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ABSTHACT

Coherent signal processing in an airbeorne radar is highly de-
pendent upon methods used to compensate for platform (e.g., air-
plane) motion. Platforrn motion causes returns to have doppler
shifts which vary with the angle between the velocity vector of the
platform and that of the target or scatterer. Because of the finite
antenna beamwidth and the finite transmitted pulse length, radar
returns from many scatterers are received gimultaneously from dif-
ferent angles. Therefore, these returns combine to give a spectrum of
doppler frequencies which must be corrected.

Displaced Phase Center Antenna (DPCA) is a technique which
compensates for the component of motion which is perpendicular
to the axis of the beam. This report evaluates DPCA in terms of its
improvement to airborne moving target indicator (MTI) performance.
It is shown that MTI performance is improved significantly with
DPCA. However, since DPCA does not completely compensate for
this motion, MT! performance can be limited by this technicue under
certain conditions.
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AIRBORNE RADAR MOTION COMPENSATION TECHNIQUES—
EVALUATION OF DPCA

INTRODUCTION

Motion compensation is a fundamental need for a search radar system operated from
a moving plaiform. The application of digita! processing techiniques to radar signals has
made it practical to coherently process many radar returns using moving target indicators
(MTI) with multiple-stage cancellers and coherent integration (narrow-band doppler filter-
ing). The resulting theoretical clutter rejection capability increases the detection of moving
targets in clutter to such a point that other system limitations become the dominant con-
cern.

The full capability of this coherent processing can be realized only through the use
of motion compensatian to remove the doppler contributions caused by platform motion.
With existing motion compensation techniques, the radar system may then be limited by
other factors, such as system stability or on-aircraft antenna sideiobes. As these other sys-
tem limitations are improved, it becomes necessary to reconsider the motion compensation
techniques to determine at what level the system is again limited by these techniques.

It is in this context that Displaced Phase Center Antenna (DPCA) is considered. Time
Averaged Clutter Conerent Airborne Radar (TACCAR), which corrects for the platform
velocity component parallel to the axis of the antennu heam pattern, and DPCA, which
corrects for the perpendicular component of platform velocity, make up the motion com-

- pensation techniques which are being applied to present early-warning radar systems. An

evaluation of TACCAR is presented in Ref. 1.

The success of a motion compensation technique must be evaluated in terms of iis
improvement to the signal processing in the radar receiver. Since many airborne radar sys-
tems now (aad in the foreseeable future) involve MTI processing, the improvement in MTI
gain will be used to measure the performance of DPCA.

EFFECT OF FLATFORM MOTION ON MT! PERFORMANCE

The objective of most coherent radar processors is to discriminate between the retumns
from moving and fixed targets. For some radar applications, the returns from fixed ob-
jects are of interest. However, for the MTI radai, these returns are considered as *‘clutter”
and should be rejected. The rejection decision {or filtering) is based on the doppler shift
of the frequency of the returns. If the radar itself is on a moving platform, the returns
from fixed objects will also have doppler shifts. This doppler shift of the returns from
fixed objects must be corrected to provide good MTI performance.

In Ref. 1, the drppler shift f; of the return from a scatterer caused by platform mo-
tion is given by - }
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2 7 G. A. ANDREWS

fa = —2”7” cospy cosl, tn

where

up = aircraft, (platform) velocity vector,

A = transmitted wavelength

¢, = vertical angle between vp and the direction vector to the scatterer, ana

8, = horizontal angle between v, and the direction vector to the scatterer.

When the axzis of the antenna pattern is pointing in a ddirection given by the direction
angles 0., ¢, relative to vy, and the scatterer is in the direction 9, ¢ with respect to the
axis of the antenna pattew,rthen

g, =0; + 0.

fa = —2%% cosp, cos(f; + 8)

= - 2%‘2 cos¢,(cosby cosb — sinb, sinf) .
Averaging fq over a symmetrical antenaa pattern gives
- v ) .
fs =-2-{3 cosg, cosd, . E {2)

From Ref. 1, the purpose of TACCAF. ia to estimate /4 and remove this component
of doppler shift. When this component is removed, the remaining doppier shift i

fa = =28 cosp,lecat, (cosd ~ 1) — sind, eind} . :3)

