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PREFACE

The Engineering Design Handbook of the Army Materiel Command is a
coordinated series of handbooks containing basic information and funda-
mental data useful in the design and development of Army materiel and
systems. The Handbooks are authoritative reference books of practical
information and quantitative facts helpful in the design and development of
materiel that will meet the needs of the Armed Forces.

This Handbook replaces AMCP 706-282, Propulsion and Propellants
Handbook; it is not merely a revision to up-date the text material. As
suggested by the title, the main emphasis has been placed on propulsion.
However, the properties and characteristics of both liquid and solid
propellants have been updated and are included in the text.

The Handbook is divided into two parts: Part One ‘“Chemical Rocket
Propulsion™ and Part Two * \ir-breathing Jet Propulsion Engines”. Part Two
— devoted to air-breathing engines, other than piston engines, employed for
propelling winged aircraft, helicopters, and target drones — represents the
new addition.

This Handbook was prepared for the U. S. Army Materiel Command.
The text was authored by Dr. Maurice J. Zucrow under contract with Duke
University. Technical assistance was provided by Mr. J. Swotinsky and Mr. E.
Costa, both of Picatinny Arsenal, and Mr. W, D. Guthrie, U. S. Army Missile
Command.

The Handbooks are readily available to all elements of AMC including
personnel and contractors having a need and/or requiremeht. The Army
Materiel Command policy is to release these Engineering Design Handbooks
to other DOD activities and their contractors, and other Government
agencies in accordance with current Army Regulation 70-31, dated 9
September 1966. Procedures for acquiring these Handbooks follow:

a. Activities within AMC and other DOD agencies should direct their
request on an official form to:

Publications Distribution Branch
Letterkenny Army Depot

ATTN: AMXLE-ATD
Chambersburg, Pennsylvania 17201

XXXV11i
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PREFACE (Continued)

b. Contractors who have Department of Defense contracts should

submit their request, through their contracting officer with proper justifica-
tion, to the address indicated in par. a above.

¢. Government agencies other than DOD having need for the

Handbooks may submit their request directly to the Letterkenny Army
Depot, as indicated in par. a above, or to:

Commanding General

U. S. Army Materiel Command
ATTN: AMCAD-PP

Washington, D. C. 20315

or

Director

Defense Documentation Center
ATTN: TCA

Cameron Station

Alexandria, Virginia 22314

Industry not having a Government contract (this includes

Universities) must forward their request to:

Commanding General

U. S. Army Materiel Command
ATTN: AMCRD-TV

Washington, D. C. 20315

e. All foreign requests must be submitted through the Washington,

D.C. Embassy to:

XXXviii

Office of the Assistant Chief of Staff
for Intelligence

ATTN: Foreign Liaison Office

Department of the Army

Washington, D. C. 20310
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All requests, other than those originating within DOD, must be
accompanied by a valid justification.

Comments are invited and should be addressed to Commanding Officer,

U. S. Army Research Office—Durham, Box CM, Duke Station, Durham,
North Carolina 27706.

XXX1x/x1
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PART ONE
CHEMICAL ROCKET PROPULSION

CHAPTER 1

CLASSIFICATION AND ESSENTIAL FEATURES OF ROCKET
JET PROPULSION SYSTEMS

1-0 PRINCIPAL NOTATION FOR CHAPTER 1*

A cross-sectional area

cross-sectional area of nozzle
exit section

AF frontal area
D drag, Ib
F thrust, Ib

m mass, slug

m mass rate of consumption,
slug/sec
ri1p mass rate of propellant consump-
tion
Pc gas pressure at entrance to exhaust
nozzle (combustion pressure)
Pe pressure in exit plane of the exhaust
nozzle
TSFC thrust specific fuel consumption, 1b
of fuel per hr per Ib of thrust
u, velocity of propellant gas at en-

trance cross-section of exhaust
nozzle

*Any consistent set of units may be employed; the units
presented here are for the American Engineers System (see
par. 1-7).

velocity of propellant gas at

u
€ exit cross-section Ae of exhaust
nozzle
w weight, 1b

Wg dry weight of rocket engine
1-1 PURPOSE AND SCOPE OF HANDBOOK

This handbook is intended to provide a
general description of the characteristics and
design features of the propulsion systems for
missiles and aircraft either employed in or being
developed for weapon systems of interest to the
Department of the Army. The handbook
assumes that the reader has a technical
background equivalent to the bachelor’s degree
in either engineering, physics, or chemistry, but
no previous experience in either propulsion or
propellant technology.

For convenience the handbook is divided
into the following two parts:

PART ONE CHEMICAL ROCKET

PROPULSION
and

PART TWO AIR-BREATHING
JET PROPULSION

ENGINES
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1-2 SCOPE OF THE FIELD OF PROPULSION

Since World War II there has been a
field of
propulsion particularly as applied to aircraft,

tremendous broadening of the
missiles, space vehicles, and reaction control
devices. An appreciation of the scope of propul-
sion as a technology can be inferred by examin-
ing Table 1-1.

Piston and turboprop engines (see A<(1) and
A-(4), Table 1-1) employ propellers for develop-
ing the propulsive force, called the thrust. In
such systems the propeller is the propulsive
element of the system. A system which utilizes a
propeller for producing thrust is termed propel-
ler propulsion. The turboshaft engine is em-
ployed for powering the rotors of helicopters
and as a general gas turbine powerplant.

TABLE 1-1

CLASSIFICATION OF PROPULSION ENGINES

A. AIR-BREATHING CHEMICAL SYSTEMS

(1) Piston Engine-Propeller Systems
(2) Turboshaft Engine

(3) Regenerative Turboshaft Engine
(4) Turboprop Engines

(5) Turbojet Engihes

(6) Ramjet Engines

(7) Turbofan or By-pass Engines
(8) Turbo-ramjet Engines

B. AIR-BREATHING NUCLEAR ENGINES

(1) Nuclear Turboprop Engines
(2) Nuclear Turbojet Engines
(3) Nuclear Ramjet Engines

C. ROCKET PROPULSION SYSTEMS (NON-AIR-BREATHING SYSTEMS)

(1) Chemical Rocket Propulsion Systems

(2) Nuclear (Heat-transfer) Rocket Engines

(3) Electric Rocket Engines
D. COMPOSITE PROPULSION SYSTEMS

(1) Hybrid Type Rocket Engines

(2) Combinations of Chemical Rocket Engines Using Atmospheric Air

1-2




All of the propulsion systems listed in Table
1-1, except A<1), A{2), and A-3), utilize the
jet propulsion principle, discussed in par. 1-3,
for developing propulsive thrust. It should be
noted, however, that a turboprop engine de-
velops a portion of its thrust by jet propulsion
and the balance by propeller propulsion.

1-3 THE REACTION PRINCIPLE? *

The verb to propel means to drive or push
forward or onward, and the force which propels
a body is called the thrust, and is denoted by F.
Experience has demonstrated that every method
for propelling a body in either a fluid medium or
in space is basically an application of Newton’s
reaction principle. According to that principle,
forces always occur in equal and opposite pairs;
i.e., to every action (force) there is an equal, but
oppositely directed, reaction (force). Thus,
swimming in water, rowing a boat, the screw
propelling a ship, the propeller causing the flight
of an airplane, and jet propulsion are examples
of the application of the reaction principle to
propulsion problems.

In each of the above examples, the applica-
tion of the reaction principle involves increasing
the momentum of a flowing mass of fluid in one
direction so that the reaction to the action force
causing the fime rate of increase in the momen-
tum of the fluid produces a thrust for propelling
the body. Hence, the thrust acts in the direction
of the desired motion for the body and is
produced by increasing the momentum of a
flowing fluid in the direction opposite to that
desired for the body.

1-4 THE JET PROPULSION PRINCIPLE' '

Jet propulsion differs from other propulsion
methods in that the rate of increase in the
momentum of the propulsive fluid is achieved
by causing that fluid to be ejected from within
the propelled body in the form of a high speed

*Superscript numbers refer to References at the end of the
Chapter.
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fluid jet. A characteristic of all other propulsion
schemes is that the propulsive fluid is caused to
flow around the propelled body as, for example,
in the case of an airplane propeller. Hence, the
thrust produced by a jet propulsion engine is the
reaction produced by accelerating a propulsive
fluid as it flows from the inlet section of the
engine through the exist planes of one or more
suitable exhaust nozzles. The high speed jet of
fluid ejected from an exhaust nozzle is termed a
propulsive jet and the fluid comprising the jet is
called a propellant.

There is no restriction, at least in the
abstract, upon the material which can be used
for producing the propulsive jet. It may be a
liquid, a vapor, solid particles, the gas produced
by a chemical reaction, a plasma, ions, electrons,
and combinations thereof’ **. The choice of the
most appropriate propellant materials is dictated
by the propulsion requirements of the mission.

A common feature of all of the propulsion
systems for propelling either missiles or aircraft
is that the propulsive element of the system is
the exhaust nozzle (or nozzles), also called the
propulsive nozzle.

1-5 CLASSIFICATION OF JET PROPULSION
SYSTEMS

For propelling either an aircraft or a missile
in and through the atmosphere surrounding
earth, the most suitable fluid for forming the
propulsive jet is a hot gas. Consequently, the jet
propulsion engines for propelling such vehicles
are basically devices for producing a hot gaseous
propellant. They may be grouped into two
broad classes depending upon the method em-
pl(iygd for producing the hot gaseous propulsive
jet 7.

In general, every jet propulsion system that
uses a hot gaseous exhaust jet as its propulsive
jet comprises two principal subassemblies: (1) a
hot gas generator and (2) an exhaust nozzle, the
propulsive element. Regardless of its com-
plexity, the only function of the hot gas
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generator is to supply a gas at the desired
pressure, temperature, and mass flow rate to the
propulsive nozzle.

Because there are different methods and
means for producing the hot gaseous propellant,
there can be differences in the thermodynamic
cycle for producing the hot gas. Consequently,
the different types of jet propulsion systems for
propelling aircraft and missiles are related to the
design of the hot gas generator. In general, the
jet propulsion systems employing hot gaseous
propulsive jets can be divided into two groups:

(1) Air-breathing Jet Propulsion Systems
(2) Rocket Jet Propulsion Systems

Hereafter, the above will be termed air-breathing
jet engines, and rocket propulsion systems,
respectively. Obviously, air-breathing jet engines
can propel vehicles only within the atmosphere
of earth, and have maximum altitudes (or
ceilings) above which they are inoperable.
Rocket propulsion systems, on the other hand,
since they do not use atmospheric air in their
functioning, can be employed for propelling
vehicles in any environment; i.e., in the atmo-
sphere of earth, in space, and in or on water.

1-5.1 AIR-BREATHING JET ENGINES

A basic characteristic of an air-breathing jet
engine is that it inducts atmospheric air contin-
uously so that its propulsive (exhaust) jet
contains air as a major ingredient. If the heating
of the inducted air is accomplished by burning a
fuel with it (a liquid hydro-carbon, a cryogenic
fuel such as either liquid hydrogen or liquid
methane, or a solid fuel); the propulsion engine
is called a chemical air-breathing jet engine. The
propulsive jet in that case contains a small
amount of combustion products admixed with
the hot air

If the inducted atmospheric air is heated by
heat-transfer, either direct or indirect, with a

1-4

nuclear source of energy the propulsion engine is
termed a nuclear air-breathing jet engine. The
name air-breathing jet engines as employed
hereafter will refer to the chemical engines.
There will be no discussion hereafter of the
nuclear air-breathing engines.

All air-breathing jet engines utilize one or
more of the following gas dynamic processes in
their functioning:

(1) The induction of atmospheric air.

(2) Compression of the inducted air by
diffusion, i.e., by converting the kinetic
energy of flowing air into a rise in static
pressure.

(3) Adiabatic flow with friction.

(4) Compression of the flowing air by trans-
ferring energy to it as it flows through
some form of turbo-compressor, axial
flow or radial flow machine.

(5) Heating of the compressed flowing air by
burning it with a fuel, usually a liquid
fuel.

(6) Expansion of the compressed heated air,
admixed with combustion products, in
some form of turbine which furnishes
the power for driving the compressor.

(7) Expansion of the hot propellant gas in
an appropriate exhaust nozzle and its
¢jection to the surroundings, as a pro-
pulsive jet.

In view of its utilization of one or more of
the above processes in its functioning, an air-
breathing jet engine is frequently referred to as a
gas dynamic propulsion engine.

Air-breathing jet engines may be grouped
into two main groups:

(1) Propulsive duct jet engines which em-
ploy no machinery in the hot gas gener-
ator.

(2) Gas-turbine jet engines which employ
machinery in the hot gas generator.




Fig. 1-1 is a block diagram illustrating the
essential elements of an air-breathing jet engine.
In a propulsive duct jet engine, the air compres-
sion is due entirely to diffusion, the conversion
of the kinetic energy associated with a flowing
fluid into static pressure rise, and the turbine
element is omitted. The components I, IT and 111
coact to form the hot gas generator.

In a gas-turbine engine the components I, II,
III,and IV coact to form the hot gas generator.
The air heating system III for either type of
engine is termed either the burner or the
combustor.

Detailed discussions of the different types of
air-breathing jet engines are presented in Part
Two of this handbook.

1-5.2 ROCKET JET PROPULSION SYSTEMS

By definition, a rocket jet propulsion system
is one which does not use any atmospheric air in
producing the hot gaseous propulsive jet. Conse-
quently, a rocket propulsion system can propel
bodies both within and beyond the atmosphere
of earth. Air-breathing jet engines can function

only within that atmosphere® *®*®

Fig. 1-2 illustrates diagrammatically the es-
sential elements of a rocket jet propulsion
system. It comprises the following:

(1) A supply of a propellant material (or
materials) stored in appropriate tanks
carried in the rocket-propelled vehicle.

(2) Means for metering the rate at which the
propellant material is forced into the
rocket motor, wherein energy is added
to it.

(3) One or more rocket motors (also called
thrust chambers, thrusters, or acceler-
ators) from which the propulsive high
speed jet is ejected to the surroundings.

AMCP 706-285

In every rocket propulsion system, irrespec-
tive of its type, means must be provided for
adding energy to the propellant material as it
moves through the rocket motor.

Refer to Fig. 1-2. Propellant material from
the Propellant Supply (A) is metered and fed by
the Feed and Metering System (B) to the Rocket
Motor (C), wherein energy is added to the
propellant material. As a consequence of the
energy addition, a propellant gas is ejected from
the rocket motor as a propulsive jet. Accord-
ingly, a thrust force, denoted by F, is produced
acting in the direction opposite to that for the
jet velocity, denoted by ug; the latter is mea-
sured with respect to the walls of the rocket
motor.

If one considers rocket jet propulsion from
the broadest point of view so that it includes
space propulsion engines, then consideration
must be given to the feasibility of utilizing one
or more of the following forms of energy for
propulsion purposes: (a) chemical energy,
(b) solar energy, (c) nuclear energy, and (d) elec-
trical energy9 .

1-5.3 CLASSIFICATION OF ROCKET PRO-
PULSION SYSTEMS

Rocket propulsion systems may be grouped
in accordance with the forms of energy they use
in their functioning. Thus there are four groups:

(1) Chemical Rocket Propulsion Systems
(2) Solar Energy Rocket Engines

(3) Nuclear (Heat-transfer) Rocket
Engines

(4) Electrical Rocket Engines

The discussions in Part One of this hand-
book will be limited to chemical rocket propul-

sion systems; hereafter referred to as rocket
propulsion systems.
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1-5.4 CHEMICAL ROCKET PROPULSION
SYSTEMS

Only the chemical types of rocket propul-
sion systems have achieved operational realiza-
tion and have a broad, well-developed tech-
nology. Chemical rocket propulsion systems
have the following two characteristics:

(1) They utilize chemical reactions in the
thrust chamber to produce a high pres-
sure high temperature propellant gas at
the entrance plane of a converging-
diverging exhaust nozzle.

(2) The propellant gas is expanded as it
flows through the exhaust nozzle and is
ejected to the surroundings as a super-
sonic gaseous propulsive jet.

The expansion in the exhaust nozzle is a
thermodynamic process by which approximately
one-half of the enthalpy released by the chemi-
cal reaction is converted into the kinetic energy
associated with the supersonic gaseous propul-
sive jet. Chemical rocket jet propulsion systems
belong to a class of propulsion systems which
are frequently termed thermodynamic jet pro-
pulsion systems.

In a thermodynamic rocket jet ropulsion
system, as in an air-breathing jet engine, (see par.
1-5.1) all of the components except the exhaust
nozzle constitute a hot-gas generator for supply-
ing a high pressure, high temperature gas to a
converging-diverging exhaust nozzle (see Fig.
4-6).

The amount of energy that can be added to
the propellant gas produced by a chemical
reaction is limited by the nature of the chemical
bonds of the reactants and products. For that
reason chemical rocket propulsion systems are
frequently referred to as energy-limited rocket
propulsion systems®. It is because of this energy
limitation that consideration must be given,
especially for space propulsion engines, to

AMCP 706-285

thrust-producing systems in which larger
amounts of energy can be added per unit mass
of the consumed propellant. As to be expected,
when sources of larger amounts of energy are

considered, atomic energy is a prime contender.

1-6. ESSENTIAL FEATURES OF CHEMSIC(’AQL
ROCKET PROPULSION SYSTEMS "’

The general operating principle of a chemical
rocket motor can be demonstrated by consider-
ing the fin-stabilized solid propellant rocket
motor illustrated in Fig. 1-3.

As the solid propellant burns it produces
tremendous quantities of hot gas. If the propel-
lant burns in a closed chamber, such as that
illustrated in Fig. 1-4(A), the gas pressures inside
the chamber are balanced in all directions and
no thrust is developed. Assume now that a small
hole is opened in the chamber, as illustrated in
Fig. 1-4(B), and that the propellant burns at a
constant rate. Under these conditions the com-
bustion pressure inside the chamber, denoted
by P, remains constant (a short time after the
grain is ignited) at a value governed by the area
of the hole and the rate, denoted by rhp, at which
the propellant burns. At the hole in the chamber
there is an escape of gas and the latter has no
surface against which it can push. Hence, there is
an unbalanced force or thrust, denoted byF,
acting to the left. In a practical rocket motor the
hole (see Fig. 1-4(B)) is replaced by a
converging-diverging nozzle, termed a De Laval
nozzle, as illustrated in Fig. 1-4(C). Conditions
are similar if the hot gas is produced by burning
one or more liquids rather than by burning a
solid material. In any case the main objective is
to produce a propulsive jet having the largest
ejection velocity.

Because the gas pressure P at the entrance
to the exhaust nozzle is normally several times
that of the surroundings into which the propel-
lant gas is discharged, the velocity of the
propulsive jet is supersonic. Furthermore, the
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mean velocity of the gas crossing the throat
section may be assumed to be equal to the local
speed of sound (see Chapter 3).

The following two characteristics of a rocket
jet propulsion system are mainly responsible for
the fundamental differences in its operation and
in that of an air-breathing jet engine?*>.

(1) A rocket propulsion system consumes no
atmospheric air.

(2) The thrust developed by a rocket jet
propulsion system depends almost en-
tirely upon the velocity of the propulsive
jet, while the thrust of an air-breathing
jet engine depends upon the difference
between the momentum of the propel-
lant gas leaving and entering the engine.

Because of the above two characteristics, rocket
jet propulsion systems have the following ad-
vantages compared with other jet propulsion
systems:

(1) The thrust is essentially independent of
flight speed and altitude.

(2) The thrust per unit of cross-sectional
area F/AF is the largest for all known
types of propulsion systems.

(3) The thrust per unit of engine weight
F/WE is the largest for all known types
of propulsion systems.

(4) A rocket jet propulsion system has no
altitude ceiling.

Experience has amply confirmed the predic-
tions of the pioneers in rocketry, that from a
propulsion standpoint, all of the space missions
so far conceived can be achieved by properly
applying the rocket jet propulsion principle,
hereafter termed rocket propulsion.

Because the oxygen for burning with the
fuel is not obtained from the surrounding
atmosphere, the rate at which a rocket propul-
sion system consumes its propellant materials

1-10

(fuel plus oxidizer) is several times the rate at
which an air-breathing jet engine consumes fuel,
in developing an equivalent thrust.

The most important parameters governing
the flight speed of a propelled vehicle are:

(1) F/Ag - the thrust per unit of frontal
area, and

) F/WE-the thrust per unit of engine
weight.

As mentioned earlier, judged by the above
parameters rocket propulsion is unsurpassed.

The range of flight for winged aircraft
depends in large measure upon the thrust spe-
cific fuel consumption (TSFC) of the propulsion
system, measured in pounds of fuel per hour per
pound of thrust. To obtain a long range for a
rocket-propelled vehicle, such as an inter-
continental guided ballistic missile (ICBM), a
trajectory must be utilized which takes ad-
vantage of its large values of F/AR and F/WE,
but minimizes the adverse effects of its large
TSEC. To achieve a long range, the large thrust
of the rocket engine is utilized for propelling the
vehicle to a very high altitude (several tens of
miles) and for imparting to it a very large
velocity (several thousands of feet per second),
at the end of the operating period for the rocket
engine, termed the powered flight. The velocity
at the end of the powered flight is called either
the cut-off velocity, burnout velocity, or burned
velocity. The kinetic energy of the vehicle after
it reaches the cut-off velocity is then used for
coasting along a ballistic trajectory®.

1-6.1 CLASSIFICATION OF ROCKET PRO-
PULSION SYSTEMS

It is convenient to group rocket propulsion
systems into four principal categories:

(1) Liquid bipropellant rocket engines

(2) Liquid monopropellant rocket engines




r
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(3) Solid propellant rocket motors
(4) Hybrid rocket engines

Brief descriptions of the above engines will
be presented in this chapter, primarily for
identification purposes.

1-6.2 LIQUID BIPROPELLANT ROCKET EN-
GINE

Fig. 1-5 illustrates the essential elements of a
liquid bipropellant rocket engine employing a
turbo-pump (a gas turbine driving the propel-
lant pumps) for feeding a liquid fuel and a liquid
oxidizer to a rocket motor. Fig. 1-6 illustrates
the principal elements of an uncooled liquid
bipropellant rocket engine.

1-6.3 LIQUID MONOPROPELLANT ROCKET
ENGINE

Fig. 1-5 also illustrates schematically the
essential elements of a monopropellant rocket
engine, if one removes the oxidizer supply tank,
oxidizer pump, oxidizer lines, etc. A mono-
propellant contains the oxygen for combustion
in either its chemical or physical structure, or
both. Consequently, an oxidizer supply, meter-
ing, and feed system is unnecessary. °

1-6.4 SOLID PROPELLANT ROCKET
MOTOR

Fig. 1-7 illustrates diagrammatically a solid
propellant rocket motor employing an internal-
burning case-bonded solid propellant grain; the
latter burns radially at a substantially constant
rate. A solid propellant contains both its fuel
and the requisite oxidant for burning it, either in
the solid propellant molecule (double-base pro-
pellants) or as an intimate mechanical mixture
(termed either a heterogeneous or composite
propellant), (see Chapters 7 and 8 for details).
The chemical reaction is initiated by means of
an electrically fired igniter.

1-6.5 HYBRID ROCKET ENGINE

Fig. 1-8 illustrates diagrammatically the es-
sential elements of one form of hybrid (chem-
ical) rocket engine. The solid propellant grain,
which may or may not contain a small amount
of oxidizer, is reacted with a liquid oxidizer and
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burns in the radially outward direction at a
substantially constant rate. Of course, the re-
verse of the above is possible.

Of the chemical rocket propulsion systems
presented above, only the liquid bipropellant
engine and the solid propellant rocket motor
have attained an operational state of develop-
ment for missile propulsion. Thus the ATLAS
and TITAN ICBM’s employ liquid bipropellant
rocket engines; the MINUTEMAN ICBM and
POLARIS IRBM utilize solid propellant rocket
motors. Monopropellant engines have found
application in reaction control devices.

Table 1-2 lists some Army weapons which
employ rocket propulsion systems.

1-7 UNITS OF MEASUREMENT

The units of measurement employed in this
handbook, unless specifically stated to be other-
wise, are listed below:

Dimension Symbol Unit of Measurement
MASS M 1 slug

FORCE F 1 pound (Ib)
LENGTH L 1 foot (ft)

TIME T 1 second (sec)

The following tables pertinent to units and
measurement are presented in the Appendix B
to this handbook:

Table B-1 Abbreviations for Principal
Units of Measurement

Table B-2 Systems of Dimensions,

Their Units and Conversion
Factors

Table B-3 Conversion Factors (Ameri-
can Engineers System of
Units)

‘Table B-4 Dimensional Formulas and

Units
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DIRECTION OF BURNING
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Figure 1-7. Essential Elements of an Internal-burning Case-bonded Solid Propellant Rocket Motor
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Figure 1-8. Essential Features of a Hybrid Chemical Rocket Engine
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TABLE 1-2

ROCKET-PROPELLED WEAPONS

NAME STATUS PROPULSION
SURFACE-TO-SURFACE MISSILES
HONEST JOHN 0 Single Stage SPRM
LITTLE JOHN 0 Single Stage SPRM
PERSHING 0 Two Stage SPRM
SERGEANT 0 Single Stage SPRM
LANCE ED Storable LPRE

SURFACE-TO-AIR MISSILES

REDEYE 0 Dual Stage SPRM
HAWK (MIN-234) 0 Dual Stage SPRM
CHAPPARAL ED SPRM

NIKE HERCULES (MIM-14B) 0 Two Stage SPRM
SPRING ED Two Stage SPRM
SPARTAN ED Three Stage SPRM

ANTITANK MISSILES

SHILLELAGH 0 SPRM

MAW ED SPRM

TOW ED SPRM

M72 ROCKET GRENADE 0 SPRM

ENTAC 0 SPRM

0 - Operational; SPRM - Solid Propellant Rocket Motor; LPRE - Liquid Propellant Rocket Engine;
ED - Engineering Development
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AMCP 706-285

MOMENTUM THEORY APPLIED TO PROPULSION

2-0 PRINCIPAL NOTATION FOR CHAPTER 2*

A

A

Uy

h

cross-sectional area

cross-sectional area of inlet to a propul-
sion system

cross-sectional area of exit section of ex-
haust nozzle

effective jet velocity, fps

diameter

drag force, Ib

fuel-air ratio

thrust or net external force acting on a
body of fluid enclosed by a control sur-
face S, 1b

magnitude of the force vector E , Or
thrust developed by a propulsion sys-
tem, Ib

available thrust, 1b

net external force, 1b

local acceleration due to the gravitational
attraction of earth, ft/sec?

gravitational correction fac-
tor = 32.174 slug-ft/1b-sec?®

static specific enthalpy, B/slug

*Any consistent set of units may be employed; the units
presented here are for the American Engineers System (see
par. 1-7).

hO

AH,

AHp

.

sp

L= Yemie

3

total or stagnation specific enthalpy
lower heating value of a fuel, B/slug

calorific value of propellant material,
B/slug

unit vector along x-axis

F/g crha = specific thrust or air specific
impulse, sec

F/gcrhf= fuel specific impulse, sec
F/w=F/(w_+ Wf) = specific impulse, sec
unit vector along y-axis

unit vector along z-axis

mass, slug

mass rate of flow of propellants, slug/sec
mass rate of flow of fuel, slug/sec

mass rate of flow of air, slug/sec

mass rate of flow of oxidizer, slug/sec

momentum vector

dM/dt = rate of change of momentum,
slug ft/sec?

unit vector along normal to a surface;
positive direction is outward from surface

static pressure intensity, psia

2-1
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Pe

Y-

qn

(R

static pressure intensity in exit area A,
of exhaust nozzle, psia

static pressure of the surroundings
static pressure intensity, psf

static pressure in area Aes psf
propulsive power, ft-Ib/sec
required power output

thrust power, ft-1b/sec

exit loss associated with propulsive jet,
ft-1b/sec

power loss, ft-1b/sec
velocity vector
magnitude of velocity vector, fps

normal velocity, normal to a flow area,
fps

volumetric rate of flow, cfs

m,/m_= mixture ratio of a propellant
material combination

resultant force vector due to the inter-
action of the internal flow with surfaces
of the propulsion system, Ib

magnitude of R, Ib

static specific entropy

area of a control surface, or a projected
area, sq ft

time, sec

velocity component parallel to x-axis, fps

u, velocity of jet crossing area A, of ex-
haust nozzle, fps
V  control volume, i.e., volume inclosed
by S
V, flight speed, fps
Vj effective jet velocity
v velocity of a fluid parallel to y-axis, fps
w velocity of a fluid parallel to z-axis, fps
W body force = mg
w weight rate of flow, Ib/sec
w, weight rate of flow of atmospheric air,
Ib/sec
v'vf weight rate of flow of fuel, 1b/sec
w, weight rate of flow of oxidizer, Ib/sec
X net external force in direction of
x-axis, 1b
Y net external force in direction of
y-axis, 1b
Z net external force in direction of
z-axis, 1b
z altitude or elevation, ft
GREEK LETTERS
a angle between velocity vector and nor-
mal to flow cross-section
B m,y/m, = the bypass ratio
n efficiency
nE energy conversion efficiency




n_ overall efficiency of propulsion system
n.. propulsive efficiency
ideal propulsive efficiency
N thermal efficiency
v V, /Vj = effective speed ratio
p density, slug/ft
¥ characteristic property of a flowing
fluid inside control volume, per unit

volume

SUBSCRIPTS

a air
amb ambient or air, as specified in test
e exit area of exhaust nozzle
f fuel
o oxidizer
i internal

o undisturbed atmosphere

2-1 MOMENTUM THEOREM OF FLUID
MECHANICS

Fig. 2-1 illustrates diagrammatically a region
of a fluid flow field that is enclosed, at the
instant t = t,, by a fictitious stationary control
surface S. The volume of the fluid instanta-
neously enclosed by § is termed the control
volume and is denoted by V. At some later in-
stant of time, t = t, +dt, the same mass of fluid
is no longer enclosed by S, due to fluid entering
and leaving the control volume V, as illustrated in
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Fig. 2-2. Consequently, at the instant t = t, +dt
the mass of fluid enclosed by S at t = t, is now
enclosed by the fictitious surface S’.

When a fluid flows into or out of a control
volume it can transport, in addition to its mass,
other characteristics or properties associated
with its mass; such as momentum, energy,
enthalpy, entropy, etc. It is assumed in all of the
discussions which follow that the fluid is a
continuum!.

2-1.1 TRANSPORT OF A FLUID PROPERTY
ACROSS A CONTROL SURFACE. If ¥ de-
notes a characteristic property of a flowing fluid
per unit volume, that is transported across a
control surface S (see Fig. 2-1) then

(\IJV)—— f\lde+ f\Pq ndS (21

where

_(q,V) = the flow or particle derivative
of ¥V

9 / ¥dV = the local rate of change of ¥;
9 v i.e., the rate at which ¥, fluid
property per unit volume,
changes inside the control vol-
ume V

-

\Ifg . EdS = the convective rate of change of
¥ due to fluid crossing the
control surface S; i.e., leaving
and entering V

q= 1u + _|v + kw = the velocity
Vector at the point under con-
sideration

i, ','5 = unit vectors along the Cartesian
coordinate axis; X,y,z, respec-
tively

2-3
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u,v,w = rectangular components of q
parallel to the x-,y-,z- axis, re-
spectively

unit normal vector at dS, its
positive direction is outward
from V (see Figs. 2-1 and 2-2)

q-n = scalar product of q and n
~ =qcosa ~ ~

q;, = the normal velocity = q cosa

In Eq. 2-1 there is no restriction upon ¥—it
may be either a vector or a scalar. In general, the
right-hand side is the sum of a nonstationary
term and a convective term.

The nonstationary term arises from the fact
that in an unsteady flow the density of the fluid
inside the control volume V varies with the time t.

The convective term expresses the condition
that the mass of fluid entering and leaving the
control volume also transports V¥, the character-
istic or property of the fluid.

Eq. 2-1 is the general form of the integral
equation for determining the rate of change of
¥ for a flowing fluid; it applies to both unsteady
and steady flows. To obtain the corresponding
differential equation, the surface integral in Eq.
2-1 is transformed into a volume integral by
applying the divergence theorem?'3. Thus

f\Ilq -ndS = fdiv(\llq) dv 2-2)
S vV
Substituting Eq. 2-2 into Eq. 2-1, yields
(2-3)

D d .
=9 v+ [ div(¥g)adV
SN == f\pd f iv (¥q)
4 4

2-4

In Eq. 2-3, the differential AV has the same
value in both of the integral terms. Hence

D _f{o¥ .
ot = (E-) + div (\Ilg) 2-4)
V
In Cartesian coordinates?
mv(Wg)=V-(Wg) (2-5)

The operator </, called del or nabla, is

defined by
VE)=E—( )+iay( )tk =) (26)

In the case of steady flow, the nonstationary
terms in Eqs. 2-1 and 2-4 vanish, so that

a—Dt(\I'V)= f‘l'g-gdS (2-7)
S

and

> (V) =div (¥q) = V - (¥q) (2-8)

2-1.2 MOMENTUM OF A FLUID IN STEADY
FLOW. By definition, the momentum of a
flowing fluid of density p, occupying instanta-
neously the control volume V, see Fig. 2-2, is
given by

M=(e¥)q (2-9)
In the subject case, V¥ is given by
M .
¥ = I’—‘/’- = p q = momentum per unit (2-10)

volume

By analogy with Eq. 2-1

D

=

l,

=i% f(pg)dV+ f(pg)g-gdS (2-11)
4 N

(=9
-
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Figure 2-1. Control Surface and Control Volume Enclosing a
Region of a Flowing Fluid
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By analogy with Eq. 2-4, one obtains the
following differential equation:

M _ (aM) .
at \ar) T
|4
If the flow is steady, then

3 _ CM)
3t (pq)dV = Ty =0

|4 |4
For a steady flow—the type of flow assumed
in all of the future discussions unless it is
specifically stated to be otherwise — the integral
equation for the rate of change of momentum is
given by

(2-12)

a (2-13)
i (pq) q - ndS
S
The corresponding differential equation is
dM .
ﬁ =div(pq) q (2-14)

By Newton’s second law of motion, the net
external force acting upon a mass of fluid
instantaneously enclosed by a stationary control
surface § is equal to the rate of change in the
momentum of the fluid.

Let Fext denote the net external force, and

. dM
M= d_~ =the rate of changein the momentum of
t the fluid.
Then
Fext=M= [ (,q) q -ndS (2-15)
S

Eq. 2-15 is a vector equation. It applies to
either a steady or a mean steady flow, and to

steady viscous and nonviscous flows.

2-6

Let X denote the external force acting in the
direction of the x-coordinate axis, and u denote
the fluid velocity in the same direction, then

X= Mx = f(pqn)udS = /;)u(qcosa)dS (2-16)
S

Similar equations can be written for the
forces Y and Z acting in the directions of the y-
and z-coordinate axes, respectively.

Accordingly, the magnitude of the net exter-
nal force Fext is given by

Feyt= VX2 +Y2 472

ex 2-17)

The magnitude of the velocity vector q

q= |g|=\/u2+v2+w2

2-1.3 EXTERNAL FORCES ACTING ON A
FLOWING FLUID. In general, the external
forces acting on a body of fluid can be divided
into two types: (1)surface forces,and (2)body
forces.

(2-18)

Surface forces are those which are distri-
buted over the surface of a body, such as the
pressure exerted by one body on another; as for
example, the hydrostatic pressure in a body of
liquid . The component of a surface force acting
perpendicular to the surface of a body is termed
a normal force, and the component parallel to
the surface of a body is called either a tangential
or a shearing force.

A body force is one which is distributed over
the entire volume of a body of material; for
example, the forces due to the gravitational
attraction of earth, magnetic fields, electrostatic
fields, and the like. In the absence of all fields of
force except the gravitational field of earth, the
net external force Fg,: acting on the fluid
instantaneously enclosed by the control surface
S (see Fig. 2-3) has the following components:

(1) The body force !'V = mg acting toward
the center of earth, due to gravitational
attraction.




(2) The following two surface forces:

(a) The pressure force Ep where

Ep:‘fpﬂds -

S

(P,—ppdS  (2-19)
S

where
(po—pj) = the excess pressure.

(b) The net force R due to contact
between the body of flowing fluid
and solid surfaces.

Hence, the net external force Eext is the
vector sum of the body and surface forces. Thus

F,

Fext=W+FE, +R (2-20)

2-1.4 STEADY FLOW MOMENTUM THE-

OREM. Combining Eqs. 2-13 and 2-19, one
obtains

y—fpgd8+l§= f(pg)qndS (2-21)
N

If the propulsive fluid is a gas W = 0.

Eq. 2-21 is known as the momentum the-
orem of fluid mechanics for a steady flow?.

If X denotes the component of force R in the
x-direction, then from Egs. 2-16 and 2-21

X= /pqnudS+ /pde
S

S

(2-22)

If no solid bodies are wetted by the flowing
fluid and the gravitational attraction of earth is
negligible, the Eq. 2-22 reduces to

qunuds =- f pydS
S

(2-23)
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where u is the velocity of the fluid parallel to
the x-direction,

The application of Eq. 2-21 for determining
the thrust of a jet propulsion system is illus-
trated in par. 2-2.1.

2-2 APPLICATION OF THE MOMENTUM
THEOREM TO PROPULSION SYSTEMS. The
application of Eq. 2-21 to determine the thrust
of a jet propulsion system will now be illus-
trated.

Fig. 2-4 illustrates diagrammatically some
form of air-breathing engine which is held
stationary while atmospheric air flows toward it
with the free stream velocity V,- The stream of
air that enters the engine and wets its internal
surfaces will be called the internal flow. Simi-
larly, the air stream flowing past the external
surfaces or housing of the engine will be termed
the external flow.

The interactions of the internal flow with
the internal surfaces of the engine produce a net
component of force parallel to the longitudinal
axis of the engine, termed the net internal axial
force, and is denoted by Fi' In the relative
coordinate system (see Fig. 2-4), if an axial force
acts in the direction opposite to that for the free
stream velocity, it is called a thrust.

On the other hand, an axial force which acts
in the same direction as the free stream velocity,
in the relative coordinate system, is called an
internal drag and is denoted by D;.

For the external flow, the net force acting
parallel to the longitudinal axis of the engine —
due to the interaction of external flow with the
engine housing — is termed the external drag De.
Hence, the force available for accelerating the
vehicle to be propelled by the air-breathing jet
engine, termed the available thrust F A» 18 given
by

2-7
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Figure 2-3. Forces Acting on a Flowing Fluid
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Figure 2-4. Air-breathing Jet Engine in a Relative Coordinate System
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The available thrust F 4 depends not only
upon the interactions between the internal flow
and the internal surfaces of the engine, but also
upon the configuration of the engine housing, as
dictated by the installation requirements of the
propelled vehicle. It is not a direct measure of
the thrust-producing capability of the engine
(Fi —Di), but involves the design features of
the engine housing.

In a jet propulsion engine the rate at which
propulsive work is performed, termed the pro-
pulsive power, is denoted by P. It is a conse-
quence of causing the internal flow to undergo
suitable energy transformations as it moves
along its flow path. In the case of an air-
breathing jet engine, heat is added to the
atmospheric air flowing through the engine. In a
rocket propulsion system, on the other hand, no
atmospheric air is inducted into the propulsion
system.

2-2.1 GENERAL THRUST EQUATION. It is
desirable that the thrust-producing capability of
a jet propulsion system be expressed in a manner
which is independent of the configuration of the
engine and its installation in the propelled
vehicle. In general terms, the thrust produced by
a jet propulsion system is the resultant axial
component of the static pressure acting upon
the surfaces of the engine wetted by the internal
flow. In determining the thrust it is convenient
to employ a relative coordinate system.

