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FOREWORD

This report summarizes research conducted under USAF Contract No. 04 (611)-
10532 from March 1, 1965, to March 11, 1968, The contract was estavlished under Air
Force Program Structure No, 750G, AFSC Project No, 6753, AFSC Task No, 675304,
The work was performed by the Battelle Memorial Institute Columbus Laboratories for
the Air fForce Rocket Propulsion Laboratory, Tesearch and Technology Division, Ed~
wards Air Force Base, with Capt, John L, Feldman and Messrs, A, D'Arcangelo and
Roy A. Silver serving as contract monitors, The principal contributors to the report
were: Dr, L, E. Hulbert, Division Chief; Dr., H, J. Grover, Senior Fellow; Dr, R, E,
Keith, Associate Fellow; Dr, J, C. Gerdeen, E. C, Rodabaugl, and J. D, Jackson,
Senior Research Engineers, Dr, J, F. Lestingi, Research Engineer; and T, M, Trainer,
Program Manager,

This technical report has been reviewed and is approved,

John L. Feldman
Capt., USAF
Projec.t Engineer

ii




ABSTRACT

A 3-year program was conducted to establish analytical design procedures,
stress-analysis methods, techniques for manufacturing control, and other factors essen-
tial to the successful design and fabrication of metallic bellows and diaphragms, These
objectives were accomplished through the identification of parameters pertinent to bel-
lows and diaphragm design and fabrication, the development of improved stress-
analysis and buckling-analysis procedures utilizing a digital computer, the investigation
of selected aspects of corrosion, and the laboratory verification of theoretically pre-
dicted performance characteristics such as spring rate, effective area, vibration re-
sponse, and fatigue life for representative formed and welded bellows and diaphragms,
Extensive theoretical and experimental information is presented in the report as well
as guidelines to assist in the analysis and design of bellows and diaphragms,
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ABBREVIATIONS AND SYMBOLS APPEARING IN REPORT BODY*

Axial force on bellows, 1b

Meridional membrane resultant force, lb/in,

Effective shear resultant force in direction normal to the shell, lb/in,
Angle between normal to bellows surface and its axis of revolution, deg
Radial distance from bellows axis to a point on the bellows, in.

Bellows spring rate, lb/in,

Length of bellows included in mathematical model used for analysis, in,
Total live length of bellows, in,

Assumed axial deflection imposed on mathematical model of bellows, in.
Effective area of bellows or diaphragm, sq. in,

Internal pressure in bellows, psi

Effective radius or average radius of the bellows or diaphragm, in,
Lateral bending stiffness of a bellows, lb-in, 2

Modulus of elasticity, psi

Moment of inertia of the bellows cross section, in, 4

Outside and inside radii of bellows or diaphragm, in,

Correction factor for Seide bending forrnula for bellows

Total bending stress, psi

Stress due to pressure, psi

Stress due to axial deflection, psi

Additional stress caused by sidewise buckling of bellows, psi

Nominal bellows diameter, in,

Bellows thickness, in,

Natural frequency of bellows accordion vibration mode, cps
Acceleration rate due to gravity, n./sec?

Natural frequency of bellows bending vibration mode, cps

Weight of vibrating bellows, lb,

*Individual listings of abbreviations and symbots have been prepared for each Appendix, where applicable.
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INTRODUCTION

The Air Force Rocket Propulsion Laboratory has a primary responsibility of pro-
viding advanced technology for rocket propulsion systems through exploratory develop-
ment programs, As a part of this mission, improvements in the performance and
reliability of fluid-system components (valves and regulators) are being pursued vigor-
ously, This is being accomplished by investigations into individual component parts or
modules, i.e,, seals, fittings, seats, poppets, and actuators.

The Air Force Rocket Propulsion Laboratory initiated a contract with the Battelle
Memorial Institute Columbus Laboratories to investigate analytical design procedures,
scress-analysis methods, techniques for manufacturing control, and other factors es-
sential to the successful design and fabrication of bellows and diaphragms,

The initial phase of the program involved a literature and industry survey to deter-
mine the present state of the art of bellows and diaphragms. Technical Report No,
AFRPL-TR-65-215 (AD479056) was prepared to summarize the results of the survey
and present recommendations for activities during the remainder of the program. The
first half of the program was summarized in Technical Report No. AFRPL-TR-66-181
(AD801842), The following report summarizes the entire program. Because of the
scarcity of theoretical and experimental information on bellows and diaphragms, an
attempt has been made to prepare a reference that will be useful to manufacturers,
users, and government agencies responsible for the purchase of bellows and diaphragms,
Detailed data from all phases of the program have been included, and guidelines have
been prepared to assist in the analysis and design of bellows and diaphragms,

The report is divided into two major parts, The first part (the report body) sum-
marizes in essentially narrative form the principal features of bellows and diaphragms,
their primary performance characteristics, and the major associated manufacturing
aspects, The second part (the Appendixes) gives detailed summaries of the investiga-
tions conducted during the program. Although discussions of the data have been pre-
pared, further study of the data by the reader will undoubtedly yield additional insight and
understanding,



DESCRIPTIONS OF BELLOWS AND DIAPHRAGMS

Bellows and diaphragms are thin elements whose deflection characteristics are
utilized to provide movement in the structure of fluid systems. Generally, these items
are used when the need for motion is combined with the need for a hermetic seal.

Bellows and diaphragms are made in many sizes and shapes from a variety of ma-
terials. This program has been concerned with the types of metallic beilows and dia-
phragms used in aerospace tubing systems, and in components such as valves and regu-
lators. By mutual agreement with the Air Force, consideration has been given solely
to configurations operate< either totally or largely within the elastic state. Thus, no
work has been done with bellows and diaphragms used as expulsion devices,

This report section summarizes the principal types of metallic bellows and dia-
phragms of interest, and describes typical assemblies and applications. Because some
confusion exists as to terminology, an attempt has been made to use terms which are
consistent with current practice and clarity.

Bellows Convolutions

Most metallic bellows are cylindrical elements which contain annular circumfer-
ential corrugations. In flexible hose, the corrugations may be formed in a continuous
helix. Scme bellows are not cylindrical but have elliptical ur other noncircular cross
sections, However, these shapes are sufficiently unusual that they have not been in-
ciuded in the program,

Bellows are generally classified according to one of the four primary methods of
manufacture, i, e, (1) formed, (2) welded, (3) deposited, or (4) machined, Within these
classifications, the bellows are usually categorized according to the appearance of the
convolution cross section, as shown in Table 1,

Formed Bellows

Formed bellows are usually made from butt-welded tubing that has been fabricated
from sheet metal with closely controlled thickness, Formed bellows constitute at least
75 percent of the bellows which are manufactured. They can be produced in many maue-
rials and sizes, and at a cost much lower than that for other types of bellows, Diameters
up to 4 feet can be obtained, and one manufacturer advertises diameters up to 50 feet.

In comparison with welded bellows {see below), formed bellows have a higher spring rate
and require more ductile materials, However, because of the absence of circum-
ferential welds, they are more reliable than welded bellows.

Although 1'able 1 shows only single-ply configurations, most formed bellows can
be made with multiple plies, Three- and four-ply bellows are common. Multiple plies
are used to provide a greater resistance to pressure and a lower spring rate than would
be obtained with a single ply equal in thickness to the total thickness of the multiple plies.
The major types of formed bellows are described briefly.
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TABLE 1. MAJOR BELLOWS CONVOLUTIONS AND CHARACTERISTICS
- Resistance|
Convolution Axial Long Stroke| to Diff.
Shape Spring Rate| Capability | pPressure
FORMED
Semitoroidal M Very high | Very poor| Very good
U-shaped m Medium Fair Fair
U-shaped, ext. ring MI |m| le lw High Fair Very good
support
U-shaped, int. ring ) .
support High Fair Very good
U-shaped, ext. T-ring IWWL High Fair Very good
support
S-shaped ; 2 ; 2 ; 2 Medium Fair Fair
S-shaped, ext. ring J“ 26 ZQ High Fair Very good
support
Toroidal, ext, pressure g 2§ M L Very high Poor Excellent
Toroidal, int, pressure ( )( )( ) Very high Poor Excellent
WELDED
Flat /\W\/\ Medium Fzir Good
Stepped WM Low Good Fair
Single sweep )\}W\ “Mfedium Good Good
Nested ripple W Very low Excellent | Poor
DEPOSITED
U-shaped (can be varied) M Low Good Fair
MACHINED
Rectangular l l I ’ l I High Fair Excelleat
3




Semitoroidal. Semitoroidal bellows are attractive for materials with relatively
low ductility. The form also offers good pressure capability and stability., The con-
volutions may be truly semicircular, elliptical, or some combination of curves, A low
deflection capability per convolution and a high spring rate are major limitations of this
configuration,

U-Shaped. When flat sections are placed between the semitoroidal sections, a
U-shaped, or flat-plate, bellows configuration is formed. Over 50 percent of all the
bellows arz of this type. The shape is amenable to any of the methods for manufacturing
formed bellows, a variety of performance characteristics can be achieved by varying the
radii and depth of convolution, and supporting devices are easily installed externally or
internally,

S-Shaped, The S-shaped bellows is similar to the U-shaped bellows. By slanting
the straight sections between the semitoroidal sections, or by connecting the semi-
toroidal sections with curved sections, it is possible to form more convolutions and thus
achieve more deflection per unit length. The S-shaped kbellows is not as easy to manu-
facture and not as amenable to the use of supporting devices as the U-shaped bellows,

Toroidal, Toroidal bellows have been developed to reduce the pressure-induced
stresses in the bellows. By using a shape which is essentially circular, the effects of
pressure are more evenly distributed along the convolution, In addition, the stresses in
the convolution are less affected by an increase in bellows diameter than is the case with
the other convolution shapes, The Marquette Coppersmithing Company claims that their
OMEGA shape distributes the stresses more evealy than a true toroidal bellows. Zallea
Brothers advertise a HyPTor, or modified toroidal shape which is satisfactory for inter-
mediate pressures and is more flexible than a true toroidal shape, Although the toroidal
bellows permit high operating pressures, they are more difticult to manufacture than
the other formed bellows and have a high spring rate,

Rippled-Sidewall. Rippled-sidewall bellows are formed bellows that have convolu-
tion shapes similar to those of welded bellows. These bellows are relatively new and
the manufacturing methods are still being improved., The bellows are almost as compact
as welded bellows and are less expensive, The fatigue life of rippled-sidewall bellows
is more predictable than that for welded bellows because of the absence of circumferential
welds, If very ductile materials are used, rippled-sidewall bellows can be made with low
spring rates, However, some rippled-sidewall bellows have spring rates as high as or
higher than those for formed bellows, It is difficult to summarize the characteristics
associated with this new type of bellows, and performance data must be obtained from
each manufacturer.

Welded Bellows

Approximately 20 percent of the manufactured bellows have welded convolutions.
Welded bellows are made up of shaped diaphragms which are alternately welded together
at the inner and outer diameters, Although they are more expensive to manufacture
than formed bellows, welded bellows offer three significant advantages oser formed
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bellows: (1) a wider choice of materials, (2) more deflection per unit length, resulting
in shorter assemblies or longer strokes, and (3) a wider choice of performance char-
acteristics because of a greater variety of convolute dimensions and shapes, A few
companies offer a two-ply welded bellows, but most welded bellows have a single ply.
In general, welded bellows are available in sizes from 1/2 inch to 7 inches outside
diameter, Bellows in excess of 12 inches in diameter have been produced,

Table 1 summarizes the major types of welded convolutions, and their primary
characteristics., Most welded bellows are of the nested-ripple configuration because
this design makes maximum use of the advantages of low spring rate and compactness,
However, the other configurations have attractive characteristics for certain applica-
tions, Despite the impressive welding techniques that have been developed by the manu-
facturers of welded bellows, the large amount of welding required (approximately
18 inches per convolution in a 3-inch-OD bellows) makes fatigue failure less predictable
for welded bellows than for other types of bellows,

Deposited Bellowse

Two kinds of deposited bellows are commercially available; chemically deposited
and electrodeposited, Both methods can be used to produce any shape that can be de-
posited on a machined mandrel, In each method an aluminum mandrel is machined for
each bellows, and after the bellows material is deposited, the mandrel is dissolved,

The primary advantages of the processes are the ability to produce: (1) very thin-walled
bellows, (2) bellows having no welds, (3) very small bellows, and (4) special shaped
bellows, Chemically deposited bellows can be made with wall thicknesses from 0.0003
inch to 0,005 inch, and with diameters from 0,060 inch to 12 inches. Electrodeposited
or electroplated bellows are usually produced in nickel or nickel-cobalt alloy, Sizes are
available from 0,063 inch to 1, 250 inches in diameter, with wall thicknesses varying
from 0. 0003 inch to 0, 006 inch,

Machined Bellows

Machined bellows are turned or ground from bar stock, tubing, or forged rings of
most materials used in other types of metallic bellows, as well as of materials not found
in sheet stock., High-strength, high-endurance, heat-trcatable tool steels, in addition to
high-strength, low-modulus titanium alloys can be used, The design of machined bellows
is customized, with most machined bellows having high spring rates, Machined bellows
have been made from 1/4 inch to 60 inches in diameter, for pressures as high as
12, 000 psi,

Bellows Assemblies

Although bellows can be used in an extremely wide variety of ways, certain types
of assemblies have become relatively common. In general, these assemblies, some of
which are shown in Figure 1, prevent certain types of motion and limit other types of
motion,




External Gimbal Assembly Universal Assembly

Insulated Universal Asscmbly Ducting fissembly

(Permission has been granted to use the above reproductions by the
Aeroquip Corporation/Marman Division, Los Angeles, California)

FIGU. £ 1. TYPICAL BELLOWS ASSEMBLIES
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Braided

Bellows can bz distorted by internal pressure in a manner referred to as "squirm',
When squirm occurs, the bellows deflects as a column, causing plastic distcrtion in one
or more convoluticns. Metal braiding is commonly used to provide external support for
such bellows and to protect the bellows from external damage. This configuration is
most common in {lexible metal hoses, Braiding may cause abrasion of the bellows and it
may accelerate corrosion of the bellows,

Sleeve

A bellow's may be provided with an internal sleeve to reduce fluid-scrubbing con-
tact with the Lellows. Such contact can cause flow losses, abrasion, noise¢, and flow-
induced vibration which can lead to early failure, The length of the internal sleeve can
also be used to limit the amount of axial compression of the bellows,

Slide

A slide assembly is similar to a sleeve assembly except that telescoping sleeves
provide axial guiding and prevent squirm. Slide assemblies are attractive for systems
subjected to high surge pressures and temperatures,

Universal

——

A universal assembly contains two bellows joined by a common connector for the
purpose of absorbing any combination of the three basic movements, i, e., axial deflec-
tion, lateral deflection, and angular deflection, Limit rods are often used to distribute
the movemeat between the two bellows and to stabilize the common connector, This
configuration can tolerate more lateral deflection or offset than one bellows equal in
length to the two bellows.

Internally Linked

Internally linked assemblies utilize struts inside the bellows in the flow stream to
limit movement in all directions, Such assemblies are simple, compact, and lightweight,
but they introduce significant flow losses,

Hinged

A hinged bellows is designed to permit angular deflection in one plane only by the
use of a pair of pins through hinge plates attached to the ends, The hinges and hinge
pins must be designed to resist external forces and thrust due to internal pressure.

Gimbaled

Gimbaled bellows assemblies provide for angular deflection in any direction from
the tubing axis, Internal or external gimbals can be used. They are made with two
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sets of hinge plates attached to a gimbal ring and function in a manner similar to a
universal joint,

Pressure Balanced

A pressure-balanced bellows assembily is designed to absorb axial movement and/
or lateral deflection while absorbing the end thrust by means of tie devices interconnect-
ing the flow bellows with an opposed bellows also subjected to line pressure, This type
cf assembly is normally used where a change of direction occurs in a run of tubing.

Bellows Applications

Bellows are used primarily in two ways: (1) as motion compensators and (2) as
calibrated transducers, Typical applications are discussed briefly,

Expansion Joints

Many bellows are used as expansion joints to compensate for movement occurring
in tubing as a result of temperature changes and/or external loading, With the wide
variety of tubing systems, movement can be transmitted to a bellows as compression,
extension, offset, rotation, or combinations of these motions. Many of the "standard"
bellows assemblies were developed to compensate for thermal changes in industrial tub-
ing and piping systems,

Flexible Connectcrs

Bellows are often used to compensate for structural deflections, misalignment,
and tolerance accumulation. Thes+ “unctions may be fulfilled by a short, plain bellows
or by relatively iong, flexible metal hoses with metal braiding or other types of ex-
terior covering,

Pressure and Temperature Sensors

One of the most common uses for bellows is the actuation of some device as a func-
tion of a change in the pressure or temperature of a fluid system, The fluid may be ex-
ternal or internal to the bellows. For temperature sensing, the bellows system often
incorporates a liquid whose vapor pressure reflects the temperature being sensed, The
vapor pressure is then used to actuate the bellows, When the bellows moves in response
to pressure changses, the movement is utilized to actuate a device such as a valve or
switch, Because the bellows responds very quickly to changes, the movement can be
used beoth as a proportioning signal and an on-off signal, Diaphragms and Bourdon tubes
are also used extensively for these functions,



Reciprocating Shaft Seals

Although most reciprocating shafts are sealed with some kind of packing, increas-
ingly stringent operating requirements have resulted in the wider use of bellows for
sealing, In a number of aerospace valve configurations, formed and welded bellows have
been utilized to provide: (1) hermetic sealing in the closed position, (2) opening forces
(from controlled pressure differentials), and (3) closing forces (from the spring rate of
the bellows). The use of metallic bellows makes possible the provision of these features
over a wide (emperature range for a variety of corrosive and reactive fluids,

End-Face Seals

The ability of a bellows to provide sealing and to act as a spring ani motion com-
pensator makes it ideal as a means of pressing face seals together on rotating shafts,
Because of their compact construction and low spring rate, welded bellows are com-
monly used in face-seal assemblies,

Hydraulic Motors and Actuators

For small power requirements, particularly for remote operation, bellows can be
used for converting mechanical work to hydraulic work or for converting hydraulic work
to mechanical work, For example, a liquid-filled system may consist of two bellows
connected by tubing, The movement of one bellows causes movement of the other
bellows,

Vibration Dampeners

Just as springs with frictional elements for energy adsorption are used as vibra-
tion dampeners in mechanical systems, bellows may be used as vibration dampeners
for fluid-containing structures, Because the bellows itself responds to certain vibration
frequencies, care must be taken to assure that the bellows is not excited by the fre-
guencies transinitted from the system structure,

Accumulators and Shock Absorbers

In a hydraulic system, a btellows can function as a flexible container to maintain
oil flow or to absorb surge pressures. The primary requireinents are long stroke,
resistance to high differential pressure, and quick response,

Volume Compensawors

For liquid systems of small volume, bellows furnish an attractive means of com-
pensating for fluid exparsion or contraction Hermetically sealed floated instruments
such as gyros and accelerometers are typical applications,




Flexible Couplings

Although bellows are not usually designed to transmit torsional loads, bellows
have been found to be attractive for transmitting small torques, particularly for
instrumentation-type equipment, The bellows can tolerate some misalignment and the
torsional stiffness of the bellows insures accurate rotational transmission, Bellows-
type flexible couplings are available for shafts up to 1/2 inch in diameter.

Di ohragm Configurations

A diaphragm is a thin disk-like element which deflects in a direction substantially
perpendicular to its flexible surface. Metallic diaphragms are classified as flat, or
nearly flat, and corrugated. They are used primarily as actuators to transform pressure
into linear motion and fcrce., Corrugated diaphragms are preferred for aerospace com-
ponents such as valves and regulators because their average sensitivity over a large
range of pressure is greater than that of flat diaphragms of the same size, their zero-
position under no-load is more stable, much larger deflections can be obtained without
permanent deformation, and a variety of pressure-deflection characteristics may be ob-
tained for a given size diaphragm by using different depths or shapes of corrugations.
This report is concerned oniy with corrugated diaphragms,

In contrast with the variety of information on bellows sizes and shapes contained in
the open literature and listed in catalogs, little information is available on commercially
available corrugated diaphragms, The most complete discussion of possible diaphragm
configu(rla)Ltions and their performance characteristics is contained in a publication by
Newelll 1)*,

In general, the work reported by Newell(l) and by Wildhack, et al., (2) gshows that
increasing the number of corrugations increases the initial flexibility as well as the
average flexibility over the usable range, although dizphragn:s with more corrugations
may be more nonlinear, Diaphragms with shullower corrugations exhibit better initial
flexibilities within limits, but at the cxpense of decreasing the linear range. According
to Wildhack, et al.,(2) diaphragms made with triangular and trapezoidal shapes provide
linear force-deflection characteristics for deflections up to at least 2 percent of the
diameter, with the trapezoidal shape being slightly stiffer and the triangular shape being
slightly more flexible than the corresponding diaphragm with the same number of circu-
lar corrugations. Although empirical relationships have been developed, the design of
corrugated diaphragms is reported to be largely a process of trial and error.

According to a survey by Giannini Controls, (3) corrugated diaphragms are manu-
factured in sizes from 0.875 to 6.0 inches in diameter, and are usually joined together
in pairs to form a capsule. .hey can be used to sense pressures from 0.5 to 400 psi;
however, the majority of units are used to sense pressures from 5 to 100 psi, and most
units are less than 2,5 inches in diameter. Most diaphragms will not be more than
1 percent nonlinear if the displacement is kept below 2 percent of the diameter, If non-
linearity of more than 1 percent is acceptable, displacements up to 5 or 6 percent can
be obtained,

References are given on page 73,
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Diaphragm Applications

The publication by Newell(1) 1ists 15 major and several minor application classifi-
cations for corrugated diaphragms. The most important applications from the stand-
point of this program are: (1) pressure and .2mperature sensors, (2) reciprocating
shaft seals, and (3) voluine compensators., Since these applications have been discussed
previously for bellows, they will not be repeated. It should be noted that the primary
advantages of diaphragms as compared with bellows are greater sensitivity and more
compact shape for some components, Low deflection and low pressure capability are
the primary limitations of diaphragms, although the pressure capability is often in-
creased by the use of supporting springs and stops,




PERFORMANCE CHARACTERISTICS OF
BELLOWS AND DIAPHRAGMS

Bellows and diaphragms are usually used to provide motion in some part of a
liquid or gaseous system while maintaining.a hermetic seal between the system and its
environment, In such applications, a bellows or a diaphragm mav be subjected to dif-
ferent combinations of pressure and deflection loading., When the application is that of
a calibrated transducer in an instrument, the primary characteristics of the bellows or
diaphragm which determine satisfactory performance are; spring rate, effective area,
effective volume, and those material characteristics which cause changes in reading,
such as hysteresis, inelasticity, creep, etc. When the application is that of a motion
compensator, the primary bellows and diaphragm performance characteristics are
spring rate, effective area, buckling pressure, fatigue life, corrosion resistance, and
vibration response, When a bellows is used in a tubing system, flow losses and fiow-
induced vibration are also important characteristics, Motion compen. "tion was of
primary interest to this program, and the associated performance characteristics are
discussed in this report section, For completeness, brief comments are also included
concerning the characteristics associated with instrument applications,

To obtain reliable estimates of most bellows characteristics, a basic requirement
is the accurate prediction of the stresses and strains at each point of the bellows under
the given loading conditions. Most manufacturers have developed approximate pro-
cedures for predicting maximum stresses and strains in their standard bellow lines.
These procedures are based on beam or plate theory or, in some instances, on simpli-
fied shell theory. The application of such procedures usually includes provision for
empirical correction factors which have been determined from tests on sample bellows.
Once these formulas have been established experimentally, they can be utilized in the
design of similar bellows. However, these procedures do not give detailed stress calcu-
lations in all parts of the bellows, and each empirically established formula is applicable
only to bellows very similar to the ones tested,

One of the principal objectives of the current research was the development of a
unified procedure for accurately predicting the detailed stresses and deflections in
bellows and diaphragms of any cross-sectional shape, Because of the complex shape of
many types of bellows and diaphragms, it became clear early in the study that a com-
puter program would be required as part of the procedure,

After considerable investigation, it was decided that the most useful available com-
puter program was one developed by Dr, A, Kalnine of Lehigh University (formerly of
Yale University). A modification of this computer program, called MOLSA, was used in
the early part of the research, Later, MOLSA was replaced by a computer program
NONLIN, which was developed by Dr. J. F. Lestingi*. Program NONLIN provided for
the analysis of the geometrically nonlinear elastic deformations of bellows and dia-
phragms, as well as for the analysis of linear deformations as accomplished by MOLSA.
A discussion of the selection and evaluation of the computer programs is given in
Appendix A, Appendix B gives a detailed description of the computing program NONLIN,
It is believed that program NONLIN will become a standard tool for estimating stresses
and strains in bellows and diaphragms,

Now at the Univers:ity of Akron
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Appendixes D, E, F, G, and H give detailed results of the theoretical analyses of
typical formed and welded bellows, and a comparison of these analyses with experi-
mental results, These investigations are summarized here,

Stresses in Bellows and Diaphragms

Program MOLSA was first evaluated through comparisons of computer results
with theoretical and experimental results for bellows and diaphragms reported in the
literature, These comparisons demonstrated the general applicability and reliability
of the computing program, To evaluate MOLSA and NONLIN in more detail, a major
part of the research consisted of: (1) formulating a procedure that yielded accurate
mathematical models of formed and welded bellows and of diaphragms, (2) utilizing
these mathematical models in the computing program to obtain predictions of stresses
and strains in representative bellows or diaphragms under typical loads, and (3) com-
paring these predictions with experimentally determined stresses and strains,

After some investigation, it was determined that no nondestructive method would
provide sufficiently accurate dimensions for the mathematical model, The method
finally adopted involved encapsulating the bellows or diaphragm, sectioning it along a
diameter, polishing the sectioned specimen, and measuring the required dimensions with
a traveling microscope. Each specimen chosen for encapsulation was one of several that
were made at the same time with the same set of dies, so that the specimens of each lot
were very similar, It was believed that the predicted stresses and strains based on the
analysis of the mathematical model of the encapsulated specimen could be used to pre-
dict the stresses and strains in other specimens of the same lot.

To check the analytically predicted stresses, 1/64-inch strain gages were mounted
on one specimen of each lot, For formed bellows, gages were mounted on the outside
surface of selected bellows crowns and on the inside surface of selected bellows roots,
On welded bellows, the strain gages could be mounted only on the bellows flats near the
crown weld, On the diaphragm, it was possible to mount strain gages at several radial
positions, Appendix Q contains a detailed description of the placement of the gages, of
the conduct of the tests, and of the methods used to select representative measured
strains for calculating experimentally determined stresses,

Stresses in Formed Bellows

Analysis of Stresses ‘n Formed Bellows, In order to test the general applicability
of the analysis procedure for formed bellows, it was decided to test {ormed bellows in
three sizes and two me¢terials, Type 347 stainless steel bellows were obtained with in-
side diameters of 1 inch, 3 inches, and 5 inches. Bellows made from Inconel 718 were
obtained with inside diameters of 1 inch and 3 inckes, The configurations were analyzed
utilizing the computing program NONLIN as applied to mathematical models obtained
from careful measurement of encapsulated specimens. The stresses and strains ob-
tained from these analyses were compared with strains measvred by strain gages on a
convolution near the center of each strain-gaged bellows,

Table 2 shows a comparison of the theoretically calculated and experimentally
determined stresses in the different formed bellows loaded by internal pressure and by
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axial compression, This comparison shows excellent agreement between the theoretical
and experimental stresses for the 3- and 5-inch bellows, and somewhat poorer agree-
ment for the 1-inch Inconel and the 1-inch stainless steel bellows. All stresses for the
larger bellows agreed within 15 percent except for one measurement on the 3-inch
Inconel bellows, For the l-inch bellows, the theoretical meridional stresses (which
were the largest stresses) agreed with the experimental stresses to within 30 percent,
The source of error was not determined, Since it was believed that the resolution of
this discrepancy would require a considerable effort, and since the theoretical predic-
tions for the small bellows were always conservative, it was dccided to postpone further
investigation of this problem. However, computer programs are now being developed
for the analysis of 3-dimensional bodies of revolution (as opposed to shells of revolution),
It is believed that the use of these programs will permit investigation of the applicability
of the theory of thin shells to the analysis of bellows in which there are limited sections
with small radius-to-thickness ratios,

As described in Appendix Q, data from only two meridional strain gages were used
to calculate the experimental values of the crown meridional stresses on the middle con-
volution, A further check on the theoretical predictions of the stresses at the crown was
made by comparing the theoretical meridional crown strain with the strains measured
by all five of the meridional crown gages that were used on each bellows, The results
of this comparison are summarized in Table 3, This table lists the theroetically pre-
dicted crown strains for internal pressure and axial compression, the representative
strains as obtained from the two crown gages used to determine the representative
stresses reported in Table 2, the largest strains and the smallest strains measured at
one or the other of the five gages, and the overall average of the strains of all five gages,
Both internal pressure and axial deflection are included, An examination of Table 3
leads to the following conclusions: (1) in alrnost every case the averaged value of the
strains for the five gages was closer to the theoretical value than the average of the two
gages used earlier, (2) there was considerable improvement in the correlation between
the theoretical predictions and measured strains for both 1-inch bellows, and (3) except
for the maximum deflection strain measured in the 3-inch Inconel bellows, all measured
strains were either very close to or were less than the theoretically predicted strains.

It is believed that the correlation between the theoretical and experimental results
reported here gives impressive evidence of the accuracy and applicability of the analysis
procedure in predicting stresses and strains in formed bellows,

Discussion of Stresses in Formed Bellows. Formed bellows are used in systems
that must be subjected to relatively high pressures and in applications where relatively
high spring rates and small axial deflections can be tolerated, The formed bellows de-
sigred for a given application is always a compromise between a deep U-shaped bellows
with larger deflection capability and a shallow convolution semitoroidal-type bellows
with more pressure capability, Within the constraints imposed by spring~rate require-
ments and minimum buckling loads, the selected bellows should have the lowest maxi-
mum stresses under the most severe combinations of the operating pressure and
deflection,

In selecting the best formed bellows configuration, the parametric studies of
formed bellows discussed in Appendix D will be helpful. As shown in Appendix D, the
deflection and pressure stress patterns vary greatly, depending on the general bellows
configuration. Because the pressure and deflection stresses are combined algebraically,
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TABLE 3.

Meridional Deflection Strains,

Meridional Pressure Strains,

THEORETICAL AND EXPERIMENTAL STRAINS FOR CONVOLUTION
CROWNS OF TYPICAL FORMED BELLOWS
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the parametric curves in Appendix D can be used to estimate the best approximate con-
figuration for each application. To determine the pressure and deflection stresses
accurately in the final bellows configuration, however, it is necessary to calculate the
stresses for the exact bellows dimensions. This can be readily accomplished with the
compuiing program NONLIN,

Stresses in Welded Bellows

Analysis of Stresses in Welded Bellows. The procedures for the theoretical and
experimental stress analysis of welded bellows are generally the same as for the
formed bellows, A comparison of the theoretically predicted and experimentally deter-
mined stresses for four typical welded bellows made of two representative materials is
given in Table 4, A review of Table 4 shows fair agreement between the theoretical and
experimental stresses, This agreement is significant since the strain gages were placed
in regions where the stresses were varying rapidly so that the stresses measured by
the gages were affected considerably by the location of the strain gages, Moreover, the
comparison between the experimental and theoretica! stresses depended upon the deter-
mination of the radial location of each strain gage,

Although the data accumulated for the welded bellows were not as extensive as that
obtained for formed bellows, it is believed that the applicability of the theoretical-
analysis procedure to welded bellows has been demonstrated,

Discussion of Stresses in Welded Bellows, Welded bellows are used in applications
involving moderate pressures and large axial movement at low spring rates, In con-
trast to formed bellows, the maximum pressure and deflection stresses in welded bel-
lows of standard design always occur near the root and crown welds, This is extremely
undesirable since it means that the maximum stresses occur in a notched heat-affected
zone, The change in section resulting from the weld bead also represents a possible
source of stress concentration,

One of the most significant results of thic research program has been the dis-
covery that it is possible to redesign nested-ripple welded bellows so that the stresses
near the crown and root welds are virtually eliminated, This design change involves
tilting the bellows flats with respect to the axis of the bellows. Appendix D gives a dis-
cussion of an investigation of the optimum tilt angle for two bellows configurations,
These results show that (1) it is possible to find a tilt angle for the flats that achieves
dramatic reduction in the stresses in the weld areas for both axial deflection and pres-
sure loading and (2) tilting the flats raises the spring rate by less than 20 percent,

By reducing the stresses near the welds, so that the maximum stresses occur
away from the weld areas and in an area where the metal has the properties of the
original sheet material, the fatigue life of welded bellows shoulid be significantly im-
proved, It is believed that this slight design change alone should result in a major im-
provement in the operating characteristics of welded bellows if optimum tilted flat con-
figurations can be found for most types cof welded bellows convolution shapes,
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Stresses in Diaphragms

Analysis of Stresses in a Diaphragm. The diaphragm used for this study was a
4-inch convoluted diaphragm made of stainless steel. In contrast to the bellows, the
diaphragm configuration allowed placement of strain gages at several positions, This
permitted a far more detailed comparison of the theoretical and experimental stresses
than was possible for the different bellows, The stress analysis of the diaphragm under
upward and downward axial deflection of the hub and under pressure loading is discussed
in detail in Appendix I, The comparison of the theoretical and experimental stresses in
the diaphragm under the different loading conditions is shown in Figures I-18 through
1-20, These figures demonstrate the impressive accuracy of the theoretical analysis
tech-.ique in predicting stresses and strains in corrugated shells,

Discussion of Stresses in Diaphragms, Diaphragms have a wide application in
pressure-measuring instruments and other systems where maximum sensitivity to
change in pressure is desired, Corrugations have been added to diaphragms to increase
their flexibility. When flexible corrugated diaphragms undergo large deflections of
several times the thickness, they exhibit highly nonlinear behavior, This means that
deflections and stresses cannot be accurately predicted with linear theory, but nonlinear
theory must be used, Accurate nonlinear calculations are now possible with the use of
computer program NONLIN, although the accuracy does decrease as the degree of non-
linearity increases, There were insufficient funds on the program to investigate this
relationship in detail,

For the 4-inch diaphragms analyzed during this research program, it was fourd
that the stresses were high near the outside edge, but highest near the inside edge
adjacent to the hub, It was also found that care had to be taken in superimpcsing stresses
from pressure and from central hub loading, because the nonlinear response was differ-
ent for the individual loadings than for the combined loadings, For example, upward
pressure loading and downward deflection loading of the hub produced maximum stresses
of the same sign near the hub, Simple addition of stresses from the individual loadings
gave a total stress which was appreciably different from the actual total stress under
combined loading. Even though individual results may be fairly linear, combined load-
ings can result in nonlinear response due to higher combined deflection, Computer pro-
gram NONLIN can be used for combined loadings as well, and such a calculation should
be made if combined deflections are expected to be large,

Very large deflection loading of the 4-inch diaphragm produced fatigue failures at
an inner convolution, This was probably a result of geometrical nonlinearity causing
the location of maximum stress to shift from the hub to an inner convolution, It has not
been determined whether NONLIN can be used for this degree of nonlinearity,

Spring Rates of Bellows and Diaphragms

The spring rate of a bellows or diaphragm can be defined as the average axial
force necessary to deflect the bellows or diaphragm a unit distance, or as the ratio of
a given axial force to the axial deflection caused by that force., The former vaiue is
usually supplied by the manufacturer. However, since many bellows and diaphragms
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exhibit some spring-rate nonlinearity even in the "linear" region, the value for the
latter calculation may be different from that for the former calculation. (For example,
see Tables G-3 and G-4 of Appendix G.)

Spring rate is one of the important characteristics needed for the selection of
bellows and diaphragms. Although it is quite easy to measure the spring rate of a
bellows or diaphragm, this has always been one of the most difficult characteristics to
predict accurately. The primary reason for this difficulty is that the spring rate in
essence is an integration of the stresses in all parts of the bellows or diaphragm. Con-
sequently, measured spring rates were expected to be a sensitive indication of the
accuracy of the stresses calculated using the compuating program NONLIN, It was found
that, in almost every case, the theoretical spring rate predicted for each lot of experi-
mental bellows was within the range of experimentally measured spring rates for that
lot.

The spring rate of an analyzed configuration can be calculated very simply from
the analyses of the axial deflection cases, In an analysis of a bellows or diaphragm, an
assumed axial deflection, 0, is imposed on one end of the theoretical model, Once the
stress analysis has been performed, the axial force, F, required to produce the deflec-
tion & is found from the formulta

F=2mr (Ng sin® + Q cos ¢) , (n

where N¢ and Q are the meridional and transverse resultant forces at any point in the
bellows or diaphragm, r is the radius of the point from the centerline, and ¢ is the angle
between the normal to the shell and the axis at the point, Although this formula holds at
every point, it is obviously more convenient to use at some point where ¢ is 0 deg or
90 deg, that is, at a point where the shell is either normal or parallel to the axis. Onze
F has been determined, the spring rate, k, of the bellows is calculated from the formula

F Lo

k =
& Lg ’

(2)

where L, is the axial length of the mathematical model, and L is the live length of the
actual bellows, For a convoluted diaphragm, the spring rate is simply given by

k=F/5 ,

since the mathematical model on which the analysis is based is the same as the actual
diaphragm.

The experimental determination of the spring rate is made by observing the incre-

ments of bellows cr diaphragm deflection caused by increments of axial force,

Comparison of Theoretical and Experimental
Spring Rates for Bellows

Table 5 shov's the measured spring rates for the formed bellows test specimens,
the average spring rate for each bellows type, and the theoretical spring rate calculated
from each bellows model, In every case the predicted spring rate was within 10 percent
of the averaged measured spring rate, Table 6 shows a similar comparison between the
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theoretical and experimental values of the spring rates for welded bellows. The the-
oretical spring rates for the welded bellows were calculated from a nonlinear deflection
calculation. Although the agreement between the theory and experiment is not as
striking for welded as for formed bellows, it is still very good.

Some apprec:iation of the variation in bellows behavior introduced by the welding
in welded bellows can be gained by comparing the compressive-extension spring-rate
relationships for formed and welded bellows. In formed bellows, the absolute spring-
rate values varied, but the extension spring rate was almost always the higher value.
Within a given lot of welded bellows, at least one or two bellows departed from the
pattern relationship established by the majority of the lot. The variations in welded
bellows spring rates can also be large. For example, compare the compression spring
rates of JD134 (60 lb/in.) and JD141 (95 lb/in.), and the compression spring rate of
JD135 (62 1b/in.) with the extension spring rate of JD135 (85 1b/in.). It is apparent that,
for critical applications, the spring rates of each welded bellows must be determined
experimentally. -

Comparison of the Theoretical and Experimental
Spring Rates for Diaphragms

Table I-7 compares the theoretical and experimental spring rates for a convoluted
diaparagm. It is seen from this table that the calculated spring rates were somewhat
higher than the experimentally measured spring rates. It is believed that this was
caused primarily by differences in shape between the diaphragm on which the spring
rate was measured and the diaphragm used to construct the mathematical model. Dif-
ferences in shape in diaphragm convolutions might have a cumulative effect un the spring
rate of the cdiaphragm, while differences in the convolutions of bellows tend to average
out. It was shown in Appendix I that there was a significant chance that the diaphragm
could interact with the hub as well as with the rim when it was deflected downward, and
that this interaction could have a significant effect on the spring rate. However, it was
not determined whether this had any bearing on the diacrepancy between the measured
and experimental spring rates.

Effective Area of Bellows and Diaphragms

The effective area of a bellows or a diaphragm is a measure of the axial force
caused by internal or external pressure. If a bellows loaded by a pressure, p, is re-
strained by an axial force, F, so that its length under pressure equals the free length,
then the effective area of the bellows is given as:

A=F/p
The effective area of a pressurized diaphragm held to its free position by an axial force

on the hub is determined by the same formula.

The theoretical prediction of the effective area of cither a bellows or a diaphragm
is calculatzd quite easily from the analysis of the pressure~loaded and axially restrained
hbellows or diaphragm. The axial force for the diaphragm is obtained from the formula:

F=2mrQ+mr ép (3)

where rg is the radius of the hub and Q is the transverse shear at the edge of the hub.
In a bellows the axial force is determined from the formula:
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F=2nr (Qcos ® - Ng sin¢) + 'rrrozp

, (4)
where Q and Ny are the transverse and meridional stress resultants, r, is the radius to
the point at which Q and Ng are determined and ¢ is the angle between the normal to the
bellows surface at this point and the bellows axis, While this formula holds at any point
of the bellows, it is most convenient to use at a point where ¢ is 0 or 90 deg, Both Ng
and Q are printed out by program NONLIN at each point of the bellows or diaphragm to
facilitate this calculation,

Appendix D describes the parametric stress analysis of 24 formed bellows, Effec-
tive areas were calculated from analysis of each of these bellows under pressure loads,
In every case the effective area was given to within 1-1/2 percent by the formula
A = mR2, where 2R is the average of the OD and ID of each bellows,

Comparisons of the experimentally determined and theoretically calculated effec-
tive areas for the formed- and welded-belicws test specimens are given in Table 7,
The agreement between these results is good,

The theoretical effective area for the diaphragm JD181 was 7. 55 in.2 while the
effective measured effective area of Diaphragm JD190 was 7. 72 in.2,

TABLE 7, THEORETICAL AND EXPERIMENTAL EFFECTIVE AREAS FOR
TYPICAL FORMED AND WELDED BELLOWS

P e o
—— —-

Theoretical Experimental
Bellows Size Bellows Effective Area, Bellows Effective Area,
and Type No, 3q in. No. sq in,

Formed Bellows

5-inch stainless steel JD92 22.3 jD8s 21.0

3-inch stainless steel JD68 8,62 JD69 8.66

1-inch stainless steel D29 1,05 D28 1.06

3-1r.ch Inconel 718 JD124 8,41 D122 8,33

1-inch Inconel 718 D117 0,98 D110 0,96
Welded Bellows

3«inch stainless steel JD136 8,10 JD131 8,25

1-inch stainless steel JD171 1,37 D167 126

3-1/2-inch AM-350 JD158 7,85 JD155 7,32

1-1nch AM-350 D150 1,30 JD143 1.27

Elastic Buckling and Plastic Collapse
of Bellows and Diaphragms

The thin-wall construction of bellows and diaphragms makes them particularly sus-
ceptible to overstressing and excessive deformation due to pressure, Although bellows
manufacturers usually provide pressure ratings for each bellows, standard rating defini-
tions have not been established and the detailed procedures and calculations used to
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determine the pressure ratings are often not available, More importantly, it has been
established in the current research program that a bellows may be overstressed at low
pressures and small deflections because of elastic buckling (partial squirm). Further,
when combined with compression, internal pressures that are less than the maximum
rated operating pressure may cause plastic collapse of the bellows (squirm) within the
maximum deflection rating. Thus the response of bellows to internal pressure is an
important consideration in their design,

Elastic Bucklin_g_ of Bellows

As far as is known, the problem of elastic sidewise beam-column buckling, or
partial squirm, is appreciated by few, if any, bellows designers, and estimates of
stresses resulting from elastic buckling cannot presently be obtained from bellows manu-
facturers, Hov-ever, as discussed in Appendix J, such stresses can be estimated if:

(1) The lateral bending stiffness D, lb-in, 2 ig calculated using the analysis
procedure described in Appendix B

(2} Imperfections in the bellows are included in the analysis,

Calculation of Lateral Bending Stiffness, D, The buckling strength of a bellows as
a beam column is proportional to its lateral bending stiffness, D, D is comparable to
EI for conventional beams, where E = modulus of elasticity, psi, and I = moment of
inertia, in. 4 Theoretical calculations and experimental measurements of D are shown
in Table 8 for typical bellows analyzed in this research program. The bending stiffnesses
increase with the nominal diameter, and are much lower for welded bellows than for
formad bellows, The experimental values in Table 8 are average values for each bel-
lows lot., The specific values of D showed some variation within each lot.

In the literature, the lateral bending stiffness, D, of a bellows has been related to
the axial spring constant, k, by the Seide formula:

D = 0,500 k R° L, , (5)
where
_ R0 + Ri
R = —3 — = average bellows radius

L = total live convolution length of bellows.
The factor 0,500, which is exactly correct for a cylindrical shell, has been shown in this
research program to be incorrect for some beilows, The Seide formula has been re-
written with a factor 2

D-akRL (6)

C

Theoretical and average experimental values of 2 are shown in Table 9 for typical bel-
lows, The experimental range of o for all sizes of formed beliows tested was 0.356 < v <
0.643. Thus, x = 0,500 can be used as an approximate average value for bellows, but
for a more accurate determination, a computer calculaticn should ke made.
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TABLE 8, THEORETICAL AND EXPERIMENTAL VALUES OF THE
LATERAL BENDING STIFFNESS D FOR TYPICAL
FORMED AND WELDED BELLOWS

————————— e —

Nominal Bellows Number Lateral Bending Stiffness, D, lb-in. 2
Diam, in, of Plies Material Theoreticall2) Experimental Average

Formed Bellows

1 1 321 8§ 13.8 12,2
1 1 Inconel 718 15,4 16,4
3 | 321 SS 480, 4 586, 3
3 1 Inconel 718 -- 413, 4
3 2 321 88 960, 8 1007.3
5 1 321 SS 4507,0 4124.0
Welded Bellows

1-1/2 1 347 SS 9.44 6. 80

1-1/2 1 AM-350 12,83 8,02
3 1 AM-350 58, 50 63.5

3-1/2 1 347 SS 37.90 44,5

(a) Calculated using the analysis procedure described {n Appendix B,

TABLE 9. RELATION BETWEEN BENDING STIFFNESS D AND
SPRING CONSTANT k FOR TYPICAL FORMED AND
WELDED BELLOWS

Factor a -y
?
k Q LC

'y

Nominal Bellows Number
Diam, in, of Plies Material Theoretical(2) Experimental Average

Formed Bellows

1 1 321 8S 0, 480 0,434
1 1 Inconel 718 -- 0. 493
3 1 321 SS 0. 540 0. 533
3 1 Inconel 718 -- 0. 547
3 2 321 SS 0. 540 0.501
5 1 321 SS 0.536 0,471
Weldea Bellows
1-1/2 1 347 SS 0. 581 0. 406
1-1/2 1 AM-350 0. 699 0,430
3 1 AM-350 0. 457 0. 495
3-1/2 1 347 SS 0. 537 0.575

(a) Calcwarzed using the shell computer program for a mathematical model of an encapsulated and cross-szctioned specimen,
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Calculation of Theoretical Critical Loading Conditions, With the bending stiffness
D known, the Euler critical load for a perfectly straight bellows may be calculated from
the formula:

2
4n°D
Per=—"3 . (7)
Le

For a bellows under internal pressure and axial compression, the equivalent axial load
Pcy is a combination of a pressure force and a compression force as given by Equa-
tion (J-16) in Appendix J. Critical internal pressures without axial compression are
given in Tables J-23 and J-24 for typical formed bellows and typical welded bellows,
respectively If the bellows were perfectly made, these would be the conditions that
would cause gross buckling, or squirm, of the bellows.

Calculation of Stresses Caused by Elastic Buckling. Although the critical buckling
pressure calculated for one of the experimental formed bellows was more than 330 psi,
the actual bellows tested were found to exhibit detectable sidewise movement at pres-
sures of less than 80 psi, The reason for this was found to be that instead of being per-
fectly straight, the bellows were actually bowed slightly, so that they had the appearance
of a slightly bent beam, (Deviations like this from the ideal shape are usually called
"imperfections!,) Because of this imperfection, internal pressure in the bellows in-
duced a bending moment that tended to increase the bow, and the bellows began to de-
form sideways from the onset of the pressure loading. It was also observed that the
ends of many of the test bellows had a sideways offset relative to each other, so that the
bellows had a slight S-shape. This is another type of imperfection that will lead to an
early sidewise deformation when the bellows is pressurized internally, Theoretically
derived curves of load vs, sideways deflection are shown in Figure J-8 for two types of
bowing imperfections,

The sidewise movement of a bellows introduces additional strains and stresses in
the convolutions of the bellows, Thus, the total stress is:

°T=0p+°A+°M ’ (8)

where 9p and 0p are the usual axisymmetric stresses from internal pressure p (psi) and
compression A (in,) and o)q is the additional asymmetric stress from sidewise bending
of the bellows due to beam-column buckling. As shown in Appendix J, the stress o)q can
be determined from computer calculations using the mathematical model of the bellows
if measurements are made of the bellows imperfections.