By assuming a highly directive antenna pattem so that the range of m{erest fox 6 is
small, the small-mge approxlmanon fo-t Eq. (3) leads to

te = 2% 5 G :

where
vy = 1p COig, sind,

This relation shows that atier the TACCAR correction, there remeins a doppler shift

* that is apjroximstely proportionsl v 1iw angie O of the scatterer with respect io the axis

of the antenna patiern. Thexsfore, for homogeneows cliciter, o piatform-mation cuiter
specirum results which is weighted by the twoe-wsy patter of the antsane. In Rel. 2, it

is shown that this spectrum can be nppmmmated b? o (‘-mmmz gpectrum with 2 21v0 mean
md a nandard devhmon given by ‘ ,

LI oL oy 1 ik dai 24
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’ where a is the aperture length of the antenna,

r i In App. A of Ref. 1 it was shown that the MTI improvement factor for a zero-mean
Gaussian clutter spectrum is given by

n 2n
| h= 5 ()
n! \2mo,

where

fr = pulse repetition frequency,
d. = standard deviation of the clutler specirum, and
n = number of delay lines in MTJ proceseor. )

4 4

Using Eq. 4, the limitation to the M1 improvetnent factor caused by platform raotion is

2n
=y 7 1

Undew = 7 \1 2n u,T/

where T = 1/f, is the pulse repetition period. This equation is plotted in Fig. 1 with n as
’ ' 8 parameter. The expression vy T/a reprezents the fraction of the antenna aperture that

the antenna is displaced during an interpulse period. Figure 1 xllustrates the limitation to
the MT1 imeprovement factor caused by platform motion.

; {
] @
=
<160
f g 1
[8)
| : X 80
| 2 60 ’
. 3 $
: g 40 |
: £ !
N 2
. 20 ‘
3 4
} 2 [o} 1. (
: oo Y 0.1 :
E . FRACTION 1 OF ANTENNA APEATURE THAT ANTENNA : J

1S DISPLACED PER INTERPULSE PERIOD (x * v T/3i 7 '

Fig. 1—Limitation of the platform motion x on the MTI improvement factor )
I, tor several valuss ¢f the purametex ¢ ‘the number of deiay lin2s in the MTI
proceasor}
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4 G. A. ANDREWS

Combining the standard deviation of the clutter spectrum due to internal ciutter mo-
tion with that due to platform motion, the total standard deviation of the spectrum is

2 _ 2 2
or = O¢ * Opy »

and the total MTI improvement factor is
on [ fr 2n

(In)total'z ; 21“02 + OI%M)UZ
[

This equation gives the combined effect of internal motion and platform motion. It is
plotted in Fig. 2 for a single-delay (single-canceller) MTI, in Fig. 3 for a double-delay
(double-canceller) MTI, and in Fig. 4 for a tripledelay (triple-canceller) MTI. The top
curves in these figures represent no platform motion. The other curves represent various
degrees of platform motion. Therefore, the difference between these curves indicates the
loss of MTI improvement factor due to platform motion. This loss can be appreciable for
most applications when the clutter bandwidth ¢, is small.

DESCRIPTION OF DPCA

Detailed descriptions of DPCA are found in Refs. 2-4. DPCA corrects for the com-
ponent of pletform motion parallel to the plane of the antenna aperture by physically or
electronically displacing the phase center of the antenna in the opposite direction. To see
how this is accomplished, it i8 convenient to consider the effect of the doppler shift on the
interpulse phase advance of returns. The doppler shift given by Eq. (3) can be integrated
over one interpulse period to get this phase advance. Integrating f;, the phase advance
nis

T
n=j 2r fq dt.
0

o
(=]

FACTOR I, (d8)
n
[
1

5
1
o

SINGLE-CANCELLER MTI IMPROVEMENT

fo) 1

nool 001 ol
RATIO OF CLUTTER SPECTRAL WIDTH TO

PULSE REPETITION FREQUENCY (9 /F,)

