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1. Imtroductiom
Fimental Gomss and Malavolta (1949) indicated & procedure for gradu-
ating sxperinental dati: by kMitscherlich's equation according to the method
of least syuares, which is equivalent, in the case of intereet here, to the
mothod of .ximum likelihood. Unhappily, however, the jrocedure was quite
laborivus, l
Now, howsver, we are presenting a series of six tables of functions
which peruit rapid and precise graduation.
2. The Tolynumials Tabulated
Let us consider the case of an expsriment with replication and four
treatmente with the levels g, 2q, 3q, ani Lq of fertiliser or mamure. e
Frefer to take this case as 8 basic exan;ls because the nusber of treatments
is not excessive and leads to an amalysis of variance with two degrees of

freeden for rogresaion as repreasentsd by Mitscherlich's law (Fizental Comes

(1950, and {1950b)).




The equation te be salved is, then
'ﬁ); n 107°¢ X4 ||
|u=1r1m'° X 1x4107¢ X3 c.xiJ.O"zc x :
!:;;vi 107 "™ 21079 X4 210720 Xy -0
vhere x4 0, X" q, ;3™ 29, x,= 3q, X" 4q and 71, 72, 73, 34 and ¥§
ropressnt the ylelds obtained with the corresponding levels of x. We can

take £ = 10" and ottain the new squation

i iyy n rpi=l l

| 1

| Lagygei-t txgsi-t Lx,e21-2 i =0
|cyysi=d rsi-l £s2i-2

We can divide the second row by s and fix n = §. Also, for simplicity,
ws take q as waity, =0 that X "0, x"1, x3"2, x,°3, xs5"h. The dsterminant,
written out in full, will be the following:

(F1*y2°73'74°Ys) ] (l’l’lz'lj’l") '

(12'2573’337"&:315) (1*2;*3-2'1.:3) (s*283+3a5+447) *0

I(yl*qu'azyy' 6",;"' s"yS) (1*-'-2":3'15) (1*.2':£°:é’|9}!

The development of this detormimant gives us:

71005 - 352 ¢ 307 - gub - 685 - 8a® ¢ 1387 - 348 - 59 - &10) ¢

y;(-J'Zl*Jﬂz'sj' l‘-‘l")n‘

731 = T 6% o 51 ¢ b - 306 - 57 - a8 o sV - 410 ¢

Tl * - 9% 897 - 3sh o 6u5 - 58 - a7 - 3?2 e 3810)

¥s(l s'le-Dlj’ lsl'-bs’* 9:‘-):7' )l‘-)s’) - 90

-h7’ oa8 .- 7 < 419«

These five polysemials, are, howsver, divisibla by (s-1)>, as showm by
Nogueira (1950). Ferforming the divisiom we obtain:




18 ¢+ 682 » 1283 + 129k ¢+ 1295 ¢ 456 + 47) +
72(-3 - 78 - 952 - 833 - 3sh + 4sé + 47) ¢
7yl - &n = 982 - 1387 - L3sh - 925 = 46+ 47) + |
u(l'ks-393-84‘~9l5-7l"-3:7)’ .
Tl * &x 1252 + 1203 + 12¢4 + 620 - 3x6) = 0
These polynomiale, the cosfficients of the vayi:us vilues of y, are |
the ones we must tabulate in order to facilitste the solution of the g
eoquation, .
The values of s, which are of interest for the tabulations, are thoss
running from O to 1, for, since I
s = 1079,
oncs ws take q as unity and ¢)C, it is clear that the following holds
0{s 4.
The ocslowlaticm of the tables could not have been accomplished with-
out the inestimable assistance of the persennel and specialised equipment
of the 3tatistieal Sestien of "Luls de Queires™, kindly furnished through
Pref. F. G. Brisger.

3. an Ilustretive Exsaple
In an experimest in liming wheat eondwsted in Femta Oressa, Paruna,
by the Ministry eof Agrioultwre, slaked lime (celesium hydroxide) was appiied

at levels of 0, 2, 4, 6 and € metric toms per heceare. A 5 x 5 Latin square
was ussd. The lime was applied in 1940 and the whest was growm from 1940

to 19,8 in the same plote. The data fer 1942 ars as shown below.

