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FORZWORD

The work described in this report was performed ander
Contracts DAAHO1-57-C-0655 and DAAHO1-68. C-0632 for exploratory
developrment of provellants for missiles arnd rockets under the techni-
cal cognizance of the Sclid Propellant Chemistry Branch, Army
Prepuision Laboratory and Ceater, Research and Development
Directorate, U. S. Army Missile Command.

The propeliant cheniist ofesn regr.ests the mechanical testing
laboratory to supply some form of quantita+¢i, ¢ laboratory measure
of the mechanical behavior of smali quantities of ilow modalus propel-
lant binder gumstocks. Frequertly these materials are ill-suited
for the usual gamut of mechanical property tests developed for
finished propellants. Mechanical property data supplied at an early
phase of propeiiant binder development can be useful in determining
proper curing systems and conditions, eifects of plasticizers or other
modifiers, effecte of variations of binder synthesis or processing,
and can give indications of glaas transition temperature, strain rate
dependency, and other factors which are important in the finished
propeliant. The test developed here is useful in these applications
and deviates from previous hardness, indentation, or flexure tests
in that the accompanying data analysis includes the effect of finite
sample dimensions.

The work described here grew out of work first initiated
under Contract DA-01-021 AMC-11536(Z).
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ABSTRACT .
A spherical indentatior. test ior small quantities of low modulus 1
materials is described and experimentally validated. The data analy-
sic takes into account finite sample thickness. Comparison with the °
Hertz contact theory is made, and extension to viscoelastic charac-

terization is discussed.
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Section I. INTRODUCTION

A bali indentation test has been developed to meet the need for
a simple, practical method of measuring the shear modulus of labora-
tory ¢navtitier of rubbery materials. The indentation test offers a
number o! possible advantages: sample size and shape are noncritical
and only a mivimum of yreparation is needed; the quantities of sample
material required are relatively small; the test device is simple and
easy to operate‘ the method is non-destructive in character, thus
permmtting repeated tests on the same sample.

Many of ths previous applications of the indentation test were
limited by lack of a well-defined relationship among applied load,
indentor geometry, indentation depth, and the material shear modulus,
particularly for thin test samples. Most work in the past made uce
of either the classical Hert~ contact theory or of some meodification
of it based upon empirical test data [1-4]. The Hertz solution, dis-
cussed in many texts on elasti:ity (e.g., Timoshenko and Goodier
[5]), assumes the indented soiid to be a semi-infinite layer, i.e.,
of infinite depth below the deforr.ied surface. Therefore, in the
design of a practical teat, questios.s arise as to (1) the limits of finite
specimen size and indentation for which the Hertz theory will apply
with sufficient accuracy, and {2) other relationships which may be

used for those cases where the Hertz theory will not provide results
of the required accuracy.

Hitherto, mainly because no preci.e information was available,
the classical theory was assumed to hold f» an indentation not ex-
ceed’ng 10 percent of the specimen thickness [1,2,4]. Gent [2], for
example, has shown that the Hertz thecry is guite accurate for de-
termining Young's modulrs of vulcanized rubhexs when using small
indentations, up to one-tenth the sample thickacss., Waters [4] con-
ducted a series of tests, using spherical indertors on shests of vul-
canized rubber of various thicknesses, and founu ti»t moduli com-
puted by the Hertz theory were in error by less than 5 percent when
the sheet thickness was more than 8 times the ind=ntor contact
area radius, With thinner sheets, much larger ¢rrors were experi-
enced, exceeding 30 percent for thicknesses less than times the
contact radius., Waters' approach to the problem was to .codify the
Hertz expression by an experimentally derived functiorn involving the
ratio of thickness to contact area and including a consts:t ‘¢ allow
for the surface conditions (lubricated and dry).

None of these methods are particularly applicable t¢ the
prodlem of measuring the shear modulus of "soft' polymers ‘thore
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with moduli less than 103 psi) in the form of relatively thin sheets. .
In order to have indentation depths and forces sufficiently large to =
{3 be recorded accurately by conventional instruments, the specimen :
: must be indented to a considerable fraction of its total thickness, ;
¢ therefore deviating markedly from the Hertz model. Empirical for- . ]
mulas are of doubtful value, considering the wide range o: materials

encounte: ed. However, Lebedev anc Ufliand [6] have dealt with the

problem of pressing a rigid axisymmetric punch of any profile into )
an elastic layer of finite thickness. Their solution offers the possi-

bility of obtaining & firm theoretical relationship among load, in-

3 dentation, and shear modulus for tests cf rubbery materials in readily ‘
available forms. Parr [7, 8] has applied the Lebendev-Ufliand solution ]
_ to the specialized case of a spherical indentor, with particular em- ;
'3 phasis on obtaining a relationship in a form most useful to the test 4

laboratory. The results of this analysis led to the development of 3

:5 the ball indentation test method described herein.
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Section II. ANALYSIS OF THE INDENTATION TEST

1. Elastic Materiais

The ball indentation test may be considered as a special
case of the general problem of a punch penetrating a solid. The
geometry is shown in Figure 1. The object of the analysis is to find
a solution relating the unknown shear modulus of the test sample to
the known or measurable quantities of indentor radius R, applied load
P, and penetration w,, for any thickness, h, of sample materiai. The
materials to be tested by this method will have elastic moduli several
orders of magnitude smaller than those of steel or aluminum, of
which the test device is constructed; therefore, for practical purposes
the indentor and base may be considered infinitely rigid.

