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ARMY MATERIEL SYSTEMS ANALYSIS AGENCY

TECHNICAL MEMORANDUM NO. 60

JAAndrese/HHBurke/sjj
Aberdeen Proving Ground, Md.
March 1970

A FORTRAN IV PROGRAM TO COMPUTE THE INVERSE LAPLACE
TRANSFORM AND PLOT THE RESPONSE OF A LINEAR SYSTEM
SUBJECTED TO A FORCING FUNCTION

ABSTRACT

An existing program, which determines the inverse Laplace transform of a
quotient of two polynomials, provides expanded systems analysis capabiltiy. The
program complements a Root Locus Program (AMSAA Technical Memorandum No.
21) and a Frequency Response Program (AMSAA Technical Memorandum No. 69).
The program wuses a self-contained complex arithmetic routine and also a
self-adjusting variable scale plotting technique. The plotting is done on a standard
line printer and gives a time history plot of system response for a variety of input
forcing functions.

A listing of the FORTRAN IV source deck and the corresponding flow

chart of the program is shown in the appendixes. Also, several examples are given

to introduce the user to the operating procedures and capabilities of the program.

3 The next page is blank.
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1. INTRODUCTION

One method of analyzing physical systems requires the use of Laplace
transforms. The inverse Laplace transformation is necessary to analyze a system’s

time response to a forcing function.

Time constants, overshoots, resonant frequencies, and steady state errors are
obtained by the time response of the system. By observing these characteristics, the

designer is able to optimize the system response to a particular performance index.

Inverse Laplace transforms can easily be found in a handbook of Laplace
transform pairs for the simpler control system equations. For more complex systems
it is a tedious task to take the partial fractions representing the quotient, find the

corresponding inverse Laplace transform of each individual term and sum them.

An existing FORTRAN IV program (References 1,2,3) has been adapted
for system analysis application to relieve the computational burden. The program
determines the inverse Laplace transform of a wide variety of high-order system
equations. The transient response is graphically displayed for quick and easy analysis.

The main features of the modified program are:

l. FORTRAN IV programming which needs no machine-oriented or object

language.

2. Self-contained complex arithmetic (compatible with BRLESC).

3. Digital plotting with on-line printer.

lMcCracken, Daniel D; FORTRAN With Engineering Applications; John Wiley
and Sons, Inc., New York, 1967, pp. 196-214.

2
Titus, C. K.; A General Card - Program for the Evaluation of the Inverse
Laplace Transform; J. Assoc., Computing Machinery, 2, No. 1, January 1958.

3
T. R. Boshkow,; Curve Plotting Routine for the Inverse Laplace

Transform of Rational Functions; J. Assoc., Computing Machinery, 5,
No. 1, January 1958.
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4, Maximum order of numerator and denominator polynomials are 51 and
52 respectively.

5. Fast operating time.

Main features of the graphical display are:

1. Automatic scaling to give maximum viewing attenuation.

2. Preselected scaling to give uniformity.

3. Variable self-adjusting computing interval for quick running time.

4. Manual selection of up to 15 different real-time intervals for a
particular function.

5. Automatic cut off at time when response is constrained within 1 X
10K for five consecutive computation intervals (where K is dependent upon the
specific problem being solved).

Requirements of the Program

The quantities needed for problem solution are:

1. Coefficients of numerator and denominator of the system transfer

function in polynomial form%>2
n n-1 n-2 k
N[s: } aos + als + azs AN an_ks a
D(s) m+n m+n-1 mn-2 L
bos + bls + bZS b RS bm+n—ls

4Burke, Harold, H. and Payne, Robert L.; A Linear Closed Loop System
Analysis Procedure Using Line Printer Plots of Characteristic Equation
Root Loci, AMSAA TM No. 21, November 1968, Army Materiel System Analysis
Agency, Aberdeen Proving Ground, Maryland.

Burke, Harold, H. and Payne, Robert L.; A Linear and Nonlinear Systems
Analysis Tool: Line Printer Plots of Characteristic Equation Root Loci,
Bode and Popov Plots of System Transfer Functions, AMSAA Technical
Memorandum No. 69, Army Materiel Systems Analysis Agency, Aberdeen
Proving Ground, Maryland. (In publication).

10



2. Roots and the multiplicity of the roots of the denominator. 43

2. THEORY

The basic transfer function of a closed-loop system can be shown to be of
the form given in Figure 1. For multiple-loop system, the G’s and H’s are readily
expressed as sums of products of polynomials which are identified with the

individual elements making up the complete system.

. E|KpG(S) C’
Go (S)

F _KCHI (S)
Ho (S)

Figure 1. Linear Closed-Loop System

where R = System Input
C = System Output
F = System Feedback
E = System Error
Kp = Process Gain
Kc = Controller Gain

The linear open-loop system transfer function is

G, (s) H, (s)
F 1 ’I 1

Ibid.

Ibid. 11



The linear closed-loop system transfer function is

) §pGl (s)H2 (s)
KcKpGl(S)Hl (s) + G2 (s)H2 (s)

w0

(3)

Equations (2) and (3) can be expressed as ratios of polynomials as shown in

Equation (1). Rewritten in series form, Equation (1) becomes

n-k n-
as H
N(s) u=0
L : (%)
D(s) ~mmgr
b,s
i
=0

where the numerator and denominator polynomials are different for the open- and

closed-loop system transfer functions.