Fig. 2-5 illustrates diagrammatically an arbi-
trary jet propulsion system held stationary in a
uniform stream of atmospheric air having the
velocity V relative to the propulsion system.
The jet propulsion system is shown as a hollow
body of arbitrary shape; it has an inlet area A )
and an exit area Ae, both areas are measured
perpendicular to the velocity V. The ducted
body may enclose struts, burners, rotating
machinery, and may be unsymmetrical. For
simplicity, however, it is assumed to be sym-
metrical with respect to its longitudinal axis; the
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latter is parallel to the x-axis. The positive
direction of the x-axis is in the same direction as
the thrust F. It should be noted that F points in
the same direction as the line-of- flight when the
engine is propelling a vehicle in the atmosphere.

The thrust due to the internal flow, denoted
by F;, is given by

F;= /Pi'E ds;

Si

(2-25)
where

S; = area of internal surfaces wetted by the
internal flow

p; = the internal static pressure
pj-n= axial component of pj

n = unit normal vector in the axial direction

Because it is extremely difficult, if not
impossible, to evaluate the integral in Eq. 2-25,
the thrust F; will be determined by applying the
momentum theorem.

EXAMPLE 2-1.

Determine the thrust of a jet propulsion sys-
tem by applying the momentum theorem of
fluid mechanics (Eq. 2-21).

SOLUTION.

To apply Eq. 2-21, a control surface must be
established. Since the location and configuration
of the control surface is arbitrary, it can be
arranged so that it is convenient for the analysis.

Let §, and S, be two infinite planes drawn
perpendicular to the longitudinal axis of the
propulsion system. Plane S, is located suffi-
ciently far upstream from the propulsion system
so that the static pressure p, acting on S, is
identical with the value it has when there is no
propulsion system between S, and S, .

29
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The infinite plane S, is located where,
except for the area affected by the propulsive
jet, the static pressure over S, is equal to that
over S, .

The following assumptions are introduced:

(1) The atmospheric pressure acting on the
housing of the propulsion system is
uniform.

(2) The internal flow is one-dimensional and
steady.

(3) The body forces are negligible, so that
W=0; this is substantially correct when
the flowing fluid is a gas of low density.

(4) All of the internal flow undergoes identi-
cal thermodynamic transformations and
the addition of energy is uniformly
distributed over its mass flow rate.

(5) All of the openings through which the
internal flow enters the engine can be
replaced by a single equivalent inlet area,
denoted by A, .

(6) All of the openings through which the
internal flow is ejected from the propul-
sion system can be replaced by a single
exit area, denoted by Ag.

(7) The areas A, and A, are normal to the
free stream velocity VO ; the latter is the
relative velocity of the atmospheric air at
the inlet section of the engine.

(8) The engine body is at rest, or moving
with the constant velocity V , at a fixed
altitude.

(9) The relative velocity of the gases ejected
through the exit area Ag, denoted by U,
is normal to and uniformly distributed
over A,. Moreover, u, >V, .
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(10) The external flow is adiabatic and fric-
tionless; i.e., isentropic.

(11) The line-of-flight is coincident with the
free-stream velocity V,, but oppositely
directed.

(12) The static pressure of the fluid crossing
the exit plane of area A, denoted by p,,,
either exceeds or is equal to the undis-
turbed atmospheric pressure p,,.

The internal flow crosses the capture area
A,, located in plane S, and flows through the
bounding streamtube aa' bb’' into the jet pro-
pulsion system. The internal flow is ejected
through the exit area Ag, located in S, ; the
ejection velocity ug is perpendicular to Ae.

The rate of change in the momentum of the
internal flow is given by

Mx = f(pu) Vv, cos a dA (a)
A

where A denotes flow area.

The flow areas, the velocities crossing them,
and the corresponding values of the angle a are
presented in Fig. 2-5. Hence, Eq. (a) above can
be rewritten in the form

M, = f p,V,xV, cosadA
A

1

+ ‘/’sz”(V2 cosa, dA

2

+ fp3V3XV3c05a3 dA
A,

>

+ f p,V,xV,cosa, dA (b)
A4
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In Eq. (b)

178, =T38;,5a,=0

cosa, = cosa,=— 1; cosa, =cosa, =1

P1= P, =Pgi Py = Pei P, =0,

Vix=Vax=Vax=Voi Vix =Y,

The expressions under the integral signs are
constant and uniformly distributed over their
respective flow areas. Hence, Eq. (b) becomes

M, = Agpeug —A, 0, Vi +(S,—Ag)p, Vg
—(S,—A)o, V2 (c)

In Eq. (¢)

(Aghelie —A p Vo) =rate o f
change in the
x-thomentum
for the inter-
nal flow (d)

(Sz—Ae)povg—(Sl—Ao)povg =rate of
change in
X-momentum
for the exter-
nal flow (e)

Because the external flow is isentropic (As-
sumption 9), no external force arises from its
interaction with the external housing. Hence,
Eq. (e) is equal to zero and Eq. (c) reduces to

Mx = peuz Ae—0o VoA, (O
But

PeleAe™ g = mass rate of flow crossing A (8)

and

poA,V,=m,= mass rate of fluid into the jet
propulsion system (h)

Z-12

Hence

M, =M,,-M =m_u,—m V,

1X e e (2-26)

Since it is assumed that the body forces are
negligible (\ﬁ" = 0), the x-component of the
external of the external force acting on the
internal flow is given by

X=R, —fpde=Rx—[—f p,dA
s A

1

—f pOdA+f pedA + fpodA] @

A A A

2 3 4

where, as before

A=A A, =5,-A, A, =Ag A, =S, A,

Hence
X= Rx'—‘(pe—po) Ae 3)
Combining Eqs. 2-26 and (j), yields

R, =m, ue—rhl V, +(pe—Py)Ae (227
where Rx is the action force causing the rate of
change in the momentum of the internal flow.

By the reaction principle (see par. 1-3), the
thrust F = — R,, and acts in the opposite
direction to Ug, as shown in Fig. 2-5. Hence, the
equation for calculating the thrust produced by
a jet propulsion system is

F=m,u,—m V  +(pe—p,) Ae (2-28)

The thrust equations for rocket propulsion
systems are discussed in par. 2-3 and for
air-breathing engines in par. 12-3.

2-2.2 EFFECTIVE JET VELOCITY

It is convenient to eliminate the pressure
thrust from Eq. 2-28. In order to do this, a




fictitious velocity, called the effective jet
velocity ¢ is introduced. It is defined by

F= mec—mOV0 = meue—moV0

+(pe—P,) Ag (2-29)

Hence, the effective jet velocity c is given by*

Ae
c=ug+ (pe—po)n.]— =V, (2-30)

J
e
In the special case where the static pres-
sure p, of the propellant gas crossing Ae is
equal to the atmospheric pressure p, (into
which the jet is ejected), so that Pe = Pg> the
pressure thrust is equal to zero and ¢ = Vj = u,.
2-2.3 EXIT VELOCITY OF THE PROPUL-
SIVE JET

The flow through the exhaust nozzle of a jet
propulsion system, the propulsive element of the
system (see par. 1-5), may be assumed to be
adiabatic. If h® denotes the stagnation (or total)
enthalpy of the propellant gas at the entrance
section of the exhaust nozzle, then

u, = V/2Ah, = V2(h°—h,) (2-3D)

where

h® = stagnation specific enthalpy of the pro-
pellant gas at the entrance cross-section of
the exhaust nozzle.

2-3 THRUST EQUATIONS FOR ROCKET
PROPULSION

In a rocket propulsion system the hot gas
generator is the combustion chamber of the
rocket motor (see par. 1-6.1 and Fig. 1-6). For a
rocket engine M,, = O (see Eq. 2-26). Hence,

*Both ¢ and Vj are employed interchangeably for the effective
jet velocity in the literature on jet propulsion engines. The
symbol ¢ is employed mainly for rocket jet propulsion.
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the axial thrust of a rocket propulsion engine is
given by

F=M,, =mgu, +(p,—Py)A, (Ib) (2-32)
where u, is the velocity of the propulsive jet
perpendicular to Ag, and p, = pyy,p = the static
pressure of the ambient atmosphere. Let

= the mass rate of consumption of oxidizer

mg,

Iﬁf = the mass rate of consumption of fuel

m = rilo +m,= the mass rate of consumption
of propellant materials

Introducing the effective jet velocity ¢, one
obtains the following equation for the thrust of
a rocket propulsion system:

F = mc (Ib) (2-33)

The ratio rho/rhf is termed the mixture ratio
and is denoted by r. Thus

m,
=—— = mixture ratio (2-34)
myg
EXAMPLE 2-2.

A rocket propulsion system is to develop
15,000 1Ib thrust and burns red fuming nitric
acid (RFNA) and aniline (AN), at the rate of 78
Ib/sec at a mixture ratio of 3.0. The propulsive
gas is to enter the exhaust nozzle at a combus-
tion pressure of 500 psi and expand so the
Pe = 16 psia at sea level; the ambient atmospheric
pressure is p, i = 4.7 psia. The exit area of
the exhaust nozzle is A, = 106 sq in. Calculate
the effective jet velocity for the propulsive jet,
and its exit velocity u,.

SOLUTION.

Eq. 2-33;F =15,000 1b;m =
= 2.42 slug/sec;

78/32.17
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F .
¢ =—=15,000 3—3%’ =6190 fps

m
_ 1
Ue =€ = —(Pe — Py A,

(16-14.7)
2.42

=6190 —

=6190 —57=6133 fps

The aniline flow rate (rﬁf)
.E— =r+1=4
my
Hence
78

rhf= il 19.5 Ib/sec = 0.608 slug/sec

The RFNA flow rate

m, = 3ri1f= 1.824 slug/sec

Thrust at 100,000 ft altitude

Pamb = 14.7 (0.0106) = 0.1558 psia

F = 78(6133)

+ _
3217 t(16-0.1558) 106

16,520 1b

2-4 POWER DEFINITIONS FOR PROPUL-
SION SYSTEMS

The power definitions which follow are
useful in studies of propulsion systems.

2-4.1 THRUST POWER (Pr). The rate at which
useful work is done on a vehicle propelled at a
constant speed V is termed the thrust power.
Hence, for a vehicle in uniform flight

Pp=FV =DV, (2-35)

where D is the drag of the vehicle.
2-14

2-4.2 PROPULSIVE POWER (P). By definition,
the rate at which energy is supplied to the
propulsive element of a propulsion system is
called the propulsive power.

In the case of a piston-engine propeller
system, the propulsive power is the power
delivered to the propeller shaft. In the case of
a turboprop engine,the propulsive power is the
sum of the power supplied to the propeller shaft
and that supplied to the exhaust nozzle.

In a jet propulsion system, the propulsive
power is the rate at which energy is supplied to
the exhaust nozzle, the propulsive element.

In general

P=Pp+Py (2-36)
where P, denotes the sum of the power losses in
the propulsion system. Thus

2-37)

where P g denotes the kinetic energy associated
with the propulsive jet and is called the exit loss;
PL: , PL2 - - - refer to the other losses associated
with the system®*.’

2-4.3 EXIT LOSS (PkEg)

An ideal propulsion system, by definition, is
one in which all of the extraneous power losses
PL1’ PLz - --are zero; i.e., the only loss is the
exit loss.

The exit loss PKE is given by
mv? _n
PKE= 5 = % (c-V,)? (2-38)
where v = ¢ — V_ = the effective absolute

0
velocity of the propulsive jet.

If it is assumed that there are no ex-
traneous power losses and that all linear




momentum changes are in the direction of
motion of the vehicle, then the propulsive power
P is given by

2-4.4 JET POWER (Pj). The power associated
with the propulsive jet of a jet propulsion
system is termed the jet power. By definition

(2-40)

For power limited systems, such as electric
rocket engines, the power output of the source
of electric power PE carried in the propelled
vehicle is related to the jet power Pj. Thus, by
definition

P-

PE=__
E

(2-41)

where g is the energy conversion efficiency.

It will be shown in par. 2-5 that the jet
power can be related to the thrust F and the
specific impulse Isp; the latter is defined in that
paragraph.

2-5 PERFORMANCE PARAMETERS FOR
JET PROPULSION SYSTEM

The performance parameters discussed in
this paragraph are based on the assumption that
the propulsion system operates under steady
conditions.

2-5.1 SPECIFIC THRUST. In the case of an
air-breathing jet engine, the specific thrust is
defined by the following equation:

(2-42)

where g, = 32.174 slug-ft/Ib-sec?, and ‘i'a is the
weight rate of air induction per sec.
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I, is \frequently termed the air specific
impulse.

2-5.2.1 SPECIFIC IMPULSE. In the case of
rocket propulsion, the specific impulse, de-
noted by Isp’ is defined by

(2-43)

m=m,+m = the mass rate of consumption of
propellant material, slug/sec

w=w,+wp = the weight rateof consumption
of propellant material, Ib/sec

In the case of an air-breathing jet engine the
fuel specific impulse, denoted by If, is defined
by

F F
=— (SeC)

I.= -

(2-44)
where

W= the rate of fuel consumption for the air-
breathing jet engine, Ib/sec

2-5.2.2 SPECIFIC IMPULSE AND JET
POWER. The jet power P_| (see par. 24.4) is

related to the specific impulse Isp by the
following equation:

2 g.FI
p, = e’ & sp (2-45)
12 2

For electric rocket engines it is convenient
to express P_| in kilowatts. Thus

_ Flsp

Pj 45.8

(kw) (2-46)

Hence, the required power output from the
falectric power source installed in the propelled
vehicle is accordingly (see par. 24.4).
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_FI
Pg= i sp
g

247

2-5.3 OVERALL EFFICIENCY (no). By de-
finition, the owerall efficiency of a propulsion
system is given by

Py

Mo =g, = Mth p

2-48
E, ( )

where

Pt = FV = thrust power

E.

rate at which energy is supplied the sys-
tem

thermal efficiency of the system

3
ol

np = propulsive efficiency of the system

2-5.4 THERMAL EFFICIENCY (nth). By de-
finition, the thermal efficiency nth is given
by

(2-49)

na =
th Ein

The thermal efficiency measures the ef-
fectiveness with which the energy E;, sup-
plied the propulsion system is converted into
propulsive power P. In a jet propulsion sys-
tem the thermal efficiency is a criterion of
the effectiveness with which the energy sup-
plied to the system is utilized for increasing
the kinetic energy of the propulsive fluid as
it flows through the system.

In the case of an air-breathing jet engine
the rate at which energy is supplied the
engine is given by

V2
Ej, = :hf (AHC + 7°) (2-50)

2-16

where

AHc = the calorific value of the fuel, B/slug

V2 /2 = the kinetic energy associated with the
fuel due to the flight speed of the
vehicle, B/slug

Ihf= the rate at which fuel is consumed,
slug/sec

The energy flow Iilng/Z was supplied by
fuel that was consumed previously.

In the case of a rocket propulsion system,
E;, is given by

Vo
Ein=m AHP+7

where

(2-51)

AHp = the calorific value of the propellant
material burned in the rocket motor,
B/slug

m =m_ + m,= the mass rate of consumption
of propellant material, slug/sec

2-5.5 PROPULSIVE EFFICIENCY (np). The

propulsive efficiency is defined by the rela-
tionship

_Pr _Pr

=_ = (2-52)
=7 PP,

The propulsive efficiency 7., measures the
effectiveness with which the propulsive power P
is converted into the thrust power Pp.

2-5.6 IDEAL PROPULSIVE EFFICIENCY
(TIP). The propulsive efficiency defined by Eq.
2-51 makes no assumption regarding the power
losses in the propulsion system.




In the ideal case where the only power loss is
PxE (see par. 2-4.2), the ideal propulsive effi-
ciency, denoted by nP, is defined by

P
np= _r (2-53)

It is readily shown that for®

(a) Air-breathing jet engines

— w({+1-v)
P~ 2u(f+ 1—v) +(F+ 1) (1—-1)?

(2-54)
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For a simple turbojet engine f~0 so that

2v

= 2-55
T 1ts (2-55)
where v =V _/c.

(b) Rocket propulsion systems

=__ (2-56)

T 142
Eqgs. 2-53 and 2-54 demonstrate that for any
propulsion system the ideal propulsive efficiency

is primarily a function of the effective speed
ratiov =V /c.
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CHAPTER 3
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ELEMENTARY GAS DYNAMICS

3-0 PRINCIPAL NOTATION FOR CHAPTER 3*

a acoustic or sonic speed, fps
a* critical acoustic speed, where M=1, fps
a® stagnation or total acoustic speed, fps
A flow cross-sectional area, sq ft or sq

in., as specified in text

A¥* critical cross-sectional area where
u=a*
Am maximum cross-sectional area

B British thermal unit
c effective jet or exhaust velocity

c maximum isentropic speed =\/2;pT°

c instantaneous specific heat constant
P o

pressure, B/slug-°R

Ep mean value of ¢, for a specified
temperature range

<y instantaneous value of the specific
heat at constant volume

C. contraction coefficient

Cq discharge coefficient

*Any consistent set of units may be employed; the units pre-

sented here are for the American Engineers System (see -

par. 1-7).

&

G*

hO

Ah

Ah

diameter, ft or in., as specified in text
drag force, 1b

hydraulic diameter = 4R, where R is
the hydraulic radius

stored energy per unit mass of fluid

total amount of stored energy associ-
ated with a system

friction coefficient in the Fanning
equation for pressure loss

thrust, 1b
impulse function, 1b

gravitational conv%rsion factor =
32.174 slug-ft/1b-sec

flow density or mass velocity = m/A

critical flow density, value of G where
M=1

static specific enthalpy, B/slug

stagnation or total specific enthalpy,
B/slug

finite change in specific enthalpy

finite change in specific enthalpy for a
compression, B/slug
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A

Ahy

A

32

3l

=

=2

finite change in specific enthalpy for
an isentropic compression, B/slug

finite change in specific enthalpy for
an expansion, B/slug

finite change in specific enthalpy for
an isentropic expansion, B/slug

mechanical equivalent of heat =778
ft-1b/B

length, unit as specified in text

mass, slug

molecular weight, slug/mole

Mach number (q/a or u/a) or magni-
tude of momentum vector, as speci-
fied in text

dimensionless vélocity (u/a* or g/a*)
momentum vector

rate of change in momentum = dl}g/dt
absolute static pressure, psia

ambient static pressure, psia

critical static pressure, where u=a%*,
psia

absolute static pressure, psf

critical static pressure, where u=a*,
psf

velocity vector

magnitude of q or the dynamic pres-
sure, as specified in text

isentropic velocity, fps

!
Amax

T*

TO

maximum isentropic

ot

volumetric rate of flow, cfs

speed = ¢,

pressure ratio
pressure ratio for a compression

process = P /P (or p,/p,), where
P,>P,

expansion ratio for an expansion
process =P, /Pl , Where P, > P,

expansion ratio which makes u =a*
gas constant = R /m

hydraulic radius, in ft orin.,as spec-
ified in text

universal gas constant = 49,717 ft-1b/
slug-mole °R = 63.936 B/ slug-mole-°R

degrees Rankine

static specific entropy, B/slug-°R
critical value of s, where u = a*
time, sec

absolute static
(°F +460), °R

temperature
critical static temperature, value of T
where u = a*

stagnation or total temperature, °R
velocity parallel to the x-axis, fps

adiabatic exhaust velocity




u*  critical value of u, where u=a*
Y isentropic exhaust velocity =
o 2
a® /——(Z
— 1( t)
v specific volume = 1/p = cu ft/slug
vO  stagnation value of specific volume
=1/p°
V' control volume in a region of a flowing
fluid
w  weight= mg,, Ib
W  shaft work
W, shaft work done by system in going
from state 1 to state 2
w  weight rate of flow = mg,, lb/sec
it
Z, compression factor = (rg) ¥ — 1
ik
Z, expansion factor = 1 — (ry) v
GREEK LETTERS
a angle between velocity vector and nor-
mal to flow cross-sectional area
v  specific heat ratio = cp/cv
n  efficiency
p  density, slug/ft?
p*  critical density = 1/v*,value of p where
u=a*
p®  stagnation or total density
t shear stress(friction force per unit area)
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SUBSCRIPTS
Numerals
0 free stream
1 initial state, or reference state 1
2 final state, or reference state 2
Letters
a ambient or atmospheric
C compression or entrance section of a
nozzle
e exit cross-sectional area normal to flow
direction
ext external
f friction
int internal
max maximum value
min minimum value
n nozzle
t expansion or turbine,as specified in text
th thermal
SUPERSCRIPTS
' (prime) denotes the value is obtained
by means of an isentropic process
* critical value, where u=a*, and M=1
o stagnation or total value
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3-1 INTRODUCTION®*

Gas dynamics, which is the theory of the
flow of a compressible fluid, is of fundamental
importance to the analysis and design of the
chemical rocket and air-breathing engines
described in Chapter 1. By applying the
principles of gas dynamics to such engines one
can determine the parameters which characterize
the motion of the compressible fluid and its
thermodynamic state at pertinent stations in its

flow path through a jet propulsion engine or a
turboshaft engine. In most cases it may be
assumed the flow of fluid through the engine is
steady and one-dimensional. Consequently, the
basic principles of steady one-dimensional flow
are of great importance to the studies concerned
with the engines discussed in this handbook.

Table 3-1 presents the flow processes of
major importance to the engines to be studied.

TABLE 3-1

FLOW PROCESSES IN JET PROPULSION ENGINES .

FLOW PROCESS

TYPE OF ENGINE

1. Compression by diffusion
2. Compression by mechanical means

3. Flow expansion

4. Flow with friction

5. Flow with heat transfer

6. Flow with mass addition

Ramjet, turbojet, turboprop
Turbojet, turboprop, turbomachinery
Ramjet, turbojet, turboprop, chemical

rocket, nuclear rocket, electrothermal
rocket

Ramjet, turbojet, turboprop,
nuclear rocket

Ramjet, turbojet, turboprop, chemical
rocket, nuclear rocket, electrothermal
rocket

Solid propellant rocket, hybrid rocket

*Appendix A presents more detailed information on elementary
gas dynamics.
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For analyzing the flow processes listed in
Table 3-1, the following physical principles are
available!

(a) The principle of the conservation of
matter for a flowing fluid.

(b) The principle of the conservation of
momentum which is expressed by the
momentum theorem of fluid mechanics.

(c) The principle of the conservation of
energy which was first demonstrated for
an isolated mechanical system by
Liebnitz (1693). For a flowing fluid the
energy principle leads to the so-called
energy equation.

(d) The second law of thermodynamics from
which one obtains the entropy equation
for a flowing fluid.

(e) The thermodynamic properties of the
flowing compressible medium under con-
sideration; these lead to some form of
defining equation (equation of state)
relating the static pressure, density, and
temperature of the flowing fluid.

Flows which are steady and one-dimensional
are those for which the variables-P, p, q or
their equivalents—at a point in the fluid are
invariant with time and change appreciably in a
single direction. Unless it is specifically stated to
be otherwise, it is assumed in all of the
subsequent discussions in this chapter that the
flow is steady and one-dimensional.

3-2 THE IDEAL GAS

The ideal gas is the simplest thermodynamic
working fluid; the propulsive gas ejected from
the exhaust nozzle of a jet propulsion engine
approximates the ideal gas.

AMCP 706-285

3-2.1 THE THERMALLY PERFECT GAS

A gas is said to be thermally perfect if it
satisfies the following equation. Thus

P=pRT = pR, T/ G-

where in the American Engineers System of
units (see par. 1-7)

T = absolute temperature of the gas,°R
P = absolute pressure of the gas, psf
p = density of gas, slug/ft>
Ru = universal gas constant 49,717
ft-1b/slug-mole*R = 63.936
B/slug-mole~R
R = Ru/r—ﬁ = gas constant
m = molecular weight of the gas,
slug/mole
Hence, for a thermally perfect gas
P
—=1 R
pRT (G-2)

For a real gas, the deviations of the ratio
P/oRT from unity become significant at very
high pressures, such as those occurring in guns,
and at very low temperatures. The deviations
arise from the fact that every real gas can be
liquefied, while an ideal gas cannot.

3-2.2 SPECIFIC HEAT

By definition,
medium is given by

the specific heat ¢ of a

c=56Q/dT (B/slug-°R) (3-3)
The magnitude of the specific heat ¢
depends upon the manner in which the heat

increment 8Q is added to the medium. Two
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specific heats are of importance; ¢y the specific
heat at constant volume, and p the specific heat
at constant pressure.

3-2.2.1 SPECIFIC HEAT AT CONSTANT
VOLUME (c,)

If 8Q is added to a mass of gas while its
volume is held constant, then

5Q du) o
=2<=%")  (B/slug°R) 34
“Tar BT,
where
du = the specific internal energy of the
gas, B/slug

From Eq. 3-4 the specific internal energy of
a gas is given by

T
u= / cydT +u, (B/slug) (3-5)
T,
3222 SPECIFIC HEAT AT CONSTANT
PRESSURE (cp)

If heat is added to a mass of gas under
isobaric conditions (dP = 0), then

Cn = G_Q = ..‘_lll + ..a_E +P ﬂ
p dT dT ov oT
v T P
(B/slug-°R) (3-6)

It follows from Eqs. 3-4 and 3-6 that
p > Cy.
3-2.2.3 SPECIFIC HEAT RATIO (v)
By definition

C
Y= c_p = the specific heat ratio 3-7
v

3-2.2.4 SPECIFIC ENTHALPY AND SPECIFIC
HEAT

By definition, the specific enthalpy h, which
is a property of the gas, is defined by

h=u+P/p (B/slug-°R) (3-8)
and
cp = dh/dt (B/slug-°R) (3-9)

3-2.3 CALORICALLY PERFECT GAS

A gas is said to be calorically perfect if the
specific heat ¢, is independent of the gas
temperature. If a gas is thermally perfect but
calorically imperfect, then
(3-10)

P=pRT and cy =(T)

A gas which is both thermally and calorically
perfect is called an ideal gas; frequently such a
gas is termed a polytropic gas*.

3-2.4 SPECIFIC HEAT RELATIONSHIPS
For an ideal gas Cys € and v are constants
independent of the gas temperature. These

constants are related by the equations which
follow.

Thus

Cp—Cy = R (Regnault Relationship) G-11)

and

o~




3-2.5 ACOUSTIC OR SONIC SPEED IN AN
IDEAL GAS

The speed with which a sound wave (or a
very small pressure disturbance) is propagated in
a medium is termed either the acoustic or sonic
speed, and is denoted by a. If the medium is an
ideal gas, then

where m is the molecular weight of the gas.

3-2.6 MACH NUMBER

When there is a large relative speed between
a body and the compressible fluid in which it is
immersed, the compressibility of the fluid,
which is the variation of its density with speed,
affects the drag of the body. The ratio of the
local speed of the body u, to its acoustic speed
a, is called the local Mach number, which is
denoted by M. For an ideal gas

M=2=_4Y_ . (3-14)
a \RT
or
2 2
M2 = P_ = u -
= " RT (3-15)

The speed u measures the directed motion of
the gas molecules, and u? is a measure of the
kinetic energy of the directed flow. According
to the kinetic theory of gases the temperature T
is a measure of the random kinetic energy of the
gas molecules. Hence, M2 =u?/a? is a measure of
the ratio of the kinetic energies of the directed
and random flows of the gas molecules.

3-3 GENERAL STEADY ONE-DIMENSIONAL
FLOW

The steady one-dimensional flow approxi-
mation gives the simplest solutions to flow
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problems. The assumptions underlying the ap-
proximation are presented in par, A-3; the A
denotes Appendix A.*

3-3.1 CONTINUITY EQUATION

For a steady one-dimensional flow, the
continuity equation is given by (see par. A-3.1,
Eq. A-45)

ou op .
— +ut=0 (3-16)
Pax Vax
The corresponding integral equation is
f (pu)dA =d(puA)=0 G-17
A
Hence
m= 9—? = puA = constant (3-18)

Eq. 3-18 states that if the flow is steady, the
same mass rate of flow crosses every cross-
section of a one-dimensional flow passage.

By definition, the mass velocity, also called
the flow density, denoted by G, is given by

G =pu=m/A (slug/sec-sq ft) (3-19)

Logarithmic differentiation of Eq. 3-18,
yields the following differential equation for a
steady one-dimensional flow:

A L dp ; du

=0 3-20
Ao T (3-20)

*The letter A preceding a paragraph, equation, table, or figure
number indicates that the paragraph,equation, etc.,are located
in Appendix A.
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The values of u and p in the equations for a
steady one-dimensional flow are the effective
mean values for the cross-sectional area A.

3-3.2 MOMENTUM EQUATION

3-3.2.1 GENERAL FORM OF MOMENTUM
EQUATION

The general form of the momentum equa-
tion is given by Eq. 3-11 which for a steady flow
and fluids of small density—such as a gas—
reduces to

§=f pq,qdS fP,'ldS (p small) (3-21)
s 7 S

If there are no solid bodies immersed in the
fluid, no body forces, and no friction, then

andS+ qunqu=0 (Y=§=O) (3-22)
S S

where

q= fluid velocity

q,, = velocity normal to the element dS of the
control surface S

P = static pressure

n = unit normal to dS

3-3.2.2 MOMENTUM EQUATION FOR
STEADY, ONE-DIMENSIONAL, RE-
VERSIBLE FLOW

It is readily shown that for a steady,
one-dimensional frictionless flow the momen-
tum equation reduces to ! 2

dP
udu+—=90

0 (3-23)

3-8

or

udu +vdP=0 (3-24)

Eq. 3-23 is a form of Euler’s equation of
motion and applies only to areversible flow. To
integrate Eq. 3-23 requires a relationship be-
tween P and p. In integral form, Eq. 3-23 is
u2

—+ Q = constant
2 p

(3-25)
?-3.3 ENERGY EQUATION FOR STEADY
ONE-DIMENSIONAL FLOW

Figure 3-1 illustrates diagrammatically a
stationary ‘control surface S enclosing the con-
trol volume V in a region of a flowing fluid.
According to the first law of thermodynamics, if
5Q denotes the amount of heat added to the
mass of fluid instantaneously enclosed by S, and
SW* denotes the amount of work done by the
same mass of fluid on the surroundings in time
dt, then
dE =8Q — sW* (3-26)

By convention §Q is positive if heat is
transferred to the system, and §W* is positive if
the system does work on its surroundings. The
notation signifies that §Q and §W* are inexact
differentials because Q and W are not properties
of the system. The stored energy E is a property,
and dE is an exact differential® *¢.

Figure 3-2 illustrates schematically the con-
ditions at an arbitary element dS of the control
surface S if the flow is steady. In that case the
stored energy associated with the fluid occu-
pying the control volume V does not change
with time. For a steady flow the integral form of
the energy equation is! -2

2
5_Q_§_Y=ﬁ (h+3 +82) andS
a dr - J

(B/slug-sec) (3-27)
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Figure 3-1. Control Surface Enclosing a Region in a Flowing Fluid to Which Heat Is Added
and Which Does Work on Its Surroundings

3-9
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S/
(t=tyedt)

(qcosx)dt=dn

+N

TANGENT

Figure 3-2. Element of a Control Surface Which Encloses a Region in a Flowing Fluid

where
5Q = the heat added to the fluid, B/slug

SW = the shaft work done by the fluid, B/slug

h=u+ P/p =specific enthalpy of the fluid,
B/slug

v = specific internal energy of the fluid, B/slug
q;, = qcosa = velocity of fluid normal to flow

area dsS, fps
q = magnitude of velocity vector q, fps

a = angle between normal to dS and the veloc-
ity vector

3-10

Fig. 3-3 illustrates the application of Eq.

3-27 to a one-dimensional flow (see Example
A-3).

3-4 STEADY ONE-DIMENSIONAL FLOW OF
AN IDEAL GAS

If the flowing medium is an ideal gas, the
mathematical analysis of compressible media is
greatly simplified. (see par. 3-2).

3-4.1 CONTINUITY EQUATION

The steady one-dimensional flow of a com-
pressible medium is given by Eq. 3-18. For an
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S (CONTROL SURFACE)

T -

4

18 W(SHAFT WORK)
dz-"?' ] -O’
‘ A
.
& = Y
<L

: o’Q (HEAT ADDED)
~—— DATUM
_c?t - ;” -./(‘hi'%?i';})/DU cosadA—ﬁh *‘1237))/" cosocdA
Aouf Aln
2 u
hyt— +;3)m +(hy +— +;4)m +(h5+2 75)",
2
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Figure 3-3. Energy Balance for a One-dimensional Steady Flow
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ideal gas, the density p can be expressed in terms
of the local flow Mach number M. Thus

Mz
p=7P (—)
u

where v = cy/c, = the specific heat ratio =
constant. Combining Eqgs. 3-18 and 3-28 yields
the continuity equation for the steady one-
dimensional flow of an ideal gas. Thus

. Y ym
m=APM /— =APM /—— (slug/sec) (3-29)
RT VR,T

where A is the flow area, sq ft; P is the absolute
static pressure, psf; and m is the molecular
weight of the gas.

(3-28)

Eq. 3-29 gives the mass flow rate of an ideal
gas crossing the area A with a flow Mach number
equal to M.

3-4.2.1 MOMENTUM EQUATIONS FOR THE
STEADY ONE-DIMENSIONAL FLOW
OF AN IDEAL GAS

The generai momentum equation for the
steady one-dimensional flow of a compressible
fluid is Eq. 3-25.

3-4.2.2 MOMENTUM EQUATION FOR A
REVERSIBLE, STEADY, ONE-
DIMENSIONAL FLOW

From Eq. 3-23 one obtains

udu + dP) do . 0 (3-30)
doJ »
But
((;—P) = 32= (acoustic speed)? (3-31)
o
s

3-12

Hence

dp du

—+M? ==

» w0 (3-32)

The subscript s indicates an isentropic process
(ds=0).

34.3 ENERGY EQUATION

It is shown in par. A4.3 that the energy
equation for the steady one-dimensional flow of
a gas is given by

5Q — W = dh + d(g)2 (3-33)

In Eq. 3-33 the heat added to the fluid
5Q includes the heat transferred through the
walls to the fluid plus that transferred to the
fluid by bodies immersed within it.

34.3.1 ENERGY EQUATION FOR A SIMPLE
ADIABATIC FLOW

A simple adiabatic flow is characterized by
the following:

8Q=0;5W=0;dz=0;ds>0 (3-34)

The flow of a gas through such passages of a
jet propulsion engine as a diffuser, duct, nozzle,
etc., may be assumed to be a simple adiabatic
flow, and the corresponding energy equation is

2
dh +d (“7)=o

Eq. 3-35 applies to both reversible (ds=0)
and irreversible flows (ds>0). Integrating be-
tween any two cross-sections of a flow passage,
denoted by the subscripts 1 and 2, yields

(3-35)

h, +-% =h + -} = constant (3-36)

1

NS




3-4.3.2 ENERGY EQUATION FOR THE
-SIMPLE ADIABATIC FLOW OF AN
IDEAL GAS

The simple adiabatic flow of an ideal gas is
characterized by the following:

8Q=0;6W=0;gdz=0; p =9R/(y — 1);

¢y =R/(y ~ 1);dh=cpd'1';a2 =~yP/p =yRT;

andy = cp/cv (3-37)

For an ideal gas Eq. 3-35 becomes

+ra( =0 338

cpdT d 35" (3-38)

Similarly, Eq. 3-36 becomes

ul i constant  (339)

cpTl +—2- = cpT2 + ) = cons -

Let M, = u//a and M, = u /a, and

substituting for p from Eq. 3-37 into Eq. 3-39,
yields the following equations:

vy -1 _ N |
TREIED

= constant - (3-40)
or
u? a? u?  a?
1 + 1 = 2 + 2 = -
2 T 2 T constant (3-41)
and

Y1\ 2 4 :

T, =T, §1+(5- M} | 1~ ™ (3-42)

Eqs. 3-38 through 3-42 are different forms

of the energy equation for the steady one-

‘dimensional flow of an ideal gas.
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Refer to Eq. 3-42. A flow process for which
the gas velocity u, > u, is called a flow
expansion and the flow passage for achieving the
expansion is termed either a nozzle or an
effuser. Conversely, a passage which causes a
flow compression, one in which the velocity
u, <u,,is called a diffuser.

3-5 STEADY ONE-DIMENSIONAL ISEN-
TROPIC FLOW

In general, a steady one-dimensional
isentropic flow is characterized by the fol-
lowing:

5Q = W = dm = dz = ds = 0 (i.e., no friction)
(3-43)

The assumption of isentropicity is valid in
those regions of a flow field where the velocity
gradients perpendicular to the direction of flow
are negligible, i.e., to the regions of an adiabatic
flow field that are external to boundary layers.
According to boundary layer theory all fric-
tional effects in a flowing fluid are confined to
the boundary layers adjacent to the surfaces
wetted by the flowing fluid, wherein the veloc-
ity gradients are large. Consequently, the fluid in

“the regions external to the boundary layers may

be assumed to be a perfect fluid, i.e., a fluid
characterized by the following two properties:

(a) It possesses bulk elasticity so that K # 0.

(b) It has no rigidity so that the shear
modulus N is equal to zero; ie., it is
inviscid.

If an ideal gas undergoes an isentropic
change of state, then

PvY = constant (3-44)

3-13
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Furthermore

T, P P \Oo-Dny
T‘2"=(_2 cp/R = P_2
1 Pl 1

where the superscript prime ' attached to T,
indicates that the change of state from state 1 to
state 2 is accomplished by an isentropic process.

(3-45)

The assumption of isentropicity is realistic
for subsonic and supersonic flows when the
isentropic conditions are closely approximated.
It should be noted, however, an adiabatic
diffusion of a compressible fluid may be as-
sumed to be isentropic—when 8Q ~ 0 and
friction is negligible—only if the flow is subsonic
throughout.

If a supersonic compressible fluid is being
diffused the flow may be assumed to be
isentropic— when 6Q = 0 and friction is
negligible—only if no shock waves are produced
in the flow field. Shock waves increase the
entropy of the flowing fluid. Consequently, even
though the flow is adiabatic and frictionless in
front of and in back of a shock wave, which is a
discontinuity in the flow, a flow in which
shock waves are present cannot be an isentropic
flow.

3-5.1 ENERGY EQUATION FOR THE
STEADY ONE-DIMENSIONAL ISEN-

TROPIC FLOW OF AN IDEAL GAS

The differential forms of the energy
equation — i.e., Eqs. 3-35 and 3-38-apply to
either a simple adiabatic or an isentropic steady
one-dimensional flow. The latter equations do
not indicate explicitly the effect of any irre-
versibility which may be present upon the flow
parameters. To distinguish an isentropic flow
from a simple adiabatic flow, the upper limit of
the integration of Eq. 3-35 (and Eq. 3-38) will

3-14

be denoted by 2’ for an isentropic flow, and by 2
for an adiabatic flow. Hence

(a) Simple adiabatic flow

(%Q=86W=dm=dz=0;ds> 0)

In general

2 2

I dh + I udu = constant

1 1

so that
u? u?
= 1 _

h, + 5= hl + 5 = constant (3-46)

If hy <h , thenu, > u, and the processes
is a flow expansion. Hence, the specific enthalpy
change for asimple adiabatic flow expansion,
denoted by Ahy=h, —h,, is given by

1
Ahg = —2(u§ - uf) (B/slug)

For a simple adiabatic flow compression,
h, > h and u2<u L the corresponding change in
the specific enthalpy of the fluid is denoted by
Ah,=h, —h , so that

(347

Ah =% (u? —u2) (B/slug)

C

The corresponding equations for an
isentropic flow are presented below.

(b) Isentropic flow

(Q=86W=dm=dz=ds=0)

(u})?
tSh

N~

h = constant

!
2

)5,

(3-48)




abf=h, —1,=2[@,)? - ul] (3-49)

' _ . _1
Ahg=h! ~h, = 5 (v} —@)?] (3-50)
Figs. 3-4(A) and 3-4(B) compare the simple
adiabatic and the isentropic flow expansion and
compression processes on the hs-plane.

3-5.2 STAGNATION (OR TOTAL) CONDI-
TIONS

Consider the integrated form of the energy
equation for the steady, one-dimensional,
adiabatic flow between sections 1 and 2 of a
flow passage i.e., Eq. 3-46
2
1

u
=h+

hl + > ! = constant

CYRCH

The above equation applies to both isen-
tropic and irreversible adiabatic flows.