The solution to the problem is outlined in the Appendix. Briefly
stated, the solution consists of using the method developed by Lebedev
and Ufliand to express displacements and stress.s in terms c¢f one
auxiliary function, which represents the solution of a Fredholm
integral equation. The general solution is reduced to the specific
case of a spherical indentor, and equations are obtained for applied
load and indentor penetration in terms of the auxiliary function. The
expressions thus obtained zre too complex to be evaluated excctly,
therefore, numerical methods are employed to compute values of
the auxiliary function. These values, in turn, are used to solve for
load and penetration by quadrature.

The results are presented in Figures 2 and 3. These sets of
curves are taken from the paper of Ignatowski and Parr [8] in which
the analysis originally appeared. In Figure 2 the dimensionless load
(1-v)P/uR? is plotted versus dimensionless indentation w,/R for
various values of the dimensionless thickness ratio h/R (v is Poisson's
ratin and p the shear modulus). Figure 3 presents the same infor-
mat .2 in a different manner, with indentation as the abscissa and
curves for various values of thickness ratio. Note that the elastic
constants “’he material appear only in the dimensionless load; all
computatic., s are independent of the elastic constants. This situation
results from the boundary conditions imposed, in which frictionless
contact between the test sample and base or indentor is assumed,

Dimensionless quantities were chosen for the calculations
and Figures 2 and 3 for the sake of convenience and generality, but
these quantities may not necessarily be the most convenient for
actual test data reduction. The curves can eagily be modified to
apply to any particular laboratory setup. With the indentor radius
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known, and Poisson's ratio known or assumed (v= 0.5 is a very

good approximation for rubbery materials), curves of P/u versus

wy for various values of h (from Figure 2), or versus h for various
values of w, (from Figure 3), are obtained. The shear modulus

can then be determined from laboratory measurements of P, h,

and w,. A difierent set of curves is required for each indentor

radius and Poisson's ratio, but these are available simply by changing
the scales on the basic curves in Figures 2 and 3.

The curve of the classical Hertz contact problem solution
is included in Figure 2 for comparison with the Lebedev-Ufliand
solution. Note that the two essentially agree for specimen thick-
nesses in excess of ten indentor radii. However, for thinner speci-
mens, drastic differences between the solutions are seen. The Hertz
theory, developed for a semi-infinite layer, does not consider the
effects of finite thickness which become prominent for relatively thin
layers. For example, for a specimen thickress of one indentor
radius (h/R = 1) the Hertz theory gives a shear modulus value some
35 percent higher than that given by the Lebedev-Ufliand curves.
Additional comparisons will further define the practical limits of the
classical theory and illustrate the hazards of its misuse with thin
sections,

2. Viscoelastic Materials

Strictly speaking, the foregoing discussion and the analysis
given in the Appendix pertain only to elastic materials. However,
since many, perhaps most, materials of interest exhibit viscoelastic
behavior, it becomes important to know how the indentation test may
be applied in measurement of viscoelastic properties.

Through the processes of stress relaxation, certain visco-
elastic materials, subjected to a constant strain, will eventually
reach a condition of equilibrum for which the stress remains constant
with time. Moduli corresponding to this condition are known as
equilibrium, long-time, or 'rubbery'" moduli, and may be computed
from indentation test data and the results of the elastic analycis,
just as with an elastic material. In other words, the material is
assumed to have reached a state where the shear modulus is indepen-
dent of time as it is in an elastic material. The only requirement
is to wait a sufficient length of time before taking readings to in-
sure that equiiibrium has been reached.

For shorter ranges of time when equilibrium stress-strain
conditions have not be achieved, or for tests where the purpose is
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measurement of short-time effects such as relaxation moduli, the
indentation test and its elastic solution also appear useful. However,
the problem of application becomes considerably more difficult.
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The information in Figure 2 may be considered as described
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= f(w,) (1)
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where f(w,) is a function known only graphically. Lee and Radok

[9] have shown that the viscoelastic counterpart of tiie Hertz con-
tact theory can be deduced from the elastic olution. By analogy,
we may say that

t
P(t) = i pit—-7) %%QL dr (2)

v per PR R

PR

where p(t) is the shear relaxation modulus, and f(w,) is time depen-
dent because w, is time dependent. Equation (2) may be solved for
u(t) if the time dependency of f(w,) is known. This, however, is not
easily done even if wy(t) is known because f(w,) is a complex function
of wy(t).

