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ABSTRACT

Air data out:‘¢s obiaiaable from pressure measurcements on a h 'mispherical
probe have been iy estigated analyt: -glly through the Hypersonic Mach number
range. Angles of av ¢k from +50° 1, -20° and angles of sideslip to £15° are
considered using a fiv. orifice probe {(onc centerline, two each in angle of
¢ ttack and angle of sides.ip planc:’. Emphasis is put on the hypersonic regune,
wherein air data outputs are shows Lo be obtainable by using a simplificd set
of cquations. Specifically, v-~hicle attitude can be obtaincd {romn pressurc
inputs alone; true air speod ca be obtained with the additional input of free
strearu density. Proessure expressions used to obtair attitude angle for the
hyperegonic rexime are found to be acceptable for Mach numbers as low as . 5.
Expressions for deterimining the uncertainties in the air data outputs resulting
from both pressure measurement erro: and simplifying azsumptions uscd in
deriving the air data cquations are piresented. Discussions on the capability
of deter:inining vehicle altitude and Mach nuinber with inputs of hemisphere
pressure and free streaim densivy are given, Finally, air data cutput crrors
resulting from changes in nose shape due to material ablation are also considered.
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Air data, as used iu this report, mcans informeation descrihing the
attitude, air spced, Mach number and altitade of a flight vehicle. 1n this
studv, assuined air data inputs acre pressure mazgursa.ents on a hemispherical !
srobs, with and without the additional input of free strea: density. The probe
in = typrcal fligat asage could weil be the nosc {on tie order of a half-foot

- diartacter) of the {light vehicle, and it will be assumed to be frec of pressure
perturbation due to other vehicle components.
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lnstrurmentation and techniques used to obtain air data at subsonic,
transonic, and low supersonic Mach numbers are highly developed. A
bibliography cf this work is presented in Reference (1). At these speeds, the
conventional approach has been to cquip the flight vehicle with external probes
provided with sensors which measure stagnation pressure and indicated static
pressures, local flow angles and total temperature. That information can be
related to free stream valucs of static pressure, angle of attack and sideslip
and temperature to provide data on the relationship of the aircraft to the
atmosphere through which it is {lying as wecll as data on the atmosphere itself.
It is normal practice to design probes and locate static sources cn the vehicle
which by themselves introduce minimum errors in the measurement of
stagnation and static pressurcs over the flight range of interest. On:ce
installed on a vehicle, the air data computer is designed to correct for the so-
callcd position errors of the flight vehicle,

e it et v e & ¢
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To speeds of about Mach 2 or Mach 3, these errors may be regarded as
perturbations to the basic measurement and corrections as determined from
full-scale flight tests and wind tunnel tests are applied. At high supersonic-
hypersonic Mach numbers, however, the conditions are vastly different.
Hypersonic flows are characterized by strong shock wave systems lying close
tu ihe body surface; hence, air datz, static pressure, {o: exany e, cannot be
obtained through simall corrections to some measurement. To.al or stagnation
temperature measurement is subject to real gas effects and preper inter-
preiation of stagnation enthalpy from this measurement is difiicult (sce
Reference 2).

L AR AR IS L (G e

In the past half dozen years or so, much valuable experimental information
has been obtained concerning air data at supersonic Mach numbere -- particularly
with regard to vehicle attitude on X-15 flights, see, for example, References
{3-8). Attitude angle for t'.ese flights was measured using rotating hemispherical
null seeking pressure probe. This investigation was undertaken in order to
describe fully the maximum utility of a simple fixed position pressure-
instrumented hemisphere prube at high Mach numbers, and also to consider
the maximum obtainable air data outputs obtainable from this sensor at the
lower Mach numbers.

S WP 1 AT 1 W

Aijthough the study considered air data investigation over the range of Mach
numbers up to 20 for altitudes to 30C, 000 feet, bezause of present air data needs
for hypersonic cruise as well as lifting re-entry vehicles, emphasis was put
on the high Mach nuinber range. Furthermecere, of the air date ouiputs defined
above, primary emphasis, again because of present needs, was given to vehicle
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attitude (angles of attack and siceslip) and velocity (truc air speed)., Specifically.
the study consisted of defining the e .uatiuns necded to describe the pressurc
distrivution over a hemisphere, particui:i1ly in the hypersonic range, and then
using these equations developing expressions for the air data outputs, (angie

of attack, true air speed, etc.). Throuphout the study., frcquent use of error
analysis was cmnpluyed in order to assess not only the uscfulness of the various
expressions, but as a uscful tool in determining orifice location, and the

validity of siinplifying assumptiors,

The air data investigation prescnted herein was written such that similar
air data cutputs (c.g. o& and B ) are grouped in individual sections. Angie
of attack and angle of sideslip are discussed in Section II. Truec air spced
and indicated air speed investigations are given in Scction III,. Mach number
and altitude because of their similar dependence on the input of {ree stream
density are both considered in Section IV, A cursory examination of the
degrec of nese ablation for a typical flight case and the effect of this ablation
ou the air data attitude equations is given in Section V. Each section was
written with the intent of making it a fairly complete discussion in itself of
thie particular air data output being ccnsidered.

Kesulis are given in forms which can be easily assessed for accuracy
and/or modifications for a particular application. Suggestions for additional
work, primarily experimental, ti further develop the usefulness of this air
data probe are given.
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1. DEFINITICN OF VEHICLE ATTITUDE ANGLE AND AXIS SYSTEM

Consider a body at somie arbitrary attitude with respect to the frec stream
ve locity vector U00 , as shown in Figure 1, To describe the attitude of the
body with respect to this velocity vector an axis refcrence systom is defined.
This system, employs the body axes (secc ¢.g. Reference 3) and is a right-
handed orthogonal aet with the origin at the body center of gravity (c.g.). A
longitudinal planc of syiametry {or the body is assuined. Then the axes are:

x - in the plane of symunetry, directed longitudinally forward.
y - normal to the plane of symmetry, directed alceug the right wing.
z - in the plane of symmetry directed "down. "

Further, let the projections of the velocity vector {fw cn the body axes be
called W, Vv, W for components along the x, y, and z axes, respectively.

The angles are now dcfined in terms of the velocity vector and its
projections on the orthogonal body axes. £ igle of attack, oL , anc .ngle of
sdeslip, /3 , are defined ian the x- z and d x-y planes, respcctwely, as:

-4 W
angle of attack, o = cos” (L ,,,,); * s T Fw n )

angle of sideslip, /5 < cos ( ——V,ljr& = sin "m (2)

A third angle, S . (herein unnaimed) that is useful to define is:

ES -cos.l_(&.%f_:.). = 5in_l—:6T {3)

This angle S has sumciimes heen called the angle of sideslip (see, for
example, References 9-11). However, in this study, the sideslip angle is the
angle defired by Equation (2). Note that while ol and are defined in the
planes of the body axes, < is not. Fur thcr note that ' is independent of
angle of attack, 1.e. the vector (u? + vz) *remains constant as o varies;
whereas /3 is not indepeadent of X , since the vector, T, varies as OC
varies. For this reasvun, will be used in the derivations of an expression
for O interms of the pressure distribution in the x-z plane, wherein, the

pressure distributior in the x-y plane wiil subsequently be shown to be
independent of S .

2. ATTITUDE ANGLE DETERMINATION AT HYPERSONIC MACH NUMBERS

The capability (including accuracy, range of use, etc.) of the hemispherical
pressure probe as used to mcasure angle of attack and angle of sideslip depends
on the fullowing factors;

1) The accuracy to which the pressures are known.

2) The correctnese of the assumed pressure distributions.
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3) The choice and dcgree of

with congider

A

exactness of the derived attitude cquations i
to the seleciion of orifice locations. ,’
Pressure accuracy, of course, is applicable to the entire Mach number range. !
The last two factors, however, rcouire diffcrent analysis for different Mach
nuinber regimes. Siice, as stated in the introduction, emphasis will be placed
on the hypersonic Mach number regime, consideration is first given to this
range and then to the lower Mach numbers,

a. Pressure Accuracy

The air da.u error cquations developed are gencral enough to ailow
introduction of pressure error: of various magnitede, however, plus or minus
ore¢ percent pressure cerrors are used in this study. One percent errors arc
not meant to represent present state of the art pressure transducer capability
but rather are used solely for purposecs of illustration and comparison. Present
systems are better than onc percent, perhaps one-fourth of one percent, thus ]
conciasions as to the actual usefulness of a result are conservative.

e . it N

b.  Pressure Distribution at Hypersonic Mach Numbers

Prcssure data obtained on a hemispherical nuse can be thought of as
two separate data inputs: pressurc distribution and absolute pressure magnitude,
Determination of attitude angles oL and A3 will be seen to be independent of
absolute magnitudes, depcndent on distribution only.

The most widely accepted approximate method used to predict the i
pressure distribution vn a hemisphere in hypersonic flow js the simple New-
tonian impact flow theory. 1t is uscful tc consider the assumptions upon which
th> theory is based and to include herein its derivation. * i

Consider the streamline encountering tha hem

Peml o 1
...... LGP

PaciiCal suifece at
an angiz & (sce skeiwch below). No mention is made of any shock process
associated with the flow; it is asswmed that rnonc exists.

