicker, a narrow band of the
disturbance spectrum starts to grow in a linear fashion (Tollmien-Schlichting
waves). Eventually these amplified disturbances become so large that they ex-
tract a finite amount of energy from the mean flow and cause an alteration in

the mean flow profile. This altered mean flow profile possesses a local scale

which is ~onsiderably smalier than the boundary-layer thickness and which causes

a secdnd band of frequenq;es (much higher in frequency than the Tolimien—

Schlichting waves) to become amplified. The rapid amplification of these higher

frequencies generate the beglunings of a turbulent spot which spreads as the flow

moves downstream until the entire stream becomes turbulent.

Of these processes, only the linear amplification of waves can be described
by stability theory. However, as long as the waves remain linear, the stability
results represent a sclution of the complete Navier-Stokes equations and, hence,

describe the boundary-layer phenomena accurately. However, when the waves begin

to interact with the mean flow profiles, linear stability theory ceases to be
appropriate. Consequently, at this point empiricism must enter, although the
formal extensions of stability theory to non-linear regimes can be used as a
guide for this empiricism. Because of this limitation to linearity, stability
theory can only be used to predict the beginning of transition. It cannot be
extended to determine the end (and, hence, thLe length) of transition. Never-
theless, since pre-transition phenomena are exactly described by the stability

equations, a basic understanding of these mechauisms can be obtained from the

linear stability approach.
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2. BACKGROUND, EXPERIMENTAL EVIDENCE

Much of the initial work in the field of linmear stability theory was
performed by Tollmien and Schlichting and has been reviewed in Schlichting's
text (1960). Their results showed that for a laminar boundary layer oun a
flat plate there was a range of frequencies and Reynolds numbers over which
small disturbances imside the boundary layer would be amplified. The exis~
tence of these theoretically predicted "Tollmien-Schlichting waves" was first
; detected experimentally in fhe classic experiments by Schubauer and Skramstad

(1948). 1In these expgrimehts, Schubauer and Skramstad introduced an artificial
single-frequency disturbance into the boundary layer by means of a vibrating
ribbon. By measuring the amplitude of the wave as it was swept downstream,
they were able to ascertaia the rate of growth or decay of the wave for a series
of Reynolds numbers and frequencies. Comparisons between taeir measured

: neutral stability lines (for‘which the amplitude of the artificially in-
: duced waves remained constant) and the predictions of linear stability

theory were in good zgreement. Later, more accurate numerical calculations

of the Tollmien-Sckiichting waves resulted in excellent predictions of both

o 5

the stream-wise growth rate and the cross-stream variation of the amplitude

of the fluctuations. Addition.l experiments by Schubauer and Klebanoff

e Tk

(1955), Klebanoff, Tidstrom and Sargent (1962), and others gave further
substantiation of the linear stability theory and also established that the
existence of growing Tollmien-Schlichting waves served as a precursor to
transition in many boundary layers of practical interest.

More recently, the measurements by Wells (1967) and Spangler and Wells
(1968) have shown that transition is strongl; dependent upon both the am-
plitude and the spectrum of the disturbance enviromment. In these experi-
ments, the transition Reynolds number was delayed to values which were
nearly twice as high as the ones observed by Schubauer and Skramstad, even
though the magnitude of the free-stream disturbances was about the same for
both experiments. Further, by changing only the spectral :ontent of the
external disturbance environment, while maintaining its amplitude constant,
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they were able to change the transition Reyrolds number by more than a factor
of five. Although exact comparisons of these experiments with the predictions
of linear stability theory have not been reported, Spangler and Wells did note
that when most of the energy in the disturbance spectrum was in the region
corresponding to the unstable portion of the boundary layer (as predicted by
linear stability theory), the location of transition was strongly influenced
by changes in the magnitude of the external disturbances. Conversely, when
rost of the energy in the external disturbance was in the stable portion of
the bouadary-layer spectrum, the location of transition was neaily indepen-
dent of the free-stream disturbances. Thic experimental verification that
transition is dependent on the spectrum as well as the amplitude of the dis-
turbance environment is, again, evidence of the relationship betweer stability
and transition. |

S. .alar verifications of the presence of linearly amplified waves in
supersonic boundary layers have been given by Laufer and Vrebalovich (1960)
and Kendall (1971). Their results show that the growth of artificially in-
duced waves is in close agreement with the linear stability calculations of
Mack (1971).

Thus, it is quite well substantiated that transition often begins
as a linear amplification of Tollmien-Schlichting waves, whose growth con-
tinues until non-linear effects set in. These non-linear effects then ex-
tract finite amounts of emergy from the mean flow, causing the mean flow
profiles to depart from their laminar shape. This alteration of the mean
flow profile in tura affects the amplification of disturbances, and marks
the "start of transition", as measured experimentally.