One useful case, for which there is a relatively simple solution,
is that of a step function input. If wy(t) is applied as a step function,
or instantaneous, penetration, then f(w,) is also a step function and
(2) reduces to

P(t) = p(t)f{w,) . (3)

The dimensionless load in Figure 2 can then be interpreted as

(1-v)P(t)

Ru(t)

¥

s

TRPAY

Knowledge of the load-time history, P(t), permits calculation of the
shear relaxation modulus u(t).

In actual practice a step function is, of course, not achieved.
Some finite time, t;, is required for the indentor to reach the de-
sired penetration depth. Nevertheless, for many materials it may
be possible, with suitable high-speed test devices, to reduce t; to
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values much less than the times of interest and thus he able to consider
wo(t) a step function for all practical purposes. Foliowing the same
approximation often used in tensile stress relaxation teating [1¢], it

et b et L LT TP eTPg
POTIORPEP RN

appears reasonable to assume a step function input for times greater
. than 10 t;.
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Section III. DESCRIPTION OF EXPERIMENTAL
EQUIPMENT AND PROCEDURES

]. Test Device

A simple prototype test device was initially built to obtain
2. approximate comparison between the theoretical analysis and
experimental data. The results were encouraging, and so a more
refined design model was constructed according to the sketch of
Figure 4. The ball indentation test device shown in Figure 4 some-
what resembles two interleaved C-clamps. The upper "C'" supports
the test specimen and is designed tc be suspended from a load cell
by means of a pull rod with universsl joints. It is counterweighted
and balanced so as to hang freely with the pull rod centerline
vertical. The spherical indentor is mounted in the lower '"C;*
which is attached by another pull rod to the movable crosshead of a
universal tensile testing machine. With the test specimen and in-
dentor located betwzen the overlapping arms of the "C's, the in-
dentor is pressed into the specimen when the lower "C'" is given a
downward displacement. Scribe marks along the centerline of both
parts facilitate alignment during assembly and operation.

The test device was originally designed to be used with Instron
universal test machines, but is easily adaptable to many other loading
arrangements, For example, a fixed support and a dead weight pro-
duce a creep tester. The small size of the device (approximately
5 X 3 X 2 inches overall, not including pull rods) enables it to be
§ used in most available temperature and environmental chambers,

The indentors are commercially available, ground and polished,
tungsten carbide balls, cemented to insert pins. The indentors are
readily interchanged and are presently used in a range of sizes.

Table I gives the sizes which are available, Maximum test specimen

>
i dimensions are 1.5 inches square by 0. 75 inch thick. The test speci-
I men base has been coated with Teflon®! to reduce friction.
¥
2. Test Procedures

NSRRI

The only test specimen preparation usually required is to cut
the specimen to a size which will fit the test device. Very rough
2 cuts are acceptable for the edges, with no restrictions on squareness,
The contact surfaces, between the specimen and the base and indentor,

i
f Trademark of E. I. DuPont and Company, Wilmington, Del.
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Table I. Indentation Test Data for Hysol 8705 Specimen
: For all test conditions:
l
i Specimeu dimension approx. 1.5 in. sq.
f Specimen thickness = h = 0.504 in,
Poisson's ratio = v = 0. 46 from Mfg's snecs
Penetration rate = 2,0 in./ min
Temperature 77°F
Load readings taken after 2 min relaxation at constant
indentation
Specimen surfaces dusted with talcum powder
Indentor Computed
& Radius, Indentation gl-vEP Load, P} Shear
: R Depth, w, MR (Note 2) |[Mndulus,
! {in.) h/R (in.) wo /R (Note 1) (1b) (psi)
i 0.0625 3.05 0.025 0.40 0.69 1.05 212
§ 0.038 | 0.60 1.25 1.92 | 212
‘ 0.050 0.80 1.92 2.97 214
i 0.0938 5.37 0.038 0.40 0.71 2.72 235
| 0.056 | 0.60 1.30 4,74 | 222
i 0.075 0.80 1.97 7.45 231
0.094 i.00 2.72 9.92 223
0.1250 4.02 0.050 0.40 0.74 4.78 224
0.075 0.60 1.34 8.80 227
0.1562 3.22 0.031 0.20 0.26 2.45 208
0.062 0.40 { 0.76 7.19 209
0.1875 2,69 0.038 0.20 0.26 3.56 206
0.2188 2.30 0.044 0.20 0.27 5.70 234
i
! 0.2500 2.01 0.050 0.20 0.28 7.28 224
i
é Mean Value = 220
l Standard Deviation = 10
Note 1 - Dimensionless load values from curves, Figure 3.
Note 2 - Average reading from 2 runs,
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should be reasonably flat, smooth, and parallel. Allowable deviations
depend upon the particular test circumstances regarding desired accu-
racy, ease of operations, and specimen properties. Care must be
taken about non-parallelism, however, because non-parallel surfaces
will introduce horizontal force components which may cause appreciable
errors, and, in extreme cases, even cause the indentor to slide

across the specimen surface.