[ L
v\

R

The only assumption that is made, and this constitutes the basis of the theory,

is that the streamline must turn an aangle (90-0) uprn impact with the body,

anc in so doing, all flow niomentum norial to the surface, m leﬁ , 18 108t *
to the body, whereas the tangential ¢omponent of momentum is entirely i
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conserved. Therefore, the normal force on the surface is

N ) U 2

where the mase {Jow rate norimal to the surface is

dm = 20 U .S for area S.
Es a Ya,n

Notice the assumption ¢f an incompressible fluid, /0. = Constant, is impliced
here.

2
Thus, N = Ou Vs S (5)
but U.‘,.. = Uo, cos 6 so the pressure at 6 ’ (6)

is P=nN/S

=/0~ U: co:ze =2 3/ cos® B8 {7
+here %, = é" /Om

. is the pressure acting on the surface at & . T%ﬁs is the Newtonian flow
prediction. As the impact angle goes to zero,cos 6——>»1, the fluid at this
location stagnates and the Newtonian theory simply gives:

e = D
2

P =
LIFY R v 3
7

-
ek}

or P , the stagnation pressure, is equal to two times the dynamic pressure, q.

T! .- .alue of Pe: is known e fu'imcntally to be incorrcct.2 Quite often a
moc. .ed Newtonian Theory,  whereby the value of p/cos O is set equaltoa
knc stagnation pressuve P at @0, is used in the pressure distribution
prediction; i, e.,

P = Ps cos® © (9)

The vo lity of this pressure distribution equation at high Mach numbers is
next consgidered in view of analytical and experimental results.

Experimental pressure data taken in the Cornell Aeronautical Lab-
oratory hypersonic ehock tunnel (Reference 12) cn a 12-inch diameter hemis -
phere cylinder at U,, = 14,000 tps is shown in Figure 2. These results are
averaged data for approximately 14 tunnei runs, and are alsc shown corrected
for the effects of the conical flow field in which the model was tested using the

* Su_,ssted by L. Lees, IAS Preprint JJ4, 1955,

e s ¢
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characteristic conical flow solutions of Reference (13),  Ia conjunction with the
experimental teets, a computer proytam for a real-reacting gas was used to
predict the henmsphere pressure distribution for the test conditions of the
progranm. Additionally, c¢xact nuincrical solutions for an id:al gas (Reference
14) arc shown in Figurc 2.

Scveral important points are cvident from Figure 2:

1) Thc corrected cxperimental data and the real gas solution

at Ug = 14, 000 fps arc both in excellent agreement with the
ideal gas solutions.

2) The ideal gas solutions arc practically invariant with Mach
number for 8 <M< J0.

3) These curves lie below the cosz @ curve, showing an
inadcquacy in using the miodified Newtonian distribution.

In view of these results, the numerical rcal and ideal solutions and the

experimental data are accepted as presenting the correct hvpersonic hemispherical

pressure distribution.

it was next decided to see how simply this distribution could be
approximated. Of the numerous methods for approximating the pressure
distribution {power serics, trigonometric scries, etc.). it was felt that a
simple relation of the ferm

P = Ps ccs” O (10)

would best {it the purposes of the study. This is a straightforward choice

since this reilation is of the familicr Newtonian approximation form and requires

only the gencralization that the cosine expomnent, n, is not assumed to be 2. 0.

In qure 3, P/ps averaged from the numencal solutions is plotted

versune consg

verenc cos € Con ;ux*-u; paper. Thuos, 1 U/ps = cos 8 , We can write
log P/p = nlog cos B and n will be thc slope of the curve, Fairing a straight
line through these data produces a resulting slope of n = 2.24. Lines which

bound the whole curve are seen to fall between 2. 14 and 2. 34. Thus, a
maximum er 5 in n of "/" - to"/z Z“ is assumed to exist. Thc curve

P/pg = cos e is also shown plotted in Figure 2 for comparison to the
numerical and experimental res<its.

c. Attitude Equutions at Hypersonic Mach Numbers

The pressure distribation selected for the hemisphere probe was seen
to be of the form -

P=Pcos @, ne 224 (10)

where © is the angle between the stagnation point and some orifice at which
pressure P is measured. With reference to the bady axis system defined in
Section II. 1., the attitude angles ©C and /S can be determined from this
assuined pressure distribution and from the pressure measurements in the
x-z and x-y planes, resgpectively.
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Since the location of any orifice can be measured in termae of ite
anguiar diaplacement {rom the stagnation point, herein called the angle e,
for any orifice, i, the pressure, Pj can be expresscd as a function of the
stagnation preesure, Pg, and the cosine of the angle g.

p( - Ps cos" 6 (10)

For an orifice in the x-z plance, (sce Figure 1) say 1’1

P, = Ps cos" B (11)

but cos 6 = LA/ (12
Cos o = u/(u + wl) (13)

cos & = U. + W )/I/Uc, (14)

so that cos O = cos & cos & {15)
or P, = P, cosVaL cos"§ {(16)

This is a uscful relation, since & does not vary with attitude angle
in the x-z plane; thus the pressure at any attitude location in this planc is independent
of . Any pressure in the x-z plane is thus

n n
P. = P, cos' & cos (o - ¢,_) (17)
where ¢L is the orifice anguiar displacement froin the x-axis, in the x-z plane.
The dctermination of sideslip angle . as defined, is identicall
y

the same problun as the determination of & . Al] that ia reguired to show
this is the introductiivin and subsequent cancellation of an additional angle, 8ay

€ K

-1 {ud+vd) W
€ & COS —==F— = Sin —==— (18)
U U
such that the pressure distribation in the x-y plane is
PJ = P cos" & = P, cc—:n(/ﬂé' ¢J) cos” € (19)

As can be seen from Eq. (19), the distribution in the x=-y plaae is independent
of € as was the pressure distribution in the x-z plane independent of

(1) Determination of Angle of Attack

The pressure on the hemisphere at some point in the x-z plane
was gseen to be

P = P cos" © = P cos" S cos” (a.~¢) (17}
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where the angle § is invariant in this plane. Thas, thd preasurce distributjon

in the x-z planc is independent of 'y and ihie angic é. Siniiariy, an expression
{for & can be nondimensionalized to make it independent of P cosn§,
Consider the pressurce at three orifice locations in the x-z plane (sce sketch, p.y).
|
I
E ]

P, = P cos” § cosh(ot.— (D.) (17)
P, = Pg cos"§ cos" o v $.=0 (20)

P, = Pg cos"& cos"(a-—¢,) (21) *

Pg cos$ is conumon tu all three cquations. Thus, Equaiions 17, 20 and 2!

represcent only two independent cguations [or the determination of unknowns .
(1’5 cosP&yand e , or threc independent equations for the determination of

(1'g cos™$), ¢¢, and n if it is not assumed that n is known., For the hypersouic

ci se where n ig known, any two of the three equations are sufficient for the

solutions of these two variables, However, the solation for & can make use

of all three equations, if the inclusion of the third equation, although redundant,

will decrease the uncertainty of o for given uncertainties in the individual

pressure measurcments. In general, then, the choice of two or thiee pressure
measurcments will depend on accuracy rather than nced.

a. Angle of Attack Determined from Two Pressures

Equations 17 and 20 can be used to clininate Pg cos" S by
either cf the two formulations:

_!_:’,_— Py cos"(ct- (b.) - cos"a
P. + Pz COS"(:J( - ¢,) + cos e (22) .

cr

. n
b, - cos (o - ¢-)
Py cos” ol (23)
Equation (22} is shown plotted ir Figure 4 for values of ¢|
chosen to cover the angle of attack range, rememoering from Figure 3 that

the pressure distributiorn, P= Py cos 6, is valid only for © up tc about s .
65°.

P-P The curves of Figure 4 demonstrate the scasitivity of the '

ratio(f‘p:—,—pi—')to o for _diflicrcr:t values of q&, and can thus be used to _

select @, 's that will miniinize ancertainties in & duc to uncertainties in .

measurements of Py and P,. Firgt of all, howcver, it is nccessary to find :

an expressi: n for the change in '_: pl-) due to changes in P and P3. This !
] L

is dene by differentiating Equation (22)*:

£ (555) - 2(E3R) o, M) 4p

P+ 5 J P _"é_';“ (247 .

¥ ' ) . | i
Tibc complete, it should be considered that n also can have an uncertainty g .
N=AMnN ; this u.certainty will be considered in the final error uncertainty E‘
equations. A a 7
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Where u, v, w are velocity projections on x, y and z 'axes, respectively
(see Section II. 1.).
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Performing the diffcrentiation in Equation {24) and dividing through by Equation
(22), results in

o(( 1P ) 2 P, dP zP, dP;
Sl *TR)R+F)  (P-R)P+R) e

P+ F,_
dR AR AR AP, . .
Next, assume that —5" = T‘- , ctc. Let = =& et and consider
1 [} P' P C

. A .
the worst case, whese all errors are accunulative (i.e., ali plus or all minus).
Equation (25) then reduces to

p-P
4 GS‘IP:) - . dch P (26) .
e GOI D

Fcr various values of & and for the casc of one percent pressure crrors,
C =0.01, valucs of

o =Pz 4C P P
U - = i : 27
A P.+Pt) —(F + B (27)
. A-Ps
were calculated. These iacrements werce then added and subtracted to P+P
in Figure 4 to obtzin valucs of T A OL (sce sketch below). 1Ta
+d .
ey
F-Py)
F-P *‘A(P.ml
P,+P,_

These valuee of T AL, obtained graphicallv, were then .
plotted versus oL for the different ¢ ‘s in Figure 5. As can be seen, the
best choice of ¢. that will cover the & range fram -20° to 50° and maintain
-P)L 65° is D, = 45°. Fou thio case, Aa(~/%2" for 1% errors in pressure
over the entire oL range.