All the experiments discussed above were concerned with investigating
and documenting the phenomena of transition to turbulence in boundary layers
on smooth walls. As a result of these investigationms, a reasonably clear
understanding of the mechanisms which are Important during, and preceding,
smooth-wall transition has been developed, However, for the corresponding
case of transition in bonixdary layers over rough walls, much less informa-

tion is available.
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A number of experimenters have shown that surface roughness reduced the
transition Reynolds number. The magnitude of the reduction depends on the
shape and the location of the roughness elements. For example, a single
two-dimensional roughness element has a different effect on the tramsition
location than does a single three-dimensioral element; a summary of these
effects is given in the review paper by Tani (1969). The type of surface
roughness which is expected on the nosetip of a re-entry vehicle is not like
that of either of these two special cases. Iastead, the nosetip has a large
number of roughness elements distributed over the surface. The characteriza-
tion of these numerous elements requires the definition of a length scale (ox
scales). One commonly chosen scale is the height of the roughness elements
or the "effective" height of the elements when there is a statistical distri-
bution of roughness heights. However, a sezond important length scale is the
distance between the elements or alternatively, their number per unit surface
area. In addition, it is noted that experimental evidence has indicated (see
references cited by Tani) that the effects of roughness on transition are
strongly dependent on *he height of the element. Thus on a surface with dis-
tributed roughness, the height and number per unit area of the very largest
elements may completely dominate the effect of the roughness on transition.
Consequently, a description of the roughness characteristics is important in
a model of the effect of distributed roughness on transition. In the model
to be discussed below, this description has been bypassed, and it has been
assumed that an effective roughness height is known. Some efforts to deter-
mine the roughness characteristics of a typical nosetip surface have been
reported by Powars (1973).

Most of the roughness exveriments reviewed by Tani (1969) have been con~
cerned with determining the magnitua:: of the efiect of roughness on transitiom,
rather than with the mechanisms which are involved. In the absence of explicit
experimental evidence, several potential mechanisms have been formulated to ex-

plain the observed experimental results. For example, there has been a general
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class of traunsition which is traditionally tied to a "by-pass" mechanism (see,
for example, Morkovin, 1969) in which transition is believed to be independent
of stability. Among the variables included in this class are the effects of
roughness. The foundation for the bypass theory is based on experimental
evidence such as that reported by Dryden (1959) in which tramsition on rough
surfaces occurred at Reynolds numbers at or below the critical Reynolds number
of linear stability theory. While such bypass mechanisms undoubtedly do exist,
the effects of roughness on the mean profile (as described below) can signifi-
cantly lower the critical Reynolds numbers sc that results, such as those cited
by Dryden, can still bz dependent on stability mechanisms.

Another suggested mechanism for thae effect of roughness on traasition is
the wavy-wall analogy. However, in order for a wavy wall to affect transition,
the characteristic lepgth of the waviness must be on the order of a boundary~
layer thickness (i.e., 2 wavelength similar to the Tollmien-Schlichting wave-
length). Although this effect cannot be completely ruled out, we helieve that
because of the small characteristic length associated with the zoughness on a
re-entry vehicle nosetip (as compared to the boundary-layer thickness), this
effect is of minor importance.

-Finally, a third potential mechanism for the effects of roughness on
transition is one which views an interaction between the roughness and the
mean velocity profile., This effect has beeir observed by Klebancff and Tidstrom
(1972). This experiment represents the only experiment known to the authors
which is concerned with determining the mechanism whereby roughness affects
transition. 1In this experiment, a cylindrical, two-dimensicnal roughness
element was placed on the surface of a flat plate at a stream-wise location at
which the boundary layer was still laminar, but was sufficiently thick to com-
pletely submerge the cylinder. Measurcments taken inside the laminar boundary
layer downstream of the cylinder indicated that the fluctuations were amplified
or damped as they were swept downstream, depending on their frequency. Compari-

sons with computations from flat plate linear stability theory showad that the
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experimentally measured amplification rates were much higher than the predicted
values. However, when the predicted amplification rates were computed from the
measured mean velocity profiles (which were distorted from the Blasius shape by
the presence of the wire), the results were in good agreement with the measured
growth rates.

In addition to this increased amplification rate, which indirectly ipcreased
the fluctuation letel, Klebanoff and Tidstrom found that the roughness elément
also generated additional fiuctuations in the laminar boundary layer by a direct
method. Consequently, Klebanoff and Tidstrom's findings can be summacized by
noting that roughness affects transition in the following two ways:

1. The presence of surface roughness alters the mean velocity profiles in
such a manner that disturbances in the laminar boundary layer are ampli-
fied at a faster rate. |

2. The presence of surface roughness generates additional dist;rbances in
the boundary layer and, hence, changes the initial disturbance level
before amplification begins.

