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ABSTRACT

A new, simple and efficient algorithm is described
which computes the probability of occurrence of at
least (or exactly) out of N events,‘gi§en the indi-
vidual event probabjlities, A compafison is made with

two previous methods. Computer program lis.ings are
given,
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It is desired to compute the probability of at
least k out of N events occurring, given the individual
event probabilities 1 This can be obtained by summa-

tion from the probablllty of exactly k events, P(k),
i.e.

( - . (1)
i=k

Thus we need only compute the probability of exactly k
events,

The algorithm is based an the observation that given
two groups of events, with their associated probabilities

‘of occurrence, the probability of exactly k total out of
the two. groups can be found by

7/

N, +N, Ny N_
b |sl\Jsz) = ;p(i Is;) P(kfilsz) (2)

where by P(ﬁls) we denote the probability of exactly k
out of N events from the set S. The index i is subject
to the limitations 0 < i < N; and 0 < k~i < Ny, i.e.

sum over i = max(O k- Nz),...,mln(k N ) Note that

P( IS, ) =Py and. P(OIS)) = 1- “P3» by definition. Thus

we are 1n1t1a11y given the probabilities for groups of
size 1, Using the combining rule (2), we can recursively
compute the probabilities for groups of size 2,4,8,...,N.
Since',(2) works for disparate group sizes, no problem

is caused by the odd groups that result when N is not a




power of two. roup without 2 mate to pair with

An odd gr
at any stage is simply passed on unchahged to the next
stage: at a later stage it-will be paired with a group
haying a different number of elements. A schematic
illustration of the operation of the;algorithm-for

N = 5; )

input: 11111
0101010101
012-012-01
- 01234~---01
012345~~~
output: 12345 | //

where the numerals indicate the index of B{fj/;nd the
positions indicate the relative pcsitions in an array
of storage, i,e. each "2" in the diagram represents the
location of a probability of exactly two events, etc.
Dashes indicate blanks (unused locations). The final
summation is not shown,

A listing of a computer subroutine (NETPROB III)
employing the algorithm is given in the Appendix. The
restriction N < 50 is completely arbitrary for this
routine and derives from the requirement of at least
4N locations in the working array. The routine can be
modified to output the probability of exactly k events
by eliminating the final accumulation (statement 200).
Note that the P(>k) are computed for ali k at once by
this algorithm (k = 1,...,N).
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TIMING

{t is easily shown that the combining ouperation (2)
requires ~M2/4 operations for M = N1 + N2 = 2,4,8,...,N.
Thus the total time should be proportional to

2 1
a.N 16N, 64N ... N°
42t 43" 48" t3 L
= Nz_ (1+2+4+°-°+-I§) = -———)-N(N;l ~ N°

Timing tests on a CDC 1604B c mputer gave a timing curve

T ~ .08 (N+25)N msec.
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Any N2 process for Wthh a comblnlng rule analogous
to (2) can be given requ1r1ng on¢y M Operatlons, where M
is the total numbergof elements in ‘the two groups, can b
converted to an N log,N process by this .binary subdivi-*
sion algorithm.. In fact, the author has used a virtually
a fast sort package. (Merge-ordering uf tTwu Eroups which
are in themselves ordered can be egasily done in no more
than M opefations“) Thus thisﬁalgbrithm should be useful
as a general procedure for speeding many N2 cal;ulatlons.
o ' The algorithm was applied in this case_ in order to
avoid certain-difficulties mentioned in the next sectlon,
not out of considerations -of speed. Nevertheless, it is

interesting to note that for Farge N a more efficient

identification of P(§|S) as the elementifdf an array,
(2) 1is, formally equivalent to a convolution. Well-known
N . convolutlon techuniques u51n§—EB;-Fast Fourier Transform
could be ukgd to Teduce the total number of computations
to the order of N(logzN) . Due to the fact that the FFT
is more efficient only for rather large N, coupled with
the nece551ty of paddlng to avoid wraparound; this ..
approach was not thought desirable here., For extremely
large N, it might hold some merit, but in thi7/case s
limiting approximations might be more approp/iate any- .

way.

o

o0
.
N

identical subddivision routine as the outer routine fgr_\\\

N

I4

-
.‘/
o

e

combining rule than (2) can.bé used. With the natural ~

[N

(\\x
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COMPARISON WITH PREVIOUS METHODS

Feller (1950) gives a formal solution for the
ability of exactly k events '

N v

X k3
k) = -1 .
(k). jgk< 7T G Ey

where h

2
1]
N
m .
o
o]

. : R S
etc. . NI

. . . 4
Booker (1965), in order to avoid the computati

in (4), transformed this result into polynohials in
where \

-,

- .
\ S. = - J
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‘k\"_%l Ej could be computed at once recursively in approxi-

»
£y

with coefficients related to the Stirling numbers. His
‘method may be- useful for calculating only.a few of the
P(k), for émall k, but if afl the P(k) are to be cdalcu-
lated, then it will be quite slow, even, assuming that
all the coefficients. are either availa?le or may be
recursively calculated (not an easy task in itself).
In adﬂition, the method will not work very well for P
-~ close to 1, due to the division in (S), nor is it

obvious that Ris. alternating series are numerically
well-conditioned.

