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{ Breface
i This presentation is an application of optimal econtrél
i * theory sto determine approximacions of the angle-of-attack
{ i history that msximizes the range of a typilcal air-to-surface
& misgile trajectory. I attempted to approach the problen as
: simply and as practically as possible, thus hoping to en-=
hance further the use of optimal control techniques by the
practical engineering world.
- I wish to expréss my appreciation to ny sponsor, James
P. McCarthy, Aerospace Engineer, Aerdnautical Syétems
Division and my advisor, Lt. Col. R. A. Hannen, for their
, guldance aad helpful suggeéfions in preparing thié paper.
. I wpuld :also like to express my appreciation fo Capt.
%f ] ‘Thomas E. Moriarty;, Guidance and Control Engineer; Aeronai-
éi tical Systems Division; for his efforts in getting me inter-
E; .ested: in the problem, and my ex-neighbor, Lt. Steve Faught,
%i formerly of the;Digital~Cbm?ﬁtation'Division of the Aeronau-
;: tical Systems Division, for his help in writing the "Cal-
é; comp" computer program used to make théfgraphs in this
'k preséntation.
5; . Albert. I.. Chatmori
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Symbols

ol =~ angle of attack; the control variable (deg)

g - quotient of the inner products of the gradient of ‘
the (34+1)™ iteration and the 1" iteration

CDo - parasite drag coefficlent

CL « lift curve slope coefficlient at trimmed Tlight
condltions (per degree)

D - drag (pounds)

4t ~ time interval of the Runge-Kutta integration
formula ’

r -~ thrust (pounds)

G - gravity constant

g - gravity (TtY/se 92 )

- flight pathi angle (deg)

H ~ Hamiltonian
h ~ altitude of 'the jiissile (feety

Hu - the gradient

Isp -~ specific impulse (seconds)

J - the objective (ft: or mi)

K - first guess of the k-parameter

X - the parameter used to adjust the contfol variable
per iteration

L - lift (pounds)

A ~ adjoint state

M ~ Mach nunmber

) - mnass cf the venhicle (slugs)

i - imitial mass of -the vehicie {sliigs)
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Abstract

Pontryagin's. Maximun Principle, coupled with the con-
Jugate gradient iteéerative technigue, is employed in deter-

nining estimates of the two-dimensional, maximum range
trajectory of an alr-tossurfacc missile. Angle of attack

is iused as the control parameter.

The motion ¢f the vehicle is described by four state
equations Including standard atmosphéric data, &nd 1ift and
drag date obtalned from wind tunnel test. In the adjoint
equations Lagrangien differeéntiation formulas are us§d to
approximate the deéerivatives of 1lift and drag with respect
to velocity and altitude.

Two quadrsti¢ cost functions are investigated--one
involving  a linear range term and the other a quadratic

term. Both include a quadratic penalty function involving

a weighting function and tkEé& square .of the .control.

PETE A A R SR EOYT RSO s R AR e e L IO TSRO A TR eyt L - S 22 bt 4 Y IR LRI T SRR L T L AT b
e L A i * At R A 2 # AR T TR 2 po3 2N R ST A R TR
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RANGE MAXIMIZATION OF AN ATR-TO~SURFACE MISSILE

I. Intioduction

Maximizing the range ¢f currently operating .air-td-

surface missiles, thus giving the lsunch vehicle nore
escape time and/or distance, is one problem that is of
particular interest to the U.S.A.F, Despite the current
activity in applying optimal contrul pechniqheé\tc missile
trajectory problems, little»ﬁqs been done in applying such
technigies to préctical air-to-surface missile problems.
This paper treats the use of such a technigue in maximizing
the range of a typical, two dimensional, -air-to-surface
missile trajectory.

The conjugate gradient method is the iterative tech-

nique used in this investigation. It. s chosen bhecause of

the speed in;wh;chiit converges; and the relative ease in
setting up the problem and including control constraints.
The maigr shortcoming of this method is that either the
final time must be known or time must be treated as a state
variable and another monotonely incressing variable, whose
finsl value ‘is known, used as the indepehdent variable ‘in
the state and adjoint state equations. In this problem
time and range are the only monotonely increasing variables,

.and neither end conditlion Is knoun. Therefore, timé is used

as the independent variable and "educated guesses" are made
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on the final time. These "educated .guesses" are actually
obtained by first simulating trajectories of constant con-
trol historieé and then making corrections as mure informa=-
tion is obtained from analysis.

The control varisble is the angle of attack which de-
termines the thrust vector and the aerodynamic forces act-
ing on the missile, thus determining ‘the range of the tra-
jectory. The angie of attack is a very practical control

variable since it can be measured and controlled fairly

.easily, and its\derivativeS»are-noﬁ present in the .state or

gdjoint state equations. A control constraint in the form
of a penalty function i$ used in this presentation: This
constraint insur;s that the pitch rate of the vehicle res
rains small by limiting thée angle of attack. Also, limit-
ing the .angle of attack insures that the vehicle operates
in the linea? regions of the Iift.and.drag'coefficiéhﬁ

curves..

A listing of the digital compnter program, including
appropriate comuments, is included in this paper. To avolid
storing the atmospheric and aerodynamic data -on tapes,
polynomial least squares curve fits of the data are used.
This definitely shortens the amount of compater time
required for each iteration and reduces ‘the amount of
necessary storage. Thé fourth order Runge=Kutta formula is
used to integrate the state and adjoint state equations,
while the expanded Simpson's formula 1is used to integrate

- 2A
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the penalty function.

bt B

Cf interest in all such missile problems is the eviiu-

ation of the adjoint state equations, which requires find-

T T > MO g O g oy o
R

Bl 3 ing the partial derivatives of 1lift and drag with respect
to the state variables, velocity and altitude. In derivihg

these derivatives 1t is assumed that (1) the vehicle is op-

erating in the lineaxr regions of the 1lift and drag coeffi-

cient curves, and (2) the parasite drag coefficient is inde
pendent of\anospheriq density. Lagréngian five-point dif-
ferentiation rormulas are used to estimate the derivatives
of atmospheric and aerodynamic data.

Chaptér II treats the non-linear equations of motién

of the missile. Chapter III then formulates the optimal

control equations using the plant equations of Chapter IT
and Pontryagin's Maximun Principle. The aerodynamic deriv- :i
sétives used in the adjoint equations are derived in Chapter
IV, which is included especially for control engineefs. %ﬁ
.'Thehéonjugate gradient technique is presented in Chapter V. :

‘Phe results, conclusions, and recommendations are, presented

in Chapters VI, VII, and VIII respectively. 5
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II. Eguations of Motion

In forming the equations of. motion, the missile 4%
treated as a variable polnt mase acted upon by thrust,

gravity, 1ift, ahd drag. Sincé the range of the hissile

i1s: comparatively short, the earth is considered flat, and

the offects :of the earth's rotational rate are necglected:. g

The reference coordinate

¥ RO
. : \*ﬁﬁ system has 4ts x-axis
N JM# ) \
¢ }&/ : along the surface of thé .
o ’J, J "
lﬂi Efet .y flat earth, its y-axis
) =Ty < \
Dg}gf' X vertical, and its origin
v .
4 vy - ' A
below the point of initial
Fig. 1. Free body Diagram thrist. Fig. 1 depicts

of Missile
the free body diagram of

the ‘missilé. The fixed
x=y coordinate system &s the reference coordinate system
translated only, such that the missile i$ located at the
o7igin: The motion measured in the x-y coordinate ssystem

is the 'same as the motion méasured in the reference systen.