This experimental observation not only further justifies the link between in-
stability and transition, but also forms the foundation of the approach reported
herein.

In the following sectfons of this Report, an anzlytical model which Aescribes
the effects of distributed surface roughuess on the mean velocity profile is de-
veloped. This model is theu applied to the prediction of transition i. incom-
pressible boundary layers over walls with distributed roughness. It is noted
that the above physical observations were made for flow over a single, two-
dimensional roughness element, mot for flows over walls having distributed
roughuness, In the absence of definitive experimental evidence linking distributed
roughness to transition, we have applied this information on the physics of transi-
tion behind a two~dimensionzl roughness element to the apmalysis of transition on a
surface with distributed roughness.

"—”_'M‘ 3
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It should be noted that the present approach bypasses some of the phenomena
which are present in the ‘transitional boundary layer on the nosetip of z re-~
entry vehicle. Because of the ablative surface of the nosecone, the roughness
is, itseli, coupled to the flow processes. A schematic of the complete, coupled
process is shown as Fig. 1. Referring to this figure, nosetip transition is
initially affected by the surface roughness which, as indicated above, causes a
two-fold change in the boundary layer: it increases the local disturbance level,
and it also causes local changes in the mean flow profile. The mean flow changes
alter the stability characteristics of the boundary layer and these altered sta-
bility characteristics, plus the increased disturbance levels, cause a change in
the energy transfer between the mean flow and the disturbances, which results in
a further alteration of the mean profile shapes. These adjustments in the mean
profile cause changes in the ablation characteristics which, in .vurn, affect the
roughness of the surfacec and, hence, ccmplete the coupling between the flow and
the surface characteristics. Finally, if thesc mean flow adjustments are cou-
puted by a non-linear stability theory, we could then deduce the onset of tramsi-
tion directly by observation of the mean profile shapes. In order to simplify
the analysis, we have removed the coupling between the disturbances and the mean
flow (the non-linear stability effects) by means of an empirical tramsition
criterion so that we can deduce transition directly from the linear stability
results. In addition, the results in this Report dc not include a computation
of the material ablation characteristics but rather, assume that the roughness

characteristics of the surface are specified.

3. TURBULENT SUBLAYER MODEL FOR THE EFFECT OF ROUGHNESS ON TRANSITION

The analytical model for the effect of distributed roughness on transition
pictures the flow over the many individual roughness elements as having an un-
steady nature which is similar to that commonly observed behind isolated bodies
at intermediate Reynolds numbers. This postulated unsteadiness could occur in

the form of either a vortex street or wake turbulence. (Order-of-magnitude
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estimates indicate that the local Reynolds number of the flow over a roughness
element, based on the roughness height and the velocity at this height, which
is Just large enough to begin to affect the location of tramsitiom, is near the
'Reynolds number at which vertex shedding would begin in a uniform flow.) The
model views these unsteady velocity fluctuations near the wall as a source ofA
augmented momentum transfer. This increased momentum transfer near the sur- |
face is modelled by means of a local eddy viscosity. Consequently, in contrast
to the familiar laminar sublayer which exists near the wall in a fully turbulent
boundary layer, the surface roughness model pictures a "turbulent sublayer”
beneath the laminar boundary layer on a rough wall. Because of this high ef-
fective viscosity near the wall, a small velocity gradient is expected there.
By “pulling down" the velocity profile near the wall, the overall mean velocity
priafie for the zero pressure gradient case develops an inflection point which
is dynamically more unstable, according to the linear stability theory. Thus,
this modified mean profile results in sﬁbstantially increased linear amplifi-
cation rates and, het.ce, earlier boundary-layer transition.

A schematic comparison between the above~described "turbuient sublayer"
model and the effective viscosity distribution in a typical turbulent boun&ary
is éhown in Fig. 2. This figure aiso shows that we expect the effective vis-
cosity, which approximates the momentum transfer by the unsteady velocities
near the wall, to be a maximum there and to vanish away from the wall. Again,
by analogy with isolated bodies in a free stream, we expect the "width" of the
turbulent sublayer to be of the same order of magnitude as the lncal roughness
height. Thus, mathematically we represent the effective viscosity in the
“turbulent sublayer" as

Ceff _ “max

=

Y \Y

Fy/k) 1)

vhere the function, F(y/k), is a function which is a maximum near the wall,
decreases as we move away from the wall, and vanishes at distances which are

large compared to the roughness height, k. 1In analogy to wake flow, we assume

€ _ €pax e—B(y/k)2

\Y v

B = QK1) (2)