Fig 2—Effect of platforms motion of the singie-canceller (n = 1) MTT improvo-
ment factor 1. x is the fraction of the antena aperture that the antenna is dis-
playsd per interpulse period. The x = 0 curve represents no platform motion.
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DOUBLE-CANCELLER MT] IMPROVEMENI
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1
.00! 00! [+X] 1
RATIO OF CLUTTER SPECTRAL WIDTH TO |
PULSE REPETITION FREQUENCY (G /F,)

Fig. 3—Effect of platform mation on the double-canceller (n = 2) MTI improve-
ment factor /9. x is the fraction of the antenna aperture that the antenna is dis- 4
placed per interpulse period. The x = 0 curve represents no platform motion.
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TRIPLE-CANCELLER MTI IMPROVEMENT

20

: 0.001 (o]0} [¢X]

. RAYIO OF CLUYTER SPECTRAL WIDTH TO

PULSE REPETITION FREQUENCY (% /Fr)

f Fig. 4—Effect of platform motion on the triple-canceller (n = 3) MTI improve- N '

ment factor /3. x is the fraction of the antenna aperture that the anlenna is dis-
placed per interpulse period. The x = 0 curve represents no plstform motion.

As shown in App. A, if the product of the scan rate @ and the interpulse period T is 7
small, n can be approximated by : ‘

o

n = 28fyT.

N b e

Also, within the main beam of a highly directive antenna pattem, Eq. (3) reduces to

R RLL Y .
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fa 236,
Therefore
n =~ 4«3%7‘ 9. (%)

A point scatterer situated at an angle § with respect to the axis of the antenna pat-
tern has a pulse-to-pulse phase advance given by 7. A vector diagram of this effect is
shown in Fig. 5(a). This phase advance could be compensated with the addition of the
quadrature vectors shown in Fig. 5(b). The correction vectors are given by

. n
= tan —
e RS 2
and
. n
€9 = —jxg tan— .
2 1X2 2

+V

;Xl

(a)

Fig. 5—Vectcrial representation of (a) pulse-to-pulse advance n and
(b) platform nmotion compeusation

If the antenna pattern is G(8), then the amplitudes x; and xg of the returns from a
point scurce at an angle 6 are modulated by the two-way pattem G2(8). This leads to the
correction vectors

e1 = JG2(0) umg
and

eg = ~jG2(0) tan-g.

These vectors can be realized by transmitting the pattern G(9) and by receiving pat-
tern G(0) and an additional pattem A(0) given by
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A = jG(@)tan-g—. (6)

The returns received through the A() pattern are subtracted from the returns from the
first pulse received through pattern G(0) and added to the returns from the second pulse.

Figure 6 1s a block diagram illustrating this technique. In Ref. 2 it is shown that the pat-
tern given by Eq. (6) can be approximated by the difference pattern of a monopulse

antenna.

ANTENNA TRANS-
ARRAY MITTER
O— G(6) /R I r—T—l l n -1 )
WEIGHT- | -‘E 1 ;T | |canceLers
o ING |
! +
T MATRIX 210) l _% ||
P! + r |
1 | I '
]
y it ] L _ S1CANCELLER

Fig. 6—Displaced Phase Center Antenna (DPCA) correction applied to the first canceller of an
n-stage MT!

EFFECT OF DPCA ON MTI PERFORMANCE

Since the antenna pattern defined by Eq. (6) generally must be approximated, the
error in this pattern results in an imperfect DPCA correction and, in turn, in degraded MTI
performance. This effect has been considered in Ref. 4. For the present report, it is
assumed that this pattern is realized perfectly and the effect of a perfect DPCA correction

on a multiple-stage MTI is evaluated.

The transfer function of an n-stage MTI with DPCA is derived in App. B. Using this
result the power guin is

Hnp(Ni2 = (1 + m?zﬂ) [2 sin (ﬂ[—;[d)] : [2 sin (ﬂ‘%)] o .

r

Since 7 and f; are functions of 9, this power gain is implicitly a function of 8. The
above equation shows that the null of one canceller is shifted by an amount f3. The
other cancellers are not affected by this DPCA correction.

The MT] improvement factor associated with this transfer function is derived in App.
C and given by Eq. (C5) for an nstage MTl. Equation (C5) is evaluated further for n = 1,
2, and 3. These results are given by Eq. (C9)-(C11). An antenna pattern must be speci-

fied to use these integral equations.