The equations of motion are:

= Fes(x) = D= mg sin{y)
= L - mgeosf) + F sivw
Y cos(t) L

-<e

m
ny

3‘:-.{.
1

M2

l
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Appendix B contains a discussion and analysis of lgs (2)

and (3).
The state variables are defined as
s V2
'Fxﬂ {1V
X, ¥

18

X = X3 h

':334 r

ey o

where all the varigbles are functions of time,

Thrust and’ Mass

Thrust can be written as a function of times Fig.
is a graph of thrust versus timé. The specific impulse
I, (Ref 10: 152) is defined in Eq (6) as

) I = ‘Thrust (F)
sp  welzht rate flow of the propellants (HW)

where

. W= ’hP‘9

Uging;EQ§z£6) ang {9); the mass of the missile can be

~Wffttenf&é
written t F
= - b
L n{ 'n? .2;‘1&I%d‘1
5

(5)

2

.

(6)

(7)

GGC/EE/70=5
‘where L .
. cFr w2 ‘ \
D= g5 [t + e’ (2)
L { 5‘[ =L&(A.:'-f (3)
{; s’;‘z ,::”*‘:‘
R ()

- (8) -

L Uk




:
f
.

»

~

~

I e R LS

N ‘WW,F
‘
. b
;
; :

GGC/EE/70-5

whqreAMo is the initial valuc of m .=~ specifically

We

e = (9)
0

where ¥, is the initial welght of the rocket. Fig. 3 1is a

graph of m versus time. For this particular missile W
is 3000. (1bs) and Top is 240 (sec).
Equations of thrust and mass as functions of time are

located in the computer prosram (Appendix A).
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III. Pormulation of theroptimal‘Control“ghgglg&

Cost\Funoﬁion

The ‘first consideration is the cost or objective

functiou which: must be realized before the optimal controk

problem can e set up. The most obvious .¢ost functions are

;T =4 Xfl (‘l’-{)
and ) (ib}

’ J‘:.'g£1?§CQJ}¢%

since the objective uf this investigation is to makimize
range. However, as will be discusSed in Chapter V, some

penalty on control is heeded. Therefcse
: - 13 i
) ﬁ N
J= Xq(i’,l) = RS‘; 2% At
and (11)

o
7= ulel) - £) 4= dt
| ),

. are used,

Maximimm Princivle Necessary Conditions

It 1s desired to maximlize J subject to
“:':"’. 7l MF.DL gt 129
X {..(Z,ot,m,f:, D, L)?)t) (29
where Eq (12) represents Eg (1). For this problem the

9

25 m e —m erer——a —— A
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Aneceoc'zry conditions of Pontryvagin's Maximum Principle are

_ K
0 7 = T
N A oM
W7 =35

y) 33| = ) (Fived final Hme)
where () ')"'y;' "b:'t-f: 2( F)
H= "\/gf‘{ R+ A [F cosfr) =P Mg SM/(X?-)]
4-%%1[ + F sivld) ~m9 cos {x; )] + 331)(,51:4()(,}’
¥ 2 [ w05 ()]
A AR AT 2M) _F
A = n% oM [ Yx, X2 SINE) +
M-e cos )] - 1y 5 () = 2 05 )
i‘ﬁ 2,9605()&) A —9—sw(x,) A3 X, 605(5(2.)
_ + SN (Xz)
;: i = ..a.'..-—-— - 22 """’
37 W dxXg m)(,éXg
= 7 265 o
L e = ~R = A, [ sive) + He0.2]
2 [.E 45 "
E + A [Fﬁfx, CosfR) -+ ;’?‘7’ Gy J] |
T, = Nt or hfiyf)?
E B T o 1“6 Tt CommmT o
|
h - .

BRI R o 4
i

o

£
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Using necessary conditions (1), (2), and (3), it can be
shovm that
H .
—i",!'-j" = A CONS'gT/%ﬂ/'IL (13)
1+
where the Hamiltonian is not a function of time on the
optimal trajectory. (Note: in this problen the Hamlltonian

1s not a function of time where thrust is constant.)

Boundary Conditions

The spe;ified boundary cond;tions are
%,0) = q43 H./sec.
w0 = 0
Xz (0) = ZQ,ODUx'P*. (119
Xg; () = 0 :

o = o

A11 other final conditions inciuding final time are
unspecifieds To avoid adding .another pendlty term to the

" cost functiori the only -end condition xi@tr) = 0 18§ relaxedi
Neceéssary condition (d? 1s used to -derive the end

conditiéns of the costates:

(15)

e L e i
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: IV." Aerodynamic Derivatives

In order to solve the costate equations, it s

necessayy to find the partial derivatives of 1ift and drag

& o,
;“'Ug with respect to velocity and altitude. (In the ﬂl equation

. 1ift is divided by velocity.) Usj}ng. Fgs (2) -and (3)
/%) AU I

3K, [ bot X xl R

C . .
30 _ :’ﬁ?ﬂ. QZ)L]'(’X,SCD
WX - 9¢ I ¥y I X
' (16)
L 95 G 3 . 954 AT
- = - r . .
X3 T xe % Xy X3
\ r , )¢
P _ 3 (o, % ‘)--C"‘] X3 2‘*‘
. Wy ?S[ rg T g * D
l where Ciw(aﬁq Cpo. aTe functions of Mach number. Since Mach
‘ nuiber is a function of velocity and sltitude; and atmoss
phieric density is a function of a@ltitude, (Ref 4:i 4779
QC&; _ )(p QIW
Yx, - am X,
259, . g M
Xg onm J’ 3
¥y, ~ Im X f
):Cld ;)CL,‘ .__,_2’__ -

Bie St oAbl AR S e e e "A\"“W 2 R R L S e T N1
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'Whefex
N ‘
[} - 0
N o - (18)
3¢ :
This assumption implies that parasite drag is directly pro-

portionsl to atmospheric density iLf velocity is constant.

——— . Wind tunnel and £1jight tests have :sbown that this assupp-

tion Is valid.
By definition Mach number is the ratioc of the true air

speed to the speed of sound, therefore

X
, A (29)
Y g Vs _ _ X b
- — - — = 2
3 X3 Vs X3 Vs* X3
where VS is a function of altitude. .Substituting Eg (19)
into Eq (17),

-
)
o
n

W, 1 )G (20)

|
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Curve Fitting Data

A set of cquations approximating atmospheric density
(Ref 2: 15) are available in the computer progranm
(Appendix A). Tig. & is a graph of density versus altitude.
\Y

Cbo‘ end Cp .,

polynomial, least-squares, curve-fit methég (Appendix D).

s viere gpproxinated by using the pileceitise,

The curve fits are graphed in Fizs. 5, 6, and 7. The

curves with the asterisk are the .cufve fits; the curves

without the asterisk represent the givén data points.
Data for the speed of sound were obtainied from Ref (8: %L
c

and Crot. data were obtained from wind tunnel tests.