Level of lims Q 2 3 6 L

—tggm yjeld (ke/be) 0% 1306 1438 1486 46k
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The equation to be 3olved will be, then,

R(s) = 984 Jy () * 1386 dy (s) * 1658 Jy (8) * 1486 Jy () * LG4 Jg (2) = C

vre Jy (8), J- (3) ate. arn tha tabulated polynomials.
For 3 = O the tables give
J) (8) ~ 0, Jy (2) = -3, J3 (s) = Y% (z) = Jg (e) =1
Accaordingly,
R(C) =984 xO-1386 x 3 * 1458 x 1 » 1486 x 1 * Jhbh x 1 = 25
For 2 = 1 we obtain 4in & slmilar mar rer
B(1) ~ 964 x 50 - 1386 x 25 - 1458 « 50 ~ 1436 x 25 - 1465 x 50 =-22300
Sinc. R(C) and R(1; have opjosite signs, the root sought necessarily lies
betwess O and 1. It is easy to ses thet the root should be closer to QO than
tol. Lot us, then, take, for example, s = 4. we [ind, by means of the tables,
R(O.4) = 984 x 3,376 - 1386 x 7.811 - 1458 x 3.312 + 1486 x 2,077 *
1664 x 5,669 & - 947.120
Accordingly, the root is between sero and .4, belng closer to sero. Let
as take, then, s ~ .1. Wwe obtaln, again fria the tables,
R (1) =~ 984 x 0.373 ~ 1386 x 3.798 * 1458 x C.456 ¢ 1486 x 1.396 ¢
U6k x 1,533 = Lih.MO.
Since B .0.1) is positive and R(0.4) is negrtive, the root will be bstween
OC.l and O.4. Therefore, lct s - 0.25. Then
R(0.25) = 98 x 1.372 = 1386 x 5.A48 - 1438 x 0,826 * Le#é x 1.911 *
Libéh x 2.991 = - 185.618.
S0 the root will be betweem 0,1 and 0.25.

"1465 should read 1A64




Uy vo shis point it would have besn possible to msks tie calmulations i
with only two decimals or even with only one. i

Now “hat the root has been looated within & rather smsii irnte w3, e
can .¢cy to detmmine it by more precise methods.

¥hen t varies fros U.1 to U.25; that is, when it Lakes an increment cf i
0.15, the incremsnt in K (&) s

k. MO ~ (-186.618) = 331.558—~- 3)2.

e oot up the proportion

Od2 - &
I 145

and obtain x = 0.066. 30 we take, 43 & better sstimste of the root,
8= 0.l « 0,066 = 0,166, The true root will de in tie vicinity of this value.
Let us take 5 = 0,16, ke obtain

R(0.16) = 45.13C.

The root will be, then, between 0,16 and 0.25. A new proportion
2.9 = 22
x a5

gives us x = 0,02, so 5 = 0,16 * 0,02 = 0,18, We find, howsver,

R(0.18) = 3.600.

Therefore, the root will be bstween 0.18 and 0.25, very clows to the
first valwe} Lhe nev porpertion indicstes that the root will be betwesen 0.18
and C.19. Lot us take s = 0.19; we will obtain

R(0.19) = -18,032

ke mew propertien will be




w——

#c x = 0,0017. Thus, the root wii. 0e ujjsoximately
8 * 0,18 *+ 0.0017 = v.1817.
wWe take

1672 - 0.1817

~golog 0,1817 !
c" A = 0.3703 :

4. The Computation of A
The value of A is given by the formuls

i-1
Ly Es
L. X a-l cgdi-2 i
5 L3 i
L gi-d Ledi=2
or

’l (-ﬂ-ﬂs' lb'ls)'yz(l-s-lS-ss' 36’38)
(hod) &4 = * ¥q(1-s3-85+58)0y, (1002235537 +48)-
F(s 3 “

710 Peud-g’)

3} = & - 250 222 - and - ae® v 2t - 227 ¢ 4e®
This last polymomisal was alee tabulated. The other polynomials which
appeer in (4.1) are easily esloulated, partioularly Lf Barlow's tables are
used.
In the asse of the foregoing example we bave
P(C.18) = 3.6808
F(0.19) = 3.6639
By iaterpolaiion we find
F(0.1M17) = 3.6T79




- mlo.m“ M mlo.ﬂm
A" '—él— + 14,58 x 0,99380 ¢ 1486 x 1.02681 * 1,k75.8
3.6779
+« 1464 x 1.03281
Finally,

’-:—1711\. ._L.___—_—_——‘-LAl""z'p"k
e -

PhTNIYL Y TEL Yy ey

]
[

log 3.0022

= 1.2893.
Thus, Mitscherlich's eyuatiun for the case belng studled ia
v = 14758 (1 - 1g7orITU3{x ¢ 12895
5. An Imjortant Property
The iolynomials tabled
Jyp (8) = 3s ¢ 6s° + 1267 ¢ 120% + 128° ¢ 43® ¢ 47,
J, (3) "~ 3~ 78 - 922 « 887 - 3u* ~ 4s¥ - 27,

- 4w - 952 < 1333 - 1314 - 985 - 42b v 4T,

—

43 (z) =

* hw - 387 - 8% - 987 - 78° - 347,

'-.l

v (3] =

g (s) =1~ u~us?-*u-3'1zs‘~-6=5~3s*
have the imjortant property thest

(5.1) J1 (8) + d2 (w7 * J3 (8) * Jy (8) * Jg (8) = 0.