The factored form of the right-hand side of Equation (4) is

v y
sk I=11 (s+zu) _n [s + (cq+jwq)] [s + (cq-jwq)]
b seand (5)
g r ’
sQ' i (s+pi)h i ’:s + (ct+jwt)] [s + (ct-jwt)]
i=1 t=g+1

where h=1or?2

152



The inverse Laplace transform, c(t) for an arbitrary input forcing function r(t) of

Equation (4) is

v y
5 § -1 s;k N (s+z ) Il [s+(o +jw )][s+(o -jw ):,
i = L a7 q 979
e®) o [e()] R(e) gt ]
I (s+ i +(o + +0 -
s - stp, - [s g, jwt ][s . jwt)

(6)

where R(s) is the Laplace transform of the input forcing function r(t). R(s) will be
multiplied by the right-hand side of Equation (4) to obtain the Laplace transform

given in Equation (6). The partial fraction expansion of Equation (6) is

"l 1 K r _lz

E. K
2 : g 2 : ih E : t
c(t) = —l 4 _— , ()
3 )h 52 + ZOtw s + wtz

jeik T qeg 8Py =g+l t

where K], Kih and K; are the residues at each denominator (pole) singularity of the

right-hand side of Equation (6) and h = 1 or 2

The coefficients of non-repeated real roots are at origin

_ C(s)
Kj = Limit [s R(s)] , (8)
i=1 s=0
on real axis
= c(s)
K,, = Limit [(s+pi) R(S)] . 9)

h=1 s=-p;

13



The coefficients of the partial fraction terms of Equation (7) related to
the repeated real roots are

j-1
)1 2~k C(s)
“3 ‘{(j—l)! R {‘S ) R(s)]} ’ (10
S=0
and
h-1
=J1_1 d h C(s)
Kin _{(h—l)l b1 [(S+ ) R(s)]} ’ LD
s=-py;
where h = 2.

The coefficients of the partial fraction terms of Equation (7) related to
the complex roots are

R, - nmit{RJ(—% + (at+jmt)]} : (12)
s = -(at+jmt)
and
—Kt = 1limit {Cﬁ_l [s + (o —jm )]} . (13)
2
s = —(ct—jmt)

where ﬁt in Equation (7) equals Ktl + T(tz.

Once these residues (Kj, K;p and Et) have been determined, the time
response of c(t) can be determined.

zi TS Zg:  (h=1)
c(t) = i Y @ 24° % R e (0 Huy)
v G-1! (h 1)! t:§;1

+it2 e—(ct-jmt> ’ h=1or2 (14)

14



or the transcendental form of Equation (14) is

-k p (-1 g (h-1) r

KinaiE

= _j__ ih —P t -0
°(® 2 (-1 +Z (h-1)! e i+ E : 2|k e "t sin (u t+.K )
3=1

i=1 t=g+1

h =1 or2 3

3. GRAPHICAL METHODS

A plotting routine is used to graphically show the time response of the
inverse Laplace transform, Equation (15). The routine varies the solution interval
in accordance with the specific problem being solved. This adjustable time step is
computed as a function of previous step size and the slope between consecutive
points.

The variable time step is initiated by first finding the smallest time
increment after the problem start time. This initial step is a function of the largest
real root (fastest exponential rise) and of the largest imaginary root (highest
frequency sine wave). The increment thereafter will be determined by the change of
the slope between points. The expression for the derivative, f(t), is found by
explicit differentiation of the function. The time step is then determined by means
of comparison between the slope ¢; = tan'l;‘:'(t) evaluated at ts and the slope
evaluated at t + Ati. The solution time is left to the discretion of the programmer.

Critical areas may be displayed by isolating the particular region of interest.

There will be a priority cutoff time if the response is constant within a
difference of 1 x 10°K for five consecutive computing intervals. (K is equal to 8 in
the current program.) The response will then be assumed constant out to the stop
time requested in the input data. This procedure is employed to allow for maximum

sensitivity of the line printer plotting display.

It is not necessary to specify the upper and lower limits of the c(t) axis.
The program will select a scale which permits the graph to be displayed with

15
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maximum sensitivity. If no limits are specified, the program will adjust the c(t) axis
scale dependent upon the maximum and minimum values of the response function

contained in the computation interval.
Parametric plots may be directly compared by using the same c(t)

amplitude scales. Only the values contained in the region bounded by the specified
limits of the c(t) axis will be plotted.

4. DATA FORMATS

4.1 Inverse Laplace Transform.

1. General Description.

a. Computes the inverse Laplace transform parameters of the first, second
and third order poles at the origin. No input data are necessary for this process

because it is evaluated automatically.

b. Computes the inverse Laplace transforms of first- and second-order real
poles not at the origin.

¢. Computes the inverse Laplace transforms of the first-order complex

poles.
2. Input.
Description Columns Data
(a) Coefficients 1-5 Order of term of
of Numerator (Integer) polynomial (up to 51st
Polynomial order)
6-20 Coefficients of
(Floating Pt.) corresponding term
(b) Coefficients 1-5 Order (up to 52nd)
of Denominator (Integer)
Polynomial
6-20 Coefficients of
______________ (Floating Pt.) corresponding term

16



Description Column Data

(¢) Roots of Denominator  1-15 Real Part (0t or pi)
(Floating Pt.)
Poles of forms (16-30) Imaginary Part (wt)
(ctijwt) (Floating Pt.)
and (py) (31-45) Multiplicity of Root
(Integer)
3. Output.

The output of the inverse Laplace transform consists of:

a. Real part of root (o; or p).

b. Imaginary part of root (wy).