Do
Table I shows the maximum deviation in percent between the
ordinate of the given data points and those .of the .curve
fit. The curve fit polynomial equations are also located

in the computer program (Appendix A).

, Table I ‘
P Errors in Gurve Fits
Depéndent Maﬁimum_neviaﬁioh Vg&ﬁe df thg
Function An Per Cent Abscissa
- . - Lo - I v
VS .18 ' 3.5 x 10" (ft)
CL 1l. 3 3 J(MaCh' No. )
CDO ) ?‘l, } (Mach No.).

— o~

PDifferentieting the Data Curves

In ordér to solve Eq (20) and then Eq (16), it is
necessary to find the partial derivatives of Vg and ‘@ with

respect to altitnde, and those of C; anqC'D-o with respect

. 1k

T g e e
¥ =

SR UV
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to Mach number. An gpproximation of these derivatives is. ?
obtained by irsing the average of a set of five, five-polint, '
Lagrangian differentiation formulas. A derivation of the 5
formulas is locéated in Appendix C. The approximations for
the errors in the formulas are assumed neglizible.
It is now possible to solve Eq (16) if the velocity
and altiiude of the vehicle are Known.
£
K
« 15
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V.. 'The Conjugate Gradient Technigue

Now that the ofptimal control prdsrlem has been
formulated, some Yterative technique must be used to solve
it. In this paper the conjugate gradient method (Ref 7) is
used. In geéneral this method i§ able tc corverge qﬁickl&
to & near optimal solution fron :poor initial guesses on

corlrol.

The Conjugate‘éradient Algorithm

(1) Choose and erbitrary o

() Set p, = Hulol) where i =0

{39 Find ¥; such that J(«, + k;p;) is maximized
with respect to ki

(4) Set o(i:Pl =’c{z£ + }Sipi—'

(5) Set Huy ) = Hu(d, ) ,
{G) Test the gradient for convergencé; if there is

convergence, stop.

(7) set @, = <{fiuy,qs Huy, 3/ <Huys Hug) (inner product)
(8) 8ot pyyy = W34y -64Py

(9) Repeat starting with Step (3).

3 o , Y154 el such g ¢ C

It is desired to rind¢mi+l such that Hui+1 is zero for
a2ll time. Because this problem is non-linear snd non-
quadratic, the conjugate gradient method does not find the

optimal control in five iterations. Qherefore. it is

necessary to set some arblitrary tolergncé on 6onﬁergencé
and/or stop the program using some .other condition such as
the number of iterations or -computer execute time. (The
gradient in Step (7) is treated as an n byrlzvector where .

20

o
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The Linesr {:Sgarch"m.goriphm
‘t o ‘The linear Kesearch is ‘the method used to perform
i X - ‘
£ Step (3) of the conjugate gradient algorithm. It is
i .
assumed that J is a linesr fundétion of ¢l and therefore,
¥ J/= g—%— = piTHu(c‘;i-&-kjpwi)'. In this problem J 1% definitely -
i i - )
i ,
| not a linear function of ¢, bui it is assumed that ‘piTHu, is
g a good .approkimaticn of J ! , ,
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3 consider ”p-i, and }_iwi n by 1 vectors. .
f i (1) TInitial guess of ki )
. (1) “Let K = k31 oéxl<(p,Tp )"
e, (i1) Let X = (piTpi')’l if KI is elsewhere
? (2) Evaluate J(a(i‘m!{pi) where (n=0,1,2,4,8,... 2,b)
: and p, THu(et, +bKp, )€0; theréfore ak<k<bK
(3) ‘Interpolating k,:
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(11) set a(iﬂ =0l + k7, if J(a) and
J(b) <L J(k19
(111) If neither J{a) ncr J{Z) 1§ less than
J(ki)’ return to Itz 2) using n = a +
b2

-gﬁj where (J = 1,u..;f Y...5) and

dic< 16, < ¥
With the exception of Step (3-iit,, this linéar search
is the linear search meéthod of Fletcrer and Reeves: (Ref 3).
The equivaleﬁce té Step (3-iii) in Flersher and Reeves
divides the interval into two subinters:zls at ki end tests

the sign of I(ki} to determine which szuzintervsl to use in

Step (3-1). The Fiétcher and Reeves x:thod is less cumber- ,
some, but Step (3-<iii) seemed more riiiidle in this E
problem.
. . .22 e e et e e e e e i e
- X g et G v ,3 -
% ; &
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VI, Results and Discussions

The makimum rangé obtained in this investigation is
sensitive to the guesses of the fixed final time, the
weighting function R, and initial control. The selection
of values for these three parameters determines whether a
1océ; or global maximum range is obtained. A trial-and-
error method 1s perhaps the only way of etermining
reasonable estimates for the optimal values of these

Parameters.

The Final Time
,Somé idea of the values for the fixed final time was
obtained by computing trajectories with constant anzles of

attack. The values used were 0.05, 0.1, 0,15, and 0.2

radiap, . Judging from their impact time, it was deéided to

work with tf = 300 Secoads.

Tne Welghting Function .
r In order to get some idea of the best magnitude of the
welghting function, conjugate gyadieﬁt'computer runs-fere

made with R and.g% edqual to.'zero for all time, and Qf equal
to various values abote 300 seconds: In genéral these runs

vere unstable, i.e., on many iterations contz .l would

greatly exceed 20%, the flight rath engle would continuously

increase, and/or the range would bé negatives. Howewer, on

the more stable runs the values of the gradient gave an

4 n a cs s SIms -
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sndication for thé necessary magnitude of R. TFor cost

fhe gradient had magnitudes around 1OlL and 105
2\
12)

Jlﬁié)

»(10ll and 10 during thrusting, while during glide the

. maghitudes were around 163(169 and lower. Also, the angle
of attack would exceed 20° during thrusting;'spegifiéally

) during the first 10 to 15 seconds, and es expectedﬂkould
remain well below 20° during glide. In order for the
penalty Tunction to have some affect on the gradient during

‘thrust, the magnitude of R would have to be comparable to
that of the gradient. The functidén used in this presenta-

tion was

A= 8 [ul) - ult-td] (21)

b and 105,

where Ro 13 some number in the neighborhood of 10
w(t) ¥s ths unit step function and t, 1s the approximate
conplete burnout time of 30.00 seconds. (In the foilowing

dtscussions t, will take on different values.)

The Initial Guess on Control

‘Oncz some idea of the magnitudes of R and t, had been
obtained, the next step involved checking the sensitivity
of the conjugate gradient method to various initlial guesses

on control- Four guesses (0.0, 0.1l; 0.15, and 0.2 radian i
for all time) were tested by using Jl and varying Bo and‘i;f

until what appeared to be the best sample runs for each of
the four values was obtained. On the basis of the sample

runs a% = 0.15 radian appeared to be the best choice.

Al
VA4
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Howevélr; each of the four guesses had one major fault: thes
conjugate gradient method did very little in optimizing

control as time approached'tf, consequently, at fingl time

‘i ‘ : large negative flight path angles were obtained. Therefore,

E : the initial guess on control was chosen to be

j R -

{ I 0I5 <€ 515 :

<

A, = (22)
0.001 (£-215) + 618, T2 318

T T T A Y

L)

°6 was inecreased linearly as time approached tf so that

Y.

