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1.0 INTRODUCTION

In many areas of testing of aerospace and aerodynamic ve-
hicles at the Arnold Engineering Development Center (AEDC),
the requirement is imposed to measure individual molecular spe-
cies densities. Several different techniques are used to ac-
complish such measurements. The most common technique is to
insert a sampling probe into a gas stream and extract and
analyze a sample using conventional process instruments. The
major disadvantages of this procedure are the disturbance ef-
fects of the probe on the gas stream and the change in species
due to chemical reactions within the sampling transfer lines.
A more desirable procedure is to use a method which does not
disturb the gas stream and thus measures the species concentra-
tion in situ. For a great many applications, absorption spec-
troscopy fulfills the requirements for an in situ measurement.

The use of absorption spectroscopy for demnsity measure-
ments may take on many forms depending upon the application
and the molecule involved. The most common method employs a
continuum source in the infrared. However, in combustion gases
the infrared spectrum is overlapped by bands of different
molecules; isolation of species other than the major components,
water vapor and carbon dioxide, is difficult. Another method
which has found utility in many instances 1s the spectral line
absorption method in which a line source in the visible or
ultraviolet spectral region is employed which has the same wave-
length as the resonance lines or bands of the absorbing specie.
The absorption method is useful for atoms and also for molecules
which have a resonance transition. Several diatomic, hetero-
nuclear molecules which occur in combustion exhaust products
have resonance transitions in spectral regions which are
accessible with conventional spectrometric apparatus. The
governing equations for the line absorption method are de-
veloped in the classical text by Mitchell and Zemansky (Ref.
1), and some applications are described in Refs. 2, 3, and 4.

A particularly effective method of conducting the line
absorption measurement is to use a scurce in which the lines
have a much narrower width than the absorption lines. In this
case the measured absorption coefficient is the line center
absorption coefficient which is simply and directly related to
the species concentration. Unfortunately, the narrow line
situation is encountered only occasionally; in the more usual
application a difficult integral over the source line and ab-
sorption line shapes must be performed (Ref. 1).

A difficulty which is encountered in the practical realm
of measurement of molecular concentrations using the line ab-
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sorption method is that the lines within a band cannot be iso-
lated due to overlapping of the lines or limitations of the
spectrometric equipment which must be employed for field
measurements. This lack of isolation makes the interpretation
of absorption measurements from first principles a difficult
task, and investigators have usually gone to laboratory cali-
brations in such cases. However, the calibration route becomes
very tedious because of the dependence of the absorption on
temperature, and the method is seriously impaired when there
are temperature gradients along the optical path. The equa-
tions which must be solved in order to determine species
densities and temperature directly from absorption measure-
ments are developed in this report.

The resonance absorption technique has been applied at
AEDC to measure the OH and NO molecular densities in the
exhaust of a turbojet engine being operated at simulated high
altitude conditions (Ref. 4). TFor OH, several lines in the
3064 8 resonance band were spaced sufficiently far apart that
lines could be isolated by the 1/2-meter spectrometer which
was used and the line absorption methed could be used in its
most simple form. For NO, the lines of the resonance <vy-bands
are more closely spaced than those of OH and could not be
resolved using the 1/2-meter spectrometer. Therefore, a
laboratory calibration had to be used. The calibration was
performed using pure NO in a low pressure, room temperature
absorption cell. The approach used was to correct the mea-~
sured transmission to line center transmission, assuming that
Doppler broadening was prevalent over other broadening mecha-
nisms. The results of the measurements were that the NO
concentration measured by the absorption technique was much
larger than that measured by sampling techniques. Because
of this discrepancy and because the calibration at room
temperature was recognized as a weak link in the absorption
technique, an analytical investigation was initiated to de-
velop computational procedures for predicting the transmis-
sion of resonance radiation through media under any condi-
tions of temperature and pressure.

This report presents the development of a general pro-
cedure for analytically determining, from first principles,
the spectral band absorption as a function of temperature and
concentration. The procedure is applied to the (0,0) band of
the NO y-system for temperatures ranging from 300°K to EOOOOK
and for densities ranging from 1015 molecules/cm3 to 1018
molecules/cm3. 1In this application, the absorbing gas is pure
NO and, thus, the total pressure is very low. At low pressures,
Doppler broadening is the predominant broadening mechanism, and
for this report Lorentz and natural broadening are considered
negligible. The calculated band profiles in transmission will
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be compared to experimental data in a number of ways in this
report.

2.0 THEORETICAL DEVELOPMENT

Two problems are encountered in the determination of species
densities from band absorption measurements. The first problem
arises because of the overlapping of lines due to their finite
width and close spacing. The second problem arises because of
the inability of spectrometers to resolve individual spectral
lines, which affects the interpretation of transmission measure-
ments. The first difficulty lies in the fact that the trans-
mission of a particular emission line from a source is affected
by both its corresponding absorption line and those absorption
lines in close proximity, as illustrated in Fig. 1. The correct
treatment of the problem requires that, for each emission line,
the absorption of all lines in close proximity be accounted for.
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Figure 1. I[llustration of overlapping absorption lines.
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2.1 DEVELOPMENT OF TRANSMISSION FORMULAE FOR OVERLAPPING LINES

For a single, isolated jth spectral line, the tramsmission,

Tj, of a source line having some frequency distribution, Ig',
Jd

through a uniform absorbing medium of length {4 is given by
Ti= T8 e —ijE)duj (1)

where kv is the absorption coefficient which has a frequency
J
distribution independent of Iz . In many cases both 13 and
J J
kv- may simply be given by the Doppler broadening expression,

J
- [2(')_“ P ]2 (2)
b= Ipo exp 4 Vin 2
! 1 ! i (.‘3‘*}'])”

2(|'—Vf) 2
k"j = kl-‘? C(p -~ m \.‘ln2 (3)

where Iﬂq 1s. the intensity of the source line at center fre-

J
quency, v?, and (Asvj)D is the Doppler width at half the in-
tensity (half-width) at line center of the emitted spectral

line, given by
T2 kT
By = 20§ v (4)

In Eq. (4}, « is Boltzmann's constant, Tg is the absolute
temperature of the source, and Mg is the mass of the emitting
molecule. The Doppler half width of the absorbing line is
given by

" InZ kT,
B = 2.0 e
Ay = 245 02 (5)
.

a

10
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where T, and M, refer to the temperature and mass of the ab-
sorbing molecule, (Mg and M, are the same when the source is a
resonance lamp containing the same molecule as the absorbing
gas, but in theory need not be the same.)