Thie property allewed us to verify the computations in the tables of
these jolynomials, Howsver, cue to the apjroximstions involved in showing
the tables to only three decimals, there iz, in some cases, a suall difforence
of .00l in the cheek by the identity (5.1).
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Tatles of the [vlynomials

The jeolynomials tabulated are:

Jp (8) = 3a ¢ 632 ¢ 228 ¢ 226k ¢ 12t 0 b S,

Ja (s,
t)‘ (3)
JS ()
I(s) ~

I I P R S AR TLR

&

Ls - 927 — 1383 - 1334 - 955 - 4+ 47,

he - 38 - B34 - 92 - 7 - W7,

by * las® - 12:3 + 12;“ s 6:5 ‘ 3:6

l] -

l -

- 28 °

b Jlz)
0.00 0.000
0.01 0.031
0.02 0,062
0.03 0.086
004 0.130
0.05 0.166
0.06 0.204
0,07 0.244
0.08 0.285
0.uy G.520
0.10 0373
0.11 0421
0,12 0.470
0.13 0,522
0.14 0.576
0,15 0.633
0.6 0.692
0.17 0,754
018 0819
0,19 0.888
0.20 0,959
n.21 1034
022 1.113
0,23 1,195

J2u2)
-3.000

v 3071

-3.144
-3.218
-3.295
-3.374
-3.454
-3.537
-3.622
-3,700
-3.798
-3.890
-3.9814
-4.081
-4.179
-4.281
-4.385
-4,492
~%.6G1
-4,713
-4.829
-4,946
-5.067
-5,191

T 3302)

1.000
0.959
0.916
0.872
0825
n71

no2

0.5671
0615
6537
0. J6
n432
G.4s
0,205
0.222
0,146
C.067
-0.016

A nn
-\, AUV

-n.193
-0.288
-N.387
-0.490
-0,597

2:2 - 1.53 - L35 v 2:" - 25

T I42)

1,000
1.040
1.080
1.120
1,160
1.200
1,299
1.279
1318
1,357
1.396
1435
1473
1511
1548
1.585
1,621
1,657

1 800

ANV

1,726
1,760
1,702
1.824
1,854

7

‘ lug.

J5¢z)
1.000
1041
1.085
1,131
1.18C
1232
1286
1.343
1.403
§.467
1533
1.603
1676
1,753
1.833
1917
2005

Pz)
4.0000
3.9372
3.9798
3.94)7
39229
3.9045
38463
3.86t4
3.,3507
3.8333
3,8160
3.7658
3.7818
3.7649
3,740
3.7312
3.7144
3.697€¢
2 5R0R
36839
36468
3,687
356122
3,594
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Taliclas de

Pobnoemivs

Q.58

047

J1iz)
1282
1372
1,467
1.566
1.670
1779
1.893
2013
2.138
2270
2.407
2551
2701
2859
3,023
3166
3.376
3565
3.762
3.968
4184
4403
4 644
4 890
5.147
5415
5.695
5.988
6.203
3.611
6.943
7,288
7651
8.047
8.420
8.829
9.255
9.699

10.161

10643

11.144

o 11,666

12,208
T12.573
13.361
13972
14,607

P e —— e P —— R

J2z7)
-0.418
~-5448
-5581
-s.718
~5.858
~6.001
-6.147
-6.247
-6.451
-6.608
-6.768
-6 933
-7.101
-7.272
-7.448
-1627
-7.811
-7.998
-8.189
-8.385
~-R 584
-8.88
-8.995
-0.207
-9423
-9.643
-9.867

" -10.096
-10.328
-10.565
-10.£07
-11.052
' -11.302
=11 300
=11 314
-12.076
©-12 342
1-12.613
' -12 867
113,166
. ~13.418
C~13.7558
111024
T 128
-14 516
14917
-15, 21

J3ty)
-0.708
- -0.826
-0.948
-1.075
-1208
-1.34%
-1.491]
21,641
-1.794
-1.901
-2.132
-2.009
-7 494
-N.530
-0 RPE
-3.09)
-31312
-3,848
-3.773
-1.617
-4 271
-4.536
R EAY
5,097
-5.594
-5703
,=5.023
- 457
-6.703
- 7,003
-7.436
-T.823
-B.226

n s
-0V

F-9.076
1 -0.525
:-9991
-10 174
10,375
-11,434
-12.033
-12.590
-13.168
-13.756
~14,186
-15.007
-15.091

o J4z2)

1.883
1911
1,938
1962
1.986
2.007
2.027
2,044
20549
2072
2,082
2.089
2.094
2.090
2.0¥3
2.087
2.077
2,064
2,045
2,023
1,996
1.963
1,925
1881
1.831
1,774
1711