3-5.2.1 STAGNATION
THALPY (h©)

(OR TOTAL) EN-

Assume that the flowing fluid is decelerated
isentropically to zero flow velocity (i.e., u, =0).
By definition
u2
— = constant = stagnation
2

enthalpy

h®= h+
(3-51)

Eq. 3-51 applies to both reversible (isen-
tropic) and irreversible steady one-dimensional
adiabatic flows.

3-5.2.2 STAGNATION(OR TOTAL) TEMPER-
ATURE (T°)

If the flowing fluid is an ideal gas (see par.
3-2.3), then from Egs. 3-9 and 3-51 one obtains

(3-52)
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Eq. 3-52 is the energy equation for the
steady one-dimensional flow of an ideal gas
under either adiabatic or isentropic conditions.

According to Eq. 3-52 the total or stagna-
tion temperature of an ideal gas remains con-
stant along its flow path for either a simple
adiabatic or an isentropic flow. Such a flow is
said to be isoenergetic.

From Eq. 342, if u, = 0 the corresponding
value of T, is the stagnation or total temper-
ature TO. Hence

(3-53)

The total temperature T® may be conceived
to be the temperature of the gas contained by an
infinite reservoir from which it flows adia-
batically to the actual gas velocity u. The
corresponding value of the static pressure inside
that infinite reservoir is termed either the
stagnation pressure or the total pressure, and is
denoted by P°.

3-5.2.3 STAGNATION (OR TOTAL) PRES-
SURE (P°)

The density of the gas in the aforementioned
infinite reservoir is termed the sfagnation or
total density, and is denoted by p© For a
thermally perfect gas

P° =p°TO°R (3-54)

For the isentropic flow of an ideal gas, one
obtains from Eq. 3-44

Y
po_[TOoV-!
P AT

(3-55)

3-15



AMCP 706-285

horTA P
T A
T' Y U:
W2 \—Actual 2¢p "
“p (D A :
Ah} \ i
1 \\ \/l/
| «—I|deal
T > :
2 i
e Ahy>Ah,
/ y
Te > “'i"‘-:z
ha>hy =
s
(A)
P
hor T/ p°
T ] -
(ul)? e
T 2o 2 v 7=
2 ep o A P
T-I ¥ /
//
o / Ahe
2¢p Ahs X‘-Aotuai d PI
* / /M'c >4 h::
?L-ldeal i ; >u,
T ¥ hy>hj

1

(B

Figure 3-4. Comparison of Adiabatic and Isentropic Flow Processes on the hs-plane
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Combining Egs. 3-53 and 3-55, yields
Y
0 —1 3-1
PT = [ 1 *(77) M2]7 ' (isentropic) (3-56)

It should be noted that the total pressure P°
for a flow can always be calculated by merely
assuming that it is accelerated isentropically
from an infinite reservoir to the actual values of
P and M.

3-5.2.4 RELATIONSHIP BETWEEN STAG-
NATION PRESSURE AND ENTROPY

It is shown in par. A-5.2.4 that the entropy
change for an ideal gas is related to T and P° by

} ° >0 57
ds = de n m (3- )

For a real isoenergetic flow (T® = constant),
since ds > 0, the total pressure P° must decrease
in the direction of flow. If the flow is isentropic,
however, ds = 0 and Eq. 3-57 shows that PC
remains constant. In other words, the decrease
in the stagnation pressure of the gas may be
regarded as a measure of the increase in the
specific entropy of the gas.

For an irreversible simple adiabatic flow
process (see par. A-5.2.4)

As=s,—s, =R n (PP/P) >0 (3-58)
or
PO
__(2) =e — As/R (3.59)
Pl

If heat is transferred to a flowing gas or if
the gas performs external work, there cannot be
a conservation of the total pressure. The heat

“ = v/2Ah°h") =v/24h,
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added to a compressible fluid causes the total
pressure to decrease even if the heating process
is reversible. If the heating process is irreversible
the decrease in the total pressure is larger than it
would be for a corresponding reversible heat-
exchange process.

3-5.2.5 STAGNATION (OR TOTAL) DEN-
SITY (p°)

From Egs. 3-53 and 3-54 one obtains the
following relationship between the total density,
denoted by p°, and the flow Mach number M.

(3-60)

3-5.2.6 STAGNATION (OR TOTAL) ACOUS-
TIC SPEED (29

From par. A-5.2.6, the stagnation acoustic
speed in an ideal gas, denoted by a°, is given by

20= /7P°/p6=\/yR—T°

3-61)

where, as before, the gas constant R = R,,/fi.
Hence '

30)2 TO -1
N = =1H"- 2
(5) - =15)

3-5.3 ISENTROPIC EXHAUST VELOCITY

(3-62)

Let a flowing gas, having the stagnation
enthalpy h®, expand isentropically to the static
specific enthalpy h'. The velocity of the gas
corresponding to that expansion is termed the
isentropic exhaust velocity and is denoted by u.
Thus

(3-63)

3-17
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Let

= expansion factor (3-64)

a® =\/’7RuT°/171= total acoustic speed (3-65)

Then, the isentropic exhaust velocity is given by
weao 2
)

In terms of the flow Mach number M
(combining Eqgs. 3-13, 3-14, and 3-53) one
obtains

u=M YRT?
1+ (1) m2
2

3-5.4 CRITICAL CONDITIONS FOR THE
STEADY, ONE-DIMENSIONAL ISEN-
TROPIC FLOW OF AN IDEAL GAS

(3-66)

(3-67)

3-5.4.1 DEFINITION OF CRITICAL AREA
AND CRITICAL ACOUSTIC SPEED

Assume an ideal gas flows isentropically out
of an infinite reservoir wherein u =0, T = T,
P=PO and p = p©. The gas flows in a variable
area one-dimensional adiabatic frictionless duct
as illustrated schematically in Fig. 3-5. At a
particula.r. cross-sectional area of the duct, the
gas velocity u is equal to the local acoustic speed
aji.e., M =u/a=1 (see par. A-6).

The cross-sectional areca where M=1, called
the critical area, is denoted by A*. The value of
the acoustic speed a in A*, called the critical
acoustic speed, is denoted by a*;i.e., u=u* =
a*,

3-18

3-5.4.2 CRITICAL THERMODYNAMIC PROP-
ERTIES FOR THE STEADY, ONE-
DIMENSIONAL, ISENTROPIC FLOW
OF AN IDEAL GAS

From par. A-6.1 one obtains the following
relationships for the critical flow parameters:

(a) Critical speed of sound (a*) !

a’= ﬁ*/p* = \ART* (3-68) '

(b) Critical static temperature ratio (T* [T°)

a =

il (3-69)

(¢) Critical expansion ratio (P* [P°)

p* * = 5 7"?1 ‘
= () () 610~

(d) Critical density ratio (p* [p°)

3-71)

where v denotes the specific volume of
the gas, cu ft/slug

(e) Dimensionless velocity (M*?)

It is readily shown that (see par. A-6.1.5)

7+1 M2
o~ () 2
1+(’7;1> M2

where a* is given by Eq. 3-68. -

(3-72)
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Uy=ag=a"*(Mz=1)

<A, = A* = critical area

Infinitg °
reservoit P°T°, s° remain constant
P=P o
T=T
u=20 u increases, P,T,and a decrease
———

Isentropic flow p= p*

E xpansion

Figure 3-5. Isentropic Flow Expansion of a Gas to the Critical Condition (u =a*)
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3-5.5 CONTINUITY EQUATIONS FOR
STEADY ONE-DIMENSIONAL,
ISENTROPIC FLOW OF AN IDEAL
GAS

In general, the continuity equation for a
steady one-dimensional flow is given by Eq.
3-18, which is repeated here for convenience.
Thus

m = puA = constant

If the flowing fluid is an ideal gas and the
flow is isentropic, the last equation may be
rewritten as follows:

m = puA = p* u* A* (3-73)

where A* denotes the critical flow area (where
= a*). By definition

G =m/A = flow density or mass velocity (3-74)

3-5.5.1 CRITICAL AREA RATIO (A/A¥*)

From Eqgs. 3-73 and 3-74, for a given flow
passage, the critical area ratio A/A¥* is given by

% - %“ (3-75)

where G* denotes the critical flow density; i.e.,
G* = m*/A*, m = m* where A = A¥*.

3-5.5.2 CRITICAL AREA RATIO IN TERMS
OF THE FLOW EXPANSION RATIO

(P/P%)

For a given stagnation pressure P° and static
pressure P, the ratio P/P° is termed the expan-
sion ratio. From par. A-6.3

3-20

/-\
<2

+\~
=

N

<

L

N |-

% - (3-76)
+1
2 _g_”’ P\
-1 PO - l—)f)
or
1
y-1
()
A _ v+1
A%x (3-76a)

3-5.5.3 CRITICAL AREA RATIO IN TERMS

OF THE FLOW MACH NUMBER
oyt
y—1 -1
1+ | 221 me
Al _(_2_&
A* M oy 3-77)
2
and

(ﬁL

v—1
The dimensionless velocity M* is propor-
tional to the flow speed u of the ideal gas, while

the Mach number M is not; a* = f(y) = constant,
while a = f(T).

(3-78)

3-5.6 REFERENCE SPEEDS (a°), (a*), AND
(co)

The following reference speeds are charac-
teristics for a given flow of an ideal gas:

(a) Stagnation acoustic speed (a®)




O= T0=t'ﬂi = i 3-79
a”=_/vR a / 5 o '7-—1( )

(b) Maximum isentropic speed (c)

The maximum isentropic speed is defined in
par. A-5.5, it is related to a® and a*. Thus

12 /v+1
=470 =q% /L -
K v-1 a v—1

3-5.6.1 CONTINUITY EQUATIONS IN
TERMS OF STAGNATION CONDI-
TIONS

(3-80)

Eq. 3-29 gives the mass rate of flow of gas
for a steady one-dimensional flow, where A
is the cross-sectional area where the flow is
measured, and M is the Mach number in A. Thus

X
m = APM RT

In terms of the stagnation temperature TC
and stagnation pressure PO, the last equation (see
par. A-5.6) becomes

_rH
(y—1)

o
G:%:pu:@.‘/ll: ___1_1_._. (3-81)
T° 1+(%)M2

The last equation can be transformed to read
(see par. A-5.6)

Q
I

[P >3

(3-82)
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3-5.6.2 CRITICAL MASS FLOW DENSITY
(G

For a given ideal gas and stagnation con-
ditions the flow density becomes a maximum
where M=1, that flow density is called the
critical flow density and is denoted by G* (see
par. A-7). Thus

G* =m*/A* = :lloc-) (’y—ET);(;—I‘l; (3-83)
where, as before,
Eq. 3-83 applies to the steady one-

dimensional isentropic flow of an ideal gas.

3-5.7 TABLES OF ISENTROPIC FLOW
FUNCTIONS FOR IDEAL GASES

Table 3-2 is a summary table giving the
equations for calculating u,/u ,P,/P , p,lp,,
T,/T,, and A, /A for the steady, one-dimensional
isentropic flow of an ideal gas between stations
1 and 2 of a flow channel.*

Table 3-3 lists the equations employed for
calculating the values of M*, P/P®, p/p°, T/TC,
A/A*, and F/F* presented in Table A-1. The
latter table presents the values of those isen-
tropic flow functions as functions of M, with v
as a parameter.

*Since T =T 1 +(7;_l )M2] applies to all energetic flows,

the equation for T/To in Table A-1 applies to both isentropic
and adiabatic steady one-dimensional flows.
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TABLE 3-2 TABLE 3-3
INTEGRAL EQUATIONS FOR ISENTROPIC ISENTROPIC FUNCTIONS FOR THE
FLOW FUNCTIONS APPLIED TO TWO FLOW OF IDEAL GASES
ARBITRARY CROSS-SECTIONS OF
FLOW CHANNEL

—
+
3
—
S —
=
—-
i)~
'Dolb
—
+
N
o)
|7
—
N
=
»

b 1*(7;1)1“? FIF*= 1+ M2

MJ 2Ay+1) [1 +(“%1) M2]

The impulse function is discussed in pars.
A-3.2.1 and A-6.5. For a perfect gas

F=PA(l +yM?)
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3-6 STEADY ONE-DIMENSIONAL ADIA-
BATIC FLOW IN A CONSTANT AREA
DUCT WITH WALL FRICTION (FANNO
FLOW)

The adiabatic flow of a compressible fluid in
a constant area duct is characterized by the
following conditions:

5Q=6W=dm=dy=dm=56D/A=dA/A=0

u?4dx

f —*0 3-84)
ds # 0, and ) (

where D the hydraulic diameter of the duct, dx
is an element of the duct length, A is the area of
the duct, D is the drag of bodies immersed in the
fluid, and fis the friction coefficient for the duct.

3-6.1 FRICTION COEFFICIENT (f)

If 7 denotes the wall shearing stress, then
(see par A-8.1.1)

f=
3-85
" (3-85)

Experiments show that

f=f(Re, €/D) (3-86)

where € denotes the roughness of the wall sur-
face.

3-6.2 PRINCIPAL EQUATIONS FOR FANNO
FLOW

The continuity, momentum, and energy
equations are as follows:

(a) Continuity

G=m/A= pu (3-87)
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(b) Momentum

dp _ du? u? 4dx

— + — +f =0 -

p 2 2D (3-88)
(¢) Energy

2
h°=h+ “7 = constant (3-89)

3-6.3 FANNO LINE EQUATION

From Eqgs. 3-84 and 3-86 one obtains

h +1(Gv,)® = h+} (Gv)’= constant (3-90)

Eq. 3-90 is called the Fanno line equation. It
relates the local values of h and p = 1/v for
different specified initial values of h, andp =
1/v1. Figure 3-6 illustrates schematically a
Fanno line, for a specified G=m/A, plotted in
the hs-plane.

A Fanno line is the locus of the thermo-
dynamic states for a compressible fluid flowing
adiabatically (h® = constant) in a constant area
duct in the presence of wall friction alone. A
Fanno flow has the following characteristics:

(a) The stagnation enthalpy h© remains
constant.

(b) Each value of G=m/A—for the same
initial values of h; and p, = 1/v —gives
rise to a separate Fanno line, as il-
lustrated in Fig. 3-7.

(c) If the initial conditions (h , p =1 /vl)
are held constant, all Fanno lines for
those initial conditions intersect at hl,
pl .

(d) The length of constant area duct, de-
noted by L, for accomplishing a speci-
fied change in the thermodynamic state
of the fluid depends upon

3-23



AMCP 706-285

SPECIFIC ENTHALPY h, B/SLUG

G,=a

M<I

S)

P INCREASING

G, »CONSTANT = a
0 yd
l2
L
2%

FANNO LINE

pap*

STATE OF
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ENTROPY
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Figure 3-6. A Fanno Line Plotted in the hs-plane

(i) the friction coefficient f, and

(ii) the entropy gradient ds/dx.

(e) The path of a compressible fluid along a
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Fanno line is always in the direction of
increasing entropy, so that the second
law of thermodynamics will be satisfied.

(f) The lower branch of a Fanno line, that

lying to the left of the state cor-
responding to s = s, (see Fig. 3-6),
cannot be reached by a continuous flow
process starting from the upper branch.
The lower branch represents the locus of
the thermodynamic states for the
flowing compressible fluid starting at
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Figure 3-7. Comparison of Fanno Lines for Two Different Values of the Flow Density (G=m/A)

values of h, s, and P which are smaller
than those corresponding to s = Smax:
Such a process is a supersonic flow
compression (diffusion).

Friction and drag effects alone are responsible
for the change in the thermodynamic state of
the fluid as it flows through the constant area
duct. Because the adiabatic is irreversible, the
entropy of the fluid must increase in the
direction of flow. Consequently the direction of
flow along a Fanno line must always be that
which leads to s = Smax: The velocity of the

fluid when s = Smax 1S €qual to the local acoustic
speed, i.e., u = u* = a*, Hence, Smax = S*

The acoustic speed a* for a Fanno line
should not be confused with the critical acoustic
speed a* for an isentropic flow (see par.
A-6.1.1). The asterisk attached to a symbol —
such as a, u, P, T, etc. — merely denotes the
value of the pertinent quantity when M = 1 for
the flow process under consideration.

The following conclusions are applicable to a
Fanno flow:
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(1) If the flow is subsonic (M < 1), then:

(a) u and M increase in the direction of
flow, and

(b) simultaneously h and P decrease.
(2) If the flow is supersonic (M > 1), then:

(a) u and M decrease in the direction of
flow, and

(b) simultaneously h and P increase.

(3) A subsonic Fanno flow cannot be trans-
formed into a supersonic flow; it can
only approach a sonic flow (M=1), as a
limit.

(4) A supersonic Fanno flow cannot be
transformed by a continuous process
into a subsonic flow; it can only be
reduced to a sonic flow (M=1) as a limit.
For a supersonic flow to be transformed
into a subsonic flow some form of
discontinuity in the flow, such as a
compression shock, must occur.

(5) There is a definite length of the duct,
denoted by L*, that causes the flow
Mach number to become unity. When
M=1 the flow is said to be choked.

(6) Reducing the static pressure of the sur-
roundings, denoted by P°, into which
the flow from the duct is discharged to
a value P® < P* has no effect upon
the fluid flowing inside the duct when
Uoyjt = U* = a*; a small pressure distur-
bance cannot be propagated into the
core of the flow.

(7) When Pgyit = P*, the expansion of the
fluid from P* to P, takes place beyond
the exit section of the duct.
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(8) Because the entropy of the fluid in-
creases in the direction of flow, due to
the wall friction, the stagnation pressure
PO decreases in the direction of flow.

3-6.4 FANNO FLOW WITH IDEAL GASES
3-6.4.1 PRINCIPAL EQUATIONS

The following principal equations govern the
Fanno flow of an ideal gas (see par. A-8.3)

(a) Continuity

G =m/A = pu=PM_/4/RT = constant  (3-91)

(b) Momentum

_ 2
dP oy (LD M (4fd_x) 0 (92
2 (1-M?) b

(c) Energy

2
cpdTo = ¢, dT + d(“?) =0 (3-93)

(d) Equation of state

(3-94)

P =pRT or %I-)= dp , dT

p T

(e) Mach number

2
dM? _du® dT _, du_ dT (3-95)
M?2 u? T u T

(D) Impulse function

(3-96)

£E=(1_P+ __7M2 dﬂ
F P \U+yM?%] M?

Eqgs. 3-91 through 3-96 form a system of
linear equations relating the dependent variables




dM?2 /M2, du/u, etc., with the flow Mach number
M and the friction parameter 4tdx/D.

3-6.4.2 CRITICAL DUCT LENGTH FOR THE
FANNO FLOW OF AN IDEAL GAS

Let f denote the mean value of the friction
coefficient for the duct length Ax=L* — L; x=L
where M=M and x=L* where M=1. From par.
A-8.3.2, the critical length L* is given by

rtl
(T) M?
7_’1 2
— |M
()

3-6.4.3 DUCT LENGTH FOR A SPECIFIED
CHANGE IN MACH NUMBER

Fig. 3-8 illustrates schematically the physical

397

L* 1-M?  [y+1
f —_= +| ——
4 D 2yM? (27 In
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required to change the flow Mach number from
M1 to M2 (see par. A-8.3.3).

1t can be shown that

sl 1 (M-M
D M2 M?

By means of Eq. 3-98 one can compute the
length of duct L, of hydraulic diameter D,
having the mean friction coefficient f, for
changing M, to M, when the flowing gas has a
specific heat ratio of +.

situation for determining the duct length
| 2
AM'——F—. M2 ——:—- Ms=| -——t———
|
-—————— L e L*M —————-J
2
- L, .
* »
. Ly _ L
4F7LIE = (457 % )M' (472 )Mz

Figure 3-8. Determination of Duct Length To Accomplish a Specified Change
in Flow Mach Number (Fanno Line)
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From the equations of the entropy gradient
ds/dx and the Mach number gradient dM/dx for
the Fanno flow of an ideal gas (see pars. A-8.3.5
and A-8.3.6) one obtains the characteristics of
the Fanno flow.

3-6.44 GENERAL CHARACTERISTICS OF
THE FANNO FLOWOF AN IDEAL
GAS

(1) If the flow is initially subsonic (M < 1),
the effect of wall friction is to increase
the Mach number in the direction of
flow.

(2) If the flow is initially supersonic (M >
1), the effect of wall friction is to
decrease the Mach number in the direc-
tion of flow.

(3) Regardless of whether the initial flow is
either subsonic or supersonic at a given
cross-section of the constant area duct,
the flow Mach number approaches the
value M=1 as a limiting value. When the
flow Mach number attains the value M=1
the flow is said to be choked, and that
the condition (M=1) corresponds to the
thermodynamic state where the specific
entropy of the fluid is a maximum (see
par. A-8.3.6).

3-6.5 EQUATIONS FOR COMPILING
TABLES FOR FANNO FLOW FUNC-

TIONS, FOR IDEAL GASES

For calculation purposes it is convenient to
employ the flow condition where M =1 as a
reference condition, which condition is denoted
by attaching a superscript asterisk (*) to the
pertinent variables. Since the variables P/P¥,
PO /PO *, T/T*, etc., are functions of M and 7,
tables for the preceding variables as functions of
M for different values of vy are readily computed.
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Table 3-4 presents the equations employed for
calculating Table A-2 (Compressible Flow Func-
tions for Fanno Flow).

TABLE 34
EQUATIONS FOR COMPUTING FANNO FLOW
FUNCTIONS FOR IDEAL GASES

(Conditions: Adiabatic flow in a constant area
duct in the presence of only wall
friction.)

T, e
* -
T ) [1 + (7_1) Mz]
2
1
P_1 (v+1)/2 2
P M -

poour_ 11
p* u M* M v—1
2
hat
— 2(r-1)
po 1+(7—1> M?
PF M| T
2
F _ 1 +yM?
= c

M\/2(7+1)[1 + (’T‘l) M2]

4fL* 1-M?




EXAMPLE 3-1.

Compute L/D as a function of the initial
Mach number M, for air (y = 1.40), to cause
choking in a smooth constant area duct. As-
sume air is an ideal gas, and that the average
value of the friction coefficient is f = 0.0025.

SOLUTION.

From Table A-2, for M, =0.2, 4fL*/D=14.553

14.53

—————=1453
4(0.0025)

Hence L/D=

In a similar manner one obtains the results
presented below

M, 4fL*/D L/D PO/pO* pO*/po
0 oo oo oo 0

0.2 1453 1,453 2.96 0.338
0.4 231 231 1.59  0.629
0.6 0.491 49.1 1.19  0.840
0.8 0.072 7.2 1.038 0.963
1.0 0 0 1.00 1.000
1.5 0.136 13.6 1.176 0.850
2.0 0.305 30.5 1.688 0.592
4.0 0.633 63.3 10.72 0.924
10.0 0.787 78.7 535.9 .0018
o  0.821 82.1 o0 o0

The results tabulated in Example 3-1 show that
for a purely supersonic flow (M>1) the max-
imum value of L/D is limited by choking to
L/D=82.1 irrespective of the value of M, (based
on y=1.4 and f=0.0025).
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3-7 STEADY ONE-DIMENSIONAL FRIC-
TIONLESS FLOW IN A CONSTANT
AREA DUCT WITH STAGNATION TEM-
PERATURE CHANGE (RAYLEIGH
FLOW)

A Rayleigh flow is defined as one which is
steady, one-dimensional, frictionless, takes place
in a duct of constant area, and is accompanied
by a change in stagnation enthalpy (dh®# 0).
Such a flow is characterized by the following:

8W = 8F¢=dm/m = dA/A=0 (8Q#0) (3-99)

In general, a flow which is accompanied by
heat transfer to (or from) the flowing fluid is
called a diabatic flow. A flow characterized by
Eq. 3-99 is termed either a Rayleigh flow or a
simple diabatic flow (see par. A-9).

For a Rayleigh flow, all changes in the
stagnation enthalpy of the flowing fluid are due
to heat transfer to (or from) the fluid. Conse-
quently, the analytical results pertinent to a
Rayleigh flow are limited to the following:

(a) simple diabatic flows for which the
effect of heat transfer overwhelms any
effects due to fluid frictions, and

(b) flows where the heat transfer process is
confined to such a short length of the
duct that the effects of friction may be
ignored.

Fig. 3-9 illustrates the manner in which the
flow parameters for a Fanno flow vary with the
initial flow Mach number, for an ideal gas with
¥=1.40.

3-7.1 PRINCIPAL EQUATIONS FOR A
RAYLEIGH FLOW

Fig. 3-10 illustrates schematically the phys-
ical situation governing a Rayleigh flow. The
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Figure 3-9. Flow Parameters for a Fanno Line fora Gas with v = 1.40
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Figure 3-10. Physical Situation for a Rayleigh Flow

following principal equations apply (see par.
A-9):

(a) Continuity

u=G/p (3-100)
(b) Momentum
d_£+ udu = 0 (3-101)
(c) Energy
u; u2
h, +7+1Q2=h2+7 (3-102)

where | Q, is the heat added per unit
mass of fluid between Station 1 and 2.

(d) Rayleigh line equation

Combining Eqs. 3-100 and 3-101, one
obtains
P, +Gu2 =P1+Gu1 = constant (3-103)

Introducing the impulse function F(see Eq.
A-56), one obtains

F=PA+mu=P+Gu (3-104)
Combining Eqs. 3-100 and 3-102, yields

1 1
Bh e (;T‘F):G’ (v,= ;) (3-105)
1 2

where v = 1/p = the specific volume of the fluid.
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Since G is a constant, Eq. 3-105 is the
equation of a straight line drawn in the Pv-plane,
and that line is the locus of the thermodynamic
states for the fluid for a constant value of the
flow density G, as illustrated in Fig. 3-11.

A curve which is the locus of the thermo-
dynamic states of a fluid, for a Rayleigh flow, is
called a Rayleigh line.

3-7.2 RAYLEIGH LINE
3-7.2.1 GENERAL CHARACTERISTICS

Fig. 3-11 illustrates a Rayleigh line plotted
in the Pv-plane, and Fig. 3-12 illustrates a
Rayleigh line plotted in the hs<(or Ts-)plane.

Refer to Fig. 3-11. A Rayleigh line in the
Pv-plane is a straight line having a negative slope.
Thus

oP
- (a—) = tana = G?
v
G

(3-106)

Each value of G corresponds to a different
Rayleigh line. Lines of constant enthalpy are
also illustrated schematically in Fig. 3-11, and
one may conclude from Fig, 3-11 as follows:

(a) Increasing h for the fluid, from h, to h,,
causes its density p and its static pressure
P to decrease.

(b) Decreasing h, from h2 to h1<h2 by
cooling the fluid, increases both p and P.

Refer to Fig. 3-12. It is evident that a
Rayleigh line plotted in the hs-plane has two
branches. As in the case of the Fanno line, each
branch corresponds to a different type of flow.
The upper branch is the locus of the thermo-
dynamic states attainable by a subsonic flow
(M<1) by heating the fluid from an initial state
(such as state 1) having a value of specific
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entropy smaller than s,,.= s*; the state cor-
responding to s* is termed the thermal choking
state.

The lower branch of the Rayleigh line (see
Fig. 3-12) is the locus of the thermodynamic
states which are attainable by heating a super-
sonic flow (M>1) from an initial state, such as
state 2, where s <s* to s*.

Hence, heating a compressible fluid flowing
in a frictionless constant area duct accelerates
the fluid toward M=1, as a limit, if the flow is
subsonic, but decelerates to M=1, as a limit, if
the initial flow is supersonic.

3-7.2.2 CHARACTERISTICS OF THE
RAYLEIGH LINE FOR THE FLOW
OF AN IDEAL GAS

If the flowing fluid is an ideal gas, the
Rayleigh line has the following characteristics:

(a) If the initial flow is subsonic, heating it
results in an increase in the Mach
number and a decrease in the static of
the fluid; the drop in the static pressure
is due to the rate of change in the
momentum of the fluid, and it is called
the momentum pressure loss.

(b) Heating the gas in the subsonic flow
range causes its temperature to increase
until a maximum value of T is reached

when M = 1A/7 .

(c) Heating the gas in the subsonic flow
range will cause the flow to become
thermally choked, when M=1, unless the
initial conditions are altered.

(d) Increasing the initial Mach number of -
the gas, in the subsonic flow range,
reduces the amount of static enthalpy
which can be added to the flowing gas.
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Figure 3-12. Rayleigh Line Plotted in the hs-(or Ts-) plane

(e) Heating the flowing gas in the supersonic

flow range causes the Mach number to
decrease and the static pressure to in-
crease. The flow becomes thermally
choked when M=1 if the initial con-
ditions are not altered.

3-7.3 RAYLEIGH FLOW EQUATIONS FOR

IDEAL GASES
Let the subscripts 1 and 2 refer to two

stations in a frictionless constant area duct.
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Then for the Rayleigh flow of an ideal gas

(a) Impulse function per unit area (F/A)

F/A =P (1 + yM?)= constant (3-107)
(b) Static pressure ratio (P, /P,)
P, /P = ( +yM2) / (1 +yM2) (3-108)




(c) Density ratio (p, [p,)
pylp, =u,fu,

=M} (1+M3)/ [M§(1+7Mf)] (3-109)

(d) Static temperature ratio (T, [T,)
T2/rl = (P2M2)2/ (PlMi)

=(M,/M )’ (1+yM}D(1 +yM2)*  (3-110)

(e) Stagnation temperature ratio (TS /T:) )

(3-111)

-1
i [MZMM:)]:H@T)M%

T1 M1 (1+7M§) 1 $<Y__;_1> Mf

(f) Stagnation pressure ratio (P;)/P?)

= (3-112)
1 +7M2 1 +<7;1) M2
2 1
(8) Entropy change (As/R)
r
A_S =.1n (2)7—1 P—l
R T\T, P,
2 m
Y =
(M )»ﬁ LM\
=|m|2 (3-113)
M, 1+yM?

It is seen from Eq. 3-111 that the Mach
number M, for the Rayleigh flow of an ideal gas
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depends upon the initial flow Mach number M,
and the stagnation temperature ratio TY/T?. Eq.
3-112 shows that the stagnation pressure ratio
PO/PO depends upon the change in Mach number
fromM, toM,.

3-7.4 EQUATIONS FOR TABLES OF RAY-
LEIGH FLOW FUNCTIONS FOR IDEAL
GASES

For calculation purposes it is desirable to
relate the flow parameters for the Rayleigh flow
of an ideal gas to a reference state. As was done
for Fanno flow, the reference state for a
Rayleigh flow is that corresponding to M=1.
Employing an asterisk superscript (*) to denote
the reference state where M=1, one obtains the
following equations! (see par. A-9):

) 2Ay+1)M? [1 + (7_;_1) M’]

= 3114

To* (1+9M?)? ( )
2

%= (11%) M?2 (3-115)

P _ 1*y

P*  1+yM?

Table A-3 presents the variables TO /T°¥,
T/T*, P/P* PO /PO* and u/u* as functions of M,
for different values of . Fig. 3-13 presents the
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Figure 3-13. Flow Parameters for a Rayleigh Flow As a Function of M, for y = 1.40
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flow parameters for a Rayleigh flow as a
function of the Mach number M for y=1.40.

3-7.5 DEVELOPMENT OF COMPRESSION
SHOCK

If a Fanno and a Rayleigh line for the same
value of the flow density G are plotted on the
Ts-plane, they will intersect at two states, such
as a and b illustrated in Fig. 3-14. Because all of
the states on the same Fanno line have the same
stagnation temperature TO , and because F/A
has the same value for all states on the same
Rayleigh line, the states a and b have identical
values of G, T, and F/A. It can be shown (see
par. A-10) that the flow through a normal
compression shock wave satisfies the continuity
and energy equations for a Fanno line and also
the momentum equation for a Rayleigh line.
Consequently, a spontaneous change from state
a to state b can be accomplished by a shock

AMCP 706-285

wave. Since state b is at a larger value of entropy
than state a, a spontaneous change from state a
to state b does not violate the second law of
thermodynamics.

It is seen from Fig. 3-14 that the static
pressure at state b is larger than that at state a.
Hence, the spontaneous change of state (a+b)is
termed a compression shock. In view of the
second law, a change of state from b to a is
impossible; i.e., a spontaneous change from a
subsonic to a supersonic flow is impossible. Only
the reverse can occur. The abrupt compression
of the gas by the compression shock increases
the static pressure and temperature, and the
entropy of the gas. Its velocity after flowing
through the shock wave, however, is reduced to
a subsonic value (M < 1).

For a detailed discussion of shock waves and
supersonic flow see Appendix A.
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Figure 3-14. Development of Compression Shock
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CHAPTER 4
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COMPRESSIBLE FLOW IN NOZZLES

4-0 PRINCIPAL NOTATION FOR CHAPTER

4%

A*

D

D

acoustic speed =+/YRT

critical acoustic speed, in cross-section
A¥* where M=1

stagnation acoustic speed =+/yRT°

= a*/(yt1)/2
flow cross-sectional area, in general
critical cross-section area, where M=1
for a steady one-dimensional isen-
tropic flow
cross-sectional area of throat of nozzle
British thermal unit

. . . o 2
maximum isentropic speed =< a o=

‘y-

specific heat at constant pressure
specific heat at constant volume

contraction coefficient for a fluid jet

discharge coefficient for a nozzle (or
orifice) = ‘IICC

diameter

drag

hydraulic diameter

*Any consistent set of units may be employed; the units pre-
sented here are for the American Engineers System (see

par. 1-7).

hO

Ah

Ah

Ah

AOhy

energy, in general

energy expended in overcoming fric-
tion

kinetic energy
potential energy

friction coefficient in the Fanning
equation

thrust, 1b

acceleration due to gravitational at-
traction of earth, ft/sec?

gravitational correction factor =
32.174 slug-ft/lb-sec?

flow density = m/A
static specific enthalpy, B/slug
stagnation specific enthalpy, B/slug

a finite change in static specific
enthalpy

increase in static specific enthalpy due
to a compression of the fluid, B/slug

change in the static specific enthalpy
of a compressible fluid due to its
expansion in a nozzle, B/slug

decrease in the static specific enthalpy
of a compressible fluid due to an
expansion process, B/slug
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=]

m*

TO

4-2

mechanical equivalent of heat ~ 778
ft-1b/B

length, unit as specified in text
molecular weight

mass flow rate

critical mass flow rate

local Mach number

static pressure, psia

static pressure, psfa

total or stagnation pressure

static pressure in throat of nozzle

pressure ratio for a compression
process,r, =P, [P , where P, >P,

expansion ratio for an expansion in a
nozzle (r, = Pt/PO)

gas constant =R, /m

49,717
63.936

universal gas constant =
ft-1b/slug-molelR =
B/slug-mole 2R

static specific entropy, B/slugZR
stagnation specific entropy

surface area

time, sec

static temperature, °R

total or stagnation temperature, °R

velocity of fluid parallel to the x-axis
fps, or specific internal energy, as
specified in text

v velocity of fluid parallel to the y-axis,
fps, or specific volume (v=1/p), as
specified in text

w velocity of fluid parallel to the z-axis,
fps, or weight, as specified in text

w weight rate of flow, 1b/sec

4 elevation or altitude

r-1
Z, compression factor = | 8 T 1
r!
Z expansion factor =1 — (Pe/PO) i
GREEK LETTERS

a semi-angle of diverging portion of a
nozzle

B semi-angle of cone for an annular
nozzle (Fig. 4-18)

v specific heat ratio = cp/cv

A finite change in the parameter

€ area ratio (Ag/A¢) for a nozzle

n efficiency

A flow divergence loss coefficient for a
nozzle

p density

¢  velocity coefficient for a nozzle;

=V "Mn

¥ flow factor for a nozzle (see Eq. 4-11)

v* critical flow factor corresponding to

maximum mass rate for ideal nozzle
flow (see Eq. 4-16)




SUBSCRIPTS
a ambient or environment
C compression or combustion, as speci-

fied in text

e exit cross-section of nozzle

f friction

g gas
max maximum

n nozzle

t throat section
SUPERSCRIPTS

*

critical condition where M=1, for an
isentropic flow

value to which prime is attached is
reached by an isentropic process

o  stagnation value

4-1 INTRODUCTION

The present chapter is concerned with the
application of the gas dynamic theory, presented
in Chapter 3 and Appendix A, to the flow of
compressible fluids in nozzles. It will be recalled
from Chapter 1 that some form of nozzle serves
as the propulsive element in every type of jet
propulsion system. In paragraph 3-4.3.2 a nozzle
was defined as a flow passage which causes an
expansion (dP<0) of the compressible fluid
flowing through it.

The nozzles employed in current jet propul-
sion engines can be grouped into two broad
classes:(1) converging nozzles, and (2)
converging-diverging or De Laval nozzle. Figure
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4-1 illustrates schematically the manner in which
the flow area varies in the two general classes of
nozzles. It should be pointed out, however, that
the longitudinal axis of a nozzle need not be a
straight line, as is shown in Fig. 4-1.

In the analytic treatment of the flow of a
compressible fluid in a nozzle, regardless of
type, it will be assumed unless it is specifically
stated to be otherwise that the flow is steady,
one-dimensional, and isentropic. Such a flow
will be termed ideal nozzie flow.

Experiments have demonstrated that the
effects of friction upon the changes in the
thermodynamic properties of the compressible
fluid and its pertinent flow parameters, in the
case of nozzle flow, are considerably smaller
than the effects produced by the changes in the
cross-sectional area of the nozzle. It is
customary to account for the effects of friction
in actual nozzle flow by applying pertinent
empirical coefficients to the results obtained
from analyses based on ideal nozzle flow. One
may, therefore, regard the results obtained by
assuming ideal nozzle flow as a close approxima-
tion to the actual flow in a nozzle.

A basic characteristic of nozzle flow is that
the compressible fluid moves in the direction of
a negative pressure gradient which enables the
fluid layers adjacent to the walls of the nozzle to
follow the contour of the nozzle quite readily,
despite the decelerating influence of wall fric-
tion upon the flowing fluid. Consequently, wall
friction exerts only a minor influence upon the
flow of a compressible fluid in a well-designed
nozzle.

Since the results obtained by analyzing ideal
nozzle flow in a converging nozzle can be readily
applied to a converging-diverging (De Lavel)
nozzle, the converging nozzle will be discussed
first.
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Figure 4-1. Two Basic Types of Nozzles Employed in Jet Propulsion Engines




42 IDEAL FLOW IN A CONVERGING NOZ-
ZLE

The converging nozzle, see Fig. 4-1, is

suitable for applications where the pressure ratio
P, [P, is small. It is the type of nozzle employed
in gas-turbine jet engines for propelling aircraft
at subsonic flight speeds (see Part Two, Chapters
12 and 15).

Figure 4-2(A) illustrates schematically the
flow through a converging nozzle attached to a
large storage tank (infinite reservoir), and Fig.
4-2(B) illustrates a converging nozzle attached to
a pipe. Ideal nozzle flow is assumed (see par.
4-1).

Let subscripts 1 and 3 refer to the entrance
and exit cross-sections of the converging nozzle,
respectively, and the subscript a to the environ-
ment into which the nozzle discharges. The
assumed ideal nozzle flow is characterized by
the conditions (see pars. A-5.1 and A-5.2)

h© = a constant and P° = a constant

4-2.1 ISENTROPIC EXIT VELOCITY FOR A
CONVERGING NOZZLE

If h denotes the static specific enthalpy of
the flowing compressible fluid at an arbitrary
cross-sectional area of a converging nozzle, de-
noted by A,, and h® denotes its stagnation
specific enthalpy, then the velocity of the fluid
crossing A, is given by (see par. A-5.3)

u, =/2(h°—h,)

Eq. 4-1 applies to any isoenergetic flow
(reversible or irreversible) and comes directly
from the energy equation. The isentropic velo-
city of the fluid crossing the nozzle exit cross-
sectional area A, is obtained by setting A =
Ay, hg= h,, and u'e=' u, in Eq. 4-1.