10
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where B is a constant which is required to be of the order of uﬁity so that
width of the region of amplified momentum transfer is similar to the rough-
ness height. , '

In order to obtain a reasonable estimate for the numerical values of
the constants in the model, we turn to analogous mechanisms fer which ex-
perimental data are available. For a turbulent wake, the eddy viscousity
can be expressed as (Schlichting, 1960)

€ = Ke' BI/Z(Ue - Uq‘) ’ :(3)

where K; is an empirically determined coastant, and 31/2 is the half-width
of the jet. If we re-write Eq. (3) in terms of the characteristic dimen-
sions of our problem, we have f

c Ukk '
>N = 11 - " ' |
(v )mx Ke v xe Rek ’ (%)

'
|

where k refers to the roughness height which characterizes the surface,

and Uk is the velocity at the top of the roughuess =lements. The Reynolds

number, Rek, which is defined by Eq. (4), will be referred to as the rough-

ness Reynolds aumber. To accout for differences between the momentum trans-
fer in the wake of an isolated body and the wake behind a roughness element
on a surface, we have shown the eapirical coefficieut, Ké’, in Eq. (4) as
different from the analogous proportiomality constant in Eq. (3). From
Schlichting (1960), we find Kt' = &”(0.1) and we, likewise, require K;' =
©10.1).

Finally, we expect the mumentum transfer by the unsteady, roughness-

induced velocities tc have some threshold Reynolds number below which the

%
|

flow is completely stable so that no "turbulent" momentum transfer takes

place in the regiocn near the wall. Again, appealing to the case of low

sk

Reynolds number flcw over an isolated body, experimental results show that

the flow field is completely stable up o some particular Reynolds number,

o Tl
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after which unsteadiness begins. This threshold Reynolds number has heen
introduced into the model by allowing the coefficient, K, to have a van

Driest-type dependence ou the local Reynolds number. Thus, we represenl
" o, - - +
K" =K, [1 exp(-Re, /A )] . (5)

Based on experimental results taken from bodies in an undisturbed flow, we
expect this threshold Reynolds number to be of the order of 40 (correspond-
ing to the Reynolds number at which the vortex street behind a cylinder
begins).

In summary, the model of the effect of roughness on transition pictures
an additional momentum transport near the wall which augments the transfer of
momentum by molecular viscosity. This additional momentum transfer is included
by means of an effective viscosity which is large near the wall ("turbulent sub-
layer") and diminishes to the molecular viscosity far from the wall. The com-
plete mathematical formulation can be obtained by grouping Eqs. (2), (4), and
(5): |

% = 1 + X Re, { 1- exp(-Rek;"A"')% exp [:—B(y/k)2:[ (6)
wheré, as indicated above, we expect
k_=S%0.1)
At = O140) (¢))
B = &11)

A qualitative picture of the effects of a viscusity distribution such as this
is shown in Fig. 3. Here, the relative shapes of the fully developed turbu-
lent boundary layer with its steep gradient at the wall is compared with the
less steep Blasius profile. The rough wall mean velocity profile, in which
the viscosity varies in the opposite manner from that for the turbulent bound-
ary layer (see Fig. 2), is less steep near the wall than the Blasius profile
and contains an inflection point. It is emphaslzed that Fig. 3 is intended

to be exemplary in nature, and that the rrniative differences between the
boundary-layer profiles have been exaggerated in order to more clearly discuss

their qualitative differences.
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Having obtained a tentative model of the effects of distributed surface
roughness on the mean velocity profile, it remains to determine the effects
these alterations will have on the stability (and hence, transition) charac-
teristics of a laminar boundary layei. Two separate procedures for comput-
ing the effects of these profile changes on the stability characteristics of

an “exact" procedure and an "approximate" procedure. Although there is no
difficulty in applying the exact procedure, the results presented in thls
Report are based solely on the approximate technique. The reason for this
choice of the approximate technique over the exact technique was to give us
a rapid, efficient evaluation of the potential cf the turbulent sublayer
wodel for predicting changes in transition Reynolds numbers caused by th.
presence of surface roughness. The approximate technique made use of
currently available tabulations of linear stability calculations, so that
uo new stability calculations were required. In view of the favorable com-
parisons between the turbulent sublayer predictions and experimental results,
additional calculations based on the exact analysis are planned. Although
the discussions of the two procedures of predicting transition from linear
stability results are presented in terms of the rough wall analysis, they
can be made to apply to the prediction of transition on smooth walls by
simply taking the effective viscosity to be everywhere constant.

