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This 1s Volume 1 of a nine-volume technical report prepared by
the Department of Electrical and Computer Engineering, Syracuse University,
Syracuse, New York, under Contract F30602-72-C-0360, Job Order 45400132,
for Rome Air Development Center, Griffiss Air Force Base, New York. Mr.
Kenneth R. Siarkiewicz (RBCT) was the RADC Project Engineer.
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The report describes werk accomplished between February 1973 and
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is releasable to the National Technical Information Service (NTIS). At
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This report is the first volume of the RADC Method of Moments Appli-

cations Series. The volumes of this series deal with the application of

ok

the method of moments [1]-[2] to various practical problems such as antenna

T
S

coupling, near field prediction, aperture coupling, feediine intzrference,

G A
TR

%é} etc. These problems are of particular interest to aatenna system designers
§%l and those in the area of electromagnetic compatibility [3]-[4]. There is
;% an emphasis in the Applications Series upon experimental verification of
§§ effects noted and cross checking of results.

N
Thie £1rst volume serves the purpose of an introduction to the Method

X

of Moments Applications Series. The basis of the method of moments is out-
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= lined and the notdtion and conventions used throughout the series are intro-~ ;
gg duced. 1Illustrative examples are presented. ;
% The following volumes of the series have been completed at this time;

g; several other volumes are in preparation: E
Eg VOLUME 1 ~ AN INTRODUCTION TO THE METHOD OF MOMENTS ;

]
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VOLUME 2 - NEAR FIELDS OF THIN-WIRE ANTENNAS

VOLUME 3 - THIN WIRE ANALYSIS PROGRAM (TWAP) USER MANUAL

VOLUME 4 - FEEDLINE INTERFERENCE WITH DIPOLE PFRFORMANCE - THEORY
AND EXPERIMENT

VOLUME 5 ~ THIN-WIRE ANTENNA ANALYSIS COMPUTER CODES COMPARED
WITH MEASURED DATA
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VOLUME 6 - MATRIX METHODS FOR STATIC MICROSTIRIP PROBLEMS
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-

g VOLUME 7 - INTERNAL SYRACUSE UNIVERSITY MEMORANDA
>

= VOLUME 8 - APERTURE COUPLING THROUGH LONG SLOTS
3 VOLUME 9 - NEAR AND FAR FIELD THIN-WIRE COUPLING
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, § T - THE BASIS OF THE METHOD OF MOMENTS ¥
- o
3 IN 1.1 INTRODUCTION %
‘% § There have been several dramatic shifts in the direction of technical §
b & E:
'% % fields over the last few decades. This is especially true of the field of %
'; ; electromagnetic theorv and its application to radiation and scattering pro- %
é g blems. During the last few decades, this field has evolved continuously %
% ? from one based solidly on the classical theory, but applicable to a narrow %
? ? range of problems, to one based on the classical theory, but formulated in %
% : terms suitable to the computer age and applicable to a wide varjety of g
? K practical problems. g
i f Electromagnetic problens can be formulated in two alternative ways %
3: - either as (1) a partial differential equation with boundary conditions,or %
; . as (2) an integral equation. During the 1930's and 1940's, emphasis was %
§- : placed upon the corresponding classical methods of separation of variables %
; and the classical integral equation solutions. A high degree of ingenuity §
§ was used to apply these classical methods to practical problems. However, ! §
3

4 only a narrow range of problems could be tr:2ated bv these methods. In the é
; method of separation of variables only geometries which coincided with the %
; separable coordinate svstems could be treated. One often had to drastically

'% modify a practical problem in order to fit it to a separable geometry. Scme ;

3 of the separable systems were extremely complex mathematically. It is not

Z an exaggeration to sav that in some cages years of experience were re-

ff quired for an engineer tc effectively utilize a particular coordinate sys-

é tem. However, considering the techniques available, the only practical

; : 1

|

|
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approach was to push these limited methods to their utmost, and this was
done most effectively during the decades of the 1930's and 1940's.

For the practicing engineer, the classical methods were not, for the
most part, completely within his grasp; and furthermore, his problems were
much too complex to be reduced to the simple mathematical forms which could
be handled bv the classical methods. As a result, he had recourse to a "bag
of tricks'" develosed over the years for each particular area of application.

Ia ~ther words, there was a severe 'gap’ between the simple applications of

the classical methods used by researchers and the complex appiications con-~

. . o et BTG
mm‘hmm&xmwi:mwaxwtxsammm&»&mmm&wawl e ™

. Vi g SRR AR AN N ey LR At

fronting the practicing engineer.

During the 1940's and 1950's the gap was closed somewhat by the adveat

of the variational :echniques which were applied first to waveguide and

then to radiation p-oblcms. Restrictions on the geometry were partially

removed. Variational expressions could be found for a wide variety of

quantities of interest. However, the evaluation of these expressions was

often quite difficult because of the multipl~ integrals involved.

During the decades of the 1960's and 1970's a new method has emerged

e

2o e x:

which 1s capable of treating a wide variety of problems. This is the

P TR

method of moments as outlined by Harrington f{1], [2}. This method has

proven especially useful because of its wide applicability. The method is

andde a #ox it 384 Sk T,

conceptually simple, although the detailed methodology may be quite complex.

In each case, the definlug integral equation is replaced with a matrix equa-

v
Fin v b

tion. The matrix equation mav then be solved by anv one of a number of

techniques, sucn as matrix inversion.

o P g2 RS

e

In the method of moments, prior knowledge of the induced source distri-

;
bution (charge distribution for static problems and current distribution for

2

[
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time-varying problems) is not required, and; as a result, complex structures

can be treated almost as easily as simple ones. The structure of the antenna

or scatterer may be very complex, but the basic method does not change.
Methods of matrix inversicn for the solution of problems in electro-
magnetic theory date back almost a century io Maxwell [5] who used such a

method to calculate approximate values of capacitance, and who called the

-

technique 'the method of subareas". In the 1950's, Reitan and Higgins [6]-[10])

applied the same methcd to a number of capacitance problems. In the early

1960's, several investigators [11]-[38] applied the method to time-harmonic

radiation, scattering and waveguide problems. Harrington [1], [2] unified

the subject material and gave it the name 'the method of moments".

In the late 1960's and early 197C's there has been a tremendous out-

pouring of literature on the sutject of moment methods. Tha methods have

been applied to an extremely wide variety of problems in electromagnetic
theory, including thin-wire radiation and scattering p-oblems, scattering

from dielectrics, analysis of waveguides of arbitrary cross section, dis-
continuity problems in waveguides and microstrip, analysis of lossy structures,
propagation over an Znhomogeneous earth, antenna beam pattern synthesis,

analysis of near fields, analysis of radiation and scattering from bod.es of

revoiution and bodies of arbitrary shape, etc. Many of these were problems

which could not be adequately treated heretofore.

Tte literature on the method of moments is already so large as to pce-

clude a comprehensive bibliography. References [39]-[115] include a partial

bibliography of the work done at Syracuse University. Short courses in the

method of moments have been offered at the Univecsity of Mississippi [116],[117],
3
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the University of Illirois [118], Ohio State University [119], UCLA [120],
the Universitv of Naples [1Z1) and the University of Trondheim [122]. The

course notes from the University of Tllinois are now available in book

form [123].

2 P e i i
]
,
e A e L W T A YT SR e S

The method of moments permits us to model problems realistically. The

boundary conditions are imposed directly and the matrix inversion procedure !

W

yields the current distribution which fits the boundarv conditions imposed.

Skl B AL R

The principal advantages of the moment methods are flexibility, completeness,

: accuracy and conceptual simplicity. Arbitrary radiation shapes and arbitrary

excitation and loading are permitted. Currents are not assumed but are '

= ; computed and all mutuals are taken into account. The momer: methods have E é
.E : proven to be highly accurate for a wide variecy of problems associated with % %
? radiation and scattering from thin wires. Since the methods are simple in ;

3‘ concept, they are accessible to persons with a wide variety of backgrounds.

2 The principal limitation of the method of moments is assoclated with the |

? number of unknowns (n). Problems of moderate size (n2200 or 300) may be ‘
% readily treated, but signifjcantly larger systems cannot be adequately treated t
i at present, due to computer core and CPU requirements. i ;
z Clearly, the method of moments h2s taken the antenmna/electrcmagnetic E

? communities by storm. For the first time, we can treat problems “as they %

; exist", with realistic riodeling of actual structures. For the first vime, E

% we have a gingle method, capable of being applied to the full range of electro- é

} magnetic problems, and capable of being simplified or =xtended according to | )
%} requirements of accuracy.
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1.2 THE METHOD OF MCMENTS FOR PARALLEL STRAIGHT TiIN-WIRE RADIATORS

e eSSt AR SR

AND SCATTERERS

P

PR

1.2.1 GENFRAL FORMULATION

N8 ron Nprae

In this section the method of momeants is introduced for the case cf

parallel straight thin-wire radiators. Fig. 1-1la shows a collection of N

straight, parallel, z-directed antennas, excited at arbitrary locations by
ideal voltage generators at radian frequency w. First it is desired to com- {
pute the current distributions on the antennazs. Then, once the unknown
currents are determined, other parameters of interest, such as impedances,
far fields, near fields, etc. may be determined bv further calculation. The
currents are, of course, affected by interactions (mutuals) among the various
radiators and these must be taker fully into account.

Fig. 1-1b shows a dipole antenna of length £ and radius a, with surface

currents Jz (longitudinal current), J, (azimuthal current) and Jp (radial

¢

current). 1In the general radiation or scattering problem the three components

of current are all present. Furthermore Jz and J, varv with both z and ¢ and

¢

Jp varies wich p and ¢é. For thin-wire radiators (& >> a ard a << 1), circum-

ferentcial (J¢) and radial (Jp) currents may be neglected, the azimuthal varia-
tions of Jz may be neglected, and the surface current Jz may be replaced with

a filamentary model (Fig. l~lc). The justification of these simplifying

assumptions is discussed in Appendix A. It should be noted that the boundary
conditions are applied at finite radius "a" so that the finite thickness of
the dipole may be taken into acccunt. The voltage source is replaced with an

equivalent current source (filament) in the gap region. These foregoing

5
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Figure 1-1 Thin-wire Antennas :

(a) A collection of straight, parallel, thin wire antennas
(b) Fat dipole model

(c) Filamentary model
(d) Filamentary, subsectioned model of antennas in 1-la ....
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simplifying assumptions are used throughout this volume.

) - {vale 5 5
ViR R A

The rigorous treatment of fat dipoles is considerably more complex.