X(tfy would be ihcfeased, thus increasing range. The time
of 315 seconds was chosen ‘in Eq (22) because in that
neighborhood theifiight path ang¥e reached critical nega-
- tive values. It must bé mentioned that many other functions
for “‘o where t 2 315 sec¢onds could have been used, egﬁd even ;
i the wSe of t = 315 seconds as the beak point is quesiion-

ablé.

R T et

Results of Sample ‘Computer Runs

Using Ji,~Eq5‘922), (21), and the intervals 1 x low'é

) who $-l~x 106 and 300 é‘tfcé-380i sample runs. vere made to

% determine smaller intérvals for beand,tf. If the Tun were

f unstable,; then Ro;ﬁas increased by an ambunt that was some-
é - ) ;wbat proportional to the amount of instebility. If thei

é . alyitudeuat‘time ﬁfﬂWere large, then‘tf was increased so as

to decréase h(t.). Table II on the fiext page depicts the.

results of some of the more significant runs. 1In 'the table

.25
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a ‘sample run was one with a computer~ekecute4t;me 1imit»of7

four or five minutes. These runs were used to determine if

a bompletc‘ruﬁ using the sampled-guesses was warranted. A

“ complete run was forty-one conjugate gradient iterations. _
Using the above procedure the intervals were narrowed

. b 4
to 4.5 x 10° & R, £9 x 10° and 360 % t. % 380. Runs (1)
through (8) of Table IT depict the results obtained using

R, end t within those intervals. Bun (1) obtained the

f
maximum rangé, howéver, it was unstable and the gradient .of
the maximum-range ‘trajectory was very large. Runs (2)
through (8) were attempts to stabilize thé method and hope-
fullyxingfease the maximui range ébtained; In these runs

Ny s;ability was obtained, however, the:range.obtained in Run

(1) was never equaled. or improved and very little improve-

ment was made on tha gradient. Also, varying tf'did very

1ittle to. improve range maximization. In fact Run (3) with ‘

ty = 360 seconds was. never improved as t. was increased.

f
Therefore; all succeeding runs were made with ﬁf = 360

seconds.
‘The next step irvolved decreasing trzover the iﬁtenval

5.0 é-trAéfQO; while Vafyxng Rb over the interval 1 x 105-6

Ro <€ 8 x 1051 Thg’beSt results were Runs (9) and (10)
where,the'maximd@=range'ob§ained was 143.76 miles. Still

: the gradieqp.waé.iarse during thrust. At this point in the

-investigaticn 1t was discovered that the mass of the vehicle

= B 27 |
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was being treated as a function of altitude, i.e., in the
coﬁputer progran "g" ofiEq (#) was also being used: as "gO"
of Eq (9): Although this error affectéd the range of the
trajectory by tenths of a mile, the value of the best R was
greatly affected. A comparison of Runs (9) and (11) gives
an indication .of the affects of the correction. Runs (1)
through (14) used the sorrect value Tor~"go?.

Using @ modified history of thé control obtained in Run
(9) as the initial guess (this contrél.affected a range of
143426 mides, t = 360 sec.) various runs were made in an
attempt to improve the range. Runs (12) through (14) afe
samples ©f those runs. Because of the results of Runs (2)
through (8), no complete runs were made and t,. = 10 seconds.
was uséed. As-can be seen very little improveﬁentAmas made
6n the mzximum range. -Furthér, the gradient was not |
improved.

At this pdint it was decidéd to use J

2
history obtained in Run {(14) as the ipitiai guess on con=

Cand ihe control

trol. A graph of this control history is depicted in Fig.

8. Using t, = 360 seconds, R was varied from 0.1 X 1012

to 0.1 X 10%%

using the same schemg that was usgd with gl.

No improvement on the range was obtained. Most of the runs
were unstable; however, the more stable runs were unable to
search effectively in the 1noreasihg range direction. -Con-

sequently, the conjugate gradient.approach ﬁas abandoned

even though the optimal trajectory had not been obtained.

28
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‘Tvo Modifications

Using the control history of Run (14), two modifica-
tions were made =- (1) different cbnstant control values
were simulated for the time region t. ® 65 seconds, end (2)
the conventional technique of flying the minimum drag-to-
lift-ratio trajectory during glide was simulated. As a
result the trajectory was improved. The control history of
Run (14) obtained a total range of lﬂ?.éb‘miles st t =
385.73 seccgds {control was held conétént’aé 11.46° after
t = 360 secopds). In modification one: & = 0.2, .0.225,
0.25, and 0.275 radisn were used. o = 0.25 obtained the
best range —«;l56.79 miles at t = 450 seconds.

The necessary condition for ﬁodificatipn two is that
3L/0) '
L anaassnmir- e N O - -
) ot : (23)
Substituting Eqs (2) and (3) into Eq (23),
. (2k)
“Lp,“' £&hLv
Cloe
whereaiLD satisfies Eq (23). Using the trajectory obtained,
in modification one and of = & LD’ two trajectories ‘wWere
simulated -~ the first used ol = & rp for all of the glide,
end the second used it for t » 65 seconds. 'The best range
obtained was 154.27 mileés where : =@ for t > 65 seconds.

Ine Best Trajectory Obtained
The best. control history (Fig. 9.) in this investiga-
tion obtained a rangé of 156.79 miles. This history is
30
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well within the Jinit of ?.0o since its maximun point is
16.916. The control progrsms of runs in Table II that
reasched at lcast 1%0 miles had the same general shape. Those
trajectories that fell below 140 miles had control histérles
with Ysrger minimum values; consequently, higher sltitudes
vere obtained. As expected the range is very sgﬁsiﬁifa to
the anglc of attack during thrust and slightly thereafter.

Figs. 10, 11, 12, 13 and 14 zre graphs of the sstate
varigbles. Fig. 14 includes a graph of the pitch angle ©.
Fig. 15 is 2 graph of the pitch rate. The maximum acceler-
ation, h.37go, end the maximum p¥teh rate, 0.047 ra‘d/sed2
occur around 20 seconds. Bolh veldes are quite cdlerable
for :equipnent design purrcses. The pitch angle at final
time is cqual to -2.64° and remains within -3.7° end -2.25°%
for the last 50 seconds of flight. This is quite &dequate
for line-of-sight and line-6f-sight rabe steering. The
velceity at impact igs Mach 0.6.

Figs. 16- and 17 are grabhs of the gradient end the Ham-
iltonfun. Both &iruphs indicate that the optimal trajectory
has not bcen obtainaed. Note that .as time approaches £inal
time the gradient is small and the Hawiltonisn is almost
sonstent. These facts indicgte the reason that the conju-
gate gradient method is inactive in this region. Also evi-
dent is the influence of the interval, 19.44 & t £ 30,35,
where éhe-Hamiltonian is a function ofxfimé. In these

a T =
gl‘apho .{o 0.