3.1 "Exact" Analysis

In order to caXculate the stability properties of a laminar boundary layer,
the mean flow profiles must first be known, as discussed in standard textbooks
(Betchov and Criminale, 1967). Thus, to predict transition, one must start from
a knowledge of the stream~wise variation of the pressure field which is iwpressed
on the boundary layer by the outer, inviscid flow field. Then, by umeaus cf a
numerical solution of the laminary boundary-layer equations, the mean velocity
profiles can be found along the expected laminar length of the body. Having
obtained the cross-stream boundary-layer profiles, the linear stability equations
can be integrated at each stream-wise location (or Reynolds number) to obtain the
amplification rate of each individual frequency component as a function of the
boundary-layer Reynolds number. This amplification rate describes the rate at

which a disturbance grows as it is convected downstream. Thus, if the spectral

13




Flow Research Report No. 40
October, 1974

portion of the disturbance in the boundary layer, which has the frequency, w,
is given by

¢' (x,¥,t) = ¢(y) exp [i(ax - ut)] » (8)

where w is real, and a = ¢ + iui is complex, then the spatial amplification
rate is (-ai). By integration, it can be shown that the amplitude, A, of this
spectral compoaent of the disturbance is related to its initial amplitude by

X .
AJAo-exp‘—lo a.idx . (9)

Howevex, even though a large body of experimental evidence has shown that
these linearly growing waves are a precursor to tramnsition, transition
cannot begin until non-linearities enter. That is tc say, transition ig
ar inherently =on-linear phenomenon. Consequently, some additional in-
formation must be added to the linear analysis before we can proceed to

the tr_asition problem. Since the linear stability equations represent

¢ first-order approxiwmcicn to the Mavier-Stokes equatjons, the non-
linearities can formally be included into the analysis by solviang addi-
tional sets of equations corresponding to higher—order approximations.

An example of such a calculation has been given by Benney (1964). Even
though such an approach seems promising and within the capability of
present-day high-speed computers, we have chosen to include the ron-linear
effects by means of empirical information rather than by this purely mathe-
matical procedure. Jaffe, Okamura and Smith (1968) have shown that if the
linear stability theory is nsed to predict the growth of each individual
spectral component of the disturbances in the boundary layer, a reasonable
prediction of transition can be obtained by observing when the local ampli-
fication of the disturbance has first exceeded some critical value, (AjAb)CRIT'

By comparison with experimental data, including both favorcble and unfavorable
pressure gradient cases, Jaffe, Okamura and Smith (1970) have shown that this

ceritical value is

n
A cprr = € (10)
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wher2 ~he exponent, n, is of the order of 9 or 10.

One aight object that the actual magnitude of the disturbance, A,
rather than the total amount by which it has been amplified, A/A_, would
be ~ more plausible transition criteria. However, since initial distur-
bance levels, o are aeldon knowa (and their spectral conteni, knoun
even 1ess frequently), we ‘have been forced to use the amplification ratio
racher thaa Lhe magnituhg of the distu*bance. The relative success of the
ngdn criterion 18, in yart, ‘tied to the high émnyfication rates which cccur
in incompressitle boundary laymrs, as well as to a probabla reflection ©f
the fact that most 1ow-speed wind tunnels hame similar disturbance environ—
ments. The high amplification ratea easure tbat the predicted iranmition ‘
Reynolds uumber is relatively insensitive to Lne magnitude of the, ttansktion
criterion. Thns, the transition Reynolds onymber which would be obtained fxum
an “el0" criterion is only slightly higher than that Reynolds number corze-
sponding to nedn, Similafif,"if most wind tunnels have siﬁilar background
disturbances, the amplification criteriqn,‘(AIAb)Cklrg_is”equivalemt to an
amplitude criterion, ACRIT

Thus, once the mean flow fieLd and tha linear stability nap for a given
boundary layer has been computeq, the.transition ngnalds nuxber can be de-
duced directly from the stability results by means of the empiricgl'”egw
criterion. Consequently, the effects of variables such as the loéal pres—~
sure gradient can be taken into account in a direct fashion, without need
for additional experimental results. Likewise, the effects of surface rough-
ness can be taken into account in the "e®" method by means of the “rurbulent
sublayer" method. '

3.2 "Approximate' Procedure

By contrast to the above exact procedure, an approximate procedure
has been developed for the purpose of obtaining rapid assesstents of the leo-
cation of transition in the presence of coupled effects such as pressure

gradients and surface roughness. This approximate wmethod has been used to
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3 . test the validity of the proposed turbulent sublayer wmodel for the effects

of distributed surface roughness. As yet, no comparisons between the exact
« - and the approximate methods have been made, although such comparisons are
i planned. ,
& The approximate method short—cuts the prediction of transition in the
B presence of smooth walls by first approximating the mean velocity profiles
in the boundary layer as being composed of a series of similar {i.e., Falkner-