¢. Multiplicity of root (K).

d. Inverse Laplace transform equation of each individual partial fraction.
4. Restriction.

a. Maximum order of numerator is 51.

b. Maximum order of denominator is 52.

¢. Maximum orders of K, multiplicity of roots are:

Roots at origin, 0 < K < 3.
Roots not at origin on real axis, 0 < K < 2,

Roots in complex plane, 0 < K < 1.

17



4.2 Plotting Routine for Inverse Laplace Transform.

1. General Description.

a. Computes the numerical values of the inverse Laplace transform as a

function of time.

b. Produces a graphical display using line printer.

2. Input.
Description Columns Data
(a) 1Identification 1-80 Identification of
(Alphanumeric) problem
(b) Running time of 1-15 Start time
problem (Floating Pt.)
16-30 Stop time
(Floating Pt.)
Scaling of (31-40) Minimum value
Output Response#® (Floating Pt.)
(41-50) Maximum
(Floating Pt.)
3. Output.

Produces a time response, tabulated output and graphical display using on-
line printer consisting of:

a. Start and stop time of computation.

b. Automatic or preselected scaled ordinate axis with values.

The output response is automatically scaled if minimum and maximum values
are not specified. 18



c. Automatically scaled time axis with values.
d. Response plots of tabulated output.
4. Restrictions.

a. Cannot exceed 15 time intervals of a particular problem without reading

in coefficients again.

b. Independent variable time must be positive (trivial requirement of

physical systems).

4.3 Placement of Data Cards.

Group No. Content Description Number of Cards

1 Identification of Data 1

2 Time (start/stop, Min/Max Val) Max 15

3 Blank Card

4 Power; Coefficients of Numerator Max 51

5 Power; Coefficients of Max 52
Denominator

6 Roots of Denominator, As many as needed
Multiplicity

7 Blank Card

Data placement is repeated for next problem making certain that the blank

cards are properly placed.

5. CAPABILITY OF THE PROGRAM

The type of input forcing function that the system is subjected to must
be included in the ratio of polynomials of Equation (4). A new polynomial ratio is

19



formed by this multiplication.

g(s) = g1(s)gy(s),

where g(s) is the system input forcing function, and go(s) is the system transfer

function.

The program is capable of handling the following system input forcing

functions, gj(s).

F(t) Type of Input gl(s)
8 impulse 1
1 step 1/s
t rate 1/s2
t2/2 parabolic 1/s3
-at
& exponential lag al
s + a
EE e_t/T 2nd order 1
T exponential lag P a)2
w(l+a2w2)l/2 sin (wt+y) Undamped phase 1 + as
N B+ Gac) shifted sinusoid i & E;
w
221 1/2 :
wli 2atw +2a w ] P Twt . (w’ﬁ-c2t+w) Damped phase 1l + as
1-¢ shifted 2s 52
sinusoid l +=——+—
VA w 2
i) = tan_l (aw¥1l-z7) ®

1l - azw

20



The inverse Laplace transform digital program is capable of solving any

system transfer function being acted on by a forcing function which can be broken

down into the following partial fraction forms:

Location of Denominator
Roots (Poles)

Origin

Real Axis

Complex Plane

Partial Fraction Form

e & 8
5> 1227 3
s° s

S -1
st+a’® (s+a)

—_

[of

(s2 + 20ws + wz)

The maximum order of the numerator of g(s) can not exceed 51 and the

maximum order of the denominator of g(s) can not exceed 52.

6. EXAMPLE PROBLEMS

Three transfer functions, go(s), are subjected to various input forcing

functions, g)(s), to demonstrate the utility of the program. Tables 1, 2, and 3

demonstrate the mirror of the input for each system subjected to one specific input

forcing function.

EXAMPLE 1: g,(s) =

BN _ _3s+11

where: 2

g2D s* + 8 + 15

1

g (s) =2,

s s+ 1

1 -+ 0.38 + 0.258°



EXAMPLE 2:

where:

82N
8201
€2p2
€203
€204
82p5
€206

gl(S)

EXAMPLE 3:

where:

goN

8p1 t 82p2 t 8ap3 t 8aps t Baps t Bopg

3

1.34 x 1038% + 2.067 x 10" 1s + 1.0

6.9981 x 10™ s>

1.15528 x 10 %s*

1,68 = 10 "5

3.828 x 10 Os?

-3
2.593 x 10 s

1.0

11 1 1

8 8+ 1" (4132 " 1 + 0.2666s + 0.111s°

_8an1 t 8o t Bzt Bang t Bons

g, (s) =
2 8p1 * 8202 T 8op3 t 8aps * Bops

- 14
8Nl = 2.46665 x 10 s

= 6.017766 x 10%s>
goN2 . =

52

83 = 7-137658 x 107s

= 1.3620729 x 107s
oA .

- 4.7818957 x 10°
€oNs ‘ a

4

8p1 = 1.0s

~ 03

- 8.7
8,p3 = 2.60192 x 10's

22



5

804 - 1.5488 x 10°s
= 1.024 107
8opg = oo ¥
-t
gl(s) = 2
s

7. CONCLUSIONS

The program described in this technical memorandum for computing the
inverse Laplace transforms and plotting their time history response as a function of

real time has the following merits:

—

. Uncomplicated data loading.
2. Produces equations in exact inverse Laplace form.
3. Produces an accurate numerical printout of selected points.
4. Produces a graphical display for visual description of system response.
The main objective of this program, which is to provide expanded systems
analysis capability, has been realized. Transient solutions of high-order differential

equations being driven by a wide variety of forcing functions can be generated

rapidly.