36
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Vit. ~anclusions

A cost functign including an integral penalty Tunction
to constrain control cen be used to obtaih an approximatioﬁ
cf" the range-maxinlzing, angle-of-gttack control history of
an alr-tcesurface missile trajectory using non-linear equa-
tions of motionh and the conjugate gradient method. 7

The mejor shoertcoming is 'the necessity of having to
guess valups’for the welghting on mhe'penalty function, the
iﬁitial guess on control, and the final time. The maximum
range dbtéiﬁed’is greatly dependent upon these guesses.
Another shortcoming is the inability of the method to opti-
nize control as Lime apprbaé@es the'gueéseq final time.

Finaldy, the most obvious drawback is that the exact opti-

mal trajector; is not obtained.
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VIIT. Regommehdations

Although the approach used in this inVestigation 1s one
of the simplest ways of settling up the problem, obviously,
other ways might leal to better results. With the exception
of the last two subgecticns, all of the following recommen~
dstiong discuss possible ways of improving \the results§ of
this paper. The subsection "Numericsl Methods" treats pos-
sible ways of decreasing the ccmpubter execvute time nécessary
for nach gradient iteratiscn, and the last subsection "The

Control System" treats a possible area of further investiga=

tion..

Objechive

‘As’withwall optimal control apprcaches there are a
numbér of ways of .setting up the problem. As suggested by
Lgsdogq Mitter, and Waren (Ref 7) end conditions can be
treated using penalty functions in the objective. $1nce it

is. desired that xB(tf) = q,the objectivé can be weitten as

2 . . (T ﬁ
7= -k [0fh) s [ute] - & | b o
where Rl is a wéightihgwfunétionu Thus, the use of ;his
objective tends to maximize the range while minimizing the
altitude at time t.. However, this approach is very sénsi-
tive to the values used for the final time te and Ry of
course 'trisl-and-error methods would have to be used to de-

termine reasonably good values de'tf, ng and RH.

38
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A better objective would be

<t

) z 1% YL 4 -t—
T= & [Xz("’-{*)] + [){"67‘5)] - l?J;éd o )
- ' which tends to mariiiize renge es well as altifude at final

time. This approach is less sensitive to final tine.

Constraining Cont.ool

The problem of constraining the control can be handled
by introducing a fifth state snd dropping the penalty inte-
gral term of 'Eq (10). Since it is desired that o(min L o &
el _, then the £ifth state equation can be

‘max (
: 2‘ 3 ':‘u—ﬁk ] ‘ Ve
; Xz; = K (’(ﬁmz"’ d‘)‘("{ “ {ﬁh-’l.) (28)
é' 4 ‘Thise Xeeps- the objective as simple aS‘possible, but adds
g ( . ‘

5 another state varisble and adjoint state varisble to the
3 3

1. problem. Again, "brute force" techniques will have to be
: used to determine By

. Method of Second Variatiohn

E A more sophisticated optimal computational scheme is
i iy _

g the second varidtion method. (Ref 9: 414). The conjugate
g ‘gradiefit method essentially searches for the first order
%

effects of the control on the objective: By'considering

second order gffects as well, thée second variztion method

R . Wk Y e

converges much more rapidly than the conjugate gradient

e
“

. method (Ref 7: 138). However, the second variaticw algo-

rithm 1§ much more complex ahd Very sensitive-to the initial

-
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guess on -control. (In .general if the initial guess on con-
trol is not close to the optimal, the second variation
method will diverge.) Of interest is the use of the angle-
of-attack history obtained by this investigation .as the

initial puess on control in the second veriation method.

Twio Control Vgriables

Another sophisticated approach is the use of the conju-
gate gradient methog in solving an optlial control problem
involving ‘two control variables, specifically the. angle of
attack and the thrust-vector angle. (The thrust~-vector-
angle. is measured from thm x -axis of the missile to the
thrust vector. In this paper the thrust-vector angle is
zero for all time.) During thrusting, thée gradiént becomes
a 2 X 1 vector and the conjugate gradient k-parameter Be~
comes a 2 X 2 watrix. @After thrusting, the prob;em~simplié'

fies to a one-control-variable problem. Most,if not all, of

J)
the matrix subroutines needed to program th;s two~-control-
variable approach are stored on the 7044/7094 computer
system library of the Digital Computation Center; WPAFB,

Ohio. !

interval Haximization

One major Tault in the .approach used in this investiga-

tion 1s the tendency for the conjugate gradient method to

T T T
-

L3
d

make little or no effort to iterate toward an optimal tra-

e}

TR

jectory in the region where time approaches the final time.

TR
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Maximizing over smaller and smaller intervals of éime seemns
to be a way of solving this problem. PFirst maximization is
attempted over theé entire range of time (to, tf) as was done
in this paper. Then scme time t, is chosen where t. repre-
sénts the time beyond which the conjuzate gradient method ap-
peared to fail. Next maximization is done over thg intervél
(tl, tf)1 Then a larger tl is chosen and nmaximigzation is

repeated over that smaller taime interval.

NgmericalkMethods

As previously mentioned, -a set of Lagrangian differen-
tiation formulas is used to caloulate the approximations of
the dérivatives of the datg. Using these formulas in the
computer program 1s somewhat cumbersome and time consuming.,
A.mqre efficient way is to use curve fits of the approxima-
‘tions of the derivatives. However, curve fitting the deriv-
ativés is a more delicate opération than curve fitting the
given data'points. (An effort to cuf&e it the approxima-
tions qf the derivatives wilth polynomizls resulted in cirve
fits that are not as accurate as those obtained in Chapter
III and .consequently, are'not used in this presentstion.)
Judicious use of a combinatiqn 6f least square curve fits
suéh;as the polynomia’Z and the exponential may result in
Qunvé-iits‘WithVSatisgactory accuracy.

In this presentation the fourth order Runge-Kutta inte-
gratioén formula Eq (1A) is used to integrate the -entire

missile trajectory. Although very acturate ahd quite stable,
5} -
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this method 1is soniewhat cumbersome and time consuming.

Other methods, such as the Adems-Bashforth prediector-~correce-

tor method, .can be just as accurgte, but far less time con-
suming. The Runge-Xutta formula can be used to determine
the first four integration points and then a faster method
can be uscd to determine the succeeding points, Qf course a
more sophisticated 1nt?grating subprogram is necessary; but

computer execute time is reduced.

The Control System'

Once the optimal sngle-of-attack history has been -ob-
tained a further investigation treats the design of a prac-
tical control system that flys the missile along the optimal
trajectory. In designing such a control system; open or
ciog?d'loop, sorie of the aspects that must be considered are
the desired gcciracy, the weight of thé control system; the
space available on beard the missile, the cost, the type of
control .system;, the possible use of oéher/control Varlables

besides angle of attack, and the fact that the system will

have to operate in treal rather than standard atméspheric

cohditions. Firally, one deécision that must be made is
whethef to use classical, optimal, or stochastic control de-
sign techniques. All three have their own advantages and

disadvantages.