-
3

The isolated fat dipole as a radiator or scatterer may be treated by the !

bYody-of -revolution methods outlined by Mautz and Harrington (79], [93], (56],

(97], [10C]. Recently chat’method has been extended to permit the treatment

of parallel fat dipoles-[24] as well as the general problem of parallel bodies

of revolution. [
Thus, the thin-wire antennas of Fig. 1-la may be represented as filaments, :

as shown in Fig. i1~1d. The anternas are divided into subsections. The current ;

is unknown, but it is assumed in this section that it is constant over each

electrically small subsection. The current on a typical subsection is repre-

sented by ii where i, is a éomplex number. Fig. 1-2 shows typical subsections

-~

R OR ST FU AU PLIRELE NS RD DR L DA SN AR ILES v ST e s LA R R It

Azi and A% ., with currents i1 and 1j’ voltages vy and vj, tangential electric

fields Ezi and Ezj' midpoints 1(xi,yi,zi) and j(_xj,yj.zj

j *+, and with current, voltage, and electric field polarities as indicated. !

= —

), endpoints i + and

Pa Bl ANMEL SR R

In general the unknown filamentary current may be designated as 1(%)

Pl waveunm

where £ is a cocrdinate spanning the filaments. The current i1{2) may be ex-

Lt s

pressed in terms of arbitrary expansion functions as follows:

Ed

n

1(2) = ] 1, £, (1-1)
i=1

where ij are unknown complex numbers and f, are known expansion functions.

3

Typical expansiou functions and typical resultant current representations

— e — o~

are shown in Fig. 1-3. TFor purposes of this section the fj are chosen as .

pulse functions:

fj(l) = Pj(l) 7 (1-2)

Rotak, i Al Rt oo oS o T T S ]
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Figure 1-2 ‘Typical subsecticns of the thin-wire model.
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where 7
pj(z) =1 on the jth subsection
= 0 elsewhere

Note thst the antennas need not be center-driven. Antennas with off-

center feeds are treated as readily as in the centerfed case. Also, sub-

section lengths need not be uniform and subsection radii may differ. liote

that the gap subsections are represented by current filaments. Essentially

the subsections are small enough so that concepts of network theory may be

used; any source which applies the proper voltage across the gap is accept-

S rs 8 A L AR R T A B RSB AR

able. The magnitude of the gap currents is 1 nknown, but their effect and

the effect of all other currents is to apply the specified voltages across

the gaps. We choose current sources rather than voltage sources for simplicity.

Thus, we have reduced the physical problem (Fig. 1-la) to the model shown

in Fig. 1-1d which consists of N filamentary antennas divided into n total

subsections (n > N). For purposes of this section, the current is assumed

constant on each subsection. Later in section 1.2.4 the more general repre-

sentation of the current is discussed in terms of arbitrary expansion and

weighting functions.

Now, superposition and linearity mav be used to express the relation-

ship between currents aud voltages. The voltage across typical subsection

. 7 ITeen LR B LLIS BR
I L L T T JURNT IR R ST R R M e PP TR TASS T PTs g VAN TRLEINS TR & L L S ARG 3 S ¥ LA

AL

e

4 may be expressed as a sum of the contributions due to all the currents:

g

it

n
v, = 11311 + ...+ inzin - Z ijzij = 0 (on metallic subsgections) (1-3
j=1 -3

= gpecified voltages (on driven
subsections, i.e. gaps)

il 6
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*
where zij is the voltage across subsection i due to a unit current on sub-

section j.

Equation (1-3) i{s written at each of the n subsections, leading to a

matrix eauation

(vl = [2]{1] (1-4)

where [v] is an n-element column matrix with zcro elements at locations corre-

sponding to metallic subsections and non-zero elements at driven subsections.

A0 A 0 Ve TR AW I a TP VA Tienr et L A ST A oWt s W e B WA T 2 v R A

[i] is an n-element column matrix of the complex currents. [z] is an nxn

matrix, called the generalized impedance matrix. It represents all the ;

e R R S T T NP T AT

interactions between the n subsections of the system and may be considered

e adie

RS R b et are PV ALY sat Wk L

to be the n-port open-circuit impedance parameters of the system of n sub-

P

sections. The impedance matrix [z] depends only on the geometry of the prob-

e WS et b

lem (the locations, orientations, and radii of the various subsections) and
the frequency w. ;

The basic concept of the method of moments is thus verv simple involving E
expansion of the current in subsectional hases, the linearity of the system

of Fig. 1-1d and direct application of the boundary conditions. Many other

C AN e LPramsens eSS RISSR ST A e Y ST
TN

types of problems in electromagnetics also lead to equations of the same
general form (Eq. (1-4)). Now it remains to evaluate the typical element

zij of the matrix [z]. This is a classical electromagnetic problem, involving
the determination of fields due to a given current distribution. In most

cases, closed form solutions are not available and [z] must be determined by

approximate methods.

*
i The voltage across a subsection mav be defined in several different ways corre-

? sponding to different weighting functions [1]. The electric field in a given
- situation is, of course, unique. The simplest definition of voltage would be
¥ the product of tangential electric field times subsection length (impulsive

weighting function).
11




T ep‘pﬁ‘gvi?;g_,;‘n,”&qg;{MZ%ﬁ;gﬂf;;?%‘iﬁi%f;mﬁ?%r(g@m‘;g}ﬁP@Lﬁ‘,ﬁi&,ﬁ,‘.‘{%&}f&‘{?ﬂﬁiﬁ?_;;'—-‘?-:“l"i*fu!ﬁiﬁﬁéfﬁﬁthﬂlém&;é??%‘fﬁ;w’, R T A AT S R AT,
Y TR RS S e 5 SR 2

&

1.2.2 DETEPMINATION OF zij FOR PULSE EXPANSTON FUNCTIONS AND IMPULSIVE
WEIGHTING FUNCTIONS.

i{n this section methods for determining z, 6, for parallel wire antennas

i
are outlined and two slightly different computational techniques are described.

Fig. 1-2 shows the basic geometry consisting of two parallel subsections of

Azi and Alj. Note that, from Eq. (1-3), zij may be represented as follows

v
z1j = Il (with all currents cther than i, equal to zero) (1-5;

j h|
which corresponds to tke usual definition of open-circuit impedance in net-
work theory. Thus, zij may be determined from a knowledge of the tangential

electric field Ezi and the corresponding voltage v, at subsection Ali, due

to a unit current on subsection AL,. Note that

3

v, = -E, (Aﬂi) (1-6)

Y

because of the polarities assumed in Fig. 1-2.
The problem is thus the classical one of determining the electric fields

due to a filament of current with finite length. Maxwell's equations for the

ks P o, o . o o S M AT g
PR DY 1ol LA A MRS AR A ST, R LR N AT P30 PRSP MR L s LS AR AR RN AT Y

time-harmonic case are:
Vx E = ~juul (1-7)

—

VxH= jueE + J (1-8)

The electric and magnetic fields may be expressed in terms of the

magneti:' vector potential A and the scalar electric potential ¢ where
-iklr-r'|

( RCADIN
A=) ” dv' (1-9)

v 4nle - &'

.
DK L e e 0 N etV A e T O T N

12

purt
S B ARSI YT Y i s




5
3
3

BRRRT o 6 I oo e

L e e Tad

jklz-z']

o(r') e
® = JJJ dv' (1-10)
\"

4aele - r'|

where r and r' represent vectors from the origin to field point (x,y,z) and
source point (x',y',z'), respectively. The volume v’{includes all sources
(currents). k is the free space wave number. J is volume current density
and p is volume charge density.

Equations (1-9) and (1-10) are obtained from Maxwell's equations and

the following assumptions:

B=VxA (1-11)
E = -jwA - Vo (1-12)
VA = —jueud (1-13)

The differential forms of egs. (1-9) and (1-10) are:
(7% + k2)A = -uJ (1-14)
% + 1D = -o/c (1-15)

The equation of continuity may be represented as

VeJ = -juwp (1-16)
Vel = -juo (1-17)
V-l = -jwk (1-18)

where'g_s and I represent surface and line current density and ¢ and A represent
surface and line charge density. Note that the subscript s is omitted in Fig.
1-1b. Eq. (1-17) applies to the actual finite-radius wire model and Eq. (1-18)
applies to the filamentary model which is used to compute zij' The electric
and magnetic fields are now given in terms or A and ¢ by Eqs. (1-11) and

(1-12). The electric field may also be expressed in terms of A alone using

Egqs. (1-11 nd (1-R).
gs. (1-11) and (1-R) 13
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E~= Jwen - Juwe (1-19)

For straight, z-directed wires (Fig. 1-1d); J and A are z-directed and the

wave equation (Eq. (1-14)) reduces to

w? + kz)Az - -, (1-20)

and the z component of Eq. (1-19) reduces to

1 32Az 32Az Jz
E, = Jwep - 2x? - ay2 ) - Jue (1-21)

bR A AL g R

substituting (1-20) in (i-21) yields
2
1 3

2
E, * Tom 7 + k) A, (1-22)

H
For filamentary currents, Eq. (1-9) reduces to a line integral, i.e.

- —y !
(') e jk|z-r']
= < ' -
Az 7] J l‘ﬂ}; — E_']— dz (1 23)
wires

s - " 5l
vt 8y e e, 5% s P A KPS B by Wy 3 R {5 Ny g byt At e

~

and the tangential electric field Ezi at arbitrary point {1 is

o h e e - ——— s F———— ——

- ' :

e L1 P A j

1 82 2 Iz(z ) e ] y é

. -24 3

EZi wa ( az?-+ k ) J I‘“Ts_“ - L'l dz (l 24) 3
i wires - é

whe::e_r.:__i is a vector from the origin to the particular field poinc 1 ( See

Fig. 1-2). Changing the line integral to a summation of integrals over typical

subsection Azj and substituting Eq. (1-1) with pulse currents (Eq. (1-2)):

N

2 n -k x'] ;

I SIS 2 e ' _ ’ :

Epi ™ oz (——azz +k9) ] I, Y dz (1-25) ;
1 i=1 ae,

PrI T ITT
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Now if the field point i is specialized to the center (xi’yi’:i> of typi-

cal subsection Af,, then the voltage v, across subsection AL, may be repre-

i ! i

sented as follows:

n w2 e-jklsiﬁs | |
= t - H
v, = -ALE . = | I, o C3* k) J e e (1-26) ;
=1 3z AL i
_ i '
- .- A
—
zij

v, = z, I (1-27)

As index i assumes values 1 ... n, the matrix equation

(vl = [2}[1] (1-28)
is obtained.

