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ABSTRACT

. The general transmissivity equation for computing slant-path molecular ab-
gorption spectra is developed and two methods for evalvating this equation, the
direct integration and that which assumes u model of the band structure, are dis-
cussed. Five band models are discussed and twelve methods for computing mo-
lecular absorpti~n hised on these band models are presented, Spectra computed
by band-model riethods are comoared with spectra calculated by direct integration
of the general transmissivity equation and with open-air tield measurements of
absorption spectra. Conclusions concerning the capability of band-model methods
for predicting slant-path abscrption spectra are stated and recommendations for
future research are outlined. A summary of open-air field measurements of ab-
gorption spectra and laboratory measurements of absorption spectra for homo
geneous paths i3 presented and a computer program for computing the equivalent
gea-leval path, the Curtis-Godson equivaleut pressure, and the abscrber concen-

tratior for atmospheric slant paths for any model atmosphere is given in appendix I.
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BAND-MODEL METHODS FOR COMPUTING ATMOSPHERIC
SLANT-PAYH MOLECULAR ABSORPTION

INTRODIUCTION
The literature devoted to the development and presentation of methods for computing at-
mospheric slant-path molecular absorption based on assuming models of the band structure is
extensive. This state-of-the-art report summarizes the literature, discusses the advantages
and limitations of such methods, and demonstrates the degree of correctness with which ab-
serption spectra computed by band-model methods can predict the true absorgtion spectra for

an atmospheric slant path.

In recent years there has bven considerable interest in predicting the amount of atmo-
spheric attenuation of electromagnetic radiation for a wavelength range extending from the vis-
ible to the far infrared. Knowledge of the amount of radiation which will be transmitted by the
atmosphere between a heat source and a detector is required [or the design of infrared equip-
ment. Other concerns are the amount of sky-background radiation a detector will see and
problems of radiation transfer in the atmosphere. These diverse problems require values of
attenuation spectra ranging from mere approximate values of attenuation for broad spectral

intervals to fairly accurate. high-resoiution attenuation spectra.

In order to fulfill such diverse requirements, extensive resear<a has been dcne in the past
decade with the objective, first, of specifying and defining the problem of atmospheric attenua-
tion . and second, of developing methods for predicting the attenuation for arbitrary atmospheric

slant paths for assumed model atmospheres,

In general, there are five attenusting mechanisms which may be associated with the atmo-

sphere:

(1) Absorption by the ozone in the Hartley continuum

{2) Rayleigh scattering by molecular nitrogen ard oxygen
{3) Particulate or Mie scattering

(4) Resonance atomic absorpticn

(5) Molecular band absorption

In the spectral range from 0.2 to 0.32 ., photo-absorption associated with the decomposi-
tion of ozone plays a dominant role in attenuation. In this range, stienuation is very sensitive
to wavclength and the ozone density. Unfortunately, the ozone dersity is a compiex function of

altitude, the functional relationship being variabie with time and geographic location,
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Rayleigh scattering by molecular nitrogen and oxygen must be considered in the ultraviolet
and visible regions. From the standpoint of both the distribution of the scattering mstter and
the wavelength dependence of ihe absorption coefficients, this is the simplest of the attenuating

mechaniame to be considered here,

The presence of haze or trace distributions of particulate matter in the atmosphere causes
Mie scattering— a phenomenon of particular importance to ground-based observations. This
scattering problem becomes less acute as reasonable aititudes are achieved since the particu-
late matter is generally confined to lower altitudes. It is a rather complex problem, however,
because the wavelength dependence of the absorption coefficient is a function of particle size.

The spatial distribution of particulate matter is fairly complex and still relatively unknown.

The most complicated and difficult attenuation problem arises from molecular band ab-
sorption, The molecules in the atmosphere which have vibration-rotation resonance freguencies
in the infrared, and hence give rise to absorption, are water vapor (H20), carbon dioxide (COz),
ozcne (03), nitrous oxide (N20), methane (CH 4}, and carbon monoxide (CQ). H20, C02, and 03
cause the greatest amount of absorption because they have strong absorption bands and exist in
the atinosphere at reiatlvely high concentration. The molecular species CO, N20, and CH 4
demonstrate significant amounts of absorption only when the iine of sight passes through a large

number of air masscs,

To completely specify the amount of attenuation of some source of radiation as it traverses
an atmospheric slant path, it would be necessary to consider each of the five mechanisms, How-
ever, each attenuation mechanism constitutes a complex problem warranting separate treat-
ment, In this report we consider only the probiem of molecular absorption, and place particular

emphasis on band- model methods of computing the absorption caused by an atmospheric slant path.