These equations are evaluated in App. D using a (sin x}/x antenna pattern and inte-
grating to the first zero croasing (main lobe). The results are plotted in Fig. D1 for a
single canceller, Fig. D2 for a double canceller, and Fig. D3 for a triple canceller.

il
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Comparing Fig. 2 with Fig. D1 it is seen that if the fraction of antenna aperture dis-
placed per interpulse period is less than one-tenth, the MTI improvement factor for a single
canceller with DPCA (Fig. D1) is essentially equal to the MTI improvement factor with
zero velocity (Fig. 2). This corresponds to perfect motion compensation. For higher order
cancellers this compensation is not perfect—however, there is appreciable improvement,
particularly for narrow clutter spectral widths (i.e., overland). To illustrate this point, Fig.
3 and Fig. D2 are superimposed in Fig. 7. and Fig. 4 and Fig. D3 are superimposed in
Fig. 8. In Fig. 7 and 8, the top curve represents the MTI improvement factor for zero
velocity (or perfect compensation). The lower solid curves represent the MTI improvement
factor with platform motion. The dashed curves represent the MTI improvement factor
with platform motion compensated by DPCA.

CONCLUSIONS

Platform motion limits the capability of advanced airbome MTI systems attempting to
obtain high cancellation ratios, as illustrated in Fig. 1. DPCA corrects only one canceller
of a multiple-stage MTI. However this correction leads to significant improvement in the
MTI improvement factur, especially for narrow-bandwidth clutter (i.e., overland).

Figures 7 and 8 illustrate the improvement that is achieved by DPCA. The parameter
x represents the fraction of the aperture that the antenna is displaced during an interpulse
period. By comparing a solid curve and a dashed curve for the same value for x, the im-
provement in MTI improvement factor can be determined.

Figures 7 and 8 also illustrate the additional improvement that could be achieved by
a more complete compensation. The MTI improvement factor with perfect motion com-
pensation corresponds to the MTI improvement factor with zero platform velocity. This
cuse is represented by the curves labeled x = 0 (both) in Figs. 7 and 8. By comparing
these curves with the dashed curves (which represent the MTI improvement factor with
DPCA correction), the additional improvement that an ‘‘ideal’” motion compensation

-
z
W
=
b
g,\eo
&%
s
N
-
£ 60
ot |
[- 4
3.2‘
S0
wo
£
Y - 20
Y
2 4
§ 0 1 "
000! 0.0t [eX]

RATIO OF CLUTTER SPECTRAL WIDTH TO
PULSE REPETITION FREQUENGY (Cg/F)

Fig. 7-Compserison of MTI improvement fsctor for a double-canceller (n = 2)

with DPCA (I2, dashed curves) and without DPCA (/9, solid curves). x is the ]
fraction of the antenna aperturc that the antenna is displaced par interpulse

period. The x = 0 curve represents no platform motion. (This figure is a super 4
imposition of Pigs. 4 and D3.) ) :
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o Yo x:007
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[+ 4
- 20}

| I

(o] 0.1
RATIO OF CLUTTER SPECTRAL WIDTK TO

PULSE REPETITION FREQUERCY (R/F)

Fig. 8—-Comparison of MTI improvement factor for a triple-canceller (n = 3)
with DPCA (1'3, dashed curves) and without DPCA (/3, solid curves). x is the
fraction of the antenna aperture that the antenna is displaced per interpulse
period. The x = 0 curve represents no platform motion. (This figure is a super-
impoasition of Figs. 4 and D3.)

techniques could achieve can be determined. It is seen that for narrow-band clutter

(i.e., 0. /f, small), this additional improvement may be worth the additional complication.

1.

2.
3.

4.
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APPENDIX A
DERIVATION OF PHASE ADVANCE DUE TO PLATFORM MOTION

Instead of using Eq. (3) from the text for f4, an alternate form results from subtract-
ing Eq. (2) from Eq. (1): :
fa = fa - f4

= —20—{(cos 0, — cosf,)
where

Vs = Up cow' .