It is also suggested that the specimen surfaces be dusted with
talcum powder or lubricated in some other fashion, The effects of
surface conditions have not yet been investigated fully, but pre-
liminary checks indicate more consistent results with lubricated sur-
faces. However, the possibility of contamination of the test sample
must be considered in the choice of a lubricant, and if any doubts
exist lubrication should be omitted entirely. The effect upon the test
results would probably be minor.

Other limitaticns exist regarding the minimum test specimen
dimensions. In the theoretical analysis the specimen was assumed
to be infinite in extent, though of finite thickness. No analysis has
yet been performed for a specimen of finite dimensions, but test re-
sults have yielded some useful guidelines. Apparently specimen di-
mensions are not at all critical so long as the length and width are
at least 1.5 times the thickness and 6 times the radius of the largest
indentor to be used. Reasons tor choosing these values will be dis-
cussed in a later section.

The test procedure consists of displacing the lower '"C"
fixture and recording the applied load and indentation depth as functions
of time. Indentation depths may be determined from the test machine
indicator dials, a separate displacement transducer, or by reading
elapsed time from the load-tinie record and multiplying by cross-
head speed (if known and constant).

The fractional or percentage error in determining indentation
depth may be minimized by going to as great a depth as possible,
subject to the limitations imposed by specimen thickness and allowable
loads. Penetration must not exceed the spherical radius, because
the equation used for the contact surface contour in the analysis would
then no longer apply. Smaller indentor sizes result in lower loads
at a given indentation, but are limited in penetration dept:; therefore,
some compromise may be necessary.
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Section [V. EXPERIMENTAL RESULTS AND DiSCUSSION

I. Evaluation of Test Device and Method

A number of different mnaterials have been tested with the
ball indentation test ’evice, but the results of only a few will be
presented herein for the purpose of illustration. Two test seriss
of interest are those of Hysol®? and Solithane®? {13 polyurethane
rubbers. These materials were used to evaluate the test device and
method because their properties were well known from manufacturer's
data or other test results.*® Comparison of the shear moduli obtained
from the indentation test with those obtained by other means provided

a check on the validity of the analysis and the curves in Figures 2 and
3.

Specimens of both materials were tested in the same manner.
The indentor was pressed at a constant rate into the specimen to a
predetermined depth, and held constant at this depth for two minutes.
The curves of Figure 3 were entered with the values of w,, R, and
h used, along with the load, P, read after two minutes, and values
of the shear modulus were obtained. This modulus was considered
the equilibrium shear modulus, k., since an essentially constant value
of lcad was reached well within the two minute waiting period.

Data from tests on the Hysol 8705 specimen are summarized ’

in Table I. Note that the same specimen was tested with a number of
different size indentors and various indentation depths. No significant
differences in results were found for any of the different indentors

or depths. This was an expected result, for there is no indication in
the analysis that the test setup parameters should affect the computed
shear moduli. The mean value of shear modulus and its standard
deviation, calculated from the test data, are given in Table I as 220
psi and 10 psi, respectively. A shear modulus was also computed
from Young's modulus and Poisson's ratio according to the familiar
equation

2Trademark of Hysol Corporation, Olean, N.Y.

}*Trademark of Thiokol Chemical Corp., Trenton, N, J.

*The specific Solithane sample tested was provided through the
courtesy of Professor W. G. Knauss, and was one of the materials
thoroughly characterized as part of the development of a standard
crosslinked polymer program conducted at the California Institute of
Technology under U, S. Air Force sponsorship,
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where Young's modulus, E, was obtained by conventional tensile tests
on specimens cut from the same sheet. The tensile test data gzve an
average E = 550 psi, which in turn gives p = 190 psi. Agrecmert
between the two values of shear modulus is considered reasoncoiy good.

Data from tests of the Solithane 113 specimen are presented
in Table II. Again, a numter of various size indentors and inden-
tation depths were used, along with different penetration rates. As
before, no significant differerces were noted in the values of shear
modulus found for any of the different test conditions. The shear
modulus mean value and standard deviation were calculated to be
197 psi and 16 psi, respectively. The Califorria Institute of Tech-
nology Materiais Science group reported a value of 185 psi for the
shear modulus of the particular sample tested, obtained by a torsional
pendulum method. This is in good agreement with the indentation
test results. Unfortunately, the amount of material available vas not
sufficient for tensile testing; therefore, rno comparison could be raade
as was done with the Hysol specimens.

A brief investigation was made into the effect of surface
lubrication which was of interest because the theoretical analysis
assumed frictionless contact. The results are given in Table III.
Although the quantity of data is rather meager, there definitely does
appear to be a trend toward lower valucs of shear modulus with lubri-
cated surfaces. The data also indicate a much greater difference with
the wet soap solution tharn with the dry lubricant of talcum powder
used for the test repor ed in Tables I and II, at least for these two
particular materials, The need for z-dditional investigation o{ sur-
fac_ conditions effects is clearly indicated, However, surface lubri-
cation may be inadvisable with many materials of interest because
of the possibility of the material absorbing or reacting with the lubri-
cants and th-s undergoing a change in properties.