It is shown in Appendix B (Eq. (B-1l1)) that z,, as given in Eq. (1-26)

ij

may be represented as follows:

A%, AR
L 27y Az Az Az' Az
25 = Jusbl AL+ Yo T W ) v =)
t t
b- 85, 85 4y (- 22 L Lg) (1-29)
% where
2 -5k |z, x|
: p =2 [ T dz' (1-30)
AL, jem|r, - x']
: Jae 71~
¢ 3

e

YT v v s

¥
s
i
3
€,

n_n

IAS noted previously, boundary conditions are applied at finite radius "a".
This is especially important in computing the self impedance z 1 and is less
important if subsection A%, is distant from subsection AL,. Téus the finite
wire radius is taken into account even though a filamentaly curtent model is
used. 15
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! o
f and Y(+A42'/2, -Az/2) represents ¥ of Fig. 1-2 with subsection Azj shifted as E g
Az'/2 upwards, and subsection Ali shifted as Az/2 downwards, etc. Az', Az %

represent increments used for numerical differentiation. If these increments %

are chosen equal to corresponding subsection lengths (Az' = Azj, Az = Azi), %

then Eq. (1-29) becomes i %

2,y = JobL AR + Tho [DCH) = YEh=) = WEH) + 95,01 (3D E

where y(+,~) represents Y of Fig. 1-2 with subsection Alj shifted Anj/Z up- g

wards and subsection Azi shified n21/2 downwards, etc.  may be evaluated by %

methcds given in [1], [2]. Eq. (1-31) agrees with Eq. (22) of [3] derived %

under different assumptions: pulse expansion functions for both charges and §

currents. Thus the two methods lead to an identinal formulation if the incre- §

ments Az, Az' used for evaluating derivatives are subsection lengths. g

Thus the antenna problem of Fig. la has been reduced to a set of linear %

equations which can be solved by standard techniques for such systems. The é

crux of the problem is to determine the generalized impedance matrix [z] é

which represents all the interactions among the current-carrying subsections.
Note that [z] <depends only on the geometry of the problem. [z] is, in effect,
the open circuilt impedance matrix of an n-port system consisting of the n
subgections. The matrix [z] is independent of excitation and loading. Any
subsection of the antenna system may be opened up and excited with a voltage
generator or loaded with a complex impedance, without changing the matrix [z].

The effects of loadinez are explained in more detail in section two.
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1.2.3 THE SCATTERING PROBLEM

Consider the scattering problem shown in Fig. 1-4 which shows a known
field gf““ incident upon a collection of straight, parallel thin wires which
have been replaced with filamentary models. The wires have been divided
into n subsections as before.

The boundary conditions are now applied tc the total tangential electric

N A e D€ AP PN L £ S FATEE WS L AL OV K b 2l NS M OGN

field Ezi at the center of each wire subsectiocn.
Let E = £(8) 4 g{ine) (1-32)
whete‘g(inc) is the known incident field andlg(s) is the field radiated by

RPN

the current-carrying wires.

-

Taking the z component of Eq. (1-32) and specializing the field point

to the center of subsection A%,:

{ i s
- (8} (inc) _ ;
E,y =E,; +E; (1-33) ;
Define incident, scattered, and total voltages as follows: ' ;
(inc) - _p(inc) - ; ;
vy Epy 8%y (1~34a) ;
vis) _ _.(s) - :
{2 g9 g, (1-34b) (.
Vi = -Ezi Ali (1-34¢c) N

(inc) (s) \ i

and let [v ], [v*""], and [v] be the corresponding column matrices of

subsection voltages.

The scattered field Eii) may be evaluated by Eqs. (1-29) - (1-31) since

the field Eii) desired is that due to radiating wires, as before. ¢
n !
(s) 1 i
E,y =~ 12 {1jz1j (1-35)
i j=1
17
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Figure 1-4 The scattering problem f |
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and writing Eq. (1-35) at the center of each subsection yields a matrix

equation
v = [2104] (1-36)

The equivalent of Eq. (1-33) is

vl = (v + piine)y (1-37)

which becomes, for metallic scatterers,
[v] = 0 = [v(®] 4+ [ne)y (1-38)
or

-v{18y L 2y (1-39)

where the typical element o’ [_v(inc)] is Eiinc)(Azi). Eq. (1-39) may be

solved by matrix inversion (or other technigues) for the unknown wire currents [i].
The scattering problem is thus reduced to the matrix equation (1-39) which

is similar in form tn the matrix equation (1-28) except that the left hand side

of (1-28), the voltage excitation matrix, has been replaced with the negative

of the incident voltages. The reason for the sign reversal is, of course, tied

in with the distinction between scattered, incident, and total fields. [z]

includes all interactions among subsections of the scatterers and is thus identi-

cal to the [z] matrix which would be used to analyze the radiation properties

of this system of conductors (the radiation properties of the system of Fig. 4

excited and loaded at one or more subsections). Note that the incident or

impressed fiel& may be that of a plane wave, a spherical wave or any other type

of wave. The basic assumption is that the source of the wave is an independent

source (not affected by the scattered radiation from the wires).
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1.2.4 ARBITRARY WEIGHTING AND EXPANSION FUNCTIONS

n s Ll it B AR 18 L IR R A

In sections 1.2.1 and i.2.2 the current has been assumed constant cver
each subsection (pulse expansion function). Fig. 1-3 indicates that better
approximations to the current are obtained with more sophisticated expansion
functions. Moreover, point-matching has been used in sectiors 1.2.1 and 1.2.2,
i.e., the boundary conditions have been applied at specific points (subsecztion
centers). The tangential electric field i{s zero at the center of each metallic
subsection, but there is no control over its value at intermediate points be-
tween subsection centers. A more sophisticated application of the boundary

conditions would be to set an average or weighted average of the tangential

field equal to zero at metallic subsections in radiation problems.
Consider the electric field Ezi due to currents on the wires of Fig. 1-1

as given by Eq. (1-24):

-3k|r,r'|
1 32 2 { Iz(z') € - ? i
Eag ™ Jue (azz + kD) ) lm[.x_'_1 -z' dz .
i wires

let I(2') = Z ijj(z), as in Eq. (1-1) where the £, are arbitrary expansion

h
functions, and let w(z) be an arbitrary (weighting) function. Substituting in

Eq. (1-24):

-3kle -z’
. 1 32 2 fj(z') e - ' P
Ezi - Z Ij 3:\:_: ('a—;'z"i' k™) j l‘“l‘i - E.'] dz (1-40)
=1 i Alj

Multiplying both sides of Eq. (1-40) by w(z) and integrating over subsection

My . -jk|e,r'|
Ll wm @d, 2, (R
l Eziw(z)dz -Z Ij J jué (—2- + k")dz J l — ]— dz' (1-41)
£ 3z 5L
=1 8, 1 ot
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Interchanging the order of differentiation and integration:

-1kl -r'|
n 1 a2 2 fj(z')w(z) e = .
j Eziw(z)dz = ): Ij J J T‘E (;;f + k9) 4ﬂ£1 m_— dz'dz (1-42)
Ali =1 C!.t A!.j 1 N o ")
zij i

now JA! Eziw(z)dz is defined as voltage Vis the double integral on the right
i

hand side of Eq. (1-42) is defined as the generalized impedance 2,49 and

j [
Eq. (1-42) becomes !

n
vi- Z zijIj
J=1

which in turn becomes

vl = [2](4] (1-43)
as 1 runs through the indices 1 - n.

Note that che voltage definition has been generalized and now represents
a weighted integral of the electric field. If w(z) is an impulse and fj(z') E
is a pulse function, then Eq. (1-42) reduces to Eq. (1~26). A further generali-

zatiou cf Eq. (1~42) may be made by replacing the integrals with inner products [1].’

1.3 THE METHOD OF MOMENTS FC{ NON-PARALLEL THIN WIRES

s
4o s pr s sy 8N s o N
BB, o E O3 S B 1At 2 WD G W A NNV S DO ST SR NP SR Y ALY O e A st RIS A S IR LD R L BR oA S e |

The development of sections 1.2.1 and 1.2.2 may be extended to non-parallel $
2 L
(skewed) wires (Fig. 1-5). This involves replacement of (aZ/az“ + kz) with the 2
operator (V x V x ) and the use of various trigonometric relationships. The %
development is laborious but straightforward. Details of the development for %
pulse expansion functions are given in the literature [110]. é
The result for zij is é
1,02
zij - jue t(k A"iAlj) cos eijw = [¢(+'+) = W(-"’.) - W(+’-) + W( ’ )]] (1 44) g
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where 8

is the skew angle and Yy{+,-) represents |y of Fig. 1-5a with sub-

1]
section Alj shifted Azj/2 towards j+ (so that its center %s now at j+) and
with subsection AL, shifted Azilz towards i- (so that its center s now at i-)
etc. The corresponding developments for triangular expansion functions [98],
[105] and for sinusoidal expansion functions [125]-[128] are also given in

the literature.
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II - LOADING AND EXCITATION IN THE METHOD OF MOMENTS

In this chapter the effects of excitation and loading of subsect{ons

are considered. Several different m.thods for treating loads are outlined.

2.1 SUBSECTION (n~PORT) PARAMETERS

Consider a collection of thin-wire antennas such as that shown in Fig. 1-1.
The antennas are subsectioned and it i{s assumed that the subsections are small
electricslly, 1.e.'%& << 1, where A2 is subsection lengéh. It is assumed that
there are n total subsectiong, as in FPig. 1-1d, and that N subgections are
excited and/or loaded.

Figure 2-1 shows a typical subsection Azi driven with an applied volt-

v'

age v£ and lozded with a lumped impedance element z, o V4

and z,, represent

i

the Thevenin's equivalent circuit of the devices and loads attached to sub-
section A!i. Since the subsections are small electrically, the response of
the system of antennas to the excitation and loading does not depend on the
fine details of the generators and load construction, but only on the values
of the applied voltage vi and load Zgye As far as terminal behavior is con-
cerned, the electromagnetic problem becomes a network problem. The applica~

tion of boundary conditions leads to the matrix equation
[v] = [2][1] (2-1)

and the equations of cconstraint
vl = [v'] - [2,](1] (2-2)

where
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Figare 2-1 A typical driven, loaded subsection (series model)
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4 v v!
£ 1 1
vl = | . , v'l=}|. |,
v v'
n n
J -
zll . - L zln
[z] = | . . and [zzl =
3 z z
’ nl* " ° “an
Combining (1) and (2):
Vit o4 211 ¢ - - #q
- ¢ - =
' - .
uvn- ’zn 1n znl znn
L J
transposing terms -zﬁkik yields
o -
V1 (21 + 2 212
!
V2 %21 (25 + 2y))
[v'] = . = .
v'! 2 . .
L B . ol
or [v'] = [{z] + (z,)1] [i] = [2;1[1]
' =
where [zzl (2] + [22]
Solving for the currents:
[ -1 ] ] ]
(1] = [‘z] [v'] = (7,10v"]
where -1
? - L ]
[yzl izg)

(1] =

-

zln
+ 2, )
an

(2-3)

(2-4)

o B Yt

1 4
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and then the total voltages [v] may be determined by Eq. (2-2). Note that g
the effect of loading is merely to replace matrix [z] with [{z] + [zz]] and f
[v] #ith [v'].
In Eq. (2-2), zeros occur on the left hand side if the total voltage
across a subsection is zero. In Eq. (2-3), zeros occur on the left hand
side only if the applied voltage is zero. Thus, if a subsection is loaded
but not driven, a zero would occur in the sppropriate element of [v']. All
problems involving loading and excitation may be treated by the above formu-~

laction. GHowever, in some cases a simpler matrix equation may be used. These

special cases are described in sections 2.2 and 2.3.