23



TABLE 1. INPUT FOR EXAMPLE 1

1
gl(s) - s
Mirror Of Input Columns Description
Input for Example 1. (1-80) Identification
0.000 2.500 (1-10) (11-20) Running Time
Start-Stop
0000 (1-80) Separator (Blank)
i 3.000 (1-5) (6-20) Degree-Coefficient
0 11.000 of Numerator
3 1.000 (1-5) (6-20) Degree-Coefficient
2 8.000 of Denominator
1 15.000
0 0.000
5.000 0.000 1 (1-15) (16-30) Pole Root
3.000 0.000 1 (31-45) Real Part-Imaginary
Part-Multiplicity
0000 (1-80) Separator (Blank)

24



*
TABLE 2. 1INPUT FOR EXAMPLE 2

1
g,(s) =

Mirror of Input Columns Description

Input for Example 2. (1-80) Identification

0.000 5.000 (1-10) (11-20) Running Time

0.000 1.200 Start-Stop

0.000 500

500 2.000

0000 (1-80) Separator (Blank)

2 1.340E-03 (1-5) (6-20) Degree-Coefficient

1 2.067E-01 of Numerator

0 1.000

6 6.9981E-07 (1-5) (6-20) Degree-Coefficient

5 1.1552908E-04 of Denominator

4 1.68E-03

3 3.828E-02

2 2.593E-01

1 1.000

0 0.000

4.1258865 4.2939554 1 (1-15) (16-30) Pole Root

2.6595745 16.89876 1 (31-45) Real-Part-Imaginary-
151.5151 0.000 it Multiplicity

0000 (1-80) Separator (Blank)

*
See example on page 165 of Reference 6.

Nixon, Floyd E., 'Principles of Automatic Controls, Prentice Hall,
Inc., New York, 1954.

25



TABLE 3. 1INPUT FOR EXAMPLE 3

1
gl(s) = _2'
s
Mirror 0f Input Columns Description
Input for Example 3. (1-80) Identification
0.000 .1000 (1-10) (11-20) Running Time
0.000 .0100 Start-Stop
0.000 10.000
0000 (1-80) Separator (Blank)
4 24.6665 (1-5) (6-20) Degree-Coefficient
3 601.7766 of Numerator
2 7.137658E05
1 1.3620729E07
0 4.7818957E08
6 1.000 (1-5) (6-20) Degree-Coefficient
5 9.200 of Denominator
4 2.60192E04
3 1.5488E05
2 1.024E07
1 0.000
0 0.000
3.000 19.77372 1 (1-15)(16-30) Pole Root
1.600 159.9992 1 (31-45) Real Part-Imaginary
Part-Multiplicity
0000 (1-80) Separator (Blank)

26
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LISTING OF SOURCE DECK
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NOV.14,69 BRLESC FORTRAN 2 ANO 4 TT 19..24

*SA046 J. ANDRESE BLDG 390 Xx2611 TRANSIENT RESPONSE 2.

C CANNOT EXCEEOTHE FOLLOWING...3RO OROER POLE AT ORIGIN,2NO ORDER POLE
C NOT AT ORIGIN, 1ST OROER COMPLEX POLE. ACCEPTS STABLE ANO UNSTABL

C SYSTEMS. ACCEPTS UP TO 15 COMPUTING INTERVALS.

c PUT BLANK CARO AFTER PRESELECTEO TIME AND AXIS VALUES IN DATA

C PuUT BLANK CARD AFTER EACH PROBLEM IN OATA

C FINOING THE INVERSE LAPLACE TRANSFORM OF A QUOTIENT OF TWO

C POLYNOMIALS (INVERSE TRANSFORM PARAMETERS)

90
91
92
93

95

REAL PDTOP(60)

REAL COEFyNOyN1,01,02,03,C0D(60),CON(60),DIF

REAL RE(601,IM(60)

REAL N(51),NP(50),0(52),0P(51),0PP(501),DPPP(49)

INTEGER DN,DONP1,CD,0DP1,I,K

REAL PALPH(60),PBETA(60),PAORB(60),PTHRC (60)

INTEGER KK(60)

INTEGER COMENT(20)

INTEGER ITT b

REAL TSTA(15),TSTOP(15),YSTA(15),YSTOP(15)

FORMAT(1H ,1P2E18BoTyI495Xs1H(,E1B.T79y3HI+(4EL1B.T,3H)%*T)
FORMAT(LIH ,1P2E1B.Ty1495Xs1H(,EL18.T7915H) *EXP (-ALPHA*T))
FORMAT(LH ,1P2E18eTy 495X 1H(sELBeT93H)+(,ELB.T4,5H)*T+(,
1E18.7,5H)*T*T)

FORMAT(LH ,1P2EL1BaTy 145Xy lH{,E1B8.7,1TH)*EXP (-~ALPHAXT)+(,EL1B. 7,
L1TH) *T*EXP (—-ALPHA*T) )

FORMAT(1H ,1P2ELB.Ty14,45X,
11H(yE18.7,30H)*EXP (—ALPHA*T )*SIN((BETA*T)I+(,£18.7,2H)))
ICSE=1

999 CONTINUE

15

88

17
99

WRITE(64150)ICSE
O FORMAT(LHL /7717777771717 7771777717777777,60X912HPROBLEM NUM.,14)
READ(5,888) COMENT
8 FORMAT(20A4)
WRITE(6,777) COMENT
7 FORMATI(1H ,//,20X,20A4)
JTA=1