When the amount of indentation becomes an appreciable
fraction of the total specimen thickness, the stresses and strains
produced may become so large as to cause specimen behavior to
differ considerably {rom that of a linear elastic solid, assumed in
the theoretical analysis, Tests were made on several specimens of
different materials in an attempt to determine the limit of indentation
for which the analysis would still apply, as indicated by a significant
change in the computed shear modulus from that for lesser indenta-
tions, all other conditions being the same,
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Table [II. iIndentation Test Data for Surface Condition Study

Faor all test runs:
indentor radiss « {1
Penetration rale = 2.8
Temperatere 78°F
fad readings taken after 2 min relaxation at constant indentation

(3]

3 i,
o, fmin

Sarface |indentation} Load, P| Computed
Tzst Specimen Condition | Depth, w, | (Note 2)|Shear M>dulu
Information {Note 1) (in.) (1b) n {psi)
Hysol 8703 Dry 0.097 12.8 227
Thickness = h = 0. 504"
E/R = 4.C Soapy 0.106 3.3 209
v = 0,46
Solithane 113 Dry 0.088 11.2 203
Thickness = h = 0.376"
h/R = 3.0 Soapy G.106 12.2 165
v = 0.5

Note 1 - Dry = clean and dry, without talcum powder; soapy = coated
with wet soap sclution.
Note 2 - Average of 3 runs for each condition.

A definite limit applicable to all specimens was not found, nor
was one expected. Any limit would depend on the combined effects
of several variables, such as indentor radius and material properties
as well as dimensions, and would likely be different for every test
sitauation. The data were nevertheless helpful, in that they indicated
no significant deviations for penetrations up to one-third the specimen
thickness for any of the specimens tested. Results of deeper penetra-
tions were inconclusive, but in the case cf a Solithane 113 specimen
did tend to produce higher computed values of shear modulus. Deeper
penetrations caused specimens to curl at the edges and to assume a
cupped shape, which could be a significant deviation from the geometry
of the analysis. In general, then, the maximum allowable penetra‘ion
depth will be taken as one-third the specimen thickness, unless addi-
tional data indicate otherwise.
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Following completion of all the previcusly mentioned tests,
the Hysol and Solithane specimens were subjectcd to a series of tests
to evaluate the effects of lateral dimensions, particularly with re-
gard to finding the minimum size requirea to efiectively simuiate
the infinite cxtent sheet assumed in the analysis. Here again, no ’
exact limit can readily be defined for the general case because of
the interaction of a number of variables.

The procedure consisted of repeating the same test a number
of times, trimming the specimen to a smaller size for each run. Data
from the particular specimens tested indicate no significant variations
in computed shear modulus so long as the specimen length and width
are at least 1.5 times the thickness and & times the indentor radius.
While this may vary for otner materiais and conditions, there does
not appear to be any problem for the types of specimens and con-
ditions for which this test device was designed.

2. Viscoelastic Materials Tests

At this time work has only just begun into the study of visco-
elastic properties with the indentation tester and very little data are
available. However, one series of tests has been performed which
is of interest and will be summarized in the following paragraphs.

The materials tested were different compositions of butyl
acrylate /facrylic acid/Unox 22 1©5 copolymers formulated by Dr.
A. R. Pitochelli of these Laboratories. Indentation test data are
given in Table IV. Note aspecially the column of values of P,/P;.
These figures compare the peak load, P,, read immediately upon
reaching the stated indentation depth, to the load, P;, after two
minutes of relaxation at constant indentation. The ratio Py/P, thus

is an indication of tiic degree of relaxation the material undergoes
while under constant strain.

The same data listed in Table IV were also plotted as loads
versus time on log-log graph paper, as in Figure 5, for example. The
results were approximately straight lines. Thus the load data are quite
closely described by the simple equation

P(t) = P_+ at™™" (5)

>Trademark of Union Carbide Corp., New York, N, Y,
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where P is an equilibrium load reached ~fter a relatively long period
of time, tis time, and a and m are constants determined for each set

of test data to give the best curve fit.

If the strain input can be

approximately described by a step function [see equation (3) and the
related discussion, Section II.2 above], then a plot of load as a function
of time may be directly converted to one of shear relaxation modulus,
1(t), by simply changing the scale:

Be) =+ bt

(6)

where Me is the equilibrium r:,dulus, and b is a new constant. Plots
of shear moduli, p(t), versus time obtained in this manner are shown
in Figure 6 for several of the copolymers tested.