Equations (1)}, (2), and (3) can now be combined to give

T, TR wrd v Y e 6y
T. =I5 [ exp =~ Vin exp {~fk o exp |- In2 v

The limits on the integrals of Eq. (6) have been changed (from
0 to » in Eq. (1)) to the more practical case for the Doppler
profile, Now, assuming there are other absorption lines with-
in the integration limits which might contribute to the mea-

sured transmission of the line vj, Eq. (3) must be replaced by

the expression
5 2y =) o 2
k, = 2 ku<i> exp {— Ao {/In (7)

where the summation is over all lines, including the jth line,
which have a finite value of the absorption coefficient falling
within the integration limits v = vg - 2(Asvj)D to v_ = v? +

Z(ASVJ)D. The transmission of the radiation due to the

jth source line is now given by

: o Iv? - Z(ASVJ-)D 2(u—u}’) JT 2 - 20v~r) 2 4
. = 1% exp ¢—|—= /In exp (=2k o exp |[={——— VInZ b
J vj v?_z(Asvj)D (Asllj)u i V| (Aal/i)n_

(8)

The total transmission, T, in a particular frequency in-

terval is given by combining Egqs. (1), (2), and (8) and summing
over all the emission lines in that interval:

- s vi+ 28y 2w ]2 - b1 \2
Ta, = 2120 f exp (— VIn2| >exp ko exp |- Vv1n2 dv
Av i "(j" 2(Ast)D (As"'j)D T Vi (Aaidp

(9)

11
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where the summation over j includes all emission lines which
have components falling within the frequency interval of in-
terest, Av. The transmissivity, t, or fractional transmission
in a particular interval is given by

s fﬁ'*ﬂﬁfﬂn w-v) 2 20 —9) g
31,0 exp {=|7——— \/In2 L3 - Yz d
i Y V? - 2(Asvj)D (Asvj)D exp £ kv? exp (Aal’i)l) VIn v

ST 2 —1/9) 2
Lo ! B exp {= @A )l \/m dv
) Vjo — 2{ASV]-)D st D

and again the summation over j includes all lines within the
interval of interest, Av,

AL =

—M

(10)

2.2 RELATION BETWEEN ABSORPTION COEFFICIENT AND
ABSORBING MEDIUM PROPERTIES

The absorption coefficient of a spectral line is related
to the population density of the absorbing gas by the equation
(Ref. 3)

o 2
f kvdv = ”ez NJn[J;JN (11)

o mce

Eq. (3) can be integrated over the Doppler broadened line to
give (Ref, 1)

had \/.'r_
J kui‘]" F ku‘; (Ardp PNITE (12)

In
Equating Eqs. (11) and (12),

kvo ) 2&2v_ﬂ In2 NJJIfJfJII

mc

(13)

where e is the charge on an electron, ¢ is the velocity of light,
m is the mass of an electron, fjy'jy+ is the oscillator strength

of the appropriate absorption line, and Njyr is the number density
of molecules in the lower state of the mo{ecule corresponding to
the ith line. If the absorbing medium is made up of diatomic
molecules, then J" represents a particular rotational-vibrational-
electronic state. Furthermore, if the electronic state is the

12
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ground state and the gas is in Maxwell-Boltzmann equilibrium,
then N, is related to the gas density, Ny, in a definable way.

Following Tatum for Hund's case b, (Ref. 5),

Lyl hC ar
N (284 1H21 7+ 1) exp ;- KT, [fTo + GO) + FUJ ﬂ&

N, Q. 0,0, (14)

[>]

where S is the spin quantum number, h is Planck's constant, T,
is the temperature of the gas, J,is the term value for the
ground electronic state, G(o) is the term value for the ground
vibrational state, F(J") is the term value for the rotational
state and Qg is the electronic partition function given by

Q, = TS+ D exp (-:; an) (15)

&

Qv is the vibrational partitionm function given by

he
Qv = % exp [_KTa G{Vﬂ (16)
and Qr is the rotational partition function given by

. he ’e
Q, = %,(2] + 1) exp [—KT F(J ﬂ (17)

a

At the temperatures of interest herein and for the diatomic
molecules of interest, the partition functions may be approxi-
mated by (Ref. 6) ———_

M4 -

228 + 15“’@/('%:; 5;)/ (18)

exp E.K"r c(o)] (19)

Q.

Q,

and

O = 1w (20)

13
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where By is the rotational constant for the ground state. Com-
bining Equations (14), (18), (19) and (20) gives

he B, (2] + 1) exp [- ﬁ F(J"EI
a

Ny 2xlq {21)

The value for the oscillator strength, fJ,J" is given by
(Ref. 5)

Vypopse
177 Sjnr

f;u=fft-
3 vy poeoer 202J7+ 1M25+ 1) (22)

where fyiyn is the vibrational oscillator strength, &y g+ is
the normalized Honl-London Factor and vgryn is the frequency

at the band head. Combining Equations (13), (21) and (22)
gives

b h rEd
62\,‘17 In2 he BO VJ'J 44 fV-V”SJ ”J‘No exp [—KTC ¥ ﬂ
a
o ==
Vi 2(2S+ ]) mcszavV“"(Aavi)D (23)

k

This equation expresses the absorption coefficient at line cen-
ter for a Doppler broadened absorption line in terms of the
density, N,, and temperature, T,, of the isotropic absorbing
medium. Equation (23), when inserted into Eq. (9) or Eq. (10)
permits the calculation of the transmission, Tj, or the trans—

missivity, t, through a medium for all the lines in a band.