The problem of calculating the molecular absorption by any one of the absorbing species
mentioned above is extremely complex because of the many variables that must be known be-
fore the computation can be performed. In general, it is necessary to specify the meteorological
conditions that exist at each point along the path, including pressure. temperature, and the con-
centration of each absorber. Also, for a given waveicugth interval, the location, intensity, and
shape of each absorption line must be specified 2s well as the functional reiationships between
these parameters and meteorological conditions. if all of the above quantities are known, then
the absorption spectra for any desired resolution ¢an be determined by euinming the contribu-
tion to absorption of each spectral line throughout a glven wavelength interval, This method is
most easily applicd to homogeneous pulhs but can be extended to slant paths by performing a
direct pressure integration along the path.
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The method of summing the contribution of each spectral line is the most rigorous way of
determining atmospheric absorption since it involves a direct integraiion of the generai trans-
missivity function which specifies the absorption of an atmospherlc slant path. Although rigor-
ous, this method has not received general application for all abscrbing species and all spectral
regicns since the necessary line parameters are Jmown fairiy accurately for only a small portion
of the spectrum for the major absorbing species and are almost unknown for the minor consti-
tuents. Because knowledge of the band parameters is limited and because the direct integration
involves such extensive computational labor, alraosat all of the currently available methods for
computing absorption use approximations which reduce the general transmissivity function to a
form which expresses the transmission averaged over so. .ie interval, in terms of eiementary
functions. The simplified equation is then used in conjunction with laboratory homogeneous-
path data to predict absorption for other hoinogeneous paths. This last restriction necessitates
the reduction of a slunt path to an equivalent homogeneous path. The standard approach used in
performing the simplification of the general transmissivity function is to use a model of the band
structure, that is, to assume that the line posgitions and strengths are distributed in a way that
can be presented by a mathematicai modei,

It should be pointed out that both the rigorous calculations and the band- model methods re-
quire laboratory data, but with this difference: the rigorous calculations depend upon high-
resolution spectra to obtain the necessary line parameters prior to performing the direct inte-
gration. Band model methods involve empirically fitting the integrated transmissivity function
to iaboratory spectra to specify equivalent line parameters.,

The rigorous calculations would appear to yield results that are more exact since the line
positions are not simulated. However, the model calculations are more accurate at the present
time for some molecules in some spectral regions. The reason for this is related to the inac-
curacies in the shape, intensity, and half- width of the spectral lines. The zreat advantage of
using a direct integration is the ability to extrapolate over extreme ranges of pressure, tem-
perature, and absorber concentration and the fact that much higher resolution is obtainable than

from band- model calculaticns.

In section 2 of this repcrt, the general transmissivity function for determining atmospheric
slant-path ahsorption is derived and the simplification of this function through the use of band
models is performed. The equations for determining an equivalent homogeneous path for an
atmospheric slant path are also derived and methods of empirically fitting band- model absorp-

tion equations to homogeneous-path absorption spectra are presented,
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2
GENERAL THEORY OF ATMOSPHERIC ABSORPTION

1

The atoms of any molecule not at absolute zero are constzntly oscillating about thetr posi-
tions of equilibrium. The amplitudes of these osciliations are extremely minute and their fre-
quencies ai'e high. Since these frogucncies are of the sane orders of magnitude as are infrared
radiations, some direct relationship might be expected between motions of the atoms within
molecules and thelr effects »n infrared radiation incident upon the atoms. Actually, those mo-

lecular vibrations which are accompanied by a change of dipole moment, so-called "Infrared-
active" vibrations, absorb by rcsanance all or part of the incident radiation, provided the fre-
quencies of the latter coincide exactly with those of the intramolecular vibrations. Thus, if a
sample of molecules of a single absorbing species is irradiated in succession by a series of
monochromatic bands of infrared, and the percentage of radlation transmitted is plotted as a
function of either wavelength or frequency, the resulting graph will show regions of absorption
centered at each of the resonant frequencies. The percentage transmission is generally dif-
ferent for each resonant frequency, depending upon the energy of the molecular transition.
These regions of absorption are known as spectral lines, If the sample of molecules belng ir-
radiated is at a pressure so low that there is a minimal amount of molecular interaction and

at a temperature so low that there is little relative molecular motion, then each of th~ spectral
lines would be extremely narrow and in the limit would have an infinitesimal width. For at-
mospheric conditions the pressures are such that there is a significant molecular interaction
giving rise to spectral lines which absorb over a range of frequencies. Although asymmetrical
lines have been observed for some molecules under some conditions, for the most part the ab-
sorptlon of a spectral line is a maximum at the resonant frequency and decreases to zero as-

ymptotically at smaller and greater frequencies in a symmetrical manner.