Next, consider the alternate forinulation of Equations (17) and

el L - e e
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(20), .

P. - cosn {oL- CD'.)

x (23)
I cos™ oL

E.quation (23} is plotted in Figurc 6 fc1 the Q§, values considered in Figare 4.
The uncerainiy in ¢ due to uncertzinties in P) and P was determined in
the saine riancer as was donc for Eguation (22).

|

dre) . dp _odP (28)
b, Py P2

and as before,

(AI-FJI - dpz l.\p i

R T B - e =*C
INGZN) 4P AR .
—_—— . = ! - - LC 29
) P Pz o
P\ . ¢ P
or b P = 2C ¢ (30)

Using Equation {30), graphical values of A X. werec obtainead
from Figure 6 and are shown plotted in Figure 7. Comparison of Figures 5
ard 7 shows the resulis to be gractically equivalent. Thus, Equation (22)
presents no advantage in accuracy cver Equation (23) and the simple relation

P\ - COShr (d-" ¢|)
Yo os™ o

-
(£
(9]

~u

appears to be the better choice for angle oi attack determination for the two
pressure measurements, Furthermore, @, = 45° is again the best choice of
crifice locations. For this value of ¢. . Equation (23) reduces io

P i LI n R
—P';- = (T_Z—) (l + tan ol.) . (51145 (31)
which can now be solved d.rectly for angle of attack,
A
= ten '(2‘(—;) -1 i32)
t ¢'= 45

Equation (32), therefore, represents a closed form solution
for o(. using n-ly two pressure inputs in the x-2 plare. Since this equation
results in no loss in accuracy over the alternate orifice calibration, E- uation

(23), and has the advantage of a closed form solution in OC, it has been selected as

the most promising form for the two-pressure input case.
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Ain analyilcal expression for angle ot atr‘ ok uncertainly can
now be found by taking the total derivative of qu)tuon (27), where vie will now
allovi n to be uncertain. We will allow (), to be variable, since we have not
yet thown that @, = 45° is an optimum location when n is allowed to vary.
Eguation {23) ca. be written as

:i .. COZC;%— Y“ ( as 9?( + $in ¢ tanc. ) (33)

The total derivative of both sides of Equation (33) is taken, resuliing in

ZL(—g——l =N kcos ¢,+ smqf‘tahoc) sin QS sec oL do
+ (cos @, +sin ¢,tano¢) loge (COs@ +sind, tanc)dn

(34}

Soiving for do. prodaces

do. = Leosd» sin @ tanc) c°5 ok Z,C-[loge (co$¢,+sin¢fanot)]dn (35)

sm¢

Next, assuming a:curmulative errors, and dot =t Aot , etc.

"
LX = (cdqﬁ‘-a-‘{'amx)c—‘ﬁ’—z"—‘- 2C -:-[Iogekcos¢+ m(}),ﬁmq) An {36)

. £ - -
quaticon {38) i3 pre «d in Figure § for W-‘ i5%, 30°, &nd
a

k. cscnt
45° jor C =8P/p of =, 01 ax.d for a constant vaiue of An of ., 2 for the pur-
pose of sclecting orifice location (§, . Again, it was assumed that all errors
would be accumulative. An crifice location of ¢. = 45°, as expected, is seen
to produce the lowest uncertainty in A& . Actaally, this errcor may simply
decrecase as (?55 increases, however, 45 is just about ar. upper limit on @
we want Lo measure to minus 15° or 20° angle of atiack. Next, the crror
dcecpendence due to An is shown in Figure 9 for {?’, : 45°, where actual values
of An were obtained as a function of &X. as iollows, On a p'ut of the actlual
hemispherical pressure distribution {Figure 3}, lines of (0S 9 for various
N 's were drawn to intevcept the curve at © 's up to H0° Then for each &,
valies of An=224-n were obtained. These valucs were tavn used in Equation
(36) for € = .01 tc obtain the resulis shown in Figure 9. From Figure 9, it
ig scen that, up Lo abcut 45°, the Aol error due 1o the AP and An uncertainties
is only about 6/10 of a degree, which is felt to be quite good. Furthermore,
cver this range the uncertainty in An alone 13 negligitle as can be seen by the
dotted curve which was plotted for An =0, arnd which foliows the solid curve
up te 45° Finally, for comparison, the grapbically determined values of AQL
from Figure 7 are also shown replotted on Figure 9; and it is seen that good
agreement of the two methods of AX. determination is achieved,

o~
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b. Angle of Attack Determined from Three FPressusres

In using Zguations (17}, {29) and (21) to determine O, it
inus* be reinembered that the avsumed nressure distribution is valid only for
about B <€ 65°, or o ¢) values somewhar less than 65°, Since & can be
ay large as 50°, Q}Jcau bz no less than about ~15"; therefore, thetotal orifice
spacing can be practicaliy o greater than the spacing chosen for the two
orifice casec.

The throee orifice calibration of ol , however, can be ¢d npared
to the two orifice calibration on the basis of accuracy an¢ the method of pressure
measurcmett, The formualation chosen

e N cos” [a~@,) - cos’ (oi--aS_f.) (37)
P, - Ps cos " (-} - cos” (- P,)

incorporates the use of pressure differentials, as opposed to absolute pressure
measurerments, which may be an advantage {rom an instrumeniation standpcint.
To cover the & cange, the orifice locations were sclected to Le ¢, = 45°,

P =0° Py - -15°. For @'y = =15% the pressure distrikbution is valid up to
ol =50° however, a singula:ity (i.e., Fp-Fy -—»0) in the function as

X -—+ = T%4limits the useful negative range. Equation (37) is shown ploited
in Figure 10 where, for the ¢'s selected, the function reduces ic

p ) ow -
B- Uiz A_I.C_()_..._,\_'._.ﬂ...... (385)
PPy 259 Tan o)
The error equation for thiz zelation turas oul to be
PP\ r
.é—‘:._..’..:._’}_ = (" l _.! ~f — ! [ VO, S (39)
_P.‘Pz g ; !__ 2 _____I _% 'Pn ‘
-5 L L Py z Py
or
{ P~ P2\ [Rer B+Ps | F-h
nore = ! 2 + [ 3 el 40
alpmm) = Clemer * mow | PR Ho

L

The uncceriainty in oL , due to accumulative C = = 3, Cl
uncertainties in individual pressure measuremeits, is shown in Figarae 11,
As can Le seen. the AOL uncertainties are larger than the two orifice
fcrmulation for most of the anglis of attack range {compuare Figures 7 and 11},
From the standpoint of accuracy, thevefore, the three orifice reiation appears
te be less desirable thaa the two osrifice relation,
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(2) Determination of Angle of Sideslip

Thus far the attitude angle equations, orifice selection, error
cquations, eftc. have been evaluated for angle of attack determination. As
pointed out in Sectioan Il. 1., however, there is no fundanmental difierence
between the determination of angle of attack, X ,or angle of sideslip, ,@ .

Thus, all discussion thus far written in Section lI. <.c.(l) for& orifice selection,
etc. is equally apj licable for /o

For the ar&le of ai*ack equation, a Gﬁ. orifice located at 45° was
seen tu give the best P-'/ £, relation for smail ¢ values. Therefore, although
the /3 range i5 smaller than the angle o1 attack range, a location of §, = 45°
will cimilarly be the best chsice for the (& egquation. Furthermore, the same

argument3s that showed the simple pregaure ratio relation te be optimum holds -
equzlly well for/c? - The /5 equation is then, for J, = 45° in the x-y plane
Yn
B = tan [ (E) .y (41)

{,=45°

and the error equation is

A/S = (cof. J, +tah/:3) -5%'5:& {2(}4— [Ioge(cosov, +sin J,‘tnh/})] an (42)

d. Attitude Equations at l.arge Angles of Attack

The attitide augle eguations were derived for angle of attack usage up .
tc approxirnately 50°. hus, the choice of exponent n in

g = cos O (10) .

was selected to minimize errors in ¢X over this range. It is o: some interest
to investigate the errors in OC at angles as large as 85°. This was done simply
by extending Figure 3 to large (@ 's, Figure 12, and by using Equation (26) to
generate Figure 13. Values of An used in Equation (36) were obtained in the
same manner as was done to generate Fi: ure 9.