JSizy
2,802
2.49]
3125
3,265
1410
3451
3718
3.561
4051
4228
4411
4,602
4890
5.003
5218
5439
5 6h9
5907
6.154
6,410
6.576
6.951
7237
7532
7839
8.156
8.484
8,825
9.177
8542
$ 919

10,310

10,714

. 11,132

11.564
12011

© 12474

12,852
13,446

013,857

14,485
15,030
15,593

© 15,176

16777
17.398
15,039

Pizi
3.57701
3.5L40
3.5407
3.5220
3.5050
34850
34635
34430
34022
34007
3.274,
33608
3.3303
3.3050
3.0HiL
3.237)
32806
2udo
RURE]
1443
D R
VBesH
U447
RIBY
RUAIA
9310
.Buu2
8571
L2066
7843
7414
26466
2.6504
)
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.r—l
=
b

20303
19717
149
1259




L] Anais da E. 8. A. “Luiz de Queiroz"”

z . Jige) | J20z) ' I3z) | Jam) [ I5(z) i Piz) |
T071 . 15287 -15.529 1-14,379 | -2080 | 18,700 | 1.7675 |
S 072 115,954 | -15.840 |-17.000 | -2,407 | 19,384 || 1,/967 |
073 | 16,667 |-16,154 -17,826 | -2,775 | 20,089 |i 1.0248 |
i €74 117,408 |-16.471 |-18,587 | -3,186 ! 20,316 | 1,5518
P05 L 181TT | -i9.791 -193T4 | -3,579 21,567 i 14777 |
P 046 ,, 18,577 [-17,114 ;-20,138 | -4,01€ | 22342 || 14028
© GT7 {19806 |-17.439 ;-21,030 | -4478 | 23,147 | 1327
i 078 120668 |-17,768 -21,900 | -4,967 | 23965 || 12509 |
{079 21562 |-18,095 22,800 | -5482 | 248i5 || 11,1742 |
i 080 22490 ! -12437 [-23728 | -6026 | 25692 || 10972 |
., 081 , 23452 ;-18.759 ;-24,68¢ ! -6.590 ! 26595 ! 10203 !
i 0,82 ' 24,450 ;-i9,094 |-25,080 | -7,204 | 27527 | 09435 |
| 083 | 25486 | -19.420 ;-26,704 | -7,840 | 28487 | 0,847t ,
i 084 28559 |-19.785 [-27782 | -8.500 | 29477 | 07915 |
| 085 |1 27872 |-20,102 :-28,85¢ | -D214 | 30,407 I 07168 |
i 0.86 28826 |-20440 -29,980 | -9,954 [ 31548 ! 0,6434 !
. 087 130,621 |-20.777 [-31,143 1-10,732 | 32631 | 65717 |
i 088 131259 |-21,114 -32,343 -11,548 | 33746 | 0,5020 |
| 089 22542 |-2i451 -33,581 -12,406 ! 34,895 | ©,1347 '
. 080 133871 |-21,788 1-34,858 ;-13,305 ;36078 ! 0,3702 |
, 091 135247 [ -22.120 i-36,175 !-14.248 | 37.297 || 0.3080 |
i 692 | 36872 |-22.453 1-37,533 |-15,237 | 38551 i 0,2516 |
.+ 093 138,146 | -22,763 '-38,933 [-16,273 [ 39843 | 01985 |
094 ;139672 ;-23111 |~40378 (-17357 | 41172 I 01502
. 095 |, 41,252 1-23.436 |-41,863 |[-184(3 | 42541 | 0,1076 |
i 096 !{42888 |-23,758 i-13,305 |-10.681 | 43949 I 00709 |
¢ 097 [i 44576 |-24075 |-44.974 |-20,024 ! 45398 | 0,0411 |
| 0.8% 146324 |-74.389 -46,600 -22,223 ! 46,889 || 00188 .
i 089 148,131 |[-24697 -48275 [-23.581 | 48422 | 0.0040 |
i 100 150000 ,-75900 -50,000 {-35000 | 50,000 | 0,00nC !

TR




7. An Important Qbservation

Equation (2,1}, ailter arrsngememt with respect to sz, gives:

(n*rn*+rm-5) U (byy * &y2 - &y3 - T3y * 375) 86 ¢

(12y) - 973 - 93, * 6¥s) 2+ 2y - 3y - 1y3 - 8y, * 12y5) o -

(12y; - 8y, - 137y - 37, * 12y5) 82 * (63) - 9y - 975 * 12y) % +

Oyy = Tyy - byy * Ay, *hyg) 8+ ((Iyy v 73y, * 7g) = 0.

This equation must have at least one varustion in sign in order for
the graduation to be posaible. In effect, the absunce of such variation
indisates the non-existence of a positive root, and therefore the impossi-

51lity of finding the root between gero and cne, whick we require.
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