At the inner surface of an inner convolution of a 5-inch bellows, the meridional
stresses were calculated to be:

Op = 40, 000 psi

and
oM = 11,500 psi

forp=78 6psiandA =0,0in. The stress value 11,500 psi corresponded to a modest
sidewise deflection of 0,004 in. Thus, elastic beam-column buckling of a bellows may
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result in an appreciable increase in stress in the bellows, If this stress fluctuates with
the other fluctuating stresses, the fatigue life of the bellows may be significantly re-
duced. (In the fatigue tests conducted during this research, the pressures were held
constant, so this type of stress was probably not a factor in the fatigue failures,)

Plastic Collapse of Bellows

Plastic collapse of a bellows results in gross permanent deformation of the
bellows which makes it unfit for further use. At the limit load at which collapse occurs,
a sufficiently large region of the bellows convolutions becomes wholly plastic so that
adjacent elastic or elastic-plastic regions of the convolutions no longer restrain the
plastic region, Whereas initial buckling deflections can be analyzed using elasticity
theory, the terminal-collapse state necessitates the use of the plasticity theory, Only
axisymmetric plastic collapse under internal pressure was considered in detail during
this program, However, comments are included on nonsymmetric plastic collapse,
i.e., the permanent squirm which results when the elastic beam-column buckling loads
are exceeded, Comments are also included on the plastic deformation of diaphragms.

Axisymmetric Plastic Collapse, The elastic solution for stresses in shells has
been employed by Marcal and Turner{4) to obtain a lower bound on the axisymmetric
collapse pressure for bellows, As a first approximation, this method was also tried in
this study, The method consists of scaling up the maximum elastic stress state at a
point in a shell to the plastic collapse value, In the 5-inch bellows the maximum stress
occurred at the roots of the convolutions and was predominantly a bending state of stress,
Scaling up the corresponding bending moment to the plastic collapse value gave a plastic
collapse pressure of 116 psi,

Tests with these bellows showed that collapse occurred at internal pressures of
about 260 to 270 psi. Even if allowance was made for strain hardening due to forming
and fatigue-test cycling at the root, it did not appear that this accounted for the larger
observed collapse pressure - particularly since the root area was also observed to re-
main relatively rigid at collapse, Thus, use of the elastic solution to predict lower
bounds based upon maximum elastic stress did not provide sufficient accuracy,

Marcal and Turner had much better success, This is believed to be due to two
different kinds of plastic collapse which are related to two different ranges of diameter-
to-thickness ratios, The diameter-to-thickness ratio for the 5-inch bellows was
d/h=5.0/0,010 = 500, whereas the ratio for the bellows tested by Marcal and Turner
ranged from 8,2 to 23,6. It is reasoned that a membrane stress state predominates at
plastic collapse of the thin-walled bellows (d/h = 500), and that a bending-stress state
predominates at plastic collapse of thick-walled bellows (d/h = 10).

If the above reasoning is correct, then the maximum membrane stress calculated
elastically should result in a better prediction of the collapse pressure, The following
method was tried: the membrane stress resultants from ths elastic computer solution
were taken at the inflection point where the bending moment was 0, and were scaled
up to the collapse va.ue, The resulting calculation of 313 psi was quite close to the ex-
perimental values, It was believed that this was as close an approximation as could be
made without conducting a complete detailed theoretical-plastic analysis, which was be-
yond the scope of the present program,
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Theoretical predictions of collapse pressures were then made for other bellows,
The pressures causing axisymmetric plastic collapse were found to be significantly
higher than the elastic buckling pressures. Thus, beam-column buckling will be the
mode of failure, unless the bellows is restrained, e.g., by a housing, guide rods, etc,

An interesting use of restraint has been reported by Newland(s), who analyzed the
buckling resistance of a universal expansion joint, Such a joint incorporates two bellows
joined by a length of rigid pipe. He has shown that, by providing a correctly designed
supporting structure, the critical buckling pressure can be increased up to four times
the value for the same system without supports,

A bellows clamped at both ends and subjected to external pressure will not buckle
as a beam column, but it may buckle locally as a shell, The crowns of the formed
bellows, which are parts of toroidal shells, will develop compressive hoop stresses
under external pressure. Thus, the crowns may bucklelb) in a nonsymmetric inode,
particularly if the shell thickness is small in relation to the radius of curvature of the
crown, Welded bellows also may be subjected to local shell buckling in their leaves
under external pressure, The analysis of shell buckling is very complicated and was
beyond the scope of the present research program,

Bellows subjected to external pressure can be expected to have plastic-collapse
pressures of about the same values as predicted for internal pressure collapse. For ex-
ample, plastic-collapse internal pressures found for 5-inch formed bellows were 250 to
270 psi. External pressures of this magnitude, likewise, may cause plastic collapse.

It is difficult to predict whether elastic buckling or plastic collapse will be the
dominant failure mode under external pressure. If the bellows is very thin, then elastic
buckling may predominate. If not, plastic collapse may predominate. A combination of
failure modes may also occur, i.e,, elastic-plastic buckling, This is a problem that
warrants further investigation.

Estimates related to axisymmetric plastic collapse pressures can usually be ob-
tained from bellows mannufacturers, Often called "maximum allowable pressure'!, or
"proof pressure!, the cited values usually incorporate a safety factor so the bellows will
not suffer permanent deformation when the fluid system is given a proof-pressure test
at the rated pressure. The values are usually based on tests in which the bellows is re-
strained at its free length anli laterally supported, As described above, if the bellows is
not given lateral support, deformation will occur at pressures much below the cited
value, Even with lateral restraint, if the bellows has a large deflection loading, the
bellows convolutions may collapse below the cited pressure value,

Some manufacturers list burst pressures for bellows, This may be the pressure
at which axisymmetric collapse is expected, Since the material usually does not rupture
at the initial stage of collapse, this value represents a safety factor for burst, A burst-
pressure value can also represent a calculation based on the ultimate tensile strength of
the bellows wall. As such, it has little practical meaning since rupture may take place
at a lower pressure in a location where the bellows has creased during deformation,

Nonsymmetric Plastic Collapse, If the elastic beam-column buckling loads are
exceeded, the highly stressed parts of the bellows convolutions will deform plastically
and a state of permanent squirm deformation will result, Equation (8), above, can be
used to calculate the pressure and axial compression required to cause stresses in the
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plastic range and thus to predict the loading conditions that cause the beam-column type
of plastic collapse, This collapse is essentially a continuation of the elastic buckling
deformation beyond the elastic limit  f the material, and it, too, depends upon the how-
ing and offset imperfections of each bellows,

This mode of failure is reasonably well known and squirm-producing combinations
of pressure and deflection can be obtained from some manufacturers, However, some
references have implied that a bellows which is "square!' (length equal to or less than
the diameter) will not squirm, On the contrary, many "'square' bellows will squirm at
less than their maximum compression rating when the internal pressure is equal to the
maximum rated operating pressure.

Plastic Collapse of Diaphragms

Overpressure experiments were conducted on the 4-inch stainless steel corrugated
diaphragms. The diaphragms exhibited plastic deformation at pressures as low as 12 to
17 psi, These initial plastic-collapse pressures were relatively small; the diaphragms
withstood much higher pressures withcut burst (up to 300 psi), but they did so with a
great change in shape, This behavior was attributea to favorable geometry change during
deformation, As noted in Figure 1-26, the diaphragms deformed from the corrugated
shape toward a semitoroidal shape with flattening of the corrugations, Thus, large
plastic (and permanent) deformations were possible without appreciable material stretch-
ing, but with appreciable bending at the roots arnd crowns of the corrugations, i,e,, ma-
terial was available in the corrugations to permit a grossly deformed shape without re-
ducing the thickness,

Overload deflection experiments were also conducted, The ceniral hub of a dia-
phragm was deflected with the outside rim clamped. Plastic deformations were first
observed at a load of 13,7 pounds. Subsequent tests to higher loads (up to 26, 3 pounds)
showed that strain results for subsequent runs at a certain load level were essentially
the same, These results indicated that the diaphragm could be cycled into the plastic
range with repeated strain readings after very few cycles, However, the spring constant
changed during cycling, and the load-deflection curves hecame quite nonlinear (concave
upward),

It was found that the pressure and deflection load required to cause initial plastic
deformation could be estimated by a lower-bound analysis., The maximum bending
moments predicted by linear computer calculations (using NONLIN) wers scaled up to
the yield values, Lower bounds of 5,5 psi and 13, 6 1b were estimated as compared with
initial plastic loading values of 12 to 17 psi and 13,7 1b from the experiments,

The overload experiments indicated that corrugated diaphragms can withstand

loads much beyond their initial plastic-collapse values, Accurate prediction of this kind
of behavior would require an elastic-plastic theoretical analysis.

Vibration of Bellows and Diaphragms

The life of bellows and diaphragms may be drastically reduced if resonance causes
amplitudes greater than those estimated for the normal operating conditions. Resunance
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can occur in response to vibration of the supporting structure, Beilows in a fluid line
can also experience flow-induced vibration,

Structurally Induced Vibration in Bellows

The generzl approach to a structurally induced vibration problem is to use a
bellows which will not resonate with the structure, or to apply various dampening de-
vices to the bellows, Formuias can be used to estimate resonant frequencies in a
bellows, Because bellows are lightly damped structures, resonance must be prevented,
and the adequacy of each assembly in the vibration environment must be demonstrated
in the laboratory,

Vibration Formulas, The problem of structurally induced vibration in bellows was
investigated in some depth by the Bell Aerosystems Company(7) as a part of a program
on the design of expulsion bellows, Three modes were studied: (1) the longitudinal or
accordion mode, (2) the transverse or beam mode, and (3) the liquid mode,

Bell was able to predict the accordion and beam vibration modes using formulas
for a solid bar and beam when the constants used in the formulas were interpreted cor-
rectly, Calcuiations of the natural frequency for bellows clamped at both ends, un-
damped, and vented to atmosphere can be made by substituting the appropriate values
in the frequency equations shown below.

Accordion Mode Beam Mode
2
A kR “g
fn=1/z/‘V£V5- f = [ (9)
m 2L, (W)

f = fundamental natural frequency for the accordior mode, cps

where

fundamental natural frequency for the lateral beam mode in cps
when the constant A, = 22

L
-
1

k = axial spring rate of bellows, 1b/in,
g = acceleration due to gravity, 386 in, /sec2

W__ = weight of metal in the convolutions, 1b

R, = outside diameter of the convolutions + 2, in,

-
I

live length of the bellows,

The liquid mode, which occurs in the longitudinal direction when vibration-induced
pressure surges in the contained liquid interact with the expulsion bellows, was more
difficult to analyze, Although Bell developed an analysis approach for this problem, this
mode usually does not cccur in bellows used in aerospace components such as valves and
regulators, and the accuracy of the analysis method was not investigated.
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Investigation of Vibration Formulas, The applicability of Bell's accordion and
beam-mode formulas for small bellows was evaluated during the current program through
theoretical and experimental vibration analyses of each of the test bellows, Each analy-
sis consisted of: (1) determining the weight and spring rate of the bellows, (2) calculating
the natural frequency for the accordion and beam modes of vibration, and (3) subjecting
the bellows to axial and transverse vibrations on a Caladyne shaker table, Since this
work is not described in an appendix, it is reported in some detail here,

The estimated weight of the bellows was obtained by estimating the developed
length of the bellows and multiplying this by the average thickness to obtain the volume
of metal used in the bellows. As a check, a similar estimate was made of the weight of
the end fittings and other parts of the test specimens not including the bellows, This
weight was subtracted from the measured weight of the test specimen to obtain the
bellows weight,

The axial spring rate of each bellows was obtained by measuring the load-deflection
characteristics of the bellows, and then calculating the slope of the load-vs, -deflection
curve, Since vibration of the bellows alternately places the individual convolutions under
tensile and compressive loads, the spring-rate value used in the frequency equation was
the average of the extension and compression spring rates.

When the theoretical resonant frequencies of the bellows had been calculated, the
bellows were mounted in a fixture (see Appendix Q) and attached to the Caladyne shaker
table. Each bellows was subjected to accordion and lateral-mode frequency scans irom
100 cps to 10,000 cps to determine resonant frequencies, Since some indications of
resonance by tne acceleration meter on the shaker console were produced because of
fixture vibration, each indicated resonant period was checked by means of stroboscopic
observation to verify that the resonant behavior was associated with the bellows and not
the fixture, In some cases the amplitude of lateral response was so slight that accelera-
tion indications of resonance were meaningless and a touch sensing approach was used
to detect the resonant periods,

Results of Theoretical and Experimental Analysis, Calculated ard observed
resonant frequencies for the test bellows are shown in Table 10, For the formed bel-
lows, the experimental results for the accordion mode correlated -rery closely with the
formula predictions, The experimental results for the lateral beam mode did not cor-
relate well with the theoretical predictions, and it was concluded that the beam formula
is not applicable to the type of bellows tested, Exai.aination of the results in Table 10
showed that the experimental lateral frequencies were everywhere substantially less than
the theoretical predictions of the classical beam theory. This was attributed to the
effects of shear deformation and rotary inertia. These effects are known to result in
lower frequencies than predicted by the classical theorv and cause a greater reduction
for shorter length beams, (8) Inclusion of these effects for the complicated geometry of
a bellows was considered beyond the scope of the present program,

The results for the welded bellows were essentially the same zs for the formed
bellows: the calculated and observed values for the accordion mode were quite close,
while the calculated and ohserved values for the beam mode disagreed more than for
the formed bellows,

All the bellows tested exhibited low internal damping and extremely narrow re-
scnant periods. Except for nonstandard modes of vibration caused by noncentroidal
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excitation, bellows response to inputs other than true harmonics was practically negli-
gible, Light applications of Coulomb damping eliminated bellows vibration altogether,

Flow-Induced Vibration in Bellows

Little theoretical work has been done on flow-induced vibration in bellows, and
since this is not a problem in bellows used in aerospace components, this performance
characteristic was not investigated during the currasnt program, If flow-induced vibra-
tion occurs, it can often be prevented by a liner in the bellows which separates the con-
volutions from the flow stream. However, unexpected flow-induced vibrationis a
frequent cause of bellows failure in piping systems.

Vibratiorn of Corrugated Diaphragms

The only publication found in the literature search that pertained to the analysis of
the vibration of corrugated diaphragms is a paper by Akasaka and Takagishi, (9) Their
analysis is very approximate: they predict the natural frequencies of a diaphragm with
shallow corrugations using formulas for orthotropic flat plates, The corrugated dia-
phragm has less stiffness in the meridional direction than in circumferential direction,
The authors have used the method of Haringx(10) to estimate the stiffnesses in the two
directions, (Haringx conducted only static analysis,) They also include the effect of a
concentrated mass (hub) at the center of the diaphragm, Their results of an experiment
on ore diaphragm agreed very well with the approximate formula, This diaphragm, how-
ever, was very shallow — the amplitude (half-depth) of the corrugations (0, 85 mm) was
only about twice the thickness (0, 4 mm) and the half-wave pitch of the corrugations was
very large (6 mm},

The formula of Akasaka and Takagishi is not considered applicable to nonshallow
diaphragms, where the amplitude-to-pitch ratio is much greater than 0, 1. The authors
mention that "informal! experiments show that the formula predicts frequencies much
too high, For nonshallow diaphragms, rotary inertia of the corrugations and other
secondary effects must be accounted for, This is best accomplished by conducting a
correct shell analysis of the diaphragm, This, however, was beyond the scope of the
present program.

Akasaka and Takagishi show that the natural frequencies increase with increase of
edge tensile force, as would be expected, It is also expected that the frequencies would
be higher for a pressurized diaphragm,
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Flow Losses

No work was done in the current program on the problem of flow losses in bellows
because this performance characteristic is not of major importance for bellows in
aerospace components. However, for completeness, the following material has been re-
produced from the literature™,

able for turbulent flow in smooth tubes,
rough tubes, channels, valves, and elbows,
data for turbulent flow through unlined flexible
hose and bellows are severely lacking. To fill this
void, data from several sources, in addition to the
authors experimental data, were correlated to pro-

q LTHOUGH satisfactory design data are avail-

from Fig. 1. Direct substitution permits solving
for the pressure loss.

Specific data for various flexible hoses can be ob-
tained.!»* For approximate calculations, typical
physical dimensions are given in Table 1 for several
nominal diameters.

'Reterences nre tabulated at end of article.

vide a generalized method for predicting the pres-
sure loss of both straight and bent flexible sections.

Generalized Method: Friction factors for straight Nomenclature
flexible sections as a function of the flow param- —
eter, Reynolds number, and the relative rough- :; K‘:@f&:’l’:ﬁﬁf :; ::23\:;:!'1;; "
ness of t_hg internal diameter are shgwn iq Fxg.' 1. f = Darcy-Weisbach friction factor
These friction factors can be used in conjunction g = Acceleration of gravity, ft per sec?
with the Darcy-Weisbach pressure-loss equation: = 32.2 ft per sec?

2 L = Length of bellows, in.
AP - E \a . n §; = Cross-sectional area of bellows, sq ‘n.
T4 x 2 P S; = Cross sectional flow area of fitting, sq in.
. V = Fluid velocity, ft per sec

The hose selected determines the values of the AP = Pressure loss, psf
physical dimensions. Using the values of the rel- p = Fluid density, Ib per cu ft
ative roughness, e/d, and the Reynolds number, # = Fluid viscosity, 1b per ft per sec
dvp/12y, the value of the friction factor f is read

0.3 T

0.25 /4035

0.2 — 0.2%

[~ 0.20

* 018 v 018
8 o4 L = !
g / A 010
e 4 1
g 0.1 - 0.05+
S 008 e
= i r l

0.06

1 l
0.0410‘ 2 4 § 8 40 2 4 6 8 yg8 2 4 5 8 qof

Reynolds Number

Fig. 1—Friction factors for flexible metal hose as a function
of Reynolds number and relative roughness.

Daniels, €, M., and Li?:?eland,/ J. R, "Determimng Pressure Drop in Flexible Metal Hose", Adapted from MACHINE
DLSIGN, November 25, 1965, Copyright 1965 by The Penton Publishing Company, Cleveland, Ohio
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Equivalent Length, L/d
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Bend Losses: Since the flexible section is used
to allow variable misalignment or bends in a tube
or duct system, the pressure-loss factors of bent
flexible sections are included as a function of bend
radius, Fig. 2, and bend angle, Fig. 3.

To obtain the bend ioss, first calculate the rela-
tive radius, R/d. From Fig. 2, find the total loss
for a 90-deg bend as equivalent length, L/d. Ob-
tain the bend-angle correction factor, C, from Fig.
3. To obtain the pressure loss, substitute C(L/d)
for L/d in Equation 1. Friction factor f is obtained
from Fig. 1.

The same answer can be obtained by adding
the inertia loss of the bend from Fig. 2 (corrected
for bend angle by data from Fig, 3) to the length
of the flexible hose. This latter method may be

Vable 1—Typical Dimensions of Flexible Sections

Nominal Inside Outside Wall Height of
Size  Diameter Diameter Thickness Convolutions
(in.) d(in.) (in.) (in.) (in.)
3/1€ 0.188 0.308 0.008 0.034
" 0.255 0.491 0.010 0.108
% 0.390 0.668 0.012 0.127
1’4 3.520 1.804 0.012 0.130
% 0.582 0.861 0.012 0.128
% 0.750 1.190 0.014 0.208
1 1.000 1.398 0.012 0.187
1% 1,284 1.850 0.018 0.267
1% 1.500 2,132 0.016 0.300
2 2.000 2.876 0.016 0.322
3 2.962 3.413 “0.027 0.424
4 4,000 4,700 0.027 0.323

/ Total loss
of bend

/ of bend

Inertia loss

o

_____,__..———-———

/P"/—‘

e e |
6 8 10 12 14 16 18 20

Relative Radius, A/¢

easier if the entire flexible hose is not used in
the bend.

Connection Losses: Because the inside diameter
of the flexible section seldom matches the inside
diameter of the connecting tube or duct, expansion
and contraction pressure losses are encountered.
These follow the established analogies.+

The values of K calculated from these equations
can be substituted for f(L/d) in the Darcy-Weis-
bach eguation to obtain pressure loss.

Rerexences
1. C. M. Danjels— ''Pressure Losses in Flexible Meta! Tubing.’’
Product Engineering, Vol. 27, No. 4, April, 1956, pp. 223.227.
2. C. M. Daniels and R. E. Fenton—''Determining Pressure Drop
in Flexible Metal Hose.'' MaCHINE DRSION, Oct. 13, 1960, pp.
103-198.

3. R. C. Hawthorne and H. C. Helms—''Flow in Corrugated Hose,’’
Product Engineering, Vol. 34, No. 13, June, 1863, pp. 98-100.
4. 1. H. Perry—Chemical Enginesrs Honddook, McGraw-Hill Book

Co. Inc,, New York, 1950, p. 388.

Fig. 2—Bend-loss factor for a 1.4 T
90-deg bend angle as a function
of the ratio of elbow bend Ky = Chype /
radius to the flexible hose dia- 1.2 -
meter.
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Fig. 3—Bead.oss factor in 0.2 —
terms of a 90-deg bend loss.
00 30 60 90 120 150 180

36

Bend Angle, 8 (deg)




Fatigue of Bellows and Diaphragms

Fatigue failure is one of the most common types of failures in bellows and dia-
phragms., In normal service, the life of a bellows or liaphragm is determined by the
cumulative effect of the deflection and pressure stresses (or strains) to which it is sub-
jected, As summarized in the next section, corrosion can significantly reduce fatigue
life, Fatigue life can also be reduced by stress concentration at points of geometrical
discontinuity, material variations, residual stresses, and heat-affected material, On
occasion, unexpected modes of deformation can cause high stresses which result in pre-
mature fatigue failure. Common causes of such overstressing are damage during ship-
ment, improper installation, dynamic resonance, excessive stroke, and excessive
pressure,

Until the present program, there has been no method by which the deflection and
pressure stresses could be accurately evaluated for bellows and diaphragms, Thus,
each manufacturer has been required to develop empirical design data based on fatigue
tests of the manufacturer's bellows, With sufficient data, it has been possible to con-
struct nomographs relating different fatigue life cycles to different percentages of max-
imum deflection and maximum pressure for the types of bellows tested. (Maximum de-
flection and pressure are those values, with appropriate safety factors, which will
cause permanent deformartion in the bellows.) Such nomographs are available from a
number of bellows manufacturers.

It was demonstrated in the present research study that the computing program
NONLIN could be used to accurately predict the elastic strains in bellows or diaphragms
of any shape subjected to either axial deflection or internal pressure. One of the major
tasks in the study was an investigation of the feasibility of using the theoretically pre-
dicted maximum strains in a bellows to predict the fatigue life of the bellows under a
given cyclic load, The planned approach involved testing formed bellows, welded bel-
lows, and diaphragms to establish their fatigue limits at different levels of cyclic strain
as calculated by the program NONLIN, These experimental results were then to be
compared with data obtained from standard fatigue tests made on metal coupons of the
same material. If a correlati-n could be established between the fatigue lives of the
bellows and diaphragms at the calculated strain ranges and the fatigue lives of the cou-
pons at the same strain ranges, then the relatively ample coupon fatigue data available
in the iiterature could be used, together with NONLIN, to predict fatigue life of bellows
and diaphragms, Appendixes K through N give detailed descriptions of the fatigue tests
conducted in the program and the resvlts obtained. These results are summarized
briefly here,

Formed Bellows

An investigation was carried out for formed bellows made of Type 321 stainless
steel and Inconel 718, The results of this investigation showed that NONLIN could be
used together with coupon data to estimate the minimum fatigue life of a formed bellows
subject to the following limitations:
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(1) The lifetime values estimated from coupon data may be optimistic because of
variations of actual bellows from the geometric model on which the computa-
tions are based, and because of residual stresses and material variations
which the theoretical treatment does not include,

(2) When such factors have been taken into account by a few fatigue tests on bel-
lows formed by a similar process and from similar material, the stress
analysis can be used to provide good interpolations and moderate extrapola-
tions for different loadings and moderately different geometries.

Welded Bellow_s_

In contrast to the formed-bellows fatigue tests, no satisfactory correlation could
be obtained beiween the fatigue life and the theoretically predicted maximum strain for
welded bellows made of either Type 347 stainless steel or AM-350, As discussed ear-
lier, it was demonstrated that the strains predicted by Program NONLIN were satis-
factorily accurate, However, the tests showed considerable variation both in fatigue
life and failure location for bellows subjected to the same maximum strain range, This
fatigue-life variation was apparently the result of manufacturing variations associated
with the welding process (such variations are not accounted fcr by Program NONLIN),
Significant variations in the fatigue life were observed both for bellows made by differ-
ent manufacturers and for nomninally identical bellows made by the same manufacturer.

As a result of the tests, it was concluded that the variability of the fatigue life
resulting from manufacturing variations must be experimentally determined for each
manufacturer's process, This requires the same type of testing that manufacturers
currently perform to establish fatigue nomographs. Thus, although the computer pro-
gram NONLIN can be used to analyze the stresses and strains in welded bellows and to
aid in their design, the fatigue life of welded bellows must still be established experi-
mentally, It must be emphasized that experimental determination of welded-bellows
fatigue life must be based on a sufficiently large number of tests,

As discussed in Appendix N, it has been demonstrated that a combination of com-
pression and pressure may reduce the life of welded bellows significantly, This occurs
if the slight ballooning caused by the pressure causes the diaphragms of the bellows te
interfere during compression, thereby greatly increasing the stresses at other points of
the cross section, Although the analytical prediction of this condition would be very
difficult, it can be determined experimentally because the diaphragm interference
causes a significant change in the spring rate of the bellows, Since each welded bellows
should be used as much in compression as possible to obtain the longest fatigue life
(see Appendix N) these tests must be conducted to assure that diaphragm interference
will not be encountered,

The tilted-edge welded-bellows configuration to be investigated in a follow-on pro-
gram is expected to experience fatigue failure in the parent material rather than in the
weld areas. If this is achieved, the procedure for estimating the fatigue life of formed
bellows may be applicable to the tilt-edge configuration.
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Dia.p_hragms

Insufficient tests were conducted during the present program to provide the depth
of understanding of fatigue-failure modes for diaphra jms that was obtained for formed
and welded bellows, It is believed that the fatigue characteristics of diaphragms are
very similar to those of welded bellows when the maximum cyclic stress occurs in a
weld area, When the maximum cyclic stress occurs at one of the convolutions, the
failure mode is more like the failure mode of formed bellows. The nonlinear-stress-
analysis program can be used as a basis for estimating the fatigue life of diaphragms.

Corrosion of Bellows and Diaphragms

Because of the thin materials of construction, bellows and diaphragms are very
susceptible to corrosion-induced failure. To prevent this, three types of precaution
must be taken, First, the bellows or diaphragm material must be selected so that little,
if any, corrosion will occur under normal operating conditions. Sscond, the manufac-
turing procedures must be reviewed in detail to determine that corrosion will not be
initiated during fabrication and that the finished item will be completely free of corro-
sive substances. Third, all system abnormalities must be reviewed for the possible
creation or introduction of corrosive agents in the fluid systems,

An understanding of the different types of corrosion and of the applicable corro-
sion data is required to accomplish these objectives, Appendix O presents information
pertinent to the corrosion of bellows and diaphragms in aerospace applications. Because
corrosion rates are greatly affected by many factors, i, e., temperature, time, mate-
rial composition, etc., care shouldbe taken in extrapc ating corrosion data, It may be
necessary to conduct tests to simulate the expected corrosion conditions.

The prevention of fatigue failure is particularly important for bellows and dia-
phragms in aerospace applications. Because very few data were available conceirning
the effect of typical rocket fuels and oxidizers on the fatigue life of typical bellows and
diaphragm materials, selected tests were conducted to obtain representative data (see
Appendix O). The following guidelines summarize the results of these tests.

N204

At 200 F, a reduction in the design fatigue life (based on 200 F air data) should be
made for most of the common alloys, A reduction ofat least 50 percent is suggested for
aluminum-base alloys and 60 percent for the austenitic stainless steels. Thus, if the
air data suggest a 10,000-cycle life, a reduction of 60 percent to 4000 cycles should be
applied to the 300-series stainless steels. A 60 percent reduction is also recommended
for the martensitic or other high-strength steels, until such time as additional data are
available,

Laboratory data suggest that titanium and its alloys have excellent resistance to
impact-fatigue-type loading in N,O4 at 90 F (11) At 200 F, however, some reduction in
design fatigue life is indicated particularly for the red grade of N2O4. No reductions
may be necessary for the green grade of Np)Oy4. This is based on the fact that at tem-
peratures above, say, 100 F, titanium alloys have been found to stress-corrosion crack
in red N0y but not in green NyO4.
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The fatigue life of most metals would probably be reduced less as the temperature
of the environment is lowered, However, since no data are available at this time, the
same reduction in cycle life should be applied at room temperature as at 200 F. Above
200 F, a greater reduction in cycle life should be applied,

Hydrazine Fuels

At 200 F, no detrimental behavior was found for 6061-T6 aluminum alloy or Type
347 stainless steel in the UDMH-hydrazine mix. No correction for corrosion fatigue
should, therefore, be required for other aluminum-base or stainless steel alloys in any
hydrazine-type fuel, All corrosion data available to date indicate that hydrazine,
UDMH, A-50, and monomethylhydrazine behave similarly for aluminum and stainless
steels,

It is pointed out, however, that specification hydrazine can contain as much as
2.5 percent water, High water content would be expected to promote corrosion and thus
could adversely affect fatigue life, In this case a particularly weak area might be at the
juncture of the bellows and end fixtures, where galvanic effects from dissimilar metal
contacts could lead to premature failures,

No recommendations can be made at this time about the fatigue behavior of other
alloys in hydrazines because of the inherent danger of catalyzed decomposition of the
fuel and the possible increased rate of corrosion,

ClFj3

In ClF3, aluminum-base and nickel-base alloys (provided they have adequate gen-
eral corrosion resistance) should provide a fatigue life equivalent to their respective air
data, Thus, no correction for corrosion fatigue may be required up to 200 F,

Copper and many of its alloys show an equally high order of resistance to ClF3
compared with the nickel-base alloys, It is believed that no corrosion fatigue will re-
sult in C1F3 up to 200 F.

A correction for corrosion fatigue should be made for all stainless steeis, A re-
duction by up to 60 percent of the air fatigue life is suggested as a reasonable value.

Titanium and titanium alloys are rapidly attacked by ClF3 and should not be con-
sidered for such service,

Other Fluorine- Base Oxidizers

The behavior of aluminum-base and nickel-base alloys in other fluorine-base
oxidizers such as fluorine, FLOX, NF3, and N2F4, would be expected to be similar to
that in C1F3, Thus, no correction for corrosion-fatigue behavior is believed necessary
up to 200 F,

In fluorine-type propellants, copper-base alloys would be expected to behave
similarly to the nickel-base alloys, and should perform with little or no reduction in
fatigue piroperties up to 200 F.
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As with C1F3, a reduction by 60 percent of the air-fatigue-life value is recom-
mended for the stainless steels in other fluorine-base oxidizers,

It appears that corrosion-fatigue data on fluorine-base propellants should not be
extrapolated at this time to other than the materials discussed above,

Consideration should also be given to the limited protection to physical damage
afforded by the thin walls of bellows and diaphragms. In fluorine-base oxidizers this
problem is especi. ly serious because the protective fluoride film can be easily damaged
by abrasion or by the mechanical motion of the bellows, Breakuown of the film in local-
ized areas could lead to reduction in fatigue life. Thus abrasion vibration, impingement,
high flow rates, etc,, should be avoided.

Characteristics Important to Instrumentation Applications

Ideally, bellows and diaphragms would deflect exactly the same amount when an
equal increment of force or pressure load was added or subtracted. Linearity of re-
sponse can be prevented by geometrical aspects of the bellows and diaphragms, How-
ever, even when there is geometrical linearity and when the material remains well
within the elastic limit, small departures from linearity can occur which are important
to precision instruments. The term "anelasticity' has been used to denote the non-
elastic behavior of solid materials in the low stress range., Included in this term are
such effects as hysteresis, drift, aftereffect, recovery, and zero shift, Changes in
temperature can affect response because of thermal expansion of the material and be-
cause of changes in the elastic modulus of the material, In addition, edge attachments,
particularly of diaphragms, have been shown to affect linearity of response,

Anelastic Effects

Hysteresis is the diffe rence between the deflections of a bellows or diaphragm at
a given load for increasing and decreasing loads, Drift is the increase of deflection
with time under a constaunt load, Aftereffect is the deflection remaining immediately
after removal of the load, i, e., hysteresis at no load, Recovery i the decrease of
aftereffect with time under no load, Zero shift is the permanent deformation, i.e.,
the difference in position before loading and sufficiently long after unloading for re~
covery iv occur,

Since these anelastic effects stem from nonelastic behavior of the bellows or dia-
phragm material, the effects are not generally predictable from elastic analysis and
there is, at present, no basic theory covering such behavior, However, there are some
guidelines for design:

(1) Anelastic behavior generally causes larger errors at higher stresses. Hence,
bellows or diaphragms designed to operate at a low peak stress are desirable
for precision instruments.

(2) The various effects are interrelated, although details of the interrelation may
be only approximately known, Thuas, a bellows with a small drift under maxi-
mum load would be expected to have a small hysteresis (at half-load) and a
small aftereffect,
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(3) Relatively simple tests (such as measurement of drift) may be helpful in qual-
ity control to produce units of low hysteresis, However, some precautions
must be used in the time schedules for anelastic determinations,

Some work, much of which is unpublished, has been done on the anelastic "errors"
in certain types of corrugated diaphragms, Little corresponding work seems to have
been done on bellows, probably because these are less frequently used ir precision in-
struments in such a way that their anelastic behavior is critical,

A Jetailed study of aneiastic effects in bellows and diaphragms was beyond the
scope of this investigation. Such a study would, in fact, require special instrumentation
and experimental techniques, Some measurements of hysteresis were made for large
deflection cycles for formed bellows made of Type 321 stainless steel and Inconel 718,
Values for the Type 321 bellows, with a cycle time of approximately 1 hour, are shown
in Table 11, These values are reproduced only to indicate types of hysteresis which
can occur in one- and two-ply stainless steel formed bellows at relatively high pres-
sures and strain levels, (The deflections corresponded to those used in the fatigue
tests,) The Inconel 718 bellows tested averaged about one-fourth the hysteresis ex-
hibited by the stainless steel bellows,

Temperature Effects

Consider a bellows (or diaphragm) subject to a high internal pressure of a gas,
with (for simplicity) essentially zero external pressure and negligible deflection con-
straint, If the temperature is now increased, the bellows deflection will change because
of several factors: (1) an increase in gas pressure, (2) a thermal expansion of the
beliows material, and (3) a change (usually a decrease) in elastic modulus of the bellows
material, In a particular situation, these factors may counterbalance each other. In
some aneroid capsules, a small internal pressure may be intentionally left to counter-
balance (at one condition of temperature and loading, the effects of thermal expansion
and thermoelasticity of the diaphragm material,

Thermal stresses in a bellows or diaphragm caused by a temperature change in
the material can arise in two ways, depending on whether the bellows or diaphragm
undergoes a uniform or a noanuniform temperature change, If the bellows or diaphragm
undergoes a uniform temperature change, then thermal stresses will be induced in the
bellows or diaphragm unless it is completely free to expand or contract, This type of
thermal stress is easily calculated by calculating the amount of thermal expansion or
contraction that would occur if the edges were free, and then using NONLIN to calculate
the stresses in the bellows or diaphragm when the deflections (of opposite sign) are
applied to the edges,

When the bellows or diaphragm undergoes a nonuniform temperature change, ther-
mal stresses can occur even if the edges are completely free, These thermal stresses
can be calculated in the same way that pressure stresses are calculated if provision is
made for the temperature effects in the computer program, Although computing Pro-
gram MOLSA provides for the calculation of temperature effects, the current version of
NONLIN does not have this capability since calculation of thermal effects was beyond the
scope of the present project.
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MATERIALS FOR BELLOWS AND DIAPHRAGMS

The extcnt to which the service performance of bellows and diaphragms fulfills
design predictions is strongly dependent upon the quality of the materials from which
they are fabricated and the care taken in their manufacture, Material defects, weld
discontinuities, forming irregularities, and postfabrication damage can all result in
locally high stresses that may lead to premature failure.

Materials for formed bellows must be both weldable and formable. Although
smaller bellows are usually made from seamless tubing, most bellows over an inch in
diameter are made from sheet or strip formed into a cylinder and longitudinally ream
welded, Welding is also the preferred method of end-fitting attachment, Most formed
aerospace bellows today are made from one of the 300~series stainless steels, Inconel
718 is being used increasingly because of its higher yield strength and its relative im-
munity to stress corrosion, Titanium alloys are becoming candidate materials for
formed aerospace bellows because of their corrosion resistance and their good strength-
to-weight ratios,

Materials for welded bellows need not have the formability of materials for formed
bellows, Therefore, in addition to the materials used for formed bellows, a variety of
less formable alloys are used for welded bellows. It is difficult to rank the welded-
bellows alloys in order of decreasing usage because so many different alloys are used
to make welded bellows and no industry-wide figures are available, The 300-series
stainless steels, Inconel 718, and AM-350 are among the most-used welded-bzllows
materials, however,

Materials for deposited bellows are made in situ by electroplating or chemical
deposition onto machined aluminum mandrels that are later chemically dissolved, The
most common material for electrodeporited bellows is nickel. Copper is also used.
Chemically deposited bellows can be made from alloys which, though still over 90 per-
cent nickel, contuin significant percentages of other strengthening elements, Both types
of deposited bellows can be made with composite metal walls consisting of layers of
different metals, The deposited-bellows industry is relatively young, and further devel-
opments in deposited-bellows materials can be expected.

Whether the strip of sheet used in bellows manufacture is purchased to any special
tolerances depends uron the end application of the bellows. When the spring rate is not
critical - belicws intended for expansion joints, for example ~ the customary 10 percent
mill-thickness tolerance is satisfactory., When the deflection characteristics must be
more carefully controlled, materials may be selected from warehouse stock, In this
way, thickness may be controlled to within about 5 percent on a given order, Rerolled
materials from specialty metal fabricators provide the best commercially obtainable
thickness tolerances, but are seldom used for making formed bellows. Manufacturers
of welded bellows and diaphragms using rerolled materials claim thickness tolerances
of £0, 0601 inch., A more commonly quoted tolerance is =0, G002% inch over a 20-inch-
strip width,

Opinions differ among manufacturers as to the desirability of a bright surface
finish on the starting material. Some manufacturers claim an improvement in the fatigue
life of beilows produced from bright-finished material (No. 2B finish), while others see
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no difference. Some manufacturers also claim that the bright-finished material, con-
taining more cold work than the dull or matte-finished material (No. 2D finish), is more
difficult to form, There is a trend toward the use of bright-finished material,

Although there is some disagreement most manufacturers see no effect of '"grain',
or preferred orientation, in their starting material. The common materials from which
formed bellows are fabricated, when produced under good control, are nearly isotropic,
so preferred orientation does not appear to be a serious problem,

All manufacturers of bellows and diaphragms use relatively small tonnages of
material, Consequently, they are able to purchase only materials melted according to
usual commercial practice. Stainless steels, for example, are eleciric-furnace melted,
Althoagh the metallurgical quality of stainless steels is good by ordinary standards,
some improvement of hellows uniformity might be achieved by the use of vacuum-melted
materials with their lower inclusion contents, Such materials have become standard
in bearings. Other alloys, such as Inconel 718, are sensitive to compositional varia-
tions, A commercial heat of Inconel 718 balanced for maximum high-temperature rup-
ture strength will not have the maximum obtainable fatigue strength. The bellows manu-
facturer buying a relatively small quantity of sheet often has little control over the
chemistry of the material, Quantity purchase of heats of specially controlled materials
by large users of bellows, and release of these materials to bellows manufacturers
might be a method of significantly improving the uniformity and quality of bellows
throughout the industry,

To discuss materials logically, it is necessary to group them in a number of
classifications, The properties of the materials grouped together ir the following dis-
cussion are not identical, but they are similar enough so that they can be discussed in
general terms, The metallic materials which are used in bellows and diaphragms are
listed in Table 12 anc the alloy groups are discussed in the following sections,

Copper Alloys

The copper alloys of interest to the designer are those with moderate-to-high
strength, These include the beryllium coppers, certain bronzes, and othe - alloys with
strengths above 50,000 psi, Yield strengths of 150,000 psi are readily obtained in
beryllium copper by heat treatment. The proportional limit is fairly high for the higher
strength alloys, Lower strength alloys have very low or no proportional limit. The
toughness of the copper-base materials depends on the strength level, At low to inter-
mediate strengths, the toughness is fairly high; at high strengths, toughness is not out-
standing. These materials do not undergo a ductile-to-brittle transition on cooling.
The creep strength of the copper-base alloys is only moderate,

Copper-base alloys have fairly high densities and, consequently, only moderate
strength-to-density ratios. The copper-base alloys have moderate moduli of elasticity
(15 x 106 to 20 x 106 psi). They have rather high coefficients of thermal expansion and
moderate thermal conductivitiec,

Although many copper-base-alloy bellows and diaphragms are used in industrial
and consumer products, their use in aerospace applications is limited by the severe
aerospace Lorrosion, temperature, and stress environments and the availability of
alloys with higher elastic moduli,

45



TABLE 12, TYPICAL BELLOWS AND DIAPHRAGM ALLOYS

S

Type of Bellows
Materiat Formed Welded Deposited Outstanding Characteristics
Copper Alloys
Brass, Bronze, Beryllium X X High proportional limit, good toughness
Copper, Zirconium Copper
Aluminum Alloys High strength-weight ratios, good toughness
at low and intermediate stress levels at
5083, 6061, 7075 X temperatures as low as -425 F
Nickel and Cupro-nickel Alloys
Nickel 200, Monels X X Good corrosion resistance; low magnetic
400, 404, K-500 permeability
Tiranium Alloys High strength, high strength-weight ratio,
Ti-754, Ti-6A1-4V X good creep strength to §00 to 700 F
Low-Alloy Steels Extremely high strength, high proportional
413 X limit, high fatigue strength, good creep
resistance
Standard Austenitic Stainless Steels
304, 304L, 310, 316, 321, 347 X X Excellent toughuess to -423 F, good fatigue
and creep strength, good neutron-radiation
resistance; good comrosion and oxidation
resistance
Precipitation-Hardening Stainless Steels
17-4 PH, 17-7 PH, X X High strength, good creep strength, high
PH 15-7 Mo, AM350 fatigue strength
Other Iron-Base Alloys
19-9 DL, A-286, Kovar X X Ditto, plus sealability to hard glass (Kovay)
Nickel-Base Alloys ~ Group |
Inconels 600, 625, X-150, X X Good high-temperature strength, good
and 718; fatigue strength, good toughness, good
Incoloy 825; Hasrelloy C creep resistance, and good strength-to-
rupture
Nickel-Base Alloys - Group II
M 252; Waspaloy: X Dito
Udimet 700; René 41;
René 62
Cobalt-Base Alloys
L 605 X "
Refractory Metals
Columbium X Good strength at extreme temperature, high
proportional limit, excellent fatigue
strength above transition te mperatute,
excellent creep strength
Other Alloys
Invar, (Ni-Span-C) X Zero thermal -expansion coefficient or con-

stant elastic modulus
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Aluminum and Magnesium Alloys

These materials are readily available in sheet form., From a mechanical- and
physical-property standpoint, aluminum and magnesium are somewhat different. These
alloys generally have low strengths. The maximum ultimate strength that can be ob-
tained is of the order of 75,000 psi. The proportional limit of aluminum and magnesium
alloys is poorly defined - the stress-strain relationships tend to be curves in the nomi-
nal elastic range, This indicates that a hysteresis problem may exist on repeated
loadings.

These materials have fair fatigue strengths. However, aluminum alloys do not
have true fatigue limits. In general, the longer the fatigue exposure, the lower the
strength at which failure occurs, Aluminum ailoys have good toughness at low-to-
intermediate strength levels, The toughness is not so good at high strength levels,
However, these alloys do not undergo a property transition during cooling below room
temperature. In particular, the fracture properties do not change much at temperatures
as low as -425 F,

Magnesium alloys do not have good fracture properties. They tend to exhibit brittle
behavior in the presence of notches at practically all temperatures. Aluminum and
magnesium alloys are not designed for use where creep is of importance; although they
have reasonably good properties at room temperature, at slightly elevated temperatures
(300 to 500 F), the creep strength drops off rapidly.

Both aluminum and magnesium alloys having low densities and moderate strengths
are available, This combination means that fairly high strength-to-density ratios are
available. Magnesium has the lowest density of commercial structural materials, Both
materials have low moduli of elasticity, Aluminum alloys have high coefficients of ther-
mal expansion and high thermal conductivities,

Nickel and Cupro-Nickel Alloys

The Monel alloys, which range from approximately 45Ni-55Cu to 85Ni-15Cu, are
available as thin sheet, Yield and ultimate strengths are moderate, but their elastic
moduli are higher than those of copper or aluminum alloys, around 25 x 106 psi. The
Monels 4o not become brittle at low temperatures, and thus Monel alloys are frequently
used for bellows intended for cryogenic service, Monels are often substituted for the
stainless steels in steam piping systems where stress corrosion is encountered. Service
temperatures are limited to the 400 to 500 F range by the relaxation properties of these
alloys, though the alloys retain good oxidation resistance to 1000 F, Thermal-expansion
coefficients and thermal conductivities are about average.

Some nickel formed bellows are used in chemical equipment, but nickel is used
principally in deposited bellows, Well-established techniques are available for electro-
deposition and chemical deposition of nickel, Small amounts of other elements can be
codeposited with nickel 1o form alloys with improved strength properties. Although
nickel is ferromagnetic at room temperature, most of the cupro-nickels are nonmagnetic
down to liquid-nitrogen temperatures and below,
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Titanium Alloys

The common titanium alloys are available in sheet and foil thicknesses., Various
high-strength titanium alloys are available. Ultimate strengths of the order of 200, 000
psi can ke obtained with special heat treatments, The materials have moderately high
proportional limits, Titanium alloys have good fatigue strengths, and toughness is good
at room:~temperature levels in materials with yield strengths of 100,000 psi or lower,

At higher strength levels, the toughnese is mucn lower unless care is taken to produce
alloys with low interstitial (e.g., carbon, oxygen, nitrogen, and hydrogen) -alloy content,
The titanium alloys have high creep strengchs at intermediate temperatures (500 to

700 F).

Titanium alloys have densities about 60 percent that of steel. This, coupled with
the possible high strength, leads to fairly high strength~to-density ratios, However,
these high levels are usually obtained at a sacrifice in toughness. The modulus of
elasticity of titanium alloys is about 15 x 106 psi, which is lower than that of most
high-strength alloys., Titanium alloys have rather low coefficients of thermal expansion,
as well as low thermal conductivities,

Aerospace bellows have been formed frora titanium alloys, and some bellows

manufacturers expect titanium bellows to displace a significant fraction of the nickel-
base-~alloy and stainless steel bellows presently popular,

Stainless Steels

Many varieties of stainless steels are commercially available, All stainless
steels can be characterized as containing chromium in amounts of 12 percent or more.
They will be discussed here in three classifications, Steels in the first classification
contain fairly large amounts of nickel and up to about 20 percent chromium, The high
nickel] content cuuses these steels to have an austenitic structure. These steels are
designated by AISI as the 300 Series,

Stainless steels in the second group contain almost no nickel. This group may
contain up to 27 percent chromium and may be either ferritic or martensitic, depending
on corposition, These steels are classed as the 400 Series, In the third group are
steelc which have been mndified through alloying and heat treating to produce high
strengths, These are generally referred to as precipitation-hardening stainless steels.

Standard 300-Series Stainless Steels

In gereral, availability of these steels in thin sheet is excellent, Since the 300-
Series stainless steels have been produced in relatively large tonnages for a number of
years, and because they are nonheat-treatable alloys, they tend to have more uniform
properties than many of the other candidate aerospace bellows and diaphragm materials,
They have modercte strengths, but the strengths can be increased considerably by cold
working, Heating during fabrication removes the strengthening effect of cold work,
These materials are similar to aluminum alloys in that they do not have & proportional
limit, This may lead to hysteresis effects under repeated stress cycles. The
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300-Series stainless steels have excellent toughness down to -425 F. Because they do
not have austenitic structures, they do not undergo a ductile-to-brittle fracture transi-
tion, These steels have good fatigue resistance and good creep strength at moderate
temperatures and are used in steam power plants at temperatures as high as 1250 F,

The 300-Series steels have high density and a modulus of elasticity of about 30 x
106 psi. Because of their normally low strengths, they have low strength-to-densiiy
catios, They have high coefficients of thermal expansion and the lowest thermal con-
ductivity of all the steels. They have good neutron-radiatica-damage resistance and, in
the annealed condition, have quite low magnetic susceptibility,

The stabilized (Types 321 and 347) and low-~carbon (Type 304L) stainless steels
are widely used as bellows materials,

400-Series Stainless Steels

These steels are readily available in sheet form, and have been produced in heavy-
foil thicknesses., They are not widely used as bellows materials, however., High
strengths (up to 200,000 psi ultimate tensile strength) can be obtained in some by heat
treatment, Thev have high proportional limits and fair fatigue properties., Since the
400-Series stainless steels are ferritic stainless steels, they undergo ductile-to-brittle
fracture transitions as the temperature decreases., Since they have relatively poor
toughness at room temperature, particularly at high strength levels, they may have
very poor toughness at temperatures just slightly below room temperature., They have
good creep strengths and are used as elevated-temperature structural materials, An
outstanding attribute of the 400-Series stainless steel is their oxidation resistance,

The 400-Series stainless steels have high density and about the same modulus of

elasticity as other steels., They have moderate coefficients of expansion and moderate
thermal conductivities,

Precipitation- Hardenin_gL Stainless Steels

The availability of a number of these steels in thin sheet is excellent, since they
have been used in structural sandwich materials for several years, Some welded bellows
are made of precipitation-hardening stainless steels,

There ave a number of subclassifications in this general classification. Two are
considered here, One of these has an austenitic structure after the precipitation-
hardening treatment (A-286 is typical of this class). The other class consists of those
steels whose structures contain martensite plus ferrite or austenite after heat treat-
ment. Such stezels as 17-7 PH, AM-350, and PH 17-4 Mo are typical of the martensitic
age-hardened stainless steels.