Table IV. Indentation Test Data for Various Compositions
of Crosslinked Butyl Acrylate /Acrylic Acid Copolymers

Composition, Shear Ratio of Peak Load
Mole Ratios of Modulus, to Load after 2min|Remarks (Applyto
BA /AA /Unox 221 psi Py /P, all Test Runs)
95/5/2.5 30 1.01 Indentor sphere
radius: 0. 125 in.
95/5/5 35 1.01 Indentation rate:
2.0 in. /in, /min
90/10/2.5 56 1.01 Indentation depth:
Approx. 0.10 in,
90/10/5 59 1.02 Temp: 77°F
85/15/2.5 49 1.08 Rel. humidity:
Ambient
85/15/5 75 1.19 Poisson's ratio
of 0.5 assumed
85/15/7.5 116 1.20 for all samples
70/30/2.5 40 4.18 Shear modulus
70/30/5 72 6.25 computed for

load after 2 min
relaxation
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The foregoing indicates that the indentation test may have
applications for investigating certain viscoelastic material properties,
in addition to its present use in measuring the equilibrium, or elastic,
shear moduli. Properties which might be studied include glassy
moduli, relaxation times, and the slope of the relaxation curve in
the transition region. One must remember, however, that several
assumptions and simplifications were made, the validity of which may
be open to question. Any attempts to use the method for quantitatively
evaluating viscoelastic parameters must await considerable further
analysis and experimental confirmation. Nevertheless, the indenta-
tion tést does have possibilities for immediate use in qualitative
studies, such as comparisons of the viscoelastic properties of differ-

ent materials or of the effects of changing an ingredient in a formu-
lation.

Considering the data of Table IV and Figure 6 in the light of
equation (6) leads to the following general statements:

(1) Equilibrium shear moduli, Mo, were found to be directly
proportional to the number of crosslinks in the material, determined
by the mole fraction of Unox 221. This was an expected result,
based upon viscoelastic theory.

(2) The slope of the relaxation curves, u(t), corresponding
to exponent m in equation (5), appeared independent of crosslinking
but increased with increasing acrylic acid content. The slope of
relaxation moduli curves can be expected to increase as the test
temperature approaches the material glass transition temperature.
Glass transition temperature is mainly a function of acrylic acid con-
tent for these polymers. Hence, it seems reasonable to conclude that
the acrylic acid content, by reason of its influence on glass transition

temperatures, has the greatest influence on relaxation characteristics
for these copolymers.

(3) There is indicated the possibility of superposing relaxa-
tion curves of samples of different composition but having the same
degree of crosslinking. For example, the curve for the 85/15/2.5
composition could be shifted to the right in Figure 6 and merged with
the curve of the 70/30/2.5 composition to form a single smooth
curve. Thus, it would appear that the shape and magnitude of the
relaxation curve is a function of crosslinking but its position in time
a function of acrylic acid content. This posiiion in time is indicated
by the value of the coefficient b in equation (6).
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Section V. CONCLUSIONS

The indentation test has been shown to be a valid and useful
method for determining the shear moduli of relatively low modulus
polymers and rubbery materials in the form of thin sheets. Tests
conducted over a wide range of conditions of indentor size, specimen
. size, penetration depth, and penetration rate yielded data which, when

reduced according to the theoretical analysis presented, resulted in
] shear modulus valees in close agreement with those obtained by other
methods. The indentation test offers the additional advantages of
requiring only a small quantity of material and of the need for little,
if any, specimen preparation.

Discrepancies noted between indentation test results and ]
moduli obtained by other methods car generally be attributed to 3
experimental variances and tolerances. In particular, a small error
in measurement of penetration depth can lead to a much larger error .
in computing the shear modulus, especially for cases involving a o
large radius indentor at a small depth. This probably accounts for
most of the discrepancies. Another cause could be friction between
the specimen surfaces which apparently results in slightly higher load
readings and computed moduli. Also, the moduli from other test
methods, with which the indentation test results were compared, are
themselves subject to the experimental error. All discrepancies
noted thus far are considered minor and can be expected to decrease
as additional skill and experience are gained.
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The indentation test is a potentially useful tool in evaluating
viscoelastic properties. Future test efiorts will be directed along
these lines, with particular emphasis on measurements of relaxation E
moduli and time-temperature cffects. Present plans call for.tests
with faster loading rates and longer durations, tests at various tem-

r[ peratures, time-temperature superposition studies, and continued
E

evaluation of the areas and limits of application of the test device and 4
theoretical analysis,
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APPENDIX
F SOLUTION OF THE INDENTATION PROBLEM

1. The Lebedev-Ufliand Solution®

RO BA Y

layer, infinite in extent but of finite thickness, resting upon a rigid

i . base and undergoing deformation by a rigid punch. The contact sur-

3 face is a surface of revolution, and the indentation is realized by

means of an axial force (Figure 7)., It is further assumed that there i
is no friction between the indentor and layer, or layer and base 2
(although the general method will permit consideration of more in-
voived cases, such as those with adhesion between layer and base). Cod

{
¢

Consider the state of elastic equilibrium of a linear elastic %
k-

The boundary conditions imposed by these restrictions are: 3

T = 0’ w = 0whenz = h, (7)
rz
N

T =0 3

rz
K 7
i w = wo-X(r) (r< a)> when z = 0, (8)
|
3 3
] o, = 0 (r> a) s
% v/
1 where 0 and 7 are the normal and tangential stress components, :

respecti%/ely, vgozis the indentation of the center of the punch, and 3
X (r) is the function describing the punch surface. Cylindrical
coordinates r,z, 6, are employed.