(4-1)
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Hence

ug =up= /2(h° - he )= isentropic exit  (4-2)

velocity
In the case of a converging nozzle, however,
the exit area Ag is the smallest cross-sectional
area of the nozzle,i.e.,

Ae = At = nozzle throat area

Hence, for a converging nozzle

u, = U} = the isentropic throat velocity  (4-3)
Hereafter, in discussing converging nozzles the
subscript e will be replaced by the subscript t.

4-2.2 ISENTROPIC THROAT VELOCITY
FOR THE FLOW OF A PERFECT GAS
IN A CONVERGING NOZZLE

From par. 3-5.3 it follows that if the flowing
fluid is an ideal gas, then— for ideal nozzle flow
in a converging nozzle — the isentropic throat
velocity uy is given by Eq. A-130 which is
repeated and renumbered here for convenience.
Thus

ug = a° (—2> Zy = coV/Zy

’y—

= v+l
)

where (see par. A-6.2)

44

a®= /YRTO® = stagnation acoustic speed

cy= ’ 2(%) RTO = maximum isentropic
speed

a*=/YRT* = critical speed of sound

-1

Zi=1-r; T o= expansion factor

1= Pt/P0 =P,/P°= nozzle expansion ratio
(for a converging nozzle)

4-5
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/7/= A°
T = T°
4= 0 e
P = P° | Ae™ Ay
g A U= U
e t
L R P,
(FQ=dW=dyg=0

(A) CONVERGING NOZZLE ATTACHED TO A LARGE
STORAGE TANK

' A
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| Ae At
at
= U P¢
/ | ‘(e ?*
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h=h / l
. (FQ= W=d4=0)
P=p
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(8) CONVERGING NOZZLE ATTACHED TO A PIPE

Figure 4-2, Ideal Nozzle Flow in Converging Nozzles
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In most cases the initial flow conditions for
the gas flowing in the nozzle (T and P°) are
known, so that the reference speeds a©, ¢, and
a* are constants.

It is frequently useful to express u{ in
dimensionless form by introducing the dimen-
sionless isentropic throat velocity wt' = wé, for a
converging nozzle. Combining Eqs. A-124 and
A-125, one obtains the following equations for
the dimensionless isentropic throat velocity for a
converging nozzle:

ul
w't= t = (_2_> Zt
v-—-1
VYRT®
M
v-1
1+(T> Mi
4-2.3 EFFECT OF VARYING THE BACK

PRESSURE ACTING ON A CONVERG-
ING NOZZLE

(4-5)

Consider a converging nozzle which operates
with constant values of h© and P° at its entrance
cross-section Al (see Fig. 4-2(A)) but with a
varying back pressure P,; where P, is the static
pressure of the surroundings into which the
nozzle discharges a compressible fluid. The
effect of P, will now be studied by considering
four different operating modes or cases.

Case I. (P, = PO). In this case, since P = PO at all
cross-sections of the nozzle, there is no flow of
fluid through the nozzle, i.e., the mass flow rate
m = 0.

Case II. (Pt = Pa < P*). In this case, termed
subcritical operation, the pressure in the exit
cross-section of the nozzle Pt= Pa'

Case III. (Py = P, = P*). This mode is termed
critical operation. The isentropic exit or throat
velocity ué = a* = the critical speed of sound.
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Furthermore, the throat (or exit) area is identi-
cal with the critical flow area A* (see par.
A-6.3.1). Accordingly, when A; = A¥* the nozzle
passes the critical mass flow rate m* and the
corresponding value of the flow density is the
critical flow density G* = m*/A¥*. If the flowing
fluid is an ideal gas, then it follows from Eq.
A-164 that for a converging nozzle

y+1
G* = Ih*/A* = ?f _2_ 2= (4-6)
aO v+1
Hence
y+1
G*a® 2 \31
=- @

Case IV. (P, =P* > P,). This mode of opera-
tion is termed supercritical operation. Decreasing
the static pressure P, from P, = P* to P, = 0 has
no influence upon the throat pressure Pt; the
latter remains constant the critical value P*,
where

1
P* = 2 k pP©
v+l

Because the upstream conditions are assumed
constant, the throat velocity also remains con-
stant at the value (see Eq. 4-4)

5
‘ull = a* = ao _2_ = 27RT
t y+1 v+l

Hence, when a converging nozzle is operated
under super-critical conditions, reducing P,
causes the rarefaction wave to be propagated
toward the converging nozzle with a wave speed
a* which is equal to the speed with which the

4-7
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flowing ideal gas is ejected from the nozzle.
Consequently, the flow in the nozzle is unaf-
fected by the reduction in Pa even if it is
reduced to zero. As a result the mass flow rate
remains constant at the value m*. If a larger
flow is desired the upstream conditions (see Eq.
4-6) must be altered or the throat area increased.

Since the static pressure of the gas in the
exit cross-sectional area of the converging nozzle
(At = Ae) is P*>Pa, the adjustment of the static
pressure of the gas discharged by the nozzle to
the back pressure P, takes place in the environ-
ment external to the nozzle. The finite
differences in the radial pressure in the exhaust
jet produce transverse accelerations of the gas
molecules and nonuniformities in the flow that
cannot be analyzed on the basis of one-
dimensional flow, which is a major assumption of
ideal nozzle flow.

4-2.4 MASS FLOW RATE FOR IDEAL NOZ-
ZLE FLOW (CONVERGING AND CON-
VERGING-DIVERGING NOZZLES)

The mass flow rate through either a con-
verging or a converging-diverging nozzle (see Fig.
4-1) is obtained by applying the one-dimensional
continuity equation (Eq. 3-18) to the throat
area of the nozzle, denoted by A¢. Thus, for an
ideal nozzle flow
m’ =m{ =m, = Ay (4-9)

If the flowing fluid is an ideal gas (see pars.
3-2 and 34), then Eq. 4-9 can be written in the
following form®:

PCA
m' = w( t) (4-10)
+/RT°
where
2 +1
w=‘/2—71 [rt T_x 77]- flow  (4-11)
7 factor

where

l't = Pt/Po .

Eq. 4-10 presents the isentropic mass flow
rate m’ for ideal nozzle flow in either a
converging or converging-diverging (De Laval)
nozzle.

It is apparent from Eq. 4-11 that for fixed
initial conditions (P° and T°) and a given value
of ry = Pt/P0 the flow factor V¥ is a function only
of the specific heat ratio . For fixed values of
1, Ay, and PO the mass flow rate m’ for a given
ideal gas depends only upon its total tempera-
ture TO; increasing T° reduces m’.

Figure 4-3 presents the flow factor ¢ as a
function of Pt/P0 for vy equal to 1.135, 1.3, and
1.4. For a given value of Py/P© the flow factor ¢
decreases slightly as vy, is reduced. For all values
of v, the flow factor =0 when Pt/P0 is equal to
either zero or unity; between those limiting
values of r; the flow factor ¢ has a maximum
value.

By differentiating Eq. 4-11, it is readily
shown that the expansion ratio P¢/P° which
makes { a maximum is given by (see Eq. 4-7)

-
Pt _ 2 -1 _ P*
l_)B or - m P°

From par. A-6.1, when l’t/PO is equal to the
critical expansion ratio P*[PO, then A=A*the
critical flow area, and the following conditions
obtain in the nozzle throat:

(4-12)

ui =a* = /YRT* (4-13)
T *
St T 2 (4-14)
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(4-15)

Combining Egs. 411 and 4-12 gives the
following equation for Y., = y*:

1
¥1 3

] (4-16)

_, (2
LT (Fl)

Hence, the equation for the maximum isen-

. . ¢ . .
tropic mass flow rate m .. can be written in
the form

(o)

m*=n";nax=w*A* 417

VR

Figure 44 illustrates the functional relation-
ship between m’ and r¢= P/P°, as calculated
from Egs. 4-10 and 4-11, for a given value of 7.
As one might expect its characteristics are
similar to those for the functional relationship
between { and ry(see Fig. 4-3).

Itis seen in Fig. 4-4 that the critical mass flow
rate m* is attained when P;/P°® = P*/PO. Experi-
ments demonstrate that the calculated curve for
m’ vs ry is correct for the range ry = P/P°
=1.0 to P*/P° For that range of expansion ratios
the static pressure Py = Pg, for a converging
nozzle is always equal to the back pressure P,
(see Fig. 4-1(A)). If either P is increased or P,
reduced so that P,/PO<P*/P° the pressure Py no
longer equals P, but remains constant at the
value which gives P=P,=P*. Consequently, the
calculated broken line segment of the curve in
Fig. 44 does not exist physically. Reducing
P,/P° below the value which yields Py/P°
= P*/P° = P,/PO for a converging nozzle has no
effect upon the isentropic mass flow rate. It
remains constant at the value m’= m*.

4-10

It should be noted here, that although the
equations for the critical mass flow rate m*
were derived for a converging nozzle, they
apply also to the converging portion of a
converging-diverging (De Laval) nozzle.

43 IDEAL FLOW IN A CONVERGING-
DIVERGING (OR DE LAVAL) NOZZLE

The discussions of ideal nozzle flow in a
converging nozzle indicate that such a nozzle
can expand a gasonly through the pressure
range (PO/P¥), as illustrated in Fig. 4-5. Conse-
quently, the transformation of the static specific
enthalpy of the gas into kinetic energy is limited
to the area lying above the line or curve
corresponding to P* = constant. The enthalpy
corresponding to the area below the line P* =
constant cannot be converted into Kkinetic
energy by expanding the gas in a converging
nozzle.

The Swedish engineer, De Laval (1883),
showed that the enthalpy transformation into
kinetic energy corresponding to an isentrcpic
expansion of the fluid from P* to P, could be
effected by adding a diverging portion to a
converging nozzle, as illustrated in Fig. 4-1(B).
Figure 4-6 illustrates the characteristics.

Converging-diverging nozzles are employed
for nozzles which must operate with large values
of the pressure ratio PO/P,. In general, the
propulsive nozzles for chemical rocket engines
are converging-diverging nozzles and they
operate with inlet total pressures ranging from
150 to 3000 psia, the back pressure P, being
that of the surroundings into which the nozzle
ejects its propellant gas.

Converging-diverging nozzles have not been
used widely for turbojet engines until more
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Figure 4-4. Mass Flow Rate As a Function of the Nozzle Expansion Ratio,
for a Fixed Value of y

recent years, when supersonic aircraft were
developed. Because of the high ram pressure of
the air entering the engine, the pressure ratio of
the nozzle became large enough to warrant
employing the converging-diverging type of
nozzle.

Fig. 4-6 illustrates the characteristics of the
flow in a converging-diverging nozzle when it is
passing the critical mass flow rate my, ., =m*,
and the entrance velocity u, is subsonic. In
general, the upstream operating conditions at
the cross-sectional area A, and the exit
cross-sectional area A, may be assumed to be

given, and also the area of the throat A; of the

converging-diverging nozzle. It is assumed that
the flow is an ideal nozzle flow (see par. 4-1)
and the flowing fluid is an ideal gas.

The gas velocity increases as it flows from
the entrance cross-section A, to the exit
cross-section Ae, due to the decrease in pressure
PO_P,; the ratio P°/P, is called the nozzle
pressure ratio and is larger than unity. As before,
the ratio Pe/P0 is called the nozzle expansion
ratio and is denoted by r,.

If a converging-diverging nozzle is operated
so that the gas velocity at every cross-section is

subsonic, the maximum gas velocity occurs in

4-11
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ENTHALPY CONVERTED INTO KINETIC ENERGY
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Figure 4-5. Enthalpy Converted Into Kinetic Energy by Isentropic Expansions
in Converging and Converging-Diverging Nozzles
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the throat area A;. Decreasing the exit pres-
sure P, by reducing the ambient pressure P,
causes the gas velocities at every cross-section to
increase, but the largest gas velocity will be the
throat velocity u{ in the area A.

Once the throat velocity ug, however, be-
comes equal to the local acoustic speed a*, then
A =A* P = P*, and the isentropic mass flow
rate m’'= m* = the critical mass flow rate. It is

AMCP 706-285

then impossible to increase the throat velocity
above a* by reducing Pe, assuming fixed values
fer PCand TC.

Assume now that with the entrance con-
ditions for the nozzle held constant, the static
pressure in the exit section P is reduced so that
the flow in the diverging portion of the nozzle
becomes supersonic. The flow in the nozzle is
then unsymmetrical with respect to the throat,

= X Ae
A
& A* X Tfe
1 l /
* /
P e
\ 1i | / e
I |
. 1
m* I ] Vx "';
[ — - } — - f e - P
a
AT : |
: |
| |
| : |
REGION OF :X
—= SUBSONIC o e
VELOCITIES =— REGION OF SUPERSONIC _’J

VELOCITIES

|__SONIC VELOCITY IN

THROAT SECTION

(IDEAL NOZZLE FLOW)

Figure 4-6. Flow Characteristics of a Converging-Diverging (or DeLaval) Nozzle
Passing the Critical Mass Flow Rate m*
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wherein the gas velocity remains constant at the
value u} =a*. The latter conditions are illustrated
schematically in Fig. 4-6.

The operating characteristics of the con-
verging-diverging nozzle can be explained by the
equations presented earlier for ideal nozzle flow
of an ideal gas in a converging nozzle. Thus, the
isentropic exit velocity ué is given by Eq. 4-4,
which is repeated here for convenience. Thus

ug= /2(h°—hy) = Cov/Zi

the velocity ué is the velocity crossing the exit
cross-section of the converging-diverging nozzle
in Eq. 4-18

(4-18)

The isentropic mass flow rate m’ fora
converging-diverging nozzle is given by Eq. 4-10
and its critical flow rate is given by Eq. 4-17.
Hence

pPo
VR

R
1
=
=a¥p0 |2 jX (2 (4-19)
—«f RTO N 711 7+l

It is convenient to express the mass flow rate
m in terms of the flow density G = m*/A.Eq.
4-10 can be transformed to read

2 1
GvART® _ T2 [P} _(P)™ (a20)
P° v-1 p° PO,
14

4-

m* = U*A*

Fig. 4-7 presents the dimensionless para-

meter (G/YRT®)/P%as a function of P/P°, for
y=1.25.

4-3.1 AREA RATIO FOR COMPLETE EX-
PANSION OF THE GAS FLOWING IN A
CONVERGING-DIVERGING NOZZLE

For a converging-diverging nozzle, the ratio
of its exit area A, to its throat area A, is called
the nozzle area ratio and is denoted by €. Thus

€= Ae/At = nozzle area ratio (4-20a)

Fig. 4-6 illustrates a converging-diverging
nozzle which passes the critical mass flow rate
m*; ideal nozzle flow is assumed. Let A, denote
an arbitrary cross-sectional area of the nozzle
located a distance x from the entrance cross-
section A, . From continuity and Eq. 4-10 one
obtains

. o}
m* =A*p*a*= Axpx“;( = JA* P (4-21)
RT©
Hence, for an ideal nozzle flow
*, %
Ax | yr . ot (4-22)
A* Yy PxUx

Substituting for ¢ and y* from Eqs. 4-11
and 4-16, respectively, yields

(4-23)
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Figure 4-8 presents the area ratio Ax/At =
A /A* as a function of PO/P, for different
values of 4. The curves give the required area
ratio Ax/At for expanding an ideal gas isentropi-
cally from the stagnation conditions P® and T©
to the static pressure Px in the cross-sectional
area Ax’ when the nozzle passes the critical flow

m*,

Fig. 4-9 presents the velocity ratio u,’(/ut' as a
function of PY/P, for gases having different
values of . The curves apply to the isentropic
flow of ideal gases. The gas velocities u,’(and u{
apply to the cross-sectional areas A, and Ay,
respectively.

For some purposes it is convenient to
express Ay/A, as a function of M, the Mach
number in A,. Rewriting Eq. A-153 yields

Ax - Ax
A, A*
t 1 5D
=112 <1+7_;_ M§) (423)
M, |1

The dimensionless velocity M; (see par.

A-6.1.5), is given by
P
PO

When m'<m*, the area of the nozzle throat
AA*, and u{<a*; ie., the flow is subsonic
throughout the converging-diverging nozzle, as
explained in par. 43. In that case, the static
pressure of the flowing gas decreases between
Al and At (see Fig. 4-6), attains its smallest
value in At, and then increases between A and
A

y-1
1t
v—1

= X = 2
Mr=_X= (

a

o

When A, coincides with exit cross-sectional
area Ag, then P,=P, and M, =M. Furthermore,
the ratio ugfa* is obtained from Eq. 4-24 by set-
ting P,=P,.

416

The maximum value of the exit velocity u'e
is obtained when the nozzle is designed so that
€=A /A= A/A® gives a static pressure Pg, in
the exit cross-sectional area A, exactly equal to
the back pressure P,. Such a nozzle is said to
operate with either the optimum area ratio or
the area ratio for complete expansion, denoted
by €opt:

When a nozzle operates with €opt Pe=Pa
and all of the available enthalpy for the ideal
nozzle flow is transformed into jet kinetic
energy. Hence, for such a nozzle

u,= /2 (h°—hy)

EXAMPLE 4-1.

(fOl' eopt) (4'25)

A converging-diverging nozzle discharges air,
assumed to be an ideal gas, into a receiver where
the static pressure P, = 15 psia. The nozzle is
designed so that the nozzle passes the maximum
mass flow rate under conditions of ideal nozzle
flow. The nozzle is attached to a pipe and at the
entrance cross-sectional are of the nozzle the
following conditions obtain; p, =100 psia, T, =
800° R, M,=0.3,and A, =1 sq ft. Calculate:

(a) the stagnation values of the properties of
the air (TC, P°, p©, and a°);

(b) the weight rate of air flow in Ib per sec;

(c) the values of P, T, p;, and ui in the
throat;

(d) the throat area At;

() The area of the exit cross-section Ae, to

give complete expansion of the flowing

air, and the corresponding values of B,
Pes ug, M., and T,.
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SOLUTION.
(a) Stagnation values of the flowing, air

Assume

v=1.40; a, = 49.02 /800 = 1390 fps;

M2 =0.09
u, =M a =0.3(1390) = 417 fps;

R, = 1712 ft-b/slug®R

100 (144)

= 0.01052 slug/ft3
1712 (800)

p, =P /(RT,) =

T°=Tl (1+0.2 x0.09) =814°R
PO= 14400 (1.018)3-5 = 15,420 psf = 107 psia

p° =POY(RT®) = 15,420/[(1712)814]
=0.01106 slug/ft3

a® =, /YRTC=49.02,/814 = 1400 fps

(b) Weight rate of flow

m'=m*=w'/g.=p A u, /g

w' =32.174 (m*) = 32.174 (0.01052)(1) (417)
=141 Ib/sec

m* = 4,38 slug/sec
(¢) Throat conditions

Since the nozzle passes the critical flow rate
m*, from Eqs. 412 to 4-15:

p=pr=(-2\" Po= 0.5283(15,420)
t 2.4

= 8,150 psf = 56.50 psia

Ty = T* =(2/2.4)814=678°R
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pp=p* = (227)” (0.01106) = 0.01106/1.577
= 0.00698 slug/ft>
uf = a* =29, /2/2.4 = 1400(0.912) = 1277 fps
(d) Throat area

Since m ‘= m*, from Eqs. 4-16 and 4-17

N )
At=A*=,;,* RT

w *PO

2.5
U = (52_4) /i;j = (0.634) 1.08 = 0.686

Hence

Vi712(814)

A¥ =438 122103
0.686 (15420)

=0.492 sq ft
=70.7 sq in.
Check

m* = 0.00698 (0.492) 1277 = 4.38 slug/sec

(e) Area of exit cross-section (Ae)

When

€ = €opts P.=P,= 15(144) = 2160 psf

P 1 0.286 0.286
- .28
A\ (2160 - 0.140) =0.5702
po 15,420
1 -0.5702 =0.6556
From Eq. 4-24:

14
u
=_¢ _ =
ME= — =0.6556 /6 =1.608
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Hence
u' =a* M2 =1277 (1.608) = 2050 fps
Since flow is isentropic:

0.286

P 2160\
T.=T*{-% =680 [ <22V
£ P*) 8150

= 680(0.696) = 472°R

From Eq. 4-20a:

A
=_% = _1 § 6 =
Copt™ 1= = Tog /6 (1.756)° = 1.616

A, =1.616 (0.492) = 0.796 sq ft =114.5sq in.

800\ 2160

=0.01052( — ] =——

Pe (472) 14,400
= 0.00267 slug/ft?

4-3.2 EFFECT OF VARYING THE BACK
PRESSURE ACTING ON A CONVERG-
ING-DIVERGING NOZZLE

Fig. 4-10 presents the expansion ratio Pe/Pa
and the exit Mach number M, as functions of
the area ratio Ao/A*. It is evident from the fig-
ure that for each value of A /A* there are two
values of M, one is subsonic and the other
supersonic. The back pressure P, determines
which value of M, will occur.

If a converging-diverging nozzle passes an
isentropic mass flow rate m’ <m¥*, the flowis
subsonic throughout the nozzle, and there is a
small range of exit pressures which can be
attained with a subsonic isentropic flow, as
indicated in Fig. 4-11.

4-20

When the nozzle passes the critical mass flow
rate m*, only two exit pressures satisfy the
requirements for an isentropic flow throughout
the converging-diverging nozzle, as illustrated
schematically in Fig. 4-11. The gas can expand
isentropically to the throat pressure Py = P*;
then it may either continue to expand isentropi-
cally, along curve a, to the lower exit pressure
P,,<P* or it may diffuse isentropically, along
curve b, to a higher exit pressure Pez >P*_ If the
gas expands isentropically to P, , the exit
velocity ug will be supersonic (Mg>1). On the
other hand, if the gas undergoes an isentropic
diffusion along curve b, then M <1. None of the
exit pressures between Pe1 and Py, can be
reached by an ideal nozzle flow.

A converging-diverging nozzle having a fixed
area ratio A,/A* and operating with fixed inlet
conditions gives complete expansion of the
flowing gas, only when P, = P, = back pressure.
Consequently, such a nozzle can be designed to
operate with the optimum area ratio at only one
altitude or back pressure. Consequently, at all
but one back pressure P,, the nozzle operates
with either Pe>Pa or Po<P,.

4-3.2.1 UNDEREXPANSION 1IN A
CONVERGING - DIVERGING

NOZZLE

When Pe>Pa’ the gas expansion from Pe to
Pa takes place beyond the n'ozzle exit area A,. A
nozzle operating with P>P, is said to operate
with underexpansion. Conversely, if the fixed
area nozzle operates with Po<P,, it is said to
operate with overexpansion.

As long as a converging-nozzle is operated
with underexpansion (Pe > Pa), the flow

conditions inside the nozzle are unaffected by

any variations in the back pressure. The super-
sonic gas jet ejected from the nozzle expands in
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P ¥a*

Figure 4-10. Expansion Ratio Pe/l’o and Exit Mach Number My As Function of the Area
Ratio A*/A, for a Converging-Diverging Nozzle Passing the Critical Mass Flow Rate m*

much the same manner as that discharged by a
converging nozzle operated supercritically. Con-
sequently, the thrust produced by an underex-
panded jet is less than that obtained from a
nozzle operating with complete expansion
(Pe=Pa), and a pressure thrust term equal to
(Pe—P,)A, entersinto the thrust equation for a
propulsive nozzle (see pars. 2-3 and 2-4).

4-3.2.2 OVEREXPANSION INA CONVERG-
ING-DIVERGING NOZZLE

If a converging-diverging nozzle is operated
with overexpansion, the gas flowing inside the

nozzle may expand to a static pressure Pe lower
than that corresponding to the back pressure Pa'
The gas is compressed to the back pressure by
flowing through one or more oblique shock
waves, as illustrated schematically in Fig. 4-12.
The problem of overexpansion has been studied
by several investigators, but a general and
accurate procedure for predicting separation in
all types of nozzles is lacking! ®-11>12-13,

Consider a converging-diverging nozzle hav-
ing a fixed area ratio Ao/A; and assume it is
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Figure 4-11. Pressure Distributions in a Converging-Diverging Nozzle

Under Different Operating Conditions
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Figure 4-12. Conical Converging-Diverging Nozzle Operating With Overexpansion

designed so that P,=P,. The flow in the diverg-
ence is isentropic and supersonic. Assume now
that the back pressure is raised slightly above
the design value for the exit pressure Pe, ie.,
Ae is larger than that required for expanding
the gas to Pa > Pe.

When P, is only slightly larger than P,
oblique shocks are formed in exit corner of the
diverging portion of the nozzle, and the shock
angle depends on the pressure ratio P,/P, and
M. Increasing Pa causes the oblique shocks to
steepen and become stronger. The range of

values of Pa that cause oblique shocks without
jet separation is indicated schematically in Fig.
4-11.

It should be noted that in an actual nozzle
the back pressure Pa can propagate upstream
through the boundary layer adjacent to the walls
of the nozzle; within the boundary layer the gas
velocities decrease from supersonic at its inter-
face with the main gas stream to subsonic
velocities and to zero at the walls. When P, is

only slightly larger than Pe, as mentioned earlier,
weak oblique shocks are formed in the exit
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corner of the diverging section of the nozzle and
the gas is compressed by the shocks to the back
pressure P, a nonisentropic process which re-
sultsin a reduction-of the exit velocity of the jet.

If the back pressure Pa is raised further, the
oblique shocks steepen which gives rise to
shock-boundary layer interactions; if the shock-
induced compression of the gas is high enough,
the boundary layer will separate from the wall
slightly upstream from the shock. If the back
pressure is increased further, the shock moves
upstream steepens and its propagation speed
increases. The shock will become substantially
normal to the flow and locate itself in the
diverging portion of the nozzle where the
pressure rise of the shock-induced compression
of the gas is insufficient to cause boundary layer
separation. The gas leaves the shock front with a
subsonic velocity (see Fig. 4-11).

Fig. 4-13 presents a correlation of the data
obtained by several experimenters with conical
rocket motor nozzles having a semidivergence
angle of @ =15° The parameter (P,—P)/P° is
plotted as a function of PO/P,.

Experiments indicate that for a given value
of a, the separation pressure ratio Ps/Pa is a
function of the nozzle pressure ratio P[P, .

It is desirable to have some control of the
separation phenomena especially for the nozzles
of jet propulsion engines which must operate
over a wide range of altitudes as, for example,
the nozzles of rocket motors for propelling
launch vehicles. Efforts to reduce the thrust loss
resulting from operating a nozzle with over-
expansion have led to the development of
nozzles having different configurations than the
conventional internal flow converging-diverging
nozzle. Such nozzles are the plug nozzle, the
expansion-deflection nozzle, and the ejector
nozzle. They are discussed briefly in par. 4-8.
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4-3.3 EFFECT OF VARYING THE INLET
TOTAL PRESSURE OF A NOZZLE

Assume ideal nozzle flow and the operation
of a nozzle with a constant back pressure P, . Let
the inlet total pressure P° be varied with TO held
constant. As PC is increased from the value PC=
Pa’ the flow of gas through the nozzle increases.
At some value of P° the ratio P,/P®=P*/P°and
the nozzle passes the critical mass flow rate m*
which is given by Eq. 4-17. Further increase in
P° has no effect upon the critical pressure ratio
P*/Po, because it is a function of v alone (see
Eq. 4-7). Consequently, P*/P° remains constant
for all values of P° larger than

e 2
ax! 7=l
() %

When the nozzle passes the critical mass flow
rate m*, the isentropic throat velocity u{ is given
by Eq. 4-8, which is repeated here - for
convenience

w =a*=2a%_ /2/(y+1)

Eq. 427 shows that for agiven gas, the gas
velocity in the throat of the nozzle depends only
upon its inlet total temperature T, it is indepen-
dent of the total pressure P® because a© is a
constant. Hence, when the critical condition
prevails in the throat of a nozzle, increasing the
total pressure has no effect upon ug = a*.

(4-26)

4-27)

The static pressure in the throat is given by

-1
2 o
=Pp*= [=— P

Hence, if Pa is held constant, and P° is increased,
and the nozzle is operated supercritically, so
that P*>Pa; then the following conditions are
realized:

(4-28)

(a) The static pressure in the nozzle throat
increases linearly with P©.
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(b) The static temperature of thegas in the
throat remains constant at the value

2
T,=T*= [-2\ TO
t (W)

(c) The gas density in the throat is given by

o Dt
PP R
or

e
9 = (‘r_*l 2\ PO
t VAT R
Hence, p; = p* increases linearly with P°.

(d) Since T, R, and v are constants—so that
the critical flowfactor y*isa constant—the
mass flow rate for the nozzle is given by

m’' =m* = A*y*¥ —— =(constant)(P°) (4-29)
/ﬁTO

In the last equation all terms except P° are
constants. Hence, if a nozzle is operated with a
constant back pressure, once Py = P* an increase
in PO causes the mass flow rate of gas to increase
linearly with P°.

44 FLOW IN REAL NOZZLES

4-4.1 LOSSES IN NOZZLES

Up to this point the discussions have been
concerned with nozzles operating with ideal
nozzle flow. Although it is reasonable to assume
in most cases that in an actual well-designed
nozzle the flow is steady and one-dimensional,
the expansion process in the nozzle may be
assumed adiabatic but not isentropic. The loss of
available energy in a well designed nozzle operat-
ing at its design point is quite small and is due
primarily to wall friction. Other losses can arise
due to operating the nozzle with either underex-
pansion or overexpansion. As pointed out in par.

4-26

4-3.2.1 when a nozzle is operated with underex-
pansion, there is a loss due to the expansion
from the exit pressure Py, to the back pressure P,
taking place in the free jet. The loss due to
underexpansion is not serious if the difference
between the actual and operating pressure for
the nozzle is not too large because the variations
in back pressure have negligible effect upon the
flow conditions in a nozzle. For example, if a
converging nozzle for a subsonic turbojet engine
is designed to operate with a pressure ratio Pt/P0
= 1.89 it can be operated supercritically at Pt/P0
= 6 with a thrust loss of approximately 5
percent5>13. In par 4-3.2.2 it was explained why
serious thrust loss can be encountered if a
converging-diverging nozzle operates with
serious overexpansion.

The discussions in this paragraph are con-
cerned with the loss due to wall friction.

4-4.2 AREA RATIO FOR AN ADIABATIC
NOZZLE

In general, the conditions at the inlet to a jet
propulsion nozzle are known and the usual
problem is to determine the flow area for
passing a specified mass flow rate. Because of
the wall friction, Eq. 3-74, which applies to an
isentropic flow, must be modified.

Let the subscripts 1 and 2 denote any two
stations in a nozzle, and assume the flowing
fluid is an ideal gas. Applying Eq. 3-29 to
Stations 1 and 2, and solving for the area ratio
A, /A, , yields

=

L (4-30)
T

2 2 1

1

> >
]
|
|

-

=

For an adiabatic flow T® = constant, but
P?>P§’. It is readily shown, that .

741
-1 2(y-1)
1+ (T) M}

A, M PO @31
A M Y po
1 2 11+ <72 ) Mf P?




Let ((A/A*)y denote the area ratio corres-
ponding to an isenfrOpic flow fromM =M, toM
=1. Then!

(A—z)
A*
A, PO s\ /M,
A
. (ﬁ)
A*
s M,

Eq. 4-32 shows that because of friction the
throat area of a real nozzle must be larger than
that for a comparable isentropic nozzle; Eq.
4-35 applies to any one-dimensional flow chan-
nel in which an ideal gas flows adiabatically.

(4-32)

4-5 NOZZLE PERFORMANCE COEFFICIENTS

To correct the results obtained by assuming
ideal nozzle flow, certain empirical coefficients
are employed. These are discussed below.

4-5.1 NOZZLE EFFICIENCY (n,)

If u, denotes the actual exit velocity of the
gas crossing the exit cross-section A, of a nozzle
and u, is the corresponding isentropic exit
velocity, then by definition (see par. A-5.4.1)

the nozzle efficiency n,, is given by

(4-33)

The nozzle efficiency is the ratio of the
kinetic energy of the jet ejected from the nozzle
to that for an isentropic expansion between the
same values of PO and Py

4-5.2 NOZZLE VELOCITY COEFFlClENT(qb)

By definition the nozzle velocity coefficient
is given by

u
6=z¢

=-F or ue=du, (4-34)
[
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If the flowing fluid is an ideal gas, then Eq.
4-34 can be transformed to read

u, = <23u:3 = ¢c0\ /Zt (4-35)
where
c,= a° 2 and a%=./9RT°

y—1
Z.=1— & v
t po

The effects of friction may be assumed to be
confined to the boundary layer adjacent to the
walls of the nozzle, and the core flow may be
assumed to be isentropic. The choking of the
flow occurs in the core flow when the local
Mach number is unity. The flow cross-sectional
area where M=1 based on isentropic flow can
then be increased by the thickness of the
boundary layer to obtain the required throat
area for a real nozzle. The result would, of
course, be approximate because the isentropic
flow is assumed to be one-dimensional! 7529,

4-5.3 NOZZLE DISCHARGE COEFFICIENT
(Cq)

By definition, the discharge coefficient, de-
noted by Cy, for either a nozzle or an orifice is

actual mass flow rate (1h)

Cq= - (4-36)
d " ‘isentropic mass flow rate (')

In those cases where the fluid jet contracts

beyond the exit section Ae, a contraction coef-

ficient (Cc<1) can be introduced so that

Cd = chb = discharge coefficient 4-37)

The value of Cj for a given nozzle must be
determined experimentally. Data on converging
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nozzles are presented in Reference 14. If there is
no jet contraction C, = 1, and Cq=¢'-2.

In general, the discharge coefficient depends
upon the configuration of the nozzle, the
roughness of its walls, its dimensions, the kind
of gas, and the expansion ratio for the nozzle. If
the nozzle passes the critical mass flow rate then
Cg4 depends only upon the conditions upstream
to the throat section. For large nozzles the
discharge coefficient is usually close to unity,
while for small nozzles Cd can be smaller than
unity.

If there is little or no reassociation of
combustion products as a gas flows through a
nozzle, the values of Cgq will range from 0.93 to
1.0 depending upon the configuration of the
nozzle and the density of the flowing gas. If
there occurs significant reassociation of the
dissociated combustion products, Cq may be
appreciably larger than unity, approximately
1.152.21,

4-6 MASS FLOW RATE FOR A NOZZLE
OPERATING WITH ADIABATIC FLOW
AND WALL FRICTION

It is convenient to express the mass flow rate
through a real nozzle, denoted by m, in terms of
the stagnation conditions at the entrance cross-
section of the nozzle, the discharge coefficient
Ca and the throat area At' Thus

m = CgA po.u} (4-38)
Hence
m=CgA; /2 (h® —h}) (4-39)

If the flowing fluid is an ideal gas, then Eq.
4-39 transforms into (see Eq. 4-10)

o
POA,

JRTO

m=Cy / (4-40)
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The maximum flow rate, denoted by th,,,.,
for a real nozzle occurs when ¥ = y* (see Eqs.
4-16 and 4-19). Hence

1
Mpax = CaAP / RTO ’ e (7 " 1) 44D

The above equations—since they involve
only the stagnation conditions P° and T°, the
throat area At’ the gas constant R, and its
specific heat ratioy— apply to both converging
and converging-diverging nozzles.

4-7 NOZZLE DESIGN PRINCIPLES

Propulsive nozzles for rocket engines and
air-breathing engines are usually axisymmetric
and have circular cross-sections. The nozzles for
rocket engines—and also for ramjet and turbojet
engines for propelling vehicles at supersonic
speeds—are of the converging-diverging type. For
the purpose of studying the flow in such a
nozzle it is convenient to divide a converging-
diverging nozzle into the following three por-
tions:

(a) the converging portion wherein the flow
is subsonic (M<1).

(b) the throat section, wherein the flow is
sonic (Mt=1)'

(c) the diverging portion, wherein the flow
is supersonic (M>1).

It is assumed in the discussions which follow
that the nozzle operates with complete nozzling;
i.e., the expansion ratio ry is less than the critical
value (see Eq. 4-12). Although the remarks will
be concerned primarily with converging-
diverging nozzles for rocket engines, they also
apply to such converging-diverging nozzles for
air-breathing engines.




4-8 NOZZLE DESIGN CONFIGURATIONS

The objective in a nozzle design problem is
to determine the physical dimensions of the
nozzle in terms of prescribed quantities. In
general, the following are prescribed:

(a) The thermodynamic properties of the
flowing gas; these include its specific
heat at constant pressure ¢, its specific
heat ratio 7=cp/cv, its molecular weight
m, and the pertinent chemical equi-
librium constants.

(b) The total temperature T and the total
pressure P® of the gas entering the
nozzle.

(c) The equation of state for the gas; for
rocket motor nozzle design the perfect
gas law P/p =RT gives satisfactory results
in most cases.

(d) The ambient pressure P, into which the
nozzle discharges the propellant gas. For
a rocket nozzle which is to operate over
a range of altitudes, the design value for
the back pressure is usually determined
as a separate problem which is related to
optimizing some operating conditions;
e.g., the “burnout velocity” of a rocket-
propelled missile (see par. 5-9.2).

(e) Physical operating conditions; e.g., one

or more of the following may be
prescribed:

(1) Total thrust of the nozzle
(2) Overall weight of the nozzle
(3) Overall length of the nozzle
(4) Exit area of nozzle

(5) Parallel flow at nozzle exit cross-
section

AMCP 706-285

(6) The throat area or mass flow rate

(7) The nozzle contour for maximizing
the thrust, for either a given nozzle
length or weight.

In the initial design of a nozzle the effects of
heat loss due to radiation, incomplete com-
bustion, changes in the chemical properties of
the flowing gas as it expands, and wall friction
are neglected. The nozzle contour so determined
is corrected subsequently for those secondary
effects. In other words, the initial design is based
on the assumption of potential flow, and the
contour based on that assumption is called the
potential wall contour.

The design of a converging-diverging pro-
pulsive nozzle involves the determination of the
following:

(a) The shape of the converging portion

(b) The shape and dimensions of the throat
section

(c) The configuration of the diverging

portion

(d) The corrections for boundary layer and
other effects to the potential wall con-
tour.

The flow in the converging portion is an
accelerating flow and is subsonic (M<1) until
the throat section, the minimum flow area, is
reached. Because the subsonic flow in the
converging portion is governed by elliptic type
partial differential equations, its contour is not a
solution of those equations that is uniquely
dependent upon the initial flow conditions.

The exact geometry of the converging
portion of either a converging or a converging-
diverging nozzle is not too critical because of the
favorable (negative) pressure gradient. All that is
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required is that the contour and the transition to
the throat be smooth'. For a correctly designed
nozzle having a well-polished interior surface the
velocity coefficient will range from ¢ = 0.96 to
0.98. A well-rounded converging portion,
though not essential, decreases the length of that
part of the nozzle. The throat section can be
quite short.

Major differences in nozzle configurations
are concerned with the design of the diverging or
supersonic flow portion of the nozzle. The
different nozzle configurations which have
either been applied or considered for propulsive
nozzles are:

(a) Conical Nozzle

(b) Contoured or Bell-shaped Nozzle

COMBUSTION
CHAMBER

l\/

_(AXIS OF SYMMETRY) __ |

(c) Annular Nozzle
(d) Plug Nozzle

(e) Expansion Deflection or E-D Nozzle.

4-8.1 CONICAL NOZZLE

Until a few years ago the problem of
designing a rocket motor nozzle was based on
the one-dimensional conical flow approxi-
mation. Investigations indicated that an
optimum divergence angle could be specified for
a conical nozzle that would minimize pressure
losses and achieve satisfactory performance over
an anticipated range of exit pressures.