All of these materials have high strengths, Yield strengths of over 200, 000 psi
are obtained in commercial sheet. Fatigue strength is fairly high in terms of pounds
per square inch, but is not so high expressed as a percentage of tensile strength, Un-
fortunately, the same thing can be said about most high-strength materials, The marten-
sitic materials have fair toughness at room temperature and this persists down to about
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-100 F, below which these materials have poor toughness., As strength increases, the
toughness decreases., The austenitic steels have about the same room-temperature
toughness as the martensitic steels, but the toughness persists to a much lower temper-
ature, The martensitic alloys generally have good creep strengths at temperatures up
to about 800 F, at which point a rapid drop in strengthoccurs. The austenitic materials
have somewhat lower creep strengths at low-to~intermediate temperatures, but do not
experience such a rapid drop in strength in the higher temperature range.

All of the precipitation-hardening stainless steels have high density and the
modulus of elasticity is about the same as that of other steels (30 x 106 psi). The mar-
tensitic steels have moderate coefficients of thermal expansion and low thermal con-
ductivities, The austenitic steels have low coefficients of thermal expansion and low
thermal conductivities.

Low-Alloy Steels

The low-alloy steels contain chromium, but not enough to be classed as stainless
steels, They are available in sheets down to the order of 0.050 inch thick, Some
formed bellows for expansion joints ha: e been made from this class of alloy, They
attain their strengths througn quench~and~temper heat treatment and some can be heat
treated to very high strengths. Ultimate strengths of 300, 000 psi have been obtained.
These steels generally have high ratios of yield strength to ultimate strength., Their
proportional limit is high, They have good fatigue strength in absolute terms, but it is
only fair in terins of percentage of yield strength, Their toughness is fairly good at
room temperatures at yield strengths below about 180,000 psi, but toughness decreases
rapidly as the yield strength increases above this le vel, At the lower strength level,
the toughness transition is likely to occur at temperitures only slightly below room
temperature, Steels in this group generally have gcod creep resistance to temperatures
of about 1000 F,

Although these steels have fairly high density, high yield-to-density ratios can be
obtained because of the high strengths that are available, Their modulus of elasticity
is the same as that of other steelse. They have moderate coefficients of thermal expan-
sion and moderate thermal conductivities,

Other Iron-Base Alloys

This group of heat-resistant alloys is identified separately in Table 12 Lecause of
composition. Taeir properties are similar to those of the nickel- and cobalt-base alloys
discussed below,

Nickel- and Cobalt~Base Alloys

This class of materials has been produced in sheet, for use in gas=-turbine engines,
for several years., The availability in relatively thin sheet is good. Most nickel- and
cobalt-base alloys are designed to have good strength at elevated temperatures, They
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have moderate strength at room temperature, but retain this strength at very high tem-
peratures. The less formable alloys that can be used only for welded bellows and dia-
phragms are listed separately in Table 12, These alloys, identified as Group II, can
be used at somewhat higher temperatures than can the alloys under Group I. The nickel
and cobalt alloys have moderately high proportional limits, good fatigue properties, and
generally good toughness at low temperatures. Since thev are designed primarily to be
used as high~-temperature alloys, they have good creep and rupture properties at high
temperatures,

These alloys have fairly high densities and low strength-to-density ratios at room
temperature. However, their strength-to-density ratios remain almost constant over a
wide temperature range, The nickel-base alloys have moduli of elasticity of about 30 x
106 psi; the cobalt-base alloys have moduli of 36 x 106 psi. Both alloys have mcderate
coefficients of thermal expansion and moderate conductivities.

A number of nickel-base and cobalt-base heat~resistant alloys are used to make
bellows, as shown in Table 12,

Refractory Metals

In this discussion, refractory metals include tungsten, molybdenum, tantalum,
columbium, and their alloys. The availability of these materials is fairly good in thin
sheet, However, the cost may be extremely high and availability is marginal if foil
gages are needed. The refractory metals and their alloys have moderate strengths at
room temperature. However, their strengths at high temperatures are excellent, They
have the highest strengths of all metals above a temperature range of 1800 to 2000 F,
and, in fact, are about the only usable metals above this tempera ure range. These
materials oxidize rapidly above about 1200 F, At this temperature and higher, oxida-~
tion can become catastrophic and can lead to failure in extremely short periods of time.
The refractory metals have high proportional limits, Their fatigue strengths are ex-
cellent when tested above the tough-to-brittle transition temperatures and fair even
below the transition temperatures. Tue transition temperatures of the refractory
metals vary over a wide range., Tungsten and molybdenum have toughness transition
temperatures at about 800 F and 400 F, respectively, On the other hand, tantalum and
columbium have good toughness down to -425 F, The creep strengths of these alloys
aie excellent at high temperatures. They have very high densities, which means that
the strength-to-density ratios are low. However, if metallic materials are needed for
service above 2000 F, there are no other choices but the refractory metals, and pro-
tective coatings are necessary for service in air at these temperatures, In general,
these metals have iow coefficients of thermal expansion and fairly high thermal
conductivities.

Experience in fabricating bellows frem the refractory metals is very limited, but
some alloys are sufficiently formable and weldable for use in bellows,
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Other Alloys

There are two types of nickel-base alloys which are not designed for high strength
but are used for instrument diaphragms or bellows. Invar alloys are a group of special
nickel alloys which are designed to have a nearly zero coefficient of thermal expansion
over about a 150 F temperature range near room temperature, Ni-Span-C is a special
nickel alloy which is designed to have a nearly constant elastic modulus and a low
thermal-expansion coefficient over a fairly wide temperature range. It is used when it
is important that the effects of temperature on streeses and deflections be minimized,
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MANUFACTURING CONSIDERATIONS

The manufacturing processes for formed, welded, and deposited bellows are dis-
cussed in the following sections, Diaphragm manufacture is considered under welded
bellows, since diaphragms are made by similar methods, Considerations common to
all bellows and diaphragm manufacture are given separately,

Formed Bellows

The formed-bellows manufacturing process, shown in Figure 2, begins with the
fabrication of a thin metal cylinder, For small bellows, the metal cylinder is usually
a seamless tube, For bellows having diameters greater than 1 inch, the cylinder is
fabricated from flat sheet or strip having a high-quality surface and cortaining no visi-
ble damage to the edges, After the sheet has been cut to size by a shearing operation,
it is roll-formed to a cylindrical shape, Typically, the cylinder is somewhat overformed
in order to assure that the edges will meet satisfactorily,

Longitudinal Seam Welding

The formed cylinder is then placed in a welding fixture consisting of a rigid backup
and hold-down clamps, and a butt weld of the gas-tungsten-arc type (GTA; also known as
TIG) is made along the mated edges of the sheet, The technology of making such welds
is well advanced, and manufacturers are capable of making welds in material as thin
as 0,003 inch, Most welds are longitudinal, but one manufacturer uses a helical weld
for small bellows,

Depending on the cylinder-wall thickness and materiai, it may be necessary to add
metal while making the weld, Metal addition is usually required for welds in sheets over
about 0, 01 inch thick to maintain a weld bead thicker than the base metal, Il welding rod
or wire of suitable composition is available for the material comprising the bellows, it
can be fed into the arc as the weld is made. This procedure is known as cold-wire
addition, Metal to form the weld bead can also be obtained by the melting during welding
of a flange that has previously been bent up along the edge of the metal, Cold-wire
addition gives better dimensional controi of the resulting cylinder, but flange burndown
is less likely to introduce contaminants into the weld, When conditions permit, a
square-butt joint is made without any metal addition, Some bellows manufacturers are
able to make seam welds in stainless steels without additions, but must rnake additions
to welds in other alloys of the same thickness, In the formed bellows made of Type 321
stainless steel and Inconel 718 that were tested during the program, there was no notice-
able tendency for fatigue failure to occur in the longitudinal butt welds, attesting to the
reliability of this operation,

Before the GTA-welding-process technology had been developed sufficiently to
make welds in very thin material, longitudinal weld seams were made using a resistance-
lap seam-welded joint, Although some bellows are still made with this type of joint, the
overlapped region is a stress raiser and may present cleaning problems,

53



Form Cylinder

Clean »—

Weld
(unless seamless)

y

Planish Weld Seam
(sometimes omitted)

Clean -

Y

Assemble Plies
(1f multi-ply)

Form Convolutions "'——|

Repeat if necessary

Process Anneal

1
Fing! Form

Y
Set Convolution Spacing
(if required by process)
Clean -y

Partially End— Weld
(if multi-ply)

!

Final Heat Treat
(if required)

l

Complete End Weld

Clean - ‘
Attach End Fittings

Y
Final Inspection

FIGURE 2, MANUFACTURING FLOW SHEET FOR FORMED BELLOWS

54




Planishing

Many manufacturers cold work the weld zone with a pair of crowned opposed rolls
in a planishing operation, Planishing must be carefully controlled in order that the wall
thickness in the vicinity of the weld zone is not reduced below the hase-metal wall thick-
ness, Total reduction of the weld bead by planishing should be limited to about 5 percent,
Some manufacturers do not use planishing because of the danger of wall thinning, while
others use it only for certain materials, Planishing cannot be used in those materials
where the cold working might induce fusinn-zone cracking,

Multi-Ply Bellows

In the fabrication of multi-ply bellows, a series of tubes, sized to fit closely one
inside another, are cleaned and assembled ready for the forming operation, The cleaning
at this stage is particularly important since it is exceedingly difficult, if not impossible,
to remove contaminating materials that have been trapped between the plies once the
convolutions have been formed, Best practice is to LOX clean the individual plies prior
to assembly, This will insure that contaminants are not trapped between plies,

Forming

Almost every manufacturer uses a unique forming machine of proprietary design,
Although these machines fall into several basic categories, there are differences in de-
tail which may significantly affect the performance of the fabricated bellows, The basic
categories of forming machines are as follows:

(1) Hydraulic, simultaneously formed convolutions
(2) Hydraulic, individually formed convolutions

(3) Hydrostatic, rubber pressure medium

{4) Mechanical rolls

(5) Mechanical expansion tools,

In the hydraulic process with simultaneous-convolution formation the ends of the
tube are first closed by movahle platens, The end sections of the bellows are constrained
in cylindrical dies that may be part of the platens, A series of split rings, one less than
the number of convolutions desired, is carefully spaced along the length of the tube,
Hydraulic pressure is then applied to the interior of the tube, causing the tube to bulge
outward between the split rings,

From this point, the processes of the various manufacturers differ. Some manu-
facturers leave the rings in place throughout the entire convolution-formation operation.
Some manufacturers attach tlie rings to a pantograph during forming to maintain uni-
formity, Others remove the rings completely at this point and complete the convolu-
tion formation with the tube entirely free of vestrictions except at the ends. This latter
method is claimed to be advantageous, since it requires a minimum of contact of the
tube with metallic tooling. During the formation of the convolutions, the platens must
be moved togethe.' to accommodate the shortening of the tube. Some manufacturers
accomplish the movement of the platens and the regulation of the hydraulic pressure by
hand, while cthers have applied automatic controls to the process. Automatic controls
are desirable from the standpoint of product uniformity.
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It may be necessary to form the convolutions in several stages, depending upon
the rmaterial and upon the depth of convolution desired relative tc the tube diameter and
wall thickness, Some manufacturers process-anneal their tubes following the initial
bulging operation, Others find it necessary to stop several times during convolution
formation, remove the split dies, clean, process-anneal, and reassemble the tube in
the forming machine, Still other manufacturers restrict their product line to convolution
depths that can be formed in their materials using a single operation, thus eliminating
process-annealing, Manufacturers' processes also appear to differ widely in the amount
of forming that can be accomplished between anneals,

Some manufacturers form each convolution individually, using essentially the
same process as described above but with the hydraulic fluid confined to that region of
the tube where the convolution is to be forined, The tube is first bulged, Then the
external clamp holding the unformed portion of the tube is moved forward a preset
distance to form a convolution, The operation is repeated aftex the tube is indexed to
the next convolution position, It is claimed that this forming mechod gives more uniform
convolutions than the methods in which convolutions are formed simultaneously,

A variant of the hydraulic process is one in which the hydraulic oil is replaced by
a rubber form, Under pressure, the rubber acts as a hydrostatic fluid, Its use elim-
inates the need for the presence of oil, Oil can cause carburizaticn and possible embrit-
tlement of the metal if it is not completely removed prior to process ainealing or final
heat treatment, Residues from oil have also been known to cause pit-type corrosion.

Perhaps the oldest method of forming bellows is that of shaping the convolutions by
mechanical tools while rotating the tube (called roll forming), As in the hydraulic pro-
cesses, there is considerable varietv among the machines for roll forming, Some roll-
form tooling resembles a lathe on which the tube to be formed is slipped over a centered
rotating grooved die. An external tool is then used to press the tube intc the grooves in
the die, one groove at a time, Another type of tooling makes use of two small coaxial
wheels over which the tube is placed, While these wheels are rotated, thus rotating the
tube, a third wheel is brought down between the other wheels, thus forming a convolution,
The tube is then indexed one pitch distance, and the operation is repeated, Considerable
ingenuity by the manufac' :rers who use the roll-forming process has led to the ability to
roll form the convolutions outward as well as inward, However, roll-formed bellows
are currently in disfavor among some users vecause of the possibility of creating sur-
face defects and smearing metal over these defects in such a way that they are hidden,

A second objection to roll-fornied bellows that is often cited is the excessive wall
thinning at the roots or crowns of the convolutions that may be encountered if forming
is not done carefully enough, Successful hydraulic forming of bellows, on the other
hand, constitutes a proof test of sorts,

It may be necessary to set the pitch of the formed convolutions in a separate
operation if the manufacturing method used results in unacceptable variations in pitch,
This is done using shaped rolls similar to roll-forming tooling, but using them in such
a way that they are merely run around the circumferences of successive convolution
without deepening them, Necessity to alter the pitch of the convolutions by more than
about 15 percent in this way is an indication that convolution-forming dies may not be of
the proper size for the bellows being produced,

56




Convolution Shapes

The closeness with which the desired convolution shape described by the design
drawing is approximated by the actual bellows depends on a variety of factors, Different
manufacturing processes differ in their ability to produce uniform convolutions, For a
given manufacturing process and bellows material, convolution shapes will tend to be
more uniform the thicker the wall and the larger the bellows diameter, Conical sec-
tions of the convolutions are seldom, if ever, flat over their entire depth, but tend to be
arched,

The rippled-sidewall bellows, a type of formed bellows having relatively deep
convolutions and corrugated, rather than arched, sidewalls, has been introduced within
the last several years, The overall convolution shapes of these bellows are similar to
welded bellows of the nested-ripple type shown in Table 1, except that there are ao root
and crown welds. Convolutions are formed by expanding the metal hydraulically into
closed dies containing the corrugations and then collapsing the convolutions by com-
pressing the roots and crowns,

Details of convolution shapes other than outer-torus radii are difficult to determine
by nondestructive inspection methods, The only reliable method of determing convolu-
tion shapes that is presently available consists of encapsulation and diametral cross
sectioning of a bellows,

Manufacturers sometimes alier the shapes of the end convolutions to decrease the

likelihood of end effects, These alterations may consist of decreasing the convolution
depths or increasing the convolution pitch,

Convolution Thickness

Formation of the convolutions in formed bellows is accompanied by local thinning
of the metal, Whether the point of maximum thinning is located at the roots, crowns,
or along the conical sections of the convolutions is determined by the ratio of convolu-
tion depth to pitch and to some extent by the details of the manufacturing process,

Some manufacturers claim to hold the amount of wall thinning during forming to
5 percent, Others allow 10 to 20 percent thinning, With the different manufacturing
processes, there will be char..cteristic percentages of thinning for any given set o1
bellows dimensions, The wall thinning is accompanied by strain hardening of the
material, The amount of strain hardening for a given amount of thinning depends in a
subtle way upon the precise details of the metal flow during forming, The relationships
of wall thinning, strain hardening, formability limits, and metal-flow directions are
poorly understood as they apply to bellows fabrication, Although thinning in a convolu-
tion is acceptable, the convolutions should be similar to each other,

Sealing of Multi-Ply Bellows

Some multi-ply formed bellows, particularly those intended for steam piping
service, are cften left with the space between plies unsealed, Vent holes are even pro-
vided in the outer plies in some bellows, Unsealed construction is likely to be found
in multi-ply bellows made from alloys that must be heat treated after forming,
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The reason for this is that air and moisture trapped between plies of a sealed bellows
may create sufficient internal pressure between the plies at high temperature to cause ‘
gross deformation and ballooning of the bellows, Unsealed multi-ply bellows have the
disadvantage that corrosive agents can get between the plies, where they may cause
premature failure by stress corrosion,

The best practice for the manufacture of multi-ply aerospace bellows would seem .
to be to weld the clean, formed plies together around most of their circumference at
each end of the bellows, heat treat, and them complete the seal welds as soon as possi-
ble, The heat treatment should never be used as a method of burning out oil or other
contaminants on or between plies of bellows, Such residues can cause carburization and
embrittlement of the metal and may cause local corrosion,

Multi-ply bellows intended for low-temperature service should be sealed with
only dry gas or vacuum between the plies, since moisture will freeze out in service,
affecting the spring rate, Electron-beam welding in vacuum is probably the safest
method of sealing multi-ply bellows,

Welded Bellows and Diaphragms

Figure 3 shows the steps in the manufacture of welded bellows and diaphragms,
The blanking and forming processes are similar in principle for both products,

Blanking

The process begins with the blanking of doughnut-shaped disks, called diaphragms,
from sheet material, The blanking operation must be carefully done, using dies that
are in good adjustment to minimize the formation of burrs, Any burre which are formed
on the edges of the diaphragms must be removed to obtain good fitup for subsequent
welding,

Forming_

Corrugations in diaphragms are introduced by spinning, stamping, or by hydro-
static pressure, The spinning is done in a lathe by pressing the metal against a corru-
gated form, This results in a certain amount of cold working which improves the life
of the diaphragm, Some manufacturers stamp the diaphragms first and finish them by
spinning, Spinning is subject to the same possible objections as roll forming of formed
bellows,

In the stamping process, two mating steel dies are generally used, Some dies are
made so that they make contact only with the material on concave sides of the corruga-
tions, The depth can be adjusted through a wide range, The die can be made such that
the corrugations are formed in succession from the inside to the outside, thus drawing
the material gradually from the outside, In order to reduce friction, a lubricant may be
used between the material and the polished die,
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In the hydrostatic process, a metal blank is clamped against a corrugated die and
hydraulic pressure or pressure from steel-backed rubber forces the blank against the
die. Small bleed holes relieve the pressure between the blank and the die,

The material may be annealed prior to forming to make it more easily worked,
After formation, the diaphragm may be heat treated to reduce the residual stresses
created by the forming operation, and, for some materials, to incrcase the strength,
The type of heat treatment required before and after forming is a function of the ma-
terial and of the diaphragm shape,

Inner-Diameter Welding_

A pair of diaphragms are placed in a welding jig with the inner diameters in con-
tact and clamped with chill blocks on either side of the joint, An edge weld is then made
around the inner circumference, This op<ration is usually accomplished with the gas-
tungsten-arc process (GTA or TIG), but some manufacturers claim more uniform welds
with the electron-beam process, The welded pair of diaphragms is referred to as a con-
volution, The welding operation is repeated for the number of convolutions desired in
the bellows,

In the case of diaphragms, the end fittings can be attached at this point by arc or

resistance welding, If end fittings are to be attached by soldering, the diaphragms must
be heat treated first,

Quter-Diameter Welding

The convolutions are stacked in another welding fixture with the outer diameters of
adjacent convolutions in contact, split chill rings being used between the mated pairs of
surfaces, and the outer diameters are welded in the same manner as the inner
diameters,

Most welded-bellows manufacturers use a secmiautomatic form of the GTA weld-
ing process in which the material to be welded is rotated beaneath a stationary torch.
Upon completion of a weld, the fixture is moved to the next weld position and the process
is repeated, Some manufacturers now use electron-beam welding, at least for the outer-
diameter welds, Small-scale plasma-arc welding equipment has recently become com-
mercially available, Both of these latter processes are less sensitive to slight changes
in power or arc length than the GTA process for welding thin metals, Electron-beam
welding is particularly attractive for making the outer-diameter welds when diaphragms
are joined to make aneroid capsules, since welding and evacuation can be done
simultaneously,

Many of the welding difficaities that occur in welded bellows are related to the
bellows materials, some of which are not as weldable as the alloys used for formed
bellows, Heat-resistant alloys, most of which are vacuum melted, typically contain
two or more phases and undergo various solid-solution and precipitation reactions during
the thermal cycle associated with welding, In some alloys, these reactions may result
in loss of ductility or strength in the weld heat-affected zone, These materials problems
will not be entirely eliminated regardless of which welding process is used,
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Multi-Ply Welded Bellows

An increasing number of two-ply welded bellows are being produced, Techniques
for theirs manufacture are analogous to those for single-ply hellows except that pairs ot
diaphragms are used, Extreme care must be taken to see that diaphragm surfaceu are
clean, so that no contaminants are trapped between plies, The weld bezds in two-ply
bellows will be proportionately larger than for single-ply bellows,; and will thus require
melting of more metal and use of higher welding cements, There may be difficulty in
making the outer-diameter welds due to blowout of the weld pool by gas from between
plies, If this condition occurs, electron-beam welding of the outer-diameter seams
should be considered,

Heat Treating

The final heat treating required in a completed bellows is dictated by the material,
Best strengths .n the welds are usually obtained by going through a complete solution
and aging treatment rather than by using an aging treatment only, Care must be taken
to avoid grain growth in the material during heat treatment, Since the heat-treating
temperatures are typically rather high, approaching 2000 F in some cases, bellows must
be heat treated in jigs to maintain the desired convolution shapes and free lengths, Be-
cause of the thin cross sections of bellows and diaphragms, heat treatments that some-
times differ from those recommended in handbooks have had to be worked out by manu-
facturers, They usually differ in requiring shorter times and/or lower temperatures,
but details are often considered proprietary by each manufacturer,

Deposited Bellows

Deposited bellows are produced, as outlined in Figure 4, either by electroplating
or by chemical deposition, Both of these processes offer freedom from several of the
restrictions on formed or welded bellows, Very thin walls (0, 0003 inch) can be achieved,
thus resulting in beliows that have extremely low spring rates, Also, deposited bellows
need not be axisymmetric and may be of variable cross section along their length, Al-
though the base material for deposited bellows is usually nickel, it is possible to produce
chemically deposited bellows of at least one proprietary nickel alloy, and it is possible
to use composite wall structures in electrodeposited bellows by plating successive layers
of different metals, such as nickel and copper,

Deposited bellows are made on mandrels that have been machined to the precise
shape desired, and apparently 6061 aluminum alloy is universally used as the mandrel
material, A separate mandrel must be used for each bellows, and imperfections in the
surface of the mandrel will be reflected in the structure of the bellows, The expense of
machining and finishing the mandrels to the rigid quality requirements necessary is a
major cost item in the manufacture of deposited bellows,

After the bellows have been deposited on the mandrels, the mandrels are dissolved
away, presumably in an alkaline solution in order not to damage the bellows, The bellows
may then be gold plated, although this is not essential, and end fittings are soldered in
place, Soldering is often used because of the thinness of the bellows walls, Welded end
fittings can be used for thicker-walled deposited bellows, A limited number of dia-
phragms have also been made by this process,
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End—Fitting De sig_r_i

The design and attachment of end fittings is influenced by the system in which the
bellows is to be used, Seam welding, either arc, electron beam, or electric resistance,
is the preferred joining method for end-fitting attachment, The use of welded end
fittings results in the lightest construction and gives better high-temperature-service
capability than that provided by other joining methods,

Brazing and soldering require the use of fluxes that may cause corrosion if not
completely removed, They also introduce a foreign metal into the joint which may pre-
sent galvanic corrosion problems, However, soldering is the only practical end-fitting-
attachment method for extremely thin-walled deposited bellows, There may be cases
where heat-treatment requirements of the support structure dictate the use of soldering
or brazing in preference to welding,

The most difficult end-fitting~-attachment problems are those where small bellows
must be installed in a severely cramped space in a device, Access and fixturing require-
ments for making the attachment joints should be considered during the early stages of
the device design and should be kept in mind through its evolution to the final design,

Figure 5 shows typical end-fitting-joint configurations, Three of the joints shown
can be made with gas-tungster-arc, plasma-arc, or electron-beam equipment, The
fourth is a design for electric-resistance-seam welding and is particularly adapted for
ducting applications, The corner-flange weld is widely used on both formed and welded
bellows,

End-fitting materials that are metallurgically compatible with the bellows material
must be chosen if welding is to be the joining method,

The flanges shown in the corner-flange and arc-seam joint designs (a and d in
Figure 5) should not exceed two or three times the thickness of the bellows material,
The flange of the corner-flange joint should have a straight section about four times the
bellows wall thickness, The bottom radius of the flange groove in the end fitting should
be constant and about four times the bellows wall thickness, The smooth curvature helps
maintain adequate gas shielding during welding by minimizing turbulence, Best welding
practice includes the use of shielding gas introduced to the back side of the weld as well
as gas from the welding torch,

For applications involving corrosive fluids, end-fitting~joint designs that result in
crevices in which fluid can be trapped, such as Designs b and c in Figure 5, must not be
used,

If soldered or brazed end-fitting joints are to be used, they should be of the lap or
slip type and should have sufficient bond area to take the required loading in shear,

Sample joints should always be examined metallographically to insure that the
welding conditiuns give the desired depth of penetration,




—

a. Corner-Flange Weld b Fillet weld

¢ Resistance-Seam Weld d. Arc-Seam Weald

FIGURE 5. TYPICAL BELLOWS END-FITTING JOINTS
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Surface Irregularities

Surface irregularities, such as scratches, dents, nicks, bulges, and die marks,
should be avoided as far as possible, This is especially true in the root and crown por-
tions of the convolutions, which are likely to be the regions of highest stress, Large
bulges or dents may alter the stress distribution suificiently to change the magnitude and
location of maximum stress and affect bellows life, Sharp scratches and die marks may
act as notches and concentrate stresses, Irregularities also may initiate instability
failures such as buckling and squirm,

Unfortunately, the severity of a surface irregularity with respect to the service
performance of a bellows cannot be determined in advance, and its estimation is largely
a subjective judgment made by the inspector, In the research program on which this
report is based, there was no case in which a surface irregularity was observed to have
had any influence on fatigue-crack propagation or initiation, Slight irregularities in
convolution alignment, however, had a large effect on the pressure at which the bellows
squirmed,

Cleanliness

Cleanliness of bellows materials before, during, and after manufacture is ex-
tremely important, Many of the high-performance aerospace metals are much less
tolerant of improper manufacturing procedures than are the more common metals,

Hydraulic forming oils, soap solutions, dye penetrants, and other fluids should be
thoroughlv removed as soon as possible after forming and inspection are completed,
Even fingerprints can cause corrosion of some of the high-quality surfaces desired in
bellows, In no case should bellows be heat treated without prior cleaning to remove
such materials,

It is recommended that in-process bellows be stored in a dry atmosphere,

Employment of LOX cleaning procedures prior to longitudinal seam welding,
assembly of plies, end welding, and heat treating will pay dividends in the quality of the
resulting bellows, Awareness on the part of the manufacturing personnel of the impor-
tance of maintaining these standards of cleanliness is essential and may decrease the
number of cleaning operations that are necessary,

In-Process Inspection

Bellows and diaphragms should be inspected during and after fabrication, In-
process inspection is intended to detect faulty material, faulty welding, improper con-
volution formation, handling damage, and lack of cleanliness,
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Materials Inspection

As described previously, materials for bellows and diaphragms must be very
uniform and free from defects, When material is received, its thickness must be
measured and it must be inspe~ted carefully to make sure that there are no large
irregularities such as thinning, bulges, wrinkles, and dents and no surface damage
such as nicks, scratches, and pits, Specimens from each s .eet should be used to de-
termine the yield strength, ultimate strength, hardness, «. ! chemical composition of
the material, Sample cross sectioning to inspect grain size and physical and metallurgi-
cal structure is necessary for adequate quality control,

Weld Inspection

Many manufacturers of formed bellows consider the forming process itself to be
an adequate check on the quality of the seam weld, This is particularly true of bellows
formed by hydraulic or rubber pressure, Welded bellows are not subjected to any
analogous proof test during their manufacture, so weld quality in these items must be
assessed by different means,

Visual inspection, if carefully done, is a useful method of checking weld quality,
If inspection is performed immediately after welding and betore any planishing, pickling,
or heat treatment has been done, the presence of an oxide film covering the weld may be
informative, Thin, multicolored interference films of oxide are not usually harmful,
even in oxygen-sensitive metals such as titanium, but the presence of a thick brown,
gray, or black oxide indicates poor gas shielding, and is in titanium a warning of prob-
able weld-metal contamination, Weld beads should be generally smooth and regular,
TIG beads often tend to have a striated appearance which results from tiny surface rip-
ples caused by stepwise solidification of the weld pool, These ripples are not harmful,
However, variations in bead size and shape along a weld are danger signs, They indi-
cate lack of control in the welding power supply, poor fitup, variable heat sinking, or a
changing arc length, The bead diameter in welded bellows should be between two-and-
one-half and three times the material thickness, A smaller bead is an indication of
inadequate burndown and the weld is likely to fail prematurely in service by fracture
through the bead, The size of the weld beads in welded bellows could be measured rather
easily by using a rigidly mounted pair of indicator heads arranged to contact opposite
sides of a bead as a weld is rotated between them, Output signals could be summed and
recorded or visually displayed, Acceptance could be on a go-no-go basis, Such a system
is not presently being used, to Battelle's knowledge, The presence of unusual isolated
lumps or depressions on weld beads is suspicious, since they rnay indicate subsurface
inclusions or voids, Visual inspection of inner-diameter welds in welded bellows is
difficult at best, and in small bellows it is nearly impossible, The inspection is rela-
tively easy, however, if it is done on individual convolutions before they are laid up for
outer-diameter welding, Such inspection should be done with the same care as a final
bellows inspection, and convolutions that are rejected should be immediately destroyed
so that they do not find their way into a bellows at a later date,

Dye-penetrant testing is a useful method of detecting cracks and gross porosity
extending to the surface, but care must be taken to remove all traces of the penetrant
materials after use and before any heat treatment, Dye-penetrant testing is chiefly
of use with longitudinal seams in formed bellows and for locating leaks and fatigue
failures that cannot be detected visually,
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Radiography has proved useful for examining longitudinal seam welds and detecting
ruptured internal plies in multi-ply formed bellows, but it lacks the sensitivity to detect
small flaws in welded bellows,

Eddy-current testing using special miniaturized detection coils is a promising
method for making subsurface-weld inspections in bellows. As far as is known, it is
not presently being used for this purpose,

Ultrasonic-inspection techniques do not appear promising because of the small

size of the welds, with the resultant likelihood of masking of indications of internal
flaws by reflections from the surface,

Convolution and Corrugation Formation

Visual and shadowgraph inspections can be used to verify at least some of the
critical shape parameters, but occasional cross sectioning of a bellows is necessary to
assure control of all dimensions,

Handling Damage

Extreme care must be taken to assure that the thin bellows and diaphragm ma-
terial is not damaged during manufacture, Inspection for such damage is done visually,
In general, it appears that manufacturers should use much better packaging procedures
than those currently in use to prevent damage in shipping and to impress upon the user
the susceptibility of very thin materials to handling damage,

Leak Testing

The presence of a leak in a bellows is cause for rejection, It should not be
assumed by the bellows purchaser that leak tests will be performed by the bellows manu-
facturer unless they are specifically requested, For the many formed bellows used in
aircraft ducting, the satisfactory performance of one of the first bellows of a production
run is usually taken as evidence that the entire run of similar bellows will also be free
from leaks, If the run is large, leak tests may be made on a spot-check basis during
the production,

For bellows intended for space hardware, manufacturing procedures normally
require the leak testing and certification of each bellows, This adds to the cost of the
bellows, but provides an added degree of quality assurance,

The helium mass spectrometer is the standard method of verifying bellows leak
tightness, Most bellows manufacturers now have helium leak-test equipment or have
access to commercial lealt-testing services, The helium mass spectrometer is capable
of detecting leaks in the range of 10~9 atm cc of He/sec,

As an in-process leak test, many bellows manufacturers pressurize and immerse
their bellows in deaerated water for about 15 minutes, Formation of bubbles is taken
as an indication of a leak, The immersion test is simple and useful, although it is not
as sensitive as the more expensive helium-mass-spectrometer leak test, The immersion
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test can detect leaks as small as about 10-3 atm cc/sec, Bellows should be thoroughly
cleaned and dried following an immersion test to remove any oil and water entrained in
the pressurizing gas and the carryout from the immersion tank,

The use of soap or detergent solution as an alternative to the immersion tank is
not recommended, since detergents may cause stress corrosion of many aerospace
alloys, Such a case was encountered during this program (Appendix P), If soap or
detergent solution is used, it should be thoroughly removed immediately upon comple-
tion of the leak test,




CONCLUSIONS AND RECOMMENDATIONS

Many conclusions, suggestions, and recommendations .1ave been incorporated in
the different parts of the report body and the appendixes, These have been so numerous
and diverse that it is not practical to repeat all of them here, Only the major conclu-
sions and recommendations affecting the future manufacture and use of bellows and
diaphragms in aerospace applications are listed below,

Conclurinons

Formed Bellows

(1) There are many capable and conscientious manufacturers of formed bellows
When such a manufacturer has produced a number of bellows of a given material and
configuration and has accumulated test results for several such bellows operated under
the particular operating conditions of interest to the user, then this particular bellows
can be purchased from the manufacturer with a high degree of confidence. Any de-
parture from such known conditions significantly increases the risk of bellows failure.
The risk can be reduced only by obtaining statistical evidence of manufacturing con-
sistency, if the configuration is different, or by obtaining statistical evidence of satis-
factory performance, if the operating conditions are different, The stress-analysis
procedure developed during this program can be used to reduce the amount of statistical
data required,

(2) There are four primary reasons for the premature failure of formed bellows
in aerospace applications: (a) manufacturing variations, (b) user negligence, (c) unex-
pected operating conditions, and (d) general lack of understandu g >f low-cycle fatigue,

(a) Almost every bellows configuration made for an aerocpace application
must be tested satisfactorily by the manufacturer in a simulated
system, However, such tests have an appreciable effect on overall
cost and it is not usually practical for a manufacturer to obtain
statistical data conzerning the effect of normal manufacturing varia-
tions on the performance characteristics of the configuration,
Consequently, an unevaluated combination of normal manufacturing
variations can cause premature failure, Manufacturing variations
beyond expected limits are a primary cause of premature failure,

{b) During this research program there was ccnsiderable evidence that
the average hellows user considers a formed bellows to be a rather
simple, rugged device, In reality, many formed bellows can be
plastically deformed by hand and their operating characteristics can
be extremely complex, It is believed that bellows users must learn to
treat bellows with a great deal more care, in order to prevent pre-
mature bellows failure because of damage due to handling, improper
installation, and poor system simulation resulting from incomplete
system analysis,
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(c)

(d)

Even when the operating characteristics of a system have been analyzed
carefully, the complexity of an aerospace systein can result in an unex-
pected, possibly transient operating condition that can cause premature
failure, The most likely sources are unexpectedly high deflections,
pressures, or tempera* -res, and the unexpected introduction of corro-
sive elements, In addit.on, as described in the report body, there are
some performance characteristics of bellows that are not generally
understood,

There is a widespread lack of understanding of the statistics of low-
cycle fatigue, Both the manufacturers and the users generally accept

a life test of 100 to 150 percent of the required life as being evidence of
a satisfactory fatigue teat, The fatigue life of identical coupon specimens
can vary as much as three to one, The fatigue li‘e of ''identical"

bellows can vary even more, Premature fatigue failure will continue

to occur in formed bellows until more sophisticated test-analysis
methods are used, and until a fatigue-analysis procedure similar to

the one described in Appendixes L and M is used,

(3) It is believed tnat the stress-analysis procedure developed during this program
is of such fundamental importance to the design, fabrication, and application of formed
bellows, that it is expected to become a basic tool for the industry, The many ways that
the analysis procedures can be used are diffict.% to envision, These procedures may
prove to be particularly beneficial in

(a)

(b)

(c)

(d)

(e)

The design of new bellows and the investigation of the effect of new
operating conditions on existing bellows

The selection of critical parameters whose control may result in more
uniformly operating bellows

The analysis by bellows users of competing designs to provide a2 more
rational basis for design selection

The evaluation of the effects of manufacturing variations to deter-
mine whether production bellows should be accepted or rejected

The reduction of the amount of empirical data required to deter-
mine various performance characteristics, This would be accom-
plished through the use of the analysis procedvres with statistically
based test procedures,

Welded Bellows

(1) There are several capable and conscientious manufacturers of welded bellows,
The co~ ™ents made for formed bellows in Item (1) above apply to welded bellows with
the exception that many welded-bellows characteristics are much less predictable than
formed-bellows characteristics, In fact, it is the opinion of the research staff that a
standard welded bellows should not be used in a highly critical system without redun-

dance,

This is particularly true for a required fatigue life greater than 500, 000 cycles,
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(2) The four primary reasons for premature fatigue failure of formed bellows
described in Item (2) above apply also to welded bellows, An insufficient number of
test samples is a particular problem with welded bellows because the cost per bellows
is so much higher than that of formed bellows, Leaf interference in compression was
also found to be a possible cause for premature failure,

(3) The stress-analysis procedure will be useful in determining which of a manu-
facturer's welded-bellows designs would be best for a particular application, However,
it is believed that this use of the analysis procedure will result in welded bellows which
have only nominally better operating characteristics, More striking improvements may
be made if the analysis procedure is utilized to evaluate unconventional designs, For
example, the tilt-edge concept described in Appendix D is so promising for reducing the
stresses at the welds to nominal values that the successful development of optimized
configurations could make the present standard configurations obsolete in a relatively
short time, For tilt-edge bellows, the five uses of the stress-analysis theory as listed
under Item (3) above would be equally applicable,

Dithragms

Very few manufacturers offer diaphragms for sale and the selection is very
limited, Most diaphragms are manufactured for use in a component by the manufac-
turing company, Thus, the use of the stress-analysis procedure for diaphragm design
and manufacture will be determired by the needs of each company, However, since
deformation behavior of diaphragms is complex and nonlinear, it is believed that the
analysis procedure should also become a basic tool of diaphragm manufacturers,

Recommendations

(1) It is recommended that the following types of organizations should establish
groups having the capabilivy; of using the stress-analysis procedure:

(a) Eell>ws and liaphragm manufacturers wishing to develop designs to
meet perating conditions different from those for which their standard
product lines were designed

(b) Large users of bellows and diaphragms who must select from several
potential configurations

(c) Government facilitiee that must select from among a number of bidders
and that must determine a basis for bellows or diaphragm rejection,

(2) The Air Force should initiate, in behalf of the government agencies, a stand-
ardized purcha.ing procedure requiring stress-analysis procedures similar to the one

described in Appendix B,

(3) A research program should be initiated to determine the potential of the tilt-
edge configuration for improving the fatigue life and reliability of welded bellows,
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(4) A program should be initiated to develop manufacturing methods capable of
producing more consistent formed bellows, As part of such a program, consideration
should be given by large-volume bellows users (such as the Air Force) to the quantity
purchase of bellows materials to obtain improved metallurgical and dimensional control
of starting materials,

(5) A program should be undertaken to investigate alternative methods of manu-
facturing welded bellows, such as diffusion bonding,

(6) A program should be undertaken to investigate unconventional diaphragm con-
figurations for the purpose of increasing the deflection and pressure capability of
diaphragms, Composite configurations, similar to automobile leaf springs, should be
included in the investigation,
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(1)

(2)

(3)

(4)

(5)

(6)
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APPENDIX A

THEORETICAL ANALYSIS OF ELASTIC DEFORMATIONS
OF BELLOWS AND DIAPHRAGMS
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ABBREVIATIONS AND SYMBOLS

Angle between normal and axis of revolution, deg

Parameter for toroidal shell analysis, K =4/12 (1 - vz) rlzlah

Local radius of curvature of torus, in,

Radial distance from bellows axis to point of torus, in,

Poisson's ratio

Bellows thickness, in.

Effective shear resultant force in direction normal to the shell, 1b/in,

Membrane rerultant forces in meridional and circumferential directions,
respectively, lb/in,

Bending moment resultants in meridional and circumferential directions,
respectively, in-lb/in,

*The symbol ¢ appearing in this and subsequent appendixes is a variation of the symbol ¢p, which will also be found in the

appendixes,
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APPENDIX A

THEORETICAL ANALYSIS OF ELASTIC DEFORMATIONS
OF BELLOWS AND DIAPHRAGMS

Bellows and diaphragms belong to a class of structares usually designated as '"thin
shells of revolution" or as "axisymmetric shells'", The main theoretical developments
in the investigation of these shells have taken place in the past half century since the de=
rivation of the H. Reissner-Meissner equaticus for the linear elastic deformations of the
shell of revolution. Prior to the development of computers, investigations ware limited
to attempts to derive approximate formulas for stresses and deflections in axisymmetric
shells of special shapes. However, the development of digital computers and the accom=~
panying development of numerical methods have made it possible to vbtain direct numer=
ical solutions fo deflections and stresses in axisymmetric shells of arbitrary meridio-
nal shape.

This appendix gives a description of approaches that have been used for obtaining
solutions to the elastic deformation of bellows and diaphragms as well as a discussion of
the selection of the computer program used in this research study. The approaches that
have been used may be divided into three major categor.es: (1) approximate formulas
for simple shell geometries, (2) finite-difference approximations to the differential
equations, and (3) direct numerical integration of the differenticl equations. The direct-
integration approach will be discussed in some detail here and in Appendixes B and C,
since it was the basis of the cornputing program used in the research study.

Approximate Formulas for Simple Shell Geometries

The general equation for shells of revolution with axisymmetric loading is a compli-
cated differential equation of the sixth order. Until the development of digital computers,
there was no practical way of integrating this differential equation directly. However,
most corrugated diaphragms and bellows may be considered as aggregates of much sim-
pler structural elements such as plates and shells of constant curvature, Therefore, un-
til recently the major emphasis in the theoretical analysis of diaphragm and bellows de-
formation was directed toward obtaining relatively simple closed-form approximations to
the solutions for these plates and shells. It was the apparent intent of the investigators
that if such solutions could be obtained, they would suitably combine sets of solutions to
obtain solutions for actual diaphragms and bellows, Actually, the combination of sets of
solutions tc synthesize a diaphragm requires extensive calculations. Apparently, only
one such synthesis was ever performed without the aid cf a digital computer. Although
formed bellows can be synthesized from as few as two semitoroidal sections or two toroi-
dal sections and a conical or flat-plate section, the application of these formulas has been
made to only a few formed bellows without using computers, Computer programs have
now been developed to use these formulas so that it is appropriate to describe the devel-
opment of some of the most useful formulas.

As noted, the simplified shell formulas have been developed primarily for shells of
constant curvature. The theory for the conical shell was worked out by Dubois in 1917 in
a thesis at Zurich. The first theory for toroidal shells was presented by Wissler, atso in
a Zurich thesis, in 1916, In 1917 Lorenz published a theory for stress in Bourdon tubes,



A somewhat simpler form of the theory for toroidal shells was produccd by Schwerin in
1929, Then a solution was developed by Stange in 1931 in the form of a power serics in
the angle ¢, (A-1)* This solution was limited to arc-shaped segments of the shell for
which 9 is not near n/2. In addition to this limitation, Stange's power scrics solution
was rather cumbersome to evaluate,

An improvement in the theory for the analysis of toroidal shells was achieved al~
most simultaneously in 1950 by Clark{A-2) and by Haringx(A"3). Both used some newly
tabulated Hankel functions of order one-third, In 1951 Novozhilov obtained an approxi~

ion i ; ; (A=4) : :
mate solution in terms of the same functions, Subsequent refinements in the asymp-
totic soluticn were made by Clark.(A=5, A-6) Tymarkin also developed higher order
approximations in the asymptotic series similar to Clark's development. (A=-17)

Arother approach to the toroidal shell was presented in a paper by Dahl, (A-8) 1,
this paper Dahl obtains a strain-energy solution to toroidal shells in terms cf a power
series in u = VI12(1 - yz) rlzlah, where a is the center-line radius of the torus. Dahl's
solution is applicable to regions of small y, but it is interesting to note that his solution
checked with Clark's over the approximate range of from 8 to 40 A-

In the past 10 years, problems involving toroidal shells have been extensively
studied in Russia. The bulk of the investigations have been based on the use of either
asymptotic expansions or power-series expansions to solve specific problems involving
the omega joint or simple bellows with one to three corrugations, Many of the papers
describing these investigations were reviewed in a monograph by Chernykh and Shamina
in 1963, The authors indicated that the monograph was to be the initial effort in an ex~
tensive program of investigations of toroidal shells at Leningrad University. (A-9) The
monograph, which is an extensive review of the state of the art of theory of toroidal
shells to about 1961, included references to both Western and Russian literature,
Another extensive monograph on the theory of toroidal shells was written by Bulgakov in
1962, (A-10) Bulgakov discussed the various approaches used to obtain approximate
solutions, He also discussed solutions for toroidal shells that he obtained on the compu~
ter "URAL I" at Kiev using both the Runge~Kutta and the finite=difference techniques.
This seems to be the first attempt in Russia to use computers for the calculation of axi-
symmetric shells. This lag would appear to be a result of the slow development of the
computer industry in Russia.

Although approximate formulas have been developed for shells of relatively simple
shapes, they can be combined to predict stresses and deflections of corrugated bellows
or diaphragms. Two well-known applications of this approach are the analysis by
Grover and Bell of a corrugated diaphragm(A'“) and the analysis by Laupa and Weil of
a U-shaped bellows, (A=12)" Tpis approach involves extensive numerical computations
(except for toroidal bellows), Consequently, for practical application to bellows and
diaphragm analysis, it is desirable to carry out the calculations on a digital computer.

A number of computer programs have been developed utilizing combinations of the
various formulas to solve bellows problems. Some such programs were obtained by
computerizing the formulas used by Laupa and Weil. In a recent study(A'l3/A' 16)
Atomics International Division of North Amevican Aviation, Inc., developed a computer
program incorporating several of the approximate formulas which permitted the analysis
of a single-ply toroidal and convoluted bellows with and without reinforcing rings and of
single- sweep welded bellows,

References for Appendix A are Histed on p A-8




The chief disadvantage of this approach is that it is limited to bellows or diaphragm
configurations that can be made up of sections that can be solved analytically. Each sec~
tion, in addition to having constant meridional curvature, must also have constant thick-
ness and must be isotropic and homogeneous., These parameters can be allowed to vary
from segment to segment to account for the nonuniform thickness or variation in the
elaotic properties of the bellows. However, unless the bellows is broken into a fairly
large number of segments, this may not be a satisfactory way to approximate shells with
varying thickness or varying elastic properties,

One approach which is being exploited widely at the present time for many types of
problems is the finite-element technique. The application of this technique to shells of
revolution consists of approximating the actual shell by large numbers of small shell
elements (usually conical shell elements). The behavior of the individual shell elements
is described by one or the other of the approximate formulas mentioned above. Because
the approach leads to the generation of a large matrix equation describing the behavior
of the entire bellows or diaparagm, the technique requires the use of a computer.