From Figure 13, it is seen that, above about 50°, the angle of attack
error AX increases rapidly to rather large errors ~ 6°., However, the error
in ol , although large, would still allow use of the attitude equation

Y
,: oC = tanw [vz‘(_g—-) - (32)
: ‘-— 2 ¢|-4'5‘

for angles of attack as large as 85° with no diacontinuities in the equation.

14
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The baic expression uscd in the derivation of the attitude equations at
hypersonic Mach numbers in Section 1. 2. ¢,

P = PS COSn 6 (13)

was found to hcld with sufficient ac curacy with respect to both experimental
data and theoretical solutions (Sccyvion II. 2. b. )}, Furtherimore, it was found
that the exponent n was equal to approximately 2. 24. If Equation (10) is also
satisfied at lower Mach numbers, nose pressures alone could continue to be
used to obtain simple attitude angle expressions. To examine the validity of
this pressurc distribution relation at Mach numbers less than 6, data compiled
in References (15) and (2) {rom the literature are showa in Figures 14 and 15.

These plots present /P versus cos8 on lo; scales; thus, a linear relation
in p/P would indicate a dlstnbutlon of the formp,p-cas GWere the slope of the
line would be equual to n. For the most part, I‘Lgures 14 and 15 do indecd show
that a cosine relation provides a satisfactory approximation to the pressure
distribution for Mach numbers as low as Mg = . 5. The slopes of these curves
(" ), however, are not corstant but are Mach number dependent, Values oi n

measured from Figures 14 and 15 are plotted as a function of M,,m Figure 6.
The results of n correiate with Ma, quite nicely. Furthermore, an extrapolation
of the curve should satisiy the value of n (2. 24) assumed to hold at hypersonic
Mach numbers, which it appears to de reasonakbly well. This result is in
good agreement with Reference (15) which showed a cosine exponent to vary
froni 1.5 tc 2. 3 in going from low supersonic to hypersonic Mach numbers; in
that report, the exponent was defined through

1
e 4 43)
B-th
This equation differs slightly frou the present correlation having the disad-
vantage of requiring a knowledge of free stream static pressure for attitude
determination.

If Mach number was & xnown input, Figure 16 could be aused to obtain n
accurately enough to use the attitude expression.

ol = tan” r\fz( ) - l] (32)

Without being given Mm , however, an expression for ¢X_ is needed which is
dependent on input nose pressure bui independent of n. A relation of this form
will now be developed.

Consider again the three basic pressure equations that can be written for
three pressure inputs in the x-z (pitch) plane:

F;' - Pscas“e = R cos" 5 cos" (oL- ¢,) (17)




n n
Ps cos S cos o (20)

5

n n p
P, = Pgcos'§ cos (~gf,) {21
Pressures P1 , Py and P3 aic measurcd quantities and it is desired to find

ol . The quantitics (Fé; cos &), and n are also unknown, bui three indepcndent
equations exist. First, (Ps (de) 5) is eliminated by dividing Equation (17) by

Equation {20) A n
Pl - COS Cd"dl)] (23)

Pz cos o
and Equation (21) by Equation (20),

_ n
P) a CcOS (d‘¢3)] (44)

P. | cos«

Next, n can be eliininated by taking the lug of Equations (23) and (44),

P| A ( —~ n)
log (.‘3;_) = n log [M_] (45)

L zosol

b -—PL = -CLSLO.L_¢’ 146
1og (P:.) n )og [ oS ol {40)

and then div.ding Equation (45} by Equation (46).

log (R/R) _ tog (o3 -BYcos ¢ (47)

w. (a7 N P R T ST T
Eguation (4¢) expresses (X as a function of only

We ncew have an expression for angle of attack which is independent of n
and requires only a pressure distribution of the form P=F cos" @ , regardiess
of the value of n . A plot of this functioy, for @, = 45°, ¢3 = -15°is given
in Figurc 17. For the case of (,= 45°, @y= -45", Equation (47) reduces to

log(P/n)  teg ZE (1+tana)

- (47a)
log(¥R)  logZ (1 -tana) )

Using Equation (47), it is possible, therefore, to obtain & (or/@ ) independently
of n . Once ¢ {and ) are found, however, it is possiblc to obtain N by
using Equation (32). aking the log oi both sides of Equation (32) and solving

for n one obtains

4
lo | + tun&) (48)
g (= )
The necestity of knewing h even when A& and have already been determined

will be s2c¢n in Section Il wherein the calculation of stagnation pressure, g
is required in order to obtain true and indicated air speed.

16




—

Equation (47) would appear to be very useful for M.,ﬁ &, wliere n varies but
is not k xown as an input The uscfulness of kquation (47) at hypersonic Mach
nuinbers should alsu be considered. Obviously, an equation that can be used
continuously over the wlole Mach number range is morc desirable than having
scparate equations which would cover incremental Mach number ranges. A

¢rmparigson ~f ~alibration Equations (47) and {32) should consider the following:

A
1}  Accuracy in & (orp ) for given 5 crrors.
2)  Rangc of use in ot
3)  Simplicity of attitude expression. :

Obviously, Equation (32) is the siinpler, but to make a valid comparison
of items 1) and 2), it is necessary to first atteinpt to optimize Equation (47) for
accuracy and range of usec for various orifice locations, as was done for !
Equation (37), A serics of five different or. ice locations were considered
and are shown in Figure3 17-21,

Before these figures arc discussed, it is useful to consider {irst the errcrs
in angle of attack which could result from errors in pressure measurements
using Equation 7). Taking the total derivative of the left-hand side uf
Equation (47)

ha | I (PI )
i) - gy [‘?f‘ - A;f‘J- 2Bl [“” - ’“"] (49)
4P é \ Pz ) [ 2 [Og (T’:ﬂ 3
» _ AR i e ren i . .
for —Pl—— =B etc, Equation {49) can also be written in terms of the

angle relations

o (cosd @) R P
A50) <~ [AP oR] g (2% &5 _ o8 (492)
TREEE R h n[lg (2285207 2
Inviding kquation (49) . ‘f(’:’\) results in
af® _ I AR _sR| _ | AP AR (50)
§®) lg(£) |R R| lg(R} |P R
or
a5 | [ar _aR] 1 [an _ AR (50a)
) TR [P R nieg(r) 2

Next, for the right-band side of Equation (7},

ATK) ( an ol tan (- ¢)) } _ (tan o ~tan(x- ds)) (51)
&) la(“’z:‘;f? log (2 F)

afP | Af and
5P F()

Equating Equaticns (50 a) and (51), i.e.,

17




solving forLoCresults in

Ao = lo (c°,¢sf,in¢,tm\¢)Léf? - %] +|oi(cos¢,~b .ind,tln{".) [Qp“:f - QSP:]

(52)
n|leg (cos ¢:1 sin Ahhd)(hhd—tm(d- ¢()) - '°3(‘.°’¢1 ninﬂ‘.tund)(hhd-t\h(t t"ﬁ)]

The numerator of Equation (52) is of the form

r
AR _ AR AR _ AP
- - + B |&% - (53)
A [R 3 o B
and it was founa aritiunetically that, when A and B have oppositc signs, an
error of 24P (A+ B) could occur, whereas whea A and B bave like signs,
P 24P 2AP
B A or

of A or B was numerically greater. Shown in Figures 22-26 are plots of

Aol versus & prepared using Equation (52) for Ap/P = ,01 [ui the five
orifice locations of Figures 17-21, It was found, however, that when Af(P)
was large, Equation (52) gave poor estimates of +AQ(. This resulted because
the equation assumes a straight line variation in -f-(P) over the corre‘ssponding
AOC interval. which was not always the case. Therefore, for large 8P/p ,
values of Af(P) from Equation (49a) were calculated and graphical values of
AOL were obtained divectly from Figures 17-21, These values are also
shown in Figures 22-26,

the maximum possible error is B . depending on whichever

The optimization of Equation (47) can now be obtained through examination
of Figures 17-26. The rcsuits of these plots are given in Table I, which
compriees g summary of the investigation lisiing cases, accuracy uncertainty
due to 1% pressure unceriainties at & = 0 and range of use. The purposc of
examining the five different cases is, of course, an attempt to achieve for
Equation (47) a calibration which will produce a maximum attitude angle range
of use and a minimum sensitivity to pressure errer. These requiren:ents are
somewhat conflicting, however, as can be seen in Table I.

Table 1|

ANGLE~OF-ATTACK CALIBRATIONS
FOR LOGARITEMIC RELATION

PGSSIBLE LIMITS IN RANGE OF OC
& INACCURACY o UFPLR s LOXER
FIGURE  CASE ATO(=0° MINOIK CURVE [a-@fse5 2a-@e0  |a-Blees
! 3 AP/P"% 3
” | 4s*  -15° 1%, -3.0° 62° 50° - 7.5 -2
18 ? 4s*  -30°  i.9%, -1.6° 5° 95° -15 -20
18 3 45°  -45°  0.5°, -1.0° 38° 20° ~22.5 -20
20 60 -30°  2.1%, -1.7° 9.5° 35° -15 -5
21 5 30° =300 1.7, -l.4° 2.5° 8s5° -15 -35

-5
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An explanation of the limita in sttitude an
given as follows:

in Table 1l are

1} Minimmum in Curve - Causcs an upper limit in attitude range
because an attempt to usce the calibration above this minimum
would result in a double value attitude solution for a given sct
of prcssure inputs, A cross plot of the maximum pcsitive
range in ( lmited by a tninirauin in the calibration curve is

shown in Figure 27,

2) la"¢‘ I = 65° or IC'(." ¢3| = 65° - The calibration cquation was
acrived from an agsumed pressure distribution of P=P, cos™ @
which is considered to be valid only up to an angle between the
orifice and the stagnatioa point of approximately 65°,

3) (2ot~ ¢3) = 0 - The functions become discontinuous if this
occurs, scc Equation (47).