2.2 N-PORT PARAMETERS OF THE DRIVEi{ OR LOADED SUBSECTIONS

The addition or changing of a load changes all the currents and, as a

result, the near and far fields. In order to determine these quantities,
then, we need to invert a new nxn matrix as in Eq. (2-4). If, however, we
are concerned only with behavior at the N driven and/or loaded ports, such
as port voltages, port currents, coupling from one port to another, etc.,

then the inversion of an N by N matrix is sufficient.

Let [y] = (2]} (2-5)
From the larger n x n [y] matrix, the terms corresponding to the N driven
ports are selected to form an N-port short circuit admittance matrix denoted
by (Y] (see [3], [S54], [129]). The N-Port open circuit impedance matrix, i
denoted by [Z], is the inverse of [Y]. ;

z] = (vt (2-6) ;

and the voltages and currents at the N driven and/or loaded ports are

Bl

related by

(vl = [2)[1) (2-7)
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and the appropriate equation of constraint is

(vl = [v'] - (zzllzi (2-8)

where

[V] - . N IV'] bt . ’ {1} = . ’

z
1N 21
[2) = | . : and  [2)] =} ° O

Note that in Eqs. (2-1) and (2-2), the n-port parameters are denoted by lower

.
.
"y S & AL EEAAI T
;Lw;:w*-a:s&;w’zf.’;mmm\uw:simu..cs:.J.t:mum:.mmwmwmmﬂwwuwm,mmgﬁm%m ¥
R g

case letters and in Eqs. (2-7) and (2-8) the N-port parameters of the driven

subsections are denoted by upper case letters. Combining Eqs. (2-7) and (2-8)
yields

(v'] = [[2]) + [z,]] (1] = [2/][1) (2-9)

i where

T T Ty L A ALY

[z;] = (2] + [2,] |
which is solved by matrix inversion
[1] = 12174V = [y 1]
where
") & [ -1
[¥;1 « (2]

i
§
(2-10) s
i
Z
The total voltages may then be obtained from Eq. (2-7). Comparing Eqs. (2-4) 5

o Be Py 4 trg B RA R el i Tap b I A R P e A

and (2-10), it is noted that
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Yo13 ™ Yauy (2-11) }

i

for those ports i,j which are loaded and/or driven. Thus the matrix [YL]
may be formed by selecting appropriate elements of [vz], as is the case

with [Y] and [y].

2.3 THE DUAL ANALYSIS FOR LOADING
Fig. 2-2 shows the Norton's equivalent circuit of the devices and loads
attached to subsection Ali where Ii

represents the admittance seen when the current generator is deactivated.

represeats short circuit current and Yzi

Now we may write the following matrix relationships between currents

and voltages at the n subsections:

‘ [1] = [1'] - [y,](v] (2-12)
; [1] = [yllv] (2-1..
{
f where
{ - -
f vz
: ('] = | . (2-14)
Lv;/zZn |
w0
[yzl = ‘ }'22 = [72]-1 (2’15)
<::> yln

L i

and [y] = [z]-1 as in Eq. (2-5)
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Figure 2~2 A typical driven, loaded subsection (parallel model).
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Then, transposing terms in (2-13)

[1'] = [Iv] + Iy )] [v] = [v',,) [v] (2-16)
and
GRS OER RIS (2-17)

where the subscript D indicates a dual quantity. Once the gpecified driving
voltages [v'] are known, then [i'] may be de termined from (2-14), [v} may
be determined from (2-17), and [i] mav then be determined from (2-13). Note

that [yiD], [ziD] are not necesssrily eaual to [vi], [zé].

Similarlv, the following dual relationships may readily be developed

for the N-Port analysis:

[1') = [0¥] + [¥,]](V] = (¥} ] (V) (2-18)
vl = (¥ 17HI'T = (2] 0010] (2-19)
and [1] = [1') - [Y,](V] (2-20)
where
R
VIIZQl
Vé/le
('] = : ’
vi/z
N 7eN
L
Y1
' -1
[v,] = - - (z,)
' Y!.N

In chapter two, the effects of loading for a system of n subsections

have been considered. Mathematically, the cffect is merely to replace the
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generalized (n x n) impedance matrix [2) with [z]) + [22} where [22] is

a diagonal load matrix, and to replace [v], the total oltage excitation %
matrix, with [v'], the applied voltage excitatlon matrix. The terminal :
behavior (terminal voltages and currents) at driven and/or loaded ports 2

mav be described by an N x N matrix equation where N is the total number

of such ports. Finally, the dual formulation for loading 1s described.

aaw
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LII - SUMMARY OF METHODS FOR THE DETERMINATION OF AUXILIARY OUANTITIES

3.1 INTRODULCTION

In sections one and two, the matrix equation (1~28) and its related
forms (1-39), (2-3), (2-16) have been considered as the basic formulation
of the radiation or scattering problem, from which the currents may be
determined. In this short section, the determination of other quantities

of interest is described briefly and references are given for more

complete descriptions.

3.2 IMPEDANCE AND ADMITTANCE QUANTITIES

Once ti.e currents and voltages are known for a given system, input
impedances at a driven port are given simply bv the ratio of voltage to
' current at that port. The input impedance at anv subsection of the system
may thus be determined by opening up the subsection and exciting it with

! a voltage generator. The input impedance mav aiso be determined directly

from [z] and [22].

Consider an antenna system such as that of Fig. 1d consisting of n
: total subsections. Suppose that N subsections are driven and/or loaded.
The open—circuit impedance matrix and the short circuit admittance matrix
; of the N-port svstem can be readily obtained from [z]. First [y] is ob-
tained by inverting [z]. Then the elements v,, are selected, where both

13

i and j are members of the N-port system (driven and/or loaded ports), to

" e, e o o e A &

form an N x N matrix [Y] (See [3], [54], [129]). This matrix [Y] is the

short-circuit admittance matrix of the N-port system, and its inverse [Z]
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is the open-circuit impedance matrix. If N is much smaller than n, it

ap « Erir AR AN mmmg

may be convenient to utflize [Y] and [Z] to establish the terminal be-

i # 73 195

havior for different exclitations. Any of the other common network

P

parameters, such as the scattering matrix, ABCD parameters, etc., may

TP A

also, of course, be obtained from [Y], [Z].

3.3 NEAR AND FAR FIELDS

Once the currents are known, the near and far fields may be obtained
bv further matrix operations. The near fields are, of course, considerably
wore complicated than the far fields. At a point in the near field, there
are ir general three components cf E and three compcnents of H. The
electric and magnetic vectors at a point trace out independent polariza-
tion ellipses in time {130]}. Hawever, the basic information is available
from the matrix [z]. Since z1j is proportional to the electric field (in
a given direction) at field point i, due to the current on subsection j,
one need only sum over all subsections to obtain one component of E at near
field point i. The other components of E are obtained in a like manner

and the three components of H are obtained by numerical differentiation of

the ¥ functions. Details of the near field procedure are given ia [71],
(73], [83), [85], [(89], [981, [104], [105], ([110], [125]-(128], [130]-[134].

The far field computation represents merely a specialization of

zij to the far field case. The far fields are oktained simplv by summing

the contributions of all subsections (See [3] for details). Directive f

gain may be obtained by an integration of the far field beam pattern.
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3.3.1 Radiation Hazards

Radiation hazards may be evaluated at a point fn the near fleld by
considering all complex components of the ncar [lelds [130). The computer
program described in [73} has a subioutine which computes radiation hazards

in the near field of a coilection of thin-wire antennas or scatterers.

3.3.2 Near Field Ellipses

' Once the six complex components of E and H are known at a near field
| point, the description of the near field ellipses may rcadilv be obtained
[130]. Complete information on the near field E and H ellipses (ellipti-
city, plane of the ellipse, orientation of the major axis) is provided by

a subroutine of the computer program described ir. [73].

3.4 BEAM PATTERN SYNTHESIS

Beam pattern synthesls can be utilized in conjunction with matrix
methods. Given an array of N antennas with N feed points, one may specify
N points of the far field beam pattern and then determine the required N
voltage excitations at the feed points. One may also specifv the beam

pattern at more than N points and find the N voltace excitations for least

L0 1 AT SN N L M, S B A TR o LI N A LT  aba H P SN LA G R 20 SR gt AT N A B A BT

square error with respect ot the specified pattern. The beam pattern may

AL o un P hy ik

also be synthesized subject to other constraints. Details on synthesis

vy

procedures are given in [46], [87], il151]. .

3.5 OPTIMIZATION OF PADLATION CHARACTERISTICS
Many of the typical performance characteristics of an antenna system,
such as gain, efficiency and qualitv factor, mav be optimized with or

without constraints. For instance, given a system of N antennas, with N
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feed points, one may readily obtain the value of the maximum gain in a

.

given direction, and the required voltage excitations (at the N feed points)

which produce chat gafn. Details of the optimization procedures are given

in (1], (3], [S4], [108].

3.6 APERTURE COUPLINC

Electromagnetic coupling through apertures in plane screens may be
evaluated by the method of moments. Babinet's principle is employed tc
transform the problem to one of scattering by the complementary disk. For i

infinitely long slots, the problem simplifies and mav be treated accurately

for slots of considerable width {< 19}. The surface of the complementary

L i B i R S

disk is modeled exactly in this case. For apertures of arbitrary shape,

and of moderate area ( < one square wavelength), the complementary disk

may be modeled approximately as a wire grid. Then the usual thin-wire

I e vy, ST Log 33 Loy
S HLAST b ad ke bre 2SR B VR A G S M e SR Y B et TR A TS R D I RS P Iy LA T
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methods may be applied to compute such quantities as aperture fields,

fields radiated beyond the aperture, transmission coefficlent, etc.