Finite-Difference Approximations to the
Differential Equations

The finite-difference approach involves choosing a set of grid points along the bel-
lows and approximating the differential equations by finite-difference equations defined
at the grid points. This approach has been used as the basis for a number of computer
solutions for problems involving shells of revolution, (A-17/A-20) The technique is quite
general and may be applied to the solution of arbitrarily shaped thin shells of revolution
with both varying thickness and varying elastic parameters. ¥ Considerable progress has
been made in solving the large matrices of the type that are encountered ia this technique.
These matrices are quasidiagonal and can be solved by successive elimination and the
back=-substitution technique. As a result, bellows problems can be solved by finite~
difference codes such as the AVCO code!A~18) or the CEGB code(A-17) in a matter of 1
or 2 minutes on computer machines of the IBM 7090 class, )

Finite-difference programs have been written with the capability of analyzing a
variety of bellows configurations and loading conditions. For example, the AVCO code
parmits the analysis of bellows with both axisymmetric and nonsymmetric loading in the
linear elastic range. It also permits the analysis of multilayer shells in which the layers
are completely bonded together along the entire length of the shell, The code developed
at Bell Aerosystems Company A-22) permits the analysis of linear and nonlinear axi-
symmetric elastic deformations of bellows, while the computar code recently developed
at MIT(A-23) apparently permits the analysis of axisymmetric elastic and plastic deform-~
ations of shells,

The chief dicadvantage of the finite~difference techniques is that the accuracy of the
solution depends on the choice of the mesh~point spacing. Since this dependence is not
known beforehaad for a given problem, the user will either have to choose a mesh spacing
finer than necessary or risk having to run the problem over again if his original choice of
mesh spacing is not fine enough, This dilemma is even more serious when an iterative

*The capability of taking varying thickuess and elastic parameters into account includes accounting for discontinuous changes m
these quantities. This permits analysis of end fittings, circumferential weld beads, etc.

A-3




solution must be obtained for nonlinear problems. The direct-integration approach pro-
vides a way of overcoming this difficulty.

Direct Numerical Integration of the
Differential Equations

A number of direct numerical-integration techniques have been developed for the
solution of ordinary differential equations. Since many problems involving axisymmetric
shells can be reduced to one~dimensional problems involving ordinary differential equa~
tions, numerical-integration techniques can be used to solve them. The problems men=
tioned above that have been sulved by finite~difference techniques may also be solved by
direct-integration techniques. One of the first computer solutions to a convoluted-dia-
phragm problem A-24) employed the Runge-Kutta integration approach. Subsequent to
this work, a number of computer solutions were obtained with the Runge~-Kutta techni~
que, (A-Zé) However, it soon became apparent that the direct-integration techniques be-
came inaccurate if applied to some shell prcblems, This phenomenon is discussed in a
paper by Sepetoski, et al. (A-20) Briefly, the difficulty stems from the fact that self~
equilibrating boundary loads on shells give rise to stresses only in a narrow "edge-effect"
zoae near the boundary. In solving a shell problem, it is necessary to take into account
the boundary loads at both ends of the shell, In the direct-integration approach, the set
of first-order differential equations are integrated directly to obtain the coefficient ma-
trix of a system of equations relating the values of the fundamental variables at each end
of the shell., The magnitudes of the elements in the fundamental matrix are proportional
to the length of the shell, Thus, the longer the shell, the larger che elements. If the
shell is sufficiently long, the elements become very large and nearly proportional so that
the matrix is very nearly singular. When this system of equations ic solved for the val-
ues of the variables, the round-off error is so great that the inversion procedure yields
meaningless results.

As a result of this deficiency in the direct-integration technique, many investiga-
tors turned to the finite-difference technique discussed above, An indication of this was
that mc.st of the general computer programs discovered in the literature search at the
beginning of this research study were based on the finite~difference approach rather than
on the direct~integration approach.

Kalnins(#~27) extended the technique suggested by Collatz(A=26) t5 the solution of
the differential equations governing the static linear response of thin elastic shells of
revolution and developed a computer program which permits the analysis of a shell of
any length, Similar techniques were derived by Goldberg and Bogdanoff, (A-28) Mirabal
and Dight, (A-29) anq by Cohen!A~30), gince the technique consists in dividing the shell
into a number of segments, it is referred to as the multisegment method. Numerical
integration of the differential equations over one of these segments yields a set of equa~
tions with small elements. To sol.e the shell problem, the sets of equations obtained
from the integration of the differential equations over each of the segments are combined
with the continuity conditions at the junctions of the segments and with the boundary con-
ditions at the edges of the shell to foim a single large matrix equation. This matrix
equation ordinarily is well conditioned and can be solved by a Gaussian elimination pro-
cedure.




Whether a segment is sufficiently small can be determined by using an approximate
formula for the decay length of a shell. Also, an automatic check on the validity of the
analysis can be carried out in the following way. First, the solutions at the ends of the
segments are obtained from the Gaussian elimination. Second, the governing differen~
tial equations are integrated again over each segment using the results of the Gaussian
elimination as the initial values at the initial edge of the segment. If the values of the
variables obtained by integrating over the segments agree with the values obtained from
the Gaussian elimination procedure, the solution is exact. Any errors in the solution
are easily indicated by this check.

It was mentioned earlier that the direct-integration technique has a wide range of
applicability to the solution of bellows problems. The computer program MOLSA (Multi-
layer Orthotropic Linear Shell Analysis)*, which was used extensively in the early phases
of this research study permits the analysis of symmetric and nonsymmetric deforma-
tions of isotropic or orthotropic single or multilayer shells of revolution. (Here, as in
the AVCO code, a multilayer shell is considered to have layers completely bonded to-
gether along the entire length of the shell.) Arbitrary variations in thickness and elastic
properties, including discontinuous variatinn, are easily accounted for. Thus, the
effects of end fittings and weldments may be considered. Cohen2-39) has also devel-
oped a computer program that permits the linear elastic analysis of orthotropic shells
subject to either symmetric or nonsymmetric loads.

The capability of Program MOLSA for the analysis of multilayer shells was uti=
lized in an attempt to develop a simple theoretical model of multiple~ply bellows, How-
ever, as described in Appendix G, this model proved to be inadequate to predict all of
the observed characteristics of two=-ply bellows., With this exception, the bellows models
analyzed in this research study were single ply and of isotropic materials.

Program NONLIN was used for most of the bellows analyses performed in this
research study. This program was developed by Dr, J. F. Lestingi(A'31) utilizing the
multisegment numerical-integration technique. The method of solution and the governing
differential equations are described in Appendix C, together with a listing of Program
NONLIN. This program permits the analysis of linear eiastic axisymmetric and non-
symmetric deformationa and of nonlinear axisymmetric deformations of bellows. It is
believed that these capabilities will be of most benefit to bellows designers.

The remainder of this appendix will give a comparison of solutions for certain bel-
lows pioblems obtained with the methods outlined above,

Comparison of Computer Programs

One of the first tasks performed in the research study was the selection and evalu-
ation of the thin-shell computer program to be used as a major tool in the research. As
described in earlier sections of this appendix, the most general computer programs used
are based on two techniques — the multisegment direct-integration technique and the
finite-difference technique, A decision was made to obtain two programs, one repre-
senting each aporoach,

*Program MOLSA is a modification of the computer program developed by Dr. A. Kalnins, (A-27)




The computer code developed by Dr. P. P. Radkowski and others of the AVCO
Corporation A-18) Gas selected as being reXresentative of the finite-difference approach.
The program developed by Dr., A. Kalnins ®~27) was selected as being the best program
using the multisegment direct-integration technique. (As mentioned earlier, this pro-
gram was modified extensively. The modified program was called MOLSA.) The AVCO
code and the MOLSA code were compiled on the Battelle computer and applied to an anal-
ysis of an omega- joint bellows.

Using the AVCO code, two solutions were obtained for the omega bellows. In the
first, a finite-difference mesh was used with 80 points over half the torus. For the
second, 400 points were used.

Table A-1 shows the stresses given by these two solutions at a few points of the
torus as well as the solution obtained with the MOLSA code. It is apparent from an ex~
amination of this table that the results of the AVCO code converged toward the MOLSA
code results as the mesh was refined. The AVCO code results with the fine mesh were
almost everywhere within 1 percent of the MOLSA code results,

These results pointed up one of the advantages of the MOLSA code over the AVCO
code, namely, that the accuracy of the MOLSA code could be preselected, while the accu=
racy of the AVCO code could be determined only by running a problem with several mesh
sizes.

As a further step in the evaluation of the MOLSA code, calculations were made of
the stresses in two semitoroidal bellows studied by Turner and Ford. (A~32) The speci=
mens studied were Bellows A and Bellows D of their paper. Figure A-1 shows the di-
mensions of these bellows. Figures A-2 through A-5 show the results that Battelle ob~
tained, as well as the experimental and theoretical results that Turner and Ford obtained
for a l-ton axial load. Although they used a simplified theoretical model that was ap-
proximately valid only over a certain range of parameters, both their theoretical and
experimental results agreed fairly well with the results obtained with the MOLSA code,

The results obtained with the MOLSA code were also compared with data published
by Laupa and Weil. (A-12) They reported the stresses calculated at four points of a U-
shaped bellows under axial loading and under internal pressure, Battelle used the
MOLSA code to investigate the same configuration., Figures A-6 through A-9 give the
membrane and bending~stress resultants in meridional and circumferential directions
for both the axially loaded and the pressurized U-shaped bellows. The solid curves are
the results of Battelle's calculations; the results obtained by Laupa and Weil at the four
points reported are also shown. To convert the stress resultants shown in Figures A-7
through A~9 to the stresses reported by Laupa and Weil, it was necessary to multiply
the membrane stress resultants in Figures A-6 and A-8 by 1/t and the bending stress
resultants in Figures A-7 and A-9 by 6/t%, where t = 0,05 inch, the thickness of the bel-
lows. DBattelle's results obtained with the MOLSA code were in excellent agreement with
those of Laupa and Weil,

A limited study of computer programs was made by Dr. H. Kraus of United Air-
craft for the Pressure Vessel Research Committee of the Welding Research Council. (A-21)
Kraus studied four comI{)ut‘er programs including the AVCO code, Kalnins' code, and the
SEAL SHELL II code. {A~33) n addition, he obtained a finite-difference code written
by Dr. R. K. Penny of England. (17) ye applied the four programs to the analysis




of a spherical shell segment and a cylindrical pressure vessel with a hemispherical head.
In addition, he applied Kalnins' code and the SEAL SHELL II code to a segment of a pres-
surized semitoroidal bellows restrained against axial movement.

As a result of his study, Kraus concluded that Kalnins' code and the AVCO code
were of roughly equal speed and accuracy and were superior to the other two codes on
one or the other of these counts, Kraus did not compare the AVCO code with Kalnins'
code for the bellows problem since the problems with specified axial displacement could
not be solved directly with the AVCO code. Kraus outlined a procedure by which the
AVCO code could be used to solve these problems. However, it involved two applications
of the code plus some hand computations and he did not feel that it was worthwhile,

A comparison of the results obtained with the MOLSA code was made with a theo-
retical analysis made by Hetenyi and Timms for a welded bellows. (A-34) Their approach
was to analyze a half corrugation of the bellows using shallow=shell theory, The MOLSA
code was used to solve the problem corresponding to Case 1 of their numerical results.

A comparison of the meridional and circumferential surface stresses is presented in
Figures A-10 through A-13.

To determine whether the MOLSA code was capable of analyzing corrugated dia-
phragms, the Grover-Bell diaphragm was analyzed. The solutions obtained were com-
pared with the results of Dressler, who solved the problem of the Grover-Bell diaphragm
with clamped edges. (A-35) Figures A-14 through A-17 show the comparison of the re-
sults obtained by Dressler with those obtained with the MOLSA conde for surface stresses
in the meridional and circumferential directions.

In addition to the comparison of the solutions obfained by the different programs to
specific problems, the programs were compared on the basis of simplicity of input, ma-
chine running time, and the inherent accuracy of the approach used. In each of these
points, Program MOLSA was superior to the AVCO code. In addition, it was determined
that Program MOLSA could be modified to simplify the input further so it could be used
by a bellows designer with little computing-machine experiencz. This would be difficult
to do with the AVCO code. On the basis of the comparisons made between the different
programs, Program MOLSA was chosen as the best available computer program for the
analysis of bellows and diaphragms.

Although the input format of the MOLSA code was quite simple, considerable modi~
fications of the program were made to further simplify the input, to permit machine plot-
ting of the stress results, and to extend the range of applicability of the program. The
resulting computing program was used for most of the calculations performed in the
earlier stages of the research program, including the analysis of multilayer shells.
Program MOLSA was eventually replaced by Program NONLIN for carrying out t! theo-
retical analyses of bellows and diaphragms.

Program NONLIN is fully described in Appendixes B and C. This program, de-
veloped by Dr, J. F. Lestingi of Battelle, permits the analysis of both linear and non-
linear axisymmetric deformations of bellows and diaphragms and linear nonsymmetric
deformations of bellows and diaphragms.
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TABLE A-l. COMPARISON OF MOLSA CODE RESULTS WITH AVCO CODE
RESULTS FOR THE STRESS RESULTANTS IN AN (MEGA-
JOINT BELLOWS UNDER AXTAL LOADING

Transverse Stress Circtmferential
Angle, Resultants, Meridional Resultarts Resultants
P Q nqp nq) N, M,
MOLSA Code
0 o] h.o5 0.163 -1%2.3  0.049
21 -1.878 6.06 -0.189 -157.9 -0.057
42 -2.510 9.10 -1.089 -115.6 -0.317
63 0.7C7 10.12 -1.571 100.4k  -0.k27
& 5.026 3.07 0.h47 323.0 -0.053
106 3.493 -7.68 1.350 2u6.7 0.474
127 -1.575 -11.h 1.711 -9.6 0.536
148 -3.947 -9.18 0.622 -80.6 0.184
169 -5.950 -7.01 -1.159 -2.1 -0.348
AVCO Code, 80 Mesh Points
0 2.1 x 10-7 4.95 0.139 -145.1 0.042
21 -1.919 6.08 -0.224 -157.1  -0.067
7] -2.430 9.03 -1.076 -110.3 -0.312
63 0.785 9.96 -1.483 104.6 -0.400
85 5.050 2.81 0.429 318.3 -0.050
106 3.493 -7.67 1.273 238.1  0.450
127 -1.427 -11.21 1.678 -8.6 0.527
148 -3.925 9.17 0.645 -76.5 0.191
169 -5.972 -7.01 -1.028 -2.1 -0.309
AVCO Code, 400 Mesh Points
0 2.1 x 1077 k.95 0.159 -142.9  0.048
21 -1.888 5.06 ~0.196 -157.8 -0.059
b2 -2.496 9.09 -1.086 -114,5 -0.316
63 0.723 10.08 -1.554 101.3 -0.4k21
85 5.031 3.01 -0.443 322.2  +0.052
106 3.492 -7.68 1.335 24k5.0 0.469
127 -1.5h7 -11.37 1.705 -9.5 0.534
148 -3.943 -9.18 0.627 -79.9 0.185
169 -5.952 -7.01 -1.133 -2.1 -0.340
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APPENDIX B

DESCRIPTION OF COMPUTING PROGRAM NONL'N




ABBREVIATIONS AND SYMBOLS

T Average minimumn radius of curvature, in.
h Bellows thickness, in,
w Displacement in direction of normal to shell midsurface, in,
. Q Effective shear resultant force in direction normal to the shell, 1b/in,
ug Displacement in meridional direction, in,
Ng Meridional membrane resultant force, lb/in,
Bo Angle of rotation of the bellows normal in the meridional direction, deg
Mgy Meridional bending moment resultant, in-1b/in,
ug Displacement in the circumferential direction, in,
N Effective shear resultant in circumferential direction, lb/in,
a Angle of rotation between the coordinate directions ""one' and "two'' and the

meridional and normal directions at the end of the bellows, deg
u}, up Boundary displacements in the 1 and 2 directions, in,
Q;, Q2 Boundary resultant forces in the 1 and 2 directions, 1b/in,
n Direction of normal to hellows midsurface
tp Tangential direction to bellows midsurface in meridional plane

a, b, ¢ Dimensional parameters for shell segments

) Angle between normal to bellows surface and its axis of revolution, deg
S Meridional arc length along bellows or bellows segment, in,

Am Deflection imposed on the mathematical model, in,

Ap Deflection imposed on total live length of actual bellows, in,

€4 Surface strain in the meridional direction, in, /in,

eg Surface strain in the circumferential direction, in, /in,




APPENDIX B

DESCRIPTION OF COMPUTING PROGRAM NONLIN

This appendix is intended for those who plan to use the computing program NONLIN
for the analysis of composite shells of revolution., In this work, a composite shell is
defined as a shell composed of a number of distinct parts which may have the following
shapes: cylindrical. spheroidal, ellipsoidal, paraboloidal, conical, or toroidal. The
procedures to be discussed will be as general as possible so that the bellows designer
car make maximum use of the full capability of the program. The appendix is divided
into two parts: B-I - NONLIN Manual; B-II - Analysis Procedure for Bellows.

Program NONLIN was written in FORTRAN IV language for the CDC 6400, It is
believed that this progr- m should be easily converted to run on any machine with a
FORTRAN IV compiler and a 32, 000-word storage. By reduction of the size of the di-
mension statements it may be possible to implement the program on smaller machines,

B-I, NONLIN Manual

a. Shell Parts

b, Shell Segments

c, loads

4, Sign Convention for Fundamental Variables

e. Boundary Conditions and Boundary Rotation Angles
f. Meridional Coordinate and Integration Direction

g. Variable-Thickness Data,

B-I-a. Shell Parts

In order to describe the composite shell, the user must divide it into a number of
parts. Table B-1 shows the distinct shell types that are available in the GOMTRY
subroutine to model the parts, Figure B-1 shows a 3-part composite shell. These
shapes are described in detail in Figures B-2 through B-8. Since the shell parts are
indicated on the inp.: cards by name, the spelling given in the right-hand column of
Table B-1 must be used on the input cards.

An incorrect spelling of any of the shell types given in Table B-1 will result in a
termination of the reading of the input. The maximum number of parts allowed in this
program is 60,

B-I-b, Shell Seﬂents

Since the method used in this program is based on initial-value integration of the
governing differential equations over sufficiently short segments of the shell part, the




midsurface of each part must be divided into an appropriate number of equal segments,
The number of segments in a part is determined from the following relationship:

arc length of PART

3VTh

number of segments =

where

T = the average minimum radius of curvature

h = average wall thickness,

The maximum number of segments allowed in this program is 60, If the number
of segments called for in the different parts totals more than 60, no calculations will be

performed. The user must then decide on a new mathematical model. However, the
cases in which 60 segments are needed are rare,

B-I-¢, Loads

The distributed loads allowed for in this program are normal pressure (pounds per
square inch), unit weight* of the shell material (pounds per cubic inch), and dead weight¥*
acting on the shell (pounds per square inch), When analysis is made for unit-weight and
dead-weight loadings, the shell centerline must be vertical, These quantities must be
constant over the entire part,

Boundary loadings can also be specified at the initial and final edge of the com-
posite shell, Forces, displacements, moments, or slopes can be specified at the
boundaries, See B-I-e for a complete description regarding the manner in which these
guantities must be specified.

B-I-d. Sign Convention for
Fundamental Variables

The fundamental variables used in this program are the variables which appear on
the boundary of the rotationally symmetric shell, These variables are
w = displacement along normal to middle surface, in,
Q = effective shear resultant in ;Vi’direction, Ib/in,
ug = meridional displacement of middle surface, in,
Ny = meridional membrane resultant, 1b/in,
B¢ = angle of rotation of the normal in meridional direction, radians
Mg = meridional moment resultant, in-lb/in,
ug = circumferential displacement of middle surface, in,

N = effective shear resultant in ug direction, 1b/in,

*In general, the unit weight and dead weight for bellows and diaphragms can be specified as zero.




The positive directions of these quantities are shown in Figure B-9 for a shell
segment which has a normal pointing away from the center of curvature. Figure B-10
gives the positive di: ections of the fundamental variables for a shell segment which has
a normal pointing toward the center of curvature,

B-I-e. Boundary Conditions and
Boundary Rotation Angles

Boundary Conditions, Boundary conditions at the initial and final ends of the shell
are prescribed by specifying the type of boundary condition by name and specifying its
numerical value, For axisymmetric deformation, three boundary conditions must be
given; for nonsymmetric deformation, four boundary conditions are required, When the
prescribed boundary forces or displacements are directed along the normal and tangent
to the shell surface at the boundary, the variables that must be considered are ihe funda-
mental variables, w, Q, ug, N¢, Bp, Mg, ug, N. In some cases, it may be necessary
to specify the boundary conditions in terms of displacements and forces which are not
directed along the normal and tangent to the shell at the boundary but along some other
directions (designated the 1 and 2 axes), When this case occurs, the variables which
must be considered are: u), Qj, uz, Qz, B¢y, M¢, ug, and N. These boundary variables,
along with the names used to designate them on the input cards, are given in Table B-2,

Specification and Boundary Conditions. In order to accurately specify the boundary
conditions for a shell of revolution, only certain combinations of the boundary variables
may be used, Table B-3 shows the boundary variables separated into two columns ac-
cording to whether they relate to displacements or forces,

The specification of the boundary conditions requires that only one quantity be
chosen from each row, For an axisymmetrically loaded shell, Row 4 need not be con-
sidered, Examples of common-type boundary conditions are given in Figure B-11 along
with the variables which must be prescribed,

Boundary Rota.ion Angle, When the prescribed variables are along the normal and
tangent to the shell surface at the boundary, the boundary rotation angle is zero, For
example, see Figure B-11(a), (b), (d), and (f). To determine the boundary rotation
angle when the prescribed variables are not along the normal and tangent to the shell
surface, but along the 1-2 axes [see Figure B-1l1(c) and (e)], the following procedure
can be used. Assume that the boundary condition at the initial edge of the shell is that
shown in Figure B-12(a). The support allows movement of the composite shell edge
along the A-A axis but does not allow any movement along the B-B axis, The support is
not capable of supporting any meridional bending moment. The first step in deter-~
mining the proper angle is to sketch a boundary support in which the boundary rotation
angle is zero. One such possibility is shown on the left side of Figure B-12(b). Note
that the normal and tangential directions have also been indicated by n and ty. These
directions are fixed by the choice of the direction of integration. Next, associate the
1 axis with the n direction and the 2 axis with the ty direction. ‘rhen rotate the support
to the position actually required as shown in Figure B-12(a). At the same time, allow
the 1-2 axes to rotate with the support. By doing this, the final position of the 1-2
axes will be as shown in Figure B-12(b). The boundary rotation angle is ai and it is

B-3




defined to be negative since the direction of rotation is in the same direction as the inte-
gration. It is now necessary to determine which boundary variables are known. An ex-
amination of Figure B-12(b) shows that the displacement in the 1 direction is zero, so
u; = 0 while the force in the 2 direction is zero, s0o Qz = 0.

The support shown in Figure B-12(a) can be obtained from a second boundary sup-
port which is shown on the left side of Figure B-12(c). The normal, tangent, and 1-2
directions are again indicated. The rotation of the support must now be made in a
counterclockwise direction until the 1 axis is coincident with the A-A axis. The sign con-
vention makes this angle a; positive. Now, however, the force in the 1 direction is zero,
thus Q; = 0, while the displacement in the 2 direction is zero, thus u; = 0.

In considering the final edge of the shell, the same sign convention introduced
above is used. In order to show the latitude one has in defining boundary rotation angles,
the boundary condition shown in Figure B-13(a) will be considered in detail. The support
shown in Figure B-13(a) is skewed with respect to the n-ty axes. Figure B-13(b) indi-
cates one possibility of rotating a zero-degree boundary angle to the desired position.
The angle is negative since the rotation in this case is in the same direction as the inte-
gration, the displacement u; = 0, and the force Q, = 0, A second possibility for obtaining
the correct boundary condition is shown in Figure B-13(c). Note that the angle is nega-
tive but Q) = 0 and up = 0, The third possibility inakes use of the same support shown
in Figure B-13(c), However, in this case the rotation is counterclockwise. This pro-
duces a positive boundary rotation angle, Although the support shown on the right-hand
side of Figure B-13(d) is pictorially different from that shown in Figure B-13(a), it has
the same support characteristics.

-

Restrictions on Specification of Boundary Conditions., For axisymmetric loadings
(i.e., when the Fourier harmonic n = 0), the displacement parallel to the shell center-
line must be prescribed at the initial edge.

For nonsymmetric deformations (Fourier harmonic n = 1), the displacement per-
pendicular to the shell centerline must be prescribed at the initial edge.

B-I-f, Meridional Coordinate and
Integration Direction

The independent coordinate used in this program is either the distance s shown in
Figures B-2, B-6, and B-8 which is measured along the meridion or the angle ¢ which is
measured between the normal and the axis of symmetry of the composite shell, The s
coordinate is used only for the CYLINDRICAL, CQNICAL, and VARCYLINDER parts.
All other parts are described by the angle ¢,

After the shape of the mathematical model is set up, the initial and final coordi-
nates and radii* of each part must be obtained. These quantities depend on the choice of
the direction of the positive normal as well as the direction of integration. The basic
concept used in determining these quantities is that within any one part, the normal to
the shell middle surface must be continuously turning, This implies that the angie which
the normal makes with the axis of symmetry of the shell can increase, decrease, or

*Defumtions of those pararr eters for each type of part are given 1n Figures B-2 through B-8. To simplify the put, the length of
the cylindrical and conical shell parts has been 1dentified as “b" and is thus referred to as a "radius”.
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remain constant at any point in the shell part. On moving from part to part, the only
restriction is that the middle surface be continuous. It is not necessary, however, that
the tangent to the shell middle surface be continuous.

Several examples will be shown to demonstrate the manner in which the radii and
coordinates are obtained. A composite shell which is composed of 5 parts is shown in
Figure B-14. In most cases¥ the user has the option to choose ecither end of the shell as
the initial edge. In this example, the initial edge is chosen at point A so that the direc-
tion of the 0-90-180-270 axes are as shown in Figure B-14. The normal on the first
shell part must be chosen to point away from the shell axis of revolution. For Part 1
(VARCYLINDER), the angle which the normal makes with the centerline of the shell is
90. 0 degrees. The radius "a" for a VARCYLINDER part is always positive and is GA
in this case. The length of the shell is AB and is indicated as '"b" in the table in the
lower part ot Figure B-14.

On proceeding to Part 2 (CQNICAL), the concept of the continuously turning tangent
must now be used to determine the angle which the normal makes with the centerline of
the shell. Note that at B the shell surface is continuous, but that the tangent to the shell
surface is discontinuous. In this case, the continuously turning tangent can best be under-
stood if one imagines that Parts 1 and 2 are connected by a small radius part (auxiliary
part) which provides a continuous tangent to the shell surface in going from Part 1 to 2.
Then as the normal moves across this auxiliary part, the motion will be in a counter-
clockwise direction, which in this case means that the angle is decreasing. Eventually,
the normal would move from Part 1 across the auxiliary part and on to Part 2. At this
time the angle would be 50.0 degrees as noted in Figure B-14. For a CONICAL part,
only one angle is necessary, as indicated in Figure B-6, The radius "a'" for Part 2 is
HB, the distance from the centerline of the shell to the initial edge of the part. This
value is always positive, The length of the part BC is indicated as radius '"b'" in
Figure B-14,

On moving to Part 3 (SPHERQ@IDAL), the normal makes an angle of 50. 0 degrees
with the centerline at Point C since the slope of the shell surface at C is continuous, As
the normal is moved along Part 3, it begins to rotate in a clockwise direction, which in-
dicates that the angle is increasing, It finally reaches Point D where the magnitude of
the angle is 75, 0 degrees, The radius of this part is +JC since the normal points away
from the Center of Curvature J,

On entering Part 4 (TORQIDAL), the normal starts to rotate counterclockwise., On
reaching Point E {(end of Part 4), the normal makes an angle of 20, 0 degrees with the
horizontal, Thus, for Part 4, the initial coordinate is 75, 0 degrees and the final coordi-
nate is 20, 0 degrees, The radius "a" for Part 4 is the vertical distance ML, The radius
"b'" is -KD since the normal is pointing toward the Center of Curvature K.

In order to move from Part 4 to Part 5 (CQNICAL), imagine that an auxiliary part
connects the two parts such that the normal is continuously turning. This would show
that the normal would be rotating in a clockwise direction across the auxiliary part, with
the angle at the beginning of the auxiliary part being 20, 0 degrees and that at the end
being 130, 0 degrees, Thus, the initial coordinate for Part 5 would be 130, 0 degrees,
Since Part 5 is CQNICAL, the distance "a'" is measured from the initial edge of the part
to the centerline of the composite shell. This distance is ON. The length, '"b", of the
part is EF,

“See restrictions 1n B-I-e



As mentioned previously, the user can usually specify either end of the shell as
the initial edge. To demonstrate the differences in describing the mathematical model
when the initial edge is at Point A, which is now at the right-hand side of the shell,
Figure B-15 has been prepared. The initial and final coordinates and radii are given in
the lower portion of Figure B-15.

A six-part composite shell is shown in Figure B-16. The initial edge of the shell
is taken at A so that the integration is from A to G. The coordinates and radii for this
shell are given in Figure B-16. The angle for Part 1 is 180, 0 degrees since the integra-
tion is toward the centerline of the shell. The "a'" distance is JK since Point A repre-
sents the initial edge of the part.

The initial angle for Part 2 is 220, 0 degrees since the auxiliary part which con-
nects Parts 1 and 2 would cause the normal to rotate in a clockwise direction. In going
from B to C, the angle would start to decrease., The angle in fact becomes 120.0 at
Point C. The radius Bl is negative since the normal points towards the Center of
Curvature L

The angle for Part 3 becomes 150, 0 degrees since the normal rotates 30. 0 degrees
clockwise in going from C on Part 2 to C on Part 3. The "a" dimension for Part 3 is NO.

To determine the angle for Part 4, imagine that the normal "turns the corner'" ina
counterclockwise direction at Point D, This causes the angle to decrease to its value of
20,0 degrees on Part 4, The radius "a" for Part 4 is DP while the length '"b" is DE.

In going from Point E on Part 4 to Point E on Part 5, the normal turns counter-
clockwise, which indicates that the angle is decreasing. The angle passes through 0.0
degrees to its value of -30. 0% at Point E on Part 5, As the normal moves along Part 5
from E to F, it executes a clockwise movement. Thus, the angle is increasing. It
reaches the value of 120, 0 degrees at Point F on Part 5. The radius "a'" for Part 5 is
QR while the radius '"b" is +EH since the normal is pointing away from the Center of
Curvature H.

In going from Point F on Part 5 to Point F on Part 6, the normal turns counter-
clockwise. The angle for Part 6 is 0, 0 degrees. The "'a'" distance is ST, while the lengt}
'"b" is FG,.

Figure B-17 shows the same shell discussed in Figure B-16. The initial edge is
taken on the right side of the shell, The initial and final coordinates and radii are given
in the table in the lower portion of Figure B-17,

B-I-g, Variable-Thickness Data

When a shell part has a variable-thickness distribution, data must be prescribed in
one of two ways, depending on the shell type, For the VARCYLINDER and CQNICAL
types, imagine that the thickness distribution for the part is that shown in Figure B-18.
The shell part is assumed to have b = 0, 6 inch. For example, this part can be either the
VARCYLINDER, Part | in Figure B-14, or the CQNICAL, Part 3 in Figure B-16. Notice
that even though these parts are described by giving their lengths b, it is necessary to
prescribe one s coordinate for every thickness value, When specifying variable-thicknes:
data, the first point is always s = 0 and the last point s = b,

*Note that the angle must have continuous variation except at points of discontinuity. Thus, the angle is allowed to become
negativc here after passing through zeroinstead of being incremented by 2 7.



Figure B-19 shows variable-thickness data for the TQRQIDAL Part 5 of
Figure B-16. For all shell parts which use ¢ as the independent coordinate, the
variable-thickness data must be prescribed as shown in the tabulation in Figure B-19.
Notice that the first thickness value is given at ¢;pni4ia1 = -30. 0 degrees and the last
thickness value is given at ¢, - = 120. 0 degrees.

The present program allows 10 values to be prescribed per part.

B-II. Analysis Procedure for Bellows

This part of Appendix B is intended to give the bellows designer a nontechnical
description of the procedure for analyzing formed and welded bellows and diaphragms.
A prior knowledge of-the contents of Appendixes A and C and the first part of Appendix B
is not needed to understand this section. However, a reading of Appendix A, for a
general background of bellows and diaphragm analysis, and of the first part of this ap-
pendix is recommended to obtain a greater understanding of the multisegment-analysis
approach.

This discussion of the analysis procedure is divided into the following parts:

Preparation of Bellows Cross Section
Measurement of x-y Coordinates and Thicknesses
Preparation of the Mathematical Model

Input Preparation for Program NONLIN
Description of Computer-Output Sheets
Item-~by-Item Description of Tnput Data
Item~by-Item Description of Output Data,

oo o

The descriptions are related to the analysis of formed bellows. In particular the
preparation of the input data and the output data obtained for the analysis of the 3-inch
formed bellows JL68 is described. The results of the analysis of this bellows were re-
ported in Appendix E.

Although the discussion is primarily related to formed bellows, it is believed that
much of the discussion is applicable to the preparation of input data for welded bellows
and diaphragms. The differences between the usual description of boundary conditions
for welded and formed bellows are discussed,

B-II-a., Preparation of Bellows
Cross Section

To obtain geometric measurements for use in preparing the mathematical model »f
a fabricated bellows, the procedure developed in the research program requires en-
capsulation of the specimen in a hard plastic, cross sectioning the block after curing,
and polishing one-half of the cross-sectioned block. The details of this procedure
are given in Appendix P,




B-II-b. Measurement of x-y Coordinates
and Thicknesses

According to the assumptions of thin-shell theory, a bellows can be completely
described by finding the exact shape of the midsurface of the bellows wall and the wall
thickness at each point of the bellows. The first step of the procedure developed for
determining both bellows shape and the thickness involves making hardness impressions
along the bellows convolutions with a Tukon microhardness tester or similar instru-
ment. These indentations, which are carefully made in the center of the bellows wall,
provide benchmarks for measuring the cross-section shape of the bellows. Appendix P
describes the method of making these impressions and of making precision measure-
ments of the x~y coordinates of each benchmark. The thickness of the specimen wall is
also measured at each benchmark,

The number of convoiutions which should be measured depends on the uniformity
of the bellows. If the bellows convolutions are as uniform as those shown in Figure E-2
for bellows JD68, then measurements need be made only for one-half of one convolution,
Since this bellows was one of the first analyzed in this program, measurements of the
x-y coordinates and of the thickness were made for the entire convolution to check the
symmetry of the convolution. In this case, the convolution was very nearly symmetrica
so that the measurements were averaged and dimensions for only "one-half" of the con-
volution were considered in the mathematical model, Table E-1 gives the x-y coordi-
nates for each benchmark for JD68 with respect to a fixed reference point (see
Appendix E for details) and the thickness measured at each benchmark,

If the bellows has nonuniform convolutions such as those shown in Figure B-20,
then it is necessary to measure a sufficient number of convolutions to represent the
bellows. In the analysis of this bellows, three convolutions were measured and con-
sidered in the mathematical model.

For a welded bellows, at least two leaves must be measured since the upper and
lower leaves of a convolution do not have the same shape. Figure B-21 shows the cross
section of a 3-inch single-ply AM-350 welded bellows, In this case two complete con-
volutions were indented and measured, The results for the upper leaves were averaged
as were the results for the lower leaves, Note that the outermost and innermost im-
pressions were approximately in the center of the weld bead. The placing of the im-
pressions at these points facilitates the construction of the mathematical model.

In general, the spacing of the benchmarks should be adjusted to the shape being
measured. A sufficient number of points are required to describe the convolution shape
Generally, the spacing should be about 0,010 inch, In curved areas, the spacing may be
as small as 0,002 inch, while in flat areas it may be as large as 0. 030 inch. The thick-
ness should be measured within £0, 00001 with a Vickers image-splitting measuring eye-
piece mounted in a conventional compound microscope, Any equivalent measuring ap-
paratus can be used for the thickness measurements, Experience during this program
indicates that a filar eyepiece can also be used. However, the accuracy obtained with
this eyepiece depends on the ability of the operator to align the cross hair along the edgt¢
of the specimen wall,

In addition to the measurements described above, the distance from the axis of the
bellows to the origin of the x-y coordinate system is required.




B-Il-c. Preparation of the
Mathematical Model

Once the measurements for the convolution have been made and tabulated, for
example, as in Table E~-1 (3-inch single-ply formed bellows), Table F-1 (1-inch single-
ply formed bellows), and Table H-1 (3-1/2-inch single~ply welded bellows), the mathe-
matical model can be prepared.

The measurements are first plotted on standard graph paper. For bellows of the
size considered in this program, it was found that the scale should be approximately
0.010 inch per inch. This scale sometimes requires sheets 11 by 17 in. or larger.
After the points are plotted, a continuous curve is drawn through the points with a
French curve.

The next step is to divide this curve into a number of distinct parts of the type
listed in Table B-1 and described in Figures B-~2 through B-8. This procedure requires
some judgment on the part of the analyst. It has been found that toroidal and conical
parts are sufficient to represent even the most irregular béllows shapes. Accurate
determination of the radii of the toroidal parts usually requires 2 trial-and-error pro-
cedure in which overlays of different radii are fitted to each part. Examples of some
mathematical models obtained in this way are shown in Figures E-3, F-4, H-3, and
H-4. These figures were plotted after the coordinates and radii were obtained from
much larger drawings.

The initial and final coordinates, ®jnitia] @nd ®fjnal, and the radii "a' and "b"
described in Figures B-2 through B-8 must then be measured from the mathematical
model. Linear and angular measurements should be made within £0, 0005 inch and
+#0. 50 degree, respectively. This information should then be tabulated in a manner
similar to that shown in Tables E-2, F-2, and H-2.

Variable-Thickness Data, To determine the input quantites for the variable
thickness, the thickness is plotted as shown in Figure E-3 for the 3-inch single-ply
bellows JD68, The independent variable in this figure is the radial distance from the
root to the crown, However, this dimension cannot be used as input data. As outlined
in B-I-g, VARCYLINDER and CQNICAL parts require the specification of the thickness
as a function of the distance s, which is the meridional arc length measured from the
beginning point of the part, and the angle ¢ is used as the independent coordinate of
other parts (see B-I-g).

If the thickness varies linearly over the meridional length of a part, then it is
necessary to specify the thickness only at the end points of the part since the computer
program automatically interpolates linearly for the thickness between any two data
points. In this case the independent coordinates of the thickness-data points are s = 0
and s = b for the CONICAL and VARCYLINDER parts where b is the shell length of the
part. The independent coordinates for the thickness-data points for TQRQPIDAL parts
would be ¢ipnitial and Pfina] for the case where the thickness varies linearly along the
TQRQ@IDAL part.

In some instances, the measured thickness variation along the part cannot be re-
presented accurately with a linear variation of distance over the full length of the part,
In such cases it is necessary to represent the thickness variation as a piecewise linear
function within the part, This . 2quires establishing thickness-data points at inter-
mediate points of the part as well as at the end points of the part. While the thickness
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values are obtained directly from a thickness plot such as Figure E-4, the related
values of s or ¢ must be established ior the data points. This determination may be
done graphically Ly plotting the points on the cross section of the bellows. Then for an
intermediate point of a conical part, the value of s is obtained by measuring the distanc
of the point from the initial point of the part (remembering that s = 0 at the initial point
of the cone or cylinder). Feor a TQRQIDAL or other type part for which ¢ is used as the
independent cocrdinate, the angle of the normal to the shell at the plotted point may be
carefully measured with a protractor. A second way of determining the appropriate
values of s or ¢ would be to substitute the value of the radius of the point measured
from the bellows axis intc the equation of the part and to solve for the value of s or ¢.
For instance, the equation for the cylindrical radius at any point of a TQRQIDAL part
is

r=a+ bcos¢ (B-1

By substituting the values of a, b, and r in the equation, it is possible to find the value
of ¢ using tabies of the cosine function.

Continuity of Parts. In the preparation of the mathematical model, care must be
taken to insure that the information describing the bellows convolution results in a shap:
which is continuous. To aid the analyst in achieving this goal, an internal program
check has been included. This check amounts to calculating the distance from the cente
line of the specimen to the beginning and end of the part. This is done for all parts and
a check is made to see that adjacent parts do not have values, which describe the same
po‘nt, differing by more than 0.0025 inch. For example, for the shell shown in
kigure B-22, the radial distance from the centerline of the shell to Point B on Part 1,
denoted by rL (and given by the relation in the lower half of the figure), must be within
0, 0025 inch of the radial distance from the centerline of the shell to the initial point on
Part 2, denoted by r% = a,. Errors in measuring distances and angles as well as speci
fication of the incorrect signs of the radius '"b" will result in subroutine INPUT rejectin
the data. An error message will indicate which part has been incorrectly dimensioned.

To determine the correct signs of the angles and radii for formed bellows and
diaphragms, it is recommended that the examples in Figures B-14 and B-15 be studied.
For welded bellows, Figures B-16 and B-17 give all the details needed to correctly
describe the shape.

B-II-d. Input Preparation for
Program NONLIN

The input data for Program NONLIN is composed of 12 different data sets:

1. Title cards (3 cards)
Boundary-value data at iaitial edge of shell (! card)

Boundary-value data at final edge of shell (1 card)

= W N

Rotation angle between shell supports and shell centerline at initial
and final edges of shell (1 card)

5. Control set (1 card)




. Young's modulus and Poisson's ratio (1 card)

6
7. Loading parameters — pressure, unit weight, and dead weight (1 card)
8. Shell type and control information for each part {1 card per pari)

9

Shell geometrical parameters for each part (1 card per part)

10. Variable elastic parameters (1 card per part when the elastic
parameters are variable)

11, Variable loading parameters (1 card per part when there are different
loads on the different parts)

12. Variable thickness data (2 to 4 cards per part when the thickness is
variable).

The preparation of these data sets is relatively simple once the mathematical
model has been properly prepared and the parameters described in tabular form. Data
sheets showing the proper format for the various data sets are shown in Tables B-4
through B-7 for all of the data sets except Sets 10 and 11*. Preparation of these data
sheets will be described in sufficient detail in this section so that the bellows designer
can learn to prepare these forms for all standard types of bellows and diaphragms.
However, it is emphasized that a real understanding of the procedure will usually be
acquired only after a number of bellows have been analyzed. A more complete item-by-
item discussion of the input data is presented in Section B-II-f for those who must
analyze nonstandard shells and those who desire a deeper understanding of the input
data.

The data sets will not be discussed here in numerical order but will be considered
in certain related groups in the following way. Data Set 1 which allows a 3-card title for
each problem is discussed first. Then Data Sets 5, 6, 8, 9, 10, and 12, which deter-
mine the shell geometry and elastic constants, will be discussed, Finally, Data Sets
2, 3, 4, 7, and 11, waich relate to the loading parameters, will be described.

Each of the input data will be illustrated by giving the input data prepared for the
analysis of the 3-inch formed bellows JD68 which was described in Appendix E. The
mathematical model prepared for this bellows consisted of six shell parts which modeled
one-half of one convolution, This model is illustrated in Figure B-23 which was trans-
posed from Figure E-3 so that the orientation of the axes would be consistent with those
in Figure B-22, The integration for this bellows was carried out from the root to the
crown for the 3-inch bellows so tnat the first part is at the root and the sixth part is at
the crown of the convolution as shown, The problem for which the input data will be
illustrated involves axial compression of the 10-convolution bellows by 0. 060 inch.

Data Set 1, Title Cards. Three free-field title cards have been incorporated in
the program input to permit identification of each problem. Any combination of alpha-
numeric characters acceptable to a given machine system is permitted. Three cards
must be read in for every problem, but any part of all three cards may be left blank if
desired. The information punched on the cards is printed at the top of the output data
sheets in the same format that is punched on the cards. A sample title for the 3-inch
bellows is shown entered in the data sheets in Table B-11.

‘Data Sets 10 and 11, which ar seldom used, will not be discussed here. For a discussion of these data sets, see
Section B-II-f.



Input Data Sets, 5, 6, 8, 9, 10, and 12. Geometrical and Elastic Parameters.

Once the mathematical model has been properly prepared and described in tabular form
it is relatively simple to translate the information to the data sheets. Table B-8, which
is a reproduction of Table E-2, illustrates the geometrical parameters derived from the
mathematical model of the 3-inch formed bellows. Table B-9 gives the thickness varia-
tion obtained from Figures E-3 and E-4. The data in Tables B-8 and B-9 are used to
make up Data Sets 5, 8, 9, and 12. Data Set 6 is used to enter the elastic constants.

Data Set 5 contains control information. For the analysis of the linear deflection
of the formed bellows, only the number of parts and the number of the Fourier har-
monics must be entered in this set. From Table B-8 it is seen that there are six parts.
Since only axisymmetric deformation was considered, only one Fourier harmonic was
called for ana this was the o-th harmonic. These entries are shown in Table B-11,
Note that when the "error control" is left blank, the truncation error in the integration
is automatically taken to be 1 x 10-5, The remaining entries in Data Set 5 are used
primarily for nonlinear deformations. These are described in Section B-II-f,

Data Set 6 gives the values of Young's modulus and Poisson's ratio. For uniform
materials with constant elastic properties, the first entry under "Constant?'" is "YES"
and the values of the constants are entered as indicated. The values shown in
Table B-11 indicate that Young's modulus was taken to be 0.3 x 108 and Poisson's ratio
was 0,3, If the bellows assembly is constructed of two or more materials with different
elastic constants, the first entry would be ""NO'" and the values of the different elastic
constants for each part would be entered as Data Set 10, This situation is expected to
occur very rarely and will not be discussed here, However, it is discussed in
Section B-1I-f.

Data Set 8 is used to enter the geometric parameters for each shell part. There
is one card for each part. Thus, for the 3-inch formed bellows there were 6 cards
and 6 lines in the data sheet in Figure B-12, A comparison of Tables B-8 and B-12
shows how the geometrical data are transferred*. Note that the names of the shell types
must start in Column 5. The number of the segments per part (Columns 43 and 44)
are calculated from the formula

Number of segments 2 25 length of PART
3V Th

(B-2)

However, it is not critical to choose exactly the right number for every part and it is
easy to estimate the number after some practice. In making such estimates it is better
to take too many parts than not enough., The maximum allowable number of segments
for the entire bellows is 60,

The number of print points per segment controls the number of points at which the
program will print stresses and displacements. This is left to the discretion of the
designer.

The specification of the shell wall thickness is controlled by the last three entries
in Data Set 8, If the thickness is constant in each part, then "YES" is entered in
Columns 52 through 54 and the thickness in Columns 57 through 64 under the heading
"VALUE", If the thickness varies within a PART, then '"'NO" is entered in Columns 53

*The radius by is entered within a minus sign since the normal to the shell points toward the center of curvature, This 1s
illustrated 1n Figure B-7.
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and 54 and the "VALUE" field is left blank. The number of points within each part at
which the thickness was measured is inserted in Columns 68 and 69, (This latter field
is left blank if the thickness is constant in each part.) The data for the thickness varia-
tion of the 3-inch bellows are given in Table B-9 where the independent coordinate has
been given in terms of the angle ¢ or the meridional distance s. The description of the
conversion from radial coordinates to ¢ or s-coordinates was described in the

Section B-II-c on preparation of the mathematical model,

The thickness data for each part are entered in Data Set 12. Note that the inde-
pendent coordinates of all the points in a given part are read in first and the corre-
sponding values of the thickness are then read in on the next card. With the indicated
format it is possible to read in 8 data points on any one pair of cards for each part.
When 9 or 10 data points are necessary for specifying the thickness variation in any one
part, the 10 independent coordinates are written on two lines and the 10 thickness values
are then written on the next two lines,

Input-Data Sets for Boundary and Loading Conditions. Data Sets 2, 3, 4, and 7
are utilized to fix the boundary and loading conditions. Data Set 2 gives the boundary
conditions at the initial edge of the shell, while Data Set 3 gives the boundary conditions
at the final edge of the shell, As shown in Figure B-4, these data permit a specification
of up to four different boundary conditions at either end of the shell. However, for
axisymmetric deformation, only three boundary conditions are used, In both Data Sets

2 and 3, the boundary conditions are specified in the following order:

a. Transverse "FQRCE" (Q) or "DISPLACEMENT" (w) is called for by
inserting the proper word under "type' beginning in Column 1, Its
value is then given in Coilumns 13 through 20,

b. Meridional "FORCE" (Ng) or "DISPLACEMENT" (u4) is called for by
inserting the proper word in Columns 21 through 32 with the value
inserted in Columns 33 through 40,

c. Meridional "M@MENT" (Mg) or "SLQPE" (ﬁ¢) is called for by inserting
the proper word in Columns 41 through 52 with the value inserted in
Columns 53 through 60,

The choice of the appropriate boundary conditions for the formed bellows is ar-
rived at in the following way, An inspection of the cross section of the bellows illu-
strated in Figures E-1 and E-2 shows that the ends of the half convolution illustrated
in Figure B-23 lie on planes of symmetry, This means that the transverse shear force
Q and the angle of rotation of the normal in the meridional direction By are zero at
bot1 edges of the shell, In the meridional direction it is desirable to specify the dis-
placement at both ends of the convolution, Thus, the type descriptions on Data Sets 2
and 3 would be FQRCE, DISPLACEMENT, SLQPE for both axial deflection and pressure
loading, When the bellows is subjected to an internal or external pressure loading with
no axial deflection, the values for the boundary conditions are all zero, When the bel-
lows is subjected tc an axial deflection loading, the magnitude of the displacement is
given in Columns 33 through 40 either on Data Set Z or Data Set 3, The magnitude of
the displacement A, imposed on the mathematical model is related to the displacement
Ap, imposed on the bellows by the following equation:

_ Number of convolutions in mathematical model

A =
m Number of convolutions in actual bellows

XAb . (B‘s)
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Thus, for example, if a bellows has 10 convolutions and the mathematical model is
one-half of one convolution, the deflection imposed on the mathematical model would be
1 /20 of the deflection imposed on the actual bellows. Thus A, for the 3-inch bellows
is taken to be 0, 003 inch.