Fig. 4-14 illustrates the general features of a
conical nozzle employed in rocket jet pro-
pulsion. The semiangle of the convergence,

) ”4]

' Uex

p° yl

o’ ola

Figure 4-14. General Characteristics of a Conical Converging-diverging Nozzle
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denoted by B, is usually between 12° and 35°.
The semiangle of the divergence, denoted by a,
should not exceed 18° to avoid the jet separating
from the wall of the diverging (supersonic)
portion of the nozzle. From the viewpoints of
nozzle weight and heat losses, the semi-
divergence angle should be as large as is per-
missible. Experiments indicate that the most
favorable value of a for a rocket motor nozzle is
between 12° and 15° .

The conical nozzle finds a wide application
in rocket engines employed in Army weapons,
particularly, where low fabrication cost is
important and the nozzle area ratio (Ac/Ay) is
relatively small.

The design of a conical nozzle is based on
one-dimensional gas dynamic theory. For the
initial expansion from the throat, where M=1, to
the diverging portion, where M>1, almost any
smooth curve is satisfactory. Two widely used
designs are employed for the throat: (1) a
circular arc having a radius equal to approxi-
mately Ry/2, where Ry is the throat radius, and
(2) a sharp corner.

The design of the supersonic diverging
conical portion can be done nondimensionally
and scaled to any desired value of thrust. Only
two geometric parameters are involved: the
semidivergence angle a and the nozzle length. To
minimize the nozzle weight and reduce the
friction losses, a short nozzle having a large
divergence angle would appear desirable. The
larger the divergence angle, however, the larger is
the thrust loss due to nonaxial flow in the exit
plane A, (see Fig. 4-16). A nozzle having a= 15°
is commonly termed a 15° nozzle and has be-
come almost a standard for propulsive nozzles
because it achieves a good compromise between
the effects discussed above.

4-8.1.1 THRUST EQUATION FOR A
CONICAL NOZZLE

The axial thrust F obtainable from a conical
nozzle can be determined by integrating the rate
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at which momentum crosses a control surface at
the nozzle exit, as illustrated in Fig. 4-15. Let

m = mass rate of flow of gas through the
nozzle
A = area of the spherical exit surface
u, = adiabatic velocity of the gas crossing
Ag
Hence

0
F= S [(m,) 5+ B~P, JdA,  (442)
A

1t is evident from Eq. 4-42 that, because of
the radial flow in the diverging portion of the
nozzle (see Fig. 4-15), the velocity u, and the
static pressure Pg are referred to the spherical
control surface A and not to the nozzle exit
planar area A,.

It is convenient to express the thrust in
terms of the adiabatic exit velocity u, (see Eq.
4-34), the exit area A, and the static pressure
P... To do this, we introduce the divergence loss

© . 23,24
coefficient \° ™’

Hence*

F=X [mugt+®.—P,) A ] (4-43)
where

A= % (1 + cosa) (4-44)
and

u, = ¢uy = 62 (h°—hg) (4-45)

*When the divergence loss coefficient was first derived, see
Reference 23, it was applied only to mu_ and not to
(Pe - Pa)Ae‘ The resulting thrust equation”is F = Amu

+ (Pe - Pa)Ae'

e
The latter equation is still widely used.
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Figure 4-15. Radial Flow in a Conical Nozzle

Fig. 4-16 presents A as a function of a.

When P>P,, the nozzle is said to be
underexpanded and develops less than the maxi-
mum possible thrust. If P,<P,, the nozzle is
overexpanded and there are losses in thrust due

to oblique shock waves forming in the exit
section. Maximum thrust is obtained only when
P =P,.

If the nozzle must be operated over a range
of altitudes (or back pressures), the design point
altitude is selected so that the thrust is close to
the maximum for the widest anticipated oper-
ating range.

The optimum semidivergence angle for a
conical nozzle is approximately 15°. If such a
nozzle is to expand air (y=1.40) from P°=300
psia to P,=14.7 psia, the required dimensionless
length for the diverging portion of L/R{~2.5,
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where R¢ is the throat radius. For an expansion
from 300 psia to 0.5 psia, the required dimen-
sionless length increases to L/Ry = 15.7. Conical
nozzles are not well suited to large expansion
ratios.

4-8.1.2 FACTORS FOR DETERMINING ADE-
QUACY OF A CONICAL NOZZLE

The following factors should be considered
in determining the adequacy of a conical pro-
pulsive nozzle:

(a) The design altitude. For operation at
close to sea level altitudes, the perform-
ance characteristics of a 15° conical
nozzle are not significantly different
from those obtainable with more elabo-
rate and expensive designs. For high
altitude operations other designs yield
significant reductions in size and weight,
and may yield an increased thrust.
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(b) Effects due to changes in the properties
of the propellants. The main difficulty
encountered in determining the effects
due to the properties of the propellant
gas changing as it expands in the nozzle
arises from the lack of knowledge of the
chemical reaction rate equations. Con-
sequently, it is customary to consider
the following two limiting cases.

(1) Frozen flow, which assumes the
composition of the gas to be identi-
cal at all sections of the nozzle.

(2) Equilibrium flow, which assumes
that the gas is in equilibrium at the
calculated values of pressure and
temperature at every point in the
flow.

The actual condition is between the
above limiting cases’ . The effect of the
changing properties of the gas can be
taken into account if equations for the
change are available. The algebraic work
is complicated but computer solutions
can be readily obtained.

(c) Effect of heat transfer. The accurate
determination of the optimum wall con-
tour should take into consideration the
effect of heat transfer upon the pro-
perties of the propellant gas. In many
cases, however, the flow may be assumed
to be adiabatic without introducing a
serious error.

(d) Effect of wall friction. Current methods
for calculating the effect of wall friction
are empirical”. The application of the
techniques of boundary layer theory
appears to be the most successful of the
analytical methods for predicting the
effects of friction. It permits separate
solutions of the potential and wall fric-
tion problems. The potential flow
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solution is employed as a boundary
condition in analyzing the wall friction.

(e) Cost and ease of fabrication. Any gains
in performance obtainable from more
complicated and expensive nozzle con-
figurations must be justified economi-

cally.

Although the above factors apply specifi-
cally to conical nozzles they apply in a general
way to all nozzles.

4-8.2 CONTOURED OR BELL-SHAPED
NOZZLE

Fig. 4-17 illustrates schematically the general
features of a contoured, also called bell-shaped,
nozzle. The nozzle wall is contoured in such a
manner that the exit flow is nearly axial thereby
reducing the thrust loss due to radial flow that is
inherent to a conical nozzle. Fig. 4-16 illustrates
one-half of such an axisymmetric nozzle. The
throat radius is denoted by R, and the radius of
the exit section A, is R, .

From the viewpoint of flow analysis the
contour nozzle comprises a subsonic flow con-
verging portion, a transonic flow portion in the
vicinity of the throat, and a supersonic expan-

. sion portion.

The converging portion is designed so that it
produces an irrotational subsonic flow that can
be expanded in the supersonic portion in a
prescribed manner® ®??°>°. The transition from
the subsonic flow into a supersonic flow must be
smooth and depends upon: (1) the design of the
throat section, which is a region of transonic
flow, and (2) a mixture of subsonic and super-
sonic flows that has no exact mathematical
solution. The design of the supersonic expansion
portion depends, however, upon the solution of
the transonic flow or initial expansion section,
denoted by I in Fig. 4-17. Several approximate
methods have been developed for obtaining
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either an approximate solution to the transonic
flow problem?" 32:33 o for circumventing the
transonic flow problem in the design of the
supersonic flow portion of the nozzle??.

It is apparent from Fig. 4-17 that the design
of the wall contour of the supersonic portion
involves the design of the initial expansion
section TI and the design of the flow straighten-
ing section IE. The details of the nozzle design
are based on the application of the method of
characteristics to the flow and is beyond the
scope of this handbook; for detailed information
on the method of characteristics see References
27,37,39,40,41.

The problem of determining the nozzle wall
contour for an axisymmetric nozzle that will
maximize the thrust for a nozzle of given length
has been solved by Reference 35. The results
indicate that the wall contour for the initial
expansion section TI in Fig. 4-17 should be
designed to cause as rapid as possible shock-free
expansion of the gas. The contour TI has a wall
angle of 28° to 30° that turns the gas away from
the nozzle axis’®. The contour IE of the flow
straightening section redirects the flow toward
the nozzle axis and, in the nozzle exit plane, the
wall makes an angle of 10° to 14° with the
nozzle axis depending upon the nozzie length
and its area ratio A,/A;.

The step-by-step determination of the super-
sonic flow field is widely employed in propulsive
nozzle design. Several Government agencies and
industrial companies have developed computer
programs for designing contour type
converging-diverging nozzles. In general, such
nozzles are used in large thrust chemical rocket
engines.

4-8.3 ANNULAR NOZZLE

Fig. 4-18 illustrates schematically the es-
sential features of an annular nozzle. In this
nozzle the throat section is an annulus formed
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between an external diverging housing and a
central converging conical plug. The gases ex-
pand in the diverging annular passage formed
between the diverging external housing and the
converging conical plug. The assembly is
assumed to be axisymmetric.

If the vertex of the conical plug lies in the
exit plane A, the divergence loss coefficient for
the annular nozzle illustrated in Fig. 4-18 is
given by

%(sina + sin 8)2

(4-46)

(a+B)sinB+cosff—cosa

For the area ratios A,/A; and nozzle length,
the thrust loss due to radial flow is smaller than
for the equivalent conical nozzle.

By contouring the nozzle walls the thrust
loss due to flow divergence can be further
reduced and the nozzle length decreased some-
what. The mathematical procedure for
optimizing a contoured annular nozzle is more
complicated than it is for a conventional
bell-mouth nozzle because the inner and outer
wall contours have to be optimized simulta-
neously.

4-8.4 PLUG NOZZLE

The nozzles discussed up to this point have
the common feature that the expansion of the
flowing gas is regulated entirely by the con-
figuration of the walls wetted by that gas; the
ambient static pressure P, has no effect upon
the flow inside the nozzle. As the ambient
pressure is reduced, by operating the nozzle
above the design altitudes the propellant gas can
be overexpanded, and if P, is sufficiently small
the overexpansion phenomena (see par. 4-3.2.2)
could cause the flow to separate from the walls
of the nozzle with an a attendant loss in thrust.

In recent years, considerable effort has been
expended upon developing propulsive nozzle

. —




CONVERGING T
CONICAL

PLUG
\

AMCP 706-285

DIVERGING EXTERNAL
| HOUSING

A

 AP—

Figure 4-18. Essential Features of an Annular Nozzle

designs which utilize the ambient static pressure
P, for regulating the flow so that it adjusts itself
automatically to the prevailing ambient pressure.
Such nozzles are frequently called self-adjusting
nozzles and there are two principal types: (1)
the plug nozzle, and (2) the expansion-
deflection nozzle*®. The plug nozzle is discussed
in this paragraph and the expansion-deflection
nozzle is discussed in par. 4-8.5.

The design of a plug nozzle is based upon
the application of the Prandtl-Meyer type of
expansion to an expanding flow (see par. A-13);
the details of plug nozzle design are discussed in
Reference 42. Fig. 4-19 illustrates schematically
the basic features of a plug nozzle design giving
full external expansion of the gas. There are

several variations of the basic concept. The
throat of the nozzle is the annulus between the
plug and the outer diameter. The propellant gas
is discharged in an inward direction. The flow of
the exhaust gas stream is controlled by the
expansion waves emanating at the cowl-lip in
much the same manner as in a Prandtl-Meyer
expansion over a corner. In the plug nozzle,
however, the flow is three-dimensional instead
of two-dimensional and the turning of the gas is
effected by the plug.

The contour of the plug can be designed so
that the gas flows parallel to the axis of the plug
after it has been expanded to the ambient
pressure P,. In that case external diameter of the
nozzle (2Rg) would be the same as that for a
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bell-type nozzle giving uniform axial flow at its
exit plane. The plug nozzle, however, would be
shorter. Furthermore, because of the free jet
flow there is a self-adjustment of the flow to
variations in the ambient pressure P,. Con-
sequently, a plug nozzle, when operated at less
than the design pressure ratio, gives better thrust
performance than the corresponding con-
ventional nozzle**

Studies of the effect of the contour of the
plug and the plug length are reported in Refer-
ences 44, 45, and 46. The results indicate that
no serious penalty in thrust performance is
incurred if the contoured plug is replaced by a
simple conical plug. Conical plugs having in-
cluded angles of 60° to 80° give performances
close to 99 percent of that for a contoured plug
and have the same insensitivity to variations in
the ambient pressure P,,.

x )

CENTRAL

PLUG

AMCP 706-285

4-8.5 EXPANSION-DEFLECTION
NOZZLE

Fig. 4-20 illustrates schematically the essen-
tial features of the E-D nozzle*”. In this nozzle
design the annular throat is formed by a
contoured nozzle wall and a short internal plug.
The propellant gas is discharged from the throat
in a radially outward direction and expands
around the shoulder of the central plug. The
contoured nozzle wall turns the expanding gases
so that they cross the exit plane A, in a
substantially axial direction.

The flow in an E-D nozzle, like that in the
plug nozzle, is insensitive to variations in the
ambient static pressure P,. The base pressure at
the base of the central plug limits the amount of
expansion of the exhaust gas of the shoulder of
the plug, thereby causing self-adjustment of the
flow. For detailed discussion of the flow inside an
E-D nozzle the reader is referrred to Reference 47.

OR E-D

ANNULAR
COMBUSTION CHAMBER

‘\\ ANNULARTHROAT

CONTOURED NOZZLE
WALL

l
- o

Figure 4-20. Essential Features of an Expansion-deflection or E-D Nozzle
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PERFORMANCE CRITERIA FOR ROCKET PROPULSION

5-0 PRINCIPAL NOTATION FOR CHAPTER 5*

a

]

m

acoustic speed

cross-sectional area perpendicular to the
flow

area of exit cross-section of the exhaust
nozzle

area of the cross-section of the throat of
the exhaust nozzle

effective jet or exhaust velocity for the
gas ejected from the exhaust nozzle

characteristic velocity for a chemical
rocket motor

drag coefficient

thrust coefficient = F/A{P,
mass flow coefficient = m/ AP,
aerodynamic drag

thrust

local acceleration of gravity, ft/sec?

gravitational conversion factor = 32.174
slug-ft/1b-sec?

specific impulse, sec
total impulse of a rocket system

aerodynamic lift force
mass, slug

molecular weight

*Any consistent set of units may be employed; the units
presented here are for the American Engineers System (see

par. 1-7).

mass of propellants prior to initiation of
burning

mass rate of flow, slug/sec

mass of rocket-propelled vehicle at take-
off

mass of rocket-propelled vehicle at
instant when all propellants are con-
sumed

Mach number

static pressure, psia

static pressure, psfa

ambient static pressure

static pressure in the inlet cross-section
of the rocket nozzle (the combustion

pressure)

static pressure in the exit cross-section
A, of arocket nozzle

jet power, ft-1b/sec

stagnation pressure of the gas in the
inlet cross-section of the rocket nozzle

time

burning time for a rocket motor or
engine

static temperature, °R

combustion temperature measured in
the inlet cross-section of the rocket
nozzle

static temperature of the gas in the exit
cross-section Ae of the rocket nozzle

5-1



AMCP 706-285

T¢ static temperature of the gas in the
throat cross-section Ag of the rocket
nozzle

T* static temperature in cross-section A*

T° stagnation or total temperature

u velocity parallel to the x-axis

ue velocity of gas crossing exit cross-

section Ae of the rocket nozzle

\’A linear velocity of a rocket-propelled
vehicle

ideal burnout velocity
weight, 1b

w
w gravitational force, 1b

w weight rate of flow, 1b/sec
Wg engine weight
Wp propellant weight
GREEK LETTERS
a semidivergence angle for a conical

rocket nozzle
a angle of attack

B semiconvergence angle for a conical
rocket nozzle

Sp propellant loading density

A flow divergence loss coefficient

A vehicle mass ratio = m,/my
¢ propellant mass ratio = mp/m0
T specific engine weight for - chemical
or nuclear (heat-transfer) rocket
engines
To specific engine weight for electric

rocket engine
5-2

5-1 INTRODUCTION

In most applications of chemical rocket
propulsion the objective is to produce a large
thrust for a specified time, called the burning
time. Consequently, the criteria of performance
for a rocket engine are related to its thrust and
burning time rather than to its thermal ef-
ficiency and thrust power (see par. 2-5.1). In
most -applications the rocket engine is operated
under steady state conditions so that the com-
bustion parameters at the entrance section of
the rocket nozzle may be assumed to be
constant; i.e., the values of Pc, T, p¢» and u.
do not change with the burning time tg.

Fig. 5-1 illustrates the thermodynamic con-
ditions at the inlet and exit sections of a conical
rocket nozzle. Unless it is specifically stated to
be otherwise,. steady state operating conditions
are assumed.

5-2 EFFECTIVE JET (OR EXHAUST) VELOC-
ITY (c)

When a rocket engine (liquid or solid pro-
pellant) is fired statically, the thrust F is readily
measured. Furthermore, the average rate at
which the propellants are consumed (mp/ tg) can
be determined with good accuracy. It is unfea-
sible, however, to measure the exit pressure Pe
with accuracy (see Fig. 5-1). From Eq. 4-43, the
thrust of the rocket engine is given by (see par.

48.1.1)
F=J\[1i1ue+ (P,—P,) Ae] (5-1)

where m is the rate at which propellants are
consumed, and ug = Au,.

Introducing the effective jet velocity c (see
par. 2-4), one can write

(5-2)
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Figure 5-1. Thermodynamic Conditions for a Chemical Rocket Nozzle
Operating Under Steady State Conditions

where w is the weight rate of propellant

consumption. Hence
F_ 2 r.
7 I ) Tc [mue+ (Pe—Pa) Ae] (5-3)

It should be noted that from the firing
test of a rocket engine or motor one com-
putes the effective jet velocity ¢ and not
the exit velocity u,-

5-3 SPECIFIC IMPULSE (Isp)
By definition, the specific impulse ISp 1s
the thrust developed in burning one pound

(weight) of propellants. Hence

t

f Fdt (sec)

0

(5-4)

= F _
lp= 3 =

1
¥p

where W_ is the total weight of propellants
consumeg (assuming constant gravitational
attraction) in the burning time tg = Jdt and
w = dw/dt, is the corresponding weight rate of
propellant consumption.

The specific impulse and the effective jet
velocity are related by (see Egs. 5-3 and 5-4)

Lsp = c/gc = F/w (fps) (5-5)
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The specific impulse Isp_ like the effective
jet velocity c — is basically a property of the
propellants burned in the rocket motor. For a
given propellant combination — fuel plus its
oxidizer — the theoretical value of L, denoted
by Igp, can be calculated by the methods of
thermochemistry®.  Because of heat losses,
imperfect combustion of the propellants, fric-
tional losses in the exhaust nozzle, and vari-
ations in back pressure, the measured values of
I, are somewhat smaller than Igpi the latter
assumes that the gases are expanded isen-
tropically and completely to the atmospheric
back pressure. Well-designed rocket motors give
values of Isp ranging from 0.92 to more than
0.98 of Igp.

In the case of a solid propellant rocket
motor the instantaneous rate of propellant
consumption w cannot be measured. Conse-
quently, the measured specific impulse is an
average value calculated from the curve of thrust
as a function of the burning time, called the
thrust-time curve, and the weight of the solid
propellant consumed during the burning time.

5-3.1 SPECIFIC PROPELLANT CONSUMP-
TION (wsp)
By definition wg, is the weight of propel-
lants (fuel plus oxidizer) consumed in producing
an impulse of 1 Ib-sec. Hence

(5-6)

5-3.2 WEIGHT-FLOW COEFFICIENT (Cy,)

It is convenient to express the weight rate of
propellant consumption w in terms of the
combustion pressure Pc, the throat area of the
nozzle Ay, and an experimentally determined
weight-flow coefficient C. By definition

Cyy = W/ (PcA) (5-7)

5-4

Curves of Cy, as a function of P, for a
given propellant combination give the
information for determining the required
weight rate of propellant consumption for an
application of that propellant combination.
The curves of C, = f(P.) are obtained from
firings of small rocket motors.

If the Mach number for the combustion gas
entering - the exhaust nozzle is larger than
M=0.3, then the static values P, and T,
should be replaced by their stagnation values
(see pars. A-5.2.2 and A-5.2.3).

5-3.3 MASS-FLOW COEFFICIENT (C,,)

By analogy with Eq. 5-6, one obtains
Cyn =m/ (PA) =C /g,

5-4.1 THRUST COEFFICIENT (Cg)

(5-8)

In conducting a static firing of a rocket
engine the following parameters can be mea-
sured accurately with relative ease: the com-
bustion pressure at the nozzle inlet P, the
thrust F, the area of the nozzle throat A;
before and after the firing test, and the weight
rate of propellant consumption w = F/I . It is
convenient, therefore, to relate F, Pc’ and A;.
Introducing the thrust coefficient Cg, defined
by an equation analogous to Eq. 5-7, one
obtains

Cp=F/ PAp (5-9)

Strictly speaking, the value of A; that should
be used in Eq. 5-9 is the throat area during the
firing run. Since that area cannot be measured,
the value of A; used in the equation is one that
is estimated from the value of A, measured prior
to the firing run and the temperature of the
nozzle material.

Curves of CF as a function of Pc obtained
experimentally for several different mixture
ratios r = w,/wg and for different propellant




combinations, comprise the basic data for estab-
lishing the throat area of the exhaust nozzle.
When experimental data are unavailable, theo-
retical values of Cg denoted by Cf, can be
calculated by thermodynamic methods, see
Chapter 6.

5-4.2 RELATIONSHIP BETWEEN Ig,, Cy,
AND Cg

From Eqgs. 5-4, 5-7, and 5-9 it is seen that

F=wlg, = CyAP Ly, = CRAP, (5-10)
Hence

5-5 CHARACTERISTIC VELOCITY (c*)

The characteristic velocity, denoted by c*,is
frequently employed for comparing the per-
formance of different rocket engines. This
parameter measures the effectiveness with which
the chemical reaction is accomplished in the
combustion chamber. c¥* is defined by

c*=¢/Cp (5-12)

One of the advantages of employing c* as a
performance criterion is that its experimental
determination does not require measuring the
thrust F. Substituting for Cg = F/(P.A,) into
Eq. 5-12, yields

c* =P Ag./W =P A /m (5-13)

Basically, ¢* measures the effectiveness of
the combustion process in the gas generator
which supplies the propellant gas to the exhaust
nozzle (see par. 1-6), Consequently, c* is related
to the specific impulse Isp' Thus
c _&lsp _ & 8¢

Cr

c* = - = —_—
Cr Cr Cw

5-6 JET POWER (P))

(5-14)

Wsp

The power associated with the pro-
pulsive jet ejected from a rocket engine is
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termed the jet power and is denoted by

Pj. Thus
Pj=% ne?  (ftlb/sec) (5-15)

In the case of electric rocket engines for
space propulsion it is useful to express F; in
kilowatts, the thrust F, and the specific impulse

Isp‘ Thus

, = -1
PJ FISp/45.8 (kw) (5-16)
where F is in pounds and ISp in seconds.

It is seen from Eq. 5-16 that for a fixed
value of the jet power P; the specific impulse Isp
varies inversely with the thrust F.

5-7 TOTAL IMPULSE (I1)

From Eq. 5-4 the total impulse Iy, also
called the impulse, is the integral of the thrust
over the burning time tg. Hence, by integrating
the thrust-time curve for a firing test over the
burning time, one obtains

tg tg
Iy = det= flspwdt=wplsp (5-17)

0 0

It follows from Eq. 5-17 that if all other
factors remain unchanged for a given rocket
engine, the same total impulse can result from
either a small thrust over a long time or from a
large thrust over a short time.

EXAMPLE 5-1.

A liquid propellant rocket motor is to be
designed to burn RFNA and JP-4 at a mixture
ratio of 4.1 to 1. The motor is to develop
50,000 1b thrust at standard sea level, when the
combustion total pressure is 500 psia. Two small
rocket motors are tested with the same propel-
lants, and the data tabulated below are obtained.

Pe,psia  F,lb Ay in” W, lb/sec W /wp
548 543 0.660  2.375 4.1
478 512 0712 2.255 4.1

5-5
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Determine the required propellant flow rate for
the 50,000-1b-thrust rocket motor, the throat
diameter of its exhaust nozzle, the characteristic
velocity, the effective jet velocity, and the
specific impulse.

SOLUTION.

From data obtained with small rocket motors:

F 543
Cpq = = =1.495 ;
F17 PA,  548(0.660) 3
512
Cpp = —=>-——= 1.505
F2~ 478 (0.712)

Value of Cp at P, = 500 psia: by inter-
polation, Cg = 1.50.

Weight flow coefficients:

w_ _ 2375

- "~ 0.66 (548)

C
wl AtP

= 0.00655

C

_  2.255

Cyrh= =22 __ 20,0066
W2 4787(0.712)

Value of C,,, by interpolation, is C, = 0.00658.

Required throat area for exhaust nozzle:

F 50,000

A, = =
t CpP. 1.5(500)

= 66.6 in.2

Required propellant flow rate:

w=C,P.A, =0.00658(500)66.6 = 218 Ib/sec

Characteristic velociry:

Be _ 32174 _ 4ee0

c*=__=

C, 0.00658

Effective jet velocity:
- 32.174(25,000)

=7350f
109 ps
Check: Eq. 5-14
= © = 7350 _ 40001
T Cp 150 ps

5-6

5-8 WEIGHT AND MASS RATIOS

Certain weight and/or mass ratios are em-
ployed for evaluating the performance of a
rocket-propelled vehicle. The gross weight or
takeoff weight of a fully loaded rocket-
propelled vehicle, denoted by W, is given by

W, =W + wpay +Wg + Wp (5-18)

where

wstr = structural weight of the vehicle (includ-
ing the control systems)

wpay = the payload carried in the vehicle

Wg = dry weight of the rocket engine
Wp = weight of propellant

For a liquid propellant rocket engine,
Wg includes the weight of the propellant tank-
age, gas generator equipment, inert gas storage
system, turbopump, valves, plumbing, rocket
engine controls, and rocket motors. The propel-
lant weight W_ includes the weight of all the
auxiliary fluids, if any are used, in the operation
of the liquid propellant rocket engine.

In the case of a solid propellant rocket
engine, the engine weight Wg includes the
weights of the cylindrical casing, fore and aft
caps, exhaust nozzles, restriction (inhibiting)
liner, insulation of the fore and aft cap, thrust
termination equipment, and the means for
achieving thrust vector control.

In the case of an electric rocket engine the
engine weight includes the weights of the power
source, energy conversion equipment, acceler-
ator or thrust chamber, propellant tankage, and
engine control systems.

5-8.1 PROPULSION SYSTEM WEIGHT (Wpg)
The propulsion system weight is defined by
WPS=WE+Wp (5-19)




5-8.2 SPECIFIC ENGINE WEIGHT (1)

For either a chemical or a nuclear (heat-
transfer) rocket engine, the specific engine
weight is denoted by 7 which is defined by

T= WE/F

In the case of an electric rocket engine
which is equipped with nuclear electric power
plant, the specific engine weight is denoted by

(5-20)

T, Where
To = WE/Pj (521
5-8.3 PAYLOAD RATIO (wpay/wo)
By definition
w W
Wpay _,, s , T'PS (5-22)
W, Wo W

In general, it is desirable that the payload
ratio be as large as possible.

5-8.4 PROPELLANT WEIGHT (Wp)

The propellant weight W, is the weight of
the fuel plus oxidizer required to achieve a given
flight objective in the powered flight or burning
time tg. Hence

Wp = FtB/ISp (5-23)

Eq. 5-23 shows that if the value of F and of
tp are fixed, then W varies inversely with the
specific impulse L. Consequently, a large value
for ISp is desirable.

5-8.5 PROPELLANT MASS RATIO (¥)

Consider a rocket-propelled vehicle, such as
a missile. at any instant t=t during its powered
flight ie., when t<tg, where tg is the time
during which propellant is being burned. As-
suming steady state operating conditions, the
mass rate of propellant consumption m is a
constant. Hence. if g denotes the local value of
gravity.
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m=w/g = mp/tB (5-29)
Furthermore, the thrust F may be assumed
constant so that

F = mc = mc/tg (5-25)

where m,, is the mass of propellants (fuel plus
oxidizer) consumed in time tg.

The consumption of propellants reduces the
total mass of the propelled vehicle. If m  de-
notes the mass of the vehicle at take-off (t = 0),
then its instantaneous mass, denoted by m, at
any time t < tg is given by

(5-26)

At the instant when all of the propellants are
consumed, the instantaneous mass m is denoted

by my,, where
(5-27)

my=m, (1 - mp/mo)

The ratio my/m  is called the propellant
mass ratio and is denoted by £. Thus

(5-28)

£= Mp _ effective propellant mass
m, initial mass of vehicle

From the point of view of achieving a long
range, the propellant mass ratio should be as
large as possible.

5-8.6 VEHICLE MASS RATIO (A)

The ratio mo/(m0 ——mp) is called the
vehicle mass ratio and 1is denoted by A.
Thus
A= m, _ initial mass of vehicle (5-29)

my, (mass of vehicle after

consuming propellants)
where
m = m, —my = mass of vehicle at

burnout
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5-8.7 RELATIONSHIP BETWEEN THE PRO-
PELLANT MASS RATIO (§) AND THE
VEHICLE MASS RATIO (A)

From Egs. 5-28 and 5-29 it is seen that the
propellant mass ratio £ and the vehicle mass
ratio A are related by the equation
E=1-1/A (5-30)
5-8.8 PROPELLANT - LOADING DENSITY

(8,)

The ratio of total weight of the propellant in
a rocket-propelled vehicle, denoted by W, to
the weight of the rocket engine, denoted by WE,
is termed the propellant loading density, or
engine weight efficiency, and is denoted by Gp

()

It is usually desirable that the propellant
loading density have a large value.

(5-31)

5:.&
PwE

5-8.9 IMPULSE-WEIGHT RATIO FOR A
ROCKET ENGINE

If a rocket engine operating under steady
state conditions develops a thrust F for a
burning time tg, then the impulse-weight ratio
for the rocket engine denoted by Ry /W> is given
by

I
t
RI WS oo o (5-32)
W™ W, +Wg
where, as before,
‘tB
It=J Fdt.
0
If F is constant, then It = Ftg. The

impulse-weight ratio is a criterion of the overall
design of the rocket jet propulsion system, and a
large value is desirable. The items to be included

5-8

in W for liquid and solid propellant engines are
discussed in par. 5-8.

5-9 VEHICLE PERFORMANCE CRITERIA

In general, the analysis of the flight of a
rocket-propelled vehicle, such as a missile, is a
particular application of the dynamics of a rigid
body in three dimensions; actually the vehicle is
usually elastic and its design must take that into
account. In applying rigid body dynamics to a
rocket-propelled vehicle it is convenient to
divide the study into the following two parts.

(a) The determination of the motion of
the center of mass or centroid of the
vehicle.

(b) The determination of the motion of
the vehicle about its center of mass.

The studies concerned with the motion of
the centroid of the vehicle comprise the theory
of its flight performance. On the other hand, the
studies concerned with the motion of the vehicle
around its centroid comprise the theory of
flight stability and control* ©:11,12,13

A recurring problem in rocketry is the rapid
determination of the overall design parameters
affecting the flight of a rocket-propelled vehicle,
as for example, a ballistic missile. An accurate
analysis of the flight of a rocket-propelled body
involves the application of rigid body dynamics
in three dimensions. To obtain an understanding
of the parameters influencing the flight of a
rocket-propelled vehicle, however, a simple two-
dimensional analysis is sufficient. It isassumed,
therefore, that

(a) The motion of the vehicle is determined
from the motion of its centroid.

(b) The motion is planar.

(c) The flight path is a straight line.



It is desired to obtain relationships be-
tween the specific impulse Ly, the mass ratio
A = m /my, and the burnout velocity Vy
which is the velocity attained by a rocket-
propelled body at the instant t=tg; ie., the
instant when the rocket engine consumes the
propellant load mp,.
5-9.1 LINEAR MOTION WITH DRAG AND

GRAVITY

Fig. S5-2 illustrates schematically a rocket-
propelled body at an instant t during its
powered flight, ie., t<tg. It is assumed that the
vehicle moves along the linear path S-S, and that
the motion is planar. 1t is seen from Fig. 5-2 that
the following forces act on the vehicle:

(a) Aerodynamic drag D.

(b) Thrust F produced by the rocket engine.

(c) Gravitational force W= mﬁ'c_

The general differential equation of motion,
in vector form, for the position of the centroid

of the vehicle along the linear path S-S,is given
by

d?s av _
ma?=m;—£—9—\ﬁ’ (5-33)

Let v denote the angle made by the linear
trajectory of the centroid G of the vehicle.
denoted by S-S in Fig. 5-2, and the line of action
of the weight W= mg.. Further, assume that the
line of action of the thrust F is coincident with
the longitudinal axis of the vehicle. Since
F, D, W and path S-S are coplanar, the equation
of motion for the vehicle is given by

d?%s dav
m-— =m— =F - D — mg cos
dt? dt Booosy
At any instant t<tB,the instantaneous mass of
the vehicle, denoted by m, is given by

(5-34)

(5-35)

m—mo—mt
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where m is the launch mass of the vehicle, and
m the propellant consumption which is assumed
constant. Hence, Eq. 5-34 can be transformed to
read

<o d?s .
(mo—m_t) W—F—D—g (mo—mt)cosy (5-36)

Eq. 5-36 is a nonlinear second order
differential equation with varigble coeffi-
cients. It can only be integrated by nu-
merical methods.

5-9.1.1 THRUST OF ROCKET ENGINE WITH
LINEAR MOTION OF VEHICLE

If the propellant consumption rate m is
maintained constant during the powered flight,
then from Eq. 5-1
F=mc=x[mu, + (P,—P,) A.] (5-37)
Let x denote the fraction of the propellant

load m_, consumed per unit time. The thrust F is
accordingly given by

F= (xmpec (5-38)

The effective jet velocity ¢, and hence the
thrust F is influenced by the variations in the
ambient atmospheric pressure P, as the altitude
of the vehicle changes. Thus, if F., denotes the
thrust in the vacuum space above the atmo-
sphere, then the thrust F at any lower altitude z
in the atmosphere, assuming no flow separation
occurs in the exhaust nozzle, is given by

F =Fo — P,A, (5-39)

The analysis is simplified, without sensible
loss in accuracy, if the variable effective jet
velocity ¢ in Eq. 5-38 is replaced by an

appropriate constant mean value, denoted by
c. Hence

F= (xmp) c (5-40)
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FLIGHT PATH

Figure 5-2. Forces Acting on a Rocket-Propelled Body in Rectilinear Motion
5-10




5-9.1.2 AERODYNAMIC DRAG

In general, the drag force acting on a missile
is composed of the following:

(a) Nose drag
(b) Skin friction drag
(c) Tail drag

The nose drag is due to high pressure regions
in the vicinity of the nose where, due to the
deceleration of the vehicle, the static pressure
becomes higher than that of the undisturbed air,
because of the shock waves formed in front of
the nose.

The tail drag arises as a result of the air in
the vicinity of the tail separating from the
propelled body, thereby causing a suction
effect in the vicinity of the tail of the propelled
body.

It is difficult to assess the influence of the
gaseous propulsive jet ejected from the rocket
motor on the nose and skin friction drags. The
action of the exhaust jet does, however, exert a
large influence on the tail drag because it
overcomes the suction effect which is present
when there is no exhaust jet'*

At high supersonic speeds the nose drag,
owing to the formation of shock waves, is
considerably larger than the sum of the skin
friction and the tail drag. Consequently,the effect
of the exhaust jet upon the total drag of the

vehicle is much reduced at high supersonic flight
speeds.

If A, denotes the maximum cross-sectional
area of the propelled body and Cp is an
experimentally determined drag coefficient, then

D=CpAp, (% pv2) (Ib) (5-41)
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where

= maximum cross-sectional (frontal) area of
the vehicle

Am

CD = the drag coefficient
V = the velocity of the vehicle
p = the density of the atmospheric air

The drag coefficient is a function of the
Mach number M and the angle of attack a of the
vehicle. Fig. 5-3 illustrates schematically the
manner in which Cpy varies with the flight Mach
number of a ballistic missile.

Combining Eqs. 5-36, 5-40, and 5-41 yields'

- . dV
(m, —mt)a= Xxm_c — 1EpvamCD

p
- g (m,—mt) cosy (5-42)
or
xm,.c pVZA_C
= P — g cosy— I TmD (5-43)
dt m, —xmy, 2(m - xmyt)

5-9.1.3 APPROXIMATE SOLUTION OF DIF-
FERENTIAL EQUATION FOR
LINEAR MOTION WITH DRAG AND
GRAVITY!

Let 6D denote a constant mean value for the
drag coefficient Cp. Also,x =1/t, and m =Am,
(see par. 5-8.5), then Eq. 5-43 can be trans—
formed to give the following equation for the
vehicle velocity at any instant t < tg:

ds
V=—"= dt cosydt
dt tB At _/ B COTY

(5-44)

tf1
A dt+V,

a 1-At/tg

5-11
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X = ANGLE OF ATTACK

MACH NUMBER M

Figure 5-3. Drag Coefficient As a Function of the Flight Mach Number
for Two Angles of Attack

5-12
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where V, denotes the initial or launching velocity
of the rocket-propelled vehicle.

The ratio m /A, the take-off mass per unit
of frontal area is a measure of the relative
importance of the drag term in Eq. 5-44. The
larger value of m, /Am the less influential is the
drag term, as can be seen from the qualitative
analysis below. Thus, if one considers a family
of similar vehicles which have the same ballistic
properties, then

(a) the drag D o« A o« L?, where L is a
typical dimension of the vehicle

(b) the launch mass of the vehicle m  « L.

Hence

D/m, o« L?/L? « 1/L (5-45)

The last expression demonstrates that
lengthening a rocket-propelled vehicle decreases
CpA,,/m,; ie., reduces the effect of the drag
term in Eq. 5-44.

For a ballistic missile having a launch weight
of approximately 100,000 Ib, the aerodynamic
drag reduces the burnout velocity of the vehicle,
the value of V when t=tg, by approximately 5
percent.  Consequently, the effect of aero-
dynamic drag on the burnout velocity for larger
missiles, such as IRBM’s and ICBM'’s, is so small
that it may be neglected in studies concerned
with determining the effect of vehicle and
engine parameters upon the burnout velocity. It
should be noted that the assumed constant
effective jet velocity actually increases some-

what during the powered flight since P, de-
creases with the altitude.

For small missiles, however, the neglect of
aerodynamic drag introduces a serious error.

Consider now the graviey term in Eq. 5-44,i.¢e.,

t
/ g cosydt
0
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As the altitude of the vehicle above the
surface of the earth increases, the local value of
g changes in accordance with the following
relationship

2
e[ Re
& RE+Z

where g, is the gravitational acceleration at
standard sea level, R is the radius of the earth,
and z the altitude of the body.

(5-46)

One can assume, therefore, a mean constant
value of g = g corresponding to the altitude z at
the time t. Hence, the gravitational term can be
transformed to read

t

chosydt

0

(5-47)

Hence, Eq. 5-44 can be rewritten in the follow-
ing form:

t t

v, f Ac 44 —/ gdt
at J tg—At
0 0
CpA
(|2 L pve
_/ m, \2

(5-48)

d
1 — At/tg 0
0

5-9.2 BURNOUT VELOCITY (Vy,)

The burnout velocity Vi, is obtained by
settingt=tBin Eq. 5-48. The result is

m_—m
V = _~ _u —_—g
b c ln( - ) gt

0

~ M CpAy,/m, +V, (5-49)
where
t
B %pVZ
In = d 5-50
! / 1 — At/tg t (5-50)
0
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5-9.2.1 BURNOUT ALTITUDE (z;,)

Let z, denote the altitude of the vehicle at
the instant t = tg then

— m —m m,—m
Zb=CtB [1 +( 0 p) ln( 0 p)]
m m
p 0

—lEtzB cosy+V tp+z,

2
~1,CpA,/m, (5-51)
where
3:1
(5-52)

I, =f I, dat
(o]

5-9.2.2 COASTING ALTITUDE AFTER BURN-
OUT (z.)