2.3 SIMULATION OF SPECTRAL BANDS

The method of simulating the output signal from a spectrom-
eter is described fully in Appendix A. The method employs a
digital computer in conjunction with an X-Y plotter. The wave-
length and the intensity of each spectral line (in emission or
absorption) and the spectrometer bandpass function are input to
the computer, which calculates the spectrometer output function
(usually a triangular function) for that line and stores this
information. The program then adds the contributiomns, at a
given wavelength, of all the lines and feeds the resulting in-
tensity to a plotter. The result is a simulated plot of the
transmission of the spectral band as a function of wavelength.

14
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3.0 APPLICATION OF THE BAND ABSORPTION TECHNIQUE TO
THE NITRIC OXIDE (NO) MOLECULE

The relations developed in the previous section and
Appendix A for constructing simulated band transmission spec-
tra for diatomic molecules is generally applicable to the cal-
culation of the transmission through absorbing media. The re-
lations will be applied here to the NO ~-band absorption
problem since data already exist for comparison (Refs. 3 and 4)
and because of the prominence of NO as a pollutant emission
from combustion processes and as a component of real, high
enthalpy gas flows.

3.1 DESCRIPTION OF EXPERIMENTAL DATA

A system has been employed previously to obtain transmis-
sion data of the (0,0) NO --band through absorption cells, in
the laboratory (Ref. 3), and through jet engine exhausts (Ref.
4). The system, illustrated in Fig. 2, consists of a resonance
lamp source, transmitting and receiving optics, and a spectrom-
eter receiver. The source is a capillary, high voltage (dc),
discharge tube through which a 12:3:1 mixture (by volume) of
A:N2:02 flows at a pressure ranging from 1 to 10 Torr. In the
laboratory, a l-meter Czerny-Turner mount spectrometer was used
in second order to obtain the spectrum of the source (Fig. 3).
Resolution of the instrument was 0.03% and the slit function
was triangular. A number of lines in the spectrum of Fig. 3
could be resolved, and the transmission through absorption cells
was measured for the individual lines (Ref. 3). For the re-
solved lines, Eq. (6) can be employed directly to determine the

Transmitting Receiving
Optics Optics
Resonance Lamp po Im

—

", 5
£ oy i’

e
o porant ¢

Line Source Absorbing Gas Spectrometer
Receiver

Figure 2. 1llustration of physical arrangement for spectral line
absorption measurements.

15
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Figure 3, (0,0) Band of the NO y-system obtained from discharge tube containing a
mixture of 12:3:1 (by volume) of A:N,:0, at 8 torr with 2800 volts applied
by use of 1-meter spectrometer in second order (eguivalent slit width, 0.03A),

absorption coefficient at line center from the measured trans—
mission, and Eq. (23) is used to convert the absorption coeffi-
cient to NO number density. For the jet engine exhaust mea-
surements (Ref. 4) it was not possible to use the l-meter
spectrometer employed to obtain the resolved spectra of Fig.
3, and a 1/2-meter Ebert instrument was employed. Resolution
of the lines could not be accomplished using the 1/2-meter
instrument; an alternative was to open up the slits to obtain
a smooth band profile. The emission profile of the NO (0,0)
v-band from the source for an equivalent slit width of 1.6
obtained from the 1/2-meter instrument is shown in Fig. 4.

The slit function of this instrument was shown to be triangu-
lar by examination of the 4158 argon line. The spectrum and
intensity were repeatable and stable over long periods of time
and for successive runs.

The utility of the overlapping, unresolved band treatment
(Section 2.0) begins now to become apparent. In the work in-
volving absorption measurements through jet engine exhausts
(Ref. 4), a laboratory calibration was made by obtaining the
transmission of the NO (0,0) y-band through the absorption cell
which contained pure NO at room temperature for several dif-
ferent pressures.: The band spectra obtained are shown in Fig.
5, and " a calibration curve of transmissivity at the peak of the
second bandhead (corrected to line center transmissivity at
room temperature by the method described in Ref. 3) versus the
optical path length (N_£) was obtained. This procedure was
conceptually unsatisfactory because of the difference in tem-
perature and pressure of the absorber in the case of the jet
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Figure 4. (0,0) Band of the NO “y-system abtained from discharge tube containing a
mixture of 12:3:1 (by volume)} of A:N2:0; at 8 torr with 2800 volts applied
by use of 1/2-meter spectrometer in first order {equivalent slit width, 1.6A}.

engine exhausts from the calibration case. However, no com-
putational procedure existed for determination of the NO con-
centration from transmission measurements of the low resolution
band spectra, so that the use 0f the calibration procedure was
imperative. In the reduction of the engine exhaust absorption
data, a Doppler broadening profile of the absorption lines was
assumed and the transmission at the second bandhead was cor-
rected to a "line center" transmission using the method
described in Ref. 3. The Doppler assumption was considered
valid since the engine exhaust static pressures ranged from
0.05 to 0.2 atm. This procedure produced results which
appeared reasonable and consistent. However, it was later
recognized that more confidence could be placed in results ob-
tained by using a procedure based on first principles, as
developed in this report.