BTN T

Skan) profiles. This saves only a modest amount of computational time as com-
pared to a completely numerical solution of the boundary-layer equations, but
it allows the stability equations to be parameterized in terms of the pressure
gradient parameter for similar flows. Thus, rather than re-computing the
linear stability results for each arbitrary velocity profile of interest, the
stability results can be tabulated once and for all for various values of the

TR IR R SE

T T

Falkner~Skan pressure gradient parameter, B. Further, an extensive tabulation
2 | of linear stabllity results has been published by Wazzan, Okamura and Smith
(1968} so that the complete set of stability results which are necessary for

4 the smooth wall problem is already available.

R Y

IR

For tae rough wall case, similar velocity profiles can again be obtained.

T

An outline of theii Jerivation is given in the Appendix. However, in the

.

presaace . of wsurface roughness, the similar solutions coantain two parametric
variables: the pressuve gradienf, B (which was the only parameter in the
smooth wall solutions), plus the roughness parameter, Rek. Thus, in order to
reduce the rough wall case to a ringle parameter dependence, we have defined
& one~to-one approximation between the rougl wall similar sclutione and the
Falkner-Skan solutions. The approximatioce assumes that the shape factor,

H = 8%/5, completely characterizes the mean flow profile for either the rough
or the siwoth wvall case. Thus, in the analysis, we first compute the rough
wall mean velocity profiles (from the turbulent sublayev model). Then, we
compute the local shape factor, H, and assume that the stability character-
istics of the rougl wall profile are identical to those of the Falkner-Skan

B e

&
fe
i
k
3

)

Swp covemE -

profile, having the same shape factor. Flnally, the transition Reynolds

: nunber is determiyad by the cemi~empirical "e3" criterion in a manner iden-
tical to that used for the exact analysis.

Ste .

R
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As indicated, the 1ink between ihe rough wall prufiles and the Falkner-
Skan profilés is based on the shape factor. Thus, starting from the stabil-
ity results for smooth wall Falkner-Skan flows, the transition Reynolds
‘nubbéi, RexTR,‘has been computed as & function of the pressure gradient
' parameter, B(using an 23 transition criterion). However, to each value
of 8. there corresponds a unique shape factor, H, so that we can express
Rexié as g,functipn‘of H, as shown in Fig. 4. Note that thzse results are
baged on an approximate meaa velocity profile as well as an approximate vis-
“cosity dis;ribatién. ‘That is to say, the effective viscosity of the turbulent
sublayer has been ignored in the stability calculations. However, we believe
that the errors introduced by this approximation are small, and that we can
obtain a reliable assessment of the capabilities of the roughness model with-
out the nced for making additional stability calculations. An exact assess-
ment of the erxors iatroduced by this approximation is planned.

4, DISCUSSION OF RESULTS

Some typical rough wall, mean velocity prefiles, which have been obtained
from the “"turbulent sublayer" model, are shown in Fig. 5. This figure shows
the non~dimensionazl velocity, u/ue, as a funct’ n of the non-dimensional dis-

taace from the wall, n. The solid lines represent two rough wall profiles in
zero pressure gradient flows. The value of the shape factor, H, for these two _
cases is d = 3.02 and H = 3.33. The smooth wall Falkner-Skan solu*icns having
these same shape factors are also shown so that a quantitative ccupirison can
be made between the velocity profiles when the shape factors are “denilcal,

Of course, this comparison does not give a direct iandication of the diilavenceas
in the stability characteristics of two profiles with the same vaiue of H, but
some inferences can be drawn. For instance, since the rough wall profile for
the H = 3.33 case lies between the Falkner-Skan profiles for H = 3.33 and H =
3.02, ve can infer that a complete stability calculation, based on the rough
wall profile, would lead tc a somewhat smaller predicted effect of roughness
un transition than is obtained from the shape factor approximation. Finally,
note that the Blasius profile (H = 2,59, 8 = 0) and the profile of incipient

separation (H = 4.03, B = -.1988) are also shown for reference in Fig. 5.
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Figs. 6 through 11 present some transition predictions .aich have been
obtained from the turbulent sublayer model using the "approximate" technique
described above.
ficients in the model, which have been used for these predictions, are those
which are obtained by replacing the order of magnitude symbols in Eq. (7) by

Unless otherwis2 noted; the values of the empirical coef-

w ki

ek il mlveu ki

exact equalities.
. taken as k_ = 0.1, At = 40. :- ' 2

sensitivicy of the predict

a parametric study has e

7, and 8. Fig. 6 shows th: -

of the roughness height, &

large value (At = 30), the bs .