With a constant scan rate 9,

O, = 8, + Ot
' 80 that
) A -2-'-'{- (cosd, — cos(f, + 81)] ,
snd

' T
| n =_f 2 f3 dt (A1)
Y -
singz Z
_4wy, T cosd, - 2 Q’ﬂ Q_’I_‘) ]
x T z
£ 2

The product 0T represents the angular scen of the antenna during the interpulse period
T. For many radar applications this is very small. Therefore,

0T - 0

! which implies that  can be approximated by

-_..mw-m%nm.m b Lo

1
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]

' n' = —ﬂ%z(cosﬂ. - cosfg)

' = —‘1’5;-’\‘1@05(0‘, +0) — cosly,)

b

} = - 4";’\‘7‘(«”;8,l (cosf — 1) ~ ¢inf, sind) .

t ) Using Eq. (3)

f no=oemfyT = 2nld,

r . .

? This is the result that would have been obtained by assuming fg to be constant with

\ respect to time in Eq. (Al) and integrating immeiately. i

b E 1
-4
' \
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—— —_




APPENDIX B
DERIVATION OF THE TRANSFER FUNCTION OF AN MTI WITH DPCA

An n-stage MT1 with DPCA applied to the first stage is shown in Fig. Bl(a). From

Eq. (5),

A6) = fcwmng.

Therefore, Fig. B1(a) can be redrawn as shown in Fig. B1(b). The transfer function is
given by the Fourier tranaform of the impulse response, i.e., by

Hp(w) = f hn(t)ed“dt
where h,(t) is the impulse response of the system.
Considering the first stage first and then the remaining n-1 stages,
H,(w} = Hi(w)Hp-1(w)

as shown in Fig. Bl(c). Hj(w) is the transfer function of the first stage and H,_ 3 (w) is
the transfer function of the iast n-1 stages.

The impulse response of the first stage is
hi(t) = (1 -] tan%)&(t) - (1 +jtan - )8(!-—T) .
The tzansfer function of the first stage is

Hy(w) = f hy (e Wit
- (1- 1 - 1\, 4T
(1 junz) (1+jtnn2). .

Letting z = ¢/«T gives

e {1~ oy - n\1

) Hy(z) (1 J tan 2) (1 +j tan 2) z

] £ 1 jun 2)
1 Jtlnz >

1 ‘12
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But
o0 on\?
1"‘”-&!\'5 ) ﬁlﬂtan—z—)
l—jtan% 1+m2g.
1- tanzg + jﬁztan!zl)
1+um2_’27.
} 0082% - sin232- + j(Zsin%cos%)
coszg- + si;ﬁg
= cosn + j sinp = e/M.
Therefore

e (1-itanl 1:51”_)
Hiz) (1 Jt.anz)( o .

A similar derivation for the last n-1 stages jeads to

-1 n-1
Hpq(2) = (z—z_') ’

assuming binomial weights for the last n-1 stages. Combining these results gives

o m\ [z=e [z -1\t
- )2 52

The above equation shows that the zero of the first stage is rotated by an angle n in the
2 plane,

Retuming to the frequency doinain by letting z = e/“T leads to
Hi(w) = (1 —J tan %) o (W T-n-1)/2] [2 sin (sz- g)}
and
-1

- ~I(n-l)l(w'r-1r)/zl[ _wT]"
Hﬂ‘l(w) e .2 sin 2 ]

Therefore an n—stage MTI with DPCA has a transfer function given by
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A _ r n-1
Hp(w) = j» (l —Jjtan %)e“"“"“’ﬂm/zl [2 :zin(wT2 n)] [2 sin %Z]

Letting
= 27— and T = —,
K 2 fr

then

; — f; n-1
Ha(fy = J" (1 = tang)e”m"(m')'{mz” [2 sin ("f_fT&)] [2 sin <1r fi)] .

b This equation shows that the zero of the first cancellor is shifted to a frequency fg. This
. : corresponds to rotation of the zero in the z plane by an angle ..

G(8)

a(6)

s g oy et

3 ) Mng

G(8) >— T b

+

1 = o
CANCEL-| o .
Iy LERS

)

$(t>— — iiyle) Ha-gle ——* nit)

-

(c)

.