3.2 SOURCE CHARACTERISTICS
A schematic of the resonance lamp used as a line source

is presented in Fig. 6. Radiation emerges from either end of
the water—-cooled capillary tube and is directed through the
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Ref. Level
{0.0torr)
1.0}
0.8}

Absorber Gas ___
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——————
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Wavelength, A
Figure 5. Measured spectral {bandpass — 1.6A} profile for transmission of the (0,0)
band of the NO y-system through 300°K NO at selected values of gas
pressure and a fixed path length {44.1 cm) from a gas discharge tube
contzining a 12:3:1 mixture (by volume) of A:N;:0, and operating at 8
torr with 2800 volts applied and estimated temperature of 320°K.

absorption cell and into the optics of the spectrometer (Fig.
2). The gas temperature in the water-cooled capillary tube

is maintained at 320°K. It is assumed that the dominant
broadening mechanism under these conditions is due to the
Doppler effect. The Dopgler line width (Eq. (4)) for the lines
of the 0,0 y-band at 320K is 0.005A, so that the use of a
delta function for the lines emitted by the discharge tube is
certainly valid for Ay = AXe = 1.6A, and the convolution in-
tegral (see Appendix A) 1is decoupled.

In order to employ the computational technique developed

in Section 2.0, it is necessary to define the relative in-
tensity of each line in the band. Using all the resolved lines
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Figure 6. Diagram of resonance lamp used to produce narrow-line radiation.

from the NO spectra of Fig. 3, a plot of 1n(IVQ/5JnJv) versus
Fuj is made (Fig. 7). Fuj is the rotational energy of the

upper electronic state, A25S, for the j' transition. The plot
ranges from J' = 1/2 to 81/2 for the lines that can be re-
solved. A straight line plot would be indicative of a Boltzmann
distribution. It is evident that a Boltzmann distribution can-
not be used to express the population distribution of upper
states in the discharge tube in this case; therefore, a ro-
tational temperature cannot be defined. 1In order to find the
relative intensity of those lines that are not resolvable, it

is necessary to refer to Fig. 7. For a particular line, the
value of Ivo /SJ.J” corresponding to its value of Fu , is found

J
from Fig. 7. The value of Iv@/S Ly is then multiplied by the

J

appropriate value of § y resulting in a value of the relative

g

intensity, Ivo’ for the J'J" line. Values for SJ,J” are ob-

tained from the formulae developed by Earls (Ref. 7) as given
in Ref. 3.

Experimental values of vQ, as given by Deezsi (Ref. 8),

were used in these calculations, The experimental values of
vQ are more accurate than can be calculated using the Hill and

Van Fleck formula (Ref. 6) as discussed in Ref. 3.
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Figure 7. Population distribution of excited rotational states of the A2Z level
of NO in a water cooled discharge tube operated at 8 torr with 2800
volts applied and containing a 12:3:1 mixture (by volume) of A:N;:0,.

3.3 SIMULATED SPECTRAL CALCULATIONS

The procedure to be used to calculate band transmission
profiles is to determine the terms of Eqs. (8) and (23) and
then proceed to calculate the intemnsity of each individual
line emitted by the source after absorption by its8 correspond-
ing absorption line and all adjacent overlapping lines in the
medium. Tbe required terms for calculation of the transmission
in Eq. (9) are the line widths, (Ag VJ)D and (A, vj)D, and the

line center absorption coefficient, kv?’ which are obtained
from Eq. (23). Once the transmission is calculated for each

20



AEDC-TR-74-124

l1ine, the spectral plot can be constructed as described in
Section 2.3 and Appendix A.

Referring to Equations (4) and (5), the values (Asv-)D
J
and (Aavj)n are:

(.-i\qu)D = 1.307 x 1077 T:{i?"j em1 (24)

and

(Ap)) = 1.307 x 10° Tl 2"1 cm™! (25)

For the (0,0) y-band of NO, the molecular constants are:

1.6057 cm™ ! (Ref. 9)
3.64 x 107* (Ref. 10)

@
t o

Yy'y’ is 43065 cm™) (Ref. 8)

Using these values together with Equations (23), (24), and (25)
gives for each absorption line, i,

517N,

_ -14
p = 1603 x 10714 ==
a

exp [-1.4383 F(J")/T ] (26)

The necessary information is now available to calculate the
transmission, Tj’ for each spectral line, using Eq. (9), for

values of N, £, T_, and T_. From these calculated line
transmissions, and a given value of the spectral band pass of
the spectrometer, a computerized spectral plot of the trans-
mitted band radiation can be made. Lines reported by Deeszi
(Ref. 8) for J values up to 81/2 are used in the calculations
reported herein.

Example high resolution (zero slit width) simulations of
the_transmission of the (0,0) NO vy-band for Nyf = 0 and 4.6 x 10
em~2 are shown in Fig. 8a. The computation of the band profile
is obtained by forming a triangular function about each line
shown in Fig. 8a and then summing the contribution of all the
triangles at each wavelength. The result of the summation is
shown in the band profiles of Fig. 8b. Spectral plots for
various values of Nof and Ty with a_source temperature of 320°K
and a spectrometer band pass of 1.6A are shown in Fig. 9. From
these computed spectra several comparisons with experimental
data can be made.

16
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Figure 8. I[llustrative spectral simulation plot for the (0,0) band of NO.
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Figure 9. Calculated spectral plots of the NO (0,0} y-band corresponding to transmission
of radiation from a discharge lamp source containing a 12:3:1 mixture {(by volume)
of A:Nz:0, and operatad at 8 torr with 2800 volts applied, through media
having several values of the optical path length (N, 2).
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34 COMPARISONS AND APPLICATIONS
3.4.1 Line-by-Line Comparison

The first test of the accuracy of the computation will be
made for a single spectral line. In Ref. 3 the theoretical and
measured transmissivity were determined for a number of resolved
lines in the N0 (0,0) +y-band. The calculation procedure used
here was tested against the data of Ref. 3 by inputting only one
line at a time. Fig. 10 shows the results of the comparison

1018 T T T T

NS

— Thearstical
o  Experimental

Optical Path, Nyt cm™2

1085 ] ] ] |
0 0.2 0.4 0.6 0.8 1.0

Transmissivity, t
Figure 10. Comparison of measured and calculated transmissivity through pure
NO at 300°K as a function of the optical path length (N, %] for the
Q22 (23/2) + R12(23/2) line of the {0,0) band of the NO vy-system
from a 320°K source.
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23 23
for the Q22(7T)+R12(TT
retical transmissivity as shown in Fig. 10 compare within about
+6 percent. This agreement serves as a check on the accuracy of
both the physical data used in Eq. (32) and the integration pro-
cedure used to evaluate Eq. (6).