Note that small values of A% imp.

roughness elements begins at v<.:

of AY imply the unsteadiness i -

sponding study of the sublaye

from Eq. (6) that a l=-

thickreess varies as th: gar.

of Varying the last of o

Fig. 8 also contains exp. .

lowing paragraph.) A re

transition Reynolds nuel .

constants; nevertheless, a o’

transitional boundary layer in

is needed to obtain improved va. -

the model.

compare them with the predictions.

wall roughness is varied.

Specifically, the *"baseline" values of the constants were

1.0.
he values selected for these coefficients,

*a and the results are givennin Figs. 6,

e¢d trarnsition Reynolds number as a function
three values threshold Reynolds number; a

¢ (A¥ = 40), and a small value (At = 4).

‘hat the unsteadiness in the flow over the

# Reynolds numbers. Similarly, large'values
¥ ,:« to higher Reynolds numbers.

However, in order to determine the

A corre-
+€8%9 parameter, B, is shown in Fig. 7. Note
corresponds to a thin sublayer and that the
>£ B, rather than as B itself. The effect
meters, Ke’ is shown in Fig. 8. (Note that
mlits, but these are discussed in the fol-

three figures shows that the predicted
soderately affected by the choice of the
experiment of a transitional and pre-
:sence of distributed surface roughness

. w.. the constantes aud to completely validate

We now consider the experimental results which are included in ¥ig. 8 and

These experimental results zre taken from

Feindt (1957) and show the variation of the transition Reynolds number as the
As can be seen, the prediction is good for relatively
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high roughness Reynolds numbers, but at low roughnesses, the predictions are
nearly an order of magnitude above the measurements of Feindt. The reascn
for this diccrepancy is that Feindt's experiments were made with a free-stream
turbulence level of some 1.2%Z, whereas, the predictions did not take into
account this hizh free-stream turbulence level. Because of this shortcoming
of Feindt's experiment, the general level of some other experimeats for the
smooth wall case, including those of Schubauer and Skramstad (1948) and Wells
(1967), are shown at the smooth wall limit (Rek = 0). Thus, it is seen that
the prediction agrees quite well with these smooth wall experiments which were
taken in low disturbance wind tunnels. ‘Note that agreement with these tests
is to be expected since the "e?" factor was, in part, determined by comparing
stability predictions with these same experiments.) However, even despite the
high turbulence levels in Feindt's experiments, we believe the agreement be- ’
tween the predictions and the experiments at large roughness Reynolds numbers
is meaningful for the following two reasons. First, the theory predicts that
for sufficiently large roughness, the location of tramnsition will be controlled
by the roughness regardless of the other parameters in the problem. (Some nu-
merical results which indicate this are given later.) Second, some further
experimental results by Feindt (1957) compared the effects of two different
free~-stream turbulence levels. The resulcs of these additional experiments are
given In Fig. 9. This figure shows that for small roughnesses, increasing the
free-strean turbulence level decreases the transition Reynolds number, but as
the roughness Reynolds number is increased, the curves for the two different
turbulence levels apprecach each other so that, within the scatter of the data;
there is no effect of free-stream turbulence on tramsition above a certain
roughness Reynolds number.

Soma further predictions of the linear stability theory, which show the
effect of pressure gradient on transition, are shown in Fig. 10, where they are
compared with some experimental results which have been collected by Granville

and reported in Schlichting (1960). The experimental results are for a variety

‘
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of transition measurements which were made in the presence of both favorable
and adverse pressure gradients. As can be seen from Fig. 10, the trausition
predictions are in reasonably good agr =ment with the data, indicating that
a constant amplificatiova criterlon can be used for either a zero or a non-
zero pressure gradient situation. Further testing of the “e¥" criteriom in
the presence of pressure gradient has been rzported by Jaffe, Okamura and
Smitk (1970).

finally, some predictions of the combined effects of pressure gradient
and roughness on the transition location have been made and are shown in
Fig. 11. The predictions are for a number of similar flow (Falkner-Skan)
profiles. The results show that the effect of preasure gradicnt on the
transition Reynolds number is very important at the low roughness levels,
but that at the larger roughness levels, the locatior of transition is
nearly independeant of the free-stresm pressure gradient. This is in agree-
ment with the observations made with respect to Figs. 6 and 7. Fig.ll also
includez (in the insert) the experimental results by Feindt (1957) showing
the coupled effects of pressure gradient and roughness. Because of the high
free-stream turbulence levels which are preseant in Feindt's experiments (as
discﬁssed earlier), a quantitative comparison cannot be made; however, it is

noted that the qualitative agreement is good.