Fig Bl1—An nstage MTI with DPCA correction applied to the {ivst stage (2). Replacing 4(0) by jG(8)
tan (n/2) allows sketch (a) to be rodrawn (b). Tlm kymfct function Hpy(w) is also illustrated (c).
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APPENDIX C
DERIVATION OF THE MTI IMPROVEMENT FACTOR WITH DPCA

Assume a Gaussian clutter spectrum given by

W) = Woe-l/z(f‘l/of)‘
The clutter power received at an angle 6 with respect to the axis of the antenna pat-

tern has a mean doppler given by Eq. (3) of the text and is amplitude modulated by the
antenna power pattern, G4(6). Therefore, this clutter is described by

- o f! 2
W(i.0) = WoG4(p)e™ ! /BI(FFaNoel™, (c1)
The total input clutter power from the mainbeam is
rbo

P,~,_.=J J W(f,0) df do
g ¥ =0

where 8¢ corresponds to integration over the mainbeam.

Using Eq. (C1) and integrating with respect to frequency yields
Pic = WoV2n o, f G4(0) do . (C2)

From App. B the power gain of the n-stage MTI with DPCA is

Hp(NHI2 = (1 + tan2 1%) [2 sin (w%&)] 2[2 sin (u}’i)]znﬂz.

The output clutter power is given by

8g o
Py “J’ j W(f,0)H, ()% df db

8¢ —ov
LN f
= W, f G“((i)(l + tan? n—‘i)n,.(o)ao (C3)
56 A
where
B 16 -

R T R L

N N L 1 L Ry

i

" 1% [

L e




16 G. A. ANDREWS

ooy« [ [psn (rL58)]*foun (+£)] ™ e [-3(55)7] o

Y oo ff i24 G¢

From App. A of Re.. 1, the average target gain G is

2
l

G = [135 “(2n-1)] .

The MTI improvement factor, then, is

’ _‘pic
1 GPOc

n

bo
27(1-3:5+(2n - 1)] VI 0, | 5 G4(8) db

(CH)
f G4(6)(1 + tan2 ﬂ;d)H (6) do

Further evaluation of the MTI improvement factor requires that the antenna pattem
G(0) be specified and H,(0) be derived.

For a Single Canceller (n=1)

Hi(9) =f: [2 sin (wf—;-[‘)] exp [——/L[") | df .

r OC
For successful MT! action it is necessary thav the inequality
0. << fr
holds true. Using this fact, and letting
f-f4=x
and

df = dx

2™ 2
H1{8) -(%)J x2 exp (—2%:)“.

Evaluating this integral* leads to

gives

*Peirce, B.0., “A Short Table of [utegrals,” Bostoo: Giun, 1929, 4th Ed., revised by R.M. Fostar, 1966.
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= ]
2 ]
H1(8) = V27 o, (1}’2‘) : (C6)
r

which is not a function of f4, and therefore not a functior of 4.

Double Canceller (r = 2)

, For a double canceller

s =[5 o (A o [

Again letting x = f ~ f4 yields

Jm [2 sin (n%)] ? [2 sin (ni-f{—fd)r exp [—% %jg] dx

Ha(8)

4
[\~
re
| S——
®
=
[ -]
N
Y
)
e
——
o
=
T
>
\/
(o]
o
w
a
IR
\__,/
+
o
Q
(-]
————
2
e
™
w
5
T
™~
e
e d
[ &

= ¢ o o) [t (1) ot (1) (43) o

3 / ¢

+ cos? (n-;;‘-l j:sin“ (w %) exp (—-;- :—j;—} dx

+ 2sin (ﬂ[fé) cos (x%—) J: sind (1! ;’:—) cos <1r %) exp (— %) dx]

Since the integrand of the third integral in the above equafion is an odd function,
therefore the value of that integral is zero. Using the trigonometric identity sin 24 =
2 sind coad in the first integral gives

i () )] 25 <

[

st

T PR kT

b

| oot () [ foon (r5) "o )
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And, as before, letting 0, << f, leads to

2
Hs(0) = 4V/27 o, (E’/_{rﬂg> smz(

1]

].)+3\/2_uc(

r

Triple Canceller (» = 3)

For a triple canceller,

H3(0) =J:: [2 sin (,,L;_f_é)]z [2 sin(w;{)} 4exp[-%(f—oz-£é>2] daf .