The vrange in crifice location was sclected in view of these limits and
desired range of angle of attack (-20°< oL £ 50°) as follows:

1) Upper limit in (D" was sc¢t by condition 2 above {for cos &
distribution to hold to -20°, ¢‘ should be no greater than about
45°%).

2) Upper lLimit in '¢:i was set by condition 1 (upper &L limit in
calibration curve due to minimum decrcases as |@,] increascs)
or, condition 2 {for cos@ distribution to hold to 50°, !¢3| should
be no greater than 15°), )

3) Lower limit in |¢3| was set in consideratinn of the fact that the

4 e
rv ~ - N - ~ .~
Inaccuracy in L NCar & = U ancreases a5 05 cas

;
by condition 3 (for OC range to -20°, l¢,| should be nc less
than 40°),

Considering thc possible ©( inaccuracies atoC =0 listed in Table I, it
can be secen that ¢3 must have a large negative value, perhaps 45°, to make
the calibration of any practical use. This requirement, however, restricts
the upper limit in aseful <X range to about +20°. Thus, in terms of accuracy
and range of use, Equation (47) is not as acceptable as Equatioa (32) in the
hypersonic range.

In addition, it was previously felt that, even though the required &X_ range
was -20° to +50°, it would be most desirable to have the calibration operable
at large limits in oC (see Section 1. 2.d.). Such is not the case for Equation
(47), since discontinuities in the calibration occur at negative OC wvalucs
(within the required range for all but ¢_,= -45°, case 3) and multiple values
occur in the positive & range.

One possible solution or compromise would be to use one cquation as a
back up for the other., At high altitude, high Mach numbers when the attitude
angles could conceivably be quite large, Equation (32) wculd be miost valuable.
A switch over to Equation (47) at supersonic-transonic Mach numbers, where
the attitude angles would not be too great (say = 2C°) could then be made.
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Orificc locations ¢ - 45°, d‘ 0° arc compatible for both selutions and the
additional orificc input ¢3 could be made avallablc as nccded.

The rcqmred attitude range 1n,(3 is far lcss demanding than for &, being
from -15° to +15° Thus, thcere is no requirement to inase l): or dy., thc
orifice locations in the x-v planc (sce sketch) small, The § ang'cs should be
greater than 30° te eliminate any discontinuity in the calibration and could perbaps
reach 40° or 45°; they are limited, however, by thecos® distribution at large
oL . Actually, }, = 45°, &4 = -45° providc good accuracy nca1 3= 0, do
not exceed the acceptavle cos @ range, cxcept at very large angle of attack,
and allow the simplified calibration

Vo O
/ﬂ = ton” [\/z g‘} IJ (41)

for the hypersonic case,

Selection of the logarithmic equation for

Pﬁ) 3-%) )
log () _tos (=345
[1 - (osgéqs) (54)
L3 —_— —_—t
log (E._) leg ( Cos 5 )
in piace of Equatioun (41) in the hypersonic case is dependent apon the same

question of accuracy and conyvenicnce as was just discusscd for angle of attack.
For the casc of §, = 45°, {§3 = -45°, Equation (54) reduces to

'°d('§3) L g3 E (l +tanﬁ) (54a)
ioé‘ {-%’—) log (l - tamﬁ)

* o ~ .
At oK = 457, = 15°, the total angle betweep the stagnation point and the
orifice at - Jy is about 65° for ¥, = 40°.
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TRUE AIR SPEED AND INDICATED AIR SPEED

1. CALCULATION PROCEDURE

In Scetion I, it was shown that pressurc distributions in the x-z and x-y
plances are sufficient inputs to determine tae hemispherical probe attitude
angles, &C and /3 . Using o& and /3 , the centerline vrifice pressure
measurement and an azsumed pressure distribution, the probe stagnation
pressurc caa be determined. For a given frec stream density, the stagnatioa
pressure can then be used to obtain free stream velocity (true air speced)
through a ustagnation pressurc, dynamic pressurc relation.

2, CALCULATION OF STAGNATION PRESSURE

The pressure distributior on the hemispherical probe surface is assumed
tu be of the form

n
P = R cos O (19)
wherc @ is the angle between the stagnation point and sorie orifice at which
pressure P is measured, see Section II. It was also seen in Scction II that

if the orifice is located on the probe axis of symunetry

cosB = cos & cos a (15)

where angles S and O are also defined in Section I1. 1. Substituting this
relationship into Equation {(10) and solving for P. results in

n n
fr = Pz//cos d cos (55)
where Pz is the preesure measured at oritice 2.

Next, consider the relations between angles o, /6 and & as given in
Section L. 1.

i . 2 ' S inf s — Y
Sin 5 V (563) slha- mz (57&) SIHP (wz+vz)1-/i(583)
(s )

W4 wr [V 8 w
cos§ = ==L (56b) €OSOL=—— 2 - (57h) cosBSe— ____(58b
v (560) TR (TR o ot

¥ V-— i - _L“L_ . - v
ta\s S'zar;-w—-!-)-?; (56c) t"\a. @ (5:(..) n“/a— m (58(:)
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By inspecction Equarions (506¢), (57b) and (58¢) combine to give
tand = cosat taw ﬂ (59)
-1
S = ton l—cos cx'tzm/3] {(59a)
[ /

Combining Equations (55) and (59a) resuits in

P = B_ ,
* [(Coso(.) cos(taw (cosa tan/B))] "

(60)

This cquat:on tiwen prescuts a closed form solution for the pitot pressure

in terms of the pressure measured on the centerline orifice, the attitude angles
oC and & and thd cosine exponent n . For Mach numbers greater than
G, it was shown in Section Il that ' = 2, 24; that is, Equation (60) can be written

P
PR [(cosd.) COs(ltav-"z(c ata ﬁ 224
v o3 h/d ]

for the hypersonic case.

(60a)

For transonic ~supersonic Mach nuinbers, Equation (60) can bc salved anly
after obtaining n through the method described in Scction I1. 3. Egquaticn {60a)
can be written entirely in terms of measnured pressures for the case where the
attitude angles are expressed as a function of two orifice pressures and n is
known. For hypersonic Mach numbers then:

o = tan™ .[\’:..—B—.zm . !‘l (32
| VR ] '

22¢
pmwrle @) -]

Substitution of Equation (32) and {41) into ((0a) results in

B
{:os [tan-‘(ﬁ(‘%) . G] -;OS [Cﬂn-' [(“.o» [tan'l (Vf (—;‘L?ﬁ-ll (\'Z(%f?o _ l)]] \‘z_:q( 60b)

/

S

Because of the coniplexity of this expression, several simplifying small angle
assumptions were considered. Firsi, for the assumption

tan & = § (61)

22

PR

P R T e——




TG SRS W g R

W o
~

AYEEIPoL T gt MR

B A I DO g

T o A ER

0

ege M

Equation (66b) reduces to
2,

PS _-I'cos [‘L&\"(\/_(P' 5 )] cosr(\lz('—‘*) -1) (\fl P" |):” ez

which vifers a significant reduction in complexity over (60b).

The error in 8 using (62} is shown in Figure 28 for ) 's of 0°, 5° and
1C°. As can Le secen, the error introduced in the worst case is only . 07%.
Thus, Equatioa (62) introduces negligible error in the pitot pressure calculation.
It is possible to simplify the stagnation pressure relation, Equation (62), further
by the additional assumption

tan/d = O (63}

Therefore, Tan § = O and Equation (62) reduces to

T =T .P; . any S¥ ST | (64)
cos | Taw (VZ (—é—)z-zﬁ - |)J

L

usin~ Equation (64) is shown in Figure 29, again for B s
of 0°, 5° and 10°, Errors for this case can be as large as 3. 5%. In view of
these errors, Equation {62) would zrpear to be the best choice of the expression
for ty , however, the value of the trade in accuracy for simplicity can only be
ultimateiy judged in the case of a specific application.

The error in P

3. RELATION BETWEEN STAGNATION AND DYNAMIC PRESSJURE

a. Imperiect or Real Gas Solution for Superscnic-Hypersonic Stagnztion

Streamline

For an uiinpertect gas, * e following flow conservation equations are
valid for the flow in a streamtube which goes through a normal shock and comes

to rest at the stagnation point of a bilunt body (velocities are given with respect
to 2 body fixed coordinate system).