5. SUMMARY AND CONCLUSIONS

In summary, a model for the effect of distributed surface roughness cn

the location of transition has been developed. The model is based on the
experimental evidence of Klebanoff and Tidstrom (1972) which showed that
roughness not only generates additional fluctuations in the boundary layer,
but that it also modifies the mean flow profile in such a manner as to make
the fluctuations grow morz rapidly. In the distributed roughness case, this
modification in the mean profile was taken into account by the “turbulent

sublayer" model. Transition predictions, which have been based on this
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turbulent sublayer model, linear stability theory and the "e3" tranmsition
criterion, have shown promising agreement with the available data for both
zZero pressure gradient and non-zero pressure gradient situations. However,
the model does have thre: :mpirical constants which have been evaluated from
order-of-magnitude argume=ars. Although parametric studies have shown that
the predicted transition locations are relatively insensitive to the values
of these constants, some direct experimental evidence is required to com-
Pletely specify their magnitudes. Finally, it is noted that experimental
evidence is alsc necessary to verify the turbulent sublayer concept, as well
as to verify the mechanisms by which distributed surface roughness affects
transition. The verification of the turbulent sublayer concept, as well as
the evaluation of the empirical constants, could be obtained from a carefully
performed flat plate experiment in which both the mean velocity profiles and

the growth rate of the disturbances in the laminar boundary layer were measured.
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APPENDIX: Similar Solutions of the Rough Wall Boundary Layer Equations

When the “'turbulent sublayer" model is incorporated into the incompressible
boundary layer equations, they become

99.4..?17.

. it 5y = O : (a.1)

du v dU 9 du
. u o +v 3y A + 3y [(v + €) ay'] . (A.2)

In these equations, x and y represent the coordinates along and normal tc the
wall, u and v represent the corresponding velocity components, and U represents
the free-stream velocity. The kinematic viscosity 1is given by v, while € rep-
resents the effective viscosity in the turbulent sublayer.
By standard methods, Eqs. (A.l) and (A.2) can be reduced to the similar .
forn, ‘
[c f"] 4 ff" + B(1 - £'%) =0, (A.3)

where primes refer to differentiation with respect to the similarity variable,
n, which is given by '

n+1 A .
“ EJ 2 y VX . (A'l.)
Other quantities in Eq. (A.3) are
£' = u/U (A.5)
and _
C=1+c¢fv. (2.6)

The quantities B aud n (in Eq. A.4) represent pressure gradient parameters.
They are related to each other by
a=8/2-8, (A.7)

and n is defined from the similarity requirement for the free-stream flow,

nanely a '
U=1u, (x/L)" . (A.8)
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As can be seen, Eq. (A.3) becomes the classical Falkner-Skan equation in the
smooth wall case, where C = 1 (¢ = 0).
In addition to the restriction on the free-stream velocity, Eq. (A.8),

the effective viscoslity, €, must also be restricted in order to obtain similar
. solutions. Thus, the ratio, €/v, must be a function of n only. As shown below,
this imposes a restriction on the stream—-wise varilation of the surface roughness
* height, k. From Eq. (6) it can be seen that for the effective viscosity to de-
pend on n only, we must require that the roughness Reynolds aumber, Rek, depend
on n only. Now, for small roughnesses, we can express the velocity at the
roughness height, Uk’ by a Taylor series,

u

so our requirement for similarity becomes,

ukk du k2
Re'k = = 3y 5= const. (A.10)

o AR e M

b But for a laminar boundary layer, the velocity gradient at the wall is

Ju n + 1 U3 "
(3;) = J—-———z J-\;; £(0) . . (A.11)
y=0

Thus, by combining Egs. (A.10) and (A.1ll), we see that if the roughness Rey-
nolds number is to be independent of x, the roughness height, k, must vary

as

x1—3n/4 .

kn (A.12)

T e N ITIT Y T AT T T
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Thus, for & flat plate (rn = 0), the roughness height is required to grow

slowly with the stream-wise cocrdinate (as the one-fourth power).

TR o, W UTE

However, if the viscosity in the "turbulent sublayer" is to depend on n
only, we must also require that the ratio, y/k, depend on n only (again, see
Eq. 6). If the roughness height is constrained to vary with x accordiug to
Eq. (A.12), it is seen that y/k has a weak dependence on x. Thus, a local
similarity approximation is required to obtain the similar solution in the

rough wall case, although the departure from "exact" similarity is small.
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Fig. 10 Effect of Pressure Gradient on Transition Comparison
between Theory and Experiment.
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