9999 CONTINUE

c

10

READ REAL TIME COMPUTING INTERVALS
READ(5,101) TSTA(JTA),TSTOP(JTA),YSTA(JTA),YSTOP(JTA)
1 FORMAT(4F10.0)
IF(TSTA(JTA) cEQ.0.0.AND. TSTOP(JTA).EQ.0.0 1G0OT09998
JTA=JTA+]
IF(JTA.GT.15) GO TO 99
GO TO 9999

9998 CONTINUE

c

50

51

CLEAR PARAMETERS
DO 500 LCR=1,60
RE(LCR)=0.0
CON(LCR)=0.0
IM{LCR)=0.0
COD(LCR)=0.0
POTOP(LCR)I=0.0
PALPH{LCR)=0.0
KK(LCR)=0.0
PAORB(LCR)=0.0
PBETA(LCR)=0.0

0 PTHRC{LCR)=0.0
DO 510 M=1,52
0(M)=0.0
CO00(M)=0.0

0 CONTINUE
28
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511

512

513

15

111

19

C
6GC
c

112

DO 511 M=1,51

CON(M)=0.0

RE(M)=0.0

IM(M)=0.0

N(M)=0.0

DP(M)=0.0

CONTINUE

DO 512 M=1,50

NP({M)=0.0 0

OPP(M)=0.0

CONTINUE

DO 513 M=1,49

OPPP(M)=0,0

CONTINUE

WRITE(6415)
FORMAT(1HL,7X¢SHORDER, 11X 44HCOEF,/)
READ COEF. OF HIGHEST POWER OF S IN NUMERATOR
READ(5,1)K,COEF

FORMAT (I5,F15.0)

WRITE(64111)

FORMAT(1H 47X,18HTERMS IN NUMERATOR,/)
WRITE(6,19) K,COEF

FORMAT(1H ¢5X,1445Xs1P2EL18.7)
I11=0

KN=K+1

I=51-K

KP1=K+1

CON(KP1)=COEF

ON=1]

ONP1=DN+1

N(I)=COEF

READ REST OF COEF. OF NUMERATOR
GO TO 60

READ(5,1)K,COEF

WRITE(6,419) K,COEF

" I=51-K

KPl=K+1
CON(KP1)=COEF
N(I)=COEF

ZERO COEF CHECK,START COEF OF DENOMINATOR

IF(K.NE.O)GO TO 2

READ COEF OF HIGH. POWER OF S IN DEN.
WRITE(6,4112)

FORMAT(L1H +//,7X,20HTERMS IN DENOMINATOR,/)
READ(5,1)K,COEF

WRITE(6,19) K,COEF

KD=K+1

[=52-K

KP1l=K+1

COD(KP1)=COEF

ODEGREE OF DEN.

D0=1

DDP1=DD+1

L(I)=COEF

REST OF COEF. OF DEN.

READ(5,1)K,COEF

WRITE(6,19) K,COEF

[1=52-K

KP1l=K+1

COD(KP1)=COEF 29
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115

c

10

12

14

O(1)=COEF
IF(K.NE.O)GO TO 3

END READING OF COEF,STARTVT OERIVATIVE CALCULATIONS

11

13

DERIVATIVE OF DEN.

00 4« I=0D,51

Al=52-1

OP{I)=AI*DI(I)

2ND DOERIVATIVE OF DEN.

00 5 I=0D.,50

Al=51-1

ODPP(I)=AI*DP(1)

3RO DER. OF DEN.

00 6 I=0D,49

Al=50-1

OPPP(I)=A1*DPP(I)

GET DER. OF NUM,

DO 7 I=DN,50

Al=51-1

NP(I)=AT®N(I)

WRITE(6,115)

FORMAT(LH ¢////7+4BXSHALPHA,12X ,4HBETA, 10Xy 1HK, 19X,
120HINVERSE LAPLACE FORM,//)

FIRST ORDER POLE AT ORIGIN
IF(D(52).EQ.0.0.AND.D(51).NE.0.0)GO TO 11

GO TO 10

ALPHA=0.0

BETA=0.0

k=1

AORB=N(51)/0(51)

THORC=0.0

WRITE(6490)ALPHAWBETA,K, AORBy THORC

I11=111+1

PALPH(III)=ALPHAS KK(III)=K$ PAORB(III)=AORBS
PBETA(III)=BETAS PTHRC(III)=THORC

GO TO 40
IF(D(52).EQ.e0.0.AND.D(51).EQe0.0.AND.D(50).NE.0.0)GOTOL3
60TC12

SECOND ORDER POLE AT ORIGIN

ALPHA=0.0

BETA=0.0

K=2

AORB=(D(50)*N(50)-D(49)*N(51))/D(50)%%2
THORC=N(51)/D(50)

WRITE(6990)ALPHA yBETAsKyAORBy THORC

I11=111+1

PALPH(III)=ALPHAS KK(III)=K$ PAORB(III)}=A0ORBS$
PBETA(III)=BETAS PTHRC(III)=THORC

GO TO 40
IF(D(52).EQ.0.0.AND.D(51).EQ.0.0.AND.D(50).EQ.0.0)GOTOL4
NO POLES AT ORIGIN - GO TO READ POLE COD.