If the displacement A, is imposed at the final edge, an extension of the formed
bellows would be read in as a positive value while a compression of the formed bellows
would be read in as a negative value as shown in Data Set 3 in Table B~11. The signs
are reversed if the deflection is imposed at the initial edge.

Data Set 4 is used to specify the angle between the directions in which the end
conditions are applied and the directions of the normal and tangent to the shell meridion
at each end of the shell. The angles are zero as shown in Table B-4 for both ends of
the shell since the w and u; are specified in the direction of the normal and in the meri-
dional direction, respectively, for the formed bellows. It will be seen later that nonzero
rotation angles are necessary when fixing the boundary conditions for welded bellows,

Data Set 7 is utilized when the shell is subjected to a pressure load or a unit=
weight or dead-weight loading, When these parameters are constant (including zero)
over the entire bellows, "YES' is entered under "Constant?' in Columns 3 through 5
and the appropriate values are inserted in the other parts of the table, When there is no
pressure, unit weight, or dead weight, zeros are to be inserted in the fields as shown
in Table B-11, but "YES" ig inserted in the first field. It is believed that the capability
of the program to analyze problems with variable pressure or weight loads will be
rarely used, For such a problem, "NO" is inserted in the first field of Data Set 7 and
the variable loads are inserted in Data Set 11. This procedure is described in
Section B-II-f.

Finally, in order to solve the problem of linear deformation of the 3-inch formed
bellows under internal pressure with end restraints, the only required changes in the
input data are that the displacement value in Columne 34 through 39 of Data Set 3 be set
to zero and the pressure value in Columns 9 through 19 of Data Set 7 be set 2qual to the
desired pressure,

For additional guidance the actual cards used for the input data for the 3-inch
bellows are reproduced in Figures B-24 through B-26,

Welded Bellows Boundary Conditions, The input data for welded bellows are more
complicated than for formed bellows for two reasons, The first reason is that the upper
and lower leaves are not symmetric so that the mathematical model cannot be applied to
only one-half convolution, In practice, it is usually desirable to model at 1~ast two full
convolutions The stresses and strains of the middle leaves are then taken to be
representative of the behavior of the internal convolutions of the actual welded bellows.

The second complicating factor in the analysis of welded bellows is that the mid-
surface of the bellows is often inclined with respect to the bellows axis at the bellows
root or crown. An example of this is shown in Figure B-21. Further, the advanced-
design welded bellows developed in the research program has flat sections which are
deliberately inclined to the bellows axis. Fotv the analysis of these bellows, it is neces-
sary to utilize the boundary-rotation capability of Data Set 4. The specification of the
boundary conditions and rotation angles was described in detail in Section B-I-e. How-
ever, this section was written to cover all possible situations and thus is somewhat
complicated. For the routine analysis of welded bellows it is suggested that the follow-
ing procedure be followed.
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As noted above, one or more complete convolutions must be analyzed for the
welded bellows, It is reconmended that the initial edge of the bellows be at the crown
of the upper diaphragm of the upper convolution and the final edge be at the crown of the
lower diaphragm of the last convolution, The numerical integration is carried out from
the crown to the root of the upper diaphragm of the first convolution, then from the root
to the crown of the lower diaphragm of the first convolution; this procedure is followed
until the crown of the lower diaphragm of the last convolution is reached, With this
convention the rotation angles at the edges of the shell can be standardized as shown in
Figure B-27, When the bellows flat is perpendicular to the centerline as shown by the
middle drawing for both edges, then the rotation angles of Data Set 4 are zero and the
three boundary condition types for both Data Sets 2 and 3 are in the order
"DISPLACEMENT", "FQRCE'", "SLQPE'", When the bellows flats are inclined from the
horizontal one way or the other, then for the different orientations indicated in
Figure B-27, the rotation angles to be entered in Data Set 4 are given in Table B-10,
The boundary condition types are still in the order "DISPLACEMENT", "FQRCE", and
"SL@PE", For a pressure~loaded bellows with end restraint, all of the values are set
to zero, For axial displacement the desired value of the total displacement for the
number of convolutions included in the mathematical model is entered in Columns 13
through 20 of Data Set 3, This displacement can be found by multiplying the deformation
for the entire bellows by the ratio of the number of convolutions in the mathematical
model to the number of convolutions in the full bellows, A positive value of the displace-
ment is used in this case for compression and a negative value for extension.

B-Il-e, Description of
Computer-Qutput Shests

The interpretation of the output of the computer program is quite straightforward.
The output sheets obtained from the analysis of the 3-inch formed bellows are repro-
duced in Tables B-15 through B-20. The title page is printed out of an array perma-
nently stored in Subroutine INPUT. This may, of course, be changed for each com-
pany's purpose. Tables B-16 through B-18 give the input data that were entered. This
may be checked visually to insure that the proper input data were key punched. Tabl:s
B-19 and B-20 give the values of the stress resultants and moments, the displacements
and strains, and the surface stresses at each of the print points requested. An item-
by-item description of the output is given in Section B-IlI-g to aid in interpretation of
any unfamiliar quantities.

Finally, it is noted that many checks have been incorporated in the program to
insure that the rules governing the specification of the data are followed. However, the
data concerning the specification of the variable thickness are not checked internally,
Consequently, these should be checked by the analyst when he reviews his output. It is
important that when variable-thickness data are prescribed for parts described by the
independent coordinate ¢, the initial and final independent coordinates describing the
thickness variation be the same as the initial and final coordinates of the part. When
the part is prescribed by the distance s, the initial coordinate must be s = 0 and the final
coordinate s = b for thickness-variation input,

The boundary conditions at the final edge of the shell should be checked. Whea the

boundary-rotation angle at the end of the suell is 0 degrees, the three fundamental vari-
ables that were prescribed at the boundary should agree closely with the last entries in
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the appropriate columns of the stress-resultant and displacement table which is similar
to Figure B-19. If a large discrepancy is found, then a check should be made of whether
the number of segments selected for the parts is sufficient and if all the input is correct.

When the boundary-rotation angle is not zero, the boundary-input quantities will
not appear explicitly for the axial-loading case, A simple check on the correctness of
the solution can be obtained by using the following equations:

uj =W cos$ -uy sing  ; (B-4)
Nz = Qg sinp + Ny sind . (B-5)

The displacement u; should equal the deflection imposed on the bellows, while the
force Ny should be zero,

For a bellows analysis the quantity that is usually of most importance is the
meridional strain, This is denoted as EPS PHI on the output, The maximum strain
for axial loading is related to the fatigue life as explained in Appendix K.

B-1I-f. Item-by-Item Description
of Input Data

The computer input cards which are necessary to perform an analysis using
NONLIN will be described in this section. The special INPUT DATA sheets discussed
earlier conform with the indicated FORMATS in each data set.

Data Set 1 Job Identification

READ (5,500) TITLE 1, TITLE2, TITLE3
500 FQRMAT (80 Al)

Any information can be placed on these three cards. It is necessary
to have three cards, although any can be left blank,

Data Set z Boundary Data at Initial Edge

READ (5,530) (BQUNDI(I), GA(I), I=1,4)
530 FQRMAT (4 (A6, 6X, FS8.2))

BQUNDI (1) is either DISPLACEMENT or FQRCE in w or 1 direction
GA (1) is its value

BQUNDI (2) is either DISPLACEMENT or FQRCE in ug or 2 direction
GA (2) is its value




BQUNDI (3) is either SLOPE or MOMENT
GA (3) is its value

BQUNDI (4) is either DISPLACEMENT or FORCE in ug direction
GA (4) is its value

For an axisymmetrically loaded shell BQUNDI (4) and GA (4) need not be
specified,

Data Set 3. Boundary Data at Final Edge

READ (5,530) (BQUNDF (I), GB (I), L= 5,8)
530 FQRMAT (4 (A6, 6X, F8,2))

BQUNDF (5) is either DISPLACEMENT or FQRCE in w or 1 direction
GB (5) is its value

BQUNDF (6) is either DISPLACEMENT or FORCE in ug or 2 direction
GB (6) is 1ts value

BQUNDF (7) is either SLQPE or MGMENT
GB (7) is its valuc

BQUNDF (8) is either DISPLACEMENT or FQRCE in ug direction
GB (8) is its value

For an axisymmetrically loaded shell BQUNDF (8) and GB (8) need not be specified,

Data Set 4 Bourdary Rotation Angles

READ (5,565) ALXL, ALXR
565 FORMAT (8 F10,5)
ALXL is the boundary rotation angle at the initial edge of the shell

ALXR is the boundary rotation angle at the final edge of the shell

Data Set 5 Control Card

READ (5,561) IBRM, ITER, NDUMMY, PL®T, INTPRN, INTVAL, LEVELI,
LEVEL2, ERP, CONVER, NUMHAR, (NFQURA (I), I= 1,8)

561 FQRMAT (815, 2E10, 3, 10I2)
IBRM = number of parts in composite shell

ITER = number of iterations at a load level for nonlinear
calculations, ITER = 0 for linear analysis
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NDUMMY =

INTPRN =

INTVAL =

LEVELL =

LEVELZ =

ERP =

CONVER =

NUMHAR =

NFQURA (I) =

Data Set 6 Elastic

not presently used

0 indicates that intermediate results from the nonlinear
analysis, i.e,, values of parameters and slopes, will
not be printed out, Use 1 to obtain values,

0 indicates that intermediate results from the initial value
integrations will not be printed out. Use 1 to obtain values,

number of increments into which the loading is divided for
nonlinear analysis,

not presently used

accuracy for integration subroutine, If left blank, it is
internally set to 1,0 E-05,

convergence criteria for use in nonlinear analysis,

number of FQURIER harmonics in the analysis, For a
nonlinear analysis, NUMHAR = 1, For a linear analysis,
NUMHAR must not be greater than 8, If the shell is
axisymmetrically loaded, NUMHAR = 1, For a nonsymetri-
cally loaded shell which has the same boundary conditions
for all harmonics, NUMHAR can have any value up to 8.

FQURIER harmonic value, For an axisymmetric deforma-
tion, NFOURA (1) = 0

Parameters

READ (5,563) NELAS, YQUNG, PQIS@N

563 FORMAT (2X,

A2, 4X, Ell.4, 4X, F6.4)

NELAS is either YES or N@, YES indicates that the elastic param-
eters are the same for each part in the composite shell.
If YES, then the values of Young's modulus and Poisson's
ratio are read in on the same card, If NQ, the values for
each part are read in as Data Set 10,

YQUNG Young's modulus (1b/in, 2)

PQIS@ON Poisson's ratio (in. /in,)

Data Set 7 Loading Parameters

READ (5,680) NPRES, PRESS, DENSTY, DEAD

680 FOQRMAT (2X,

A2, 4X, 3F 14.5)




NPRES is either YES or NQ. YES indicates that the distributed
loadings are the same for each part in the composite shell,
If YES, then the values of the normal pressure, the weight
density of the material, and the dead loading on the shell are
given on the same card. If N@, then the values for each part
are read in as Data Set 11,

Data Set 8 Shell Type

(One card is needed for each part)

READ (5,512) (NAME2 (L), SI (L), SX (L), IPAR (L), INT (L), TDIST (L),
VN(I, L), VARTIK (L), L = 1, IBRM)

512 FQRMAT (4X, A6, 6X, F 11,5, F 12,5, 215, 2X, A2, 1X, F 10,5, I5)

NAME2 (L)

SI (L)
SX (L)

IPAR (L)

INT (L)

TIDST (L)

VN(1, L)

VARTIK (L)

indicate the shell type by name, Use the spellings in
Table B-1.

initial coordinate of part.
final coordinate of part.

number of segments in part, See formula in B-I~b to deter-
mine the number of segments (maximum of 60),

number of print points per segment,

either YES or N@. YES if thickness is constant through-
out the part,

if TDIST (L) is YES, then give part thickness; if N,
then leave blank,

.{ TDIST (L) is YES, then leave blank., If TDIST (L) is
NQ, then give number of points which specify the distri-
bution, VARTIK (L) cannot be greater than 10 or less
than 2.

Data Set 9 Shell Geometry

(One card is needed for each part)

READ (5,562) (VN(2,L), VN(3,L), VN(4,L), L = 1, IBRM)

562 FQRMAT (3X, 3 F12,5)

VN (2, L) Radius a
VN (3, L) Radius b
VN (4, L) Radius c,




I'ita Set 10 Variable Elastic Parameters

(Read only when NELAS = NQ on Data Set 6.
One card is needed for each part)

READ (5,564) (EYM (L), PSR (L), L = 1, IBRM)
564 FORMLT (8X, E 11.4, 4X, F6.4)

EYM(L) Young's modulus

PSR(L) Poisson's ratio

Data Set 11 Variable Loading Parameters

(Read only when NPRES = N@ on Data Set 7,
One card is needed for each part)

READ (5,566) (VN (5,L), VN (6,L), VN(7,L), L = 1, IBRM

566 FORMAT (5X, 3 F15,5)
VN (5,L) is the normal pressure acting on the shell (1b/in, 2)
VN (6, L) is the weight density of the material (1b/in, 3)
VN (7, L) is the dead loading acting on the shell (1b/in, 2),

The sign of the above loadings depends on the direction
of the normal,

Data Set 12 Variable Thickness

(These data are read only for a part when VARTIK (L)
is 2 or greater on Data Set 8, )

READ (5,565) (XP (I, L), I=1, NPNT)
READ (5,565) (YP (I,L), I=1, NPNT)
565 FORMAT (8 F10,5)
NPNT is internally set to VARTIK (L)

XP (I, L) is the independent coordinate at which the thickness value is
specified, For all shell types except the VARCYLINDER and
CQNICAL, the independent coordinate is an angle in degrees.
For the VARCYLINDER and CQNICAL, the independent co-
ordinate is the arc length 's'" measured along the meridion,
The first point XP (1, L) must be zero for the VARCYLINDER
and CQNICAL shell types, while the last point XP (NPNT, L)
must be equal to the length of the shell part, b.



YP (I, L) is the thickness at the point corresponding to XP (I, L).

Note that the 565 FORMAT allows only 8 entries per card. Thus, if a part has
VARTIK (L) equal to 9 or 10, two cards must be used to describe XP (I, L) and two ~
cards must be used to describe YP (I,L.). The sequence of cards for a part which has
VARTIK (L) = 10 would be as follows:

Card 1 would have 8 values of XP;
Card 2 would have 2 values of XP;
Card 3 would have 8 values of YP;
Card 4 would have 2 values of YP,

B-1I-g. Item-by-Item Description
of Output Data

The output presently available from Program NONLIN is outlined below:

(a) Header page which gives name of company, Any title appropriate to a
given company can be obtained by modifying FORMAT statement
Numbers 534, 535, 536, 537, 539 in subroutine input,

(b) (1) First three printed lines are the Job Identification cards supplied
by user,

(2) Boundr~ry conditions are then listed along with boundary rotation
anglcs,

(3) If elastic parameters are the same for every part in the shell, their
values are given,

(4) If loading parameters are the same for every part in the shell,
their values are given,

(c) (1) First three printed lines are the Job ldentification cardas,.

(2) Geometry of shell is now listed, The following items are given:
Part number, type of part, number of segments, coordinates, radii
a, b, and ¢, and thickness data. If thickness is constant, a YES is
printed along with the value. If thickness is variable, a NQ is
printed and entry under value is left blank, If there are more than
40 parts in the composite shell, the numbers over 40 are listed on
the next page,

(d) If NELAS on Data Set 6 is YES, then following is printed out, Other-
wise go to (e).

(1) First three printed lines are the Job Identification cards,

(2) The part number, type, Young's modulus, and Poisson's ratio
are then given,

If there are more than 40 parts in the composite shell, the numbers
over 40 are listed on the next page.
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(e) If NPRES on Data Set 7 is YES, then the following is printed out,
Otherwise go to (f).

(1) First three printed lines are the Job Identification cards.

(2) The part number, type, normal pressure, weight density
and dead loading are then given.

If there are more than 40 parts in the composite shell, the
numbers over 40 are listed on the next page.

(f) If at least one of the parts has variable thickness, then the following
is printed out. Otherwise go to (g).

(1) First three printed lines are the Job Identification cards,

(2) The part number, independent coordinates and thickness for
each part which has variable thickness are then listed,

(g) The next portion of the output is concerned with the results of the
computations, The results are divided into two parts, The first
part gives the fundamental variables, w, Q, u,, By and M, along
with the auxiliary variables, Ng and Mg at every print point, The
maximum surface strains eg and ey are also given at every print
point,

The second portion of the computed results is concerned with the
stresses, The meridional and circumferential stresses have been
calculated for the following conditions: membrane, bending, and
inner and outer surface, The membrane stress is the membrane
force, Ny or Ny, divided by the thickness. The bending stress is
6M¢/hz (meridional) and 6Mg/h? (circumferential), The inner and
ouier surface depend on the choice of the direction of the normal.

See Figure B-28 to determine the meaning of inner and outer surface,
The maximum shearing stress in the w direction is also given,

This is determined from 1,5 Q/h,

Note: The strains eg and ey do not necessarily refer to the same surface, The strains
eg and ey are internally calculated for the inner and outer surface at every print
point, Because of space restrictions, only two quantities could be printed out.
Thus, the value given for the strains eg and egis the larger of the strains for the
inner and outer surface.



TABLE B-1. SHELL PARTS IN GOMTRY SUBROUTINE

Part

Spelling Used
on Input Cards

Cylindrical constant thickness

Spheroidal

Ellipsoidal

Paraboloidal

Conical

Toroidal

Cylindrical varisble thickness
L

CYLINDRICAL
SPHER@IDAL
ELLIPS@IDAL
PARABPL@IDAL
C@NICAL
TERPIDAL
VARCYLINDER

TABLE B-2. BOUNDARY VARIABLES AND NAMES USED

ON INPUT CARDS
Boundary Varisb)e Name
w (uy) DISPLACEMENT
Q (Qy) FPRCE
u, (up) DISPLACEMENT
N, (Q2) FORCE
SI@PE
Bo 19
M MENT
o M)
ug DISPLACEMENT
N FORCE
TR T R

TABLE B-3., BOUNDARY QUANTITIES USED IN THE SPECIFICATION

OF THE BOUNDARY CONDITIONS

Row Displacements Forces
1 w (u;) Q (gp)
2 u(p (up) N"‘P (Qz)
3 Bo M
L ug N
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TABLE B-8. DIMENSIONS OF MATHEMATICAL MODEL OF 3-INCH SINGLE-
PLY FORMED BELLOWS JD68

2 A AT

Part Crordinates, degrees Radii, inches
No. _ Shell Type Initial Final 8 b

1 Toroidal 90.0 2.0 1.5295 -0.0267
2 Conical 2.0 - 1.5286 0.0633
3 Toroidal 2.0 6.5 1.5668 0.7630
L Conical 6.5 - 1.6508 0.0900
5 Toroidal 6.5 2k.0 1.7198 0.1875
6 Toroidal 2k.0 90.0 1.7753  0.0455

TABLE B-9. THICKNESS VARIATION OF 3-INCH SINGLE-PLY
FORMED BELLOWS JD68

Part __ogors Thickness, in. Part qor s Thickness, in.

1 90.0 0.0075T L 0.0 0.00709
2.0 0.007L5 0.0900 0.00690
2 0.0 0.00745 5 6.5 0.00690
0.0345 0.00728 24.0 0.00678

0.0633 0.00722
6 2h.0 0.00678
3 2.0 0.00722 34.0 0.00676
6.5 0.00709 90.0 0.00661

TABLE B-10. BOUNDARY ROTATION ANGLES FOR INITIAL
AND FINAL EDGES

Cage Edge [ Boundary Rotation Angle
1 < 180 ¢- 160
2 Initial = 180 0
3 > 180 ¢ - 180
I <0 cp(a)
5 Final =0 0
6 >0 P

SENEEESE

(a) Note that for these cases the angles will be negative.
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2 Segments

\ 4 Segments

Symmetrical about centerline of composite shell

FIGURE B-1. THREE-PART COMPOSITE SHELL SHOWING SEGMENTS

L s -l
}n

m .

T—Iniﬁal edge Fina) edge

a

l Symmetrical about centerline

X - - Q_ - -

= b

radius (inches) of cylinder midsurface
length (inches) of cylinder
not used for this type part
= 90,0, -90.0, or 270.0 degrees, depending on direction of normal and

initial  ,o5ition of cylindrical part in a composite shell
Prinal - not used for this type part.

Special requirements:

(1) Spelling on data cerd must be CYLINDRICAL
(2) 'a' and 'b' are always positive
(3) This shell type can only be used if it has constant thickness, constant

meridional properties, and is subjected to constant loadings. If any of

these are variable, then the VARCYLINDER part must be used.

FIGURE B-2, CYLINDRICAL SHELL PART
B-41
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1
Symmetrical about centerline

& = radius (inches) of sphere midsurfece

b - not used for this typs part

¢ « not used for this type part

Pinitia " "6le (degrees) at inttial edge of part

vfin a - angle (degrees) at final edge of part.

Special requirements:

(1) 'a' is positive vhen normal n points eway from the centerline;
'a’ is negative vhen normal n points toward the centerline.

(2) The angle ¢ must not be 0 or 160 degrees.

(3) Spelling on data card must be SPHERJIDAL.

FIGURE B-3, SPHERQIDAL SHELL PART

YL L AL

',
Vst ) Loy,
5 Loenrts 20007, ot

Symmetrical about Genverline

- - ‘_ - -

8 = gemi-axis (inches) of ellipse midsurface parallel to centerline of part

b = gemi-axis (inches) of ellipse midsurface perpendicular to scanteriine cf part
¢ = digtance (inches from centerline of composite shell to centerline of ellipse.
Pnitial angle (degrees) at the initial edge of part

(91’1”61 = angle (degrees) at the final edge of part.

Special requirements:

(1) When ¢ = 0, this Tepresents an ellipsoidal skzil part. The angle @
cannot pags through 0 or 180 degrces,

(2) 'a' and 'b' are both positive for the cage shown. Wnen the normal points
towerd tne interior of the ghell part both 'a' and 'b' are negative.

{2} wor ¢20, the shell part is & torcidal szhell of elliptical cross section.
If &f‘nr, then ¢ can have any value. If c<|b| » the midsurface of the
ellipse cannot intersect the centsiline of the composite shell,

(4) Spelling on dats card must be ELLIPS@IDAL.

FiIGURE B~4, ELTAPSOIDAL SHELL PART
B-4s
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l Symmetrical :bo\n oenferiine

a = vertical distance (inches) from initial edge of part to centerline of the
composite shell
b - not used for this type part
¢ - not used for this type part
Pinitia) * SnEle (degrees)at the initial edge of the part
P angle (degrees)at the final edge of the part

See B-I-e for instructions vhen normal points toward center of part.
Special requirements:
(1) Tne angle @ cannot be zero

(2) 'a' is alvays positive
(3) Spelling on data card must be PARAMJLIIDAL

FIGURE B-5. PARABOLOIDAL SHELL PART

Symmetrical about centerline

- - ¢
m ¢ 1Y)

& = vertical distance {inches) from initial edge of part to centerline of the
composite shell
% = glant length (inches)of shell part
¢ - not used for this type part
Pinitial = angle (degrees) which the normal makes with the centeriine of *he
composite shell
Ppinal ~ Dot used for thiz type part.

Special requirements:

(1) 'a' and 'b' are alvays positivs fur s conical shell.

{2) Shell part cannot begin or end on axis of composite shell, that is, in
(1), 'a' cannot be zero and in (i1) the final edge of the shell cannot
touch the centerline of the composite shell.

(3) The angle 4141 °a0 have any value. When it is 0.0, 180.0. ~180,0,
the shape part becomes & flat plate, ‘'a' and 'b' are still positive,
The angle can also be 90.0, 270.0, or ~90,00 deg. In this case the shell
part would be cylindrical., However, it is not recommended that the
CONICAL part be used to describe a cylindrical shell since additional
calculations would have to be performed in the GOMTRY subroutine, thus
making the calculation time somewhat longer.

(4) Spelling on data card must be C@NICAL,

FIGURE B-6. CONICAL SHELL PART
B-43




Symmetrical obou! centerline

A

a = distance (inches) from centerline of composite shell to center of tube
b = radius {inches) of tube midsurface

¢ - not used for this type part

Pinitial = angle (degrees) at initial edge of part

eingl = angle (degreea) at final edge of part

See B-I-e for instructions for determining ‘Pinitis,l and ‘Pfinal when normal pointa
toward center of tube.

Special requirements:

{1) 'a' is always positive

{b) 'b' is positive when normal n points away from x (shown above); 'b'
is negative when normal n points toward x

g ; The angle ¢ can have any value provided a >[b|.

3
4) Spelling on data card must be TER@IDAL.

FIGURE B-7. TOROIDAL SHELL PART

Final edge
L/ —

R

Symmetrical about centerline

b i

a = radius (inches) of cylinder midsurface

b = length (inches) of cylinder

¢ - not used for this part

Pinitial = 90.0, -90.0, 270.0 deg., depending on direction of normal and position
of cylindrical part in composite shell

Prinal — hot used for this part.

Special requirements:

(1) 'a' and 'b' are always positive
(2) sSpelling on data card must be VARCYLINDER.

FIL7URE B-8, VARCYLINDER SHELL PART
B-44




0 130 w.Q
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270 Final edge 8
W -
&‘B,s Y Ng
B
AP’ U¢ ¢’M¢
X Initial
Q edge
| Ng Mg
¢
- - — ¢ — -
A 8
N
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Ug
8
Section AA
tg
] UB'N
Section BB
FIGURE B-9, POSITIVE VALUES OF FUNDAMENTAL VARIABLES FOR A NORMAL

POINTING AWAY FROM THE CENTER OF CURVATURE
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FIGURE B-10.

1
Section BB

POSITIVE VALUES OF FUNDAMENTAL VARIABLES FOR A NORMAL
POINTING TOWARD THE CENTER OF CURVATURE
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u|=0
Q2=0
Mfo
B
n i
n n
w=0 vy, =0 2 Q=0
u¢=0 up=0 u*to '¢
g0 w0 ' B0
T T T

FIGURE B-11, EXAMPLES OF COMMON TYPES BOUNDARY CONDITIONS




(c)

FIGURE B-12., SKETCHES SHOWING MANNER IN WHICH BOUNDARY ROTATION
ANGLE IS OBTAINED AT INITIAL EDGE OF SHELL

B-48




7 |
Y Q' Cf <0
7] =0
Gz <0
\ M¢’O
t,.2
P 2%
______-——q- — e a—————— - Q_ -
(b)
nl n af <0
Q|‘0
uz*0
% Mg*O
92 '¢
2 |
—_——— e —— - ¢ -
(c)
n,l | a' n 2 2450
/ Q, =0
Us=
Mg=0
1$,2 K
-_— ——— - ¢ -

(d)

FIGURE B-13, SKETCHES SHOWING MANNER IN WHICH BCUNDARY ROTATION
ANGLE IS DETERMINED AT FINAL EDGE OF SHELL
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G H ¢ J 0 ]
Coordinates, Degrees Radii, inches Reference
Part Type Initial Final a By Figures
1 VARCYLINDER 90.0 - GA AB B-8
2 CPNICAL 50.0 - HB BC B-6
3 SPHER@IDAL 50.0 5.0 Jc - B.3
L TYRIIDAL 75.0 20.0 ML «XD B-7
5 C@NICAL 130.0 - ON 1 B-6

¥ For the VARCYLINDER, CYNICAL and CYLINDRICAL shell parts, the 'b' distance
is the length of the part.

FIGURE B-~14, FIVE-PART COMPOSITE SHELL SHOWING INITIAL AND FINAL
COORDINATES AND RADII a AND b WHEN INITIAL EDGE IS ON

LEFT OF SHELL

Infegration o | 0

- - ¢ ——- - - - PR 1
6 N H J
Coordinates, Degrees Radii, inches Reference
Part Type Initial Final a b¥ Figures
1 CPNICAL 50.0 - JL AB B-6
2 TPRIIDAL 160.0 105.0 oP -BK B.7
3 SPHERGIDAL 105.0 130.0 HC - B-3
b C@NICAL 130.0 - MK DE B-6
5 VARCYLINDER 90.0 - FG EF B-8

* For the VARCYLINDER, C@NICAL and CYLINDRICAL shell parts, the 'b' distance is
the length of the part,

FIGURE B-15. FIVE-PART COMPOSITE SHELL SHOWING INITIAL AND FINAL
COORDINATES AND RADII a AND b WHEN INITIAL EDGE IS ON

RIGHT OF SHELL
B-50




. - t-—-——---—-—---—
K MO P T
Coordinates Radii, fnch Referen
Wt ome  hoeoommt Rt e
1 CPNICAL 180.0 - K 4 AB B-6
2  TRGIDAL 220.0 120.0 7R 4 7
3 CUWICAL 150.0 - » cD 3
" CJNICAL 20.0 - w» DR -6
5 TPRGIDAL -30.0 120.0 * - | -7
6 CPNICAL 0.0 k. ] b ] B-6

# For the CINICAL shell parts, the 'b' distance is the length of the part.

FIGURE B-16. SIX-PART COMPOSITE SHELL SHOWING INITIAL AND FINAL
COORDINATES AND RADII a AND b WHEN INITIAL EDGE IS
ON LEFT OF SHELL

S Q -_-_-i’ _-—O. M Tk

c nates, degre R 1 Reference

Fart Type M"""—%u;gzmlma W Tigyres
1 CYNICAL 180.0 - JX AR 6
2 TYRGIDAL 60.0 210.0 b1 HC BT
3 CHNICAL 160.0 - 1] cD B-6
4 CPNLCAL 30.0 - DP DE B-6
5 TYRJIDAL 60.0 -ko.0 R -EX B-7
0 - aT n »-6

p

}E

&  For the CONICAL shell parts, the 'b' distance is the length of the part.

FIGURE B-17. SIX-PART COMPOSITE SHELL SHOWING INITIAL AND FINAL
COORDINATES AND RADII a AND b WHEN INITIAL EDGE IS
ON RIGHT OF SHELL
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00054

Thickness , inch

i i | 1
oo ol 0.2 03 04 0.5 06
Distance dlong cylindrical or comical midsurface , inch

S, inches Thickness, inches
0.0 0.0050h
0.03 0.00540
0.15 0.00580
0.2k 0.00580
0.30 0.00564
0.42 0.00568
0.52 0.00576
0.60 0.00600

FIGURE B-18. TYPICAL REPRESENTATION OF THICKNESS DISTRIBUTION FOR
VARCYLINDER OF CONICAL PARTS

00062
f, 0.0058}-
£
o
4
c
S
£ 000541
-
00050 L L 1 i
-300 00 300 60.0 900 1200
Meridional Angle ¢, degrees
Angle, Degrees Thickness, inches
-30.0 0.0050k
-21.0 0.00540
15.0 0.00580
k2.0 0.00580
60.0 0.0056k
96.0 0.00568
120.0 0.00576

FIGURE B-19. THICKNESS DISTRIBUTION FOR TOROIDAL PART 5 SHOWN
IN FIGURE B-16
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20X 1C991

FIGURE B-21 CONVOLUTIONS OF CROSS-SECTIONED 3-INCH SINGLE-PLY
AM 350 WELDED BELLOWS




9977

Initial edge
9, I
| ,
Oy
l.FinoI edge
R
For Part 1t rg = a) + by sin Ty
“or Part 2: r% = 843 rg = a, + by cospy

. 3= 1
For Part 3: ra 9.3 + o3 sin cpi

FIGURE B-22, RELATIONSHIP BETWEEN THE POINTS B AND C ON THE
CONVOLUTION OF A FORMED BELLOWS



B-56

°3
b
2
@
1
- - - § of bellows ~
FIGURE B-23, MATHEMATICAL MODEL OF 3-INCH BELLOWS
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APPENDIX C

THEORETICAL DEVELOPMENT AND LISTING
OF COMPUTER PROGRAM
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ABBREVIATIONS AND SYMBOLS

Independent variable, in,

n-fold vector with elements yj(x), J=1,2,...n

n by n matrix

j-th column of Y(x)

Transformation vector

Boundary condition vectors atx =aandx =b

i-th subinterval in the interval a £x <b, in,

A small change in the vector y

n by n unit matrix

Radial distance from bellows axis to a point on the bellows, in,
Meridional radius of curvature, in,

Angle between normal to the bellows surface and its axis of revolution, deg
Angle measured in circumferential direction, deg

Effective shear resultant force in direction normal to shell, 1b/in,

Membrane resultant forces in the meridional and circumferential directions,
respectively, 1b/in,

Bending moment resultants in the meridional and circumferential directions,
respectively, in-1b/in,

Midsarface membrane strains in the meridional and circumferential
directions, respectively, in, /in,

Angle of rotation of the normal in the meridional direction, deg

Components of the pressure or body torce loading in the meridional or
normal directions, respectively, psi

Bending strains in the meridional and circumferential directions, respectively
Poisson's ratio

Modulus of elasticity, psi

Bellows thickness, in,

Eh3/12(1 - ¥2), bending rigidity, in-1b

Eh/(1 - VZ), membrane stiffness, 1b/in,

Displacement in direction of normal to the shell midsurface, in,

Displacement in meridional direction, in,

O-—Il'




APPENDIX C

THEORETICAL DEVELOPMENT AND LISTING
OF COMPUTER PROGRAM

This appendix is intended for those who desire a thorough understanding of the
mathematical techniques and equations used in the theoretical portion of the research
program, as well as a detailed account of the computation program.

The first portion of this appendix gives a description of the method of solution and
a derivation of the governing fundamental set of differential equations.

The second portion consists of a listing of the computer program,

Preliminaries

Since some items involving matrix algebra, and initial-value and boundary-value
problems are used in the following, a brief description of points pertinent to the theo-
retical development will be given here,

Initial-Value Problem. The two distinguishing characteristics of an initial-value
problem are (1) the problem can be formulated in terms of n simultaneous first-order
differential equations relating the n independent variables to a single independent variable
on the open interval a £ x. The equations may be linear or nonlinear. (2) A specific solu-
tion is determined when n independent relations between the dependent variables are
given at x = a,

One-Dimensional Boundary-Value Problem (Single Independent Variable). The two
distinguishing characteristics of a one-dimensional boundary-value problem are: (1) The
problem can be formulated in terms of n simultaneous first-order differential equations
relating the n independent variables to a single independent variable on the closed interval
a<x<hb. (2) A specific solution is determined when n/2 independent relations between
the dependent variables are given at x = a and n/2 independent relations are given at x = b,

From the above descriptions it is noted that the only difference between the initial-
value problem and the boundary-value problem is the manner in which the fundamental
variables are prescribed at the boundaries. In the initial-value problem, all the funda-
mental variables are prescribed at one point, x = a, In the boundary-value problem,
half the fundamental variables are specified at a and half at b,

Matrix Notation, In the development ¢f the basic equations, standard matrix nota-
tion will be used, A vector will be referred to by the small letter, y(x). This vector
will have n elements denoted by yj(x), j=1,2, ..., n. A square matrix will be denoted
by a capital letter, Y(x), which will have n x n elements, The jth column of Y(x) will be
denoted by [ Y(x)}J. When the vector y(x) is partitioned into two subvectors yj(x) and
y2(x), it means that the upper n/2 elements of y(x) are contained in y(x) and the lower
n/2 elements of y(x) are contained in y(x). When Y(x) is partitioned into four
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submatrices Y1(x), Yz(x) Y3(x), and Y4(x), this amounts to placing the upper left-hand
quadrant of Y(x) in Yi(x) , the upper right-hand quadrant of Y(x) in Y2(x), the lower
left-hand quadrant of Y(x) in Y3(x) and the lower right-hand quadrant of Y(x) into Y4(x).
Thus, each submatrix YM(x), m= 1, 2, ..., 4 contains (n/2) x (n/2) eiements.

Elementary Transformation Matrices. An elementary transformation matrix T is
defined as one which operates on a vector y(x) such that the elements of y(x) are rear-
ranged. An elementary transformation matrix is obtained from the unit matrix by ele-
mentary transformation(C-1)*  In the present application, the elementary transforma-
tions used are those associated with the interchange of two or more rows or two or more
columns,

Segmentation of Interval. The multisegment numerical integration technique re-
quires that the intervall(a £ x € b) be divided into M segments, as shown in Figure C-1,
The initial point of the interval is defined as x = x) = a, and the final point of the interval
is defined as x = x)q4] =b. The M segments need not be of the same length. The ith
segment is denoted by S; and is bounded by x; < x < xj4].

Method of Solution

The method of solution developed here is applicable to any boundary-value problem
governea in the intervall(a < x < b) by a system of n first-order ordinary differential
equations

D - ¢ 1%, y 0, v2, .on, Y700, BO) (C-1a)

where h(x) denotes the nonhomogeneous terms.

It is assumed that values of n/2 elemenis of each vector y(a) and y(b) are known.
Then the boundary conditions are written in the for'n

le(a) = u(a) (C-1b)

TygeyY(®) = 0B

where T} and T)q4] are elementary boundary-transformation matrices which are chosen
so that the first n/2 elements of le(a) and the last n/2 elements of TMHy(b) contain the
specified boundary values of the variables. Thus, the first n/2 elements of u(a) and the
last n/2 elements of u(b) contain the known boundary values,

The application ot numerical integration techniques to boundary-value problems is
not quite as straightforward as their application to initial-value problems, In initial-
value problems, as noted earlier, values of all of the variables are known at the initial
poirt., Beginning with these values the differential equations are integrated numerically
to find the variables at any other value of x, However, for a boundary-value problem
onlyn/2 values are known atx=a, One possible way of solving this problem would be to

* References for Appendix C are listed on p C-11.




guess the remaining n/2 values at x = a, integrate from x = a to x = b, and compare the
values obtained at x = b with the prescribed values. If the values at x = b obtained
through integration agree with the prescribed values, then the problem is solved. If not,
a new estimate can be made of the trial values of x = a and another integration of the
equations can be carried out. By observing the variation of the solution at x = b as the
initial values of x = a are changed, it would be possible to eventually choose the correct
initial values for the solution. This procedure, although feasible, is not efficient, and

a more direct approach to the solution of a boundary-value problem governed by a sys-
tem of n first-order ordinary differential equations will now be described.

Derivation of Basic Relationships Used in the Linear and
Nonlinear Multisegment Numerical Integration Analysis

Assuming that an initial-value solution of (C-1a) exists and is unique everywhere in
S; (Figure C-1), it is concluded that a given set of initial values at x; uniquely deter-
mines, through (C-1a), a corresponding set y(x) at any x in S;. This can be expressed
as

Y = g [y (%), Yo, .o.p v, (C-2)

where the function g is uniquely dependent on x and the System of Equations (C-la).

a b
| S S 4 S L Sw_ |
| l l " : |
X| 2 i i+l M X\ 41
FIGURE C-1, NOTATION FOR SEGMENTS OF SHELL
Small changes in y ("1)’ denoted by (5y (x ), i=1, 2, ..., n, produce changes in
the variables yi(x), denoted by éyi(x), j = 1, 2, «.., n, The relationship between these

changes can be obtained by using Taylor's series and the chain rule of differentiation.
This results in

6Y(x) E'li_éys(x) i=l, 2, ..., n, (C-3)

Y (x1)

éy (xl) can be regarded as the difference between two different sets of variables at
x;, namely, y{x.)* and y(xl), while <5yJ(x) can be regarded as the difference between the
two sets of variables, y(x)* and y(x), obtained at x by integrating (C-1la) from x, to x
with y(xi)* and y(x;) as the initial values, With these definitions, (C-3) can be rewritten
as

y(0¥ - y(x) = Yi(x) [ylx)* - y(x)] , (C-4)

where the (n, n) matrix Yi(x) is defined b



AN AT A R
¥ () dy x) k) dy"x)

2 2 2 2
¥y(x) = ayl (x) ayz (= 3L.(X) S at (C-5)
dy (x)  dy (x;) 3y (x;) 3y™(x;)

. * [ .

oA € R A £ IR A 3y"(x)

Lavl(xi) sz(ﬁ) h avj(xi) ' dy (x;)

The jth column of Y;(x) can be regarded as a set of new variableg, In order to ob-
tain numerical values of these variables at particular values of x, say x;4), itis only
necessary to have a set of n simultaneous first-order differential equations relating
these new variables. This set of equations can then be integrated from x; to xj4] n
times, thus forming the matrix Y;(xj4)).

The set of equations needed to form the matrix Y;(x) can be easily obtained by dif-
ferentiating (C-la) with respect to yJ(x;); thus,

4oy | & flx vy, M), ..., v, h=)]. (C-6)
x| .,..) J
dy’(x;) dy”(x;)

The initial values of the columns of Y;(x) can be easily determined from the
inspection of (C-5), At x = x;, the jth column of Y;(x) contains all zeros except for the
jth row, and that element is one, Thus, the columns of the matrix Yi(x) are obtained as
the solutions of the n initial-value problems governed in 8; by (C-6) (with j = 1,

2, ..., n), with the initial values specified by

Yi(xl) =1 ’ (C'7)
where I denotes the (n, n) unit matrix,

If the Equations (C-1la) are linear, then Equations (C-6) simply reduce to (C-1la),
with the nonhomogeneous terms h(x) deleted. In the event that (C-la) are nonlinear,
then the right-hand side of (C-6) contains not only the elements of Y;(x), but also some
of the variables of the y(x) solution state. Suitable values of these variables can be ob-
tained as part of the procedure for solving the nonlinear problem which is discussed
next,

The solution to the nonlinear problem is obtained as the limit ot a sequence of
solution states which are obtained by an iteration procedure. The initial trial-solution
state can be chosen in some arbitrary manner, although it has been found that using the
solution of the linearized problem as the initial trial-solution state enhances the con-
vergence of the iteration procedure. The application of Newton's rule as given by
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Fox(C-2) to find the iterated solution state from the trial solution state can be accom-
plished using Equations (C-4), in which x is set equal to x;4). In Equations (C-4), the
variables y(x;) will be identified with the trial- solution state yt(x) evaluated at Xij. The
variables obtained by integrating (C-1la) from x; to x;4) with the initial values yt(xj) will
be denoted as y©(x;4+1j. These values replace y(xj+]) in (C-4). The values of the iter-
ated solution state y3(x), evaluated at x; and x;4) are substituted for the corresponding
starred variables, With these substitutions, Equations (C~4) become, after
rearranging:

a a
Yilxi41) ¥ (%) = v (%541) = -z3(x;49) (C-8a)
where
c t
23(xi41) =y O40) - Yyl ) vy %) (C-8b)
When evaluated at the end of every segment S;, i =1, 2, ..., M, (C-8) represent

a system of M matrix equations which contain M + 1 unknown vectors: y2(x;), (i =1,

2, ..., M+1), However, recalling that exactly n boundary conditions are specified by

(C-1b), the number of unknowns becomes the same as the number of equations and, con-
sequently, the combined system of Equations (C-8a) for all i can be solved uniquely for

y2(x;), using the Gaussian elimination technique.

The iterated solu:ion state y#(x;), when integrated by means of (C-1la) from x; to
X;4+] in every segment, may not necessarily satisfy the required continuity and boundary
conditions because Equations C-4 are approximate. By repeating the iteration with
ya(xi) as the new trial solution yt(xi), the iterated sequence of y3(x;) will converge to the
solution of the nonlinear boundary value problen. as rapidly as in any Newton-type
method,

By way of recapitulation, the solution of the boundary-value problem defined by

(C-1) is obtained by means of the multisegment method given in this section in the fol-
lowing way: (l) an assumed trial solution y!(x;) is integrated by means of (C-1la) from
x; to ;4] in every segment to obtain all of the values of y®(xj41)i=1, 2, ..., M, as
well as all of the values of those variables which appear in the nonlinear terms of f;
(2) initial-value integrations of (C-6), starting with (C-7), are performed from x; to
x;4] in every segment to obtain the elements of Yi(x;4}), i =1, 2, ..., M; (3) the data
obtained in Steps (1) and (2) are substituted in Equations (C-8). The system of Equa-
tions (C-8) for all different i are then solved by means of the standard Gaussian elimi-
nation technique for y2(x;); (4) using y2(x;) as the initial value, (C-1a) is integrated from

i 0 X{4] in every segment and the integration results at x;;) are compared to the ele-
ments of y2(x;4]) as obtained from (C-8). This comparison serves as a convenient check
on the degree of accuracy of every trial solution state, If the corresponding variables at
the ends of consecutive segments agree (including the Mth segment, where the solution
must agree with the specified boundary conditions) within a desired number of significant
figures, then the solution state is accepted as the solution of the boundary-value problem
as defined by (C-1i) If not, then ya(xi) is taken as the next trial solution yt(xi), and the
process is repeated by returning to (1),

When the functions f in (C-1a) are linear, the multisegment method developed in
this section is identical to the one given in Reference (C-3) for the solution of linear
boundary-value problems. For the linear case, the trial solution can be conveniently
assumed as yt(xi) = 0 [this choice simplifies (C-8b)], and the iterated solution state,
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obtained from (C-8) after one "iteration cycle', represents the solution of the linear
problem,

Gaussian Elimination Procedure. Since the nonlinearities in (C-1a) make some
changes necessary in the solution of (C-8), a brief outline of the required Gaussian

elimination procedure is given in the following section. [More details can be found in
References (C-3) and (C-4)].

Because the variables at the end points of the interval 1 are connected by the
boundary condition relations (C-1b), (C-8) must be investigated for i = 1 and i = M sepa-
rately., From (C-8) there results®

Y, (x,) Y(Xl) - Y(xz) =-z,(x,) (C-9a)

Y YO - YEy) = - 2glXyy) (C-9%)

It is convenient to use the transformed variables u(x]) and u(xps4}) in (C-8) instead of
y(xl) and y(xM+1). Using (C-1b) in (C-9) yields

Y, (x,) Til ulx)) - ylx,) = - 2, (x,) (C-10a)
Taaer I Cnmet) = 8001 = 7 Tonger 2mPuad) - (C-10b)
By defining
U lx,) = ¥ (x,) T; (C-11a)
Unt®ne! = Tnanr Y pear!) (C-11b)
Ay = Tmer 2 mad) (C-1lc)

the form of (C-8) can be retained if the coefficient matrices YI(XZ)’ YM(XMH)’

ZM(XMH)’ occurring in (C-8) for i = 1 and i = M are replaced before Gaussian elimina-
tion by their transformed expressions as given by (C-11), remembering that the varia-
bles at x = ¥, and x = Xy 141 2T€ the transformed variables u(xl) and u(xM+l) as given by
(C-1b).

After the transformations required by (C-11) are carried out, (C-8) is partitioned
ia the form

1 L ol .
il VG ) MU T
v? lyd v, [ 1%L 00 "1 2. ,i=1,2, ..., M, (C-12)
- 1(xi+1)‘ l(xi+1) 1 27i+1 zi(xi+1)

* Throughout the remainder of this section, the superscript a on y(x) will be omitted,
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Note that, dus to the definition of T} and Tp+], the vectors Yl(xl) and YZ(XMH) are
known through the boundary conditions,

The system of equations (C~12) can be solved conveniently by the standard
Gaussian elimination procedure in the same way as the linear problem treated in Refer-
ence (C-3). This procedure requires, for the purpose of triangularization of (C-8), the
calculation of intermediate matrices E;, C;, aj, bj, defined by

2 1 -1
E =Y, +Y. C, (C-13a)
i i i i-1
3 -1 -1
C. = (Y%+Y. C. )E, (C-13Db)
i i i i-1" i
1 1 -1
ai = - zi - Yi Ci-l bi-l (C-13c¢)
2 3 -1
bi = - zi - Yi Ci-—l bi-l - Ci ai (C-13d)

-1
where C° and b, are taken as null matrices and the calculation is carried out in suc-
cession over all values of i, starting withi = | and ending withi = M, The unknown

variables, y,(x) (i=2, 3, ..., M+l) and ya(x)) (i=1, 2, ... M), are obtained from
( ) = C-l [y,( )+b ] C-14a)
V1%M-i42" T “M-ivl VY2 Me142) T PM-i41 (C-14a
-1
yz(xM-l'l'l) = EM-1+1 [Yl(xM_1+2) + aM°1+1] (C"l4b)

Again, the calculation of (C-14) is carried out in succession, starting withi =1 and end-
ing with i = M, by taking in (C-14a) yp(x)14]) = 0. Of course, the vectors y,(x}) and
¥1(xMm41) which result from (C-14), together with the known vectors Yl(xl) and YZ(xM+ )
which are prescribed in (C-1b), are really the transformed variables u(x]) and u(xM.Hl),
and, if desired, they may be transformed back into the regular fundamental variables

by (C-1b).