3.7 ANTENNA-TO-ANTENNA COUPLING

Antenna-to-antenna coupling may, of course, be evaluated directly

once all loads have been taken into account and all currents and voltages

on the wire structures are known. The power out of a driven section and

the power absorved by a loaded subsection may be evaluated directly in

terms of the subsection current and voltage.

3.8 ELECTROSTATIC APPLICATIONS

The method of moments may be applied to electrostatic problems. The

details of the development for electrostatics are given in [39], {40). ‘The

- v
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excitations are the static voltages applied to a system and the response
is, for instance, the unknown induced charge distribution. The charge~
bearing surfaces are divided into subsections arnd appropriate expansion
functions for the unknown charge distributions are assumed. A matrix
equation of the form

(vl = [D][o] (3-1)
results, where [V] is a column matrix representing the voltage excitation,
[0] is a column matrix representing the unknewn induced charges, and [D]
is a square matrix representing the interactions among subsections. Dij'
for instance, mayv represent the potential at subsection i due to a unit
charge on subsection j. Various electrostatic calcula“-ions may be carried
out, such as the determination of capacitance and resistance, and the
evaluation of electric fields and potentials [49], [39], [40]. The
method of moments has been used extensively in connection with the evalua-

tion of the static properties of microstrip transmission lines.
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IV - SOME APPLICATIONS OF THE METHOD OF MOMENTS FOR THIN WIRES

The method of moments may be applied to a wide variety of antenna
and scattering problems. Examples of computed and experimental data for
representative problems are presented in this section. Most of the ex-

amples presented represent phenomena which could not in the past be

adequately treated.

4.1 DIPOLE~TO-DIPOLE COUPLING

One may compute the coupling between any two thin-wire antennas, using
the method of moments and the formulation of section two. Coupling is
defined here as the ratio of output power to input power.

K. Siarkiewicz has made an extensive theoretical and experimental

study of dipcle~to~dipole coupling [135]-[137]}. Figs. 4-1 to 4-3 show

*
some typical results of this study. Fig. 4-1 shows computed and experimental

data for the coupling between two resonaut parallel dipoles oriented end-

to-end as shown in Fig. 4-1. One dipole is centerfed and the other is

centerloaded with 502. Dipole radius is 0.0119) and dipole length is 0.48A.
Note that the loazded antenna is located at a beam-pattern null of the driven
antenna. Only the cadial component Er of the electric field, which falls

off as l/rz, contributes to coupling. Accordingly, the coupling approaches

a 12 db/octave asymptote. The experimental data shows reasonably good

agreement with the predicted results. There is a small periodic experi-

mental error present, which arises from ground reflections, as explained
later. The magnitude of the error inc.eases with spacing d.
Fig. 4-2 shows computed data for dipole-to-dipole coupling for A/4

dipoles arranged (a) end-to-end and (b) broadside. Dipole radius is

*
The ratio of outpu* to incident power is plotted in Figs. 4-1 to 4-3. This
differs from coupling if the input reflection coefficient is nonzero.

38

a v o e
B SATRI MY

3
1
g
]
E
3
]
i
K
b
]
%
3
£
H
z
H
B
¥
H
4
3
*
M
:
3

LU R B AL

e ¥




o gﬁik@?ﬁ«ﬂﬂ&&-uﬁh.ﬁ.ﬁﬂffﬁ.f!af.z I R I LR L O N N L LI IR A e I

- DRI séang?é;gﬁqc%%ﬁ;ﬁﬁ%&m

‘PUS~03~-pU® PPIUSTIO $ITOATP JuPUOEIX UIM3Rq Buprdnopy T-H anByI

(wa) p

39

R T SRSy
(qp) N1y 1004

(3AVLO0 Y¥3d e
8P21) JLOLNASY ===~ ,Mm_mw..wc

JNIWIH3dX3 v X 8% 2
viva G3LNdNOD W Op =Y

T} T

—oI-

ST,

1L

R

Rt

o

(3

oy

R o M

TS

RS At

*

AN A S

2e

g =4

SN e
b

NS A e b bt SN A AT, SR, owl




- o aem D AN T § e e
. R— i - A g 39 £ O 3ol T AT TR TSR S STV AR TS 468 e T e » v
e i A et Sl

T

2

NOTRIL P L panl

E Rt 1Y

X/Q

‘0l ol

-
- o

LT
QruSesan 2o ey

3. 'L20/4P9

\\W\

Xk YIRS

LRSS EETIN

&

AEaF dr e AN

(q) (o)

40

i -{8e-

SR

et

\\ vos Anﬂm.o Anmd.o vos Anhm.o -{2¢ -
ﬁ L' : T -19¢ -
X 11200 ﬂ .

a d lnﬂv —op -
— Xseo  _f ..

l

3AVL00/9P 21 Xizoo—l—  -fev-

26 - .P

(qp) Nlg, 100y

(Q) 3Qisagvouys

ATy o
Fra il r s etk

TSRS

X%
.

L.

D)

23
N
PR,

R

e R
i

Coupling between quarter-wave dipoles oriented end-to-end and

broadside.

(o) GN3 OL ON

P

@
-

9¢ -

FEE AR
T S e s Wt

- L

Figure 4-2

AR

W
m

oy

. o B o LA b R e pE g
. . N P . b B 5T G TS g 3 8% b ok o E . PN N IR (S
v o st U LECENAALL B 56 ey e SN fytkost i D 22 g 80w} I iy B 2 1 v Rl KXol aki) = .




T et o rs et S
TR ST AR LI e

N ory ety &

&

T Sl

X 33:'1515

—{}~0.02 X\
0.48
r__L__

1
6.0

ged LreipEa Sl

A
50

508

THEORETICAL

A MEASURED
A

el A I
fa

B R N S e e s s T

41

3.0

4

2.0

of a parasit ic wire.

A
048X
0.48)\
D/A
Figure 4~3 Coupling between resonant dipoles oriented end-to-end iIn the presence

i ]
[22] O
7 5

1 |
N (o]
§ 9

-47}
-48}

Ty EHT W

S
e
it
P

(Gp) INlg/ 200y

Ok AR M YT L v fw\r o IS Tr TS CRAE M, Gt i, . e " » . .
NIRRT, %.J%u_%%a %aﬁsﬁ%ﬁ%ﬁ sl MUY BRI A (TN R TR TR BN, - S 5 T NS Y SR




e i R RTTOL AR T R T O TP A R R BT
T 7 T fere e A AP ESS .’J'si.’e’@?@#&,-ei'if:i:‘évf‘x'u-x,rwaa::mw‘aam‘\;;':ﬁ-?-;‘wwf:é'ef?f»ém&wiﬁmz&mt‘é‘m.-*. FsiRea D 3
W YTRE FEana TR A S T Rryv MAFRT [ LAt !

A s ettt e it S o b s

0.01055 . The end-to-end case approaches a 12 db/octave asymptote, whereas
the broadside case approaches a 6 db/octave asymptote. Note that for very

small values of D/A, the coupling in the end-to-end case actually exceeds

that of the broadside case.

Coupling in the presence of parasitic wires may also be accurately

predicted by moment methods. Fig. 4-3 shows two resonant-length dipoles,

arranged end-to-end, with a resonant parasitic element located nearby. In

effect, there are two coupling paths, one direct and one by way of the

parasitic element. Both the currents on the driven element and those on

the parasite contribute to coupling. As spacing D is varied, the two contri-

butions, which are nearly equal in magnitude, add for some spacings and

partially cancel for others, giving rise to the oscillatory coupling effect

shown in Fig. 4-3. The measured data shows excellent agreement, except

near the nulls. Note that both the positions and values of the peaks in

coupling are accurately predicted, despite the rapid oscillation as a

function of D/A. A small experimental error due to ground reflections is

believed to be responsible for the departure near the nulls. One would

not, of course. expect good agreement near the nulls if there were any

reflections present. The experimental error caused by grouad refiections

increases with increasing D/A.
The experiments for Figs. 4-~1 and 4-3 were performed by elevating the
. {
dipoles about 15\ above a concrete floor. Small reflections from the floor

produce interference aF th deep nulls of Fig. 4-3 and also give rise to

the small periodic experimental error shown in Fig. 4-1. As separation

of the dipoles increases, the level of the reflected signal becomes more
42
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significant with respect to the direct signal. Thus experimental errors

increase with dipole separation, as indicat- in Figs. 4-1 and 4-3.

Siarkiewicz has shown [135] that, for parallel dipoles on a common
ground plane, coupling may be accurately predicted by a simple empirical
formula. He has also shown that, for electrically small dipoles, coupling
cannot be accurately measured (special corrections which utilize theoreti-
cal data are required). More complete information on cnupling computations
is included in veferences [135]-[137] and in a forthcoming volume of the

Method of Moments Applications Series.

R RN B S R v HE R Bt s R RO

4.2 NEAR-FIELD PREDICTION

The study of near fields has bezn of interest to antenna engineers for
many years. It has baen a difficult study because of the generally complex
nature of the near-field structure. Even for thin-wire antennas, there are
only a few specific cases that have been studied in detail. However, in-
terest in such problems is high because of the number of relatively high-
power wire and rod antennas and high-gain arrays in use and because of con-
cern over possible associated radiation hazards and compatibiiity problems.