First, because the process is one-dimensional through the shock, the
mass flow rate entering the shock surface per unit area must exactly equal the
mass flow rate leavirg the shock., The mass continuity cquation for this process

is therefore
S Ve = o Uy (65)

where the subscripts are noted in the sketch below
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Secondly, since the shock wave s stationary, the et f0rce on the
shock surface must be zero. The fnr ce balance or the conservation of

mementum eguation is

E:-r/O”U:: Pr + /Or Urz (66)

Finally, for an adiabatic process, the energy cquation between the
shocked gas at station ¥ and the rtagnation point 3 is

hr+ —‘i—U‘,z = hs (67)

These three conservation equations form the basis of the stagnation
streamline pressure calculation, Note that at this point, no gas restrictions
(i. e., perfect, incompressible, etc.) have been assumed. Rewriting Equation
(66) and substituting for U, using Equation {65) results in:

L)
“
#

PQ +IpoL‘nl _/’)T / ‘_"' m/ (68)

P * R U (l ~ /vg"—) (68a)

<°
]

The thermeodynamic equations

P - Z/.’) RT imperfect gas law {59)
h = C. T definition of specific heat
P at constant pressure™ (70)

are ncxt gubstituted in Equation (67) resuiting in

[C P. :
‘\?5') = U - /—C’?-/ vy

Equation (71} i¥ next solved for Ps , the stagnation pressure:

e (ECS)s(gi‘)\" 7/%- R +/?E:> )5 % /)sUrz v

Equation {70) merely constitutes a definition of Cg , it is not meant to imply
that this value 15 insensitive to imperfect gas properties (i. e., a conztant).
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Nexi, using Equation (68) to eliminate Pr » 2nd defining dyaainic pressure,

’ r co\ R 3 3 U:
sl e gAY

g - =+ 2, Ut (72)
/

AEIR B @ 4] -

A A l@) o

b. Approximations to Stagnation-Dynamic Pressure Relation for
Hypersonic Flow

Equation (7:!ag is the imperfect gas result for the relation_of stagnation
to Cg‘ynailmic pressure, ¥s,, ., However, analytical relations for (ET':-) .
S
E%“jr must be formulated %o soive the equation, resulting in a relation for
Ps /o too difficult and unwieldy for air data usage. Fortunately, numerical
solutions from which -"/ - tan be calculated exist in the literature so that
F's/ can be found for the flight envelope in question. This has been done

ueing Reference (16) and these 1eal gas results are shown in Figure 20,

Civen numerical solations to fquation (73a), a logical method of attack
to for:aulate a usable 5 /g relation is to simplify (73a) with periect gas
assumptions, compare the results to the e¢xact solutions, and trv to represent
the variation heiween axact and simplified solutions with simple correlation
functions. This is the method of attack used here. The simplifications were
performed progressively in a step wisc fashion and although it would suffice

to show only the end product, it was, nevert:.eless, deemed worthwhile to
inciude the whole process.

First, assume that the fluid behaves as a perfect gas allowing

P= PRT, 2 -z, | (74)
% Co  y
R ~Co-C, ~ Ty (75)

Substitute Equations (74) and (75) into (73a) which gives

Ry - [2+ %— -?/;L: (2- ".?X—J:‘I (76)
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which reduces to

(2 V4 p2) r D Vs I |
Ty = e Z -+ 2 - {-’ vrl l (76(1)
78" T |°7 Y 2 )|

Next, assume the gas between stations & and v is incompressible,

in which case /ﬁs =/0r (77)
|

and _ﬁx_*__!__ ——

S

By substituting Equation (77) and (78) into (76a)

ps/‘ﬂ’=2+£%%--ﬁ? (79)

For hypersonic conditions

see Reterence (17) {78)

R/ = o (80)
¥

Thuas, Eguation (79) can be written
R/ =2~ 7£e. (81)
% Yaks

Equation (81) becomes recognizable now as the mest comrnonly derived solution
for the stagnation pressure.

value for

of P‘/Z ’ /o

The¢ next and firal approximatior requires taking an average or constant
72“1} over the range of usage and thus simply assuming a constant ratio

D J
Is S . =
/ZJ

The results of the solutions are now shown for the velocity envelofe
of interest in Figure 30. It is interesting to note, that the assumptions ot -/ =0
and incomprescible flow have had little effect on Equation (76a); thus,
Equation (81) suifers very little frcm these assuniptions. Logical candidates
for an approximation tc Eq. (73a) thus become Ecuation (81} or (82).

. . Ny
13t {82)

A correction to Equation (81) or (82) could inciude velocity and altitude
or velociiy and density, e.g.

FS/% =2- 7/% + f(ﬂw U,) (83)

However, P-'t{f is l3uite insensitive to /@“ and the correction car be written

simply in ternt- of s »

Ps/% = Lt + £(Ua) (83a)

Finally, from a cirve {fit of Eq. (823) to Eq. {73a) {for the range of interest
(Fig. 30), the results are UQV;

P,/% = 184+ T {83b)
26
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Eqguation {60:) can be substituted into Equation {(83b) to express true aix
spued in terms of the measured quantities ¢, 6 2 and density. This
vclocity relation would still need to be solved £dr Um . however, which can
not be done directly. An itcrative procedure whereby values of U would be
assumed is neceded to obtain a solution in Um . Rather than resort to this
procedure, it was deciged to first investigate the nccessity of the complexity
of this expres .ion for »S/ . This was done by investigating the error
introduced by the use cf Eduation (82),

R/, = K (82)

where K = 1,92 .03 since 1,89 < ps/&v 196 over the range of interest, sec
Figuse 30. Then from Equation (72),%ve can write

2 £
U, = =55 (64)
/P
Differentiating this cxpression results in
2U.dU, - - 2B 4K | 2K dP ZKE J./Ooo (85)
/= K I »
Next, divide Equation (85) by F.quatlon (84), assume dU/U =% A“}

etc, and again assume all errors are accuwmnulative; the result is

] Ao
Ale L JAK A? AT (86)
Us z K 3 /000
4
From Equatwn (82) 3 =03 -4 015. ssume density is known to

withia 5Y%, /0//0 =z %5 192

In order to get o 5/P , we must differentiate kquation (60), which would
be dilficult and unwieldy, but it can be done for the simple case of /3 = G,
Eguation (64), which will still serve the purpese of iliustrating the validity of
the / = K assumption. Equation {64) in terms of oL is siniply:

SZ/—

P, /7 \
‘ P$ a 1/ COSh oL {87
and
dR = Pzngosq sino(da +cos"ad B +R cos "ot log_cosctdn (88)
Again assume = APy , etc. iving
fay Pi <N 3in G hHoy ,é.f_)!.-.e,.l v cosol LA 8
‘35 .E#_?‘.E p,_ 0%, (39)

Substituting this eapression Luack into Eqaation (86), the result obtained is:

AUz fax | B8z, sina AR oA
.._(I:_—z-[K *—/ﬁ +nmhd7 —‘TS;--FIO ¢~O5QAY\J (8(&;




Note that from Section II, for ¢z = 45°

Ad = (1 tana) 25t [2(: +(1og, (Jﬂ{%&‘ﬁ)}] (362)

Therefore,

Ale_ 10X AR sing. (+taned [oe, (Htmd Aﬂ
L ) _Z—i_K ..,c?.-u =) +(log§cosa))dn+cosﬁ_5)d e +log ) "J (86b)

If this expression is evaluated at &L = 0 for illustration purposes

AU l [AK + __,&4. C] | (86¢)

AU Gzl A
U ~1/2( 015 +.05 +.01) =.0375
or -—é—\—)E=3-—3/4%
U

From this result, we can see that the error in U due to the uncertainty
in K contributes only 3/4% to the total 5-3/4% uncertainty. Therefore, the
error in U introduced by the assumption of the simple relationship P

is small and we are justified in using P/cB, = 1,92 for the velocity, dengty,
stagnation pressure relation,

Solving Equaticn (84) for Uw gives Y
U,=l021 (—5-) (90)
a

Substitution of Equation (60b) into Equation (90) produces
)
F>3 2
.oz}

{os[ta (\‘2( )“' l)] cos [sz [cos[’tan (r(__.)oﬁ |)] (\r" (_%4_)};, l)]]}ﬁz,:— (91)

which gives true air speed in terms of P. . Pz R P4 and /Oq, .

Since, however, it was shown in Section IIl. 2 that the assumptior

€
tan & = & (61)
introduced negligible error in Ps » Equation {91) can be rewritten for n = 2, 24,
including this approximation, as \E
U. = .oz| (',?);}

- (92)
[eos [tan @2 @™ =] cos[lE (G -0 (F(HI™- -

The error in an using Equatmn (92) instead of Equation (91) is shown in

Figure 31. Fer /6 up to 10°, Equation (92} gives very good results over the

entire ¢ range; and, therefore, represents a satisfactory approximation to
the air-data velocity equation.

Finally, for the sake of completeness, the assumption of

ta\nﬂ: 0 (63)
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can be introduced .nto Equation (92) rcsultixyg in the simplification
U ozl (V/p.)" l (93)
©" o Tt VT () — A »
L \ T

The error introduced in (g by this assutaption is shown in Figure 32,

5, INDICATED AIR SPEED, HYPERSONIC

Indicated air speed U; is the air specd obtaired using sca level a‘mbient
density refercence conditions. For the mevhods used in this stedy, L;,'_ can “e

expressed simply as \
%
U, = Um(/é‘&) (34)
o

where, =.002377 slugs/ft3. The value of U‘,; can be obLtained once Uy is
known, or by direct substitution of Equatio;/m (92) into Equation (94, which gives

l.ozi (-;s‘) )

R TR A (e

Equation (95) avoids introducing the uncertainty of B, into the U,; expression.
The simplifying assuraption, Equation (61), that was made for Ua is, of
course, also applicable to the indicated air speed expression, Equation (95).