GO TO 40

THIRD ORDER POLE AT ORIGIN

ALPHA=0.0

B8ETA=0.0

K=3
AORB=(D(49)*D(49)*N(49)-D(49)*D(4T7)*N(51)-D(49)*D(48)*N(50)
L+N(51)1*%D(48)*D(48))/(D(49)*D(49)*D(49))
THORC=(D(49)*N(50)-D(48)*N(51))/(D(49)*D(49))
DTOP=N(51)/(2.0%D(49))

WRITE(6+92)ALPHA yBETA,K,AORB, THORC,DTOP
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40
20

21

22

23

24

30

31

32

ITI=111+1
PALPH{IIT)=ALPHAS KK{IIl)=K$PADR8(III)=ADRB

PBETA(III)=BETAS PTHRC(III)=THDRCS PLTOP(IIL)=DTOP

POLES AT DRIGIN TESTED FOR,READ OTHER POLES
READ(5,2D) ALPHA, BETA,K
FORMAT(2F15.D,15)

WRITE(6,9) ALPHA,BETA,K
FORMAT(1HOy1P2ELB. 7y 1442E18.7)
IF(ALPHA.EQ.D.0. AND.BETA.EQ.D. ) GD TD 1D9
IF(BETA.NE.D.DIGDTDSD

IF{K.NE.2)GO 70O 3D

ND=N(DN)

DD 21 I=DNP1,51

ND=-ALPHA*NO+N(I)
IF(DONP1.GT+51)INO=N(DN)

N1=NP(DN)

DO 22 I=DNP1,50

N1=—-ALPHA®NL+NP(I)
IF(DNPL1.GT+50)N1L=NP(DN)

D2=DPP(DD)

bDD 23 I=DDP1,5D

D2=-ALPHA*D2+DPP(I])
IF(DDP1.GT.5D)D2=DPP(DD)

D3=DPPP(DD)

DD 24 [=DDP1l,49

D3=—ALPHA*D3+DPPP(I)
IF(DDP1.GT.49)D3=DPPP(DD)
ADRB=(D2/2.0*N1-ND*D3/6.D)/(D2%*2/4.0)
THDRC=2.D*ND/D2

WRITE(6,93)ALPHA ,BETAyK,AORBTHDRC
ITI=I11+1

PALPH(III)=ALPHAS KK(IIl)=K$ PAORB(II1)=A0RHS
PBETA(III)=BETAS PTHRC(III)=THORC

GO TO 40

IF(BETA,NE.D.Q)GO TD SD

NO=N(DN)

DD 31 I=DNP1,51

ND=-ALPHA*NO+N(I )
IF(DNP1.GT.51)ND=N(DN)

D1=DP(DD)

DO 32 [=DDPl,51

D1=—ALPHA*D1+DP{ )
IF{ODP1.GT.51)D1=DP(DD)

ADRB=ND/D1

THDRC=D.D

WRITE(6491)ALPHA,BETA,K, ADRBy THORC

ITI=I11+1

PALPH(ITI)=ALPHA $ KK(III)=K $ PADRB(III)=ADRB
PBETA(III)=BETA $ PTHRC(III)=THORC

GD TD 4D

c COMPLEX PDLES

50

300

TDTNR=CDN(1)$% TDTNI=D.$ TDTDR=CDD(2)$ TDTDI=0.D
A=-ALPHAS B=BETAS$ AX=1.D$ AY=0.D
DD 30D IR=1,KD
RE(IR)=A*AX-B*AY
IM(IR)=B*AX+A*AY
AX=RE (IR)
AY=IM(IR)
CONTINUE
LD 301 IN=1,KN
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301
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(s Nalel

450

452
451
453

109

1100
1200

c

INPL=IN+1

IF{INPl. GT.KN)GO TO 305
TOTNR=CON(IN+1)*RE(IN)+TOTNR
TOTNI=CON(IN+1)*IM(IN)+TOTNI

CONTINUE

DO 302 ID0=1+KD

DIF=1D+1

IDP2=1D+2

IF(IOP2.GT.KD)GO TO 306
TOTOR=COO(ID+2)*RE(ID)*DIF+TOTDR
TOTOI=COD(ID+2)*IM(ID)*DIF+T0OTDI
CONTINUE

AMD=SQRT(TOTDR**2+(TOTDI*%*2))
AMN=SQRT(TOTNR**2+ (TOTNI*%*2))
ANGD=ATAN2(TOTOR,TOTOI)
ANGN=ATAN2(TOTNR,TOTNI)
AORB=2.0%AMN/AMD

THORC=ANGN-ANGD

YIM=AORB*SIN(THORC)

YRE= AORB*COS(THORC)
THORC=ATAN2(YRE,YIM)

IF IN FIRST OR FOURTH QUADsLEAVE IT
OTHER WISE ADD OR SUB PI TO GET SUCH, AND REVERSE
SIGN TO COMPENSATE
IF(ABS(THORC).LE.1.57079632) GO TO 453
IF(THORC)450,5451 4452
THORC=THORC+3.14159265

GOTO 451

THORC=THORC-3.1415926

AORB=-AORS8

CONTINUE
WRITE(6995)ALPHAyBETAyKyAORB, THORC
ITI=111+1

PALPHIIII)=ALPHAS KK(III)=K$ PAORB(III)=A0R8BS
PBETA(III)=BETAS PTHRC(III)=THORC

GO TO 40

CONTINUE

00 1100 ITT=1,15

CALL PLOT(PALPH,PBETA,KK,PAGRB,PTHRC,TSTA,TSTOP,ITT,PDTOP,
1YSTA,YSTOP)
IF(TSTA(ITT+1).EQ.0.0.AND.TSTOP(ITT#1).EQ.0.01GO0 TO 1200
CONTINUE