The near fields of individual dipoles and linear dipole arrays have
been studied in some detail and some of the results are ~hown in Figs. 4~4
to 4-9. Fig. 4-4 shows the near electric and magnetic fields of a center-
fed halfwave dipole of a radius a = 0.00°A. Voltage excitation is one volt
and frequency is 100 MHz. Fig. 4-4a shows the radial component Ep of the
electric field, as computed by two different techniques of the method of
moments. Method 1 uses pulse expansion functions and method 2 uses tri-

angular expansion functions. The computer programs are described respectively
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Figure 4-43 Near fields E of a halfwave dipcle (a/) = 0 005, Az/x = 0.05,

v = 1 volt, A = 3m),
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in references [73], [69]. Also shown in Fig. 4-4a is an approximate calcu-
lation of near fields from current distributions, based on a generalized

Gauss' law formulation [71]. Note the excellent agreement among the three

:
5
i
§

diffzronr methods, even at distances as close as 0.012 (for o/a = 2). Ep

has peaks near the gaps and near the ends of the dipole. In the central

O WA e B Ve bk S

region (z== 0.125)), Ep has a (1/p) derendence on p. Metheds 1 and 2

o

R e AR SR A P PPt 3o ) Bt faad Fica s S

diverge sligntly near the ends of the dipole and this is expected because
¢ of the difference in expansion functions. Fig. 4-4b shows the tangential
component Ez of the electric f/eld as computed by metheds 1, 2. Ez has ap-~
proximately a £n(p/a) dependence in the central region (z = 0.125A). Fig.
4-42 shows the magnetic field component Hg, as compared with an approximate
calculation of near fields from current distribution, based on a generalized
Ampere's law formulation [71]. Hﬂ has approximately a 1/p dependence. The
data shown in Fig. 4~4 have also been compared with other results in the
literature. The computed data on near fields Ep, Ez, Hb show very close
agreement with Harrison et al, [138] for p = 0.05A. The data for Ez lies
between those of King and Wu [139]-[141) and Galejs [142] for p < 0.05A.
Fig. 4~5 shows a comparison of dipole near-field comprtation with ex-
perimental results. A third technique of the method of moments, that of
ref. [127], with sinusoidal expansion functions, is added. Figs. 4-5a, b
show datz for Ep, Ez respectively at p = 0.03X. Even at this close

spacing, the agreement among compv:ational methods and between theory and

experiment is excellent.
Fig. 4-6 shows the near elactric field of an eight-element linear array

of centerfed halfwave dipoles with halfwave spacing. Fig. 4~-6a shows the
47
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near electric field, in the principal H-plane, for uniform excitation. Note
that the patterns smoothly and gradually approach the far field pattern with
the peaks and nulls forming gradually as r (radial distance to the field
point) increases. The pattern for r = 40X is extremely clos< to that of

the far field. Since mutuals are taken into account, there is some null
fill-in and the far field pattern differs slightly from the classical
pattern of an array of Hertzian dipoles. Fig. 4-6b shows the near electric
field of the eight element array, in the principal H-plane, for endfire
excitation. Note that the main beam broidens as radial distance r increases,
in contrast to the broadside case (Fig. 4~6a) which shows main beam narrowing
as r increases.

For points in the 'very near' field, the electric and magnetic fie.ds
are strongly effected by the mutual interactions among dipoles [71]. Fig.
4-7a shows a plot of electric field strength across the face of the eight~
element array, at distances between .05 and .25\. Fig. 4-7b shows a corre-
sponding plot of the electric field strength of an eight-element array of
flertzian dipoles. Apparently the mutuals have the effect of "smoothing out"
the variations of electric field in the '"very near' region. The corresponding
plot for the Hertzian dipoles in the region r = 3 - 40) differs only slightly
from that of Fig. 4-6a.

The radiation hazards in the near fields may be computed [71]), [130] once

all the components of the electric field are known. Radiation hazard contours

may readily be drawn from the printed output of a so-called “snapshot" routine
(73] which prints out radiation hazard values over a given rectangle in
space. Fig. 4-8 shows an example of such a plot in the principal H-plane (z

= 0) of the uniformly excited eight-element array. Each dipole is excited
52
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d/» = 0.5, z = 0).
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with one volt. The assumed radiation hazard criterion is 10 mw/cm2 or

194 volts/m. Fig. 4-8 shows decibel ievels relative to that criterion.

Note that the partially formed peaks and nulls of the near field beam patterns
(Fig. 4~6a) show up clearly in the plot of Fig. 4-8, forming progressively

(as r increases) at angles corresponding to peaks and nulls of the far field

beam pattern.

Fig. 4-9 shows a comparison of theory and experiment for the near-field

component Ez in the principal H-plane of a two-dipcle endfire array of resonant

dipoles with halfwave spacing. The agreement between theory and experiment is

good except at positions very close to the ends of the dipole.
More complete information on near-field problems is given in references

{(71), (73], [130]-[133], and in volumes #2, #3, #5 of the RADC Method of

Moments Applications Series.

4.3 TRANSMISSION LINE INTERFERENCE WITH DIPOLE PERFORMANCE
Fig. 4-10 shows a transmission line of length Zt, wire radius "a" and

wire center separaticn d, connected to a dipole of length g and wire radius

a". The transmission line interferes with the dipole; it countributes a cross
polarized compcnent Eg as well as interfereing with the normal dipole pattern.
The characteristics of such thin-wire, finite-gap A/2 and A/4 dipoles

fed with a length of two-wire transmission line have been studied using

matrix methods [75], [113]. Transmission line length and gap size have been

varied obtaining the complete solution (current distributions, impedance and

far field beam patterns) in each case. Significant departures from the ideal

dipole characteristics are found even for electrically small gap sizes and

transmission line lengths. When the departrres are small, they can be deseribed
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Figure 4-9a Near electric field of a two-element endfire array of resonant

dipoles (/X = 0.4484, d/A = 0.5, a/Ax = 0.00503, AL/\ = 0.02242,
A=3m, V=1 volt)), y/Xx = 0.05.
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Figure 4-9b Nesr electric field of a two-element endfire array of resonant di-

poies (g/x = 0.4484, d/a = 0.3, a/x = 0.00503, AL/x = 0.02242,
A=3m V=1 volt‘)) y/A = 0.93.
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adequately by a cross polarization ratio and by null fill-in. These effects

are minimized by choosing transmission line length 2t equal to ni, where n

is an integer. Departures from ideal dipole performance are significantlv

increased as dipole length £ decreaszs, gap length d increases, transmission

" T
LSRGV SERRNY. S SR Y00 axyanmdet iy s RAABRTY

line length e increases and current imbalance increases. The cross polari-

zation ratio (defined as |E

[7]E

JRYIFAIE WWNEAN 4

P max ¢] maxl> is minimized by choosing line

length zc equal to n)A where n is an integer.

Fig. 4-11 shows computed data

PRATTTR ENVE V0N

for the cross polarization ratio and Fig. 4-12 shows a comparison with

. Gea

experimental data. Note the deep null in the cross polarization ratio for f

Zt/A = 1.0. More complete information on transmission line interference

with dipole performance is given in references {75], [144] and in volume

PPN

#4 of the RADC Me*hod of Moments Applicatioas Series [113].

3
4.4 MICROSTRIP APPLICATIONS

Static microstrip problems are ideally suited to treatment by the

method of moments and the results mav be used for "quasi-TEM" analysis of

microstrip. The static capacitance matrix can be computed by three methods

associated with the method of moments. In the first, unknown free and

bouad charges are assumed on all interfaces and simple free-spaca Green's

funntions are employed. The basic matrix equation includes boundary condi-

tions cn potential over each conductor and boundary conditions on continuity

of the normal displacement vector over each dielectric interface. Complex

problems involving multiple dielectrics, conductors, and ground planes can

3
i
be treated by this method. However, the number of unknowns in the matrix 5
esuations may be large. This method has been described by Adams and Mautz 2
[49], [40) and was implemented in a computer program by Priebe and Kyle [145] ;
60 %
3
i
3

. perTe . R - P P
R T T g ot e g B S i AT
e e SRR paiiad LI, T i 25 ki




d=0.08\

EESRER FFUE SV 0 v et g

CROSS POLARIZATION RAT!O (db)

| 1
025 050 075 100 125 1.50 1.75
27X

Figure 4-11 Cross polarization ratic ¢f a transmission line and dipole.
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for arbitrary microstrip geometries. Fig. 4-13 shows the capacitance of

& dielectric-loaded parallel-plate computed by this method. Results for
€. " 1 are compared with those of Harrington [1] and Reitan [10].

In the second method, a Green's function for the basic microstrip

geometry is obtained by images, leading to a simple matrix equation which i

L4 NP S0 YAz IO G SR T R

includes unknown charges only over each conductor. The number of unknowns

L8

e

is considerably reduced over that of method #1, but the variety of problems

which can be treated is more limited. The second method also may be used

R

to obtain the values of discontinuity capacitances in microstrip {56], 165].

Fig. 4-14 shows computed values of discontinuity capacitance for a junction

between two microstrip liues of different strip widths. 2
The third method utilizes an integral solution of the microstrip problem

and 1s applicable to multiple dielectric and multiple ground planes [70], [76].

st el O rhSVEZ R L Wbt 4 8 £ 0T oM SN R R SRHR B A A T« AL

Computation time is relatively lengthy. Fig. 4-15 shows the capacitance of

a three-layer microstrip computed by this third method. More complete informa-

O T PP )

tion on microstrip applications is covered in references [40], [56], [65', [70],

EYTL RN

[76), and in volume #6 of the RADC Method of Moments Applications Series [146].
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4.5 APERTURE COUPLING b
Elactromagnetic coupling through an aperture in a plane screen can be i

*
treated by the method of moments. The aperture is replaced, using Babinet's

P SO

} principle, with the complementary metal disk, which is in turn replaced by
a wire grid of appropriate size and shape. The fields in the aperture, and

near and far fields beyond the aperture may then be computed by the method

*
The method of moments as used here allows one to treat apertures up to about
one square wavelength in area.
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of moments [147]. Consider a A/2 by A/4 rectangular aperture in a ground

plane. This aperture is replaced by a complementary disk which is wire-
gridded as shown in Fig. 4-16. A plane wave polarized in the y~direction
is incident normally upon the aperture. Incident field intensity is one

volt/meter and frequency is 100 MHz. Fig. 4-16 shows resultant digk cu-rent

Ix as computed by two different method-of-moments techniques. Fig. 4-17

shows a comparison of computed and experimental data for the y-component of

the resultant zperture field. Note that the agreement is very good near the

central portion of the aperture. Near the edges the agreement is, of course,

iless good since fields approach zero or infinity (Ey+ w at y = 0.125) and
Ey + 0 at x = 0.25)) and measurement problems arise. Fig. 4-18 shows a
near field plot of the electric field in the shadow region beyond the aper- E
ture along a circle of radius 0.5% lying in the x-z plane (see Fig. 4-16).

A plane wave polarized in the y~direction i3 normally incident upon the

P o Shbga e e AR i, e i R S
5 L SN e Wi i e R AR SR R o o VAT DRV R B R T S e R A R LT

aperture. The experimental data shown in Figs. 4-16 to 4~18 was taken at

Sandia Corporation.

In the method-of-moments technique for aperture coupling, arbitrvary !
angles of incidence and arbitrary polarization can be readily treated.