R S N R S SR R R N T o n 4
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Appendix A

Conputer Program

The followling computer progran, written in,Fprtran Iv,

takes. on the average less than 0.5 ninutes of execute time

(t’f' = 3.60;

t = 5) to perform a conjugate grsdient iteration

on the IBM 7014/7094 TX Direct Coupled Operating System of

the Digital Computation Division; Aeronsutical Systems Divi-

sion, Wright-Patterson AFB, Ohio. The program is composed

of twelve

(1)
(2)

(3)
(4)

(5)

(6)
(7)

(8)

(9)

(10),

(11.)

subprograms:

MAIN

NEYCON

GRADNT
EQUAT

FMAS

FTHRUS
FRHO

FVs

FCLA

FCDO

INTEG

[ 3

performs the conjugate gradient algo-~
rithm ‘

performs the k~search, consequently
finding the new guess on control’

computes the gradient

uses the: Lagranglan formulas to- differ- o
entiate the aerodynsmic data; contains
the state and adjoint state differen-
tial equationﬁ

contains the equstions for the mass of -
the missile

contains the equations of thrust

contains the equations approximating
atmospheric density

contains the polyriomials approximating
the velccity of sound ’

.contains the polynomials approximating

the CL& curve of the missile

contains the polynomials: approximating

the Cp ) curve of the missile

uses Runge-Kutta fourth order formula
to integrate the state and adjoint

uh,
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state equations; calculates the
objective

- usesS theé expanded Simpson integration

(12) PRICE '
) ) formula te integrate thée penalty

function
The Runge-Kuttd flormula used is 7
' Yn.g.‘ = ;;ﬂ + ’é"( k.‘ + 2 Eg A &-3 + l?q:) (lA)
where
i(—'i = Qt {?(.‘7&?.) xﬂ)]
- & + = B
K= ot [Xlnt 4L, %o 32)]
ity = pt[Xat G, Ko + K2)]
K§ = BE[X(ta+a%, ¥n ti3)])
}=The Simpson integration formula Is
. t k . y ' \
! S‘t +¢) a!‘(: = %’(:'Po+ ‘l"cr’"“'z‘fza*’f'fg"’ e +"4‘7§3_,+~61) (24)
) ° o
where o
£,= £(4)

k5
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S 171J09 NAR
: SIUFTC AN )
COLIONZTOO/ DT IME NI TUN W NSTATU L SAREA L CCST W FTIIV(FCONTR ¢ XVOSTIRC 4 T
DINENTION X(P4100) «COMTRAION) TINELL00) 1 DADUI N (DHDULL100) 4
15C100) ¢AL1D0) L IND)

L READ(ISCIC0) NOTEO VWS TATE ITRRWDTINE s TOL 4 TR0
170 FORMATIZIL 2710654 F104T)
1Jic=0
¢ SARE A "01(‘
T NQT!\I” S STATITN A

HOSTATI aNITAT R4

NST“”J:NSary~?

DEATIRGIOL) (0T} 2 i= aNA&TATS) (MU (MNETERPS)Y 4 1=NSTATI W NSTAT2)
101 FORMATIA I e D)

TIMELI =00

INHETER L = WVTa2

DG 11 1=2eNSTird
11 T.N*(x)nalm‘(l~‘r + DTINE

CONTP (1) =151 /07 “'T“

\AON"J(f)/-‘:itf'd// 3T e 2038

CONTR(3)210+37 17.?958

CONTR{G)=7e07 /874 2G58

CONTFU{D)= OaTT7/57 2080
CONTR(G) o1 e DD/T7 4 20R8
-, CONTR(TYI= 14Q0/574 2050
CO\'lr( Y L BD/TFTe2CER
CONTR(O)= 6053/572C58
i CﬁVTG(ln)~ro6,/\7¢2&59 ¢
CONTR(11)20410/3742958

uo“““<1¢>-a.3a/wr.f:s“
CONTR(13)=Ds8/5T e 958

CONTR(14)=3eG i ST 2Y350

DG 30i=17¢100

CONTR(1)=0425

CALL INTEGETIVE ¢ X4 CINTR)

CALEL. GRADMT (T iMT 43¢ ¢ CONTR4OHDU)

COST=240%(COSTHXVOSET)

COST=5QST(COSTI /32580

XVOST=XVO3T/SEA0 e %2

YRITE(64107)  COSTXVOST

107 FORMAT(14H I 1TEAL bO%l—!lphlﬁca 18H INETIAL XVOST=41PE15¢8)
XVOST-AVOST"529Q
CO8T=COSTHH280.
COST=O s GH#COSTHH2=XVEST
- CO | i=liNSTER
DHDUL ¢ ) =DDU( D)

S =nanUL i)

L)
[¢]

’r-

EERC L TR E ISP N 4 3
—

; . g CALL NEWICN (T Iy Xy CONTO ¢ S 4 3HDY) .
: NLCEPOE :
; URLTELS1102) i3
! 102 FOTUWAT({ISNIITERATESY NOW IS//90H TINE VELOCITY PATH AN
16 ALT I TUDE RANGS CONTPOL GRADIENT/69H (S
2T i wtey taiier) ETY MY BESI /T
DO 2 izt yNBTEDY
X{Z2a[)=X(2¢ 1150762053
XUA4T1)=3Co41) /52580 46
CONTR{ 1) =CONTR(1)#37+2958

e WL e
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RITFELG1103) TIMECT)4X ()4 ]) 4 (fol)cY(“,.}QX(ﬂol)acownh(I)cDH“U(l
FORMAT(IRP1AX I\ FOe244XeF 72 14/1«POofiﬁ\QrﬂonQYQFToPOI OXeTPELS T
Aely=X(24 1) ABTePTER

X(4el)=X(4oI)¥3930o

CONTR(LY=CONTR(1) /570087

IF(TINF(I)eGTeFTIM) GO TO 10

CONT INUE

OST-\.OS’I/ ZY3 ﬂ\)&: :‘2

BRPTE(H¢100) COS

FORMAT(//11H T“U CCST=y, FBoR)
CORT=LOSTHS280 %42

FCONTR=2FOGNTR YT 2 255

RANGE =200 {COSTERVEST Y

RANGE= G007 CRANGH /5700

WRITE (G108 k RANGT . TINMFLORNTR

A

FORMATATH RANGT=y FOo23  12H FINAL TIMI=iFSeR¢32H VALUL OF CONTRC
u_ LT F!?'A TINMI =458
FCONTR=FCONTR /57 2063

XVQST=XVOST/S200 e %% E
WRITE(GH106) XVOST
FORHAT'?H ¥VOSToa IPEISB)
XVEST=XVOSTHE280 o412

R

ST FOR 'CONVERGEMCE

TGQHD-U;O

DO 2 I1=14NSTESY

Titl= l"‘i“\( DDV D))
I"(")r'.("-'" "".'!?n‘)‘) TGRAD=DH

g walTE(64105). TGPADTOL

o 105 FORMAT(44H MAXe ABSOLUTE VALUE OF THE GRADIENT 1§, IPE15.8/
g 1194 THE TOULERANCE 1S4 1PELS ¢8)

1 IF{IJUKeGTITER) GO TC 4

1 1€(T0LeGETGRAD)Y GO TO 4

b C :

3 c FINDING NEW sa ARCH  DIRECTION

¢ C - N .