At the end of the powered flight the vehicle
coasts to a vertical distance z, above the
burnout altitude zy,. If it is assumed that at all
altitudes above z;, the density of the atmosphere
is negligbly small, then the drag force opposing
the motion of the coasting vehicle may be
neglected during the coasting period. In that
case the coasting altitude z, is given by

(5-53)

5-9.2.3 MAXIMUM DRAG-FREE ALTITUDE
(Zmax)

If it is assumed that there is no drag during
the coasting period, the maximum aititude de-
noted by z,,, attained by the vehicle is given by

Zmax = Zp + Z¢ (5-54)
5-9.3 IDEAL BURNOUT VELOCITY (Vy;)
The ideal burnout velocity denoted by Vi,

is the maximum velocity a rocket-propelled
vehicle would attain if it were propelled in a

5-14

frictionless medium without doing work against
gravity, i.e., the vehicle moves in a vacuum
space where there is no force field. Although the
equations obtained for the above hypothetical
conditions cannot be applied directly to a
practical case, they are useful for determining
the relative performances obtainable from dif-
ferent rocket engines when propelling a single
stage vehicle. The ideal burnout velocity Vy; is
often termed the vacuum burnout velocity.

Assume that the rocket engine operates
under steady state conditions so that it con-
sumes propellants at the constant rate m and
that its effective jet velocity ¢ remains constant.

For the case in question the drag and gravity
terms in Eq. 5-49 vanish, and the ideal burnout
velocity Vy; is given by

mo v
= +
Vbi =c¢c In (mo_ mp) [}

m
o'sp m,—m, 0

The velocity difference Vi -V, is termed
the ideal burnout velocity increment and is
denoted by AVbi.Thus

(5-55)

AVpi=Vpi =V, (5-56)

If vV, = 0, then the ideal burnout velocity is
given by
Vi = 8olsp In A (5-57)
where
A =m,/my = vehicle mass ratio
my =m, — mp = vehicle mass at burnout

Egs. 5-56 and 5-57 indicate that the ideal
burnout velocity (increment) depends on the
specific impulse obtainable from the propellants
and the vehicle mass ratio A = m_ /my,.

Fig. 5-4 presents Vy,; asa function of ¢ = golsp
for different values of vehicle mass ratio m, /my),
for a single stage rocket-propelled vehicle.
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CHAPTER 6
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THERMODYNAMIC RELATIONSHIPS FOR CHEMICAL ROCKET PROPULSION

6-0 PRINCIPAL NOTATION FOR CHAPTER 6*

a acoustic speed
a® stagnation acoustic speed
a* critical acoustic speed (where M = 1)

Ac area of the inlet cross-section of a rocket
nozzle

Ae area of exit cross-section of a rocket
nozzle

At area of throat cross-section of rocket
nozzle

A* cross-section of nozzle where M = 1
B British thermal unit
c effective jet (or exhaust) velocity
c* characteristic velocity for a rocket motor
ideal characteristic velocity
p specific heat at constant pressure
v specific heat at constant volume

p mean value of the specific heat at con-
stant pressure

Caq  discharge coefficient for a rocket nozzle

Cr thrust coefficient = F/ AP,

*Any consistent set of units may be employed; the units

;l;r;;ented here are for the American Engineers System (see par,

(Cp)y

Cw

parallel-flow vacuum thrust coefficient
weight flow coefficient = w JAP,
diameter

drag

thrust

gravitational conversion factor=32.174
slug-ft/1b-sec?

static specific enthalpy, B/slug

static specific enthalpy at inlet cross-
section Ac of the rocket nozzle

static specific enthalpy at exit cross-
section Ae of the rocket nozzle

stagnation specific enthalpy

stagnation specific enthalpy at cross-
section A

specific impulse = Fgc/lil, sec

theoretical specific impulse

=694 /T m /21Z(x-1)
density impulse

mechanical equivalent of heat =~ 778
ft-1b/B

mass, slug
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m

62

molecular weight

mass rate of flow of propellants =
rhf+ m,, slug/sec

mass rate of fuel consumption

mass rate of oxidizer consumption

static pressure, in psia

static pressure, in psf

ambient static pressure

static pressure .in A, the combustion
pressure

static pressure in nozzle exit cross—
section Ag

stagnation (or total) pressure

combustion stagnation pressure

gas constant = R;;/m

universal gas constant = 49,717

ft-b/slug-mole<R
time

static temperature, °R
static temperature of gas in the inlet
cross-section Ac of the rocket nozzle;

the combustion temperature

stagnation or total temperature

Tg stagnation temperature of the com-
bustion gas
Ue  adiabatic exhaust velocity
w weight rate of propellant consumption
r—-1
Z,  expansion factor= 1 — (Po/P.) 7
GREEK LETTERS
a semiangle of diverging section of nozzle
v  specific heat ratio = cp/cv
r Ly
r (see Eq. 6-16)
N,  nozzle efficiency
K see Eq. 6-39b
A divergence loss coefficient
P density
¢  nozzle velocity coefficient =/
SUPERSCRIPTS
* critical conditions where M = 1 for an
isentropic flow
' value to which prime is attached is
reached by an isentropic process
o stagnation value



6-1 INTRODUCTION

In the preliminary design of a rocket engine
good estimates are required of the engine per-
formance parameters, discussed in Chapter 5,
over the anticipated range of operating con-
ditions. In most cases the prediction of the
performance of a rocket engine is desired with
more than one propellant combination. Good
estimates of the important design parameters
should be available before zny of the engine
components are designed or manufactured, °

It has been pointed out (see Chapter 1) that
a rocket engine comprises a propulsive nozzle,
the thrust-producing element, and a gas gener-
ator; the latter comprises the combustion
chamber wherein the propellants are burned and
its appurtenances. The foregoing remarks apply
to chemical, nuclear heat-transfer, electro-
thermal, and solar-heating rocket engines. In
fact, to any rocket engine which utilizes the
thermodynamic process of expanding a com-
pressible fluid by ejecting it through a nozzle for
the production of a propulsive exhaust jet.

The discussions in the subject chapter are
concerned specifically with chemical rocket
engines but they apply equally well to the
prediction of the performance of an exhaust
nozzle for a nuclear heat-transfer, electro-
thermal, and solar-heating rocket engine.

Fig. 5-1 illustrates schematically the thermo-
dynamic states of a propulsive gas as it expands
in a propulsive nozzle. All of the subsequent
discussions assume steady state operating con-
ditions.

For preliminary design purposes it is desir-
able to predict the adiabatic exhaust velocity U
with a high degree of accuracy. Since U is given
by (see par. A-3)

(6-1)
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hQ = the stagnation specific enthalpy of the
inlet cross-section of the nozzle

static specific enthalpy at the exit cross-
section of the nozzle, after an adiabatic
expansion from the inlet crosssection

In Eq. 6-1, hQ is given by

¢ (6-2)

2
u
+ _C
2
It is apparent from Eq. 6-1, that two kinds
of information are needed for calculating u,.

(a) The nature and chemical composition of
the propellant gas at Ac, the inlet
cross-section of the nozzle, and the
thermodynamic properties of the pro-
pellant gas (h,P,T,etc.) at Stations c, t,
and e in Fig. 5-1.

(b) The heat added to the working fluid
prior to its arrival at plane Ac (see Fig.
5-1). In a chemical rocket engine the
heat is supplied by the enthalpy of
combustion or chemical reaction for the
specific chemical reactants involved. In a
nuclear-transfer, electrothermal, or solar
heating rocket engine it is the heat
transferred to the working fluid by
nuclear, electric, or solar energy, respec-
tively. All of the aforementioned rocket
engines, including the chemical rocket
engines, employ the same type thermo-
dynamic process for producing thrust.
Hence, they are called thermodynamic
rocket engines (see par. 1-5.4).

The working fluid entering the exhaust
nozzle of a thermodynamic rocket engine is in the

6-3
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gaseous state. In the nonchemical engines the
working - fluid is ordinarily a single-component
gas; e.g., hydrogen, ammonia, helium, etc. In a
chemical rocket motor the gas is composed of
the gaseous products due to the combustion of a
fuel (liquid or solid) with an oxidizer (liquid or
solid). For example, the fuel used in a liquid
bipropellant rocket engine (see par. 1-6.2) may
be hydrocarbon, such as octane C Hl o> and the
oxidizer could be liquid oxygen (LOX). The
thermochemical energy released by the com-
bustion reaction raises the temperature of the
combustion products to quite high values. De-
pending upon the propellant combination and
their mixture ratio (Iilo /ﬁlf), the static tempera-
ture T, of the gas entering the exhaust nozzle
will range from 5,000°R to approximately
8,500°R. For a nuclear-heat transfer rocket
engine equipped with a carbon solid core nuclear
reactor the corresponding temperature will be
approximately 4,500°R and for an arcqet elec-
trothermal rocket engine it may be higher than
15,000°R' .The aforementioned temperatures
are well above the critical temperatures T, for
the gaseous constituents forming the propellant
gas of arocket engine (see par. A2 and Table A-I).
In those cases where the propellant gas contains
condensable products — such as vaporized light
metals — and the static pressure P, at the
entrance to the exhaust nozzle is high, the
pressure P, may approach the critical pressure
for that constituent’.

In view of the foregoing, no sensible error is
introduced in the large majority of cases if it is
assumed that the equation of state for each
gaseous constituent of the propellant gas at the
inlet cross-section A, (see Fig. 5-1) of the rocket
nozzle is given by (see par. A-2.1)

P/p =RT (6-3)

It is further assumed that the specific heats
¢, and ¢, and their ratio v = cp/cv are functions
only of the gas temperature, °

6-4

To obtain the thermodynamic properties of
the propellant gas, the methods of thermo-
chemistry are employed2 36,

6-2 ASSUMPTIONS IN THERMOCHEMICAL
AND GAS DYNAMIC CALCULATIONS

The calculation of the composition and the
thermodynamic properties of the propellant gas
are based on the following simplifying assump-
tions.

(a) The propellantsreactchemically and bumn
under steady state conditions.

(b) The walls of the combustion chamber do
not influence the combustion process.

(c) The dimensions of the combustion
chamber are sufficiently large so that
thermochemical equilibrium conditions
prevail at the inlet cross-section of the
exhaust nozzle.

(d) The equation of state of each con-
stituent gas entering the exhaust nozzle
is given by Eq. 6-3.

(e) The combustion process is adiabatic and
is also isobaric (dP = 0).

(f) One of the two following assumptions is
generally introduced:

(1) The equilibrium composition of the
gases in the combustion chamber is
unaltered during the expansion pro-
cess in the nozzle. Calculations
employing that assumption are said
to be based on frozen equilibrium, or
frozen flow.

(2) Chemical equilibrium is maintained
throughout the expansion process;
the composition and molecular
weight of the gas changing because



of the chemical reactions occurring
during the expansion process. Cal-
culations employing this assumption
are said to be based on either equilib-
rium flow, shifting, mobile, or main-
tained equilibrium.

In addition to the foregoing thermodynamic
assumptions the following gas dynamic assump-
tions are introduced.

(a) The flow through the nozzles is steady
and one-dimensional, and the velocity ug,
of the gas crossing the exit section (Area
A,) is parallel to the axis of the exhaust
nozzle (see Fig. 5-1).

(b) The velocity of the gases in the com-
bustion chamber is negligibly small com-
pared to the velocity of the gases
crossing the exit section of the exhaust
nozzle.

(¢c) The flow through the
isentropic (ds = 0).

nozzles is

(d) The gases are expanded completely to
the surrounding atmospheric pressure Pa,
i.e., the pressure P, in the exit section of
the nozzles is equal to P,.

In view of the above assumptions, the
equilibrium composition of the propellant gas
entering the exhaust nozzle and its thermo-
dynamic properties are determined uniquely by
the equilibrium combustion temperature T, and
the equilibriumm combustion pressure Pc; here-
after T, and P will be termed the combustion
temperature and the combustion pressure, re-
spectively.

In view of gas dynamic assumption (b)
(u; = 0) the stagnation specific enthalpy hg in
Eq. 6-1 may be replaced by its corresponding
static specific enthalpy h.. Hence

ue = /2 (hc— he>= 6.96_/h—h, (fps) (6-4)
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where h; and hg are in B/slug. If h, and h, are
in B/Ib,, then the 6.96 in Eq. 6-4 is replaced
by 223.7.

When the Mach number M_.<0.3, the static
values T, and P, may be employed instead of
the corresponding stagnation values TQ and PQ
without introducing a significant error. The
static and stagnation values are related by (see
par. A-5.2)

hg =he + uy/2 (6-5)
-1

T2=T, [1 + (77) Mg:\ (6-6)

PO=P, (Tg/TC) oy (6-7)

where M, = uc/ac = Mach number for the gas at
the inlet cross-section A of the exhaust nozzle

and a_ =+/YRT_ = the acoustic speed in the gas
at the combustion temperature T.

For a chemical rocket engine the com-
bustion temperature depends primarily upon the
kind of propellants, their mixture ratio(ril0 /li1f),
and to a small extent upon P, the combustion
pressure. The magnitude of P is g(?vemed by
the propellant consumption rate m and the
throat area A; of the nozzle; the latter state-
ment is applicable to nonchemical as well as
chemical thermodynamic rocket engines.

6-2.1 EXOTHERMIC AND ENDOTHERMIC
CHEMICAL REACTIONS

A chemical reaction between the reactants
aA and bB that yields the products mM and nN,
may be represented by the following equation:

Reactants Products

(6-8)

aA+ bB = mM+nN (%) AH,

where AH, is the enthalpy of reaction.
6-5
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If the sign preceding AH| is negative (—)the
reaction is said to be exothermic; if the sign is
positive (+), the reaction is said to be endo-
thermic.

6-2.2 CONDITIONS FOR THERMO-
CHEMICAL EQUILIBRIUM

Thermochemical equilibrium for the propel-
lant gas is attained when the rate at which
products are formed equals the rate at which
reactants are produced by the reversible chemi-
cal reaction. At equilibrium there is no change in
the free-energy function, i.e., AFpp= 0 (see
Reference 2, pp. 529-535). The conditions
which must be satisfied for chemical equilibrium
to be attained at a given T, and P_ determine
the composition of the propellant gas.

6-2.3 DISSOCIATION AND REASSOCIATION
REACTIONS

Dissociation reactions may be considered to
be the decomposition of a chemical compound
due to exposing it to a high temperature.
Because of the dissociation phenomena a
portion of the thermochemical energy associated
with a propellant combination becomes unavail-
able for producing jet kinetic energy when the
propellant gas is expanded in the exhaust nozzle.
As the gas expands in flowing through the
nozzle it cools and its pressure falls, conditions
which favor reassociation reactions. Any reasso-
ciation reactions that might occur are governed
by reaction kinetics, and take place at a lower
temperature than their corresponding dissociation
reactions. Consequently, reassociation reactions
can recover only a portion of the energy used in
producing dissociation. The effect of the reasso-
ciation reactions that do occur is to reduce the
decrease in temperature due to the expansion
process which results in an apparent increase in
the specific heat ratio .

Very large values of T, favor dissociation
reactions. Moreover, if T, is sufficiently high

6-6

(above approximately 10,000°R) as in an arc-jet
thermoelectric rocket motor, all of the molec-
ular species are decomposed into atoms and
ions. As a consequence of the dissociation
reactions the maximum realizable value of T, at
a given P, is limited. In general, the higher the
gas temperature, the greater is the dissociation
of the products. Increasing the static pressure P.
tends to reduce the amount of the dissociation.

Fig. 6-1 presents the percent dissociation for
¢o,, H,0, H,, O,, HF, CO, and N, as
functions of the gas temperature at 500 psia. It
is seen that N,, CO, and HF do not dissociate
appreciably at temperatures below 9,000°F. On
the other hand, H, O, H,,and 0, are dissociated
appreciably at 8,000°F.

The occurrence of dissociation and reasso-
ciation reactions is not related to rocket motor
design, as is the occurrence of incomplete
combustion; in the case of incomplete com-
bustion, burning occurs during the expansion
process in the rocket nozzle. The occurrence of
dissociation and reassociation reactions is related
to the specific propellant combination, the
combustion temperature T,, and the com-
bustion pressure P.. The effect of reassociation
reactions upon the jet velocity of the exhaust
gas may be as large as 10 percent for the
LH-LOX* and LH-LF* propellant systems. For
systems in which the fuel component is a
hydrocarbon, the effect of reassociations upon
the jet velocity is usually less than 5 percent.

6-3 THERMODYNAMIC EQUATIONS FOR
ROCKET PERFORMANCE CRITERIA

In the preliminary design of a rocket motor
for developing a specified thrust, the specific
impulse I, of the suitable propellant systems
(oxidizer plus fuel) must be known for a range

*LH - liquid hydrogen: LOX - liquid oxygen
LF - liquid fluorine
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Dissociation in Percent as a Function of Gas Temperature for

Co,, H,0, H,, 0,, HF, CO, and N, at 500 psia

of mixture ratios (lilo /lilf) and different values
of combustion temperature T, and combustion
pressure P, respectively. It will be assumed that
the aforementioned data are available either
from experimental data or from thermochemical
calculations. The design is then concerned with
determining the dimensions of the main compo-
nents, and predicting the performance criteria
(see Chapter 5).

The subject paragraph is concerned with the
basic gas dynamic equations for calculating the
performance parameters. It combines the gas
dynamic equations based on steady isentropic
flow with the practical performance parameters
discussed in Chapter 5.

6-3.1 ISENTROPIC EXIT VELOCITY (ug)

Since the flow in the exhaust nozzle is
assumed isentropic, the isentropic exit velocity

ue is given by (see par. A-5.4)

w =2 (he-te) = 25Tt

where T.. is the mean value of c, for the expan-
sion process (from P, T, to P, Te), and

Ps (-1
Z,=1—-| 35
t P,

(6-9)

(6-10)

6-7
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Eq. 6-9 can be rewritten to read hg, T, and PQ. Fig. 6-2 presents the ug as a
function of the mixture ratio (m /m), for

T different values of P /P,, for the propellant

llé, = J 2 (L) R, (__‘_’) Z (6-11) combination nitrogen tetroxide (N,0,) and
v—1 m Aerozine-50 (50% Hydrazine + 50% UDMH).

If the Mach number M, =uc/a > 0.3, In Eq. 6-11 the values of v and m are
measured at A, in Fig. 5-1, thenh, T and P.in  suitable average values for the expansion of the
the preceding equations should be replaced by  propellant gas from the state (P¢,T,) to the state
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Figure 6-2. Isentropic Exhaust Velocity as a Function of Mixture Ratio m o/li1f
for Different Values of P./P,; Propellants: Nitrogen Tetroxide (N,0,)
plus 50% Aerozine-50-50% Hydrazine (N, H,) and 50% Upsymmetrical
Dimethyl Hydrazine (CH, ), N, H, , (UDMH)




(Pe’ Te). Careful consideration must be given to
the selection of the values of ¥ and m . The
selection of the appropriate value for v is
basically the determination of the appropriate

value for ﬁép.

Substituting for R;; = 49.717 ft-Ib per slug
mole °R into Eq. 6-11, yields

ul=315.3,/T /m /% Z, (fps) (612)

It is evident from Eq. 6-12 that for a given
expansion ratio Po/P, the main parameter affect-

ing ug, is VT /m.

AMCP 706-285

6-3.2 ACTUAL OR ADIABATIC EXIT VELOC-
ITY (ue)

In real nozzle flow, the actual or adiabatic
exit velocity, denoted by u,, is given by

U = dug, (6-13)

where$ =+/7, = the nozzle velocity coefficient
(see par. 4-5.2).The value of ¢ ranges from 0,95
to 0.98 for well-designed rocket nozzles.

Figs. 6-3 and 6-4 present the velocity para-
meter-ue/¢ g /m as a function of the pressure

ratio PQ /P, for different values of vy = cpley-

7'_".%
T35 AJ/
14 "
w i 1,35
& 480 Pl 1. 30—
o O
> L //
460 i
S s
D 440 A
> v
/,
420 /
400
10 20 30 40 50

PRESSURE RATIO P[P,

Figure 6-3. Velocity Parameter ug/¢ +/TQ /m as a Function of P2 /P
(for a Range of 10 to 50) for Different Values of y = cp/cv
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It is preferable to estimate the parameter
TQ/m from experimental data when they are
available.

6-3.3 PROPELLANT FLOW COEFFICIENTS

6-3.3.1 MASS FLOW RATE OF PROPELLANT
GAS (m)

Since the nozzle pressure ratio P [P, for a
rocket nozzle is always supercritical (see par.
4-3.3), a rocket motor nozzle is said to operate
with either complete nozzling or with choked
flow, i.e., critical conditions prevail in the throat
(see par. A-6) and Py =P*, T, = T*, and u} = u*.
Hence

[T
u}=315.3 /—7— =
v+l m

From Eq. 4-41 it follows that the mass rate
of gas flow through the nozzles of a rocket
engine is given by

- 0% 2 \(rt1)/(v-1) :

where Cg4 is the discharge coefficient for the
nozzle (see par. 4-5.2) and its value ranges from
approximately 0.93 to 1.15.

(6-14)

Let
i
2 2G-1

= | (6-16)

\/7 (‘y+1)
Then
m= ¥ =44810)"3 AP, ——

g NEWE
(slug/sec) (6-17)
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where

gc = 32.174 slug-ft/To-sec?
w = weight flow rate of propellants, 1b/sec

Values of I" as a function of v are presented
in Fig. 6-5 and are tabulated in Appendix B,
Table B-4.

6-3.3.2 WEIGHT FLOW COEFFICIENT (C)

The weight rate of propellant flow, from Eq.
6-17, is given by

r
\TJm

(6-18)

w =g.m=144.3(10)>C4A P,

(Ib/sec)

The weight flow coefficient C, (see Eq. 5-7)
is accordingly given by

r
JT.m

Eq. 6-19 is employed for estimating the

value of \/ ic/ﬁ from measured values of C. A
small error in the caiculated value of v, from
thermochemical calculations, exerts an insignif-
icant effect on the value of \/T./m calculated
from

— 5 Cq
"Tc/m =144.3(10)" C— r

w

C,, = 144.3(10) % C4 (6-19)

(6-20)

6-3.4 THRUST (F)

It is shown in par. 4-8.1.1 that if the exit
flow from a propulsive nozzle diverges, as in a
conical nozzle, then there is a reduction in
thrust termed the divergence loss. In general,
therefore, the thrust is given by Eq. 443 which
is repeated here for convenience. Thus

F=2 I:Ihue + (Pe—— Pa) Ae]

(6-21)

6-11
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The divergence loss coefficient A is given by

A = —=(1+cosa) (6-22)

ST

where a is the semidivergence angle for the
conical nozzle (see Fig. 5-1).

Combining Egs. 6-14, 6-18, and 6-21 one
can have the following equation for thrust F:

= ’ 2
F=2x [¢ CqAP.T ot Z,+A, <Pe—P;j|(6.23)

where Z; is given by Eq. 6-10, P, denotes the
ambient static pressure, and P, is the static
pressure in exit cross section of the nozzle A,
(see Fig. 5-1).

6-3.4.1 EFFECTIVE JET (OR EXHAUST)
VELOCITY (c)

The effective jet velocity c is defined by Eq.
5-3, which is repeated here for convenience.

c=F/m

Combining Egs. 6-17, 6-23, and 5-3 one
obtains the following thermodynamic equation
for c:

YRT P, P
cea Vi e r, ’i zto(P—e-—a e | (6-24)
I, v-1 ¢ Pe

where

e Al B

2 2(y-1)
ro=ryvy=y (= (6-25)

'y+1

€ = Ag/A, = area ratio of the nozzle
6-3.4.2 THRUST COEFFICIENT (Cp)

The thrust coefficient Cg is defined by Eq.
5-9, and can be written in the form

Cp = mc/ (PA, ) (6-26)
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Hence

P P

2 e a
= ’_ ' +— e— = 6-27
CF A [Fl 7_1 Zt Pc € Pc €:| ( )

For a given value of vy the thrust coefficient
depends only on Pa/Pc and A; the effect of the
ambient pressure Pa is to decrease Cp by the
quantity (P,/P.)e. WhenP, = 0,as in space, Cg
attains its maximum value. It can be shown that
for a fixed value of Pa/Pc there is a value of €
which yields a maximum value of Cg. That value
of e is called the optimum nozzle area ratio and
occurs when P,/P. = P,/P.; ie., when the
pressure thrust (P, — P,)A, = 0.

Let (Cg), denote the so-called parallel flow
vacuum thrust coefficient, which assumes that
A=1 and Pa/Pc =0; then the thrust coefficient Cg
is given by

(CF)O_(;i)e

Fig. 6-6 presents (CF)O as a function of €
and Fig. 6-7 presents (Pe/Pc)e as a function of e.
Detailed tables for those parameters are pre-
sented in Reference 13.

(6-28)

6-3.5 NOZZLE AREA RATIO FOR COM-
PLETE EXPANSION

The thrust F attains it maximum value when
the nozzle is designed so that the propellant gas
is expanded completely to the ambient pressure
Pa; i.e., when Pe = Pa' The area ratio is € is given
by (see par. 4-3.1)

2

(Ae> vy |
[ A_
1
t Pe 7 v+1 7
P y—1 T
C
Figs. 6-8, 6-9, and 6-10 present ¢ as a

function of P./P, for values ranging up to Pc/Pe
= 200, for different values of +.

(6-29)

6-13



AMCP 706-285

o]o]]

08 09

3 onjey BAIVY 9[ZZON
30 uonpouny ese °(dy) Juaoyyeo) 1snny wnnoep Moy [oNEIEy 9-9 SInSL

2 OllvH V3yVv 371ZZON

(01 4 O 02Z Ol 8 9 S 14

L)
N

N

N\

\

\
A\

N\

@

12144300 4SNdHL WNNOVA MOT4-131vdvd

] \\ N
\
—
‘.l_\l \
\ o—.—“ﬁs
o'e
"1 =
s
(%)
-
°(

N
Y]

6-14




AMCP 706-285

0.8

0.6

0.5

0.4

0.3

0.2 |

i
I/II

.08

.06

.05

.04

AU ]

.03

.02

Ol L
l 2 3 4

S 6 8 10 20
NOZZLE AREA RATIO €

30 40 50 60 80 100
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Since the flow through the rocket nozzle is
assumed to be one-dimensional, the area ratio €
is given by

Ae

e=_=

At

I
Pt

[
Pelle

(6-30)

The maximum flow density occurs at the
throat of the nozzle, and is determined in the

computer program for calculating the thermo-
dynamic equilibrium properties of the pro-
pellant gas“, Fig. 6-11 presents ¢ as a function
of the mixture ratio(m,, /rhf) for different values
of P./P, for the propellant combination nitro-
gen tetroxide and Aerozine-50.

For rocket engines which must operate over
a wide range of altitudes it may be advisable to

6-15
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operate with underexpansion to avoid the large  applying thermochemical calculations to the
nozzle weight accompanying large expansion  chemical reaction equation for the propel-

ratios (see par. 4-8). lants”*®''!. From Eq. 5-13, which is repeated
6-3.6 CHARACTERISTIC VELOCITY (c*) here for convenience, c* is given by

When experimental data for determining c* c*= & (6-31)
are lacking, its value can be calculated with Cw

satisfactory accuracy from the thermodynamic
properties for the propellant gas obtained by

6-18

where g, = 32.174 slug-ft/Ib-sec?
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Combining Eqgs. 6-19 and 6-31 one obtains
the following thermodynamic equation for c*:

1 [ac \/TC/'m—
*= __ {_* )= 2 3 fi
¢ Ca (Fl) 230 CdF (fps)

(6-32)

where the acoustic speed in the propellant gas
at the temperature T, is given by

YRT, (6-33)

The parameters ['andI", are given by Eqgs.
6-14 and 6-24. Their values as functions of y are
presented graphically in Fig. 6-4 and in tabular
form in Appendix B, Table B-4.

If it is assumed that Cd = 1.0, the corre-
sponding value of c* is termed the ideal char-
acteristic velocity and is denoted by c*'. Thus

, \T/m
c* =223.0 T (6-34)

1

Eqgs. 6-32 and 6-34 show that c¢* and c*
depend only upon vy and T./m,ie., primarily
upon the propellant combination (fuel +
oxidizer) and the mixture ratio (m /rhf). The
combustion pressure has less influence because
of its much smaller effect uponT, m, and 7.
Fig. 6-12 illustrates the effect of mixture ratio
(rho/rh } and combustion pressure P. upon the
c*' for the propellant combination nitrogen
tetroxide and Aerozine-50.

6-3.7 THEORETICAL SPECIFIC IMPULSE (I'Sp)

From Eqgs. 5-3 and 5-5 it follows that the
thrust F and the specific impulse lSp are related

by
F=wlg, (6-35)

6-20

Hence

Lp=2 [:_e + (Pe— Pa> Ae/\i':l = ¢/g. (6-36)
C

It is readily shown that!

2R
Lp / , Ja

where

2R
—Y = 9797
&

If A=¢=1 then the flow is isentropic with no
divergence and the corresponding value of the
specific impulse is denoted by Is' which is the
theoretical specific impulse. Fig. 6-13 presents
the I  as a function of the mixture ratio
(m/mg) for several liquid propellant com-
binations reacted at P, = 300 psia.

6.3.7.1 REDUCED SPECIFIC IMPULSE

The calculated specific impulse based on

one-dimensional flow is denoted by Isp’ where

- !
Ip =M I,

Hence

The ratio Isp/)\¢\/Tc/El is sometimes called
the reduced specific impulse. Its magnitude is a
function of the specific heat ratio for the
combustion gas mixture.
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It is seen from Eq. 6-37 that Iép depends The magnitude of the expansion factor Z;
upon two factors depends mainly upon the expansion ratio Pe/Pc
and it is only slightly influenced by variations in
P, = ) v. The value of k depends primarily upon
(a) Zt =1 = = expansion — o
P. factor  (6-39a) \/Tc/m .Hence, raising T, lowering m, or doing
both, are helpful in increasing the specific
i/2 impulse.
R, T
A1 { 2y u‘c L.
M=l—|—— — (6-39b) In general, for any propellant combination
gc\7—-1/ m ‘the combustion temperature depends primarily
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upon the mixture ratio (m,, /rhf) as can be seen
from Fig. 6-14. The maximum combustion
temperature is, however, limited by dissociation
reactions (see par. 6-3.3). From an engine design
standpoint, however, the maximum permissible
combustion temperature is limited by the avail-
able construction materials and the ability to
cool them.

The possibility of increasing the specific
impulse by using fuels rich in hydrogen suffers
from certain restrictions due to their low
density. Furthermore, many of them are
cryogenic and their storage becomes a problem
in Army applications.

6-3.7.2 DENSITY IMPULSE (I4)

A criterion which must be considered in
selecting a propellant combination for a specific

AMCP 706-285

rocket jet propulsion application is the so-called
density impulse, denoted by 14, which is de-
fined as the product of Is'p and the specific
gravity of the propellant system. Hence

= I;p x (sp.gr.) (6-40)

where sp.gr. denotes the specific gravity of the
propellant system, and I;p is the theoretical
specific impulse.

A high value Iy is desirable, especially for
single stage rocket propelled vehicles. Fig. 6-15
presents the values of I as a function of m,/m
for the same propellants for which the IS'p is
presented in Fig. 6-13.
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CHAPTER 7

PROPERTIES AND CHARACTERISTICS OF SOLID PROPELLANTS

7-1 CLASSIFICATION OF SOLID PROPEL-
LANTS

The performance criteria and thermo-
dynamic equations presented in Chapters 5 and
6, respectively, are applicable to rocket engines
burning either solid or liquid propellants. The
attractiveness of solid propellants for many
Army applications arises from the following
considerations:

(a) The greater simplicity of solid propellant
rocket motors

(b) The greater ease with which they can be
handled in the field

(¢) Their instant readiness for use
(d) Their good storage properties
(e) Their lower first cost

(f) Their lower susceptibility to malfunc-
tioning because of fewer moving parts

In general, once the characteristics of a spe-
cific solid propellant have been established, the
development of solid propellant rocket motors
using that propellant for widely different thrusts
and bumning times tg is a relatively straight-
forward, though often expensive, engineering
development problem. Furthermore, if a solid
propellant rocket motor application takes full
cognizance of its characteristics and handling re-
quirements, excellent rocket motor reliability
should be obtained.

A solid propellant is a material which con-

tains both a fuel and an oxidizer; the fuel and

oxidizer, however, do not react chemically
below some fixed temperature, called the igni-
tion temperature. When ignited, the solid propel-
lant burns but does not require atmospheric
oxygen for its ignition or combustion. A charac-
teristic feature of a solid propellant is that the
exothermic conversion of the solid phase to the
gas phase, when conducted under appropriate
conditions, does not produce explosions or
detonations. The production of the propulsive
gas proceeds at a controlled rate!*2,

Since a solid propellant is a single phase
containing both its fuel and oxidizer, it is also
termed a solid monopropellant (see par. 1-6.4).

It is convenient to divide solid propellants
into two principal types based on their physical
structure:

(a) Homogeneous propellants which are
solid solutions of organic substances
containing the fuel and oxidizer ele-
ments in their chemical structure.

(b) Heterogeneous propellants, also called
composite propellants; these are mechan-
ical mixtures of a combustible (the fuel)
and a solid oxidizer.

7-2 HOMOGENEOUS PROPELLANTS

A homogeneous propellant, more commonly
called a double-base propellant is a plastic solid
monopropellant comprising three principal
ingredients: a polymer, an oxidizer-plasticizer,
and a fuel plasticizer®.

7-1
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7-2.1 POLYMERS FOR HOMOGENEOUS
PROPELLANTS

The most widely used polymer is nitro-
cellulose (NC) but others can be and have been
used. The common formula for nitrocellulose is

C¢H,(OH), ,(ONO, ),

where n=1,2,3 indicates the number of (ONOz)
groups corresponding to the completeness of the
nitration of the cellulose.

Nitrocellulose is characterized by its nitro-
gen content and viscosity as independent vari-
ables. If the cellulose is completely nitrated, its
nitrogen content is 14.15 percent?. The higher
the nitrogen content, the larger is the contri-
bution of the nitrocellulose to the calorific value
of the propellant.

7-2.2 OXIDIZER-PLASTICIZERS FOR
HOMOGENEOUS PROPELLANTS

The oxidizer-plasticizer must be compatible
physically with the polymer. Furthermore, it
must add fuel elements to the solid propellant
formulation. In this country, the most widely
used oxidizer-plasticizer is nitroglycerin (NG);
its chemical formula is

CH, (ONO, )CH(ONO, )CH, (ONO,)

In Germany, probably because of the short-
age of glycerin, propellants were developed
that used diethylene glycol dinitrate, DEGN
(NO,)(OC,H,),0NO, instead of nitroglycerin
as the oxidizer-plasticizer, The feasibility of us-
ing nitrocompounds other than nitroglycerin
has been established?.

Originally, only those propellants which
contained nitroglycerin as a colloidal plasticizer
for nitrocellulose were called double-base pro-
pellants, i.e., propellants containing two ex-
plosive ingredients (NC and NG). Today all

7-2

colloidal propellant systems of nitro-groups with
NC are called double-base propellants.

7-2.3 FUEL-PLASTICIZERS FOR HOMO-
GENEOUS PROPELLANTS

The fuel-plasticizer must be compatible
physically with the nitrocellulose. Because they
contribute little or no oxidizing elements to the
propellant formulation they tend to reduce the
combustion temperature. Frequently, the fuel-
type plasticizer is some form of plastic.

7-2.4 ADDITIVES -TO DOUBLE-BASE PRO-
PELLANTS

Both NC and NG tend to deteriorate in
storage due to thermal decomposition. It is
essential, therefore, that additives called stabi-
lizers be incorporated in the propellant formu-
lations. Common stabilizers are ethyl centralite,
diphenylamine, and others (see Reference 2).

7-2.5 GENERAL CHARACTERISTICS AND
APPLICATIONS OF DOUBLE-BASE
SOLID PROPELLANTS

The ballistic properties of a double-base
solid propellant are determined primarily by its
calorific value. Its physical properties, however,
are related to its polymer content. The best
known double-base propellants are the ballistites
(low nitrogen content) and the cordites (high
nitrogen content).

Double-base propellants find their widest
applications in weaponry; e.g., artillery and
aircraft rockets, antitank missiles, surface-to-air
missiles, ICBM’s, etc. Table 7-1 presents data on
three different double-base propellants.

Until a few years after World War II,
double-base propellant grains were made by
extrusion, which limited the size of the grain
which could be fabricated. Since that time, a
castable process has been developed which
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TABLE 7-1
PROPERTIES OF DOUBLE-BASE PROPELLANTS*
RUSSIAN
JPN JP CORDITE
Weight, %
Nitrocellulose 51.50 52.2 56.5
Nitroglycerin 43.00 43.0 28.0
Diethyl Phthalate 3.25 3.0 -
Ethyl Centralite 1.00 —— 4.5
Other Additives 1.25 1.8 11.0
Manufacturing method Extruded Extruded Extruded
Specific gravity 1.61 1.60 —
Safe storage temperature, °F 120 120 120
Storage stability Good - —
Ignition temperature, °F 300 300 —
Firing temperature limits, °F -20, +140 — —
Lower pressure limit, psi 500 500 —
Smoke and toxicity Smokeless Smokeless Smokeless
Specific impulse at 1000 psi, sec 230 230 ——
Burning rate at 1000 psi and
70°F, in./sec 0.65 0.67 0.29
Pressure exponent n 0.69 0.71 0.80
Temperature coefficient Iy, %/°F 0.7 0.9 0.7
Adiabatic flame temperature, °F 5300 5300 3750
Molecular weight of combustion gases 27.8 28 ——
Composition of combustion gases at
1000 psi, mole %
Co, 25.1 — —
CO 26.0 —_ —
H,0 28.6 —_ —_
H, 5.0 —_ —_
N, 15.1 — —
OH 0.5 —_ —
Ratio of specific heats 1.21 1.22 _
Characteristic velocity c*, fps 5000 5000 —
Approximate cost, $/1b 5 5 —

*Taken from Reference 1.

7-3
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makes it possible to manufacture cast double-
base grains of any desired size and shape. The
cast grains are homogeneous and can be case-
bonded and may have the same range of
compositions as the extruded propellants?.

7-3 HETEROGENEOUS OR COMPOSITE
PROPELLANTS

The development of composite propellants
started during World War II with the develop-
ment of aircraft JATO’s (Jet Assisted Take-Off).
The solid propellant used in a JATO unit was
basically a mechanical mixture of an asphalt, the
fuel, with finely powdered potassium perchlo-
rate (KCIO,), the oxidizer. The asphalt was the
binder for the KCIO,,.

Modern composite propellants have three
principal ingredients: (1) a fuel which is an
organic polymer, called the binder, (2) a finely
powdered oxidizer, and (3) additives for cata-
lyzing the combustion process, increasing the
density, increasing the specific impulse, improv-
ing physical properties, increasing storage life,
etc. After the ingredients have been thoroughly
mixed, the resulting viscous fluid is poured—
usually under a vacuum to eliminate voids—into
the rocket chamber which contains a suitable
mandrel for obtaining the desired grain con-
figuration.

The propellant is then cured by polymer-
ization—at a controlled temperature—to a firm,
rubbery material; the polymerization is usually
an exothermic process. Consequently, there is a
shrinkage of the grain, which must be allowed
for, when the propellant is cooled slowly from
the curing temperature to the ambient temper-
ature. There are new formulations which can be
cured at room temperature, thereby eliminating
the grain shrinkage phenomena.

The important characteristic of a solid pro-
pellant is its calorific value because that deter-
mines the combustion temperature and the

7-4

composition of the propulsive gas at the en-
trance cross-section of the rocket nozzle. From
the chemical composition of the propellant, the
combustion temperatures and the composition
of the propulsive gas—for different combustion
pressures—are determined by thermochemical
calculations, usually conducted on a computer.