Letting x = f — £ yields

w0~ [ 5T ol e ) e )

. x?
X exp(— 27-2) dx.

[

Expanding this integrand and eliminating all odd powers of sin[m(x/f;)], whose integral "3
zero, leads to

/ 2

Hy(6) = sin“(‘n@)f 26 cos? (ﬂ%)sinz( ;) exp(— 5{0 ) dx
' , \ 2

+ 6sin? (ﬂtf‘f) cos? (n£4>£° 26 cos2 ( -f:) sin¢ (ﬂ%) exp(— ;0 2) dx

(4

¢ cont (1 20) 2 o () o - 27) e

Letting 0. << f,, these integrals can be evaluated as before:

H3(0) = 24(% )2 sin4 (n%)f x2 exp(— foﬁz) dx

() o ('ﬁ)f_: B
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g g, 5 e

Evaluating these integrals yields

2 ' -
HS(O) = v 2” O 24(21rac) Sin4 (ﬂ&) ?
f’ fr
4 ' f
+ 6(22)(3)V2r oc< 2 ) sin2 (ﬂ?) cos? <1r ifd)
‘ 6

fr / 'l

Using Eqs. (C5)-(C8), the MTI improvement factors for a single, double. and triplc
canceller with DPCA can be obtained. For a single cancellier,

0o
4 df
Z(L 0G(B)

; r
\Znac) Lo {“mz( ’;“”04(8)«9
0

o

S~
——
i

90> ;, !
J-Oo G4(8) df , 1

1 [ (CQ) N
J'0° [1 + m?/n—@)] G4(6) db
9 \ £

where I [= 2(f,/270.)2] is the MTI improvement factor for an MTI without platform mo-
tion or with perfect motion compensation. Therefore the remaining part of Eq. (C9) can

be considered a: a loss due to the imperfect compensation of DPCA. For a double can- N 1
ceiler, :
4 3 4 G4(6) db : 1
C ot Y ;
1 = 2<2 ) 9 fl f f' :
TOoc, j 0 G4(9)[1 + tan? (77“4)] [3 cog? (ﬂ'l) + 4( . ) sin2 <1r—d>} do z
9o fr fr 2n0, f, . ‘
%0 L
9o G(0) db ; 1
= 12 - | - y . i
J'eom(e) [1 + tan2 (,,[d)] [cosz( [d) . _2. I smz( fd)] 40 )
-00 fr f,- fr, : 1
where E ‘
|
- -Lr_)“ .
§ 2 2(21:’0‘. 3

and

5
N
:
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Using the trigonometric identity 4
{
in2 2 in2 1
24 = sin®A  _ cos®d +sinA 1 {
1 + tan®4 =1 + cosA cos2A cos2A {
yields . [
)
f G4(9) df !
Iy = o . (C10) :
f G4(0) [1 + 3 I tan2( );4)] do }
' 4
As before, a loss term is identified in Eq. (C19). Finally, for a triple canceller, ~
Fgo 1
4
. 4(f 6 16 | 5, G4(6) at
3= 3 Y
3 ZMC) J' [ (fd )] [ fd)
G4(0)|1 + tan? 15 4(1r_. |
PR 2 o\ \ |
fr)2.2( f&\ 2(fd> (f )4 -4( f(;)] )
+ 72l =1 2 =1} + 16 n—|{ db
2(277% sin“<{w 2 }cos 7 ro, sin 7
(C11)
8o
g G4(6) do
) by f3), 8 f 1
0 ot (1)« $5 1w (1 2) ¢ 10t (r ) ant (n 1) o
LOG(’["“ f 1671 6n A RS T fr ‘
where -
Lo 1(_fr_ ¢
5 3~ 8\2we,
: oL\
! Iy Z(ZNOC)
and
: 2
: I =2 -ZL—) d
: N0,

Therelore, the MTI improvement tactor with DPCA is given by Eq. (C9) for & single can-
celler, by Eq. (C10) for a double canceller, by Eq. (C11) for a triple cunceller, and can be
calculated from Eq.(C5) for an nstage canceller.