) line. The measured data and the theo-

3.4.2 Spectral Profile Comparison

The band profiles exhibited by the measurements shown in
Fig. 3 may be compared with the calculated profiles given in Fig.
11 for the same partial pressure and path length and at T, = 300°K.
The profiles are indeed similar, although the experimental data
contain the (0,0), the (1,1), and (2,2) bands while only the
(0,0) band is included in the computation so that comparison
can only be expected in the (0,0) part of the band. Close
examination reveals some discrepancies, particularly at the
higher densities. However, for the 0.02-torr partial pressure
profile the calculated and measured transmission agree within
about *3 percent for the entire (0,0) band profile. The ex-~
perimental values and the theoretical curve of the transmissivity

[ (0.0%orr)
0.020 torr

—
(=]
L
o
8
-
Q
=
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e
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H 1 1

0 ]
2219.06 2229.95 2240.86 2251.76 2262.66 2273.56
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Figure 11. Calculated spectral {bandpass — 1.6 A) profile for transmission of
the (0,0) band of the NO y-system through 300°K NO at selected -
values of gas pressure, a fixed path length (44.1 cm), and for a 320°K
source with line distribution corresponding to discharge tube pressure
of 8 torr and 2800 volts applied.
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at the second bandhead (located at 22603) is shown as a function
of Noﬂ for the T_ = 300°K case in Fig. 12 and the integrated
transmissivity i€ shown in Fig. 13. The experimental value of
the transmissivity at the second bandhead agrees with the
theoretical value within about 3 percent up to values of the
transmissivity of about 0.5. For t(22603) > 0.5 the departure
of the experimental points from the theoretical is quite large
and cannot be explained at this time. The differences between
the measured and theoretical values of integrated band trans-
missivity, Fig. 13, are about %10 percent over the range
studied, but discrepancies at the larger values of transmis-
sivity are smaller than for the second bandhead (Fig. 12).

3.4.3 Calibration for Different Temperatures

The computed transmission data from Fig. 9 are used to ob-
tain transmissivity for the second bandhead (~2260§) and for
integrated transmissivity over a range of temperatures from
300°K to 2000°K. Plots of the transmissivity at the second
bandhead and the integrated transmissivity are shown in Figs.
14 and 15, respectively. These data are useful for the pre-
diction and interpretation of measured band transmission
through scurces such as jet engine exhausts or wind tunnel
flows. The transmissivity at the second bandhead (Fig. 14) is
more sensitive than the integrated band transmissivity (Fig.
15) and is more experimentally accessible.

4.0 DISCUSSION

4.1 PROBLEM AREAS AND LIMITATIONS

A technique has been presented for calculation of spectral
band profiles as transmitted from a source through a medium of
the same substance. The technique is applicable to determina-
tion of species density in the medium from measurement of the
integrated band transmissivity or the transmissivity at some
distinctive wavelength such as an identifiable band peak. Ap-
plication of the procedure has been made to the NO y-bands.
Several problem areas and limitations in the use of this tech-
nique for measuring species densities can be immediately spotted.
These limitations include the lack of definition of the line
wavelengths and intensities of the source, the detailed line
broadening profiles, and the treatment of temperature and
density gradients along the absorption path. The limitations
imposed by these considerations are discussed in the following
Ssections.
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Figure 12. Comparison of measured and computed calibration curves for transmissivity
at the wavslength of the second bandhead of the (0,0) band of the NO
y-system versus N, & for 300°K absorbing gas, 320°K source gas, and for a
saurce line distribution corresponding to discharge tube pressure of 8 torr
and 2800 volts spplied.
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Figure 13. Comparison of measured and computed calibration curves for transmissivity
integrated over entire {0,0) band of the NO y-system versus N,2 for
300°K absorbing gas, 320°K source gas, and for a source line
distribution corresponding to discharge tube pressure of 8 torr and 2800
volts applied.
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Figure 14. Computed calibration curves for transmissivity at the wavelength of the
second bandhead of the (0,0) band of the NO -y-system versus N, ¢ with
absorber temperature (T,) as a parameter for 320°K source temperature
and a source line distribution corresponding to discharge tube pressure of
8 torr and 2800 volts applied.
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Figure 15, Computed calibration curves for transmissivity integrated over entire
{0,0) band of the NO y-system versus N, & with absorbey temperature
{T,) as a parameter for 320°K source temperature and a source line
distribution corresponding to discharge tube pressure of 8 torr and
2800 volts applied.
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4.1.1 Definition of Source Spectra

The entire computational procedure depends upon definition
of the wavelength and intensity distribution of the individual
lines from the source lamp. Fundamental knowledge of the
molecular structure and molecular constants for the species un-
der study is required. The angular momentum coupling cases of
Hund (Ref. 6) and the associated formula for determining energy
levels of the individual rotational states are approximations
at best and cannot be used indiscriminately to calculate 1line
wavelengths. 1In the case of the NO molecules, the use of the
Hill and Van Fleck formula (Ref. 6} to calculate the wave-
lengths was not applicable, and the measured line wavelengths
of Deezsi (Ref. 8) were used. In the case of at least two
other molecules, OH and NH, the inadequacies of analytical
expressions to determine wavelengths are well known and the
actual wavelengths data are required. For other molecules,
the individual situation must be examined. 0 may be a par-
ticularly nice molecule to work with because of the singlet
structure of the ground and resonance state;, however, because
the resonance transition lies in the vacuum ultraviolet (0,0
band at 15502) the use of narrow line absorption for concen-
tration measurements is limited because of instrumentation
problems associated with the vacuum ultraviolet spectral
region.