Derivation of the Fundamental Equations for Nonlinear

Thin-Elastic-Shell Analysis

In this section the fundamental equations for the nonlinear thin-elastic-shell analy-
sis will be derived, The equations describing the linear axisymmetric response oif thin
elastic shells can be cbtained from the equations to bc¢ derived by simply deleting all
nonlinear terms, i.e,, terms which contain the product of two fundamental variables,
The equations describing the nonsymmetric linear response of thin elastic shells can be
obtained from Reference (C-3),

The application of the multisegment numerical integration technique to the non-
linear thin-elastic- shell equations is the same regardless of the theory used. The equa-
tions given by Sanders{C-5) for small strain but moderately large rotation will be re-
duced to those required for a shell of revolutiun. The governing equations can be
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obtained from Equations (A1), (A3), (A5), (A7), (A8), and (A9) in Reference (C-5), by
making the following substitutions

al =T

aZ=R¢
al’z = R¢ cos ¢ (C~15)
@y g = 0

r=Rgsing ,

where the 1 coordinate has been related to 6 and the 2 coordinate to ¢. Using (C-15) in
Sanders' equations yields:

Equilibrium Equations

cos ¢ 1 _ )
cos P sin ¢ 1
Qs T °¢'("9+ )Ne+R¢°¢‘3¢
1 2
"[I3¢"+‘ﬁ";(1+/3¢)] N¢+p=o (C-16b)
cos ¢ . )
M¢, . + " (M¢ Me) Q¢ 0. (C-16¢c)
Stress-Strain Relations
N6 = K (€9 + ve¢) (C-17a)
N¢ = K(e¢+v€6) (C-17b)
M, = D (k:(9 + wc¢) (C-17c¢)
M, = D (k, +v,) (C-174d)
where
K= Ehz (C-18a)
(1-v)
3
D= —R (C-18b)
12(1 -v)




Strain-Displacement Relations

eez-i-(uq5 cos ¢ + w sin ) (C-19a)
w 1.2
€¢=u¢’s+-§-;+-iﬁ¢ (C-19b)
=l - (C-19¢)
Bq} = qu u¢ w’ s c
9 =-};B¢ cos ¢ (C-194)
K¢ = B¢' s . (C'lge)

In the above, use has been made of the expression

5%( )=R¢33;-( ) . (C-20)

Now that the equations for the axisymmetrically loaded shell of revolution have
been tabulated, the fundamental set of equations which deacribe the nonlinear bending of
+ symmetrically loaded shell of revolution can be derived, In particv'ar, this set will
be expressed as a system of six first-order nonlinear ordinary diff - rential equations
such that they can be used in the formulation of the multisegment method previously
described.

The fundamental set of equations is derived and listed in a manner such that digital
computation is kept to a minimum, In this set, the fundamental variables are defined as
those quantities which appear as natural boundary conditions, They are w, Q¢, u¢, N¢,

M,.
Por Mo
Define as auxiliary quantities

€e.=(u, cosd +w sin ¢)/r (C-21a)

e ]

ko = co8 ¢ B¢/r . (C-21b,

Elimi.ating €, from (C-17a) and C-17b) yields a third auxiliary quantity

¢

Ne = ‘VN¢ + Ehee .

Similarly, elimination of £y from Equations (C-17c) and (C-17d) yields the final auxiliary
quantity '

(C-21c¢)

3
M,=uvM +Eh

6 o1z “o - (C-21d)
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Rearranging Equation (C-19c) gives
u

v =§2~- B¢ . (C-22a)
! ¢

Equations (C~17d) and (C-19e) give

2
s‘lzsl;v!%'”"

B » ‘C'ZZb)
2 Eh o
The last equilibrium equation, Equation (C-1éc), can be expressed as
M, =228 -M)+q, . (C-22¢)
¢, s r 8 ¢ (]
Use of Equations (C-17b) and (C-18b) gives
2
ov) g X e - 1g2 .
Y & " Em N, R veg -3 By (C-224)
The second equilibrium equation, Equation (C-16b), is solved to give
sin ¢ ) [...'.l...(l 2) ]_, (cos¢ 1 )_
Q¢,s”Ne( trg) t Ny R, PR ) By o)t B\ T +R¢B¢ P-
(C-22e)
Equation (C-16a) provides the last equation of the fundamental set:
sin ¢ ) _cos ¢ ( 1 ) . )
Gy, o * (22 4k, ), B\ Py s R ) Npmp (Co220

Now that the fundamental set of equations has been obtained, it is necessary to uc
rive a system of equations corresponding to (C-6), This is obtained by differentiating
(C-21)-(C~22) in sucression with respect to each of the fundamental variables, Since
(C-6) has the siume form with any value of j, the system of equations (C-6) is recorded
here by indicating derivatives with respect to any one of the six fundamental variables
by a prime:

eé = (uq'5 cos ¢ +w’ sin ¢)/r (C-23a)
‘. . 22
K:e cosd)ﬁq)/r (C-23b)
L 'd ’ _
Ne-vN¢+Ehee (C-23¢)
Eh3
’ - ' 4 -
Mg = vM] + S5 kg (C-23d)




(C-1)

(C-2)

(C-3)

(C-4)

{C-5)

u
w’ = i; - B’ (C-23e)

B ==fll-¥V)ye (C-23f)
?, s Eh3 ¢ 0
M, = cos ‘” 222 (M5 - M) + Q7 (C-23g)
’ (1 - VZ! ’ ’ W' .
0" TFER oV TRS PPy (C-23h)

, ’ sin ¢
Qqs,s‘Ne(‘%"'J'"e)*Ne"a*N[ <1+‘B¢>+B¢s] (C-23i)

*N¢< BoPs + g, ) Q (cow %)

’ _1C08¢ . _ [ __L P __1__ P ’ :
N 2t (Na N¢) R¢Q +R¢ <ﬁ¢N¢+ﬁ¢ N¢>. (C-23j)
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Listing of Computer Program

The multisegment numerical integration procedure for the analysis of nonlinear
elastic thin shells of revolution described in the first portion of this appendix has been
incorporated into the computer program NONLIN, which is presented in the following
pages.

The program is written in FORTRAN IV and is operational on the CDC 6400 at
Battelle-Columbus, The program is self-contained, except, of course, for the standard
liora -y functions COS (X), SIN (X), TAN (X). The program uses Logical Input Tape 5
and Lcgical Output Tape 6.

The program has been coded such that a maximum of ten arrays can be stored and
consequently placed on a magnetic tape for use by a digital-plot subroutine, This sub-
routine, which is available at Battelle~-Columbus and is called PLTXYI, has not been in-
cluaed in this listing since it would neot, in most cases, be compatible with other sys-
tems, However, a dummy subroutine, PLTXYI (this appears as the last program in the
listing), has been added so that the coding in the subroutine CALCUL did not have to be
changed. In the event a user has the capability of calling a plot subroutine, “e would
only have to provide the proper call to his subroutine, since the coding necessary to
generate the arrays is included in CALCUL,




PROGRAM NONLIN(INPUTSOUIPUI s TAPES=INPUT « TAPEGSQUIPUTIPUNCH)

DIMENSION 1A {Y) v SI(60) s IPAR(60) ’

* [8(8) y SX{60) sy INT(60) ’

] GA(8) s PRNT(8) s ISS(60) )

* Gy (8) y ERR(8) y PSR(60) ’

* Y(8) y DM(Be61) sy EYM(60) ’
# Ly (8) ?» TL(B¢8) v A(ByY) ’

@ TR(By8) v TLI(8WH) s JOBPLT(10) ’

* TRI(898) y TRY(8s6]) s TH2(By8) ’

» SoUT(279) y D(899960) » P{YHed7H) ’

# SLUPE(59275) ¢ TR1(898) v £(9960)
DIMENSION vi(g) s VN(T460) v YAM(/2) ’

* UYAM(T2) y ABC(21) sy EAM(10) ’

# BACK (60) » YSAVE (Y) s DETERM(I0) ’

L IPLOT(10) » XPLOT (350) v YPLOT(350410)

“ STROUT(350) o SIGNPH(350) o SIGMPH(3IDU)

® SIGPHT(350) » SIGPHB(350) » SIGNIH(390)

o SIGMTHI3%0) 9 SIGTHT(3%0) o SIGIHB(3D0)

» TAUPHI (350) 9 VARTIK(60) y POINT(6D) ’

* OMSAVE (6961)

COMMON / BLOCKA 7/ NUs Ple XLDy NTYPEs INDEXe 18R PNy NPQ(NT
1 ISHe TTe Tle T2y HTTe INTC

COMMON /7 BLOCKB 7/ He Hly R2s R3s SXNs» CXS

COMMON / HBLOCKC 7/ DMy GAys OB9 NFoe NFP, NPLs NHe NNy [RY
COMMON 7 BLOCKD 7/ TLs TRy TLIs TRIs ALFLy ALFR

COMMON /7 HLOCKF 7/ NFFe SMXXs SZEROs GOy ERPy ISSe E

" MAXs INTPRNy INTVALy NPP

COMMON / BLUCKG /7 NPARTSe PHEIle V3e KINDe NTs Mis SPRINTs VNe EYMy
1 BACKy NBACK

COMMON / KBLOCKH /7 NOLE

COMMON 7/ BLOCKJ /7 DELXs PDELXe ABCe EAM

COMMON /7 RLOCKK 7/ PINe PMINs HO9 XO¢ EMINe EMAX

COMMON / HLOCKL 7/ YAMs UYAM

COMMON 7 BLOCKM / YSAVE

COMMON 7/ BLOCKN / DETERM

COMMON /7 HLOCKP 7/ PLOTy PLTIMEs SPLOTy PLOTPTs IPLOTY YMQUs KSTy
™ HGAMMAs VDEADs NFH

COMMON / HLUCKQ / TIME, VAR[IKo NVAKRTK

COMMON / BLOCKS 7/ JOBPLTy ALXL9e ALXRs 1Ay IHs NOPUNCe INPUNe
* CONVERy Sle SXo INTe IPARe PSRe I(ERs NTRYy
* NERRORs J0RMy TRYINs IBRMAX

COMMON / BLOCKX /7 LEVELle LEVELZ

COMMON 7 PLAYLIC / 1EX(B)y DUM(4)

COMMON SLOPE« Py SQUTy De A

EQUIVALENCE (Y(1)s PRNT(L))e (Y({1)e YAM(2))s (DY(1l)s OYAM(2) )
1 (Se YAM(1))e (VARTIK(1)s POINT(1))

EQUIVALENCE (SLOPE (1) » YPLOTI(]) )

* (D(470) »  XPLOT()) )

o (D(826) o STROUT(1) )

@ (0(1176) o SIGNPH(L) )

@ (D11926) ¢ SIGMPH(1) )

. (0C1876) o SIGOAT(1) )

% tute2eo) o+ SIGPHB(1) )

. (0(2576) v  SIGNTH(1) o

° (0(2926) ¢ SIGMTH(1) )




OO0 COOOOO0O0

999

415%

]
&

L

L

(LL3276) o SIGINT(L) Do
tut3ado) o SIGTHB(L) )
)

(L(3976) s TAUPHI(1)

INTEGER GOy TRYlne PASSe SPACEs AUMSCTe FINISe PLOTY

PLOTPIy PLTIMEs [IMEs VARTIKe POINT

DATA(RPD = 0e}745329252E=01)
REAL NUes NT9 MTe NBACKe NFH

VRGBRPGHRBHIPHPBRRRRBOOINRERRRROBEBBIRRERBRONSGRERRNY

# W
# SUMHARY UF COMMON ™
# W

e LTI e T e e e T 2 2 TR LT L 1)
# PROGHAM #ARQECHDHESE BLEHE JEKILIMINPORPRQRSOXS (¢ "o
BOBRDNRUPVHDR PG BUBDBHUBRIDORIRBRUDIHROBRUB TR R R ROROD
W OAUMINT @ # # % % & @& BYGYRYUYH & BYE B % 8¢ 6
PP S R PP E Y T TR e T e ey ey eI T I T R A L 2
@ OAUMRES ® # @ & @ @ & HYsysyeye @ hyd & @ o9 ¢ # 0
T T g I R P T T T T LY S Y T Y LT
# RCONU N T R R I E R R R I I A
P ST g g e T e T T I T T T Y L Y]
# CALCUL H#YSYSYSYS RYSYRYRYOYRYSYOYS GYRYRYS SYHYH
B T R T T I T e T T Y T I YT T T L 2T
® ODIFPEW  BYHY® P B o @ YR B GYR B & BYs B 8 @ )
F G R I g P T T T T T T2 X T T2 22 T2 21
® GUMIRY #Yoysys @ aYeyd & 4 ays & & syeys o 6 #ye
P T L L L L LTy e T T T T T TS T T L 1)
® INPUT BYH GRS HYRYEYHYD O O B Hye aysYeyRYE *'n
P R T R P Ty T T T YT T T T T T 120
¢ INTEG RYDYOYE & RYD BYBYEYHYR & O BYE @ o 6 4Ye
B T g g e T T T T T TS 21 2 1 1
# INVERI & @ & & & 0 & & & & 0 0 0 ¢ & & & 0 ¢ %4
B T e T T T T TR T T T T T T T T 2 14T
OMATML  ® & @ & & 0 & & 0 % & & & & % % & o6 ¢
B g S X T T 2 L L L A2 R AL |
® NONLIN @Y@Y&YOYd sYOYSYRYRYSYBYSY® wYRYSRYRYSRYOY O
B R TP g g N T T T T T T 1 T 3 1 2 2 1 2
® PLIXYL # # @ o @ 0 o % & & & & 6 & 9% & & 8 Hy#'o
B S R P SRR P T T 2T e T 'Y 2 1)
¢ PRINT AYRYRYBY O GYBYOYRYBYRYRYRYH BYRYRYH SYEYe
D g R g Frg g e e 2 T ST T2 T T T3 1)
% THICK GYBYH B OBYE BYD G B oRyR @ B D pYw B W 9@
T g g P T R T Y T T T 3T T LT YL T
# TRIANG # @ wy®# # oYs @Yo # & & ayd & & @ 8 RYe
P R R T R P T e T T e T Y T T T2 L 1 3

CaLbL INPUT

PLTIME =3 0

IFC(INTVAL oEQe U) GU TO 4l1b
WRITE (69403)

ALFL = ALXL#RPD

ALFR = Al XR#RPUO

CALL HBCOND

DO 250 | = 1v 8

DO 290 J = 1y ¥




250

20

23

2l

410

859

1703

1710
170

855

856

1100

1103

1

1

TLI(Lsd) = Qa0

TRI(IeJ) = 040

CONTINUE

DO 20 J=]4NUE

DO 20 [=alyNDE

K=lA(])

L=id(I)

DMLy ) sTL (K J)

A (1eyJd)=TR(LJ)

DO 23 I=lsNOE

00 23 J=lsNDE

TL(Ied)=DM(TIv )

TR{LsJ)=A (10J)

D0 21 I=1yNUE

DO 21 JzlaNUE

TLI(Tsd)®TL (L d)

TRI(Is ) BTR(I0J)

CALL INVERT (TLIsNDE+BeDET1SCAL)

CALL INVERT (TRIeNUDE+89DETeISCAL)

IFCINTVAL «EQs V) GO TO 410

WRITE(6+¢22) ((TL(IvJ)e U & 14 B)o (TR(IeJd)e J = Lo 8)y
1 = 1 NOE)

WRITE (6424 )

WRITE(6022) ((TLI(Ivd)e J = 10 8) (TRI(LoJ)e J & 19 B)o
I = 1y NDE)

NFP s NPARTS + |

VO 859 [ = Lo JHRM

BACK(I) = .0

CONTINUE

00 770 IBR = 1o IHRM

1SH = [S$S([HR)

GO TO (7709 7709 77039 77039 77034 7706 7703 770)y ISH

IF(SX(IBR) +6GTe SI(IBR)) GO YO 7710

BACK({IBR) = =« 1,0

SICIRR) = 18040 = SI(IHR)

SX(IBR) = 18040 = SX(IBR)

SX(IBR) = SX(1BR)#*RPD

SI(IRAR) = SI(IBR)*RPD

CONTINVE

IFCISS(IBRM) LEQe 1) GO T 855

IBRMAX = [HRM

60 TO B%6

IBRMAX = IBRM « |

00 1100 J = 1y NFP

DO 1100 1 = 1, 8

TRY(34J) 3 040

CONT INUE

DO 1103 L = 1y ]

00 1103 I = ]y &

OM(IsL) = 040

CONTINUE

NN = |}

NTYPE = )

caLl CALCUL

CALL PRINT

WRITE(64693) DEIERM(])

dRMAX

C-15




IF(ITER oF 0) GO Y 999
WRITE (6460 PNy GA(l)s GA(2)y GB(4)y GB(S)
1

[ ]

’ )
FACTOR = O/FLOAT(LEVELD)
DO 420 L = 1l NFP
DO 420 I = 1y 6
TRY (ToL) = DM{IoL)®FACTOR

420 CONTINUE

NN = 0
NFAIL = 0
NTYPE = 2
NNNMAX = LEVELL
PNMAX = VN(D9e])
DEMAX]1 = GA(])
DEMAX2 = GA(2)
DEMAX3 = GH(4)
DEMAXG = GH(9)
Gall) = 0,40
GAa(2) = 0,0
GB(4) = 040
GB(S) = 0,40
PNINCK = PNMAX/FLOAT (NINNMAX)
DEINC] = DEMAX1/FLOAT (NNNMAX)

Q
i
.

DEINC2 = DEMAXR2/FLOAT {NNNMAX)
DEINC3 = DEMAX3I/ZFLOAT (NNNMAX)
DEINC4 = QEMAXG/FLOAT (NNNMAX)
TEMP = (o0

DO LoS L = e NFP
D0 105 1 = 1y 6
DMSAVE (Iel) = Q40

105 COnTINUE
DG 400 NNN = ]9 NNNMAX
TEMP = TEMP ¢ PNINCR
DO 397 L = 1l JoKiM
VN(DsL) = TEMP

397 CONTINUE

GA(l) = GAa(l) ¢ DLEINC)
GA(Z2) 3 GA(2) *» VEINC?
GR(4) = GB(4) ¢ UVEINCI
GB(Y) = GE(9) + VEINCG

ITERCT = 0
810 NN = NN ¢ 1]
CaLL CALCUL

COMMENT CHECK CONVERUENCE

ITERCT = ITERCY ¢+ 1}

MAXXX = NPARTS = |

DO B1) L = 29 MAXXX

DO 811 I = 1y &

IFCTRY(Isl) otle 040) GO 10 811

IF(UM(IoL) oEQe Ue0) GO TO 811

IFCABS((UM(IoL) = TRY(IoL))/DM(IeL)) +GTe CUNVER) GU TO 3590
811 CONTINUE

00 110 L = 1+ NFP
0O 110 I =19 6
TRY(LsL) = 2e0%UM(ToL) =~ OMSAVE(LsL}




110 CONTINUE
bo 112 L ls NFP

Do 12 1 ls ©
DMSAVE (19L) = OM(IeL)
112 CONTINUE
GO 10 815
850 IF(ITERCT +EWs LTER) GO TO 8115
DO 100 L = ly NPARTS
D0 100 1 = 1ls &
TRY(IsL) = UM(I4L)
100 CONTINUE
G0 To 810
8119 NFALL = 1
815 CALL PRINT
WRITE(69601) PNe GAll)s GA(2)y GB(4)y GB(S)
IF(NFAIL +EQs 0) 6O TO 3951
WRITE(69692) 1TER
GO 10 4396
3951 WRITE(6+689) ITERCT
ITERCT = 0
396 WRITE(64690)
DO 425 | = 1l NN
WRITE(69681) [ DETERM(])
425 CONTINUE
IF(NFAIL otWe 1) GO TO 999

NN 3 0
400 CONTINUE
Go TOo 999
403 FORMAT (1H0922X9 20nT MATRIX AT LEFT ENDe44Xe 21HT MATRIX AT RIULHI
1 END)

22 FORMAT(IH o BFBe4s 2X9 8F8,4)
24 FORMAT (1H0)
693 FORMAT (1HOs SEMOETERMINANT OF FLEAKIBILIYY MATRIX FUR LINEAR ANALYS
11S WAS E1S5.8)
601 FORMAT(1HOs 326LOADINGS FOR THIS ANALYSIS wERE /
6N PN B El4e7 /
9H GA(]l) = El4e7 /
9H GA(Z2) 3 Elé4e7 /
91 6B(4) = Eléee7 /
9H UH(S) =3 Elée? )
692 FORMAT (LHOs 2BHCUNVERGENCE NOT OB[AINED IN Liy LN LTERATIONS)
689 FORMAT (1HO0s 34HCONVERGENCE OBTAINED ON ITERATION [1)
690 FORMAT (1HOs S/HOETERMINANTS OF FLEXIBILLITY MATRIX FOR THIS LOADING
% WtRE )
691 FORMAT(IH o« 10HITERATION Ils 3Xs E19e8)
ENU

[ K X N N ]



SUBROUT INE AUMINT

DIMENSTON Y(/2)s YP(T72)y ABC(Z21l)e E(10)y PRNT(8)
COMMON 7/ BLOCKH / N

COMMON / BLOCKJ 7/ DELXs PDELXy ABCy E

COMMON / BLOCKK 7/ Ple PMINy HOs X09 EMINe EMAX

COMMON /7 HLOCKL 7/ Yo YP

COMMON 7/ BLOCKO / NN

EQUIVALENCE (PHNT(1l)y Y(2))

C N = NDE

€ = EAM

Y = YAM

YO = DYAM

THIS SUYRQUTINE IS A MODIFICATION OF SUBROUTINE AM1(BATTELLE

MEMURIAL INSTITUTE PROBLEM NO, 64 = 64 DECK NO, 4064A) ¢ MAJOR

DIFFERENCES ARE THAT PARAMETER LIST HAS BEEWN REPLACtU BY COMMON

ANU SUBROUTINE PROGRAM WHICH CALCULATES DERIVATIVES MUST nOw B8t

CALLED VIFFEUW,

SUBROUTINE SUBPHUGRAM FOR THE ADAMS=MOULTUN AND/ZOR RUNbE-KU‘rA' AM! 3
GILL INTEGRATIOUN OF A SYSTEM OF SIMULTANEOUS FIRST ORDER AM1 4
VIFFERENIIAL EQUATIONS, THE AUAMS=MOULTON METHOD USES RUNGE = aAMi -]
KRUTTA=GILL AS A STARTER.

ADAMS=MUULTUN INTEGRATION
WITH AUTOMATIC LUCAL ERROR CONTROLsAM]l 11
VARTABLE STEP SILE.ALL COUNTERS ANDAML 12

TABLES ARE UPDATED AT EACH ami i3
INTEGRATION STEP. aMl 14
NN = N ¢ |
N = NUMHER OF BQUATIONS [N 1HE SYSTEM AMLl 3¢
DELX = (TRIAL) STEP SIZE IN THE INDEPENUENT VARIABLE. AMI 35

TAML INTTIALIZES UELXe INTEGRATIUN MUDES 293 anvaml 36
4 RESULT IN AN INTEGRATION STEP OF THIS SIZEs  AMl 37
AND DO NOT ALTER UELXe INTEGRATION MUUE | MAY  AMI 38
RESULT IN A SMALLER STEP UF THE FURM DELX/2.%%KeaM] 39
INTEGRATIUN MODE | mAY ALTER DELXs BUT ALWAYS  AMi 40
LEAVES IT PROPERLY SET FOR THE NEXT CALL ( AS  am] 41
EITHER THE ACTUAL STEP SIZE OR TwlCE THIS)s THUSAMI 42
ONLY IN INTEGRATIUN MUDE 4 NEED THE USER ADJOST AMI 43
DELX BETWEEN CALLS., AMI 4@
THE ACTUAL STEP SIZE TAKENs AN UUTFUT IN ALL FOURAMI &b
INTEGRATLION MUDESs EQUAL TO DELX tXCEPT PUSSIHLYAMI 46
IN MODE 16 AMI  4r
A ONE UIMENSIONAL ARRAY CONSISTING UF T#(Ne]) AML &8
ELEMENTS WHICH CONTAINS THE VALUES OF AMI 49
INDEPENDENT AND DEPENDENT VARIABLES, THE FIRST aml 50
N+l ELEMENTS CONTAIN THE VALUES OF THE PRESENT AMl 5l
INTEGRATION STEP. THE NEXT N+l ELEMENTS CONTAIN AMi 52
THE VALUES OF THE LAST PREVIOUS INTEGRATION STEPAM] 53
AND SO ONe THE FIRST ELEMENT IN EACH GROUP OF  aMi 54
Nel ELEMENTS CONTAINS THE VALUE OF THE AMi 58
INDEPENDENT VARIABLE « INTEGRATLION MUDES 192 AND 3AMI 56
SLIDE [HE FIRST SIX GROUPS DOWN ONE GROUP BEFOREAMI 97
PERFORMING EACH INTEGRATION SitPe INTEGRATION  AMi 94
MOUE & DOES NOT ALTER THE ARRAY EXCEPT 10 PLACE AMI 99
THE PRESENT VALUES IN THE FIRST Nel tLEMENTS,  AmMI 60
Yp = A ONE DIMENSTONAL ARRAY CONSISTING OF T7e(N+1) aMi el

POELX

[eEeXeNeNeXeK2XslzislsRskeleRe ke Xels N ke e Xk e N NeXe Rk ks X2 X222 X2 Xe X2 keRe s ie Xl XeXe Xs!
-
u



OO0

DIFFEW
ABC

ELEMENTS WHICH CONTAINS TrHE VALUES UF THE
DERIVATIVES OF THE [NOEPENDENT AND UEPENUENT

VARIABLESe THE STRUCTUKE ANU PROCESSING OF THIS

aml
aAmMl

AMI

ARRAY IS EXACTLY THE SAME AS UESCRISEU FUR THE YvAamMi

AHRAY, TrHt FIRKRST ELEMENT IN EACH GROUP QF N+}
ELEMENTS CONTAINS THE VALUE OF THE DERIVATIVE
OF THE INUEPENDENT VARIABLEsONE

2 NAME OF A SUBROUTINE SUBPROGRAM WHICH CALCULATLS
THE VALUES OF THE DERIVATIVES,

2= A ONE DOIMENSIONAL ARRAY CONSISTING UF N+l13
ELEMENTSe THE FIRST Ne¢l ELEMENIS ARE THE RUNGEe

AMl
AMi
AM}
AM]
AM1
AMi
Aml

KUTTA«GILL Q VECTOR, THESE ELEMENTS ARE MODIF IEDAMI

EACH TIME AN INTEGRATION STEP IS TAKEN,
REGARDLESS OF THE INTEGRATION MODE. THE LAST
TWELVE ELEMENTS OF THIS ARRAY ARE CONSTANITS
NEEVED BY THE RUNGE=KUTTA=GILL IN[EGRATION
METHODe THESE CONSTANTS ARE LUADEU INTO ABC BY
[AMle THE CONSTANTS ARE#

ABC(Ne2)3,5

ABC (N+3)3,292893213814
ABC(N*4)=3],707100678] 186
ABC(N+H)®,]1666660606667

ABC(N®o) 32,

ABC(NeT7)=],

ABC(Ney)s],

ABC(N+9) =2,

ABC(N®10) =5

AHC(N+11)8,2928932]18814
ABC(N®12)3]1,70710678})1486

ABSC(N+]13)8,%

2 A ONE DIMENSJUNAL ARRAY CONS{STInNG OUF TEN
ELEMENTS WHICH CONTAIN VARIOUS CUOUNTERS AND
CONTROL VARIABLESe EACH ELEMENT wiLl BE
VISCUSSED SEPARATELY#

e(l) = MINIMUM ALLOwABLE LOCAL ERROR. THIS
VALUE IS5 1GNOREVU BY INTEORATIUN MOOES
2¢3 ANV 4o WHEN IN INIEGRATION MODE 1
IF FIVE CONSECUTIVE INTEORATION STEPS
HAVE A MAXIMUM (OCAL ERRUR LESS THAN

AM]
AM]
AMl
Ami
AML
ami
Ami
AmMi
aml
Aml
AMl
AMl
Am}
AM]
AMI
AMi
AM]
AM1
AMI
Aml
AMl
AM]
AM]
AM]
amMl
AM1
AMi

E(1) THAN AN ATIEMPT IS MADE TV DOUBLEAMI

THE STEPSIZE ON THE NEX! CALL OF AMl.
E(2) = MAXIMUM ALLOWABLE LOCAL ERROR, THIS
VALUE 1S IGNORED BY INTEGRATLUN MODES
2¢3 AND 4, WHEN IN INTEURATION MODE 1
IF THE MAXIMUM LOCAL ERRUR UN ANY ONE
INTEGRATION STEP EXCEEDS E(2) IMEN AN

AM]
AM]
AM
Aml
AMI
Am]

ATTEMPT 1S MADE Tu HALVE THE STEP SIZeAMi

AND INITIATE A KESTART,

AM]

£(3) = MINIMUM ALLOWABLE STEP Sides THIS VALUEAM]

IS IGNORED BY INTEGRATIUN MODES 243
AND 4, IN INTEGRATION MOUE | NU STEP
SI1Z2E SMALLER [HAN E(3) wlibL 8Bt USED.

AM
AMl
ami

B(4) = MAXIMUM ALLOWABLE STEP SIZE, THIS VALUEAM]

IS IGNORED BY INTEGRAJTIUN MUDES 243
AND 44 IN INTEORATION MUUE 1 NOU STEP
SIZE LARGFR THAN E(4) wiLL BE USEV.

AM@
amMi
ami

113
lls
115
lle
11/
118
119
129
121
1




OO0 OO0 NOONONOON0NOOOOOO0OOO0OO

£(b) = VQUBLE STEP SIZE CUUNIERe [N AM1
INTEGRATION MODES 293 E(D) ALWAYS AMl

EQUALS ZERO« IN INTEGRATION MOUE 4 AML
E(5) REMAINS UNCHANGEUe IN INTEGRATIONAMI
MOUE 1 E(S) CUOUNTS THE NUMBER OF Ami
SUCCESSIVE ADAMS=MOULTUN STEPS IN ami
WHICH THE MAXIMUM LUCAL ERKOR IS LESS aMl
THAN E(1)s WHEN E(S) BECUMES FIVE AMl
DOUBLING THE STEP SIZE 15 ATTEMPTEL. AMI
E(5) IS RESET TO ZERU tACH TIME A STEPAMI
IS TAKEN IN WHICH Tre MAKIMUM LOCAL  ami
ERROR IS GREATER THAN UK EWUAL TO0 E(l)Ami
E(6) = PAST HISTORY COUNTERe IN INTEGRATION  aMl
MODES 192 ANO 3 E(6) INVICATES THE AMl
NUMBER UF GROUPS OF nNel VALUES AMl
AVAILABLE IN Thk Y AND YP ARRAYS. THE AM]
VALUE OF E(6) 15 aLwAYS Unt TO SEVEN AmMl
INCLUSIVE. IN INTEGRATIUN MUDE ¢ E(6) AM)
REMAINS UNCHANGED amli
E(7) = RUNGE=KUTTA=GILL LAS( PUINT INDICATOR. AMl
IN INTEGRATIUN MODE 3 E(T) IS ALwAY> aml

EQUAL TO ZEROe IN INTEGRATION & E(7) AM]
REMAINS UNCHANGEDs IN INTEGRATION amli
MOOES 1 AND 2 IF THE STeP JUST TAKEN AM]
WAS A RUNGE=KUTTA=GILL STEP THEN AM]
E(7) = 1loyOTHERWISE E(7) = 0, ami
£(8) = BASE POINY COUNTERe [N INJTEGRATION AMI
MODES 192 AND 3 A BAaSE POINT IS Aml
ESTABLISHED EACH TIME [He INDEPENDENT aMl
VARIABLE IS ADVANCED AN INTEGRAL AMl
NUMBER OF E(4) PROM THE INITIAL AM]

STARTING POINTe AT EACH BASE PUINT THEAMI
INDEPENDENT VAaRlABLE IS RECALCULATEL AMi

AS E(B)*E(4)+E(10) THUS REDUCING THE aM]
ACCUMULATED ROUNDOFF ERRURe IN AM)
INTEGRATION MODE 4 E(8) REMAINS AM L
UNCHANGED o AMI
£{9) = STEP COUNTER TO THE WEXT BASE POINT. INAMI
INTEGRATION MODES 12 ANV 3 E(9) AMi

INDICATES THE NUMBER OF DeLX STEPS AM]

REQUIREL TO REACH THE NEXT WASE POINT,AM]
E(9) HAS ONLY INTEGKAL VALUES. IN ami
INTEGRATION MODE 4 &(9) REMAINS AM]
UNCHANGED » AMl
BE(10) = INITIAL VALUE OF THE INUEPENDENT AM
VARIABLE AS ESTABLISHED IN IAMl. AMI

THE SUBROUTINE 1aM] MUST Ht CALLED PRIUR TO THe FIRSI CALL TU AMleami
1AM1 INITIALIZES THE ARRAYS YPsA3C AND B AS weLl AS THE VARIABLESAMI
ODELXsPOELA ANV Yil)e PRIOR TO THE CALL Tu [AM] THe USER ™MUST AM]

PLACE THE INITIAL VALUES UF THeaml
DEPENDENT VARIABLES INTO Y(2) THROUGH Y(N+l)e THE USER MUST ALSO AMi
PROVIUE A SUHROUTINE SUHPROGRAM FOR THt EVALUAIION OF THE aMl
OERIVATIVESe THIS SUBPROGRAM [S CALLED BY BOUTH AMl ANU [AM] UbleAMl
THE STATEMENT CALL UDLR(YsYP) W#HERE DIRsY AND YP ARE AS DEF [NEV  AMi
ABUVE. ThE SUBPHOGRAM OBTAINS THE VALUE OF THE INULPENUENT Aml
VARTABLE FROM Y{1) AND THE VALUES OF THE DLPENUENT VARIABLE FRUM AMi
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1£:
126
e/
18
ley
130
131
132
133
134
139
136
137
138
149
140
141
142
143
144
145
146
141
148
149
190
151
1952
153
154
199
196
197
198
159
160
161
162
163
164
16%
106
1o/
jod
Y
170
1171
172
1/3
174
1/
176
1\
178
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Y(2) THROUGH Y(N+1)e TAE SUBPRUGKRAM MUST PLACE Irk VALUES OF THE AMl
ODERIVATIVES OF THE UDEPENDENT VARIABLES INTO YP(2) [HROUGH YP(N¢]1)AM]

#we® CAUTION #o# [F IHE USER DESIRES 70 CHANGWE INTEGRATION MOUE

aMi

(EXCEPTION INTMOD = 4)9SYSTEM OF EQUATIUNS OR STEPAM]
SIZE HE SHOULD RESTART THE INTEGRATION W[TH A CALLAMI

TO IAM],.

aml

THE QUANTITY REFEKEU TO ABOVE AS MAXIMUM LOCAL ERRORyCUMPUTED AND AMI
USED In MODE 1 Tu CUNTRUL HALVING ANU DOUBLING OF THE INTEGRATIONAMI

STEP SIZE9IS UEFINEDL AS THE MAXIMUM OVER ISle2seeesN OF
MINIF (ABSF(P(1)=C(I))2ABSF((P({I)=C(I))}/7C(I)))
WHERE P([)s C(]1)

DENOTE ¢RESPECTIVELY s THE AVAMS=MOULTON PREDICTEN AND CORRECTED
VALUES OF THE UEPENDENT VARIAHBLE Y(Ie¢l)e THIS LRRUR IS THUS A

WEIGHTEU MAXIMUM OVER ALL UEPENDENT VARIABLES OF THE DISCHhPANQY

BEIWEEN PREDICIEL ANU CORRECTED VALUES OF EACH VARIAHLE, FOR

EACH VARIABLE THIS DISCREPANCY IS RECKONED AS IHE SMALLER OF THE

ABSOLUTE AND Tht RELATIVE UIFFERENCES BEIWEEN PREVDLICIED ANV
CORRECTED VALUES. THUS THE ABSOLUTE DIFFERENCE CONYRULS wHEN
ABSF (C(1)) IS LESS THAN ONE#OTHERWISETHE RELATIVE UIFFERLNCE
DUES, THIS PROVIDES A PARTLY RELATIVE ERROR CONFROLoWHlLt
AVOIDING THE DIFFICULTY A PURELY RELATIVE CONTROL MleT
EXPERIENCE IN THE VICINITY OF A ZERO OF A UEPENUEN] VARIABLE.

POELXsDELX

IF (E(9))af+294/¢

THIS 1S A BASEPOINT « RECALCULATE E£(9)

IISE(4)7DELX*.5

E(9)=1]

IF (E(6)=4e) 460494

ENOUGH PAST HISTURY IS AVAILABLE

TEMPSDELX/24

ICUN=a)

SLIUE THE Y AND YP VECTORS DOwN ONE RLOCK EACH

11iI=E(6)

IF (1111=7)746s7

ITilal[ll=]

IIlI=1J1I%NN

00 8 I=leI11l

I11a11]el=]

I1olI11eNN

Y(ll)svy(lLl)

YPULID)sYP(III])

GO TO ( 9939)¢ICOUN

CALCULATE PREDICATEDL Y

K=a=NN+2

LsNNeNN

00 10 I=KylL

KKKK=[=NN

I1=1enN

[11=11enN

I11IsII]*NN

Y(RKKK) Y ([) ¢ TEMPH (99, #YP ()=S0 RYP{I[)*37.%YP(LILI)=9.#YRPULILI]))
Y{(l)3Y(NNel)+DELX

CALCULATE PREDICATEL YP

calL OIFFEQ
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ami
aMi
AM]
AML
AM]
AmMi
AM|
AM]
AM]
aml
ami
AmM{
AM}
AMi
AMI
AM|
AMi
ami
am]
AM]
AM}
AM]
AM]
AM]
aMi
AM]
AM]
AM]
AM|
ami
AMI
Am]
AM]
AM|
AMl
AM]
AM]
AM)
Ami
AML
AM]
AMi
Aml
AM]
AMj
AM]
AM]

179
180
181
182
183
184
18%
146
187
148
189
190
191
192
193
194
199
196
19/
198
199
200
201}
20¢é
204
206
207
208
20y
el
2le
213
2le
els
2ie
2l
2i8
2i9
2ev
221
eée
223
224
22%
226
22!
28
2ey
230
231
232
233
234
245
236




11

12

14

18
16

17

18

19

20

21

22
23

24
25

26

OO L1 I=lsnn AM}
ABL(1)=Y(]) AM]
CALCULATE CURRECIED Y AMi
DO 12 I=2sNN ami
I1=1enN ami
I11=11enNN Ami
ITLI=111eNN ami
YOI =Y (II)*TEMPH (99 YP(T)¢19e#YP(1I)=5.#YP(III)*YP(LLLII}) AM]
CALCULATE COWRECTED YP AM|
CALL DIFFEW

AUTOMATIC ERROR CHECKING AM}
DEFERMINE MAXIMUM LOCAL ERKOR AMl
TEMP=0, AM]
00 L6 [=24¢NN AMI
IF (Y(I))159slayld ami
TEMP =], AM )
GO TO le AM{
TEMP1sABC(1) /Y (1) aMj
TEMP = MAXLIF(TEMPy MINLIF (ABS(ABC(I) « Y(L))e ASS(TEMPL = 140)))

IF (TEMP=E(1))17438+24 AML
THE ERROR IS LESS THAN THE MINIMUM ALLOWARLE ERROR aml
IF (E(9)=44) 18019419 ami
NOI ENQUGH SMALL ERRORS TO UOUBLE ami
E(S)3E(5) ], AMi
1CUN=P ami
GO TO 38 AMI
ENOUGH SMALL ERRORS TO DOUBLE Aml
118(E(9)=14)/20 AM|
TEMPs]] aml
IF (TEMP#24¢l.=£(3))1R+20418 AM]
WE ARE PROPERLY POSITIONED TO DOUBLE AM{
TEMP1=2,%0ELX AM]
IF (E(4)=TEMP1)38e21ly 21 Ami
STEP SIZE CAN HE HOUBLED AMi
E(Y)STEMPel, aMj
DELXSTEMP] AM]
E(6)=3 AM]
DO 23 I=lenNN ami
[I1=[enN AMI
[IIsT1eNN AM{
D0 22 I11I=1s3 AMm}
Y(lDev(I1l) aml
YP(LL) =YP(111) amMi
[1=1 14NN AM]
Ill‘IlI’NN‘NN ‘"i
CONTINUE AMi
GO TO 34 Ao
ERRUR IS OK AT LOWER BOUND CHECK UPPER mUUNU AM]
IF (TEMP=E(2)) 38938929 AM]
ERHUR IS GREATER THAN THE MAXIMUM ALLOWABLE BERKUR AMi
TEMPE ,S#UELX ami
IF (TEMP=E(3))38+26426 ami
STeP SIZE CAN 8E HALVED AM|
DELXsTEMP aml
PLUELXZDELA aMl
IF (E(7))31e31427 Ami

238
239
240
2sl
29¢
243
244
245
246

249
250
ésvl
252
253
254
295
256

2%9
260
2ol
262
263
264
265
266
2617
268
269
270
271
are
273
214
215
216
2t
218
219
280
edl
cue
243
284
284
286
287
2g8
289
290
291
292
293
294
29%
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28

29
30

31

32

33
36
35

36

37

38
39
40
41
42
43
44
45

46

LAST POINT [S A HKG POINT=GU BALK TO INITIAL CONDETIUNS
DO 28 [=1¢NN

1I=lenN

I1I=]1¢3%NN

Y(il)=v(1]I1)

YP(ID)=YP(IIl)

E(YIZE(9)+3,

T11=e5#E(4)/0ELX®e5

TEMP=]1]

IF (E(9)=TEMP)3]le31930

E(9)=E(I)=TEMP

E(s)z=t(8)=1,

60 TO 29

COMPLETELY RESET aNb EXECUTE RKG STEP
00 32 I=1eNN

I11=1+NN

Y(l)=vY(1l)

YPil)=ypP(I1l)

E(9)=2.%E(9)

E(6)=1,

DO 34 I=lenN

ABC(I)=00

1I=NNe3

0O 37 I1I=nNell

DO 36 [=1leiN
TEMP=ABC(11I+1)2(YP(]1)=ABC(I11+5)%A8C(]))
Y(I)SY(])¢UELX®TEMP
ABC(I)=ABC(]) ¢+ 3. TEMP=ABC(111+9)*YP(])
CALL DIFFEQ

conT Inue

G0 TO 39

LAST POINT NOT kKGO

E(7)=ﬂo

GO TO (4044]1)9ICUN

e(l)=1.

E(9) =0,

IF (E(6)=1e)al043443

E(6)=E(6)+l.

E(9)=E(v)=],

IF (E(9))45044945
Y(L)ISE(LlD)*E(B) L (4)

E(B)=E(8)el,

RETURN

NOT ENOUGH PAST HISTORY UR INTEGRATION MODE 3
ICON=2

GO TO S

ENU
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AM}
AMl

AMi
Ami
AMIL
AmMi
AMl
AmMl
Ami
AmMl
Anml
AM]
Aml
Ari
Ami
aMi
ami
AM]
ami
AM]
aml
amMl
Anl
ami
Ami
ami
Aml
Aml

AMl
')
AM]
Am]
aml
amMl
AM1l
AMi
AMl
Ami
Ami
ami
aMi
Ami
AMi
ami
AM]
AMl

296
291
298
299
300
301
302
303
30
305
306
30/
308
309
310
311
3ie
313
3ié
315
3i6
3i7
318
3i9
320
321
32
323

325
326
321
328
329
330
331
332
333
33
335
336
337
338
339
340
341
34e
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SUBROUT [kt AUMRES

OImMe

COMMON / BLOCKH / N

NS ON Y(/2)s YP(I2)s ABC(Cl)s E(10)s PRNT(8)

COMMON /7 SLOCKJ / UDELARs PLDELXy ABCy E

COMMON / BLUCKK / Ple PMINe HUs XO9 EMINe EMAX
COMMON / ALOCKL 7/ Ye YP

COMMON /7 3LOCKO / NN

VALENCE (PRNT (1) Y(2))

tqul
N
e
Y
Yp =

NOE

CAM

YAM
VYAM

SUBKROUT INE SUBPRUSRAM FOR INITIALIZING ADMINT

ADMINT

HERE N
DELX
PLELX
Y
YP
DIR
ABC
£
Pl
PMIN

a1V)
X0
EMIN
EmAX

INITIALIZES

SEE ADMINT

Stt. ADMINTY

Ste AUMINT

SEF ADMINT

StE AUMINT

SEE ADWMINT

SEt AUMINT

SEE ADMINT

INITIAL STEP SIZE [S nu*2.o#(~P]) 1am}
MINImUM ALLOWABLE STEP SIZE IS HU®2,8#{=PMIN), [AM]
ALSO Stk E(3) OF AUMINT

MAXIMUM ALLOWABLE STEP SIZEe. ALSO 3StE E£(4) OF JAM]
AOMINT

INITIAL VALUE OF THE INOEPENUENT vaRlAoLE. ALSOIAM]
SEE E(1V) OF ADMINT

MINImMUM ALLOWABLE LOCAL ERRORe ALSO SEE E(]) OF l1am]
AUMINT

MAXIMUM ALLOWABLE LOCAL ERROKe ALSU SEE E(2) OF1am]
ADMINT

THE ARRAYS YPJABC ANU £ AS wtlLL AS THE VARIABLES
UELXoPUELX ANU Y(1)e PRIOR TO THE CALL TO ADMRLS

PLACE THE INITIAL VALUELS OF THELAM)
DEPEMNENT VARIABLES IMTU Y(2) THROUGH Y{(Nel), 1AM}
Y(l)=xu 1AM])
YPil)=1. 1AM]
CALL D]JFFEY
NNSN+ ) 1AM}
DO 1 [=lenn [AM)
1 ABC(I)=0. 1AM
ARC(NN® L) =eb [AamM]
ABC(NNe+2) =.2928932180814 IQHI
ABC(NN+3)=]1,707106/81l180 [1AM]
ARG (NN*4) =2+ 1660660660667 1AM]
ABC (NNeS) =2, [AM]
ABC INNeH) =10 1AM]
ABL (NNeT) =1, 1aM]
ABL (NNeB) =2 [AM]
AHC (NN#+9) s4H 1AM}
ABC(NN*10)=,292893218R14 1AM]
ABCINN®L1L1)=147D7:06701146 1AM}
ARC(NNe]2)=,5 1aM]
t(l)=tMIN 1AM}

C-24

15
16

18
20
22
ce

28
29
30
il

33

35
36
31

39
40
)}
42
43
44
45
46
41
48
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E(2) =£MAKX
E(4)=HO

£(5)=0,
E6)=1,.