CONTINUE

ICSE=ICSE+1

GOT0999

END

END COMPUTATIONS,START GRAPHICAL DISPLAY

PROGRAM TO CHOOSE TIME INTERVAL AND GRAPH RESULTS
SUBROUTINE PLOT(PALPH,PHBETA,KK,PAORB,PTHRC,TSTA,TSTOP,
1LITT,PDTOP,YSTA,YSTOP)

REAL TSTA(15),TSTOP(15),YSTA{15),YSTOP(15)

INTEGER ITT

REAL VALTI(15)

REAL FT(15),TIME(15)

REAL PALPH(60),PBETAL60),PAORB(60),PTHRC(60)

REAL PODTOPI(60)

INTEGER KK(60)4K(60) I 4LsJ

REAL ALPHA(60)BETA(60)yAORB(60) yTHORC(60)+E4F+T,TF,FP
REAL ALPHAS,ALPHAL 4BETAS,BETAL,DELTAT,TEND,DELTA
INTEGER IS
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430

612

667

670

668

9998

501

24

23
327
c

REAL GRAPH(60,130)

DATA BLANK/LIH /o DOT/1lHe/, X/L1HX/
TEND=TSTOP(ITT)

BP0=-99999999999.
SNE=99999999999. $ZAP=SNE

Al=0.% BJ=0.% FI=0.0% FJ=0.0

DO 430 NCL=1,15

FTINCL)=0.0

TIME(NCL)=0.0

VALT(NCL)=0.0

FT(1)=1.08 FT(2)=2.0% FT(3)=3.08 FT(4)=4.0% FT(5)=5.0

VALT(1)=TSTA(ITT)
GEST=0.0

BEST=0.0

TEST=0.0

ARRAY FOR GRAPH
DO 612 I=1,60

DO 612 J=1,130
GRAPH(I,J)=BLANK
DOTS FOR AXES

DO 667 I=10,60
GRAPH(I,10)=00T
DO 670 I=10.12

0o 670 J=10,130,10
GRAPH(I1,J)=00T

DO 66B J=10,130
GRAPH(10,J)=0DOY
WRITE HEADING
WRITE(6+9998)

FORMAT(1HLl, 15Xy lHT413X,3HFOT,10X,5HDELTA,7Xy 6HDELTAT,//)

DO 501 L=1,60

M=L

ALPHA(M)=PALPH(M)

BETA(M)=PBETA (M)

K(M}=KK(M)

AORB(M)=PAORB(M)

THORC (M)=PTHRC (M)

IF(K(M).EQ.O0) GO TO 64

CONTINUE

L=t-1

GET ALPHAS,ALPHAL,IS,BETAS,BETAL
IS=1

ALPHAS=ABS(ALPHA(1))
ALPHAL=ABS(ALPHA (1))
BETAS=ABS(BETA(1))
BETAL=ABS(BETA(1))

D0 23 [I=2,L

IF{ALPHAS.LT.ABS (ALPHA(I)))IGO TO 24
ALPHAS=ABS (ALPHA(I))

ISs=1

ALPHAL=AMAX] (ALPHAL,ABS(ALPHA(TI)))
IF(BETA(I).EQ.0.0)GO TO 23
BETAS=AMINL (BETAS,ABS(BETA(I))
BETAL=AMAX1(BETAL,ABS(BETA(I))
CONTINUE

CONTINUE

)
)

FIND INITIAL STEP SIZE,.DELTAT

IF(ALPHAL.GT.BETAL)GO TO 25
DELTAT=.1/BETAL
GO TO 26
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25
26

67

78

411

c

412

333

326

305

399

72

350

DELTAT=.1/ALPHAL
CONYINUE

T=TSTA(ITT)

EVALUATE FUNCTION
F=0.0

DO 78 I=1,L
IF(BETA(]))B80,81,80
COMPLEX-NOT ZERO BETA

F=F+AORB(I)*EXP(-ALPHA(I)*T)*SIN(BETA(I)*T+THORC(I))

GO TOo 78

REAL - BETA ZERO
E=EXP(-ALPHA(I)*T)
F=F+AORB( 1) *E
[FIK(I)eEQe2)F=F+THORC(1)*T*E
IF(KCT)EQe3)F=F+PDTOP (1) *T*T*E
CONTINUE
IF(YSTA(ITT)eNEcOsOANDsYSTOP(ITT)NE.O.0)GOTO326
IF{(TEST.EQ.1.0) GO TO 326

DO 411 NTE=1,4

FTINTE)=FT(NTE +1)
TIME(NTE)=TIME(NTE ¢ 1)
CONTINUE

FT(5)=F

TIME(5)=T

[IF(T.GT.TSTOP(ITT))GO TO 333

DETERMINE SCALING OF AXIS

SNE=AMINL (SNE+F)
BPO=AMAX1(BPO,F)

DO 412 NTE=2,5
DJAA=ABS(FT(NTE-1)-FT(NTE))
IF(DJAA.GT.(ABS(FT(1))*.00000001))GOTO 49
CONTINUE

TEND=TIME(Ll)$ TEST=1.0

GO TO 327

TEND=TSTOP(ITT)$ TEST=1.0

GO 10 327

CONTINUE

IF{BEST.EQ.1.0) GO TO 399
IF(YSTA(ITT)eEQeO0e0«AND.YSTOP(ITT).EQ.0.0)G0OTO305
BPO=YSTOP(ITT)