The ballistic properties of a composite pro-
pellant are determined by the weight fraction of
oxidizer in the formulation. Its physical prop-
erties depend not only upon the binder material
and its weight fraction, but also on the particle
size and particle size distribution of the oxidizer.

7-3.1 BINDERS FOR COMPOSITE PROPEL-
LANTS

Several organic materials have been investi-
gated as possible binders (fuels). Those used in
modern formulations are elastomeric monomers.
Of the large number of organic binders which
have been investigated, those listed in Table 7-2
have either received the most development
effort or the widest application.

TABLE 7-2

BINDERS FOR COMPOSITE
PROPELLANTS

Polysulfides

Polyurethanes

Butadiene Pyridine Copolymers

Butadiene Acrylic Acid Copolymers (PBAA)
Polyvinyl Chloride

Petrinacrylate

For a detailed discussion of the binders for
composite propellants, see Reference 2.




All of the binders listed in Table 7-2 have
been used in making castable propellants except
the butadiene pyridine copolymers; these have
been used for making molded propellants prin-
cipally with ammonium nitrate (NH,NO,) as
the oxidizer.

It is desirable that the binder contain a small
amount of oxygen so that a close approach to
the stoichiometric oxygen balance can be
achieved without having such a large fraction of
solid oxidizer that the propellant has either poor
mechanical or rheological (plastic) properties.

7-3.2 OXIDIZERS FOR COMPOSITE PRO-
PELLANTS

Only a few solid oxidizers are available for
use in solid propellant formulations. Table 7-3
lists the oxidizers with which a substantial
background of experience has been obtained,
excepting lithium perchlorate (LiClO,).

All perchlorate oxidizers produce hydro-
chloric acid (HCl) in the exhaust gas which
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condenses into a fog on a moist day. The
propulsive gas from a propellant based on
KClO, is smoky because it contains condensed
potassium chloride (KCl) which is a white
powder. Practically all of the high performance
castable composite propellants are based on
using ammonium perchlorate as the oxidizer.

Composite propellants based on metallic
nitrate oxidizers such as KNO, and sodium
nitrate NaNO3 produce smoky exhausts. Con-
siderable effort has been expended on de-
veloping propellants based on NH4NO3 as the
oxidizer, because of its abundance. Due to its
small available oxygen content, 20 percent, and
the effect of temperature on its crystalline
structure, it is difficult to make a high per-
formance castable propellant having good
rheological properties with NH /NO, as the
oxidizer.

For detailed information on the oxidizers
listed in Table 7-3, see Reference 2.

TABLE 7-3

OXIDIZERS FOR COMPOSITE PROPELLANTS

DENSITY, %0,
NAME FORMULA m Ib/cu in. AVAILABLE
Ammonium Nitrate NH,NO, 80.05 0.061 20.0
Ammonium Perchlorate NH,CIO, 117.49 0.070 34.0
Potassium Nitrate KNO, 101.10 0.076 39.5
Potassium Perchlorate KCIO, 138.55 0.090 46.5
Lithium Perchlorate LiClO, 106.40 0.087 60.0
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7-3.3 ADDITIVES TO COMPOSITE PROPEL-
LANTS

The energy content of a solid propellant can
be increased by including certain light metals in
the propellant formulation. Currently the most
widely used light metal additive is aluminum in
finely powdered form. The addition of the
aluminum increases the combustion temperature
T, and thus thereby the specific impulse
Ispcx\/Tc/iﬁ (see par. 6-3.7). In addition, it
increases the propellant loading density 8p (see
par. 5-8.8). Another important advantage of
adding powdered aluminum is that it is effective
in suppressing high frequency combustion pres-
sure oscillations’ 2,

Considerable research effort is being directed
to investigating additives which will reduce the
molecular weight of the propulsive gas without
increasing the combustion temperature to un-
manageable vaiues.

The use of metal additives introduces prob-
lems. At high temperatures the aluminum incor-
porated in a solid propellant burns to the oxide
AlO which is extremely active chemically. The

AlO reacts with the oxidizable structural mate-
rials which come in contact with it. Moreover, as
the aluminum oxide cools it forms a higher
oxide AL O, which condenses at 3800°F. Con-
sequently, as the propulsive gas expands and
cools, as it flows through the exhaust nozzle,
condensed particles of Al 03 impinge upon the
nozzle walls, producing severe erosion of the
walls. Furthermore, the Al O, particles exert
drag upon the gas molecules surrounding them;
therefore, since the particles pass through the
nozzle rapidly, a considerable portion of the
thermal energy of the particlesis lost in the
exhaust gases. Consequently, there is a signif-
icant reduction in the specific impulse compared
to isentropic thermochemical predictions®:6:7.

Table 7-4 presents some typical castable,
composite propellant formulations®>. It is im-
portant for such propellants that the binder-
oxidizer slurry flow readily into the chamber or
mold wherein it is to be cast and cured. The
fluidity of the slurry depends upon the
oxidizer/binder ratio, the particle size, and the
particle size distribution of the oxidizer and any
solid additives. The above consideration limits
the useful oxidizer/ binder ratio.

TABLE 7-4

TYPICAL COMPOSITE PROPELLANT FORMULATIONS
(Taken from Reference 3)

INGREDIENT POLYSULFIDE POLYURETHANE POLYBUTADIENE
% % %
NH, CIO, 71.00 62.00 68.00
Binder 26.00 21.40 16.00
Catalysts 2.00 — -
Additives 1.00 1.10 -
Aluminum — 15.50 16.00




7-4 FACTORS GOVERNING THE SELEC-
TION OF A SOLID PROPELLANT

The factors to be considered in judging the
merit of a solid propellant for a given appli-
cation are presented below!2:3.

7-4.1 SPECIFIC IMPULSE (Isp)

The specific impulse of the solid propellant
should have the largest possible value because
the ideal burnout velocity Vbi (see par. 5-9.3) is
directly proportional to the Isp'

For modern composite propellant formu-
lations the basic ingredients are such that the
combustion gases are compounds of the follow-
ing elements: carbon (C), hydrogen (H), nitro-
gen (N), oxygen (O), and chlorine (Cl). For
C-H-N-O-C1 systems the maximum obtainable
specific impulses are in the range 240 to 250 sec.
For a given composite propellant the specific
impulse increases with the ratio of oxidizer to
binder. There is a limit, however, to the quantity
of oxidizer which can be incorporated into a
given binder?. Various light metals are added to
both composite and double-base propellant
formulations for increasing the specific impulse.

7-4.2 DENSITY OF PROPELLANT (pp)

It is desirable that the density of the
propellant be high, so that a large value can be
achieved for the propellant loading density,
5p=Wp/WE (see para. 5-8.8). For most composite
solid propellants? thepropellant density p., will
range from approximately 1.65 to 1.70 g/cc.

7-4.3 HYGROSCOPICITY

Most solid propellants have ingredients
which are hygroscopic and it is necessary to
protect such ingredients from moisture. The
effect of moisture absorbed by a propellant is
tantamount to adding the amount of that
moisture to the propellant formulation. The
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absorption of moisture can be prevented by
hermetically sealing the rocket engine in its
storage container. For a fuller discussion of
hygroscopicity see Reference 2.

7-4.4 CONTROLLABLE LINEAR BURNING
RATE (r,)

It is desirable to have the capability of
varying the linear burning rate r, over a wide
range. Currently, solid propellant formulations
have been developed having linear burning rates
ranging from approximately 0.1 in./sec to ap-

proximately 4.0 in./sec. A wide range of avail-
able burning rates increases the design flexibility
of solid propellant rocket motors. Also, it is
desirable that the linear burning rate be rather
insensitive to the small variations in combustion
pressure and ambient pressure.

7-4.5 COEFFICIENT OF THERMAL EX-
PANSION

If a grain is to be case-bonded to the
chamber, see Fig. 7-1, it is not usually feasible to
match the thermal expansion coefficients of the
chamber, the liner, and the propellant. It is
essential, therefore, that the propellant grain be
formulated so that it can withstand the stresses
due to differential expansion.

7-4.6 THERMAL CONDUCTIVITY

Solid propellants are poor conductors of
heat. For that reason it can be assumed without
sensible error that the unbumed portion of a
propellant grain is at the initial temperature of
the propellant prior to its ignition. Because of its
low thermal conductivity, it takes several hours
and even days to bring a large propellant grain to
a uniform temperature following a change in its
environmental temperature (see Reference 2).

7-4.7 CHEMICAL STABILITY

High chemical stability is desirable so that
the solid propellant will have good aging
characteristics, i.e., performance should not
deteriorate with long time storage.
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Figure 7-1.

7-4.8 TOXICITY

It is desirable that the propellant be safe to
handle and, in the case of Army weapons in
particular, the propellant gas should be nontoxic
and not linger around the launching site.

7-4.9 SHOCK SENSITIVITY

It is desirable that the propellant should not
detonate due to either mechanical or thermal
shock. Shock studies should be conducted on
both composite and double-base propellants,
particularly the latter since they contain
ingredients which can be detonated by shock! 2.

7-4.10 EXPLOSIVE HAZARD

The propellant should be safe to ship and
handle by well-known more or less conventional
procedures. Its ignition temperature should be
relatively high and the propellant should not
burn readily at low pressures. The propellant
should, however, readily ignite when fired by
the igniter.

7-8

Case-Bonded Chamber

7-4.11 SMOKE IN EXHAUST

For many applications smoke in the exhaust
gases is highly undesirable because it leaves a
signature detectable by the enemy. Formu-
lations containing light metals are apt to give
smoky exhausts.

7-4.12 ATTENUATION OF ELECTRO-
MAGNETIC SIGNALS

For such missiles as ground-to-air missiles, it
is important that good communications via
electromagnetic waves be maintained between
the ground station and the flying missile. In
transmitting information from the ground con-
trol station to the flying missile, the propulsive
gas jet may be in or near the path between the
ground station antenna and the missile antenna.
The ion content of the propulsive gas jet can
cause severe attenuation of the electromagnetic
waves and make communication with the missile
difficult. Metallic additives in the solid propel-
lant formulation can increase the communi-
cation and tracking difficulties. It appears that
higher energy fuels aggravate the attenuation
problem.




If possible the antenna on the missile should
be located so that the gaseous exhaust jet from
the rocket motor is not directly in the path
between it and the ground antenna®+1°%-11,

7-4.13 AVAILABILITY OF RAW MATE-
RIALS

If the propellant will be used in large
quantities during an emergency the raw mate-
rials from which the binder and oxidizer are
made should be available in abundant quantities.

7-4.14 FABRICATION AND PROCESS CON-
TROL

The propellant should be compatible with
the usual construction materials and should lend
itself to process control methods for assuring
product uniformity in all respects when pro-
duced in large quantities.

The propellant should have a low shrinkage
during cure and its curing exotherm should be
low. A low curing temperature enhances safety
in the manufacturing process.

7-4.15 COST

It is desirable, of course, that the propellant
be relatively inexpensive.

7-5 MECHANICAL PROPERTIES OF SOLID
PROPELLANTS

The mechanical properties of a solid propel-
lant refer to its stress-strain relationship,
Poisson’s ratio, and its resistance to rupture
characteristics. It is essential that the propellant
grain withstand the loads imposed upon it
during storage under different ambient temper-
atures, shipping, handling, and firing. The actual
loads, of course, will depend upon the applica-
tion and design of the rocket engine. For many
Army applications it is desirable that the solid
propellant have good mechanical properties over
the temperature range —60° to +165°F, and be
capable of withstanding temperature cycling
between those temperatures.
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In general a solid propellant grain is subject
to three types of loads: (1) thermal loads due to
temperature difference within the grain, (2)
pressure loads due to the ignition and com-
bustion processes, and (3) inertial loads due to
its acceleration.

A solid propellant is not an elastic solid but
a viscoelastic material, therefore, its stress-strain
behavior is not elastic but depends upon the rate
of strain and the type of load. Consequently, it
is difficult to predict with accuracy the effect of
different types of loads upon the stress-strain
relationships of a solid propellant.

The JANAF Panel on Physical Properties of
Solid Propellants in its publications describes
standard tests for solid propellants. The results
of such tests are significant only in that they
compare the behavior of different propellants
under the same test conditions. Whether or not
the comparison is valid under actual operating
conditions is open to question.

The results obtained by standard JANAF
tests show that the results depend upon the rate
of loading, and that the faster the rate of loading
the stronger the propellant. In the actual oper-
ation of a rocket motor the rate of loading varies
from slow rates due to temperature changes in
storage, to very fast rates during the ignition
period.

7-5.1 ULTIMATE TENSILE STRENGTH

A large ultimate tensile strength is im-
portant for propellant grains which are sup-
ported at the head end and are subject to
appreciable accelerations. Otherwise, it is use-
ful as an index of the adequacy of the
quality control in manufacturing the propel-
lant; uniform values of ultimate tensile
strength are interpreted as uniformity in the

-manufacture of the propellant?.
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7-5.2 ELONGATION IN TENSION

In general, the propellant grain and the
chamber (see Fig. 7-1) have different coef-
ficients of thermal expansion. Consequently, a
case-bonded grain must be capable of deforming
to accommodate changes in dimensions of the
chamber due to changes in environmental
temperature. Otherwise, the case-bonded pro-
pellant would pull away from the chamber
thereby exposing additional burning surface
which could be disastrous. Although the require-
ments vary with different rocket motor designs,
a minimum of 15 percent elongation at rupture
in tension at low temperature is a typical
requirement for large case-bonded propellant
grains.

7-5.3 MODULUS IN TENSION

For case-bonded propellant grains it is
desirable that the modulus in tension be
relatively low, 300 to 600 psi, to avoid
rupture of the adhesive bond or distorting the
case when the rocket motor is cooled. The
same test determines the tensile strength of
the propellant, its elongatation, and its
modulus in tension?.

7-5.4 STRESS RELAXATION

A case-bonded propellant grain, if it is not
of the cigarette-burning type, contains an
internal perforation, as illustrated in Fig. 7-1.
The geometrical configuration of the perfora-
tion can be a cylinder, a star, a gear, or some
other. In perforations where there are sharp
turns, points, or grooves, stress concentrations
are apt to occur. When the propellant grain is
stressed by either pressure or thermal loads,
cracks may occur at the sites of the stress
concentrations. The effect of such cracks is to

expose additional burning surface causing large
unanticipated increases in the combustion pres-
sure that may destroy the rocket motor.
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It is advantageous, therefore, if the stresses
due to distortion can be relaxed as the pro-
pellant grain accommodates itself to its new
environment so that the residual stress does
not cause cracking in the areas of stress con-
centration.

The relaxation under tension of a propel-
lant is determined by measuring the tensile
stress at fixed elongation as a function of
time?.

7-5.5 CREEP

It is essential that a propellant grain does
not change its dimensions appreciably under
its own weight. This requirement imposes a
lower limit upon the modulus in tension.
Such a deformation is termed creep. As
pointed out in Reference 2, experience is still
the best criterion for assessing the tendency
of a propellant to creep.

7-5.6 COMPRESSIVE STRENGTH

Ordinarily the compressive strength of a
propellant is of the same order of magnitude
as its tensile strength; it is readily measured?.

DEFORMATION AT RUPTURE IN
COMPRESSION

7-5.6.1

The propellant should not be so brittle
that its deformation under the gas pressure
generated by firing the igniter will cause
rupture. Usually, a minimum deformation of
30 percent at rupture is specified for a solid
propellant? .

7-5.6.2 MODULUS IN COMPRESSION

The deformation of the propellant grain
under compressive loads must not cause




significant changes from its design geometry.
This requirement imposes a lower limit on
the modulus in compression.

7-5.7 SHEAR PROPERTIES

When a case-bonded grain attains its
operating combustion pressure, the chamber to
which it is bonded will stretch a small amount.
Under accelerating conditions the weight of the
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propellant grain must be supported by the shear
strength of the bond between the propellant
grain and the chamber.

7-5.8 BRITTLE TEMPERATURE

Plastic materials exhibit a so-called brittle
temperature below which their mechanical
properties decrease.
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CHAPTER 8
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SOLID PROPELLANT ROCKET MOTORS

8-0 PRINCIPALNOTATION FOR CHAPTER 8*

c¥*

coefficient of pressure in the burning
rate equation, r = ap™

acoustic speed for propulsive gas at
entrance section of the exhaust noz-
zle, fps

moles of ith species of reactants

cross-sectional area

area of burning surface for a solid
propellant

cross-sectional area of entrance section
of nozzle

cross-sectional area of chamber en-
closing the solid propellant

cross-sectional area of solid propellant
grain

maximum cross-sectional area

port area for a solid propellant rocket
motor

area of nozzle throat
British thermal unit

effective exhaust velocity = Fg/ mp

charactel:istic
PcAtgc/mp

(exhaust) velocity =

*Any consistent set of units may be employed; the units
presented here are for the American Engineers System (see

par. 1-7).

Ca

Cr

p

sp

Lot

1/]

L*

nozzle discharge coefficient
nozzle thrust coefficient = F/P A¢
specific heat at constant pressure
specific heat at constant volume
weight flow coefficient = Wp/pcAt
inner diameter of a tubular grain
outer diameter of a tubular grain
thrust

gravitational conversion factor =
32.174 slug-ft/lb-sec?

m/A = flow density
impulse

specific impulse, sec
total impulse, sec

mechanical equivalent of heat =~ 778
ft-1b/B

port-to-throat area ratio = Ap/At
propellant area ratio = Ap/A

ratio of the chamber volume to the
nozzle throat area

mass
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My

max

imax

mass at burnout; mass of motor,
including unburned propellant, at
completion of propellant burning

mass rate of flow

mass rate of flow of propulsive gas =
mass rate of propellant consumption

motor gross mass; includes mass of
propellant, liner, case, nozzle, and
igniter (if attached)

molecular weight

Mach number

pressure exponent in the linear
burning rate equation (see Eq. 8-3)

static pressure in psia

static pressure at the entrance cross-
section of the exhaust nozzle, the
chamber pressure

static pressure in psf

ambient barometric pressure
chamber pressure in psf
exit plane pressure; the static pressure

in the flowing gas in the exit plane of
the exhaust nozzle

maximum chamber pressure
maximum ignition chamber pressure

linear burning rate or regression rate

of burning surface of a solid propel-
lant

ap

tb/p

linear burning rate for V
held constant

g=0andT0

average regression rate for burning
surface of a solid propellant = w/tb/p

time

zero time; application of firing voltage
to the igniter squib

pressure action time; the time between
the initial 10% maximum pressure
level and the final 10% maximum
pressure level

100 psia burning time; the time be-
tween the initial 100 psia level and
the web burnout point of maximum
rate of change of curvature on the
pressure-time record

pressure delay time; the time between
t, and the initial 10% maximum pres-

sure level

thrust ignition interval; time between

t, and the initial 75% maximum

thrust level

temperature

propellant temperature

motor firing temperature; temperature
of the propellant and motor just
before ignition and firing

chamber temperature

temperature of gases in nozzle throat

exhaust gas static temperature at the
exit plane of nozzle

web thickness




w  weight rate of flow = m/g,

W

P weight rate of propellant

consumption = Ihp/gc

GREEK LETTERS

a semiangle of diverging portion of
exhaust nozzle

v specific heat ratio =c_/c

P/ v
Tp specific weight of propellant, Ib/cu in.

€  nozzle expansion ratio = Ag/A¢

g temperature sensitivity of pressure at a
particular value of K

p  density, slug/ft3

Pe density of gas at entrance section of
exhaust nozzle

pp  density of propellant = 7p/gc

op temperature sensitivity of propellant
burning rate at a particular value of
pressure

_ f{oinr
P \BT )p

8-1 INTERNAL BALLISTICS OF SOLID PRO-
PELLANT ROCKET MOTORS

The flight characteristics of a rocket-
propelled vehicle depend (among other things)
on the performance of the propellant.
Important flight performance (ballistic)
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properties are described in the paragraphs
which follow!-13.14

8-1.1 BURNING OF A SOLID PROPEL-
LANT (PIOBERT’S LAW)

The combustion process for a solid pro-
pellant involves a series of chemical and
physical processes that convert the solid pro-
pellant into a propulsive gas; the overall com-
bustion process is exothermic. For a com-
bustible material to be a satisfactory solid
propellant, its burning characteristics must be
such that the operating combustion pressure
P. is self-regulating, i.e., the design value for
P. is maintained solely by the mechanisms
governing the combustion process.

A solid propellant, double-base or a
composite, burns at the surface and as the
burning proceeds the burning surface recedes
in layers which are parallel to each other. In
other words, the burning surface recedes into
the solid propellant grain in the direction of
its negative, or inwardly drawn, normal (see
Fig. 8-1). The burning characteristic just de-
scribed is known as Piobert’s law®; the
validity of Piobert’s law has been confirmed
by experience. Because a solid propellant
grain burns in parallel layers, the general
geometric configuration of the burning surface
maintains itself until the web of the grain has
burned through.

8-1.2 COMBUSTION TEMPERATURE

The propulsive gas formed by burning a
solid propellant under pressure is in thermo-
dynamic equilibrium at the prevailing com-
bustion temperature T,. The thermodynamic
properties of the propulsive gas are deter-
mined by applying thermochemical -cal-
culations, as pointed out in par. 6-3. Signifi-
cant deviations from thermochemical
equilibrium may occur if any of the following
conditions prevail during the combustion
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SURFACE

Figure 8-1. Piobert’s Law of Burning

process: (1) very low pressures, (2) an atmos-
phere, different from the propellant combustion
gas, that tends to quench the combustion reac-
tions, and (3) when the residence or stay time
for the chemical reactions of the gases inside the
combustion space, also called the free volume, is
too short for attaining chemical equilibrium.

8-1.3 GENERAL CHARACTERISTICS OF
THE COMBUSTION PROCESS

Since the burning of a solid propellant is
in accordance with Piobert’s law, the burning

84

process may be assumed to be one-dimensional
along the negative (inward) normal to the
burning surface (see par. 8-1.1). All double-base
and composite solid propellants have low
thermal conductivities (see par. 7-4.6). Conse-
quently, of the heat liberated at the burning
surface only a small portion is conducted a short
distance into the propellant grain immediately
behind the burning surface. It is in this subsur-
face zone that the chemical reactions for the
combustion process are initiated. Artificial
means can, of course, be employed for con-
ducting heat to regions behind the subsurface




zone, for example, it is possible to incorporate
metal wires or staples in the propellant grain
with the object of increasing the burning rate.

Because of the chemical reactions in the
subsurface zone the local temperature of the
propellant is increased, so that liquefaction may
occur in the case of some propellants or the
propellant may be decomposed into volatile
reactive fragments at the burning surface. The
products of the decomposition of the propellant
react in the gas phase and are ultimately
converted into the propulsive gas arriving at the
entrance cross-section A of the exhaust nozzle.

The actual combustion process for a solid
propellant is extremely complex and has been
the subject of many investigations. Despite its
complexity some rather simple concepts have
been established that are helpful in giving an
insight into the characteristics of the com-
bustion of a solid propellant?-6-7-8.

8-1.4 COMBUSTION CHARACTERISTICS OF
DOUBLE-BASE SOLID PROPELLANTS

Observations of the combustion charac-
teristics of double-base propellants have been
conducted for many years. They indicate that
when a double-base solid propellant bums at the
usual combustion pressures employed in rocket
motors, the gas-phase reaction zone has a
definite but complicated structure. Because a
double-base propellant is a homogeneous propel-
lant it may be assumed that the gas-phase
reaction zone is likewise homogeneous in every
plane parallel to the burning surface.

Several theories have been proposed for
explaining the combustion of a double-base
propellant. Fig. 8-2 illustrates schematically the
combustion scheme employed in most of those
theories. In general, the theories assume the
following:

(a) All of the heat is evolved in the fizz
and flame zones (see Fig. 8-2); the fizz

AMCP 706-285

zone is very thin; it extends only a few
hundredths of a centimeter beyond the
burning surface.

(b) The temperature of the products at the
end of the preparation zone is higher
than at the end of the fizz zone.

(c) The increased temperature of the
products is attributed to heat conducted
back from the flame zone into the
preparation zone.

(d) It is in the flame zone that the final
chemical reaction occurs; the heat liber-
ated by that chemical reaction raises the
temperature of the combustion gases to
the final (isobaric) combustion temper-
ature, denoted by Tc.

(e) The reactants formed at the burning
surface diffuse outward from that sur-
face. toward the flame zone. Conse-
quently, the concentration of com-
bustible gases decreases as they proceed
from the fizz zone through the flame
zone.

The propellant layers in the subsurface zone
(see par. 8-1.3) are heated by thermal con-
duction from the hot burning surface of the
propellant grain. The resulting temperature rise
initiates the decomposition of the nitroglycerin
and nitrocellulose immediately behind the
burning surface. The temperature of the burning
surface, termed the surface temperature, is
difficult to either define or to measure. There is,
however, a steep temperature gradient in the
subsurface zone.

The exact location of the burning surface is
also difficult to determine because of liquefac-
tion and foaming phenomena. Nevertheless,
because of the great utility of the concept of a
surface temperature in studying the combustion
process, at least an approximate value must be
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VOLATILE PRODUCTS WHICH REACT FURTHER IN THE GAS PHASE.

FIZZ ZONE IS A FEW HUNDREDTHS OF A CENTIMETER THICK AND IS
NON - LUMINOUS .

°

Figure 8-2. Combustion Schematic for a Double-Base Solid Propellant
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established for the temperature in the vicinity of
the burning surface. Although there is no com-
pletely satisfactory method for predicting or
measuring the surface temperature, it appears
probable that the surface temperature of a double-
base solid propellant burning at a moderate
pressure is approximately 300°C (Ref. 2).

8-1.5 THE FLAME REACTION ZONE FOR A
DOUBLE-BASE SOLID PROPELLANT

If an end-burning strand of a double-base
solid propellant is burned in an inert atmos-
phere, at pressures less than 200 psia, the flame
is nonluminous. As the inert gas pressure is
raised a luminous flame region appears at some
distance in front of the burning surface. Further
increases in the inert gas pressure cause the
luminous flame to approach the burning surface
and reduce the thickness of the dark region.
When the inert gas pressure is approximately
1000 psia, it becomes difficult to detect the
dark region between the burning surface and the
luminous flame. It is estimated that the heat
produced by the dark region is less than one-half
of that produced by the complete reaction,
including that in the luminous flame zone.

8-1.6 COMBUSTION CHARACTERISTICS OF
COMPOSITE (NONHOMOGENEOUS)
SOLID PROPELLANTS

Upon ignition, the binder (fuel) and the
solid oxidizer particles exposed on the burning
surface of the composite solid propellant grain
decompose (pyrolize) separately and recede at
slightly different rates. In a few milliseconds,
however, a quasi-steady state is attained. Because
of the difference in the recession rates of the
binder and oxidizer, the surface of the propellant
is rough and dry. The gaseous decomposition
products are mixed by molecular diffusion, and
the ensuing chemical reactions complete them-
selves within a thin flame zone extending
approximately 0.1 mm from the burning sur-
face. If the propellant contains metallic additives
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in its formulation, it appears that the vaporized
metal also burns in that flame zone. The com-
bustion process is sustained by heat being
transferred from the flame zone back to the
propellant burning surface that maintains the
induction and decomposition processes.

Fig. 8-3 illustrates schematically a com-
bustion model frequently employed in studying
the combustion of composite solid propellants.

Heat is transferred to Regions I and II, from
Regions III to VI, primarily by conduction, but
radiation may also be important. Under normal
operation a uniform burning rate is obtained.

8-1.7 LINEAR BURNING RATE (SAINT-
ROBERT’S LAW)

The rate at which the burning surface of a
solid propellant recedes normal to itself is
termed the linear burning rate, and is denoted
by r; it is usually measured in in. per sec and its
dimension (L/T) is that of velocity. The linear
burning rate is a characteristic property of a
given solid propellant. For constant values of the
propellant temperature T, and the combustion
or chamber pressure P the linear burning rate is
independent of the dimensions and geometric
configuration of the solid propellant grain. By
definition, the propellant temperature T,, also
called the motor firing temperature, is the
temperature of the propellant and motor cham-
ber just before ignition and firing® .

If the propellant grain is designed so that it
can burn in only one direction, it is termed a
restricted-burning grain. A propellant grain
which can burn simultaneously on all of its
surfaces is called an unrestricted-burning grain.

For a given propellant, the linear burning
rate is a function of the combustion pressure Pc,
the propellant temperature T, . the velocity of
the propellant gas parallel to the burning surface
Vg (for an end-burning grain Vg = 0), and the
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elapsed time t after the grain is ignited. It has
been pointed out, however, that the burning rate
of a combustible material must be independent
of the time t if it is to be a satisfactory solid
propellant. Hence, one may write, in general, for
a solid propellant

r=F(p. T, Vg) (in./sec) 8-1)

where p is the combustion pressure in psia.

The effect of the velocity Vg of the propel-
lant gases past the surface of a given propellant
is a secondary effect which causes erosive
burning, this effect is discussed in par. 8-1.14.
Because the instantaneous linear burning rate r
cannot be determined, it is not possible to
measure the instantaneous effect of V upon the
value of r. In view of the foregoing, the
experiments for determining the linear burning
rate of a solid propellant are conducted under
conditions where Vg = 0. The linear burning rate
with Vg =Qisdenoted by r,. Hence

r, =F (pc. T,) (8-2)

where r, =r = linear burning rate when Vg =0.

The form of the functional relationship
expressed by Eq. 8-2 is determined _experi-
mentally; in the experiments T, is held con-
stant. The results of such experiments indicated
that

r, =ap] (8-3)
where a and n are termed the pressure coef-

Kicient and pressure exponent (or index), respec-
tively.

Eq. 8-3 is known as Saint-Robert’s law, and
in applying that law it is assumed that the
coefficient a depends on T, and is independent
of p. while the pressure exponent n is inde-
pendent of both T0 and p.. For the different
solid propellants the value of the pressure
exponent varies from approximately 0.1 to
0.85. There are some double-base propellant
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formulations, termed mesa propellants, for
which n = 0 and n may even be negative, for a
usable pressure range.

The burning rates of modern solid propel-
lants can be varted over a wide range from less
than 0.1 in./sec to more than 4.0 in./sec. For a
large solid propellant rocket motor developing
several hundreds of thousands of pounds of
thrust a low burning rate with a small pressure
exponent is desirable. For several Army
weapons, such as antimissile missiles, a fast
burning rate is highly desirable.

8-1.8 WEIGHT RATE OF PROPELLANT CON-
SUMPTION (\i'p)

From Eq. 5-6 it follows that

w,= C (8-9)

P wPcAr  (Ib/sec)

In terms of the linear burning rate r
& = 8-
=1, Ab'Yp (8-5)
where

At =area of the nozzle throat, sq in.

Ap, =area of burning surface for the solid propel-
lant, sq in.

'yp=speciﬁc weight of the solid propellant,
1b/cu in.

Fig. 8-4 presents r,, at T, = 60°F, for
several composite propellants made by com-
pounding the same binder (fuel) with different
amounts and kinds of inorganic oxidizers,

8-1.9 VOLUMETRIC RATE OF PROPEL-
LANT CONSUMPTION (Qp)

Let Vch denote the internal volume of the
rocket motor chamber before the propellant
grain is inserted therein, and V, the volume of
the propellant grain. By definition
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Vg = Vch — Vp = the free volume (8-6)

As the propellant burns, the combustion gas
flows into the free volume Vf. Simultaneously,
V,, decreases and Vg increases. The volumet.ric
rate of propellant consumption, denoted by Qp,
is accordingly

Qp = Vi =T, Ay (8-7)

8-1.10 EQUILIBRIUM COMBUSTION PRES-
SURE AND ITS STABILITY

When a solid propellant burns, the law of the
conservation of matter yieldsl

mass rate mass rate

of = of
propellant increase of
consumption £as occupying

the free volume

mass rate
+ of
flow of gas (8-8)
through ex-
haust nozzle

By applying Eq. 8-8 it is found that if the
pressure exponent n for a solid propellant is less
than unity, then the equilibrium pressure for
steady state operation 1is inherently self-
regulating as far as small perturbations of the
burning rate are concerned!. The larger thelvalue
of n, the more sensitive is the combustion
pressure p, to minor irregularities in the com-
bustion process. Such irregularities may arise
from slight variations in the homogeneity of the
propellant grain and small variations in the area
of the burning surface due to small fissures or
cracks in the grain, etc. Since n<1 for the solid
propellants used in rocket motors, the equilib-
rium combustion pressure is stable.
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81.11 EFFECT OF PROPELLANT AREA
RATIO (K,

When a solid propellant burns under steady-
state conditions, the combustion pressure p,
equals the equilibrium combustion pressurel.
Let

K.= 2= the propellant area ratio (8-9)

A
n= —
t

whereAy, is the area of the burning surface.
The combustion pressure can be expressed in

terms of K, the weight flow coefficient Cw,
A'ypg, and the pressure coefficient a. Thus

1
aK_Avy ton
Pc = PcE [——g pg] (8-10)
w
where

= specific weight of the propellant, 1b/cu
in.

Tp

Tg= specific weight of the combustion gas,
Ib/cu in.

PcE =equilibrium combustion pressure, psia

Eq. 8-11 shows that the propellant area ratio
K,, exerts a predominant influence upon the
combustion pressure p.. Since n is less than
unity, the exponent 1/(1-n) is always larger than
unity. Consequently, an increase in K, from
any cause results in a much larger increase in Pe
It is important, therefore, that the value of Kn
be held within close limits if the design value for
P, is to be realized.

Because of the strong dependence of P upon
K,, it is important that the propellant grain be
free of cracks, fissures, and porous material.
Also the propellant grain should not become
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separated from the materials employed for
inhibiting it from burning.

For a fixed value of propellant temperature
experiments demonstrate that the propellant
area ratio K, and the combustion pressure p,
can be related byl

Ky = bpg!
In Eq. 8-12 it is generally assumed that the
coefficient b varies with T, the propellant

temperature, and the exponent m is independent
of T,.

(8-12)

8-1.12 STABILITY OF THE SHAPE OF THE
BURNING SURFACE

Because the linear burning rate of a solid
propellant is substantially the same at all points
in the buming surface and also because the
combustion pressure is uniform over that sur-
face, the burning surfaces recede parallel to
themselves. As a result the geometry of the
burning surface does not change during the
combustion process.

8-1.13 PRESSURE DEFLAGRATION LIMIT
AND PRESSURE LIMIT

For practically every solid propellant there is
a minimum combustion pressure, termed the
pressure deflagration limit, below which the
burning of the propellant is erratic. Depending
upon the propellant formulation, the pressure
deflagration limit ranges from 100 to 500 psia,
approximately.

Experiments indicate ihat if the combustion
pressure of a solid propellant is raised to higher
and higher values, a combustion pressure may be
eventually attained where only a small increase
in the propellant area ratio K, causes the
propellant to burn in a more or less uncon-
trollable manner. The aforementioned limiting
combustion pressure is termed the pressure
limit.
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8-1.14 EFFECT OF THE TEMPERATURE OF
A SOLID PROPELLANT

The temperature of a solid propellant affects
its physical characteristics and behavior, and also
its linear burning rate. It is important, therefore,
to have a knowledge of the effect of temper-
ature over the anticipated range to be expected
in the application of the solid propellant rocket
motor.

8-1.14.1 GENERAL EFFECTS OF TEMPER-
ATURE

At low propellant temperatures the elastic
properties of practically all solid propellants
become poor, and in some cases the grain may
become so brittle that it may crack when
subjected to either shock or temperature
cycling. Differences in the thermal expansion of
the motor case, the liner of a case-bonded grain,
and of the propellant may cause the grain to
crack. When the flame reaches the crack, there is
a large increase in the burning surface with a
corresponding increase in K, . As a result the
combustion pressure may reach prohibitive
values.

Certain propellants become more difficult to
ignite as the propellant temperature is lowered,
thereby increasing the ignition delay (time
elapsed between firing the igniter and complete
ignition of the burning surface).

At high propellant temperatures above
140°F many solid propellants tend to soften
and become plastic. They may not be able to
withstand the sudden pressure application
during ignition without appreciable deformation
of the grain.

Some propellants are subject to cold flow or
slump when stored at the higher ambient
temperatures, changing the configuration of the
grain and hence the performance of the rocket
motor.




Because of the influence of the propellant
temperature upon the physical characteristics of
a solid propellant, it is important that serious
attention be given to the recommendations for
storing, handling, and shipping solid propellant
rocket motors.

8-1.14.2 TEMPERATURE SENSITIVITY

The linear burning rate for a given propellant
burning in a rocket motor having a fixed value
of K,, is affected by the propellant temperature
'T,- Ingeneral 1 increasesif T is increased and

0
vice versa. The effect of T on 1, foragiven solid

propellant is termed its temperature sensitivity -1

It is customary to express the temperature
sensitivity of the ballistic parameters (ro, pc,F ),
in percent change per degree Fahrenheit from
their values at some standard firing temperature
T, = Tgq (usually Ty = 60°F), under a
constant condition of Kn When T0 >Tstd’ the
parameters have values larger than those cor-

responding to T = T4, and vice versa.

Thus the temperature sensitivity coefficient
for the linear burning rate, denoted by I, is
defined by ¢

a
= L% k.
o 1,]|0T,

where (9r,/dT,)K,, is the rate of change for the
linear burning rate with temperature for a
constant value of K ..

(8-13)

For thrust F and combustion pressure Po
one can write

_ 1 oF _
IIF— -F— [B——]Kn = thrust

temperature
sensitivity
coefficient

(8-14) -
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and

1 |[9pc
= — T K,, =combustion pressure
¢ Pc 0 temperature

sensitivity

coefficient (8-15)

The temperature sensitivity of a solid propel-
lant is an undesirable property. In those appli-
cations where the rocket-propelled vehicle can
be stored under controlled temperature con-
ditions, as in the case of ABM’s and ICBM’s, no
problems are introduced by temperature sen-
sitivity. It can cause serious problems in systems
which must operate over a wide temperature
range (—40° to +160°F). Consequently, the
effect of the temperature sensitivity upon the
performance of a rocket-propelled vehicle must
be studied and means for overcoming its adverse
effect incorporated in the system design.

For some applications the cold weather
problems introduced by the temperature sen-
sitivity of the propellant can be circumvented by
employing heating blankets for keeping the solid
propellant at a specified temperature.

Many additives to the solid propellant
formulation for either reducing or eliminating its
temperature sensitivity have been investigated,
but no satisfactory solution of the problem has
been achieved. Because it is highly desirable to
have some method for controlling the temper-
ature sensitivity of solid propellants, research for
attaining that objective should receive strong
support.

8-1.15 EROSIVE BURNING

The velocity of combustion gases parallel to
the burning surface has an effect upon the linear
burning rate called erosive burning. Although
the exact mechanism whereby the burning rate
increases as the combustion gas velocity is
increased is only incompletely understood, its
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occurrence has been observed. Since erosive
burning increases with increased gas velocity, the
effect is more pronounced in a restricted flow
cross-section such as the nozzle end of an
internal-burning case-bonded grain during the
initial phases of combustion. Erosive burning is
evidenced by peaks in the combustion pressure
during the early phase of the combustion of the
propellant grainl ,10,11,12,13,14,15

No completely satisfactory relationship has
been developed for correlating data on the
erosive burning of solid propellants. It is custom-
ary, however, to express the erosive burning of a
solid propellant in terms of the erosion ratio € as

a function of the gas velocity Vg’ where

e=r/r, (8-16)

and r is the linear burning rate with erosive
burning.

From the limited data available it appears
that € increases with the gas velocity Vg when
the latter is above some minimum value.
Furthermore, it appears that € is larger for the
slower-burning propellants, and is independent
of T,,. More research is required to obtain a
better understanding of, and more reliable data
on, erosive burning. When it becomes available
this lacking information will be of great value to
the designers and developers of solid propellant
grains.