E(N =0,

E(8)=1,
E(Y)=0.
€(l10)=xu
POELX=0.
TEMP=HO

IF (PI)avas?
JaPle4

DO 3 I=1e4
TEMP=TEMP/2.
DELA=TEMP
JePMin=Ple 4
IF () Tele>
00 6 I=1e4
TEMP=TEMP /2.
E(3)=TEMP
RETURN

ENV
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1AM]
1am]

1amM}
jam])
1an]
1AM]
IAM]
1aM]
1AM}
1amM]
IaM]
1AM}
1amM]
iamM}
lam}
1AM}
IamM}
1AM]
1AM}
[AM]
[an]
IaM]

49
30

91
LY
53
9%
h%
9
57
58
99
60
6l
62

64
605
66
ol
68
69
70



SUBROUT INE BCOND
DIMENSION TL(det)e TH(BeB)e TLI(8e8)e TRI(8e8)
COMMON 7/ BLOCKD 7 TLs IRe TLIe TRIe ALFLe ALFR
COMMON / SLUCHH / NUE
0021 =1y 8
DO 2 Jy=1e 8
TL (14J)=060
2 TR (14J)=040
00 3 1 = Se NDE
TL (Ie1)=]le0
3 TR (le1I)=]160
SIL=SIN (ALFL)
CoL=C0S (ALFL)
SIRSSIN (ALFR)
COR=CO0S (ALFR)
TL(lel)= CUL
TR(1le1l)= COR
TL(le3)==SIL
TR(1+3)==SIR
TL(Z2+42)= COL
TR(2+2)= COR
TLt2e&)==S]IL
TR(2+4)==SIR
TL(3e1)= SIL
TR(3+1)= SIR
TLt3e3)= COL
TR(393)= COR
TL(ee2)= SIL
TR(442)= SIR
TL(&es)= COL
TR(494)= COR
S RETURN
ENVD




SUBROUTINE CALCUL

IPAR(60)

DIMENSION 1A(8) s SI(60) ’ ’
L 18(8) s SX160) » INT(60) )
. GA(Y) * PRNT(8) s ISS(60) ’
» GB(8) * ERR(8) » PSR(60) ’
. Y(8) » OM(8461) s EYM(60) ’
- DY (8) s TL(B,8) v A(BeY) ’
* TR(898) v TL1(8Be8) » JUBPLT(10) ’
* TR1(898) * TRY(8+61]) s TR2(8+8) ’
* SQUT (275) » D(8+94960) » P(59275) ’
* SLOPE(59275) ¢ TR1(8+8) vy £(9+60)

DIMENSION v3i(g) » VN(7+60) y YAMLT2) ’
. Dyam(72) s ABC(21) sy EAM(10) ’
o BACK (60) s YSAVE(8) » DETERM(10) ’
L IPLOT(10) v XPLOT(350) s YPLOT(350410)0
* STROUT(350) 9 SIGNPH{350) o SIGMPH{3IY0)
* SIGPHT (350) o SIGPHB(35U) o SIGNIH(3®0)
i SIOMTH(350) 9 SIGTHT(350) o SIGIHB(3D0)
» TAUPHI(350) » VARTIK(69) v PUINT(60)

COMMON /7 BLOCKA / Nus Ple ALDy NTYPEs INDEXe I68He PNe NPOINT

1 ISHe TTy (le T2y HTTe INTC

COMMON /7 HLUOCKS 7/ He Rle k29 R3e SXNe CXS

COMMON 7/ SLOCKC 7/ (OMe GAs GBe NFe NFPy NPLe NHe NNy IRY

COMMON / BLOCKD /7 TLs TRe TLIs TRIs ALFLe ALFR

COMMON /7 BLOCKF 7 NFFe SMXXe SZEROO GOy ERPy ]SSy Eo
» MAKXy [NTPKNo INTVALs NPP

COMMON / BLOCKG 7 NPARTSe PHIle V3e KINDe NTe mTe SPRINTe VNe EYMe
1 BACKe NBACK

COMMON / BLOCKH / NOE

COMMON / BLOCKY 7/ DELXy PODELXy ABCe Eam

COMMON 7/ BLOCKK / PINe PMINy HO9 XO¢ EMINe EMAX

COMMON / BLOCKL /7 YAMs DYAM

COMMON / BLOCKM / YSAVE

COMMON / BLOCKN /7 DETERM

COMMON /7 BLOCKP / PLOIs PLTIMEy SPLOTy PLOTPTs IPLOVS YMODe KSTs
1 HGAMMAs DEADy NFH

COMMON 7/ BLOCKG 7/ TimMmee VARTIKe NVARTK

COMMON / BLOCKS / JUBPLTe ALXLe ALXRy IAe IBe NOPUNCe INPUN9
» CUNVERs Sls SXs INTs IPARs PSRy ITERe NTHYs
» NERRORe [BRMy TRYINs IBRMAX

COMMON SLOPEy Pe SOUTe Dy A

COMMON / PLXYIC / IEX(8)s DUM(4)

EQUIVALENCE (Y(1)e PRNT(1))e (YU(1)e YAM(2))s (DUY(1)e DYAM(2))
1 (Se YAM(1))e (VARTIK(1)e POINT(1))
EQUIVALENCE (SLOPE(L) o YPLOT(]) )

@ (0(a76) v XPLOT(1) )y

L {b(826) s STROQUT(L) )

» (D€1176) o SIGNPH(1) o

@ (0(1526) o SIGMPH()1) )

® (U(1876) o SIGPHT(1) )

# {U(2226) o SIGPHB(]1) )

* (0(2576) o SIGNTH(L) o

. {D€2926) o+ SIGMTH(1) )

» (DE3270) » SIGTHT(1) )

* (D(3626) ¢ SIGTHB(1) )




10

11

V(3976) o TAuPHI(]

(L )
INltbtR GOy FRYINy PASSs SPACES AD"SC%O FINISe PLOIY

1 PLOTPTy PLTIMEs TIMEs VARVIKy POINT
DATA(RPD = 0e17493292%2E=01)

REAL NUs NTe MTe NBACKs NFH

NF = 0

00 10 1T = 1o 8

DO 10 L =10 8

TRI(TeL) = Va0
TR2(IsL) = 040

CONT INUE

DO 11 1 = 50 8
TRL(IsI) = lev
TR2(1,1) = 1
CONTINUE

DO 4340 IBR = ls IBRMAX
NBACK = BACK(IBK)
NVARTK = POINT(1loRr)

ISh = [SS(IBR)

YMOD = EYM(IBR)

NU = PSR(IBR)

Pl = (1e0 = NUBNU)/YMOD

INVEX = 1

CALL GOMTRY

TT = H*rn/1240
11 = P1l/H

T2 = 71/11

HTT = HeTT

NFF = JPAR(1IBR)
NPP = INT(IBR)

SMXX = (SX(IBR) = SI(IBR))/FLOAT(NFF)
SZERO = SI(IBR)

GO IS SET TO 1 IN INTEG IF THE DIMENSION(275) OF SOUT IS EXCEEDED.

CALCULATIONS ARE STOPPED.

G0 = 0

CALL INTEG

IF(GO +EQs 1) GO TO 208
IF(IBR +EQe IBRMAX) GO T0 501
S=SX(18R)

ISH = [SS({IBR)

NBACK = BaCK(IBR)

INDEX 3 3

CALL GOMTRY

TRL{141) = CXS

TR1(143)%s =SXAN

TRi(2+2)2 CXS

TRI(244)= =SXN

TR1(341)5 SXN

TR1(343) CxS

TR1{442)= SXN

TR1(444)= CXS

IF{INTVAL +EQe 0) GO TO 718
WRITE(6+678)

WRITE (6+676) ((TRYI(1ed)e J 3 1y H)e I = 19 NDE)
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778

o000

780

4340
501

518
519

C
C

IBRSAV = [OR

IBR = JHR + 1}

S 3 SI(16R)

ISH = [SS(IBR)

NBACK = BACK(IBR)

INVEX = 3

CALL GOMTRY

IBR = IBRSAV

TRZ(14]1) = CAS

TRZ2(193)= SXn

TR2(242)= CAS

TRE(244)= SXN

THE(391)= =SXN

TR2(343)= CXS

TR2(402)= =SXN

TR2l&e4)= CXS

IFC(INTVAL +EWQ, U) GO TO 779
WRITE(6+679)

WRITE(64676) ((TH2(LIeJd)y J = 19 8)9 I = 19 8)

FOKRM PRODUCT OF T2 AND TRI
PUT RESULT IN TRi.

CALL MATML(TR2(1e1)e B9 89 19 19 NDEs NUE,

# TR1(1lel)s be 8e le 19 NOE,
* TRI(Lslde e By Lo 19 A)

IF(INTVAL oEWe 0) GO TO 780
WRITLE(64680)
WRITE(6+4676) ((TR1(IeJ)s J = 19 8)9 [ = 19 NDE)

FORM PROUUCT OF (TR2%TR1) AND D(IsJsNF)e D(IsJeNF) CUNTAINS THE
COMPLEMENTARY ANU PARTICULAR SOLNS FOR THE LAST PART OF THE BRANCH
PUT RESULT IN U(LsJoNF)

CALL MATML(TRI(Ll9))e Be He l9 1o NDEes NDE,

* D(loloNF)e HBe 99 1y 1o NPL,
» UD(lsloNF)e 89 9y 1y 1y A)
CONTINUE

IFLISS(IBAM) +GTe 1) GO TO 9028

INLVEX = )

KIND = ¢,

IsSH = ]

IARR = [ERM

YMOU = EYM(IBR)

NuU = PSR({IBR)

IF(NTYPE «NEe 1) GO TO 518
XLL = (.0

GO 10 S19

ALD = 1,40

CALL GOMTRY

MOLIFY COMPLEMENTARY SOLNS FOR THE FIRST PART OF THE FIRST BRANCH.
STORE RESULT IN O(1lsled)

5028 CALL MATML(D(lelol): He 99 lo 1o NOEy NOE,

* TLICLel)e me 89 1 19 NOE
* OD(lolol)s Be 99 1o 19 A)
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IF THERE IS A CHUAN»s NO MODIFICATION OF COMPLEMEN{ARY AND
PARTICULAR SOLUTIONS IS NECESSARY SINCE THERE IS CUNTINUITY AND
ELEMENTS HAVE BEEN CORRECTLY POSITIONED,

OO0

IF{ISS(IBAM) LEWe 1) GO TU (06

MOULFY COMPLEMENTARY AND PARTICULAR SOLNS FOR THE LAST PART OF FHE
LAST BRANCH,
STURE RESULTS IN D(IeJenF)

OO0

CALL MATML(TR(lel)s Bs 89 19 19 NDEe NDts

* D(loloNF)e B9 99 19 1o NPLs
» D(1l9loNF)o 8y 99 1y 1y A)

MOULFY TRY(lsJ) FOR LINEAR COMBINATIONS AMT ARRANGE ELEMENTS
SO THAT UPPER ThHREE ARE THOSE PRESCRIHMED ON BOUNDARY.
STURE RESULT [N TRY(Is1)

OO0

706 CALL MATML(TL(lel)s B¢ ue 19 19 NDEs NOEs
» TRY(Lel)e Be 1l 1o 19 1o
* TRY(lel)e 8o 1o 19 19 A}
IFCISS(IBRM) oGle 1) GO TO 4675
DO 4676 I = 1y 8
TRY ([ oNPARTS) = 040
4676 CONTINUE
4675 IF(INTVAL «EWQe 0) GO TO 4680
WRITE(6+4670) NN
WRITE(69671) ((TRY(Ied)e I = 19 8)9 J = 1le NTRY)
4680 NF = NPARTS
CALL TRIANG
IF(ISS(IBRM) oGTe 1) GO TO 4685
00 4690 I = ]y 6
TRY(IeNFP) = DM(IoNFP)
4690 CONIINUE

o MOLIFY DM(Isl) FOR LINEAR CUMBINATIONS AND ARRANGE ELEMENTS INTO
c CORRECT POSITIONS,
C STORE RESULT IN OM(Iel)
4685 CALL MATML(TLI(lel)e Bs By lo 19 NDEs NOE,
» DM(lel)e Be 19 19 10 1o
® OM(lel)e B9 19 1o 19 A)
C MODIFY DM(IoNFP) FOR L INEAR COMBINATIONS AND ARRANGE ELEMENTS INTO
C CORRECT POSITIONS,
C STURE RESULTS IN OM({IsNFP)
CALL MATML(TRI(lel)e B9 By l9 19 NDEs NDEe
] OM(LoNFP) s Be 19 1o 1o 1l
4 UM(L1oNFP) o 8By 193 19 1y A)
WRITE (6424 )

IF (INTVAL «EQe 0) RETURN
WRITE(6+671) ((OM(Jsl)e J = Ly 8B)e I = 1y NFP)
RETURN
205 WRITE(64667)
CALL EXIT
678  FORMAT(lHls BHTRI(Iv)))
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676
679

680
670
671
24
667

FORMAT (1HO
FORMAT (1HO
FORMAT(1HO»
FORMAT (1Hl»
FORMAT(LH
FORMAT (1H0)
FORMAT (1HO»
ENVD

8El6.7)
79 1HOe BHTR2([9+J))

/9 1HO9 22HPROUVUCT OF TRZ2 AND [R1)
3IHTHIS IS TRY(leJ) FOR ITERATIUN 12y /¢ 1HO)
BELl6e7)

26HUIMENSION OF SOUT EXCEEDLED)
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OO0 OO0O0O00OO00

SUBROUTINE UIFFEW

DIMENS [ON Y(8) » DY(8) v P(50275) ’
. SOUT (279) » SLOPE(59275) » YAM(T2) '
. DYAM(12) s PRNT(8) y XPLOT(390)
" YPLOT (39041009 STROUT(350) ¢ SIGNPH(3D0)
» SIGMPH(350) » SIGPHT(350) o+ SIGPHB(3%0)
# SIGNTH(350) 9 SIGMTH(350) o SIGTHT(350)
» SIOTHB(350) » TAUPHI(350) o D(899+60) ’
. IPLOT(10) v A(849) ‘

COMMON / BLOCKA / NUs Ply ALDs NTYPEs INDEXs 1BRs PNe NPOINTs

1 ISHy TTe Tl T29 HTTe INTC

COMMON / BLOCKB / He Rls R29 R3s SXNg CXS

COMMON / BLOCKH / NUE

COMMON / BLOCKL / YAMy DYAM

COMMON / BLOCKP / PLOTs PLTIMEs SPLOTs PLOTPTy IPLOTe YMODs KSTo

1 HGAMMAs DEADe NFH

COMMON SLOPEs Py SOUT. De A

EQUIVALENCE (Y(L)e YAM(2) )9 (DY(1)s DYAM(2))9 (Se YAaM(1) )
* (PRNT(1)e YAM(2))

EQUIVALENCE  (SLUPE(1) » YPLOT(1) )
APLOT (1) )

@ (D(476) ’ ]
® (U(gee) s STROUT(1) )
» (001176) » SIGNPH(1) )
1) (D(1526) o SIGMPH(1) )
® (DE1876) 9 SIGPHT(1) )
* (D(2226) ¢ SIGPHB(}) )
* (0(2576) » SIGNTH(L) )
w (0(2926) » SIGMTH(1) )
™ (0(3276) o SIGTHT(L) )
™ (D(3626) ¢ SIGTHB(1) )
@ (0(3976) » TAUPHI(1) )
REAL NUs KTo Ni1s MTe NR2e NFHy MTP
ET 2 EPSILON THETA

KT 2 KAPPA THETA

NT 3 N SUB THETA

MT = M SUR THETA

NU & POISSON®S RATIO

Pl 3 (1le0 = NUMNU)/ZYMOD

TT = H*H/ 1240

TL = Pl/H

T2 3 11777

HTT 3 HeTT

NFH = FOQURIER HARMONIC

NRZ = NFH¥RZ

MTP =2 M THETA PHI

PN = NORMAL SURFACE LOADING

PL = LONGITUDINAL SURFACE LOADING

PC s CIRCUMFERENTIAL SURFACE LOADING

BT = BETA THETA

NTYPE = |} LINEAR

NTYPE a 2 NONL INEAR

NTYPE = 3 AUXILTIARY EQUATIONS FOR NONLINEAR ANALYSIS.

INIC = INTC ¢ |
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10

CALL

GOMTRY

R2CUSS = R2#CXS
R2SINS = RZ#SXN
IF(NDE +EQes 8B) GO TO 65

ET =
KT
NT
MT =
oY (l)
DY (S)
oy te)
Go 70

THIS
oy (2)

DY (3)
DY (4)
Go To

THIS

DY (3)
oy (2)

Dy (4)
Go 10
THIS

PAK1
PaR2
PAR3
PAR%
PAKS

I =N
IF (S0
IL =
Iy =
1IF(IU
1 = {
IF (S
ly =
40 10
s
60 Tu
[ =1
00 49
SUM =
6o 10
PAR]

RECOSS*Y (1) + R2SINS®Y(1)
R2COSS#Y (5)
NU*Y (4) ¢ H®ET#YMOD
NU#Y (6) + HTT#KT#YMOD

= R1#Y(3) = Y(5)

x T29Y(6) = NU®KY

= R2COSS®(MT = Y(6)) + Y(2)

(109 209 3019 NTYPE

SECTIUN CUMPLETES LINEAR EWUATIONS.

R2SINS#NT = R2COSS#Y(2) + RI#Y(4) =

(PN + (HGAMMA « DEAD)#CXS)#xLD

T1#Y(4) = R1®Y(1) = NU®ET

R2COSS#INT = Y(4)) = RI%Y(2) + (HGAMMA ¢ DEAD)*SXN®XLD

59
SECTION COMPLETES NONLINEAR EQUATIUNS,

TI#Y(4) = R1%Y(]) = NURET = 0.5%Y(5)®Y(d)
NT#(KR2SINS ¢ R2COSS*Y(5)) <

Y(4)#(DY(h) ¢ (1e0 ¢Y(S)®Y(5))*R]) =

Y{(2)®(R2CUSS +» RI#Y(5)) = PN « (HGAMMA ¢ DEAL)*CXS
H2COSS®*(NT = Y(4)) ¢ RI*(Y(D)#Y(4) = Y(2)) ¢
(HGAMMA ¢ DEAD) #SXN

59

SECTION COMPLETES AUXILIARY EQUATIONS FOR NUNLINEAR ANALYSIS.

) PHI

N PHI

BETA PHI

BETA PHI COMMA §
N THETA

POINT
UT(D) = S) 3ds 38y
1
NPOINT
o JL = 1) 37y 37¢ 36
L+« [u)/2
o SOUT(I)) 39y 38s 36
!
33
1
33
V]
J =15
SLOPE (Jel = 1)#S + P(Je] = 1)
(4ly 42y 434 44r 49)e J
= SUNM

G
LA
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42
43
44
45

49
55

59

60

65

70

&

$

%
$

#

L

#

TR S T e ia e St
RN e

- e

-y

GO 10 49
PARZ = SUM™

GO0 TOo 49

PARI = SUM i
G0 T0 49 o
PARS4 = SUM
GO TO 49
PARS = SUWM
60 0 Y
CONTINVE
DY (3)
Dy (2)

TI®Y(4) = NUWET = RIPY()) = PAR3I#Y(H)

NT# (R2SINS ¢ K2COSSYPAR3) ¢ KT#PARD = R]I#Y (D) ePAR] ¢
Y{(4)¥(R1%(1e0 ¢ PAR3I®PARI) ¢ PARG) ¢

PARZ* (2. 09R1¥PARIHY(S) ¢ DY (5)) = Y(2)#(R2CUSS ¢ RI*PARI)
DY(4) = R2COSS®(NT = Y(4)) * RI¥(PARZ#Y(H) ¢ PARI*Y(&4) = Y(2))
IF(R3 JEQes 1e0) RETURN

D060 1 = 1y &

DY(LYy = C/(I)/R]

CONTINUE

RE TURN

NRZ = NFH#RZ2

-
-
-
-

ET = R2COSSH#Y(3) + RZSINSHY (1) ¢ NR2®*Y(7)
BY 3 R2SINSH#Y(T) +» NRE®Y(])

KT = R2COSS#Y(S) + NR2#3T

NT = NU#Y (&) ¢ H¥YMOUWET

MT 2 NUBY(6) ¢ HIT#YMOD®*KT

VY (L) = RI#Y(3) = Y (Y)

DY(3) = T1¥Y(4) = NUMET = Rl%yv(])

DY (D) = T2%Y(6) = NU®KT

DY{(7) = R2CUSS*Y(7) ¢ NR2#Y(3) ¢ 2.0%(Y(B)*(1+0 ¢ NU)/(YMOU®H) o
R2ZSINSHTTH# (NRZ2#Y(S) + BT*R2COSS))

MIP 3 0,99(1e0 = NU}®(R2COSSH(RI®Y(T) = 2.0?8!) *
NR2# (R14Y(3) = 2,0%Y(H)) ¢
R2SINS®DY(T)) /12
DY(2) 3 RASINSHNT ¢ RI®#Y(4) = R2ZCOSS*Y(2) ¢ NR2¥(NRE*MT = 2,0
RECOSS*MIP) = PNeXLD
DY (4) = RLOSSH(WT = Y(4)) = RI*Y(2) ¢ NR2#(MIP#(R] *+ RESINS) =
Y(H))
Oy (6) = (MT = Y(6))%R2COSS + Y(2) = 2,0%NR2*MTP
DY (d) = R2COSS* (MTP#(R] = R2SINS) = 2,0%Y(8)) ¢
NRZ2® (NT + R2SINS*MT)
IF(R3 EQs le0) RETURN
D0 70 I = 1 8
Py () = DY (I)/R3I
CONTINUE
RE TURN
ENUL
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v TG e

SUBROUTINE GUMTRY

VIMENSION VN(7900) » DM(84e61) s GAL(8) ’
# GB(8) » TRY(8961) s SOUT(279) "
» Vi(4e4) ?» V2(444) » V3(8) )
# D(8y9900) ? Valb44) ? VS5(4e4) )
# PRNT (8) » 1SS(60) v £(9960) ’
@ YAM(T2) » DYAM(T72) v VARTIK(60) ’
1) Pi{be279) y SLUPE(59275) ¢ STRUUT(350)
# SIGNPH(350) ¢ SIGMPH(350) ¢ SIGPHT(3%90)
) # SIGPHB(350) ¢ SIGNTH(350) ¢ SIGMTH(3D0)
i ] SIGTHT(350) ¢ SIGTHB(350) » TAUPHI(3®0) o
8 “ XPLOT(350) » YPLOT(350910)9 POIN|(60) )
5 J EYM(60) y IPLOT(10) y BACK(60) ’
; & A(B+9)
COMMON 7/ BLOCKA /7 NUs Ple XLDy NTYPEy INDEXe [8BRe PNe NPCINT,
1 ISHsy TTe Tle T2e HTTe INTC
COMMON / BLOCKB 7/ He Rly R29 R3Is $XNy CXS
COMMON / BLOCKC 7/ DMy GAy GBs NFe NFPy NPLe NHe NNo [RY
COMMON / BLOCKF / NFFe SMXXe SZEROs GO9 ERPy 1SSs Eo
# MAXs INTPRNe INTVALe NPP
COMMON / 8LOCKG /7 NPARTSe PHIle V3e KINDe NTe MTe SPRINT; VNe EYMy
| BACne NBACK
COMMON / BLOCKL 7/ YAMy DYAM
COMMON / BLOCKP / PLOTy PLTIMEs SPLUTe PLOTPTy 1PLOTY YMQUe KSTy
1 HGAMMAy DEADs NFH
COMMON / BLOCKQ / TIMEs VARTIKs NVARTK
COMMON SLOPEs Py SOUTy Dy A

EQUIVALENCE  (Se YAM(1))9e (PRNT(1)e YaM(2))e (VARTIK(1)s POINT(]))

EQUIVALENCE  (SLOPE(L) » YPLOT(1) )y
@ (L(a76) o XPLOT(L) )
@ (0(826) v STROUT(1) )
@ (0(1176) 9 SIGNPH(1) )
# (D(1526) '+ SIGMPH(1) )9
# (W1876) » SIGPHT(L) )9
@ (D(2226) o SIGPHB(1) )
# (W(2516) '+ SIGNTH(1) )
@ (U(2926) ¢ SIGMIH(1) )
® (D(3276) o SIGTHT(1) )
] (U(3626) o+ SIGTHB(L) )9
# (D(39/6) v TAUPHI(L)

)
REAL NUs NOs» MUs Nls Mle NTe MTe NBACKs NFH
INTEGER GOy VARTIKs TIMEs POINT
DATA( RPU = 041745329¢52E=01 )
GO TO (19 29 39 4o S9 69 79 B)y ISH

c THIS SECTION [S FOR THE CROWN,

1 GO TO (13s 1l4)e [nDEX
13 H = VN(1lsIBR)
Rl % 160/VNI(2¢1IBR)
PN 3 UN(SyIBR)
GAMMA = VN (69 IHR)
DEAD = VN(791BR)
HGAMMA = WHGAMMA
PML 3 (le0 = NU)ZYMOD
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o’ SR

BECTEms

180

190

195

200

—

[P VR

l

PeMl =
PP3 = 3
Rin = 1
RIN3 =
IF (KIND
PHIl =
PHIZ =
Wwo = TR
NO 2 TR
MO 3 TR
Go TO 1
PrIZ =
W0 UM
NO oM
MO OM
uo PM
Ho 12
Bol = 1
@o NO
wi De
M1 Oe
81 Oe
N1

vl -

(le0 = NU®NU)/YMOD
o ¢ NU
o0/ (R1#H)
100/ (R]1#H*H#H)
oEQe 4) GO 10 180
0e02
00004
Y{1oNFP)
Y{(2eNFP)
Y{3sNFP)
90
PH]1%##2
(1oNFP)
(4 oNFP)
(6sNFP)
19NO¥RIH = w(
cUSPML#R]LH34MO
o0 ¢ BO*XLD
#BOL = 0+9% (PN = HGAMMA = DEAD)/R]
S# (U0 = BO/RL)
125# (PP3#Jd(/RL = PM1#MO¥YMOD)
WHRIH3IH (3 00P2MI%Q0/R] = (140 = 3,0¥NU) #PM]I#MY)

= 0eSH(309RINWPULH (160 + 0eH9BO*XLY) *MO*YMOD/H »

0029%PP348U1%Q0) = 0e125% (HGAMMA + DEAD)#PP3/R}
W1/7340 = 04125¢P2M1*B01%Q0%R]IH

(3.0 = NUI#BO#E0*XLU/ (1640#R])

0eSHPMI¥ (140 = 3,0%NU) *RIH3I®MO/R]

« 0e125%P2Miv (HGAMMA + DEAD)/ (R1#R1%H)

T e e

s 2t
o

PO

Q] = O.Zb*UO“(BUl*BUI + 140/3,0) ¢ BOL®NL ¢ NO®(B] = 80/12.0)%XLD

.
vitil)

Vil(4)

vV3(e)

viie)

v3td)

vi(5) =
IF (KIND
NT = NO
MT 3 M0
RETURN

00 200

DO 200

Vitled)
v2({lsJ)
Vailed)
Ve ile)
CONTINY
Vv6(ls2)
ve{2.3)
V5 (343)
vailel)
V4i(242)
V4(243)
V4i3e1)
Vaidy2)
veile2)

001259 (HGAMMA + DEAD)I# (10 * 2,0#BO*ALD)/R])
WO ¢ wl®pPMi?

NO + N1#PH12

MO ¢ ml¥PHlZ

« (Q0 ¢ Ql*PnIZ2)®*PRHI]

= (U0 ¢ Ul#PH12)%*PHI]

- (B0 ¢ blePHI2)%PHI]

eEWe 9) 0O TO 19%

+ (340%N] +» BOL1®QU)*PH]Z

+ (3.0%M] =« QO/R]1)%PH]Z

1 3 1s 3
J s Je 3
8 U0
3 040
2 0.0
2 060
(2
140
12.0%PM]*R1H3
1e0
1e0
Hol
NO*vS (293)
= 140
PMI#R LM
= 0,129%PP3%E019V4(2+2)
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165
166

100

= 1H*PM]IPRINE(] 0 o 0,5%80)*YMOU/N -
( 0.75"PML*RIH*MO®VS (29 3) *YMOU/H

2 * 0o125%PP3*(BULI*VE(293) * QO*VSH(203)))eXLY

vV2ileld)

V2(2¢2) = ]15%P2M])%HHI®VE(292)/R]

V2(Z233) = (eS#RIHIN (I 08P2M18Y4(293)/R] -
1 (le0 = 3,0%HY)*PM]1%y5(343))

V2(3e2) = 04129%PPIWV4(2+2)/R]

V2(343) = 01259 (PPIWVE(293)/R] = PM]eYMOD)

Vi(lel) = 0s5%Vé(3y1)

V1(1e2) = 065%#Va(3,2)

V1(1e3) = = 0,5%VS(293)/R]

V1(242) = 0,25%v4(292)%(801%80]1 ¢ 1¢0/340) 801'v¢(lo£) *
1 ((Bl = 80/12.0)%v5(142) + NO#V2(2+2))#XLD
V1(2+3) = 0.25'14(203)'(601'801 ¢ 100/360) ¢ BOL®VZ2(1e3) ¢
1 NO®(V2(293) = V5(293)/12.U) «
2 VS (293)#(0e9%Q0#01 + N]1)#*XLD

Vi{(3s]) = = Vi(lel)/3.0

V1(392) = = V1(192)/3.0 = 0e125*P2M1*R1H*B01%V4(292)
V1(303) = = V]1(193)/3¢0 = 0.5%PM]1# (1,0 = 3,0%nNU)*R]IN3I/R]
1 = 0.125%P2M1%801¥R1H#VE4(293)
2 = 0el25%(P2MI#QQ/H ¢ (3,0 = NU)®B0)#vyn(293)%XLD/R]
VI(lel) = V4(])ol) » V1(lel)*PHIZ

V1(142) = Va(192) ¢ Vv1(]e2)%Pn]2

V1(1e3) = V4(193) + V1(1+3)%PRI2

V2(lel) = vS(1el) + v2(1el)¥PnIC

V2(192) = V5(142) + V2(1s2)%PH]I2

V2(le3) = VO(193) + V2(1+3)%PH]2

V2(391) 2 V5(3sl) + V2(34]1)*PHI2

V2(392) 3 VHI(392) ¢ V2(392)%PHIZ

V2(3s3) = VH(343) « v2(3o3)§Pﬂ12

V1i(2el) = = (Va(2sl) ¢ V1(29]1)#PH]2)®PHI]

V1(2e2) = = (V4(242) ¢+ V]1(2+2)4PH]2)4PH]I]

V1(2e3) = = (V4(243) ¢ V1(203)9PHI2)%PH]]

VI(391) = = (V4(341) + v1{3e])uPHIZ2) #PHI]

V1(342) = = (V4(342) + v]1{302)4PH]I2)#PHIL

V1(343) = = (V4(393) ¢ VIi(3e3)4PH]IZ2)#PH]]

V2(2sl) = = (vO(2s1) + V2(291)%PHI2)#PHI]

V2(242) = = (VB (242) ¢ Vv2(2+2)4PHI2)#PHII]

V2(2e3) = = (V5(293) + V2(2e3)%PHI2)*PHI]

1F (INTVAL «EQe 0) GU 1O 166

WRITE(64603)

WRITE(69602) ((VI(Ied)s J = 1ls 3)e VI(1)e 1 = 19 3)
WRITE(64604)

DO 165 1 = 1y 3

M=1 3

WRITE(69602) (V2(led)e J = 1o 3)9 V3I(M)

CONTINUE

CALL INVERT(V1e 3¢ 4 DETs ISCAL)
D0 100 I = 1 3

00 100 U = 19 3

D(IvJoNPARTS) = V1({Ied)

CONT INUE

CALL MATML (V2(lel)e 49 49 lo 1o NHe nNHe

# Vi(lel)e 49 49 lo 19 NHy

] UD(1eloNPARTS) s He 99 NH ¢ L9 19 A)

00 115 1 = 1y 6
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115

120

125
130

135

140

145

150

00 115 J 5 490 7
D19 JeNPARIS) = 0,0

CONTINUE

00 120 I = 60 6

D(lsI+NPARTS) = - 1,0

CONT INUE

D0 130 U= 10 3

SuUM = 0,0

GO 125 1 = 10 3

SUM = SUM ¢ D(JelonNPARTS)I®VI(T)

CONTINUE

D(Je TeNPARTS) = = SuM

CONTINUE

00 135 1 = 19 3

O(IeToNPARTS) = U(leToNPARTS) + TRY (] oNFP)
CONTINUE

DO 145 J = 49 6

SUM = 0,0

DO 140 [ = 19 3

SUM = SUM ¢ D(JeloNPARTS)I®VI(])

CONT INUE

D(Js ToNPARTS) = = Sum

CONTINUE

D0 1S5S0 ! = 49 6

D(LoToNPARTS) = U(Ie7eNPARTS) ¢ V3(I)
CONTINUE

IFCINTVAL oEuWe 0) RETURN

WRITE(69607)

WRITE(6+606) ((U(IoJoNPARTS) e J 3 19 T)e 1 = 1 6)
WRITE(6+4604)

WRITE(6960%) DET

WRITE(64604)

RETURN

THES SECTION IS FOR THE CYLINDER(CONSTANT THICKNESS)

GO TO {239 249 23)e INDEX
H 3 VN(lsIBR)

Rl = 040

R2 3 140/7VN(2s1BR)

R3 3 140

CxS = 0,0

SXN = 1,40

PN = UN(541BR)

GAMMA = VN(69[BR)

ODEAD s VN(7+1BR)

HGAMMA =3 H#GAMMA

INVEX 3 2

IF(UN(3¢s]BR) oNEe 90e0) SXN = = 1,40
RE {URN

THIS SECTION IS FOR THE SPHERE,
GO TO (339 349 3435)s INDEX

H = VN(lsIBR)
R1 = 1¢0/VN(2y1HR)
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R3 = NBACk®R]
PN = YN(S¢IBR)

GAMMA = VYN({G69]8R)
OEAD = VN(TolBR)
HGAMMA = HEGAMMA
INVEX = 2
IF INVARTK <£EQe 0) INDEX = 3
RETURN
34 CALL THICK
TT = H®*H/1Z.0
Tl = Pl/H
T2 = T1I/V7
HIT = H®TY
HGAMMA = H®GAMMA
345 SXN = SIN(S)
CxS = COS(S)
IF (NBACK «EQe = le0) CxS 3 = CXS

R2 = R1/S4AN

RETURN
c THIS SECTION IS FOR A PARABOLOIDAL SHELL.
4 GO TO (43¢ 469 445)s [NDEX

43 H = UN(leIBR)
PN = UN(5¢IBR)
GAMMA = VN{(69IBR)
DEALD = VN(T7e¢IBR,
HGAMMA = H¥GAMMA
A3 1,0/VN(Z2eIBR)
INVEX = 2
IFINVARIK +EQe V) INDEX = 3
RETURN .
44 CALL THICK
TT 2 H#H/1240

T1 = Pl/H
T2 =2 T1/T7
HTIT = H®TY

HGAMMA = HH#GAMMA
445 CxS =3 COS(S)
SXN = SIN(S)
IF (NBACK +£Qe = Lo¢0) CXS = = CXS
R2 3 A#CXS/SXN
R] = ARCXSHe3
R3 3 NBACK*R]

RETURN
c THIS SECTIUN IS FOR AN ELLIPSOIDAL SHELL.
5 GO 10 (93 54y 54¢5)9 INDEX

53 H = VN(ls[BR)
A = VN(29IBR)
B = VN(391BR)
C = VN(49][BR)
AOVERB s (A/B)#42
FACIOR = 1e0 = AUVERSH
PN 3 VUN(591BR)
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T

PR A A gt Dot v

54

945

64

645

GAMMA = VUN(69]BK)
DEAV = VA(Te]8BKR)

HGAMMA = HY®GAMMA

INnuEX = 2

IF(NVARTK EQ, 0) INUCEX = 3
RETURN

CALL THICK

Ty HeH/12.0

Tl Pl/n

T2 Ti/Z17

HYT = HeIT

HGAMMA = HTGAMMA

SXN = SIN(S)

CxS = COS(S)

IF(NBACK otUWe = 1lo0) CXS = = CXS
R = SQRT(AOVERH ¢ FACTOR®SAN®SXN)

Rl = RSR¥R/ (BRAOVERY)
R2 = 140/7(C ¢ B8SAN/R)
R3 = NHACK®R]

RETURN

THIS SECIION 1S FUR A CONICAL SHELL.

GO TO (639 04y 63y 645)y INUEX
H = VN(1leIBR)

Rl = 060

R3 = le0

ALFA =2 VN(2918R)®RPD
SXN = SIN(aLFA)

CxS = CUS(ALFA)

A = UN{(3s1BR)

PN = VN(5sI8R)

GAMMA = VN(b6s]BK)
VEAU = VUN(TsIBR)
HGAMMA = H¥GAMMA
INDEX = 2

IF (NVARTK oEWe 0) INUEX = &
RE TURN

CaLl THICK

IT 2 H¥H/1260

1] 3 Pl/H

f2 = 11/11

HIT a HeTT

HGAMMA = HW¥(OAMMA

R2 = 140/7(A ¢ S#CXS)
RETURN

THIS SECTION IS FOR THE TORUS,

GO TO (73s T4y T45)¢ INDEX
H = VN(]yIBR)

Rl 3 140/VN(391IgR)

R3 2 NBACK#R]

A = VN(29IHK)

BTORUS = VN(3s1HR)

PN = VN(9¢1BR)
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L]

145

84

603
602
604
607
606
605

GAMMA = VN(6¢18R)
OEAU = VN(Te[6R)

HGAMMA = H®*GAMMA

INVEX = 2

IF (INVARTK J.EW, 0) INDEX = 3
RE TURN

CALL THICK

T H#H/12.,0

T1 Pl/H

12 13VARE

HTT = HeTTY

HGAMMA = H¥*GAMMA

SN = SIN(S)

CXS = COS(S)

IF(NBACK +EQe = 1e0) CXxS = = CXS
R2 B 140/7(A ¢ BTORUS#SXN)
RETURN

THIS SECTIUN FOR VARIABLE THICKNESS CYLINDRICAL SHELL.

GO TO (B3s B4y ¥3)e INUVEX

H = VN{]eIBR)

Rl = 00

R2 = 1+0/VN{2s18R)

RI = ].0

SXN = 1,40

CxS = 0.0

PN = UN(DelbR)

GAMMA = VN(6918R)

DEAD = VN(T7elBR)

HGAMMA = H¥GAMMA

INVEX = 2

IF(YN(3I9IBR) «NEe 90¢0) SXN 3 = ],0
RE TURN

CALL THICK

TT 8 H¥H/12.0

TlL = PLl/H

T2 3 TI/77

HTT = HeTT

HGAMMA = H®GAMMA

RETURN

FORMAT(1rls 2SHSERIES SOLUTION EOR CROWN)
FORMAT (1HOs 3E20e8s lUXy E2048)
FORMAT (1HOs /9 1H0)

FORMAT(1HO9 13HD(I19JaNPARTS))
FORMAT (1r0y 6EL7e7s LOXy ELle7)
FORMAT (1HOs 1GRDETERMINANT 3 €]1b,e8)
ENU
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e Sag A 2

SUBROUT INE 1iPUT

WATgA L

DIMENSION TITLEL (20) s BOUNDI (8) s GA(8) ’
* TLILE2(20) s BOUNDF (8) » GH(8) ’
0 TITLE3 (2D v SIt60) s [A(8) .
* NAMED L (6) » SX(60) o I8(6) ’ ’
» NAME2 (60) s [PAR(60) s INT(60) »
* TOIST(60) v VN(T960) s VARTIK(60)
» NAMES] (8) y EYM(60) v XP{10+60) ’
» NAMESZ2 (3) s PSR(60) » YP(10460) ’
# [$S(60) s IPLOT(10) s TRY(8+61) ’
» SL{9+060) » DM(B84e61) sy V3(8) ’
] 8aACK (60) s POINT(60) » UNITL(2) ’
- uUnitu(2) s JOBPLTI(10) s DETERM(10) ’
# E(9460) s NFUURA(9)
COMMON /7 BLOCKA / NUs Ple ALDe NTYPEs INDEXs I8Re PNs WPOINT,
1 ISHy TTs Tl T2y HITe INTC
COMMON / BLUCKC 7/ UMs GAy Gus NFe NFPs NPLs NHe WNe IRY
COMMON / BLUCKE 7/ xPe YPe SL
COMMON /7 BLOCKF 7/ NFFe SMXXe SZEROe GUe ERPe ISSe Ev
# MAX INTPBNQ INTVAL ¢ NPP
COMMON / RLOCKG 7/ WPARTSs PHIls V3e KINDe Nis MTe SPRINTy VNe EYMs
1 BACKs NHACK
COMMON / 3LOCKH 7/ NDE
COMMON / HBLOCKN 7/ DETERM
COMMON /s BLOCKP / PLOly PLTIMEs SPLUTy PLOTPTs IPLOIY YMOUs KST
1 HGAMMAs ODEADy NFH
COMMON / 8LOCKQ /7 TIME, VAR!IKQ NVARTK
COMMON / BLOCKS / JOBPLTe ALXLe ALXRy [Ay IBs NOPUNCs [NPUNs
# CONVERs SIs SXeo INTe IPARe PSHy 1TERe NTRY,
] NERRORy [HRMe TRYINe I8RMAX

COMMON / BLOCKX / LEVELls LEVELZ
EQUIVALENCE (VARTIA(1)s POINT(1))
DATA( RPU = 041745329252E~01 )

DATA  (NAMEBI(1) = 6HUISPLA) » (NAMEBI(S) = 6HCEMENT)
% (NAMEBI(2) = 6HFORCE )
i (NAMEBI(3) = oHSLOPE ) o+ (NAMEBI(6) = 6éH )
#* (NAMEHBI (4) = 6HMOMENT)

DATA  (MARKC = ZHYE)s (MARKD = 2HNO) s (MARKE = 1HS)»
# (MARKN = 3RNO ) (MARKY = 3HYES)

DATA ((NAMESL(I)s I = 1o 8) 3 6HCROWN ¢ 6HCYLINDy 6HSPHERU)Y
\J 6HPARABOs 6HELLIPSY GHSONICA’
# 6HTOROIN, 6HVARCYL) o ’
# ((NAMES2([)s [ 3 1y 8) = 6H y 6HRICAL o+ 6HIVAL
L 6HLOIDALs 6HUIDAL 9 6HL
L 6HAL s 6HINDER )

Data (UNITLI(L1) = 6HINCHES)
L (UNIT1(2) = 1IN Yo
L] (UNITD(1) =2 6HDEGREE) »
* (UNITD(2) = IHS )

INTEGER VARTIKe POINTs GOo TRYINg PLOTs PLTIMEY TIMby BOUND{,
# HOUNDF o« IDIST

REAL NUs NTs MTe NBACKs NFH

C FOR PLOTTING USE THE FOLLOWING CONE NUMBERS TO INUQICATE THt VARIABLE
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DESIRED.

SIGMA PHI OUTER
SIGMA PHI INNER
SIGMA N THETA
SIGMA M THETA
SIGMA THETA OUITER
SIGMA THETA INNER
TAU PHi

C

C

C COVE NUMUER VARIABLE

Cc

C  § ” u
Cc 2 Q PHl

C 3 1y PHI

C & N Pl

Cc 5 BETA PRI

Cc 6 M PHI

Cc 7 N THETA

C 8 & THETA

Cc 9 EPSILON THETA
C 10 EPSILON PHI
C 11 SIGMA N PHI
Cc 12 SIGMA M PHI
Cc 13

c 16

C 15

C 16

c 17

C 18

Cc 19

c TRYIN = 0 INDICATES THAT LINEAR PROBLEM wILL BE SOLVED.

c TRYIN = | INOICA[ES THAT LINEAR PROGLEM AND POSS1BLY ONE OR MORE
c ITERATIONS HAVE BEEN DONE AND THE LAST RESULT IS TO BE READ IN.

c INTPRN 3 0 INDICATES THAT INTERMEDIATE RESULTS FROM [HE NONLINEAR
C ANALYSISs IeEes VALUES OF PARAMETERS AND SLOPES UILL NOT 8E

c PRINTED OUT,.

c INTVAL = 0 INDICATES THAT INTERMEDIATE RESULTS FROM INITIAL VALUE
c INTEGRATIONS wlLL NOT BE PRINTED 0UT,

~ NOPUNC = 0 INDICATES THAT SOLUTIONSs DM(IsNF) AND E(IeJJ) WILL

C NOT BRE PUNCHED.

C NOPUNCH = 1 INDICATES THAT THEY WILL BE PUNCHED.

c PLOT = NUMBER OF COLUMNS OF VARIABLES TO BE PUT UN PLOT TAPE TO

' BE MACHINE PLOTTED AT LATER TIME,

COMMENT SET NUMHER 1| ( CARDS = 3 )

READ(54500) TITLE]L

IF (EOF¢5) 998y 997/
997 CONTINUE
REAU(59500) TITLEZ2s TVITLES
wWRITE(64534)



350

WRITE (64+935)
WR1IE(6+536)

WRITE(64537)

WRITE(6+539)

NTIME = ]

WRITE(6+501) TITLELy TITLEZ2e TITLE3
GO TO (35S 360y 3659 3709375)9 NTIME

COMMENT  SET NUMBER 2 ( CARUS = ] )
COMMENT BOUNDARY DATA AT INITIAL EDGE

355

REAU(59530) (BOUNDI(I)s GA(L)e I = 1y @)

COMMENT SET NUMBER 3 { CARDS = 1)
COMMENT B80UNUARY DATA Al FINAL EDGE

READ(59530) (BOUnNDF([)e GB(I)e 1 = 54 8)

COMMENT SET NUMBER 4 ( CARUS =] )
COMMENT ANGLE IN DEGREES AT INITIAL AND FINAL BUUNDARIES

815
816
817

818
819
820
821

822

&

#*

REAU(99565) ALALe ALXR
IF (BOUNDI(1) +EQe NAMEBI(]) oORe BOUNDI(1) +EQs NAMEBL!2)) 8154800
IF(BOUNDI(2) +EQe NAMEHBI(1) «ORe BOUNDL(2) +EQe NAMEBI(2)) 8164800
IF(dOUNDI (3) +EUe NAMEBI(3) +ORe BOUNDI(3) oEue NAMEBL(4)) 8179800
IF (BOUNDI(4) oEQe NAMEBI(1) «ORe BOUNDI(4) <EQe NAMEBI(2)

eORe BOUNDI(4) oEQe NAMES2(1)) 8184800
IF (BOUNDF (5) «EQe NAMEBI(]) «ORe BOUNDF (S) «EOe NAMEBI(2)) 8199800
IF (BOUNOF {6) «EQe NAMEBI(1) «+ORe BOUNUF (6) oEQe NAMEBI(2)) 8204800
IF (BOUNUF (7) +EQe NAMEBI(3) «ORe BOUNOF (7) +EWe NAMEBI(4)) 8214800
IF (BOUNDF (8) +EQe NAMEBI (1) «0ORe HBOUNUDF (8) +EQe NAMEBI (2)

+ORe BOUNDF (8) +EQs NAMES2(1)) 8224800
CONTINUE

COMMENT CONTROL CARD
COMMENT SET NUMBER & ( CARDS = 1)

&
]

REA. (5956]1) IBRMe ITERy NDUMMYs PLOTy INTPRN, INTVAL
LEVEL)Yy LEVELZ2y ERPy CUNVERy NUMHARe (NFQURA(IL)
I = 1y 8)

NOPUNC = 0

INPUN = 0

TRYIN = 0

NOE = 6

JFINFOURA (L) «GTe 0) NOE = 8

NPL = NDE ¢ |

NFH = FLOAT(NFOURAL(L))

IF(ARS(ERP) otEWe 0e0) ERP 3 lot = 09

IF(IBRM) 8029 B02e 990

990 IF(IBRM «GTe 60) GO TO 802
IF(PLOT «GTe 10) GO TO 803
COMMENT SET NUMBER 6 ( CARDS = 1)

COMMENT  INDICATE BY YES OR NO WHETHER ELASTIC PARAMEIERS ARE SAME
COMMENT  FOR EACH PARTe IF YESs ON SAME CARDy GIVE VALUESe [F NQs READ
COMMENT  THEM [N AFTER SET NUMBER 9,

C-44




REAU (S9963) NELASe YOUNGe PUISOUN
IF ANELAS +tQe¢ MARKC o+UORe NELAS otWe MARKU) 8219 8UY
8215 CONTINUE

COMMENT SET NUMBER 7 ( CARUS = 1)

COMMENT INUICATE 8Y YES OR NO wHETHER PRESSURE LUADINGs UENSITY UF MAfENIALY
COMMENT OR VEAD LOAO ON SHELL 1S Tit SAME FOR EACH PARTe IF YESs ON Samt
COMMENT CARDe GIVE VALUES. IF nNUe READ THEM IN AFTER SEI NUMBER 10.

REAU(S9680) NWPRESe PRESSe UENSTY, UEAQ
IF (NPRES +EQe MARKC «URe NPRES oEue MARKD) 8225+ 810
8225 CONIINUE

COMMENT SET NUMBER d ( CARDS = NUMBER OF PARTS )

COMMENT TYPE OF SHELLe INITIAL AND FINAL COURDINATESs NUMBER OF SEGMENTSe
COMMENT  NuMstr OF PHINT POINTSe YES OR NO FOR THICKNESS DISTRIBUTIONe iF
COMMENT YESs THEiN SPECIFY VALUEe IF NOy SPECIFY NUMBER UF PUINTS wHICH
COMMENT  SPECIFIES DISTRIBUTION,

COMMENT FOR CYLINODER SI(L) IS EITHER 9040 UEGREES (WURMAL OUT) OR
COMMENT 270,0 UEOLREES (NURMAL IN)o SX(L) IS LEFT BLANK.

COMMENT FOR CONE SI(L) IS THE ANGLE (VDEGREES) wHICH THE NUKMAL MAKES wlin
COMMENT THE AX1S OF THE SHELL. SX(L) [S LEFT BLANK,

REAU (S9512) (NAMEZ2(L)s SI(L)e SX(L) s [PAR(L) e INI(L)
# TOLST(L)s VN(LloL)s VARTIK(L)e L = lo I[0RM)

COMMENT DETERMINE 1F SPELLING UF SHELL PARTS IS CORRECT.

00 325 L = 1l IdRA
IF (INAME2 (L) obQe NAMESI (1) «ORe
NAMEZ (L) otQe NAMESY (2) 0Re
NAMEZ2 (L) etUe NAMES](3) «OR,
NAMEZ2(L) oEUe NAMES1(4) +OR,
NAMEZ (L) oEQe NAMES1(5) o0Re
NAMEZ2 (L) osEQe NAMES]1(6) oORo
NAMEZ (L) oEQe NAMESL(T7) +O0Rs
NAMEZ2 (L) otGe NAMES](8)) 325y 801
325 CONTINUE

& & & & & & ¢

COMMENT DETERMINE IF TOEST(L) CUNTAINS CORRECT SPELLING.