SNE=YSTA(ITT)

CONTINUE

FI=50.0/(BPO-SNE)
FJ=120.0/(TEND-TSTA(ITT))
BEST=1.0

CONTINUE

TF=F

WRITE(6,72)T,TF, DELTA,DELTAT
FORMAT(LH 44X ,2F15.496Xy2F9.4)
Al={FI*(TF-SNE))+10.0
IF(Al.GT.100000. )G0T0450
I=IFIXC(AL)
IF(GEST.EQ.1.0)G0T039
IPT=8PO

SZRO=(BPO~-SNE)/50.0

DO 350 KT=1,50
1AP=AMIN1{ZAP,ABS(ZIPT))
IPT=IPT-SIRO

CONTINUE

L1=(FI*(ZAP-SNE) )+10.0
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JA=IFIX{ZI) 420

DO 92 J=10,130,5 421

92 GRAPH{JA,J)=00T 422
GEST=1 423

39 CONTINUE 424
8J={FJe(T-TSTA(ITT)))+10.0 425
IF{8J.6T.100000.00)G0TO 450 426
J=IFIX{8J) 427
IF{TF.EQ.SNE) [I=10 428
IF(TF.EQ.BPO) 1=60 429
IF{TLEQ.TSTA(ITT)) J=10 430
IF{T.EQ.TENO) J=130 431
IF{1.GEe10sANO.I e LE460.ANO.JoGEs10.AND.J.LE.130)GO TO 400 432

GO T0 450 433

400 GRAPH{I,J)=X 434
450 CONTINUE 435
IF({T.GE.TEND)GO TO 666 436

€ FINO OERIVATIVE AT T=T AND T=T+DELTAT 437
49 FP=0.0 438
00 178 I=1,L 440
E=EXP(-ALPHA(I)*T) 441
IF{BETA{I1))180,181,180 442

c COMPLEX - BETA NOT ZERO 443
180 FP=FP+AORSB{1)*E*COS{BETA{I)*T+THORC(I))*BETA(I) 444
1 -AORB{I)*ALPHA{TI)*E*SIN{BETA{]) *T+THORC(I)) 445

GO 10 178 446

c REAL - BETA ZERO 447
isl FP=FP—ALPHA{1)*AORB(I)*E 448
IF{K{I)eEQe2)FP=FP+THORC(I)*E*(1.0-ALPHA(]I)*T) 449
IF(K{I)eEQe3)FP=FP+POTOP(I)*E*{2.0*T—ALPHA(I)*T*T) 450

178 CONTINUE 451
AX=2,0%FP 452
Y=T+DELTAT 453
FP=0.0 454

D0 278 I=1,L 455
E=EXP{-ALPHA(I)*Y) 456
IF{BETA(1))280,281,280 457

280 FP=FP+AORB(1)*E*COS(BETA{I)*sY+THORC(1))*BETA(I) 458
1 -AORB(I)*ALPHA{I)*E*SIN(BETA(I)*Y+THORCI(I)) 459

GO 10 278 460

281 FP=FP-ALPHA{I1)*AORB( I)*E 461
IF(K{I)eEQe2)FP=FP+THORC(I)*E*{]1.0-ALPHA{I)*Y) 462
IFIK{I)EQe3)FP=FP+PDTOP (1) *E*(2.0%Y-ALPHA(I )*Y2Y) 463

278 CONTINUE 464
FP=2.,0#*FP 465
OELTA=A8S{ATAN{AX)-ATANI(FP)) 466

c END DERV. EVAL. 467
IF(DELTA.GE.0.05)G0 TO 50 468
T=T+DELTAT 469
IF{T.GE.TEND)T=TENO 470
DELTAT=1.500%0ELTAT 471

GO TO 67 472

50 IF(OELTAGE«Os15.AND«DELTATGEL(TSTOP{ITT)-TSTALITT))/ 473
1120.0)G0 T0O 6C 474
T=T+DELTAT 475
IF{T.GE.TENO)T=TENO 476

GO 10 67 477

60 DELTAT=DELTAT/2.0 478
GO TO 49 479

666 WRITE(6,120)TSTA{ITT)TENO,TSTOP(ITT) 480
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120

29
30

680

FORMAT(1H1, 11HSTART TIME=,F10,.,4, 10X, LTHACTUAL STQP TIME=,F10.4,

110X, 19HPROPOSED STOP TIME=,F10.4)
WRITE(6,48)
FORMAT(LH 44X, 4HF(T) /)
VALY=BPO
SCAY=(BPO-SNE)/50.0
DO 29 11=1,51
[=61-11
WRITE(6,30) VALY, (GRAPH(I,J)4J=10,130)
VALY=VALY-SCAY
CONTINUE
FORMAT(LIH ,FB8.3,1X,121A1)
SCAX={TEND-VALT(1))/12.00
00 680 LAX=2,13
VALT(LAX)=VALT{LAX-1)+SCAX
WRITE(6+5) (VALT(LAX) sLAX=1,13)
FORMAT(1H 42X+12F10.3,F9.3)
WRITE(6,7)
FORMAT(LlH ,/,50X, 14HREAL TIME(SEC))
TAKE ANOTHER SET OF DATA
RETURN
END
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APPENDIX B

FLOW CHART OF PROGRAM
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