The intensity distribution of the lines radiated by a
gas discharge source must be measured since they were shown
(Section 3.2) to not conform to a Maxwell-Boltzmann distribu-
tion (Fig. 7). The determination of the intensity distribu-
tion requires measurement of the spectra using an instrument
having sufficient resolving power to separate several lines
over a wide energy range. The spectral measurement is then
used to predict the rotational population distribution of the
upper electronic states. Upon first consideration, the dis-
tribution of the rotational states might be thought to conform
to a Boltzmann distribution. However, the departure of the
(0,0) band of NO from a Boltzmann distribution (a straight line)
is evident (Fig. 7). The non-Boltzmann distribution might
result from the non-equilibrium nature of the electric discharge,
or from the excitation collision process involving the argon
metastable atom (Ref. 11), or from the recombination process
which creates the NO molecule in the A/N,/0, mixture. Another
factor which might contribute to the apparent non-Boltzmann
distribution is self absorption along the length of the dis-
charge. The latter factor is important, not only because of
its effect on the distribution but also because of the non-
Doppler line shapes that would result. Since the actual dis-
tribution can be measured, no serious limitations result from
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the non-Boltzmann distribution, but if the self absorption is
a factor then the evaluation of the integral, Eq. (1), should
take into account the distorted shape of the lines. The ef-
fect of self absorption on the resulting band transmission
profiles would be more pronounced at the lower temperatures of

the absorbing medium because the two functions, ISJ and k,, ,
J

of Eq. (1) have similar half widths. The apparent discrepancy
in the calculated and measured band profiles at higher densi-
ties in Fig. 11 might result from the self absorption effect
on the line profiles.

A high resolution examination of the source spectrum is
also necessary to determine if any lines from species other
than the one under study are present in the discharge. In
the case of the NO (0,0) band, none was found.

4.1.2 Properties of Absorbing Gas

The computation of the transmission through a medium re-
quires knowledge of the population distribution of the states
and the properties of the molecule. For chemically inactive
media, there is little reason to consider anything other than
a Boltzmann distribution of the rotational states. However,
care should be exercised in cases where combustion reactions
are taking place or where the gas has passed through some
non-equilibrium heating phase such as an arc discharge. A&
major difficulty with the molecular properties may arise in
the expression of the rotational line strength factors (the
Honl-London factors), the & v of Eq. (23). These factors are
determined by assuming a fogm of the coupling between rota-
tional, orbital, and spin angular momentum which may not be
correct. For some molecules, such as 0H, experimental line
strength data (Ref. 2) are available. For NO it is neces-
sary to use the formulations in the literature (Ref. 3) be-
cause experimental data are not available. However, the
same coupling scheme is used in determining the line strength
relations as in determining the wavelengths by the Hill and
Van Fleck formula, which has been shown to be slightly in error
for large values of J. Thus, some error in the computation
of transmission through NO media is expected due to inadequate
values of SJ-Jn. The amount of the discrepancy is unknown,
but it could account for some of the difference between calcu—
lated and measured band profiles shown in Fig. 11,

Another factor which is important in the computation of
transmission is the line shape. Throughout the present work,
a Doppler broadening profile of the absorber gas was assumed.
This assumption was made because the laboratory measurements
in this study were made at low-pressure conditions. The
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Doppler assumption could not be made at near atmospheric
pressure, even for low NO concentrations, where foreign gas
collisional broadening will be dominant over self-collisional
broadening. It is known that pressure broadening must be

taken into account for OH (Ref. 2). For the laboratory

studies of Ref. 3, only KO was present in the absorption tube
and the pressure was kept at less than 1 Torr so that the pres-
sure broadening was probably not a problem and Doppler profiles
as used in this study are adequate. However, in actual ap-
plications where the NO is present in only a few hundred parts
per million and the pressure is near atmospheric, further study
is required.

In the computaticns considered herein, an isotropic path
through the absorbing medium was assumed. If gradients in
temperature and concentration are present in the absorbing
medium, the procedure for determination of concentration is
considerably more difficult. The problem is simplified if
the temperature profile along the path is known from some
other measurement and if only Doppler brocadening must be
considered. Further treatment of this case is beyond the
scope of the present report.

42 UTILITY OF THE METHOD

The determination of concentrations from spectral band
transmission measurements can be accomplished, in general, by
use of the computational procedure outlined herein. Each
specie to be determined must undergo a thorough laboratory and
computational study. In the specific case of the NO molecule,
the computational method appears to be valid for second band-
head transmission over the range of transmissivity from 1.0
down to about 0.5 as evidenced in Fig. 12. In practice, this
range of transmissivity corresponds to a range of N,/ from
about 1012 (2-percent absorption) to 6 x 1010 molecules/cm2,
For larger values of Ngf, it will be necessary to use the
(0,1) or the (1,1) band of NO (Ref., 3), Further study of the
same nature as outlined in this report is required for those
bands.