This author (Wirth, 1970) showed that all of the

' mately N /2 operatlons, using the scheme

e

E + E

1=p1 2"PoE s Eg=P3Ess oo EERiBn g
= ~= =E J
Ey E1*92"32 2*P3Eyr B3=BgtPuEpr ceer B 7By 1*PyF 2

* E= 1*p3! Ez=Ez*p4El' E3=Eg*tPgByr -eor By o=By o*PyEyl3
E.=E +p E.dp +PyE -
s 1 N-1' T2 72 1l -
ByEy*Py . o
f ol - ~

e

(réad'liké print, left to right, top to bottom). With

’ this method; all 9f the P(k) may be calculated. gt ~once
Tin ~N2 eperatlons. The resulting program (NETPROB I, i
Appendix) is remarkably, 51mp1e, but suffers from a ~

‘\.\'l.%

it
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major limitation: fer all p; civ.e to 1, the terms in

(3) can become very iarge and truncation’ éffects. can
become serious. The author showed that the largest term

.will be

..
. . N!
max (?)(i) N —_— 3N/ N
Ca/nt]® -

P

For N = 20 this is ~2 x 108 and the worst case accuracy

. obtainable- with CDC 1604 36-bit floatlng p01nt mantissas

is only ~1/2% .‘Total loss of 51gn1f1canée occurs for

N = 27, Use of double-precision would allow the range

of N to be extended, but is extremely time-consuming.

Nevertheless, -for small N the'piograﬁ is émfﬁently

should also be

useful for reconstructing -a pclynbmlal from its root§ )
The method described® in the first part of the paper,

however, suffers from no such limitation and is, in addi-

satisfactory. (The recursion for the E.

tipn, sllghtly faster, Thus it appears to Be distinctly '
preferable.” Tests performed by comparing NETPROB III,
against a double-precision version of NETPROB I for all

/""

N < 40 showed excellent agreement and no loss of sig-
hlflcance. ’
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Corﬁputer subroutines are written in FORTRAN-63, a
programming language of the-CDC 1604B computer,
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o §

AT P

SUBROLTInE NEIPROBC NoP, PN )
DIMENSIOM PN, PNinY, w(2ng)

PHIK) = PRoy. UF AT LEAST K OUT OF N EVEMNTS WHEN INDIVIDUAL EVENTS
e WIRTH

PAVE FROa. Pl N 4 59

11 = ¢

Du 5 | = 1,N

w(ll) = o(]) s welt
511 5 L ¢ 2

NING 2 2 b ) {.0C
1u NING2 = NMING Y N2 =

NING 3 NING # 2 T NNG

Lug?2 = ¢aC S LoC

IFC NNG ) 1009200224
2¢ D 3p 18 = 1,NNG,NING
Lz tCC + I
CALL FHOQKE npoW(L)sW(LeNINGD )
3v il =18 T
I = Ll + NING s
IFC MRGTKINGZ ) 4U.50
40 L = LCC + 1B
CALL FHOSK( Nzow(L)an(LeN[NG2)s
- 606 TQ 1n
56 D 60 1 = IK,NT2
6v WILOCE+[) = wllkCg+l)
6L To 1

NR =

“l) = 1.~ Pl

s NT2 2 "N
NiNg?Z /7 &£

s NT2 - NiNG

s NIZ2 = LOC

NINGpslLOU2* p?) )

NTg+1-1b

NHZ2sWlLOCZ* ) )

10u CALL FRNHAL NZow(LOCL) , W (LUCHNINGZ2+1), MW (LOC2+1)

K =N b
DO 200 1 = 2,N

K= K = 4

200 FNIK) = DNlk+s) + W OCo+K*1!
RETURN
END

PNIR)Y = Wl 0Uz*KeY)

SURROLITNE PRUBKC NesP2,P1e NT2pT )

CIMENS DY

PeiN2)Ys Poltipy, PTINTY
FT(h+i) = PRAGs OF EXACTLY K UUI OF NT EVENTS TOIAL FROM THQ

)

GROUPS, ITH P1,P2(l+y) = FROds OF EXaCTLY | EVENTS OUT OF NysN2e

A1 = NT « N2 $ 1S = ¢
FT = F1 » p2
D6 190 K = 4 ,NIT
FI1(Rel) = o,
IFC KeGT,N1 ) 20010
10 L =R s Go !0 40

20 IL = My
3u 1S = K =« N2
40 DU 100 | = 18101

‘

100 FY(K+1) = PT(K*1) + Frleq)ep2(K

AETURA
END

-1+1)

N

I

10
20
30
40
59
60
70
80
%0
10¢
116
120
130
140
159
160
170
180
199
200
210
220
236
240
250
260
279
286
290
3
330
320
330

10
20
30
49
bo
69
70
8y
90

100
=11y
129
130
140
150
169
170
18¢p




A e ¥ aen

2¢. 0

10

20
30

SUBRGUTInE NETPROBC N,P, PNET )
DIMENEION P(N)» PHETI(N), £l2p)

o o

FNETUK) = PraBs 0F AT LEAS& g UUT UF N EVENTS WHEN IADIVIDUAL
2y

EVENTE HAVE Fn0g, PL]).

CALL ERASEC Not )
DO 10 XK = 1,N

E = B ¢+ ptK) )
BUO 10 U 2 1,yM
E(Uel) = E(Jel) & P« Jragty)
ENETUN) 3 B(N) 1 NM B N =1
DO 30 K » 1,nNM

J4M =N« K

KR s N = K S PNEI(KH) 3 g (nR)

B = Kk . s .. 2 0. $ A3, $
DO 20 J = Kp,N

bxg+ 4, % CaC+ 4. 3 A = =p % B/C
PNETC(KR) = pNeT(kR) o Awp ()

PNETUKR) = pNETUKR) + PNETUKR®1) e

RETURA

END .

Me WIRTH

KP & KR+1

10
20

40
50
60
79
40
90
100
110
120
138
140
156
160
170
180
190
200