The solution is facilitated by the use of the Boussinesq-
Papkovitch-Neuber displacement functions. The displacements
are expressed in the form

od 00
. _ 9%, | 9%,
2 pu - z o , (9)
3% L ?
2 pw = —§;L+(3—4v)¢l—z¥’* , (10) {

where u and w are radial and axial displacements, respectively,
p is the shear modulus, v is Poisson's ratio, and ®, and &, are
] functions harmonic in the layer 0 < z < h,

o
EYT R Sy

Py SRR R

1.ebedev, N. N. and Ufliand, Ia. S., "Axisymmetric Contact
Problem for an Elastic Layer, " P.M.M., 22, 3, 320-326 (1958).
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FIGURE 7. GEOMETRY OF INDENTATION PROBLEM
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The elastic stresses are expressed in terms of the functions
just introduced as

2% %y %®
= —_ —=1 _==0 _ _1.
oz 2(1-v) oz 3z2 az ? (1)
and
2 39, aq»’]
T2 ® Br [(I-Zv) 3, - az —1 | (12)

Substituting (7) and (8) into the relatious (9) through (12) gives
the boundary conditions in the following ferm:

qulz::h =0 . (13)

_32 9z ’ (14)
[ 23, |
- —2 =
(1-2v) &) - o _Jz:O 0 , (15)
P 99
- =20 -
£3 4v) ®, az]zzo 2ufwe-x(r)] , r<a, (16)
A 3% 820
.y 9% 9%y -
i(l v) 9z 922 Jzzo 0, r>a . (17)
The harmonic functions ®, and &, are taken in the for:n
A apn) S A (h-z) g an (18)
1 0 sinh A h 0 ’
and
% c03h>\ h-z smh)\(h z!
=0 - )h_q
9z _g [ sinh kh sinh \h xr)da, (19)

where A(Q) and B(X) are functions to be determined and Jy(Ar) is a
Bessel function.
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if the funcuons &, and ¥, are selected in this ma=mzer, the
ondions {13) aa€ !5} wili De satisfied for any 2{)} asd
Bix}. Ey scbstituzion into eguafion 115} we cdiain the reladen

BiX} = j1-2» - 2k cotk DB]A{3) , (20)

whiis conditions {16) and {3
for Afxi:

)
b
»
1]
®
i
3
:
]
i
A
i
i

x>
{20y 5000 = Fopm - . e, i21)
9 T

3’” A{dh + sink dh cosh Ah)

\ ioh® ih AD) j)ér =2, &> a, (22)
A solution to equations (21) and {22) is scught in the form
(.z
£{2) = [t-g2}] % éit) cos At dt (23)
where
Ah + sinh Ah cosh 2k — sinh? Ak
g(d) - >h + sinh An cosh Mh (24)

and ¢(t) is some unknown function, continuous, together with its
derivatives, in the interval (Q,a}.

Manipulations of equation (23) will require the following
identities:

(V3]
o
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Jofdr) sim dr € =y 1 . (25}
(4} o BT 3
C
. r _i
= bir? - 237 (g=< <)
r.?@!).r) cos M1 éXr = < . {26)
. ‘o ILc fz>r
T
> = 3
Jofdsy = = (Drsin §) €5 . 27
D L3 S ;0 cos [drsin 5) &5 {27)

Upon integrating the right-hand poriion of i23) by parts, sudstituting

the resulting expression for (2} into eguation {22}, and making ase of
formala {25}, we may show that eguation (22} is satisfied identically.
Det2ils of these steps will not be shoun here.

Sebstitntion of A1) isto equation {21) and making use of the
formnlas {1£} ané (27} l2ads to the relation

-

3
) S\ Olt) (r2-t?) % ét -
re

Y
/2 2
f e
0

= ST fwo - xir)] (28)

Moty

&) at Yg(k) cos M cos {(Arsin 6) @
0

Introducing 2 new integration variable t = rsin § into the first integral
and manipulating (28) further, there results

r‘/z 1
jo HArsin ) - — Sa &(t) [G{t + rsin 6}

0

+ G{t-rsin 68)} dt} éb = {(r) (29)

31

WA e { foiasaaing

R

s

L




where

v
[

ftry = o5 e - xdm)o (30)
and
= 2
Gix) - ( gir)ycos 2x é» , (31)
“s

the Fourier cosine transform of the function g()). Putting
= ] ! . .
Flx) = &ix) - P o) [Clr + x) * Gt - x)]d: , {32)
$

then equation (29) will have the form of Schlomilch's integral eguation’

I

/2
S;‘ Flrsin 4 d6 = i(r) , {33)
which has the solution .
/2 -
Fix) = %[5(0)$x § £'{x sin@)d@‘, {34)
0 J

where the prime denotes the derivative. The result of the foregoing
is an integral equation for the unknown function &(t):

ofx) - IL S.Zcb(t) [Git+x)+G(t - x)] dt
0

z

2 /2

:m Wg + X g x'(xsine)dG,OSxSa.(SS)
e - 0

"Whittaker, E. T. and Watson, G. N., A COURSE OF MODERY
ANALYSIS, Fourth Edition, Cambridge Un'versity Prass, 229 (1958).
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form of a2 function with a2 continuous derivative, then eguations (18},
(i2), (20), anc {Z3} give 2 complete solution of the contact problem
under coasideration.