The error in the procedure itself can be estimated from
Fig. 12. Over the range of transmissivity from about 0.98
to 0.5 the error should be no greater than about 6 percent.
Of course, the conditions of the actual experimental measure-
ment will ultimately determine the error involved in any
specific application.
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5.0 SUMMARY OF RESULTS

A method of computation of the absorption band profile
for diatomic molecules as the profiles would be produced by
conventional spectrometers has been developed. A test of the
calculation procedure was made by comparison of calculated
profiles for the (0,0) y-band of the NO molecule with exist-
ing experimental data. Agreement within about +6 percent
was found between the calculated and measured transmission
at the band maximum for room temperature conditions and
pressures less than about 1 Torr and for transmissivity values
larger than about 0.5. The calculated results can be used
to obtain NO concentration from the measured transmissivity
at higher temperatures and pressures so long as the assump-
tion of a Doppler broadening profile is valid. 1In particular,
the transmissivity at the second bandhead of the (0,0} ~y~band
was found to be useful as a measure of the concentraticn of
NO. The calculations were extended to temperatures that might
be encountered in combustion systems, but no comparison could
be made with experimental data because such data do not exist
for NO absorption. The method was, therefore, satisfactorily
demonstrated for the NO molecule at room temperature and low
pressure and should be applicable for other diatomic molecules
having a resonance absorption spectra such as CO, OH, NH, CH,
and CN. '
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APPENDIX A
METHOD OF SIMULATION OF SPECTRAL BAND PROFILES
FROM REAL INSTRUMENTS

A conventional spectrometer, such as an Ebert mount
grating instrument, functions fundamentally by imaging the
entrance slit onto an exit dispersion plane such that the
image location corresponds to a given wavelength and the
image corresponds to a given wavelength interval. 1If the
optics of the instrument are of high quality and the
entrance slit is rectangular, then the image will also be
rectangular. An exit slit of variable width is placed in the
image plane and 2 detector located behind it, upon which the
radiation is made to fall. In order to scan the spectrum,
the image plane is made to pass over the exit slit (which may
or may not have the same width as the entrance slit). The
intensity of the radiation will generally depend upon the
wavelength, and thus the imaged radiation in the exit plane
will depend upon position in that plane. Let the imaged
intensity distribution be represented by Iy:, where '
represents the instrument wavelength dispersion in the exit
plane; the symbol N will represent the true wavelength of
the radiant source. Now, the radiant power falling on the
exit slit is expressed as

Ay
P « Jr, (I)t’lh“ll\‘ (A_l)
Al

where Xi, and A', are the limits of the instrument wavelength
interval covered®“by the exit slit, AK’ = K'l - %'2 and a9 is
the instrument slit function.

The apparent intepnsity distribution, I,+, as laid out in
the image plane of the spectrometer is now the same as the
radiant source intensity distribution, I,, since at any »'
the apparent intensity is influenced by values of I, displaced
from A' by as much as A% the equivalent width of the entrance
slit. Thus

A= AR

])"-‘— _r |,\ dA (A_z)
A= AN

Putting the integrals (A-1) and (A-2) together, one has a con-—
volution integral of the power received at some wavelength
setting, k’o, half way between h'l and K'z
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Ale Al\'e/2
Py- « [ aylydA dA” (A=-3)
° A~ AAN2

Now, ., and I. may be quite complex forms and the integra-
tion is“not eas&ly performed. Two special cases are im-
mediately apparent, (1) the continuum source in which IR is
a constant, I , and removable from the integration, and” (2)
the very narrdw spectral line compared to the instrument

slit width, in which I, becomes 2 delta function, I ) (x-mo).
In the first case (o]
Ay
Py w AN [ ey d (a-4)
[1] )‘-'1
and in the second case, if xé lies within Axx,
A'°+A)t’e.i'2
PA’ o« I’\ I A.Afd)\’ (A—S)
o )\'O—AA'CI'Z

It is this latter case of a monochromatic spectral line that
is of most interest here.

Now suppose that I, is monochromatic as for an infinitely
narrow spectral line, that is, I, has a value only at some A,.
Then, the image will be a rectangle with center at A’'_and
width, AA', corresponding to the entrance slit width.~ Then,
the radiafit power falling on the detector will be proportional
to that part of AX' which falls within AX!. If the spectrom-
eter slit widths a¥e equal and the waveleﬁgth setting is at
R'o, then P « I} Aké. Now suppose there are more than one

©
monochromatic lines within the wavelength interval 2A2)]. Then
each lipe will have an image in the exit plane of widtﬁ Aké,
and the images will overlap as shown for three spectral lines
shown schematically in Fig. A-1. If, in Fig. A-1l, the exit slit
is the same width as the entrance slit and placed at 7'y, then
energy from all three lines will fall on the detector, and the
power received will just be the sum of the intensity of each
line times the . image area falling on the exit slit. That is,

Pl [AN, = (A%=A"a)] + [AA, + [ [BA] ~(A7,-27)] (A-86)
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The normal mode of operation of a spectrometer is to pass
the exit image plane across the exit slit. The power falling
on the detector as a function of position of the image with
respect to the exit slit, or wavelength, for a single line for

which ox' is just a rectangular function,

1 A <A< Ay
A_Al =

0 AT> A% AT <A,
can then be expressed as

’\l
P)\f (-3 {’ I)\n dA’ (A-7)
1

P., can be plottéd as shown in Fig. A-2 for a single, monochro-
métic line. Three cases with the situations (a) A%é - Aké,

(b) ar; > AN}, and (c} A7} < Ahg are shown., Note that in each

case the maximum height of the detector signal is proportional
to the intensity of the line. Also, note that the indicated
line wavelength, K'o, is not the true wavelength, Ko, in

either case The case of equal exit and entrance slit widths,
Fig. A-2a, is the most desirable from an interpretation stand-
point and will be the one considered here for spectrometer
simulation calculations. For this case the result of the in-
tegration is an isosceles triangle of base width 2AX,, and the
spectrometer is said to have a triangular slit function.