V0 326 L. = ls ldKM

IF(TOIST(L) otQe MARKC oORe TDISTIL) oEWe MARKD) 3260 804
326 CONT INUE

PLOIPT 3 0

DO 1234 1 = 1+ I8BRM

PLUTPT = PLOIPT ¢ [PAR(L)#INT(I)
1234 CONTINUE

IF(PLOTPT «06Te 380) GO TO 80%

NPARTS = ()

DO 85 | = |y 1BHM

NPARTS = NFPARTS ¢ [PAR(})
8% CONTINUE
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3
'

LF (NPARTS oGle 6U) GO TO 806
DO 327 L = 1o I6KHM

VARTIK(L) = [ABS(VARTIK(L))
327 CONT INUE
DO 300 L = 1y IbRi
IF(IDIST(L) otQe MARKC) GO To 329
IF(VARTIK(L) oLTe 2 oOKe VARTIK(L) oGTe 10) GU O 8O/
GO TO 300
329 IF(VARTIK(L) o«NEe 0) GO TU 808
300 CONTINUE

COMMENT SET ISS(L) MATRIX. THIS SPECIFES COUE NUMBER FOR SHeELL TYPES.

COMMENT CROWN
COMMENT CYLINDRICAL
COMMENT SPHERQIDAL
COMVENT PARABOLOLDAL
COMMENT ELLIPSOLIDAL
COMMENT CONICAL
COMMENT TOROLDAL
COMMENT VARCYL INUDER

Nl
TN U & Wi -

DO 150 L = 1 loRu
DO 150 1 = 19 8
IF (NAME2 (L) oNEe NAMESI(I)) GO TO 150
Iss(L) = 1
150 CONnTINnNUE

COMMENT OETERMINE IF CYLINDRICAL SHELL 2 HAS VARTIK(L) «tQe 0 ANO IF
COMMENT VARCYLINUER SHELL B HAS VARTIK(L) oNEe. O
DO 994 | = 19 IHRM
Isn = 1ISS(L)
GO TO (9949 999y 9944 994y 9949 9949 994y 996)y 1ISH
9% IF(VARTIN(L) oNee 0) 6O TU 808
60 T0 994
996 IF(VARTIK(L) obWe 0) GO 10 807
994 CONT INUE

COMMENT SET NUMBER 9 ( CARDS = NUMBER OF PARTS )
COMMENT READ IN Ay 8s C

COMMENT FOR CROUWN ANUD SPHERE ONLY SPECIFY A

COMMENT FOR CYLINUER A 1S RADIUSs B IS LENGTH

COMMENT FOR CONE A I5 RADIUS A7 INITIALs 8 IS SLANT LENGTH

COMMENT FOR ELLIPSE C oGTas 060 IOICATES TOROIDAL SHELL OF ELLIPIICAL CRUSS
COMMENT SECTIUN PROVIDED A oNEe Hoe

HEAU(59562)  (VN(24L)y VN(3eL)e VN(4sL)s L = 1o IBRM)

COMMENT UETERVINE [F SHELL PARIS ARE CONTINUOUS.
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NTIME=0
L=0
3 LsaLe+l
IF(L.GT IBRM) GO TO 13
ISH=ISS (L)
ALFAL = ST (L)*RPD
ALFAF 3 SX(L)®*RpPD
A = UN(2sL)
B 3 VN(3sL)
GO TO (39 49 Se 6e Te 89 99 &)9 ISH
$ Rl 5 A
RF = R
60 T0 10
S5 R]I = A*SIN(ALFAT)
RF = A®SIN(ALFAF)
G0 10 10
6 RI & A
RF = ATAN(ALFAF)/TAN(ALFAI)
GO0 TO 10
TO0075 1 =1y 2
IF(l +EQe 2) GO TO 76
SXN 3 SIN(ALFAL)
Go 10 77
76 SXN s SIN(ALFAF)
77 R = VN(4olL) ¢ BOSXN/((A/B)%%2 ¢ (1e0 = (A/B)®02)%SXN®SXN)
IF(I .€Qe 2) GO TO 78
R] 3 R
G0 TO 75
78 RF & R
75 CONTINUE
6o To 10
8 R] = A
RF = A + B*COS(ALFAL)
60 7O 10
9 RI = A + B*SIN(ALFAL)
RF = A + B*SIN(ALFAF)
10 IF (NTIMEL.EQel) GO TO 11}
R11®R1
RF 1 3RF
NTIMEs]
Go To 3
11 R12=R]
RF28RF
IF(ABS(RF] = RIZ) «GTes 000025) GO TO 812
RF1=RF2
RI1=R]I2
60 10 3
13 CONTINUE

COMMENT  SET NUMBER 10
COMMENT  READ IN YOUNG®#S MODULUS AND POISSON®S RATIO UNLY [F
COMMENT NOT THE SAME FOR EACH PART,

IF (NELAS +EQe MARKC) GO TO 400
READ(59564) (EYM(L)y PSR(L)s L 3 1o IJBRM)
G0 TO 402



400 DO 401 L = 1o IBRM
EYM(L) = YOUNG

PSK(L) = POISON
401 CONTINUE

COMMENT SET NUMBER 11
COMMENT  READ IN PRESSURE LUADINGs DENSITY OF MATERIALe AND DEAL WEIGHY
COMMENT  ONLY IF THEY ARE NOT THE SAME FOR EACH PART.

402 IF INPRES EUe MARKC) GO TO 4025
REAV(59566) (VN(Sel)e VN(OaL)s VN(TolL)e L = 1y LHBRM)
60 TO 4026

4025 00 963 L = 19 [BRM

VN(SyL) = PRESS
VN(6sL) = DENSTY
VN(TsL) = DEAD

963 CONTINUE

COMMENT  SET NUMBER 12 .

COMMENT READ IN VaR]IARLE THICKNESSES

4026 00 403 L = 1y [dRM
IF(VARTIK(L) +EQe 0) GO TO 403
NPNT = VARTIK(L)
REAU(5¢565) (XP(IsL)e T = 19 NPNT)
REAU(S9565) (YP(IsL)e 1 = 19 NPNT)
403  CONTINUE
IFLISS(IBRM) +GTe 1) GO TO 86
NTRY = NPARTS ¢ |
NERROR = NPARIS « |
6o T0 87
86 NTRY = NPARTS
NERROR = NPARTS
COMMENT SET NUMBER 13

87 IF(PLOT +EQe 0) GO 1O 1238
READ (595289) (IPLOT(I)e 1 = le PLOT)
READ(59526) (JOBPLT(1)e 1 = 1y PLOT)

1238 CONTINUE
Iatl) =
[A(2)
IA(3)
1a(4)
18(9)
[8(6)
18(?)
18(8) =
JF(BOUNDI (1) oNEe NAMEBI(]
IF{BOUNDI (2) oNEe NAMEBT (]
JF (BOUNDI(3) oNEe NAMEBI (3
IF(BOUNDI () oNEe NAMEBI (]

}
1
3
1

~N N v~ T -

)  1A(1)
)  1A(2)
) 1A(3)
. ) IA(4)
IF (BOUNDF (S) o+NEe NAMEBI(}))
IF (BOUNDF (6) oNEe NAMEBI(1))
IF (BOUNDF (7) oNEe NAMEBI(3))
IF (BOUNDF (8) oNEe NAMEBI (1))
WRITE(69503)
WRITE (64504)

18(5)
18(6)
18(7)
18(8)

TN N

)
)
)
)
)
)
)
)
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126
127
128

129
130

131
132
133

134
135

136
137
138

139
140

100

COMMENT

WRITE(695095)
IF(1A(]l) +EQ.

IF{1A(Ll) oEQ.
IF(IA(Ll) JEQ.
IF(IA()) oEd,
WRITE(64551)
G0 10 125
WRITE(6+552)
GO TO 125
WRITE(645%3)
60 TO 125
WRITE (69554)
IF(IA(2) «EQ.
IF(IA(2) +£Q,
IF(1A(2) +EQe
IF(IA(2) +EQ,
WRITE(64551)
G0 TO 130
WRITE{645%52)
60 T0 130
WRITE(69983)
GO TO 130
WRITE(64554)
IF(1A(3) oJEQe
IF(IA(3) +EQo
IF{IA(3) +EQ.
IF(1A(3) <EQ,
WRITE(64555)
GO0 TO 13%
WRITE(645%06)
GO TO 135
WRITE(64557)
GO T0 13%
WRITE(645%8)
IF (NDE +EQe 6)
IF(LA(4) oJEQ.
IF(IA(4) +EQ.
IF(1A(4) JEQ.
IF(LA(G) WEQe
WRITE(64551)
GO TO 140
wRITE(64552)
GO TO 140
WRITE(64553)
60 TO 140
WRITE(6+4554)
WRITE(64599)
1F (NDE +EQs 8)
IB(4) 18(5)
18(9) I8 (6)
18(6) IR(T)
GH(e) O3 (9)
GB(9) 68 (6)
Ge(o) e (/)
NH 3 NDE/2

eAND o
gANDo
oAND
e ANU o
GA(l)

I8(5)
I8 (5)
18(5)
18(5)
GB(5)

NN -

GA(l)s GB(S)

GA(1)s GB(S)
GB (5)
In(e)
18(6)
I8 (o)
IBle6)
68(6)

GA(1)
3 «AND,
3 «ANDo
4 oANUe
& oAND,

GA(2)

GA(2) s GBLO)

GA(2)s GH(6)
GA(2)
5 eANDe
5 eANU
6 «AND,
6 ¢AND
GA(3)

Gr(6)
IB(M
18(7)
IB(N
IB(Mn
GB(T)

GA(3)s GB(T)

GA(3)s GBL(T)
GA(3)
60 TO
7 «AND
T «ANUD.
8 «ANDs 18 (8)
8 «ANDe IB(W)
GA(4)s GH(8)

Ga(7)
140

In(8)
18(8)

GAtl4)s GB(8)
GA(4)s GB(B)
Gala)s GB(B)

ALXLos ALXR
60 10 100

oEQe
+EQe
oEQe
oEQe

EQe
«EQe
oEQe
+EQs

E£Qe
oEQy
oEQe
+EQoe

+EQo
'EQe
eEQe
+EQe

1)
2)
1)
2)

3)
4)

4)

5)
6)
5)
6)
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60
60
G0
60

60
)
G0
60

10
10

TO

T0
70
10
10

10
10
10
T0

121
122
123
i2e

126
127
{28
iey

131
132
133
134

136
131
138
139

THIS LOOP SEIS UP JA(4)s TA(S)y 1A(6) FUR NUE 3 &6 AND




COMMENT . IA(S)i IA(6)e TA(T)s IA(H) FOR NDE = 8,
L = ]
DO 104 IK = My NDE
DO 102 N = Lo NOE
DO 101 U = 1l¢ NH
IF(IA(J) «EQe N) GO TO 102
101 CONTINUE
GO TO 103
102 CONTINUE
103 L3N+
IA(IK) = N
104 CONTINUE
COMMENT THIS LOOP SETS UP IB(4)s 18(5)s IB(6) FUR NDE = 6 AND
COMMENT IR(S)y IB(6)s IB(T)y IB(8) FOR NDE = 8,
L s
DO 108 IK = ly NH
DO 106 N = L NDE
00 105 J = mMe NDE
IF(IB(J) «EQe N} GO TO 106
105 CONTINUE
G0 10 l07
106 CONTINUE
107 L®Ns+
IB(IK) a N
108 CONTINUE
COMMENT IF ELASTIC PARAMETERS ARE SAME FOR EACH PARTO THEN WRI‘E THEM RIGHT

COMMENT UNDER BOUNDARY DATAes IF THEY ARE NOT THE SAME FOR &ACH PARITY
COMMENT THEN SKIP TO N"XYT PAGE 9 WRITE GEOMETRYs SKIP PAGEs WRITE
COMMENT ELASTIC PARAME{ERSy SKIP PAGEs WRITE VARJAULE THICKNESSES.

IFINELAS +EQe MARKD) GO TO 475
WRITE(64579) YOUNGy POISON
475 1F (NPRES +EQe MARKD) GO TO 67%5
WRITE(0+682) PRESSy DENSTYs DEAD
4755 DO 4718 Il = 14 2
IF(IT oEQe 1) GO TO 476
IFCIBRM oLTe 41) GO TO 479
476 NTIME = 2
GO TO 3%0
360 WRITE(64513)
WRITE(64514)
GO TO (3605 3606)s 11!
36085 IMIN = )
IMAX = IBRM
IF(IBRM «GTe 40) [MAX = 40
GO0 TO 3607
3606 IMIN = 4]
IMAX = [BRM
3607 DO 385 L = [MINs IMAX
1SsH = ISS(L)
GO 1O (88ly B82e 88ly BE3y HB4Ly 8BB2e 883y 882)y ISH
881 IF(VARTIK(L) +EQe Q) GO 1O 8815
WRITE(6s776) Lo NAMESLI(ISH) 9y NAMES2(ISH) IPAR(L) s SI(L) 9 SX(L)»
* UNITD(L) s UNITU(2)s VN(24L)9 MARKN
GO To 385
B815 WRITE(6e777) Lo NAMESL(ISH) 9 NAMES2(ISH) s IPAR(L) s SL(L) e SX(L)
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#

GO TO 385

IF(VARTIK(L)

WRITE(64778)
[

GO TO 385
8825 WRITE(64779)
»

60 TO 385

IF (VARTIK(L)

WRITE(64780)
*

GO TO 38%
8835 WRITE(69781)
*

GO TO 385

IF(VARTIK(L)

WRITE (64782)
&

#
GO TO 385

8845 WRITE(6+783)
»

o
CONTINUE
CONTINUE

882

883

884

385
478
679

IF (NELAS +EWe MARKC)

UNITO(1) s UNITU(2)9 VN(2sL)9s MARKYs VN(loL)

«EGe ) GO TO 8825
Ly NAMES](ISH)s NAMES2(ISH)»
UNITO(1)y UNITU(2)s VN(2eL) s

IPAR(L) »
VN{3eL)

Sl(L)y
MARKN

SL{L)y

Le NAMES)LUISH) 9 NAMESZ2(ISH) s
MARKYy VN(1loL)

UNITD(1) e UNITO(2)9 VN(24L)

IPAR(L)
VN(3sL) -

oEQe 0) GO TO Br3Y
Le NAMESLIC(ISH) 9 NAMESZ2([SH)
UNITO(L) o UNITU(2)9 VN(2eL) o

IPAR(L) »
VN(3el)

Sl(L)e SX(L)y
MARKN

Le NAMESL(ISH) 9 NAMESZ2(ISH)
UNLTO(L) e UNITO(2)9 VN(2eL)

IPAR(L) o
VN(3sL)

SL(L)e SA(L)»
MARKYs VN(]loL)

EQe 0) GO TO 8845

Ly NAMESL(ISH) 9 NAMESZ2(ISH)
UNITO(1)e UNITO(2)9 VN(2oL)s
MARKN

IPAR(L)
VN(39sl)

SL(L)Ye SX(L)y
VN(4sL) o

IPAR(L) »
VN(3sl)y

Ly NAMES1(ISH) 9 NAMESZ2(ISH)
UNITO(1) s UNITD(Z2) e UN(2eL)
MARKYy VN(L9el)

SI(L)y SX{L)s
VN{4ol)

GO YO «R0

DO 482 11 = 1y 2

IF(1] o&Qa 1)
IFC(IRRAM oL T
NTIME = 3

GO TO 350
WRITE(6+4508)
WRITE(64577)
GO 10 (3608,
IMIN = ]
IMAX I8RM
IF(IRRM oGT.
GO T0 3640
IMIN 41
IMAX = [BRM

483
365

3608

3609

3610
ISH = JSS(L)
WR1TE(69576)
CONT INUE
CONT INUE
IF (NPRES
Do 17182 11
IF(IT JEQe 1)
IF(IHRM oL T,
NTIME = ¢

GO TO 350
WwRITE(64683)
WRITE(6+684)
GO TO (7830
IMIN = |}

386
482
480

1783
370

7830

oEQe

GO TO 483
4l) GO YO 480

3609), 11

40) IMAX = 40

D0 386 L = [MINs IMAX

Le NAMES] (ISH) 9 NAMESZ2(ISH)y EYM(L)ys PSR(L)

MARKC) GO TO 4805
10 2
GO TO 1743

41) GO 1O 805

7831)y 1I
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7831
7832

IMAX = [BRM
IF(IBRM «GTe 40) IMAX =2 40

GO 1O 7832

IMIN = 4}

IMAX =. [HRM

DO 786 L = IMINy IMAX

IsH = [SS(L)

WRITE(69685) Lo+ NAMESL(ISH) s NAMES2(ISH) 9 (VN(IeL)s I = Sy ?)

786 CONTINUE

1782

CONT INVE

COMMENT  PUT YP(leL) IN VN(]lslL)

4805

950

DO 950 L s 1y 1BRM

IF(VARTIK(L) +EQe 0) GO 10 9%0
VN{lsL) = YP(lsL)

CONTINUE

COMMENT  NVARC = INUICATES NO VARIABLE THICKNESS

974

NVARC = (

DO 974 L = 1y [BRM

NVARGC = NVARC + VARIIK(L)
CONTINUE

IF (NVARC oEQe 0) GO T0O 974

COMMENT WRITE OUT VARIAGLE THICKNESS DATA

378

975

NTIME = §

60 o 350

wRiTE(64686)

00 975 L = 19 [HRM

NPNT = VARTIK(L)

IF (NPNT «EQe 0) GO TO 97%

WRITE (69687) L

WRITE(6+68H) (XP(IslL)e I = 1y N?NT)
WRITE(6+689) (YP(TelL)s 1 = 1o NPNT)
WRITE (64690)

CONT INUE

COMMENT FOLLOWING REPLACEMENTS MUST BE MADE TO MAKE ARRAYS COMPATIBLE
COMMENT  FUR USE IN GOMTRY

978

953

954

955

DO 955 L = 19 IBRM
IsH = [SS(L)

GO TO (95S5¢ 9539 955+ 955 9559 9549 955y 953)y ISH
SX(L) = VN(3sL)
VN{3sL) = SI(L)
SI(L) 3 060

GO0 TO 955

SX(L) = VN(3eL)
VN(3sL) 3 VN(2sL)
VN(2sL) = SI(L)
SI(L) = 0,0

CONT INUE
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COMME! | CHANGE XP(IeL) TO RADIANS AND ADJUST IF FINAL CUURDINATE IS
COMMENT LESS THAN INITIAL COORDINATE

00 404 L = 1le IBRM
IF(VARTIK(L) +EUe 0) GO U 404
NPNT = VARIIK(L)
isH = ISs(L)
GO TO (4049 404y 2505¢ 25099 25059 4049 25059 406)y 1SH
2505 IF(AP(NPATsL) oGle AP(LoL)) GO TO 2605
DO 295 [ = le NPNT
XP(lel) 3 180,0 = XP(lsL)
255 CONTINUE
2605 00 265 I = 1ls NPNT
XPLLoL) 3 AP(IsL)¥RPU
265  CONTINUE
404  CONTINUE
DO 405 L s 1o [dRm
IF(VARTIK(L) +EGe 0) 6O TO 405
NPNT = VARTIK (L)
DO 384 | = 29 NPNT
SLII = 1oL) = (YP(LobL) = YP(] = J4L))/
» (AP (Tol) = XP(] = l4L))
YP(l @ JobL) ® YPUL = LloL) = SL(I = LleL)®XP(] = LlsL)
386  CONTINUE
405 CONTINUE

RETURN

800 WRITE(64670)
G0 O 9980

801 WRITE(64671) L
Go 10 9980

802 WRITE(64666)
60 10 9980

803  WRIIE(64664) PLOT
60 TO 9980

804 WRITE(64672) L
60 TO 9980

805 WRITE(64663) PLUTPT
60 TO 9980

806 WRITE(64665) NPARTS
G0 TO 9980

807 WRITE(64673) Ly VARTIK(L)
GO 10 9980

AR08  WRITE(6+674) Lo VARTIK(L)
G0 TO 9980

809 WRITE(6467%)
60 10 9980

810  WRITE(64676)
G0 10 9980

811  WRITE(6s617)
60 TO 9980

812 wRiTE(6+4691) L
9980 WRITE(64+669)
GO To 998
500 FORMAT(20A4)
534 FORMAT(LRYY /7777777717 7777754%y 2TrBATTELLE MEMURIAL INSTITUTE)
935 FORMAT({//60Xy 14HCOLUMBUSs OHIO)
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536
537
539
501
530
565
561
563
680
512
562
564
566
525
526
503
504
508
551

552
563
554
559
556
557
558
599
575

682

i3

514

FORMAT(// 47Xe 4O0HSTRESS ANALYSIS OF a SneLL OF REVULUTIUN)
FORMAT (/7 SURs 33HADVANCED SOLID MECHANICS UIVISION)

FORMAT (// S0Ky 33HMECHANICAL ENGINEERING DEPARTM&NT)
FORMAT(1Hle 20A4/(1HOy 20A4))

FORMAT (A6y 6Xy FBe29 Abs 6X9 FBe29 A6y 6X9 FBe29 A6y 6Xe FBe2)
FORMAT (8F 10¢9)

FORMAT (B1Se 2E1Ge3y (0I2)

FORMAT (2Xy A29 4Xe Ellety 4Khy F6e4)

FORMAT (2Ks A2y 4Ae 3F14.95)

FORMAT (4Xe ALy 6K fll-Sv FLl2.,59 2199 2X9 A2y 1R FlOusdy [D)
FORMAT(3Xy 3F12eY)

FORMAT(BXe Elleby 44Xy F6ed)

FORMAT(SKy 3F15e9)

FORKMAT(1019)

FORMAT (10AB)

FORMAT ( /77777 49Xy 36H% # ®  PRINTOUT OF INPUT DAI@ w977/ )
FORMAT (1HOe H/Xe 19H® HOUNDARY DATA & /// )

FORKMAT(1H o 34Xe 12HINITIAL EDGEe 36Xe JOHFINAL EDGERY /)

FORMAT (1H s 27Xy LISHUISPLACEMENT = F1l0eYs

® 20Xy 1S5HUISPLACEMENT = F1045)
FORMAT(IH o 27Xy 15HDISPLACEMENT = F10459

@ 20Xy 15K FORCE = F1045)
FORMAT(1H o+ 27Ky 15H FORCE = F1l0e5

# 20Xy 15HD]LSPLACEMENT = F1045)
FORMAT (IH o 27Xy |SH FORCE = Fl0e50

@ 20Xy 15H FORCE = F1045)
FORMAT(1H 9 27Xy 15H SLOPE = F10e5

# 20Ky 15K SLOPE = Flueb)
FORMAT(1H o 27Ky 15H SLOPE = F10e5s

# 20Xy 15H MOMENT = F1045)
FORMAT(LH ¢ 27Ke 15H MUMENT = Fl0e59

# 20Xy 1SH ROTATION = F1l049)
FORMAT (1H 9 27Xy 15H MUMENT = F10e50

* 20Xy 15H MOMENT = F1045)
FOKMAT (1HOs 25Ky 17HBOUNDARY ANGLE ® F10e59

» 18Xe 17HBOUNDARY ANGLE = F10e9)

FORMAT (1HOs /// 24X «2HELASTIC PARAMETERS ARE THE SAME FOR EVERY

@ 36HPART IN THIS SHELL. THEIR VALUES ARE o /
& 1H JaXs 16HYOUNGS MODULUS 3 EldeY

“ 1%y 22HPOUNDS PER SQUARE INCHy 7/

* 1H o 38%s JOHPOISSONS RATIO = F8e5)

FUKMAT (1HO0s /// 24Ky 42HLOADING PARAMETERS ARE THE SAME FOR EVERY
’ 36HPART IN THIS SHELLe THELR VALUES ARE 4 /
1H o 38Xs LIHPRESSURE % FlleSe
1Xe 22HPUUNDS PER SWUARE INCHe /
10 38Xy Z29HUNIT WEIGHYT OF MATERIAL = Fllebs
1Xe 21HPOUNDS PER CURIC InNCH /
1H o 38Xy 13HDEAD WEIGHT = FlleDs
1Xe 22HPOUNDS PER SQUARE INCH)

CORMAT (/777 62Ke 14H%  GEOMETRY & //,

- & & &

* LH ¢ 25Xy 6HNUe OF glUXe 21HC 0 O R D I N A T & Do 46Xy
3 LIRTHICANESSy [INCHES)
FORMAT(1H » 5X»
o @HPARTy 6Xxy GHIYPEs SX9 BHSEGMENTSe 4Xs /HINITLALs 5X9
# SHF INALY @Xy JLOHOTMENSTUNSe 3Xs dHA9 INCHESy 9Ky
d BHHE s INCHES HXe BHCo INTHESs 4Xs 17HCUNSIANT VALUE)
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176
17
178
179
180
181
182
783
508

SN

576
683

684
685
686
687
688
689
690
670
671
666
664

672
663

665
673

674

675
676
677

FORMAT(1H
*

FORMAT(1H o
*
FORMAT(1H »
*

FORMAT (1H
o

FORMAT(LH o
»

FORMAT (LH »
@

FORMAT (1N
]
FORMAT(1H
*

[89 3Xy 2A69 1S9 4Xe 2F12e59 2Xe A69 Aly Fl3eYe
32Xs A3 )

189 3Xy 2A6y [59 4X9 2F 12459 2X9e A6y Al FlieHe
32Xy A39 FldeS5 )

189 3xe 2469 199 X9 F1l2.5¢14X9 A6y Alr 2F13e99
19%y A3 )

189 3Xx9 2A6y [Sy 4Xe Fl2e5914X9 Aby ALy 2F 13¢5
19Xy A39 Fl3.5)

189 3Xe 2460 [Se 4X9 2F12459 249 A6y ALy 2F 13450
19Xe A3 )

189 3Xy 2A6y [Se 4Xs 2FLl2e59 2Ky A6y Aly 2F13459
19Xy A3y F13.5 )

I8y 3Ke 2460 1599 4X9 2F12459 2Xe A6y Aly 2F1345»

Fl3ebs o6Xye A3 )

I8y 33Xy 2469 IS5 4Xe 2F12e50 2X9 A6y ALy 2F13e99

Fl3eby 66Xy A3y Fl3,5 )

FORMAT(///79 59Xy 16H* PROPERTIES * ///»

» I1H
@ 1H o
FORMAT (L1H
FORMAT (1H

44Xy 43HE = YOUNGS MODULUS (POUNDS PBR SWUARE INCH)» 7/
44Xy 19HNU = POISSONS RATIO /)

44Xe 4HPARTy 6X9 4HTYPEs 13Xy InEs 1dXe EhNV)

45X 129 33Xy 2A69 3IX9 E12e¢%59 IXe FBeYH)

FORMAT(///77/ o STXe 16H® LUADINGS *///

* LW 9 46Xy 39HP s PRESSURE (POUNUS PER SWUARE [NCH) v/
* IH 9 46Xy 39Hw = UNIT WEIGHT (POUNDS PER CUBIC INCH) o/
o lH 9 46Xy 40HU = DEAD WEIGHT (POUNDS PER SWUARE INCH) )

FORMAT (1HO»
FORMAT (1H o

34Xy 4HPART e 6X9 AHTYPEs 13Xy IH4y L3X, lHU! 13Ky 10D)
35Xy [2¢ IXy 2469 IF1445)

FORMAT(////+ S0Xe 22H#® VARIABLE THICKNESS ® ///)

FORMAT (1H
FORMAT (1H
FORMAT (1H
FORMAT (1H )
FORMAT (1HO s
FORMAT (1HO
FORMAT(1HO
FORMAT (1HO
[ )
FORMAT (1HO
FORMAT (LHOY
*
FORMAT (1HO»
[}
FORMAT (1HO»
L ]
L]
FORMAT (1HO
*
-]
FORMAT (1HO
FORMAT(1HO»
FORMAT (1HO

691 FORMAT(1HO

669
998

s

s

FORMAT (1HO
CALL EXIT

ENU

4HPART [3)
10HCOORUINATE 10F1245)
1OHTHICKNESS  1UF1245)

J9HSPELL ING ON BUUNDARY CARD IS INCORRECT,)
LTHSPELLING OF PART 12¢ 14K 1S lNCORRECF.)

SOHNUMBER OF RARTS IS EITHER ZEROU OR GREATER THAN 60s)
JOHNUMBER OF PLUTS REQUESTEL WAS Jé&»

26He ONLY 10 CAN BE OBTAINED)

44HSPELLING OF YES OR NO IS INCORREC! FUR PART 12y1H,)
J7IHNUMBER OF PRINT POINTS REQUESTED WAS 19

d4He ONLY 380 PUINTS CAN HE OBTAINED.)

22HNUMBER OF SEGMENTS IS I3

35He ONLY 60 SEGMENTS CAN BE ANALYZEU.)

SHPART [2e 24H HAS VARIAUBLE THICKNESS.

ZI9HNUMBER OF POINTS READ IN WAS 13,

48He THIS CANNOT BE LESS THRAN 2 OR GREAVTER THAN 10.)
SHPART [29 264H HAS CONSTANT THICKNESS,

29ANUMBER OF POINTS REAL IN wAS I3

19Hs THIS SHOULD BE 0,)

G5HSPELLING INCORRECT ON ELASTIC PARAME IER CARDe)
44HSPELLING INCURRECT ON UISTRIBUTED LOAD CARUs)
34HSPELLING INCURRECT ON CONTROL CARD)

JSHTWO SHELL PARTS ARE NOT CONTINUOUS,.

474 CHECK INITIAL AND FINAL COORDINATES ANV RADIL]
9HFUR PART 12+ 19H AND PREVIOUS PARTe)
JIHPROCESSING OF INPUT DATA STOPPED.)
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SUBROUTINE INTEG

DIMENSTON DY (R) s Y(8) v 1KY (Be6)) ’
® ERR(R) » SQUT(279) s P(5e21Y9) ’
# PRNT (B) » DiBegeb0) y SLUPE(D9eE/5)
# OM(B461) s GA(B) v GB(8) )
o 1SS(60) s FE(9e60) y LDyaM(72) ’
@ YAM{(T72) v ABC(21) s EAM(10) ’
» WAM(H) s XSAVE(3) s YS5AVE(Bed) ’
® FSAVE (8) s XPLOT (350) y YPLOT(350U910)
L STROUT(350) +» SIGNPH(350) o SIGMPH(350)
“ SIGPHT (350) 9 SIGPHB(350) SlGN!H(;bO) ’
# S[UMTH(350) o+ SIGTHT(350) o+ SIGIHBI3®0)
@ TAUPHI(350) o TPLOT(L0) v Al8eY)

COMMON / HLOCKA / NUs Pls XLDe NTYPEs INDEXs IBRe FNe NHOINT
1 ISHe TTy Tle T2y HTTe INTC

COMMON / ALOCKB / Hy Rls K2y R3s SXNy CXS
COMMON / BLOCKC / DMe GAs GBe NFy NFPy NPLy NMe NNo !RY
COMMON / RBLOCKF / NFfFys SMXX9 SZEROe GOy EHPy 1SSy &
# MAXs INTPRNy INTVALs NPP
COMMUN 7/ gLOCKH 7/ NOE
COMMON / dLOCKJ 7 DELXs PLELXy ABCe EAM
COMMON / BLUCKK / PINg PMINe HO9 XOo» EMINs EMAX
COMMON / BLOCKL 7 YAMy DYAM
COMMON / BLOCKP /7 PLOTy PLIIMEy SPLUTy PLOTPTy IPLUTe YMOUs KSTy
1 HGAMMAY DEAUy NFH
COMMON SLOPEs Py SOUTy Dy A
EQUIVALENCE (Y(1)e PRNTUL))e (Y(1)e YAM(2))s (DY(Ll)9 LUYAM{Z2)))
1 (Se YAM(L))
EQUIVALENCE (SLOPE(1) » YPLOT(]) )
# (U(4l6) v APLOT() )y
* (D(826) v STROUT(L) )
* (W(L176) o SIGNPH(IL) )
L (D{1926) o+ SIGMPH(L) )
. (DL1876) o SIGPHT(L) )
* (DL(2226) o+ SIGPHB(1) )
» (D(2576) » SIGNTH(L) )9
L (D(2926) o+ SIGMTH(L) )
* (V(3276) o SIGTHT(L) )
o (D(3626) o SIGTHB(L) )
L (D(3976) ) TauPHlI(l) )
INTEGER GQo¢ PaSSe EXTRAs AUMSCTe FINAL
REAL NUs NTe MITy NUACKs NFH
PIN 3 4,0
PMIN = Bel)

00 4330 L = 1y NFF
IFCINTPRN «EQe Q) GO TO 4210
WRITE(6469/7) Ly [nR
4210 NF = NF + |
DO 4320 JJ = 1l NPL

FINAL = 0 IF QUTPUT FROM AUMINT IS AN AUAMS MOULTON PUINT AT

SFINAL,
FINAL = 1 IF OUTPUT FROM AUMINT IS A RUNGE RUTTA POINT AT Sk INAL,

OO0

FINAL = 0
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NOSAVE = 0
DO 4310 I = Lo NUE
Y(I) 3 040
4310 CONTINUE
SFINAL = SZERO + SMXX

c INIC COUNTS NUMBEKR UF TIMES DIFFEQ IS CALLLU.
INTC = ¢

C ADMSCT COUNTS NUMBER OF TIMES A'MINT IS CALLEL.
ADMSCT = 0

IF(PN oNEe 0e0 o¢URe HGAMMA oNEe 000 oORe UEAD oNEe 0e0) GO TO 200
IF INTYPE obQe 1 oANUe JJ o+EWe 1) GO TO 777
4200 1IF(JJ «GTe 1) GO TO 4526
DO 4390 ] = le NUE
Y(I) s TRY(IsNF)
4390 CONTINUE

c NOSAVE = O IF NTYPE = ] (LINEAR ANALYSIS) OR IF JJ 1S GREAIER
c THAN | (COMPLEMENTARY SOLUTIONS BEING OBTAINEU) ¢ OTHERWISE
c NOSAVE = |
NOSAVE = |
GO T0 4%21
4526 Y(JJ = 1) = 1.0
NOSAVE = 0
4527 IF(NTYPE oNEe 1) GO TO 4531
NOSAVE = 0

IF(L «GTe 1) GO 10 1310
IF(JJ oGTe 1) GO TO 4530
LU 3 1,0
ERROR = ERP
GO 0 1308

4530 XLV = 0.0
ERRUR = ERP
6o Y0 1308

1310 IF(JJ o6le 1) GU TO 1319
XLU 3 1,0
ERROR = E(JJONF = ])#RP
60 10 1308

1315 XLU s 0.0
ERROR = E(JJINF = ])¥RP
GO 10 1308

4531 IF(JJ «GTe 1) GU TO 4533
NTYPE s 2
S s SZ2ERO
CALL GOMTRY

P(loNPR)
P(2NPR)
P (IINPR)
P (4INPR)
P (SINPR)

Q PHI

N PHI

HETA PHI

BETA PH] COMMA §
N THETA

OCOO0
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4533

1304

1102

4220

BO

310
31%

%0

475

:

Pilel) = Y(2)

B(del) = Yie)

P(3el) = Y(H)

Plas]l) = T2HY (6) = NUSRZ#CAS*Y(H)

P{Sel) = NUSY (4) + H#(R2VCXS®Y(I) + R2%SXn#Y(Ll))*YMUU
souT (1) = §

ERHUR = E(JJoNF) WERP

GO 1O 13u8

NIYPE = 3

ERRUR = £(JJeNF) #ERP

EMAK = ERROR

EMIN = £RROR0,01

IFUINTPRN oEQe O) GU TO 4220

DO 1102 | = 1y NOE

ERR(I) = ERROR

CONTINUE

WRITE (6e696) (ERR(I)y I = J¢ NDE)
WRITE(646179) SLEROs (Y(I)e I = 19 NUE)
HO 3 SMxXX

X0 3 SZERQ

CALL AUMRES

NPK 3 ()

PASS = 0

ExiIRA = 0

ADMSCT = AUMSCT ¢ |

CALL AOMINT

IF(NOSAVE «tQe 0) GO TO 138

THE SOUT(I) AND P(1eNPR)s J ® 1o 5 HAVE Tk INDEPENUENT VAKIABLE
ANU THE CORRESPONDING PARAMETERS WHICH ARE USED IN IHE AUXILIARY
EQNS (TYPE 3) FOR ThE NONLINEAR ANALYSIS.

IF(EAM{T]) +EQs 040) GO TO 375
EXTHA = ]

IF(PASS «EWs 3) WO TO 310
PASS = PASS ¢+ |

GO 10 315

PASS = |

0O 350 1 = 1+ NOE

YSAVE ([+PASS) = Y (],
CONTINUE

XSAVE (PASS) = §

60 TO 40

[F(EXTRA otQe 0) GO TO 400
SSAVE = §

DO 390 M = Lty 3

NPR = NPR ¢ ]

S * XSAVE (M)

CALL OGUMTRY

P(LINPR ¢ 1) YSAVE (2eM)
P(2INPR ¢ 1) YSAVE (4 oM)
P3NP & }) YSAVE (D9 M)

P(asNPR ¢ })
P{HeNPR ¢ |)

T2RYSAVE (69M) = NUHRZUWCXSBYSAVE (DeM)
NURYSAVE (4eM) o+ HR(RZHCXSPIYSAVE (JoeM) ¢
REWSANRYSAVE (] oM) ) #YMOD

wVINPR ¢ 1) = S
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390

400

410

138

82s

830

835
840

8406
177

4540
1491

4542

4240

1490

5030

1
IF(NDE +EQe¢ 6) GO TO 8406

CONTINUE
S = SSAVE

EXTRA = 0

NPR = NPR ¢+ |}

IF(EXTRA +EQe 0) GO T0 4l0
CALL GOMTRY

P(LeNPR ¢ 1) y(2)
P(2eNPR ¢ 1) Y{4)
P(3sNPR ¢+ 1) Yi{5)

P(49sNPR ¢ 1) TE#Y(6) = NUTR2#CXS*Y(5)

P(SINPR ¢ }) NUSY (4) o H¥(RR¥CXS®Y(3) ¢ RE2*SXN*Y(1))*YMOD

SOUT(NPR ¢ 1) = §

IF(NPR LLTo 276) GO TO 138

WRITE(64686) JJ

WRITE(6+678)

WRITE(69676) (SUUT(N)9 (P(IeN)» I = 19 S)e N = Lo 2/5)

GO = )

RETURN

IF(S +LTe SFINAL) GO TO 80

IF(EAM(T7) +EQs 0.0) GO TO 830

IF(FINAL +&Qe 1) GO TO 80

DO 825 1 = 19 NOG

FSAVE(I) = Y{])

CONTINVE

FINAL = |

Go 10 80

IF(FINAL +EQe 0) GO TO 840

D0 835 I = 1y NDE

PRNT(I) = FSAVE(L)

CONTINUE _

TERM1 = MAXLIF (AUS(PRNT(1)) s ABS(PRNT(2))9¢ ABSIPRNT(
ABS(PRNT(4)) s ABS(PRNT(S5))9s ABS(PRNT(

)
6)))
TERM] = MAXIF (TEKMle ABS(PRNT (7)) ABSIPRNT(8)))
E(JIINF) = TERM]

IF(JJ «GTe 1) GO TO 4540

JJJ 8 NPL

60 T0 1491

JUJ 3 JJ = |

DO 4542 1 = 1y NUE

G{L9JUJaNF) & PRNT (D)

CONTINUE

IF (INTPRN «EQs 0) GO TO 4240

WRITE(6+675) YAM(1)s (PRNT(I)y 1 = 1y NDE)

WRITE(64605) AUMSCTy INTC

IF (NOSAVE +EQs 0) GO TO 4320

NPOINT = NPR ¢ |

IF (INTPRN +EQe 0) GO YO 1490

WRITE(64677)

WRITE(6+676) (SOUTUIN)s (P(IsN)s I = 19 S)9 N = Lo NPUINT)
0O 5035 N = 29 NPOINT

DELTA = 140/(SOUT(N) = SOUT(N = 1))

DO 5030 1 = 1y §

SLOPE(I4N = 1) 3 (P(1sN) = P(LsN = 1))®DELTA

P(IsN = 1) = P(IsN = 1) = SLOPE(IsN = 1)®SOUT(N = 1)

CONT INUE




5038

4320

4330
4536

4381
4375

697

696

675
686

678

676
605

677
637
679

CONT INUE ‘
IFCINTPRN oEQe 0) GO TO 4320

WRITE(6463/)
MPUOINT = NPOINT = |
WRITE(696/9) (My (SLUPE(IeM)s 1 = 19 H)e M 3 1y MPOINT)

CONTINUE

IF(ISH JEGe 2 oANDs NTYPE +EQ. 1) GO TU 4536

S2ERO = SFINAL

CONT INUE

RETURN

NPARTC = NFF & NF = 2

D0 43715 JJ = NFe NPARTC

DO 4381 I = 1y NUE

D0 4361 J = 1o NPL

D(lededd + 1) = L{Lededd)

CONT INUE

CONT INUE

NF & NPARTC ¢ |

RETURN

FORMAT (1HOs 9HUBRBUBURUBUGEDRDRRUDREBRORBRDIIBRRGRNIN,y

1 2THIHESE RESULIS ARE FOR PART Iy 11H OF BRANCH 129
2 39Ha0'0“&0“#06&&'#&“#&000QQQ“QOOQQQQ.Q’QGO)

FORMAT(IH o+ LoH®®ea® ERR(]) = 2H®#® El6eby 2H*® £l6o8r 2HO® E16e4y
1 2H®e E16e8y 2HO® pl6oty 2HO® E1648)
FORMAT(1H » F1049¢ BE15.6)

FORMAT (1H19e 4 /HOIMENSION OF SOUT EXCEEDED FUR INTEGRATION NOe Iy
1 23h. CALCULATIUNS STOPPED)

FORMAT(1H0e 11Xe 4HSOUTy J6Ke 4HQPHLe 16Xy 4HNPHLy 16Xs 4HBPHI

1 16Xs 8HUBPHI/ZDSY 15Xy 2HNT)

FORMAT(1H » 6E20¢8)

FORMAT (1H 9 14HAUMINT CALLED I3s 6H TIMESs 55X

1 14RDIFFEQ CALLED 139 6H TIMES)

FORMAT (1Hls 11Xy 4HSOUTe 16Xe 4HQPHIs 16Xe 4HNPHIs 16Xs &4HBPHIs

1 laXs BHUBPHI/ZDSY 15Xy 2HNT)

FORMAT (1H]le O69YHVALUES FOR SLOPES IN FOLLOWING ORDER = GPHIs NPHI,
18PHLe DBPHI/ZDSY NT)

FORMAT (1M o 139 6Xe SE2048)

ENU
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SUBROUTINE INVERT (BAWMAX9NAX.DETERM9 ISCAL)
DIMENSION ULP(HeB) e M(B8)e C(B)s BA(OG)
D0 310 u=1iMAX
Kz(J=])#NAXe]}
00 305 Is]oeMAX
OP(leJ)mBALIK)
305 K=K}
310 CONTINUE
DETERM = 1,

c INITIALIZE BOOKeKEEPING ARRAY

DO 90 [ = ]o MAX
M(l) = = |

90 CONTINUE
DO 140 Il s )}y MAX

c LOCATE LARGEST ELEMENT

D= 060

D0 112 K = Lo MAX

IF (M(K)) 10041004112
100 00 110 L = l¢ MAX

IF (M(L)) 103+1034110
103 IF(ABS (D) « ABS(UP(KoL))) 105, 1050 1}0

105 LD =

KD 3 K

D = OP{KeL)
110 CONTINUE
112 CONTINUE

c CALCULATE DETERMINANT

IF(KD « LD) 900y 901y 900
900 VEVERM = « DETERM
901 OEIERM = DYDETERM

c INTERCHANGE COLUMNS AND SUBSTITUTE [DENTITY ELEMENTS

NEMP 8 «M(LD)
M(LD)sM(KD)
M(KU)= NEMP
DO L1464 ] = Jo MAX
Ctl) = PP(IoLD)
DE(LeLLD) 3 UP([eKD)
DP(LekD) 3 040

114 CONTINUE
OP(KOoKD) = ],

c OIVINE ROW BY LARGEST ELEMENT

DO 115 J 3 19 MAX
UP(RDyJ) 3 DP (KDY /0
115  CONTINUE
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130
134

138
140

150
160

200

32%
330

HEUUCE REMAINING ROWS AND CULUMNS

DO 135S [ = Ly MAX

IF (I=KD) 13091359130

D0 136 U = 1y MAKX

OP(leJd) 3 DP(IeJ) = C(L)*DP (KD J)
CONTINUE

CONTINUE

CONTINUE

INTERCHANGE ROWS

00 200 I = 1y MAR
Lso

L3l +1

IF (M(L)=1) 190416091%0
ML)aM(T)

M{l)s]

00 200 J 3 1y MAX
TEMP = OP (L)
DPiLed) 8 DP([9J)
DP(leJg) = TEMP
CONT INUE

DO 330 J=]eMAX
Ks(Jm])®#NAXe]

00 3295 Is1oMAX
BA(K)=DRP(19J)
KaKe]

CONTINUE

RETURN

END
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SUbR
#
°
DIME
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT
COMMENT

COMMENT
COMMENT
IMAX
JMAX
LMAX
MMAX
NMAX
M =
0o |
N =
pe 1
SUM
K =
bo 1
SUM
K =
100 CONT
DUMM
N =
105 CONT
M =
110 CONT
MM =
bo |
NN =
Do 1
C(My
NN <

QUTINE MATML (Ay NRAy NCAy IRAy ICA9 NRSA9 NCSA

He NRBe NCBe [RBe ICBe NCSUby

Cse NRCy NCCs IRCy 1CCo DUMmMY)
NSION A(NRASNCA)s B(NRBINCB)9 C(NRCeNCC)s DUMMY (NRCINCC)
IF A IS DOUBLY SUSSCRIPTEDs THEN WRITE A(lslde
IF A IS TrIPLY SUbSCRIPIE09 THEN wRITE A(leloeK) wWHERE K
INDICATES THE KX = TH A ARRAY,
IF 8 IS VECTURy leEes SINGLY SUBSCRIPTEDs THEN WRITE B(1l).
IF 8 IS VOUBLY SUBSCRIPTEDs THEN WRITE ©B(lel)y LF 8 IS
SQUAREe OTHERWISE IF B IS RECTANGULARy THEN wuxlt B({lsK)o
WHERE K IS THE K = TH COLUMN IN B,
IF 3 IS TRIPLY bUbSCRIPTtoo THEN wRIIE B(ly 19&) WHERE K
INDICATES THE K = TH B ARRAY.
IF C IS VECTURy leEso SINGLY SUBSCRIPIEDs THEN WR]TE Ctl)e
IF C IS DOUBLY SUBSCRIPTEDs THEN wRITE Cilal)o
IF C IS TRIPLY SUBSCRIPTEDs THEN WRITE C(lyleK) WnERE K
INDICATES TWE K = TH C ARRAY,
NRA = NUMBER OF ROWS IN A,
NCA = NUMBER OF COLUMNS IN A,
NRSA = NUMBER OF ROWS [N SUB MATRIX OF A wHICH wiLL BE
MULTIPLIED
NCSA = NUMBEK OF COLUMNS IN Sus MATRIX UF A whHICH wilLL BE

MULTIPLIED,

IRA NUMBER UF THE ROW IN WHICH THE SUBMATRIX STARIS.
ICA = NUMBER OF THE COLUMN IN WHICH THE SUBMATRIX STARTS.
SIMILAR DEFINITIONS FOR OTHER QUANTITIES,

CALLING PROGRAM MUST PRUVIDE TEMPORARY STURAGE UF NRC+NCC
OECIMAL WORDS.

= IRA ¢ NRSA = ]
= ICA + NCSH = 1
= JCA ¢ NCSA = |
= [RC ¢ NRSA = 1]
= [CC ¢+ NCSB = |
1

10 I = IRAs IMAX
1

05 J = ICBy JMAX
= (0.0

1RY

00 L = ICAs LmaX

2 SUM ¢ A(IoL)#B(KeJ)

K+ |}

INUE

Y(MgN) = SUM

N ¢ |

INUE

M e ]

INUE
1

20 M = [RCy» MMAX
1

15 N = JCCo NMAX

N) = DUMMY (MMyNN)
NN ¢ ]
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115 CONTINUE
MM = MM ¢ |
120 CONTINUE
RETURN
ENV
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SUSROUT INE PRINT

DINENS]ION

L1Ats)

IPaR60)

s SIt6d) ’ )

» I8(%) s SXx{(60) s INT(60) ’
* VA (4) s PRNT (8) s [SS(60) ’
- 68 (y) s ERR(8) o PSR(60) .
- Y (8) s DM(By61) s LYM(60) ’
- oY () s TL(8,.8) s A(Be9) °
* TH(Be8) s TLI(BsY) s JUBPLT(10) ’
Trl(ds4) s TRY(8s01) sy TH2(898) ’

L SQUT (27v) s DIBeYe60) s P(5e275) .
- SLUPE(99275) 9 TR1(8+d) s £(9960)
DIMENS]ON v3in) s VN(T900) * YAM(T72) ’
- UYAM(72) s ABC(21) ’ EAH(!O) .
* BACK (60) s YSAVE (8) s DETERM(]1C) .
® IPLOT(10) s XPLOT (3%0) * YPLOT(2