Many guantities cf interest can te expresseé immediately
in terms of the funciion #it), omitting the intermediate formulas.
For example, taking the general expression for stress as given in
t11), using the functions defined in {18) ané {19), andé making the
substimtions of 120}, (23), znd (24), gives the expression for the dis-
tribution of normal stresses diractly beneath the purnch, o» the sur-
face z = O:

f010=§g‘&l&£—-—é‘@j—,r<a_ 136)
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P = 2z olt) ét (37)

in whick P is the total appiied force to tke punch.

2. Application to the Indentation Test

In 2n indentation test the only easily measured guantibes
are the indentor dimensions, the maximum penetration depth w,,
and the applied load P. Therefore, to be of any use to the experi-
menter the Lebedev-Ufliand solution must be in a form which permits

direct calculation of the shear modulus irom these measurable
quantities.

The foliowing analysis is based upon the use of a spherical
indentor, which has the contour

x{r) = R - R:-r , (38)

where R is the radius of the sphere. Then equation (35) takes the
form
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(S oratox-a

A

oix) - }; (-3 olt) [Glt + x) + Gft - x)} dt

J0
2pwe f x R-x |
- ————e ] =< . . 4 9
Hi-v) 1 2% ln(Réx i] (32)

At this point it becomes convenient to introduce the dimensionless
Gguantities:

- S
a 2

» Glxj = K(£) .

olx) = Tn75y =@ .
.2 io - 2
p =g » andp = &

Equation (39) now be-omes

1
w(g)-lf i A1) [Kit+ &+ K(7 - ) d7

of . [1-p¢
2 (_Wﬁg) { 1+p8

1+ (40)

where, from equation (31)

N -
K(u) = p ( Ll - smhza ] cos a pu da (41)

‘b a + sinh a cosh @

where, for conveniencz, @ = Xh. Note that the range of £, 7, and p is
from 0 te 1.

The formula for the applied force, (37), assumes the following
form in dimensionless variables:

1
_{_l_"lE_ = 49%0— § w(g)dg
0

LRZ = (42)
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From the condition of continuity of stresses a2t radius a, it can be
deduced that

o6(@) = 0 = 1) . (43)

Applyieg this to equation (40) yields the expression

e atdane e ALIE . S o

ol
W -
E—‘ _ 1 ! e (44)
. f “(x) [K(r + 1)+ K(7 - 1)] 67
* %

stitution of {44) into (40} gives

IIT F)
ni—

1
0'g)=1-¢ —{—“ﬂg— + 1,5 u(f){[K(T+§)+ K(7 - £)]
1-p I 0
I:TL) 2 )
- ¢ —\—35——- [K(7+ 1)+ K(7- l)]j dT,

In ]
\'""" f

which is a2 Fredholm integral equation of the second kind.

The problem now becomes one of solving the integral equation
(45) for the function «(£). Once this has been done, the dimensionless
load, (1-v)P/uR?, and dimensionless deflection, wy/R, can be ob-

tained. In the general case it is necessary to use numerical methods.

3. Numerical Solution of Equations

Solution of equation (45) involves first finding values for the
function K(u) in the interval 0 < u < 2. The function K(u), equation
(41), itself involves the integral of an oscillating function over an
infinite interval which cannot be evaluared in closed form. Filon's
method was found to perform the indicated quadrature adequately by
evaluating K(u) for the finite interval 0 < a =< 10 in increments of
0.2. This was programmed as a subroutine. For the solution of
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the integral eguation (45), a Gauss-Legendre quadrature was used.
In this manner (45) may b& rewritten

1
1.} - — A 3 [K + 7))+ X(7. -
‘1) - 5= > I+ )+ Kl = )

3=
(46)
[ l+p7i N 1?p1’i
in|3 In
Y e
- — 7 v, - . + v - - ! - -
T, (i+ {x( i 1) z((fj 1)] T,
in in
l-p ‘1-9

whe-e the A. are weighting coeificients and the T; and 7; are roots of

the Legendre polynomial of degree N. The resulting set of equations
is solved for values of u at § = - These values of w are, in turn,

used in evaluating (42) and (44) by Gauss-Legendre quadrature. Thke
results are presented in the body of the report (see Figures 2 and 3}
as curves of dimensionless load (1-v)P/pR? versus dimensionless

indentation w,/R for various values of h/R, the ratio of indentor
radius to slab thickness.
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