4 }“’-"C;:A

3 DHIZCs

1] ©o 5 ;=n4vsTEpr

%, - DH=DHDULT #% 24080 ) -
P 5  DHi= :3u1<1)xx2+0w1

3 BETASDR/DH!

00 .8 1=14NSTEPL

4 S(i)= BHOUL DI APETA%S( 1)
4 I 8 DHOUL(])=DHOUCTY
A GO TC 2
|- 4 STOP _ '
1 . END :
3 SUBRQUTINE NEWEON(TIME (X ¢COMTR § S4DHDU)
: COMMON/TOO/ DTINEINSTERPINSTATE I SATEA sCOST +F TIMIFCOMTR | XVAST 400y T
i BIMENSION X{84100 0 CONTRL 1O 3)1'1.“f190)4ukuu(3 M e31r0)
= o BC S IEEyNSTERTIY :
. 121 WRITELG64120) TIIE(II ST
130 FORMAT(FI0.2(EX41PEIS48)

é< e { TORMAT ‘7 . » ) . : 4
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TCOST = COST - , . -
N=0 68 : - -
NETEPP=NSTER+ 1 . - -

DTCOST=0e0 )

PO 1 P& NSTEP] e e

DTCOST=DTCAGTES G ) #*DHDU (1),

g| MK=XSET) +u2 S :
\ANr.o/qcn*(VV) B
DO 2 r=1WN5TEPL - - )

2 conT=i M =CONTREL) + XK¥S(1) . i
CALL INTEGUT FME g CONTIR ) ’ -
MRITEL 51021 F TCOGTCOST ) S

121 FORMAT (/72T T€\3T241PL1~o9 $4X e BH couquzprzﬁ.a//\

T H=Z2e GQ‘?'(;CQS?;‘.‘T"”ST YABT 08

] F( o} oMo GE 4 QR el e G E o JUTY stz UK

£
P -

DING DNTERVAL  WERRE THE DERIVATIVE OF THE COST PASSES
THOOUGH  ZERO - - . : — SR T e e

i

el oReRa I
=

] 0O 4 Q=1 4NMSTEP] - o . o
& CONTR(!)=CO“TR(I)€XK%S%Jﬂ, . , ’ h
DO 6 1 ) o T
Lo 20 K"‘ Nswrpa ’ . )
20 COMTRUK) = ZONTR(KY 2 s 0% (I~ ) 5H#5 (K) . -
: HURITE (S 705). | : S

L5 FERMAT(22H TWO 18 RAISED TO THE 12404 =1 POWER) -
catt. INIEC(IIP&4X‘CCNT“) .
CALL GNSANTLTTMEA X CONTR yDHDY) L
DCOST=04C . - 'y :
) ~00 § Kz METEDY ) . R
] Z DCOST=NTOSTHLK Y #OUDY(KY a ) - o
L w“rsh(o'zo7¢ COSTTCOST -
) 107 FORMATA/8H COST=1PE{5.87H TEOSTEIIRELS/) .

'DC) 21 Ks1l.NSTERPL . ,
: ~..'TF(" ) =SCONTRUK ) =2 0% { I=1") #HHS(K) . T
SO ) FAD COQ:.L:(GQO? GO TO- 72 )
. 1r<x.co.¢c> HRITECET100) ,
- - FORUYATALIEH TRCOUESLE IM SSARCH)
e if'(lo--\.A?.Q) c;lv~ 1
TCQS:TCO?T

E

<©

o

. 3 TCOST=DCOST

N
—

—
[94
O

> C  CusIC  INTERPOLATION OF X .

; C ’ : - )

f »” 7 A=ZeCuxn(i~-1)H . . 4
R 2=340 -

- TF(IaNEel Yy B=240u3Tm2)

: . : NC1=0 7 . -

3 ¢ Z=DCOSTH+OTCOST+3 404 (COSTATCOST I/ (B=A Y

< W= Z#2enl08THOTCOST - - -
2 WeSGRT (v _ A ;
: =P (B ) FYNTCOS TH ) /(DT LOST=NCOS T2 0 0% ) - ] o .
e N =3 Aot O I s Bl WA~ S e I e T
S 15T FOYMATIA4Y XZn4iPE1508 43X IH £=4fP&15-,0v70 H A= 019 15;9//} ;

P

0C 10 L=igNSTIZY ,
cow7n<a)=c3\7Q<L4+xm*s«r; -

-
X
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.
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&
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- .7 3 . "f i
IF(NCTLEQaL) GO -TO 13 i :
STOREZEOST
CTALL INTES ( TIME ¢ % vCONTR)
COSTHK=COST .
COST=STORE - - \
TLCALL GRADNT (TIME ¢ X 4 CONTR A DHOU ) ‘
IF(COST.LL.COFlummAhDo.COST.LTeCOSTXK) 30 TO 17
3| TREL=P -
5 N »Te 13- Tl yNSTERPE
i 22 CONTRUII=CONTRCTI-XK#S(1) .
B -~ . DO 23 I=145% ‘ - ‘
ik T ragst o ’
i - D“'“DAFNC"(‘“°)(SMO~
i =90 28 Ku14NSTEPY -
} 26 TGONTRURFECONTRK S DELES (K]
t CAL‘ INTEG (T ME 434, CONTR). )
| CALL GRADNT (TIME X s CONTRDHBY) -
16, « - DCOST=040 S - - ~
i -7 BOo Pe RETWNSFERF
5 28 DEOSTEDRCOSTHRHDU(KY #§(KK) )
3 <7 DO 29 K=1iNSTEPY ,
ﬁ‘ 29 - CONTRK)=CONTRK)~DELHS(K) : ¢
‘ IF(DCOSTW LT 090o0°‘1.b005) GO TO 30 . :
:, D:-L- Dv. )
i - DTCOSTADCOST ¢
) 25  TCOST=COST )
§E 30 A=DEL |
2 B= TuEL. -
F | N\,} ) PN
¥ 6o 0o - - (
3 12— £OST=C0STXXK ’ - - -
.. . RETURM <o ~ . -
- A3 CALL INTEG(TIME WX ¢COMTRY. \ -
3 © CALL GRAD NT(TIMEQYQCONTQ DHDU): (
¥ ~RETURN , :
: END « : o :
f SIEFT c oQ i IR
; U,,\OL'TCN\F’ GRADNTHT IMZ ¢ X s CONTR s DHDU)
5 COMMON/TOO/ DTIHENSTEP JNSTATT«SARZACOSTHFT I, =c0\7ﬁ.xvoc..°o,r. =
v DIMENSION xxooloO).anTﬁcioO).Tlv—(ioo>onaou<1ou)
- NSTEP1=NETES+1 )
5| - 9011 I=1NSTEPL : S
S TIM=TIMECE) . ) )
IF¢TIMGCTeTL) R=040
| IF(TIMsLESTI) R=RO
3 - X3=X (.:»CI) L
; L GRAVTY=1i 41002015515/ ( 204 PEGHX) #45 _
4 D XMASSEFMASS (TiM) ] '
2 <+ THRUST=FTHRUS(TIM) : » . ‘
¥ <. 7 RHO=FRHO(X3) . . .. = . ) - ‘
4 | YS=FVSIX3) Loe
. X=X 1y /vS - e :
48 CLA=RCLALX) . o . - ‘ _
2 ;ﬂh;&»“&W%QHWH$WM7mu3;f o Ea- T e e =
i € v e e - 3
€ THE sngzeNn s@uATTCN
o7 ° LT ; 4? ] 1




RS A

—DHDULLJ=~X¢5&I)*tiHKUST%SIN(”ONTQ(I))+ClA*PGNTH(I) t2a 00 /XMASS. )
LAX (501 ) ¥ (GRCLATHRUSTHCOSICONTRAT Y'Y 1./ o 1) BXMASSS .. . -
2=RBCONTRLY : _ - e St

DO 2 1=14NSTEF14 -

wa. TE(S54100) |iW&(I)¢“PPU(I)

i RMATIF 10424 8X ¢ 10E185,8%) .