8-2 COMBUSTION PRESSURE OSCIL-
LATIONS IN SOLID PROPELLANT
ROCKET MOTORS (UNSTABLE BURN-
ING)

Under certain operating conditions the com-
bustion pressure, and hence the thrust, of a solid
propellant rocket motor equipped with an
internal-burning grain may increase practically
instantaneously to several times its design value
for no apparent reason. Experiments indicate
that the phenomenon is always accompanied by
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dangerous, large-amplitude, high frequency
oscillations in the combustion pressure. The
aforementioned type of burning has been
termed combustion pressure oscillations,
resonant burning, sonant burning, unstable com-
bustion, combustion instability, and others; it
has been a subject of study since World War
ie27, Consequently, a voluminous literature
pertinent to combustion pressure oscillations in
solid propellant rocket motors has been devel-
oped, and References 16 to 34 inclusive are
illustrative of the types of investigations which
have been and are being conducted.

8-2.1 TERMINOLOGY EMPLOYED IN UN-
STABLE BURNING OF SOLID PROPEL-
LANT ROCKET MOTORS

In general, unstable burning in a solid
propellant rocket motor is characterized by
undesirable irregularities in the combustion
pressure and in the linear burning rate. Fig. 8-5
presents the terminology pertinent to the dif-
ferent types of burning that have been observed
together with brief descriptions of the principal
phenomena associated with the principal types
of unstable burning. Although both low and
high frequency combustion pressure oscillations
have been observed the discussion will be re-
stricted to high frequency oscillations, generally
termed acoustic instability, because they are the
most damaging. The frequencies of such oscil-
lations correspond to one or more of the
acoustical modes pertinent to the geometry of
the cavity wherein the combustion occurs, hence
the term resonant burning.

8-2.2 ACOUSTIC INSTABILITY IN SOLID
PROPELLANT ROCKET MOTORS

Fig. 8-6 illustrates the pressure-time curves
for the different types of burning noted in the
figure. Table 8-1 summarizes the harmful effect
due to oscillatory burning in a solid propellant
rocket motor.




UNSTABLE BURNING

IRREGULARITIES IN THE COM-

BUSTION CHAMBER PRESSURE
AND BURNING RATE.
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CHUOFF;TlNG ACOUSTIC INSTABILITY DETONATION
ETC.

CHUGGING OSCILLATIONS IN STATE

PROPERTIES AND IRREGULAR-

ITIES IN BURNING RATE DUE

TO ACOUSTIC WAVE MOTION

IN CAVITY.
OSCILLATOR_Y BURNING IRREGULAR_ BURNING
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OF THE STATE PROPERTIES
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COMBUSTION PROCESS AND

ACOUSTIC WAVES.

A GROSS SHIFT IN THE STEADY
STATE BURNING RATE OF A
SOLID PROPELLANT.

Figure 8-5. Terminology and Phenomena Associated With Unstable Burning in
Solid Propellant Rocket Motors
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Figure 8-6. Types of Burning Observed in Solid Propellant Rocket Motors




TABLE 8-1

SOME EFFECTS DUE TO ACOUSTIC
INSTABILITY IN A SOLID
PROPELLANT ROCKET MOTOR

(1) Initiation of irregular burning.

(2) Several-fold increase in the normal
heat transfer rates.

(3) Vibrations of the vehicle structure
and, unless they are vibration iso-
lated, the components of guidance,
electronics, and other subsystems.

(4) Fatigue failure of the metal com-
ponents of the rocket motor and
vehicle structure.

(5) Changes in the physical and chemical
properties of the propellant due to
oscillations in the heat transfer rates
and vibrations.

(6) Variations in specific impulse due to
incomplete combustion.

(7) Overexpansion or underexpansion of
the propellant gas due to oscillations
in the combustion pressure, thus
affecting the flight program of the
vehicle.

It is evident from Table 8-1 that for the
satisfactory operation of a vehicle propelled by a
solid propellant rocket motor, oscillatory
burning and irregular burning of the solid
propellant should be avoided.

Oscillatory burning has been observed at
almost any time during the burning of a solid
propellant grain. It has occurred almost im-
mediately after the onset of burning, and
continued through the duration of burning, or
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ceased at some time during the burning process.
Obviously, no generalizations can be drawn
regarding when in the burning period oscillatory
burning may occur.

Experimental observations indicate that
oscillatory burning “‘triggers” irregular burning.
Consequently, an understanding of the factors
causing oscillatory burning and the development
of means for either avoiding or suppressing it
should be helpful in preventing the occurrence
of irregular burning. Because of our ignorance of
the precise effects and the relative importance of
the different pertinent physical and chemical
parameters, the current methods for suppressing
oscillatory burning are of necessity based on
experience combined with “cut-and-try” experi-
ments on full-scale rocket motors. Although the
solutions obtained in that manner are expensive
and very time consuming, that method of
solution will remain the only sound approach
until the much needed information that is
lacking has been obtained from well-planned
experimental investigations. Without such in-
formation for guidance, it is less than realistic to
expect a solution to the oscillatory burning
problem by mathematical reasoning alone. More-
over, with the increasing application of larger
and larger thrust solid rocket engines to the
solution of propulsion problems it is essential
that strong support be given to research con-
cerned with obtaining a better understanding of
the cause and effect processes leading to
acoustic instability.

Table 8-2 presents some general conclusions
which can be derived from the experimental
programs concerned with acoustic instability’ 7.

Table 8-3 summarizes the principal methods
investigated for suppressing acoustic instability.
Of course, the most desirable method is Method
3.

1t should be noted that there is considerable
variation among the experimental results
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TABLE 8-2

PRINCIPAL CONCLUSIONS FROM
EXPERIMENTS CONCERNED WITH
ACOUSTIC INSTABILITY

(1) Stability decreases with increasing
energy release rate (rAHcpp).

(2) Oscillatory burning is responsive to
oscillation of pressure at the burning
surface of the propellant.

(3) Irregular burning is responsive to the
oscillations in gas velocity at the
burning surface, and not to changes
in mean gas velocity.

r — linear burning rate.

AH_ — enthalpy of combustion.

Pp — density of the propellant.

reported in the literature, and much of the work
is still uncorrelated. Nevertheless, the experi-
mental effort which has been expended together
with that in progress is gradually establishing a
basic understanding of the pertinent concepts
that should be helpful in developing a sound
theoretical approach in the problem of acoustic
instability.

In summary, there is still no completely
satisfactory theory for explaining the cause of
acoustic instability or for predicting whether
or not it will occur in a specific design of a
solid propellant rocket motor. It has been
demonstrated by experiment and firings of
large solid propellant rocket motors that the
addition of small amounts of either powdered
aluminum or aluminum oxide to either com-
posite or double-base propellant formulations
effectively reduces or completely eliminates
acoustic instability>%.

TABLE 8-3

METHODS FOR SUPPRESSING ACOUSTIC INSTABILITY
(Solid Propellant Rocket Motors)

DESIGNATION DESCRIPTION EXAMPLES

(1) Acoustic Arrangement of geometric factors to Resonance rods; baffles; fore-end
Inter- make excitation of the acoustic free-volume; elimination of aft-end
ference modes difficult. irregularities.

(2) Damping
of transfer to dampen the acoustic
Acoustic
Energy

field of energy.

(3) Acoustic
Uncou-
pling

to pressure oscillations.

Utilization of viscous effects and heat
energy in the flow field. Damping in

the solid propellant and bulk damp-
ing in the gases to rob the acoustic

Making the propellant unresponsive

Turbulence generators in regions of
high stream velocity; bare metal wall
heat sinks in regions of large temper-
ature oscillation; solid or liquid
particles in the gas flow.

Proper location of burning surface;
metallic powders in propeilant formu-
lation.
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8-3 IGNITION OF PROPELLANT GRAIN

A solid propellant will not
the temperature of its burning
brought above some minimum

ignite until
surface s
temperature
called the ignition temperature. Furthermore,
the burning surface must be held at a suf-
ficiently high temperature for a sufficient period
of time. In other words, the rate at which heat is
transferred uniformly to the burning surface of
the propellant grain must exceed the rate at
which it is conducted from that surface to the
interior of the grain, i.e., until the required
activation energy for self-sustaining combustion
has been transferred to the burning surface. The
igniter for achieving the ignition process must
produce a sufficient quantity of high temper-
ature gas for raising the chamber pressure to an
adequate level; the latter is particularly im-
portant in those cases where the propellant grain
is to be ignited at high altitude, as in the last
stage of an ICBM. In some cases it may be
necessary to seal the hot ignition gas in the
motor chamber by incorporating a rupture disc
in the nozzle construction.

The igniter charge, usually a pyrotechnic
mixture, is located in the fore-end of a small
internal-burning combustible grain. Many dif-
ferent igniter materials have been used either in
the form of pellets. or as a single slug. Small
rocket motors are frequenctly used as the
igniters for large solid propellant rocket motors.

An electrical signal which acts on a heat
sensitive material, called the squib. initiates the
ignition process. The ignition train proceeds
through a series of boosters which cause hot
igniter particles to be sprayed over the burning
surface of the propellant grain. in addition to
the heat transferred to that surface by convec-
tion and radiation from the igniter gases. It is
helpful to the ignition process if the igniter gases
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are rich in oxygen. If the binder (fuel) does not
produce volatile gases readily under the ignition
conditions, ignition will be difficult to accom-
plish.

The time interval from signal t; (zero time)
to 75% of the maximum pressure level on the
pressure-time record is called the pressure igni-
tion interval and is denoted by t; ), and is usually
of the order of 200 milliseconds. The initial
maximum pressure, due to ignition, is termed
the ignition peak and it should not exceed the
design value of the combustion pressure by more
than approximately 10 percent.

Fig. 8-5 presents chuffing or chugging as a
form of unstable burning which may occur if the
igniter does not have sufficient capacity to give
complete ignition of the burning surface of the
solid propellant grain, i.e., the surface actually
ignited is smaller than Ay the design value of the
burning surface. Consequently, the propellant
area ratio K is also smaller than the design
value. Consequently, the combustion pressure
becomes abnormally low. The aforementioned
situation can occur either when the propellant
temperature is low or if the igniter releases
insufficient energy for igniting the entire
burning surface. Either condition is apt to give
rise to chuffing or chugging. The combustion
process becomes periodic with a low frequency,
and there are large amplitude changes in the
combustion pressure. Moreover, the average
value of Pe is generally low. The propellant grain
usually burns in a pulsating manner until it is
consumed or burning ceases. In some cases, the
propellant grain may be fractured by the pulsa-
tions, especially if the propellant temperature
Tp is very low and the propellant is brittle, with
the result that there is an inordinately large
increase in the actual value of K- The com-
bustion pressure may then become so large that
the chamber is damaged. Because of the dangers
associated with improper ignition of the propel-
lant grain, the igniter employed for initiating
burning of the propellant should furnish
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sufficient heat to the burning surface so that the
propellant ignites properly under all operating
conditions. In some motors a thin blow-out
diaphragm is installed in the throat of the
exhaust nozzle to confine the gases produced by
the igniter, thus aiding in building up the igniter
combustion gas pressure. In other designs the
igniter is designed to scatter burning particles
over a sufficiently large area of the propellant
burning surface to assure positive ignition of the
grain !.

The igniter capacity should not be such that
the high pressure generated by its explosion will
crack the propellant grain, fail the chamber,
damage the nozzle or the hardware associated
with the thrust vector control system.

Some experiments have been conducted
wherein a solid propellant grain is ignited by
injecting a liquid which reacts spontaneously
with the solid propellant. In general, however,
the results have been unsatisfactory because of
the intolerably large values of the pressure
ignition interval t;

p
8-4 SOLID PROPELLANT GRAIN CON-
FIGURATIONS

Fig. 8-7 illustrates schematically six com-
monly used solid propellant grain configur-
ations, namely:

(1) The end-burning (also called cigarette-
burning) grain illustrated in Fig. 8-7(A)
is a restricted-burning grain and gives a
substantially constant chamber pressure,
or thrust, with burning time. This
burning characteristic is termed neutral
burning and is illustrated in Fig. 8-8(A).

(2) Fig. 8-7(B) illustrates the internal-
burning star grain which can be designed
to give neutral burning. The burning
takes place on the surface of the star-
shaped perforation. The grain is usually
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bonded to the chamber (case-bonded)
which reduces the heat transferred to the
chamber during the burning process. By
changing the geometry of the star the
grain can be made either regressive-
burning (see Fig. 8-8(B)) or progressive-
burning (see Fig. 8-8(C) instead of
neutral burning.

(3) Fig. 8-7(C) illustrates schematically a

single-perforated  or  tubular  solid
propellant grain which is a com-
monly used unrestricted-burning grain.
Its geometry is defined by its
length L., which is assumed to remain
constant during the burning period, and
the propellant grain cross-sectional area
Ap = 7 (@2 — d)/4, and the web
thickness w = (d, — d;)/2. The tubular
grain suffers from the disadvantage that
the combustion pressures acting upon its
inner and outer surfaces may be dif-
ferent. Consequently, the differential
pressure acting on the grain may cause it
to fracture at some instant in the
burning period when the web is thin. If
it is necessary to equalize the pressures
on the two sides of the web, small radjal
holes may be drilled through it at regular
intervals along the grain.

(4) Fig. 8-7(D) illustrates the cruciform

grain, a design for eliminating the un-
equal pressure distribution of the afore-
mentioned tubular grain (Fig. 8-7(C)). A
cruciform grain with the outer surface of
only two of its legs inhibited against
burning yields a neutral-burning curve
(Fig. 8-8(A)). If all of the outer surfaces
are inhibited the area of the burning
surface increases with time yielding a
progressive-burning curve (Fig. 8-8(C)).
If none of the outer surfaces are in-
hibited, then the area of the burning sur-
face decreases with time and a regressive-
burning curve isobtained (see Fig. 8-8(B)).
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The cruciform grain is strong and free of
erosive burning.

(5) Fig. 8-7(E) illustrates schematically a rod
and tube grain design. The burning sur-
face is the sum of the internal surface of
the tube and the external surface of the
rod; one of these surfaces increases (the
tube) while the other decreases. If the
linear burning rates of the tube and
the rod are equal, a neutral-burning
curve can be obtained. By using
different propellants for the tube and
the rod, the shape of the thrust-time
curve can be varied to give a desired
variation of thrust as a function of time,
within practical limits. Problems are
frequently encountered in supporting
the rod in applications where the motor
is subjected to large accelerations. Fig.
8-7(F) illustrates a multiple-tubular grain
design.

(6) Fig. 8-7(G) illustrates schematically a
multiple-perforated grain design. 1In
such designs the perforations are dis-
posed so that all of the burning surfaces
are approximately equal distances apart.
Such an arrangement can be designed so
that the burning surface will be only
slightly progressive.

8-5 PORT-TO-THROAT AREA RATIO (1/J)

Consider the tubular grain illustrated
schematically in Fig. 8-7(C). Assume that the
inner and outer surfaces of the tube have the
same linear burning rate, then d; increases at the
same rate that d, decreases. Consequently, the
area of the burning surface Ay, remains constant,
and if there is no erosion of the nozzle throat,
then

K, = Ab = propellant area ratio = constant

A
n= —
t
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The durationof the burning time t, depends
on the web thickness w = (d, — d;)/2.

If Ach denotes the cross-sectional area of the
chamber housing the tubular grain, then the
ratio Aw/Ach is termed the loading density,
where

_m 2 2
Ay =7 (5 —dp)

The cross-sectional area through which the
combustion gas can flow, adjacent to the propel-
lant grain, is termed the port area and is denoted
by Ap. Hence

Ap =Acp — Ag = port area (8-17)

By definition, the port-to-throat area ratio,
denoted by 1/], is given by

1/J= A__p= A_—Ch_AG

(8-18)
A A

In general, rocket motors are designed so
that the - i roxi-
mately 1/ = 2.0. Because of demand for higher

loading density, values of 1/J <2 are used where

the resulting erosive burning can be tolerated
(see par. 8-1.15).

8-6 HEAT TRANSFER IN SOLID PROPEL-
LANT ROCKET MOTORS

Heat is transferred from the hot combustion
gases to those surfaces in contact with them by
convection, radiation, and conduction. Of those
modes of heat transfer, convection is the dom-
inant one. The quantity of heat transferred to
the surfaces in contact with the combustion
gases is a complex function of several variables
such as the flame temperature, the physical
properties of the combustion gases, the grain
design, the combustion pressure, and the con-
figuration of the motor case and exhaust nozzle.
Since the total weight of the inert metal parts
must be held to a minimum, the internal-burning
case-bonded grain design is favored since only
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the fore-cap and nozzle are exposed to the hot
gases. In general, for short burning durations, less
than approximately 5 sec, the problems due to
heat transfer are not serious. For applications
such as ballistic missiles where the duration of
burning is relatively long, as much as 90 sec, the
problems arising from heat transfer are difficult
and challenging.

Because of the extremely high mass velocity
of the combustion gases and their high temper-
ature (4500° to 5500°F for high performance
propellants), the heat transfer rates to the
aft-cap and nozzle are large, but those in the
nozzle throat are several-fold those for the
aft-cap. The aft-cap is protected from reach-
ing dangerously high temperatures by protect-
ing it with layers of a suitable insulating
material. In general, the exhaust nozzle is
equipped with a ceramic or carbon liner for
protecting the outer metal case surrounding the
liner. Propellants which contain metals in their
formulation may introduce problems because of
the tendency of their exhaust gases to erode the
throat of the exhaust nozzle. Considerable
research and development effort is required for
developing satisfactory temperature resisting
materials for protecting the inert parts of solid
propellant rocket motors.

Of importance is the fact that the heat
transferred to the burning surface of a solid
propellant grain by the hot combustion gases
flowing past the surface does not penetrate far
below that surface, because of the rapid rate
with which the surface recedes. Consequently,
the changes in temperature of the propellant
grain due to the heat transfer need not be
considered in internal ballistic studies.

Under transportation and short time storage
conditions the temperature of the propellant
grain in a solid propellant rocket motor will
generally be different from that of the ambient
atmosphere. The heat transfer from the atmos-
phere to the propellant takes place at a slow
rate and, when the temperature difference is
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substantial, significant temperature gradients can
arise in the grain that cause severe thermal
stresses. If the grain is being cooled by the
ambient temperature, assuming a case-bonded
internal-burning grain, the grain tries to pull
away from the case and there are large tensile
stresses at its inner and outer surfaces.

8-6.1 AERODYNAMIC HEATING3® 38 3940

If a rocket-propelled vehicle moves through
the air with very large velocities, as for example
an antimissile missile, the thin layer of air
adjacent to the surfaces of the vehicle cannot be
assumed to be a perfect gas; this thin layer of air
is characterized by its steep velocity gradient.
Because of this velocity gradient, very high local
temperatures are produced by the friction (vis-
cosity) resulting from the adjacent layers of air
moving at different velocities. Moreover, at
stagnation points there are high stagnation
temperatures due to bringing the air to stagna-
tion from a high velocity relative to the moving
vehicle (see par. A-5.2). For air assumed to be a
perfect gas, the stagnation temperature TCis

TO=T,p (1 +0.2M?)

where

M = V/a = the Mach number, V the flight speed,
and
a=v/YRT,;p = the local acoustic speed

8-6.2 EFFECT OF AERODYNAMIC HEATING
ON INTEGRITY OF ROCKET MOTOR
CHAMBERS

It is apparent from the last equation that the
aerodynamic heating increases with the square
of the flight Mach number. Aerodynamic heat-
ing affects the structural integrity of both steel
and glass-filament wound rocket motor cham-
bers; the former loses strength by annealing and
the latter due to charring of the resin or plastic.

The problem is particularly critical on the
leading edges of aerodynamic control surfaces



employed for steering the vehicle, as in low
altitude 1intercept missions of incoming
ICBM’s.

87 GENERAL DESIGN CONSIDERATIONS

The design details of a solid propellant
rocket motor will depend upon the mission it
must fulfill, the storage temperatures and
temperature cycling it will encounter, and the
conditions it will be subjected to under field
handling conditions. By and large most of the
requirements to be satisfied are of a practical
nature and are not subject to an accurate
analytical study. Once the specific propellant
formulation has been decided upon, the designer
has considerable latitude in selecting such
parameters as the combustion pressure, burning
rate, grain configuration, and the design of the
chamber.

The problems which must be solved in
developing solid propellant motors are primarily
those pertinent to obtaining precise thrust ter-
mination, accurate thrust vector control, and
means for taking into account the temperature
sensitivity of the propellant.

8-7.1 SELECTION OF COMBUSTION PRES-
SURE

For a rocket motor equipped with a con-
ventional type of exhaust nozzle having fixed
geometry, the following design criteria apply:

(1) The combustion pressure p should be at
least 100 psia above the deflagration
pressure limit (see par, 8-1.13) cor-
responding to the lowest value of propel-
lant temperature Tp which is to be
encountered.

(2) The combustion pressure should be well
below the pressure limit corresponding
to the highest value of T, to be en-
countered (see par. 8-1.13). In general,
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higher combustion pressures are em-
ployed for short duration boost applica-
tions where a large but brief thrust is
desired, and moderate combustion pres-
sures for long duration applications
where the weight of the inert parts of
the rocket motor must be kept as light as
possible.

(3) The combustion pressure depends upon
the selection of the linear burning rate r
obtainable from the propellant formu-
lation. Note that the relation between
pc and r is exponential (see Eq. 8-3).

8-7.2 ESTIMATE OF THE WEIGHT AND
VOLUME OF THE SOLID PROPEL-
LANT GRAIN

The total weight of a solid propellant grain,
denoted by Wp, depends upon the total impulse
required for satisfying the requirements of the
mission. If F denotes the thrust required (as-
sumed to remain constant during the burning
time t) and ISp is the specific impulse of the
propellant, then

Wp = Ftb/lSp (8-19)

Eq. 8-19 gives the minimum weight of solid
propellant for the required total impulse. This
weight should be increased by 1 to 3 percent,
depending upon the uniformity of the product
and the closeness with which it meets the design
specifications, to allow for slivers of the propel-
lant that are not consumed. It cannot be
overemphasized that the development and ap-
plication of reliable process control procedures
are as much a part of the development of a
satisfactory solid propellant as is the chemical
research which enters into determining the most
satisfactory propellant formulation.

If Tp denotes the specific weight of the

propellant and Vp the volume of the grain, then
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Vp = Wp/'yp (8-20)
8-7.3 DETERMINATION OF NOZZLE
THROAT AREA

8-7.3.1 GENERAL CONSIDERATIONS

The exact dimensions of the propellant grain
depend upon the configuration which is se-
lected: internal-burning star, rod and tube,
etc! 3. In general, the shape of the grain must be
such that its burning area Ay, has the correct
value for producing the required thrust through-
out the burning period.

The throat area of the exhaust nozzle Ag
may be determined from any one of the
following three relationships® : Thus

A= Ap/K, (8-21)
Ag = Wy/CyP (8-22)
A;=F/Cyp, (8-23)

where the weight flow coefficient Cy (see Eq.
5-7) is obtained from experimental data perti-
nent to the propellant.

The exit area for the nozzle depends on the
expansion ratio for the exhaust nozzle (pe/pc)
and the specific heat ratio v, for the combustion
gases (see Chapter 4).

8-7.3.2 EFFECT OF PROPELLANT GRAIN
CONFIGURATION

The thrust of a solid propellant rocket
motor, like the combustion pressure, varies with
the area of the burning surface Ay. Conse-
quently, variation in the area of the burning
surface can be utilized for programming the
thrust as a function of the burning time. The
programming is accomplished by shaping the
grain in such a manner that the desired
amount of burning surface is provided
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at each instant during the burning

period.

With case-bonded, internal-burning, star-
shaped, or cruciform grain, it is possible by
proper arrangement of the geometric pro-
portions between the number of points of the
star, the angle between those points, and web
thickness, to obtain either neutral, progressive,
or regressive burning characteristics.

In addition to the aforementioned
geometric type of control, the area of the
burning surface can also be varied by em-
ploying inhibiting coatings so that certain
areas of the grain are prevented from burning.

A third method of thrust program control
which may be preferable for certain appli-
cations can be accomplished by constructing
the grain from propellants having different
burning rates.

8-7.4 ROCKET MOTOR CHAMBER AND IN-
SULATION?9:41:42

The chamber (see Fig. 7-1) must support
the solid propellant grain and also contain the
propulsive gas at the design chamber pressure
P.. Such items as the igniter, the nozzle, etc.,
are attached to or mounted on the chamber.
If the rocket motor propels either the first or
an intermediate stage of a multistage vehicle,
means must be provided for attaching the
other stage. If the rocket motor propels
either the last stage of a multistage vehicle or
propels a single-stage vehicle, means must be
provided for attaching the payload to it.

The chamber is designed as a pressure vessel,
and its weight must be as small as feasible be-
cause of the effect of its empty weight on the
burnout velocity (see par. 5-9.2). Care must be
exercised to avoid large stress concentrations, due
to discontinuities, at such locations as the igniter
boss and the nozzle attachment section.



Because of the demand for chambers having
high strength and low weight, the criterion for
selecting materials for chambers is the strength-
to-weight ratio of the material. In other words, a
light material having a moderate allowable de-
sign stress may be more suitable to a heavier
material which can carry higher design stresses.
Because of its high strength-to-weight ratio,
glass-filament wound cases have found favor
particularly for the larger rocket motors.

The cylindrical portion of the chamber
requires only light lateral heat insulation, but
heavy insulation is needed on the aft and
forward domes particularly on the aft dome. As
the perforation in the grain—considering a
case-bonded internal-burning grain (see Fig. 7-1)
—increases during burning, the aforementioned
domes become exposed to the hot combustion
gases.

The gas velocities are highest at the aft end
of the perforation and they generally experience
somewhat sudden changes in direction as they
leave the perforation and impinge upon the aft
dome insulation, with considerable turbulence.
Consequently, there is severe erosion of that
insulation. It is difficult, however, to predict
where the most severe erosion will occur. Be-
cause the flow conditions are not amenable to
mathematical analysis, the development of the
proper shape, kind, and amount of insulation
needed at the aft dome is determined primarily
by experience.

At the temperatures of the combustion
products of modern solid propellant no heat
insulating material is completely stable. Most of
the heat insulating materials are high temper-
ature plastic materials containing carbon, silicon,
and others. Some thermal decomposition of the
insulating material occurs and is utilized as a
part of the mechanism of insulation, termed
ablation®®. The exposed surface of the insula-
tion decomposes thereby absorbing heat, and
the flow of the gaseous decomposition products
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away from the surface cause a slight thickening
of the thermal boundary with a consequent
reduction in the rate of heat transfer to the
insulating material.

Another cause of serious erosion of the
insulation arises from condensed phases in the
propellant gas from propellants containing
metallic additives. The relative large density of
the condensed products prevents them from
changing their direction as rapidly as the gaseous
products, consequently they are ejected from
the gas stream by their inertia and impinge
on certain areas of the insulation. Some of the
high temperature gaseous components such as
carbon dioxide (COz) and water vapor cause
oxidation of the materials lining the exhaust
nozzle, thereby aggravating erosion.

8-7.5 NOZZLES FOR SOLID PROPELLANT
ROCKET MOTORS

The gas dynamic considerations affecting the
design of the rocket motor (propulsive) nozzle
are presented in par. 4-8. Regardless of the
nozzle configuration, it is desirable that the
throat area of the nozzle A remain constant
during the burning period for the rocket motor.
Unfortunately, two influences cause the throat
area to change during the burning period: (1)
the temperatures of the propulsive gas exceed
the melting temperatures of all but a few
materials, and (2) the converging portion and
the throat are subject to severe erosion.

With modern propellants, the throat of the
nozzle—the region of maximum heat flux—
will reach the melting temperature of steel in
approximately S sec. If the burning time tg
exceeds approximately 5 sec, materials having
higher melting temperatures than steel must be
employed. Although graphite withstands high
temperature per se, it oxidizes readily and be-
cause of its softness is susceptible to both
mechanical and chemical (oxidation) erosion.
Hard, refractory metals such as hot
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molybdenum and tungsten have good thermal
and erosion resistance, and can be employed in a
hot reducing atmosphere; for example, the
melting temperature of tungsten is approxi-
mately 6100°F. Unfortunately such materials
have low thermal conductivities, are brittle, and
have low resistance to thermal stress, due to
large temperature gradients in the material.
Experience indicates that the maximum thermal
stress occurs in approximately 0.09 sec, almost
coincident with the ignition peak;thereafter the
thermal stress decreases.

The thermal stress problem can be alleviated
by using thin sections of the refractory metal,
thus avoiding large temperature gradients in the
material. In practice—because some erosion
always occurs, and in the interest of reducing
the cost and weight of the nozzle—the re-
fractory metal is usually surrounded by an
insulating material and then assembled in either
a steel or titanium shell.

The portion of the nozzle downstream from
the throat is a region of decreasing heat flux,
decreasing density of the propulsive gas, and has
little or no impact of the condensed phases upon
the walls. For those reasons a refractory liner is
unnecessary ; the diverging portion ordinarily is a
steel shell protected by a high temperature
plastic liner. Fig. 8-9 illustrates schematically a
cross-section through a rocket motor nozzle of
the type discussed above.

For short duration rocket motors, tg less
than approximately 3 sec, the heating and ero-
sion problems are greatly reduced and much
simpler nozzle constructions can be employed.

8-7.6 CONTROL OF VEHICLE RANGE

A solid propellant rocket motor produces
propulsive thrust as long as the burning propel-
lant produces a supply of propulsive gas. At
tail-off, where the grain finally completes
burning, the chamber pressure and thrust
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decrease to zero. The consumption of the
propellant cannot be used as a parameter for
controlling the range of a rocket-propelled
vehicle because of its inadequate precision for
that purpose and also a shorter range may be
desired than that corresponding to the complete
consumption of the propellant grain. Range
control is, therefore, based on either eliminating
or neutralizing the propulsive thrust, and the
time for actuating the range control must be
predicted accurately.

One scheme is to provide the rocket motor
with one or more ports through which a gas
flow, in the direction opposite to that of the
propulsive (nozzle) jet, produces a thrust op-
posing the main propulsive thrust. The ports are
closed until the reversed thrust is desired at
which time the ports are opened explosively by
an electrical signal. Opening the ports increases
the area for the discharging propulsive gas,
consequently, the chamber pressure decreases.
As a result, the linear burning rate decreases, and
there may be irregular burning.

Another scheme is to equip the vehicle with
suitable drag brakes.

Experiments have shown that positive ter-
mination of thrust and some thrust modulation
can be achieved by injecting water into an
operating solid propellant rocket motor®”.
Thrust termination and payload separation are
discussed in Reference 48.

87.7 THRUST VECTOR CONTROL (TVC)
OF SOLID PROPELLANT ROCKET-
PROPELLED VEHICLES

In many applications of solid propellant
rocket motors means must be provided for
steering the rocket-propelled vehicle, particu-
larly for the larger vehicles which are required to
maneuver at very high altitudes where aero-
dynamic surfaces are ineffective. Even at low
altitudes, disturbances during the launch phase
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Figure 8-9. Section Through a Rocket Motor Nozzle

of the flight path and cross-winds may cause
unacceptable deviations in the flight path which
must be corrected. Where efficient aerodynamic
forces are inadequate, the propulsive jet ejected
by the exhaust nozzle can be utilized for
furnishing the forces for changing the attitude of
the vehicle.

The thrust F acting on a rocket-propelled
vehicle is, of course, due to the reaction to the
momentum flux of the propulsive (exhaust) jet.
If the line-of-action of F coincides with the
longitudinal axis of the rocket-propelled vehicle
and if that axis passes through the centroid of
the vehicle, the thrust F acts in the axial
direction and produces no moment on the
vehicle. Suppose now that a means is provided
which deflects the propulsive jet laterally, as
illustrated in Fig. 8-10. Because of the lateral
deflection of the propulsive jet, the thrust force

F makes an angle a with the longitudinal axis of
the vehicle and the resulting lateral force com-

ponent produces a turning moment which
changes the attitude of the vehicle. The deflec-
tion of the propulsive jet for achieving attitude
control of the rocket-propelled vehicle is termed
thrust vector control, or briefly TVC.

There are several means for achieving TVC.
In the case of liquid propellant systems, TVC is
achieved by gimballing the thrust chamber
(rocket motor plus nozzle). That form of TVC is
usually inapplicable to solid propellant rocket
motors because of their size and weight. Conse-

quently, other means of TVC had to be de-
veloped for solid propellant rocket motors, and

these may be divided into three main groups: (1)
mechanical means, based on inserting an adjust-
able obstruction in the supersonic exhaust gas
stream; (2) movable nozzles, which are
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Figure 8-10. Jet Deflection To Achieve Attitude Control

analogous to gimballing the thrust chamber of a
liquid propellant rocket engine; and (3) fluid
mechanical means, termed secondary injection,
wherein a fluid (a liquid or a gas) is injected
latterally into the supersonic stream flowing in
the diverging portion of the rocket motor
nozzle.

8-7.7.1 MECHANICAL MEANS FOR ACHIEV-
ING TVC

Fig. 8-11 illustrates schematically four dif--

ferent mechanical means for achieving TVC. The
8-30

oldest is the jet-vane (Fig. 8-11(A)). Its major
disadvantages are its weight and the fact that the
jet-vanes are immersed in the hot gas stream
during the entire burning period for the rocket
motor. With the higher flame temperatures of
modern solid propellants with their condensible
exhaust products, the problem of finding a
material capable of withstanding the higher
temperature gases with their increased erosive
effect has become insurmountable from an
engineering viewpoint,




(A) JET VANE
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(8) JETEVATOR

(c) JET TAB

(p) PADDLE VANE

Figure 8-11. Mechanical Means for Effecting Thrust Vector Control

Since there are periods in the burning period
tg when no attitude control is required, it is
reasonable to provide a TVC means which
removes the jet deflection means from the hot
gas stream during such periods. Fig. 8-11(B)
illustrates such a TVC means known as a
jetevator. When it is rotated into the propulsive
jet, the supersonic gas stream is disturbed so that
it separates from the nozzle wall. A high
pressure is developed in the separated region
which is not balanced by the stable flow on the
opposite wall, hence a lateral force component is

produced. An additional force component is
produced by the deflection of the propulsive jet
as it flows through the oblique shock wave, as
illustrated in Fig. 8-11(B).

Figs. 8-11(C) and 8-11(D) illustrate
schematically how the jet tab or spoiler®? and
the paddle vane achieve jet deflection to ac-
complish TVC.

All of the mechanical TVC systems il-
lustrated schematically in Fig. 8-11 cause losses
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in axial thrust due to the thermodynamic
irreversibilities they introduce into the flow
field. To eliminate such losses, movable nozzles
were introduced.

8-7.7.2 MOVABLE NOZZLES

Fig. 8-12(A) illustrates schematically the
essential features and operating principle of the
swivel nozzle. In this system there is no loss in
the magnitude of the thrust vector, only its
direction is changed as the diverging portion of
the nozzle is rotated, and the control is limited
to a direction perpendicular to the axis of
rotation. By employing a ball-and-socket type of
joint, a lateral force can be developed in any
desired direction.

Fig. 8-11(B) illustrates schematically the
essential features and operating principle of the
rotatable nozzle which is a modification of the
swivel nozzle. The nozzle can be rotated about a
plane which is inclined to the nozzle axis.
Control is obtainable in all directions.

The movable nozzles which have been built
are bulky, heavy, and complicated. It is essential
that the joint be sealed against the high temper-
ature, high pressure propellant gas which is a
difficult design problem. Moreover, the control
forces required for actuating the movable por-

tion of a large nozzle can become so large that.

they cause a severe drain upon the electric
power source (battery, etc.) installed in the
vehicle.

Because of the higher flame temperatures
and large amounts of solid particles or liquid
droplets in the propulsive gas formed by burning
modern high performance solid propellants, the
TVC systems illustrated in Figs. 8-11 and 8-12
have become inadequate, especially for long
burning times or large thrust solid propellant
rocket motors.
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8-7.7.3 SECONDARY INJECTION FOR TVC

Secondary injection appears to be ideally
suited for TVC in the case of rocket motors
buming modern solid propellants. Fig. 8-13
illustrates schematically the principle of em-
ploying secondary injection for TVC. A fluid,
called the injectant is injected into the nozzle,
downstream from the throat where the primary
flow is supersonic. The disturbance of the
primary flow by the injectant causes a shock
wave to form a region of flow separation, as
illustrated in Fig. 8-13. The local high pressures
associated with the shock wave can yield large
lateral forces which are not balanced on the
opposite wall of the nozzle. Hence, a net lateral
force is produced which is the sum due to the
momentum force of the injectant and that due
to the induced shock. In general, the total lateral
force, also called the side force is approximately
1.5 times that due to the momentum flux of the
injectant.

In theory, the best injectant would be hot
propellant gas drawn from the rocket motor
chamber, but two major problems are en-
countered. First, to obtain side force modu-
lation, which is a requirement, a suitable hot-gas
flow-control valve which will maintain its
integrity in a high temperature gas containing
condensed phases is needed. Second, the open-
ing and closing of the hot-gas valve causes
variations in the chamber pressure that may be
intolerable. It is, of course, possible to use a
separate hot-gas generator for producing the
flow of injectant if its dimensions and weight
can be tolerated 53:54:55:56,58

To avoid the aforementioned problems, the
current secondary injection TVC systems are
based on using a liquid injectant; a liquid having
a high vapor pressure is desirable. The ideal
liquid injectant is one which evaporates almost
immediately upon its exposure to the hot
primary gas flow. Since the temperature of the

-~
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Figure 8-12. Movable Nozzles for TVC
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Figure 8-13. Secondary Injection for TVC

liquid injectant is low, its specific impulse will
likewise be low so that large amounts of
injectant are required.

The quantity of injectant (liquid or gas) per

pound of desired side force can be reduced if the
injected fluid reacts chemically with the primary
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gas flow. Since the propellant gas forming the
primary flow is usually rich in fuel components,
a fluid containing oxidizing materials should be
helpful. Many problems have to be studied
before the appropriate domain for the appli-
cation of secondary injection TVC systems can
be established.
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CHAPTER 9

PROPERTIES AND CHARACTERISTICS OF LIQUID PROPELLANTS

9-1 FACTORS .TO BE CONSIDERED IN SE-
LECTING LIQUID PROPELLANTS

From a broad viewpoint the term liquid
propellant refers to any liquid which is injected
into the combustion chamber of a liquid rocket
motor. By convention, however, the term is
applied to any liquid chemical which is an
essential component of the liquid chemical
reactants, called the liquid propellantsystem, for
producing the high temperature propellant gas
which is expanded in the rocket exhaust nozzle.

Considerable research and development ef-
fort has been expended on synthesizing new
propellants and improving the properties of the
older ones. As a result there is a large number of
liquid propellant systems (oxidizer + fuel) to
choose from. There is no shortcut, however, for
selecting the most suitable propellant system ftor
a given application. The selection is greatly
influenced by the operating requirements
imposed upon the rocket engineI .

For example, many military applications of
liquid rocket engines require that the perform-
ance of the engines be unaffected by variations
in the temperatures of the liquid over the range
—65° to +165°F. These operating specifications
impose stringent limitations upon the number of
liquid chemicals that can be considered as
propellants for such applications. For ground-
based ballistic missiles, as the IRBM and ICBM
types, the operating temperature specifications
can be relaxed materially so that there is a
broader choice of liquid propellants for those
applications.

In general, there are no liquid propellants
which are ideal from all viewpoints—-such as

performance, handling, storage, etc. Con-
sequently, one must assess the relative impor-
tance of the advantages and disadvantages of the
specific liquid propellant with regard to the
particular application being considered.

From a strictly technical viewpoint the
selection of a propellant system (fuel + oxidizer)
should be governed by the factors pertinent to
achieving the largest value of impulse-to-weight
ratio for the liquid rocket-propelled vehicle.
Sound engineering—combined with military needs
—dictates that the selection consider the logis-
tics, handling, avail-
ability, toxicity, t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>