Examples are given in reference [147]. In additicn, coupling to wires

beyond the aperture may also be treated. More complete information on

aperture coupling by the method of moments is available in references [147],

& [148].
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f Figure 4-16 Equivalent disk currents on a rectangular grid, due to a plane wave
' normally incident upon a rectangular aperture in a plane screen,

polarized parallel to the short side. (Ey = 1 volt/meter, f = 100 mhz),
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Figure 4-17 Fields in a rectangular aperture in a plane screen, due to a
plana wave normally ircident, polarized parallel to the short side.
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V ~ CONCLUSIONS

The method of moments has proven to be a successful method for treating

a wide varlety of problems, manv of which could not be treated heretofore

with a high degree of accuracy. Examples of such problems are coupling ir

the presence of parasitics, near fieid and radiation hazard prediction,

transmission line interference, etc. The basis of its application to

thin-wire structures is described in this volume. The method is extremely

flexible and conceptually simple, and it is applicable in theory to most

problems in elect:omagnetic theory. Illustratise examples of its appli-

cation are presentesd.
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APPENDIX A ~ JUSTIFICATION OF THE THIN-WIRE MODEL

%
|
5
’

In this appendix, the effects of finite radius are congidered and an

atuanpt 18 made to justify the filamencary model used in section 1.2. Fig. i

A, 3 -
AR e, e ol v ST 2L R KNI a3 L 1 A

A-1 shows a fat dipole with surface currents Jz’ J¢, Jp. There are several

steps that need to be justifixd: (1) neglect of circumferential currents,

i 1 Al 8

J¢, (2) neglect of radial currents, Jp, (3) neglect of ¢ variations in

longitudinal currents Jz, and 4) repiacement of z-directed surface currents '

with a filamentary modal. :
The tanin-wire model may be explained in several different ways. The E

results of scme classical scattering problems are useful. Consider a plane g

vave ircident upon a conducting cylinder of radius "a" and infinite length :

(Figure A-2) with its axis parallel to the z-direction. The incident electric §

field has intensity Eo and is polarized in either the z direction (parallel

to the cylinder axis) or in the y direction (peipendicular to the cylinder

saxis), s shown in Figz. A-2. The solution of the resultent boundary value

problems for the currents and .ittered fields are given below [14%):

I ZLECTRIC FIELD PARALLEL TO THE CYLINDER AXIS*

Surfacs Currents

5 -°ZE° Z J-n jni
zZ  wuna H(z)(ka)

re=tc n

(A-1)

*In this appendix, J_(x. Réz)(x) represunt Bessel functions of the first
kind ta’,ﬂnnkel funltions ° of the second kimi, respectively, and J'({x)
and K %/ (x) pepresent their deriv~tives with respeact to x. n represents
the ofdar of the respactiva functiors. vy is Buler's constant (1.7/1).

k is the free space wave numbar. (p,4,2) are the cvlindrical coorcinates.
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A study of the small arqument forms of Hn (ka) shows that the n = {0 term ; 2
3 3
of the Iinfinite series dominates for small ka and thus E
3 -3 ]
5 Héz) (ka) =~ 1 - -j—% log(y—lzcé) ~ '—"—2' log(.8905 ka) for (ka << 1), ’ E
: . 5
where log indicates the natural logarithm. i ‘j
5 b4
3 on 1 i 5
Y. 7 7 ona Tog(.8905 ka) (ka << 1) (A-2) i :a
d : :
-j2nE . 4
3 Iz(total current) = Znan iy Toz (. 8905 Ka) (ka << 1) (A-3) 5 ;
Ee 5 ‘i
£ : E:
: The n = 0 term of the current, which becomes the total current for small ka, : S
i varies slowly [1/(1log(.8905 ka))] with ka for small ka. E '§
B Scattered Fields X :
: 5
3 Near Fields : ’
: -n iné ; i
@ j J (ka) e g
; E5= -E ] ‘(‘2) HéZ) (kp) (a-4) ‘ :
9 ¢ ° o] (ka) j
R na- n 3
¥ i
. . E 2 :
%3 —~ (=] (o] ) _ 3
4 = ( 2 ) log(.8905 ka) Ho (ko) (ka << 1) (A-5) ;
: Far Fields (s) — %
- k . J 3
7 lim 2 . 12 __T‘_.(_lf_a)_ eJné (A=6) :
i (inc) Y ako | (2),. 1 i
> p+= 'E : _ . H 7" (ka) :
z n=-® n :
—~ T 1 . :
- 2 /2 Tog(.8905 ka) (k@ << 1) (A-7) |
Thus, as ka + 0, the ¢-indzpendent currents dominate and the radiated fields ; |
'E become $-independent. Note especially that the near electric field is ;
3 76
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proportional to Hiz)(kp)/log(.8905 ka) (see Eq. (A-5)). The term Héz)(kp)

v, 7 L
"

1s proportional to :the tield of a filament along the z-axis, whereas the

FR SIS ST A R R AN

Y

term 1/log(.8905 ka) corresponds to the variation of total longitudinal

EETSUN

surface current for small ka (See Eq.(A-3)). Thus, for small ka, the ra-

diated fields of a filament are equal to those of the distributed surface
current model with the same total current, for p > a. This is the basis

for step (4), the replacement of the surface model with a filamentary model.

I1. ELECTRIC FIELD PERPENDICULAR TO THE CYLINDER AXIS

O A iR S s Ay 2 eV 2 2 S MR ) S A B A LAY RO

Surface Currents

jZHo ® §n ejn¢

J = t (A'a)
¢ mka L£y@ (ka)
n=-% n

where Ho = Eo/n = incident magnectic intensity.

PP TSN IVEON TR LW 2P 2 A SN

The current induced has a dipole (cos ¢) term ac well as a ¢~independent
(n = 0) term. Both are important for small ka. The ¢~independent current
represents electrically small loops of electric current (for small ka). Elec-
trically small loops are equivalent to magnetic dipoles and thus the ¢-

independent electric current is equivalent to a magnetic current filament

of infinite length.

Scattered Fields

Far Fields
WL 2|5 fale &
lim |—| = ,—— —_—— (4-9)
poven Hi Y mko H(2) (ka)
z n=-® n
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as ka # 0

(A-10)

e S ATt N A UL AN P B

Note that both the dipole (cos ¢) and the magnetic filament contribute as
h + o.

However, the scattered fields are proportional to (!'.a)2 in contrast

-
RYSPREL TRe S RN S ILEY)

to the scattered fields for the parallel case which are proportional to

1/(log.89 ka) . In other words, a thin wire may have both longitudinal and

oo A e R ¥ L A et b

circumferential currents.

B e da kWAL eR R

As ka becomes small, the fields radiated by the

circumferential component decrease rapidlv with ka, whereas the fields radi-

DU

ated by the longitudinal component decrease slowly with ka. This corresponds i :

to the well-known fact that the back-scattering cross section of a thin wire : :
parallel to the incident field varies slowly with wire radius and that it is
much greater than that of a tnin-wire perpendicular to the incident field.

We can combine the results of the two problems to express the scattering

due to arbitrary incident fields with electric field components both parallel

and perpendicular to the cylinder axis.

Note that, for arbitrary polarization of the incident fields, both

longitudinal and circumferential currents are excited. The fields radiated

by the longitudinal currents will always dominate as ka $ 0, ekcept for tle

special case where there is no component of_g(inc) parallel to the cylinder.

Furthermore, note that because of the dominance of the n = 0 term in (A-1)

PPt T

and (A-4), the variations in é of the longitudinal current are unimportant.
Thus, for plane waves normally incident upon infinite cylinders of small

ka, the scattered fields radiated by the longitudinal currents dominate over

_—

those radiated by the circumferential currents. Furthermore, the fields

3
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radiated by the ¢-independent longitudinal currents dominate over those ra-

diated by the ¢-dependent longitudinal currents. The above statements are

[N

5 e B e R SR ¢ S

valid in both the near and far fields. The onlv exception to the above

statements is the degenerate case where the incident field is exactly per-

RV BT {5 ¥

pendicular to the cylinder axis.

In order to apply the above classical analysis to antenna problems in-
volving thin wires, one must generalize the analysis in several respects. One
must consider non-normal (oblique) incidence, near field sources rather than
plane waves, wires of finite rather than infinite length. Suffice it to say
that none of these generalizations com ciy invaiidate the conclusions
reached above. However, some of the conclusions are weakened somewhat. Fer
instance, consider two parallel wires extremely close together (a fraction of
a wire radius). One may be considered as a near field source for the other.
it 1s possible, for instance, that a current-carrying wire extremely close
to a cylinder may excite significant ¢-dependent Jongitudinal currents. Even
though these currents radiate less effectively than the ¢-independent longi-
tudinal currents, there are undoubtedly cases where the radiated fields of

the ¢~dependent curcents are significant. For instance, If two wires, both

electrically small in radius, are placed in extremely close proximity to =ach

O G O AN ke S A AT AR sl N Ve A 1M L A e DRI R A S B2 50 S S A% AL YA Sl

other, then one would axpect that (a) che currents would concentrate near the

Ly

R

portions of the wires closest to each other and (b) the ¢~-de: endent longitu-
dinal current would become significant. How close must the wires be to in~

validate the assumptions used in typical thin-wire programs? The results of

s

a static analyris provide scu.e guidelines. Fig. A-3 shows two parallel cylin-

ders of infinite length. A voltage is applied between the cylinders. The
79
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Figure A-3 Two pacallel conducting cylinders.
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charge distrib;tion on the cylinders is desired. This problem may, of
course, be solved by classical methods. For more than two cylinders, or
for dielectric-coated cylinders, the method of moments can be used.
Clements [150] has treated such problems by the method of moments using
sinusoidal expansion functions (i.e., a Fourier series decomposition in ¢)
for the indu~ed charge distribution. The induced charge is represented as
follows:

N
3(¢) = Z An cos n¢ + Bn sin n¢

n=0

For the case shown in Fig. A-3, the origin of the coordinate system
may be chosen such that all the Bn's are zero. Fig. A-4 shows the ratio
Al/AO, i.e., the ratio of the coefficient of the dipole term to that of the
¢-independent term, as a function of D/2a. Figs. A-5a,b,c show the relitive
magnitudes of the Fourier coefficients for the cases D/2a = 1.05, 1.5, 5.0
respectively. Note that for very close spacing such as D/2a = 1.05 (.1 radius
separation), the dipole coefficient exceeds that of the ¢-independent term.
For D/2a = 1.5 (one radius separation between cylinders) the dipole coefficient
is comparable to that of the ¢-independent term. For D/2a = 5.0 (4 diameters
separation), the magnitude of the dipole coefficient is less than 1/6 tuat
of the ¢-independent term.

The TEM transmission line problem is, of course, directly related to the
static problem, and, as a result, the ratios An/A0 of Figs. A-5a,b,c are
interpreted directly as the Fourier coefficients of the longitudinal surface
current density Jz of the transmicsion line problem where:

N
Jz = Z An cos u¢ + Bn sin né

n=0
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From this analysis then, one would suspect that the ¢-variation of the longi-

tudinal current could not be neglected unless the wires were several diameters

apart.