APPENDIX D
EVALUATION OF DPCA WITH A sinx/x ANTENNA PATTERN

For a (sinx)/x antenna pattemn,

a 4
sin(w x sin8>
G4(6) = "
™ sind
where g is the aperture length of the antenna and X is the transmitted wavelength.

Integrating over the main lobe implies that

-T < nis'me L 2

A
For a single canceller with DPCA, Eq. (C9) can be rewritten as
' 7 ¢ GQ B
nh=1n Got Gy (D1) )
where B
8o
Go = G4(6) d6 (D2)
._00
and
0o . .
G = J G4(0) tan? (n-f-d-) dé . (D3) :
—00 f" :
'
For a double canceller, Eq. (C10) can be rewritten as
I = Iy _____020 (D4)
: Go + 3 G,y )
; For a triple canceller, Eq. (C11) can be rewritten as
' ;! - =
£ ’ G B
! fs=1s % 8 (DS)
Gg *+ 15 1Ga+ 15 [2G4
¢
21 £

5
=
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where
0o ,
Gy = { G4(0) cus? (ﬂﬁ) do (D6)
Jag fr
fo ,
Gz = [ G4(0) sin2 (n—fg—) do , (D7)
J-89 fr
and
.00
_ A fa ! fd
Gy = , G4(0) sin? (n—) tan? 1r—~> de . D8
s J<8g ) fr k fr (D)

The problem is reduced to the evaluation of Gg, G1, G, G3, and G4. Letting
x = n% sinf
implies that sind = (A/ma)x. Thus

2 1/2
cosf = (1-sin28)12 = —}\—[(ﬂ) - xZ] ,

and for a/A >> 1

2
!
Qau
<

and

TR x <N, J

Using the above relationships yields

-
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and for fq = ~2(vy/\) sin = ~2(vy/ma)x and T = 1/fr,

” 2 -1/2 : 4
one ) [ -l et (5
-1
.'

i 4
x .A_J mn2 (Cx) (gu_‘x.> dx
na J_, x

“where C = 2v,T/a. In the same way,
n
inx\ ?
G, = A cos?(Cx)(-in—n—x-) dx ,
®a ) _, x

9
A L sinx 4 :
_ in2(C — :
Gy = ﬂaJ: sin (Cx)( . ) dx , :

214

and

n . 4
Ge = -}—J sin2(Cx)tan2(Cx)(§'lE) dx .
wa - X

~ Ueing these regults, Eqs. (D1), D4), and (D5) can be rewritten as

, Gy
11=11m,

Iy = Iy ——‘21‘-’--——- ) (D10)
Go + + G}

and

I ~ I Go . (D11)
% . . B . .
Ga + 15 I1G3 + 15 Iy

where

"/ sinx\ ¢
Gh =—-J (—;—) dx , (D12)
-

n . 4
Gl sf (":‘) tan2(Cx) dx , (D13)

-

g S
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" sinx) ¢
Gy = f (——*) cos?(Cx) dx , (D14)
o\ x
" fsinx) 4
G3 Ef (—-) sin2(Cxj dx , (D15)
Lo\ x
and
. T fsinx\ ¢
Gy = j (T} sin2(Cx) tan2(Cx) dx (B1ig)
~n

with C = 2v,T/a.

Equations (D12) through(D16) are in a form that can be solved on a computer by
any standard integration routine. The evaluation of these integrals is given in Table D1.
Equations (D8)-(D11) are plotted in Figs. D1-D3 using Table D1.

Table D1
Calculated Values of the li.*2grals G; Used in Evaluating MTI Improvement Factors
(with DPCA), as a Function of the Motion Parameter x

Calculated Values for
Integral
x = 0.001 x = 0.01 x=0.1
e

Go 1.04 1.04 1.04

Gl 2.6883 X 106 2,68956 X 10~ 2.8221 X 102
Gy 1.04 1.04 1.02

Ga 2.68828 X 106 2.687668 X 104 2.62634 X 102
G 1.88486 X 10-11 1.88563 X 10-7 1.9579 X 10-3
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