(95)

6., AIR SPEED, SUPERSONIC

Determination of the air data outpuis Ua and U"_ for the hemispherc press: .re
prebe is dependent upon determination of stagnation pressarc and upon_the
relationship between the stagnation pressure behind the normal shocx fz and
the free stream dynamic pressureﬁ . For Mach numbers less than 6, it is
possible to determine F; once n is¥ound ay discussed in Section I.

For Mg > %, it was found that

=)
== K (e2)
where K = 1.92 £. 03 cver the hypc-.z;onic range (see Section 11.4.). The
assumption of a value of K of 1,92 resulted in maximum errors in Uy of 3/4%.

For Mwﬁ 6, values of R were computed for Mach numbers ac low as
I\’lw =1, and the results ar?shown in Figure 33, At Mach numbers up to
about My, = 4, -"/ decreases with increasing Mw' This decreasc is tiue
Mach number depxdence existing cven for an ideal gas. The variation ints/
in the hypersonic regime, howeveyr, (i.e. the slight increase in P‘/ with Mx }
is a real gas effect for the free strean: velocities and densities of the re-entry
trajectories considered in this study. Errors in U‘p resulting from the
assumption

P,

—® =1,92 {&2)
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arc shown as a function of free stream Mach number in Figure 34 For Mach
numbers as low as Me = 2, the truc air speed error

d errors resulimng from the use
oi Equation {(82) are 2% or less. Therefore, in view of velocity uncertaintics
of £2-1/2% and £1/2% resulting from assumed uncertaintics of £5% in density

and £1% in pressure, respectively, Equation (82) appears to have practical
use in the supersonic range.

For Mach numbers less than MQ ?.. F%uation (82) rapidly becomes
unusable: for cxample, at Moo

———-q = 20%. Thus it appears that
the hemisphere pressure mputs. alo R free stream dLnSxty and spced of
sqund, are inadequate for accurate determiration of true air speed, indicated

air spced and Mach number at Mg less than 2. Considerable effort, however,
can be found in the literature related to the use of a hemiisphiere cylinder pitot-
static air data probe at subsonic, transonic and low supersonic Mach number;
tor example, References (18) and (19). Therefore, basad on these references
and the above statement, it is felt that the pitot static tube, that is, the

additional input of static pressurc, is needed in order to dectermine Mach
nurmsber for Mg < 2.

With density given, true air speed (free stream velocity) can be obtained
for Mg > 2 using Equation (82). The indicated air speed calculation merely

requires substitution of the sca level density /Oo for /OG‘ in Equation (82) (sec
Scction Il. 5.). Therefore

U/.‘ = 1.021 (/—Z{-—)Vz (96)
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SECTION 1V

DETERMINATION OF ALTITUDE AND MACH NUMBER !

1. ALTITUDE DETERMINATION

An altitude, or more properly a pressure altitude, cannot be obtained
from the pressures imncasured on a hemisphere in high supersonic-hypersonic
flow. This conclusion is a dircct result of the insensitivity of the local flow
ficld pressurce distribution to free stream Mach number and hence the inability
to determine Mg and subscquently static pressure from the input of surfuce
pressure {see Reference 14 for a furthey explanation uf this conclusion). Thus,
the ounly altitude output onc can get from the air data inputs must come {from the
input of density, i.e. simply a density altitude (when given). Using the infor-
mation on density altitude variations available in the 1962 U, S, Standard
Atmosphere, Reference (19), il is possible to estimate how accurately one can
determine altitude when density is known,

A dectailed investigation, or detailed results of investigation: of atmospheric
variations and uncertaintics in pressure, density, etc. will not be attempted
in this report. This information is adequately covered in Refevence (19) and
rcferences cited in that work. Rather. we will look at the conclusions of
Reference {19) only to the point where we may formulate the ability to cbtain
altitude when density is given as an air data input.

Figure 35, taken from Reference (19), presents the U.S. Standard Density
Altitude. The dotted lines in this figure are fairings through density extremes
(symbols) observed at given altitudes. From these extremes, altitude uncer-
tainties at a2 given density can be found as lying horizontaily between the density
uncertainty band. Since these extremes in density are on the order of £50%, an
additional measured density uncertainty of £5%, which is to be assumed, becomes
of little practical significance in determining altitude from density. One finds
that the density is very sensitive to altitude. Conversely, altitude is a weak
function of density; thus, the larpe iucéitaluiies in density produce muach smaller .
uncertainties in h. Values of Ah/h in percent are given in Figure 36 as a
function of aititude.

One can see from this analysis that an altitudc based on density gives
nominally about 8% uncertainty in N . Furthermore, the exireme density
uncertainty that was assumec i exist is all inc usive for latitudinal and
seasonal variations. For an actua!l flight case with latitude and season specified,
Reference (19) points out that the uncertainty in density would be miuch smaller.
Using appropriate density-altitude charts, therefore, altitude could be determined
to much better than £8% from a density input.

2. MACH NUMBER DETERMINATION

As stated previocsly, the pressure distribution on the hemisphere and the
pitot pressure are insufficient inputs to obtain Mg in the hypersonic regime.
When density is given, however, velocity (true air speed) is calcalable, aud
Mach number can then bz obtained through

Mg = —Lai:": (97)
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The free stream speed of sound, however, must be obtaincd from the density-
altitude. Thus, we must look at the uncertainty in @, as a function of altitude.
From Figure 37, also taken from Reference {19), it can be seen that at a given
altitude the uncertainty in temperature (symbols} is on the order of x10%.

The variation of temperature with altitude is not strong enough to add much
additional uncertainty in temperature, - Thus, the total uncertainty in Te is
still on the order of £10%. Since

]

/;
By A To & (98)

Qe _ | AT
a.,, - 2 T¢ (98&)

a +10% ung:ertainty in T, results in a £5% uncertainty ina, .
Now, since
LY

My, = 5= (97)
AMM = AUoo + Av. (973.)

Mo AU Us S
In Section III, it was shown that = ~~ +4% so that the uncertainty in
Mg is £10% or less. Jagain, as with altitude for a given flight case, the
temperature as a function of altitude would be known to much better than £10%
and the resultant uncertair*y in M, would correspondingly be much less.

For Mach numbers between . 5 < Mg <6, it was seen in Section II that
the cosine exponent N in the basic relation for the pressure distribution was
Mach number dependent {see Figure 16)., In addition, it was shown that the
value of N could be calculated once of and /O were obtained. Therefore,
using Figure 16 as a calibration, it would be possible to obtain an estimate of
M,,o in this transonic-supersonic range. It is felt, however, that a calibration
better defined through further experiments would be required to make this
Mach number determination scheme valuable.
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SECTION V

ABLATION AND RESULTANT UNCERTAINTIES
ON AIR DATA ATTITUDE ANGLE OUTPUTS

1. ABLATION PERTURBATIONS ;

Thus far, the air data equations have been derived for a hemispherical
probe. However, ablation of the nose can result in a change in nose shape
and therefore perturb the equations. Given the re-entry trajectory, and the
nose material and diameter, the amount of nose recession can be calculated.
The perturbation on the equations, due to ablation, is then treated as an _
uncertainty in the pressure equation exponent, N = AN, where P= P cos 8.
The resultant uncertainty in &X or for the two orifice per plane calibration,
Equations (32) and (41), is then determined from error Equations (36) or (42).
While by no means rigorous, this analysis was performed in order to obtain
an order of magnitude indication of the possible effects caused by ablation,

Z. ABLATION

A re-entry trajectory chosen for ablation analysis is the DODCO trajectory
presented in Reference {(20). The trajectory was extrapolated down to 60, 000
ft. tc extend the ablation calculations over a greater range of interest (see
Figure 38). In addition to the trajectory, other assumed inputs were:

1) nose diameter;D = 6,0 inches
(felt to be a lower limit on size)

2} nose material; "Graphitite G"

(a material for which experimental ablation data taken in the CAL
Wave Superheater Supersonic Tunnel arve available)

3) zero angle of attack and sideslip over the entire trajectory.