In addition to the ¢~directed and ¢— dependent currents one must justify

the neglect of the p-directed current. Consider the four disks of p-directed

currents (two at the gap and two at the ends of the dipole of Fig. A-1). For

small ka, the radial (p~directed) currents are lneffective radiators for several

reasons. All of the current elements are electrically short and are ineffective

radiators for that reason. Furthermore, the directions of the currents on

opposite sideg of a disk are such as lead to cancellation. Further, the

currents on tho two gap disks tend to cancel. The currents on the end disks are

considerably smaller than those on the gap disks. Note that very close proximity

of parallel wires would upset some but not all of these conclusions. Thus,

in most problems, there is a high order of cancellation of the effects of

the radial currents and they may, therefore, be neglected.

In summary, for thin-wire antennas (ka << 1), the surface currents J

¢

and Jp may be neglected. The circumferential variation of Jz may be neglected

and the resultant uniform surface current Jz may be replaced by a filament of

current along the axis of the wire. These conclusions are based upon a considera-

tion of plane wave scattering by & cylinder. For thin wires very close to~

gether (within a few radii of each other), these assumptions may be invalid.
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APPENDIX B - Zij FOR STRAIGHT PARALLEL WIRES WITH PULSE
EXPANSION FUNCTIONS AND IMPULSIVE WEIGHTS
In this appendix zij is expressed in terms of the Yy function. Fig.
B-la shr.; the typical subsections Ali. AlJ :ith currents ii’ ij' zij
may be expressed as follows (see Eq. (1-26)).
- !
e 2 e jklli £l
o - vemee (o z' -
%13 jwe(32+k)J wlg, -] ¢ (B-1)
2 e
i AL
3
AL AL 2
i~ 3 2
2 = e (e 4 : -
Joe (a RRA (B-2)
z
i
-fkr;-z'|
. - '
where { Alj J T T m dz
Azj

Note that ¢ is proportional to the tangential magnetic vector potential Az

at one subsection (Azi) due to unit currant on another (Af2,). Fig. B-la

3
shows the basic geometry.

The origin may be translated to the center of subsection Alj as in
Fig. B-1b without loss of gererality. For simplification, coordinates
(xi,yi,zi) of the field point i are replaced in this appendix with (x,y,2),
(r,6,4), (p,4,2) in rectangular, spherical, and cylindrical coordinates as
shown in Fig. B-1lb. Because of rotational symmetry, ¢ is independent of $

and depends only on p,z, and the electrical length (kAL,) of subsection AL,.

] 3
Eq. (B-2) becomes
AL, L2 2
- i3 3%y -
zij jquziAljw Jue az2 (B-3)
upon replacing z, with z.
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(o)
(b)

A w - BT A kb W b D A W1 W A S e W s O a w R




P PR T s P T e e B A RS P R i
< \} ! s ‘- *

4

3y/3z mav be approximated by finite differences as follows:

Ji¥ Az
Wy | Vi, v,z + 55) - vlx,y,2 - =5) (B-4)
92 Az
where Az is a small length Increment ~ not necessarily equal to Azi and
where ¥(x,y,z + A%) is proportional to the potential at point (x,y,z + AEO

2
with the source subsection Alj fixed as in Fig. (B~1lb) with center at the

origin. Equation (B-4) is written in shorthand notation as

Az A2
Y+ =3 - ¥(- =3)
W _ 2 2 _
3z Az (8-3)

Note that 3y/2z may also be evaluated by keeping the field point fixed and

shifting the source subsection Alj, ie

Az’ Az'
-[¥(+ =) - ¥~ =5)]
ay 2 2 ;
3z Az' (8-6)

where Y(+ Az') is proportional to the potential at field point i with the center
2

L
of the source subsection (Ali) shifted to (0,0, 9%—9 i.e., shifted upwards

1

by an increment é%— . ¥(

Eqs. (B-5) and (B-6) are related to the identity

t
- A%- ) indicates a downward shift.

8r _ _ 3r
3z 3z’

i
where r = \/(x—x')z + (z—z')2 + (V-Y')z
Now

az' Az'
2 Y= =) - v+ =)
3y 9 2 2
2" az( Az' ]

122 - L e Ay L

3z Az' (8-7)
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1]
%; {Y(- A%—)] represents the derivative of ¥ with a shifted source sub-

section; this may be evaluated by shifting the field point by 4z/2:

L 1]
. ' y- 420 4 8%y _ (82 Az,
) - —2—2 2 (8-8)
az 2 Az
and
% L4
) v Ao 8% g le A2,
3z ° 2 Az

'
where ¥{(+ AE—, _.A%) represents ¥ with Azj of Fig. B~1lh shifted A%— upwards
and Aii shifted Q%’downwards, etc.

Collecting terms:

e Rl Pl R R e S
T R RTER ) (3-10)
Substituting in Eq. (B-3) ylelds
29q = Juudlatye + j(ls;e iiii?j toes 22, + 9 "”(Ag':'" L
I S IO - Y (B-11)

Note that Eq.'(B-ll) involves the evaluation of five different Y functions
with vectors Eﬁj' Eij
sponding terms 04

++, Eij(+ -), etc. as shown in Fig. B-2, and corre-

j(+ =) zij(+ ~) where zij(+ ~) represents the distance

from shifred field point { to the perpendicular bisector plane of shifted

source subsection Azj, etc. Each of the different ¥ functions may be

evaluated by the methods outlined by Harrington [1], [2].
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éu gf Eq. (B-11) has been derived under a conslderation of current distribu-

% % tion alone; the charge distribution is determined by the equation of continu- ; %
e g :
‘5% E ity. Thus pulse current expansion functions lead to impulsive charges at l :

,ﬁ; éhe ends of each subsection.

e s
G

It is interesting to compare the foregoing result based on Eq. (1-19)

PRRPRRRTI SRTRTE eR P T P )

:iz E ard assuming pulse currents and impulsive charges, with one based on Eq.(1-12) ;
f?v g and derived under the assumption of pulse expansion functions for both §
i E currents and charge [3]. This latter combination is inconsistent mathematically %
é; T but represents a more realistic charge distribution. ?
=§ If Az = Aii, az' Aﬁj, then Eq. (B~11) becomes ;
i 1 .
| 2yy = Juub2 A2y + T DG 4) - WG 2) - (= 4+ (= )] (8-12) ;
;é . which agrees with Eq. (22) of [3]. Thus the two methods (pulse currents :
‘;g and impulsive charges - pulse currents and pulse charges) lead to identical

; . results if the increments %f, Qg' used for finite differences ace half

3 £
‘Ei ! subsections.
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APPENDIX C - SYMMETRY ABOUT T4E MAIN DIACONAL FOR THE MATRICES [z) AND [D]

In generel, for the nethod of moments, the matrices [z] and [D] are

not symmetric about the main diagonal, i.e.

z,, ¥z

ij ji

D # By

where zij is the voltage at suvsecticn i due to unit current density on

subsection j (in time-harmonic problems) and D,, is the potential at sub-

1j
*

section i due to unit charge/unit charge density on subsection j [40].

If the weighting and expansion functions are identical (Galerkin's method,

a variational sovlution), then the matrices [zl sr [D] are symmetrical

about the main diagonal.

4 ax 0 2y . - 08
vl B DB T e UL e PR S PSR PN TP SR r 0 R TN 1o

For parallel current gegments Azi, Azj of equal length, zij = zji'

For parallel segments of unequal length, or for skewed segments,

AR,

:tj is not

necessarily equal to zji' Similar distinctions apply to charge filaments

N AR AR A N W A S P——— S

S ANV o,

Aii. A%, and D,,, D,, functions.

3 137 34 i

Consider an example from electrostatics consisting of two perpendicu-

ywrmap

GV Wi o

lar, thin, charged wires, two typical subsections cf which are -hown in

Fig. C-1. Subsections Azi and Anj are shown with line charge densities Ai

and Aj and subsection centers i and j respectively. Subsection lengths differ:

Ali = c

A%, = b
3

g
\

and the separation of subsections is equal to "a'". D,, is the potential at

13

*
D,, may be defined as potential due to unit charge or unit charge density.
T%é former defirition is used here.

93




R R A e e e e U S S BT

el Nt S L P C R TS S T B BT

N AT

Y §
N
-

4

S
!
i
i
’{

Ad;=C

k37

)

Py S

T

R

A

32 TR

L

R o ey

L W AR e s s

.t <
WTPGENT L WL —m v
.

Two perpendicular, thin, charged wires.

Figure C-)

oy e s Il s

i wd s

WA Tyl O 0 b T

o - o—— ————

94




Y e the irTeg

e e e e R T I iTY F R o e
S R T R T T T A ko, BT T B S Y SRR AT R 1
et s A i i Ry S DS i

MDA o S0 o - s i

o AR TIRA TPV T .

point i due to uait charge on subsection Azj and Dji is the potential at

point j due to unit charge on subsection Azi .

W e A AR PRI A TSI SRR

Yy L Ty 1 b
Diy " oy " 5% Tne J 5 = g los(l + ) (c-1)
A 3 ° 3 0
where V1 is the potential at point i due to )‘j'
P
2 2
c/2 < js- b
o X! D U B (a+3) (2
ji = bme ¢ ) f 5T 4ue ¢ J 2
1ys By o - < S 4 o(a+ 22
/2 (x') +(a+2; 2+ 4+(a+2
where log indicates the natural logarithm. ‘
If b = c, then Eq. (C-2) Lecomes i
i
. 2 §
b + Ja 4+ ab + b 5
- log -2 2 c-5 3
ji lmeob 8 b J 5 o2 H
-3 + a + ab + > :
i
Clearly Dij is not equal to Dji’ even for b = ¢. However, as the separa- f

tion acreases (b/a and c/a approach zero), D11 approaches Dji:

1 . 1 .. _
Dij Qﬂeob leg (1 + b/2) lmsoa {~fa << 1) (C-4)

c b
D log —_z...__.__..‘....&az RPN S P il 22"
ji o 4me ¢ [z, 2 4] e f T b
--‘;=+a,!L1+-—1:-—°-+-—J ° mg el gy
& a
ba
-1 1+ /{2 +b) __ _1 -
e 198 T e (2 v by Tme g log [l + 2e/(2a 4 b))
~ 1 )
ol v (b/a << 1, cfa << 1) (c-5)
T a8
o a5
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% Fig. C-2 shows a plot of R (where R = Dij/Dji)’ as a function of b/a,
for the speclal case b = ¢. Note that the matrix [D] {s highly asymmetric
about the main diagonal for large b/a, and that Di] is Indistinguishable

from Dji for b/a < 0.3. Stewart [128] has shown explicitly that, if
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