Suppose now that there are more than one monochromatic lines
within 2A%£ as in Fig. A-1 and the spectrometer is being scanned
as in Fig. A-2a. Let the intensity of each line be represented
by the height of the image as shown in Fig. A-3. Now, one can
determine the shape of the indicated, overlapping peak by the
construction shown or given the shape of the conglomerate, in
principle, the individual line intensities can be determined.

An alternate way to arrive at the conglomerate shape is shown
in Fig. A-4. Here, a line of height proportional to the in-
tensity is drawn at A, + 1/2 Ak* for each spectral line and the

triangular slit function of base width 2AA' formed about that
line is constructed. To arrive at the conglomerate profile,
the contributions from each line are simply added up. This is
the method used in the computer simulation of the spectrometer
reported herein. 1In this way, any number of spectral lines can
be included and the band profiles of vibration-rotation bands
can be simulated provided knowledge of xi and Il exists for
i
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all the lines. Such a construction can of course be made by a
computer for slit functions other than triangular.

The case of absorbed lines can also be treated in much the
same way as emission lines. The intensity I,, in Eq. (A-3) can

be replaced by the transmitted intensity of a narrow line, Tlo -
I)\o exp (-kk 1). The result of integrating this expression for
5 .

J
the case where the width of I., is much smaller than the equiva-

A
J
lent instrument width is still a delta function of the transmis-
sion, Tko é(k-kg), so that the same kind of construction of the

conglomerate profiles can be made for lines in absorption as in
pure emission.

The computer program functions to first calculate the
transmission of each line, Tko, by use of the transmission ex-

pression, Eq. (9), and the absorbing medium properties, Eq,
(23), as presented in the main text, and then to calculate and
plot the spectrum to be expected from a spectrometer having a
given slit function. In the case considered in this work a
triangular slit function was used. Imperfections in optics and
optical alignment on actual spectrometers cause distortion of
the rectangular image so that the triangular pattern is not
adhered to at the base and apex of the triangle, but for most
work the triangular assumption is adequate.
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Figure A-1. Image of spectrometer entrance slit
for avarlapping monochromatic lines.
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Figure A-2. Spectrometer slit function for the three possible cases:

oxit slit width (a) equal to, (b} greater than, and
(c) smaller than the entrance slit width.
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Figure A-2. Continued.
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Figure A-2. Concluded.
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¥avelength

Figure A-3, Construction of conglomerate spectral profile of three overlapping
manochromatic lines by passing the image past the exit slit.
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Figure A-4. Construction of conglomerate spectral profile of three
overlapping monochromatic lines from knowledge of
line intensities, wavelengths and spectrometer slit function,
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NOMENCLATURE*
T, Transmission of spectral line (designated j) through
J a medium, intensity units
é}Iopf ~Intensity of source spectral line at wavenumber, v.,
VJ ~ intensity units J
é; k Absorption cpeffic1§nt for the spectral line at
vj wavenumber, vj, cm
5
£ L Absorption path length, cm
€9vi, Vs Wavenumber of the i*P or jth spectral line, em™ L
: V' .. Wavenumber, cm”
a . th th
\\\if: v Cen}er wavenumber of the i or Jj spectral 1line,
A Vi)n Doppler width at half maximum intensity of the itP
(A ) or j*B source spectral line, cm—
QEDIOO . Intensity of source spectral line at center wave-~
vy 7 number, vg, intensity units

Absorption coefficient at center wavenumber, vg,

cm

Doppler width at half maximum absorption coefficient,
kvo’ of the absorption line, cm™

J

Boltzmann's constant, 0.6952 cm~l og~1

Temperature of gas in light source, °k

Mass of molecules in light source and absorber,
respectively, gm

Velocity of light, 3 x 1010 cm/sec

Temperature of absorber gas, %k

*Symbols are listed in the order of appearance in the text.
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Dt
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G(v)

F(J")

Transmissivity, fractional transmission through an
absorbing medium

Wavenumber increment, em™ 1
Electronic charge, 4.80 x 10719 esu
Electron mass, 9.11 x 10_28 gm

Number density of molecules in the lower state, J",
cn-3

Oscillator strength for the transition from the upper
state J' to the lower state J"

Total number density of molecules, em™3

™ 1\ A vpeer T
Rotaticnal guantum number for the loWwer state

Total electron spin quantum number

Electronic energy term value for the ntl—l electronic

state (ground state, n=0), cm~™

Vibrational energy of t?e vth vibrational state
(ground state, v=0), cm~

Rotational energy of the J"th yotational state, cm'1

Electronic partition function
Vibrational partition function

Rotational partition function

27

Planck's constant, 6.625 x 10 “’ erg sec

Retational constant for_ the vth vibrational state

(ground state, v=0), cm™

Band oscillator strength for the v' <« v'" transition

Wavenumber of the line corresponding to the transi-
tion v'J' - v"J", cm-1

Wav?number at the bandhead of the (v', ¥') band,
cm-
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Rotational strength, or Honl-London factor, for the
v'J" = v'"J" vibrational - rotational transition

Rotational energy of the upper (u) electronlstate
corresponding to the j spectral line, cm™

Radiant power falling on detector of spectrometer,
radiant power units

Intensity distribution in image plane of spectrometer,
intensity units

Instrument wavelength, cm

Instrument wavelength at limits of instrument wave-
length interval at exit slit, cm

Source wavelength, cm

Equivalent width of exit slit, cm
Equivalent width of entrance slit, cm
Intensity distribution of source, intensity units

Instrument wavelength setting, cm

Intensity of continuum source, intensity units

Intensity of monochromatic source, intensity units

Wavelength at center of source line, cm

S??‘.‘\"-I' ‘-.;\{ j

Intensity of monochromatic lines used for illustration,
intensity units

Instrument wavelength of lines used for illustration,
cm

Source wavelength of lines used for illustration, cm

Radiant power received by detector for the line at
wavelength, x'o, radiant power units
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