The results of the ablaticn calculations are presented in Figures 39 to 41.
In Figure 39, the nose temperature time history is given. In Figure 40, the
stagnation point heat transfer rate is presented. Both of these curves are
fairings through point by point integrations (symbels) that were hand calculated
for the trajectory. The nose recession A X (see sketch) as a function of altitude

is presented in Figyre 41. The maximum ablation is seen to be approximately
. 825 inches, or Fa /\r = ,275.
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3. ABLATION EFFECTS

For the conditions presented in Section V, 2,, it was seen that the maximum
value of stagnation point nose recession was AN / v =.,.275. The following
assumptions and methods were used to interpret this recession distance as a
perturbation to the air data equations. First, as previously stated, only the
case at zero attitude angle was considered. Second, it was assumed that as
the stagnation point recedes, no ablation occurs at the probe shoulder and,
further, that the nose shape can be approximated by anellipse, see sketch, ™

For an ellipse, the coordinates of the orifice can be found from
2 2
X
= '1’b =} | (99)
here
b= v

Solving Equation (99) for x and taking the first derivative results in,

dx | 220  (AdV
P [‘ - ”'F'"('"T')] (100)

Next, it is necessary to assume that the pressure ratio p/Ps at X,
can be approximated by a cosine function even though the surface is elliptical
rather than circular,

Thus,

P/ps = cos" @ < cosn,gé' (101)
where ¢/ is the angle between the axis and a line normal to the body surface,
Therefore, »

j; = tan @’ (102)
*

Alternatively, a model in which the nose shape remains spherical bu*
increases in radius of curvature due to ablation was also considered,

hcwever, the resultant perturbation to the air data equations is nearly
the sarme as the above analysis, therefore, it is not included herein,
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and further —zx— = 'ta\n ¢ , (103)
Substituting Equations, (102) and (103) into Equation (100) for port locaticn,
D =457 results in Q' =27° 45!,
From Equation (1C1)
{ (e
log (cos @)

and since the " value used in the assumed distribution is h = 2. 24 (for the ,
hypersonic case), we get an error in h of: '

an=n-n’'=i44

From Section II, the resulting error in X for the two orifice configuration is,

Ao = (eot @, +'tano()—c——"‘—';‘f’—29—‘- ]:ZC + Eoge(cos¢,+sin¢'hnd)j14n] (36)

Values of Adtversus o forAn = 1. 44 are given in Figure 42, Here, values
ata#0arc considered. To arrive at these conditions physically, it would be
necessary to fly at L= 0 while the nose ablates symmetrically, and then go to
some angle of attack while the nose is still symmetrically ablated. The curve
forAn= 1. 44 shows that large errors exist in & due to ablation. However,
this perhaps is the largest possible ablation case in consideration, since the
stagnation point was kept fixed and because the nose diameter considered was
the lower limit in size. The ablation equations (not presented here) show an
ablation dependence on nose radius of the form '
|
Arﬂ 0t —p (105)

Thus, for example, for a 12-inch diameter probe

al

and for this case,An =, 60. The angle of attack error A ol , for D = 12 inches
is also shown in Figure 42. While a 12-inch dizmeter probe reduces A ol
significantly, it can be zeen that the perturbation is still large. Thus, it could
be concluded that nose recession should be limited, either by cooling, or by
large nose diamater to & /r less than perhaps 5% if satisfactory attitude angle
results are expected, using the two-orifice per plane model and equations.

Alternatively, the sensitivity of the attitude equations to the exponent N can
be eliminated by using three pressure ports instead of two in each attitudez
plane. For the case of three orifices and a logarithmic pressure relation,
Equations (45) and (52), it is possible to eliminat= the pressure distribution
exponent N1 and for this case the change in nose shape due to ablation will not
cause an error in attitude determination. Pressure and attitude equations for
this orifice configuration are described in Section II. It shouid be cautioned
however, that foa this scheme to be correct, the nose pressure distributions
must obey a €05 @ ‘relation even though the value of N is unknown.
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SECTION VI

SUMMARY OF RESULTS AND RECOMMENDATIONS

1. SUMMARY OF RESULTS

Air data outputs obtainable from pressure measurements on a hemisphere
probe have been investigated analytically for free stream Mach numbers which
include and put emphasis on the hypersonic flow regime. Specifically, vehicle
attitude can be obtained from the pressure inpuis alone, whereas true air speed
requires the additional input of free stream density. A simple flow chart of air
data inputs and obtzinable air data outputs at hypersonic and supersonic Mach
numbers are shown in Tables Ila and IIb, respectively. A more detailed chart,
Table III, lists air data inputs, outputs, equations, assumptions, etc., and
provides in effect a summary of the study performed. At hypersonic Mach
numbers, vehicle attitude or angle of attack ol and sideslip /5 can be obtained
using only pressure distributions measured on a hemispherical nose through
the relations i

z24
R Pt .
ol an [ﬁ(‘pz) |] (32)

R tan [\IZ (-%-)let |] (41)

Attitude angle uncertainties in these expressions resulting from one percent
individual pressure measuremeni uncertainties, and possible pressure distribution
variations are on the order of £1/2 degree for attitude angle variations from

-20° to +50°, The equations can be used for angles as high as 85° with ne
resultant discontinuitiss, but with uncertainties hecoming as large as x6°,

Over the lower Mach number regime (transonic, supersonic) the recommended
Mach number independent attitude angle expressions are

tog (B/R,)  tog (cos(et-@B)coscx)
log (P, ) log (€3¢~ P)eos o)

log (B'/Pg_)_ ) lg&(c os(8-5)/ 05 3 )
log (P"/Pz) log (cos(,s- ts/)/COS/S ) (54)

(47)

"Attitude angle uncertainties for these expressions are aiso on the order of

£1/2° however, the useful attitude range for these expressions is approximately
+20°, the expressions becoming unusable at higher angles due either te dis-
continuities or multiple value solitions.

Velocity (true air speed) can be obtained for Mach numbers of approximately

two or greater irom the hemisphere pressures if free stream density is an
additional input using the expression

U oz (Bh)”
® [t:.os Etan- '(ﬁ (—;':)'/’—l)] cos [_(E('%‘)M-l) (Z (%)V"—l)]] b A
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Likewise, indicated air speed can be obtained from the hemisphere pressure
inputs using

Y
U . Loz (%) |
7 [eosten 0z (-] eos [VZ (G- ) (R 1) ] +

where f" is sea level atmospheric density.

(95)

For Mach numbers 2 6, N equals 2.24 whereas N is Mach number dependent
for 2<M<6.

An altitude, or more properly, a pressure altitude cannot be obtained
from the pressures measured on a hemisphere in hypersonic flow. Given free
stream density, a density altitude can be obtained to within at least +8%.

As with altitude, the pressures measured on the hemisphere are insufficient
inputs to obtain hypersonic free stream Mach number. When density is given,
however, and velocity is calculable, Mach number can be obtained to £10% or better.

For the simple attitude expressions, Eq. (32), (41}, large errors in attitude
due to ablation could be expected. However, use of Eq. (47), {54) would allow attitude

to be determined even with ablation if the nose pressure distribution still obeyed a
cos™ B relation.

2. RECOMMENDATIONS

The present analysis of air data outputs obtainable =t hypersonic Mach
numbers using measurements of nose pressure has lec ro a simplified set of
air data equations. These expressions, believed to hold with acceptable
accuracy in the high Mach number flow regime, resulted from methods used
to predict the hemispherical pressure distribution over a broad range of flight
conditions. Since these equations allow easy utilization of the air data inputs,
they appear to be very promising for hypersonic flight usage. It would seem
worthwhile, therefore, to study the equations experimentally. That is not to
say that considerable experimental data have not been used in the derived
expressions; however, the equations have not been experimertally verified
over the range of attitude angles (up to 50°) and flight velocities (to 20,000
feet per second) considered in this study.

Specifically, experimental verification of the two following expressions
upon which the air data equations are constructed would be of primary interest.

P=Pcos" 6 n =224 (10)
2
Ps=Ks£°°2—U"”—~ K=1.92 _ (106)

These two expressions should be studied experimentally over the flignt
envelope of interest with variation in U /0,, (altitude), o{ and ﬁ . In
addition, insofar as possible, other test variables, e.g, Mach number, Reynolds
number, model size, should be duplicated.

Flight duplication of velocity presents the most difficult requirement for
ground test facilities. With regard tc this problem, hypersonic shock tunnel
facilities appear to be the most promising, the Cornell Aeronautical Laboratory
Shock Tunnels for example having the capability of duplicating velocity-denc'ty
flipht conditions for a full-size probe up to true air speeds of about 15,000 feet
ner second {sce Reference 21).
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In conclusion, if the air data equations for oL ,

and Ua can be shown

to hold satisfactorily over the flight regime predicted, then the use of the
hemisphere probe in actual vehicle flights is recommended,
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TABLE IIa

HYPERSONIC CONTINUUM OUTPUT FLOW CHART

P .
2 @ PP cos” O n=2.24

oL = tzm'\[csc 8, (‘?‘)%\' C°;t ¢]

2

2= taﬁ‘[csc Xl (—-Pi-)z"— ot x,]

53

§=tan (r_osd 'CAV\/B) _

e-= c.os-‘ (cosé cos:&)

Fs = Pz/cosh'e
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TABLE I b

TRAMNSONIC - SUPERSONIC

&

ey (%)

4§

OUTPUT FLOW  CHART

P=P cosﬂe

)

,L,,,(# ,&? (cos @, + sin@ tan o)

,Qo?(?,:) L?, (costhy+ sin @, tand)
) ,&,ﬁ,(cosb' +sin ¥, tanB)

(Pr. ,l,? (cos ¥, + sin Y5 tan F)

S =tan' (cosa 'szﬁ)

-
6= cos (cos S cos c!.)

Ps" P7.//c.os 6
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