RETURN

END :

SUSROUTINE EQUAT(TXARXDTYTIMUY ]
COMMON/TOO/ DT;WEqNSTEPqNbTATZQSAR&ncCO CFT it e FCONTR ¢ XVOST - 200 TT
orwww*{Om TXL20) 4 DXOTUR0)Y ¢Y-(30) - - - » . -
“"cih ] ’ - : . )
T2) = ) - . :r,j-v’
r X4 3) ) ) ] T

R(s) - - N R
|x<:x ) , o J ] ) - .
H2TRLH) . . : )
XF=TXATH - < - » S BT
Xe=TX(3) o
T GRAVTY =1+ 410020105 16/ (20 e QES 4K 4542
.nnﬂr-~r14eus<TIM>
(HAGS SS(T M)

.Hu_F?HO(na)
CVE2FVSIX3).

‘Xf“‘ PRWAYLE - ) i . ;
CLA=FCLALIXM) ‘ , g
COO=FCOO (1 -

tl :'

v U D L3 N -

H H 'H

>< X X :<<>*

C=SAREARRHOEX {#%2/260°
E)RL('F( TDOHCLARISF#2) 50
»”L I‘F?—CL [‘ U \._‘

CFINDING  THE DERIVATIVES ©F RHOw VS CLAs AND DO

0O 2 k=144 : - : ST

IFUKeEQe2 e ANT 0t o E .LToXB AND e X3 0 LT.o.&4> ‘DVSDH=0a0 :

IF-(ieEQe ?.Av-.4.:4.L:.xa.HNo.xa.LT.s.:4> GO 70 2 o
TF(KGFQe 2o AND ¢ 1.4 ST H o LT o X3 AND eX2eLTe e TEE) -DVSDOH=C40 : T
xpta.go.z.,mu.x.a;:.'T.Aa.nha.xa.LT.x.vgo; 30 TO 2. .
TP eEQe3¢AND X oL Te160)  DCLADM=0W0 ’ I
1*1(.:&.3.\N“.xn.~T.1.o> 38 TO 2 - . R

IF{RaEQe 40 ANDAX W LT 00 9E) acgo:m:o.g T -
TFIKeEQeb e ANDIXIAWLTe005) 5C TO 2 -
U’u(mo...q..aﬂ)" o= LT.\V" 7350

TF (Ko CTe 2 DELIA;\—OO"é

D01 I=iac

AF'ACs I

I':‘(-\:._‘:.a‘._) XT"X.’EPDCL l"-X'r"""\ba"':’JOO)
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Appﬂndix B
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In Fig. J:B",bi and Yp are
" the body axes of the missile.
| o o
e L and N are the 1lift and nor-

mel) force vectors, respec-

e

© tively; Ly and Dy

»}5 and indudedidrag,-reSpectively,

are parasite

LT 1“1({' 1}5:
PDrag Morces
liigsile

The Jiai and
seting on the

All .other drag components are

assumed negliglible..

Prom the Jiagram it .can be seen that

F sinf) |

, (18§
F cos{)

- L =
3 If o e small N
D, = Fol
: L = F
- and therefore,

. & Le (28)
= - The total draz D can be written as .
pe 0+ b | P
fz Substituting IZq (ZB) into ﬁq iBB) i)
r -
lét . N y - T v -
P =0+ Lt L upy
: The nondimensional forii of Eq (4B) is ‘ E
¥ X i S o ;
= by + B (5B)
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Ef uhere CLc' is the trinmed 1ift curve slope at a given
B e #
3 g
g.i L, Hech nusber. . Substituting Eg (6B) into &5y (5B),
7 ’ g
R 2 !
7% ; .
? Notz that the use of an aerodynamic moment oqu°tion is not
i necessary, szna»fonly trimmed flight conditions are used to
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i define the 1ift and drag~coefficients.
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Appendix ¢

Lagrangian DifCerentiation Formula

A ‘Lagrange int po'lauicm polynomial (Hef 6: L8)
fo= 2 4 o) by o+ ER)

where - ‘ 5{3'-“!)“(\,)3 i

B = T -~«/ = W F 0%
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ef ﬁ(x).can;bc apprdxiﬁated(pf () }
‘ (). g (2 A
£ (x) = K A-jl’pz (%) ’FR E'() (2C)
Assuming E(ra(x) 1s smell and therefore can be neglected,

. Eq (2€) becomes ) ,
: (f) , %5 ./‘ :
o) = 5 AW 1y (3¢)

.. k=0 -

which‘isfphewgeneral~£orm of the Lagrangian differeﬁtiation
formula with.the error term neglected.. To--obtain the five

formu1a$~u§edﬁin,th¥§'baper, set.r =21, n=4, end x = Xy

(1 = 0,1,..:4) in Eq (Bé)w These formvlas are located in

he "E@uﬁt"~computer subprogram (APP@ndix A).
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Appendix D

Polynomial Least,Squares,CurVe‘Fitting

The»chendre's:principle of least squares: -given

exact or equally relia“le -date, assume that the best

approximation of curve fitting is one for which the aggre-
~gate of ‘the squared error over the entire douain is least

(Ref 5: 63).

The oxact Values of f(x) are known at di°crete points
corresponding to ;o, X1 ....xmtover the 1nterva1'(xo. xm).
It ¥s desired to~ap§rox1maté,f(t)rin:the fornm 7

A S
f(m) = Z g (i=01,-m); n‘m
k=0 T

(m); ‘
B |
E I B . N
1 Define the errocr r(x) as i
E ,
c ) = F(x‘) Z Iy Y : Cepy
- If the a's are determined such’that -
R= 5 i) = 2 [#0)- 2 WX omb
’ izo izg bso- B
ip' . ‘ N » - -
E is minimum. then the best approximation in the least.
}}e g " N . ,’
- squares sense 1s obtained. ‘The minimum of R can be -
3 . obtained by ordinary calculus:
E ' ’ 80. ‘ T
"
;é‘ - + =
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Eq (5D) represents the normal equations. Substituting the
a's obtained fxom Ea (5D) into Eq (10) yields the fitted
polynomi;al» . 7
To increase the accuracy of the curve fit, the range.
of the i‘ndependent’x"rariabie is normalized over -l % Sci < ]
by applying Eq (6D),
X‘/ _ 2%; = %m ~Xo (6D)
i Y- %o /

The following equation yields the coefficients aszociated

with the unnormalized independent variable (Ref 5i 69).

-4 T2 3 BRI
a’_ = z(-l) .(52*) ah' ( ‘ ) '}4 hr (?7D)

£

where - -

= deg‘r‘ee of the pdymm'iﬁ/kr
{|

Xmw™ Xo

( )__ n{nty)- : o< (n=i+1)
WE™  dli=r) -2t

my_ . (M., 11)....
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