Because the spectral lines of atmospheric gases are generally clustered in bands of fre-
quencies, there are certain broad regions where no absorption exists and other regions where
the absorption is almost continucus, For example, water vapor has twc absorption bands near
2.7 1 containing approximately 4000 spectral lines. Figure 1 shows the near-infrared solar
spectrum of atmospheric air and laboratory absorption spectra for each of the infrared-active
atmospheric gases. In order of presentation, carbon monoxide has one fairly weak band at ap-
proximately 4.8 u, Methane has two regions of absorption at 3.2 and 7.. . The second methane
band is almcst completely obscured by nitrous oxide which also absorbs at 7.3 . The strongest
of the two nitrous oxide bands is cenfered at approximately 4.7 u. Ozone has two bands, one at

9.6 i and the other at 14 y. The two remaining gases, carbon dicxide and water vapor, are the
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most significant contributors to atmospheric absorption. Carbon dirxic: has three strong bands

at 2,7, 4.3, and 15 . Water vapor has a greater number of absorption bands than any other ab-
gorbing species with bands at 1,14, 1,38, 1,88, 2,7, 3.2, and 6.3 p,

The absorption of infrared radiation by atmospheric gases is then characterized by discrete
bands consisting of a large number of overlapping spectral lines of various sirengths which are
distributed throughout the band. The degree of overlapping depends upon the line half-wiaih,
and the distribution of lines throughout an absorption band depends upon the absorbing molecule.
For example, the line positions for water vapor are distributed unevenly, in contrast to carbon
dioxide, which displays a relatively reguiar spectral-line distribution.

2.1. GENERAL EQUATION FOR SLANT-PATH ABSORPTION

The general equation which specifies ihe molecular absorption of an atmcspheric slant path
composed of a single absorbing ges may be derived by considering the Lamberi-Beer law. This
Iaw is rigorous when the absorption coefficient does not vary over the spectrai bandwidth under
congideration, It states that the decrease in spectral intensity dI(x, +) which is caused by ab-
sorption in a (thin) differentiai section of path dx, is proportionai to dx, to the intensity I(x, )
of the radiation incident on the front face, and to the concentration p(x) of the absorbing mote-
cuie. The proportionaiity constant is designated k(x, 3. Mathematicaily,

di(x, ¥ = -I{x, vk(x, We(x)dx

Integration gives the transi:ission 7 over a path from x= O tox =X,

X
(X, ¥ = exp [I k(x, ¥)pix)dx
0 J

To determine the transmission over a finite frequency interval the average is taken:

X
%) = f {exp U k(x, ¥)p(x) dx]} dv
Av 0

Rewriting in terms of absorption, we have the average absorption for the frequency interval Av

given by
1 X
A= E}J. 1-exp 5 kix, vip(x)dx| »dv (1)
Av 4]
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where p(x) is the density of the absorbing gas
x is the distance aiong the path

k(x, ¥} is the absorption coefficient

The absorption and its functional form with respect to the path therefore depend upon ‘he
form of the absorptlon coefficlent within the Interval Av. Let us assume that the interval A v
contains a single spectral line and let us specify the various forms of k{x, V), where each torm
depends upon the environmental condltions of the absorbing gas.

If only one molecule of gas were present, the form of k(x, v) would simply be a constant
having a value only au ¥,, the center frequency of the spectral line, In general, there are many
gas molecules present and the fact that gas molecules colllde gives rise to the Lorentz pres-
sure-broadened line which is considered fundamental for the whole theory of atmospheric

transmission. The form of k{x, V) as given by the Lorentz theory is

a

kx, ¥ =2 —-L—— @

(v- VO)Z va
In this equation, Y0 is the frequency at the line cenier and 8 is the line strergth which depends
upon temperature according to

T,-T
372 -E" "0
§=8p(Ty/D " exp (_k_—'F""o—)

where E" is the vibratlon-rotation energy of the initial state. The half-width of the line (aL) de-
pends upon pressure and temperature in the following manner:
- N
a =a fl)(&j
L LU\P AT
\ 0\

where P is the effective broadening gressure. It is different from the total pressure because
the absorbing gas molecules are more effective in broadening than are the foreign gas mole-
cules. Burch et al. [1] have shown for CO2 that P equals the total pressure plus 0.3 times the
partial pressure of COZ' T ls the absolute temperature, and n depends upon the nature of the
broadening gas and line center frequency. For nitrogen-water vapor collisions, Benedict and

Kaplan [2] show n = 0.62 tc be a good representative value. Here S, and a, , refer to the

LO
strength and half-wldth, respectlvely, calculated at a reference temperature TO'

A study by Winters et al. [3] of an isolated C‘.O2 apectral line shnwed that the intensity in
the wings of the line decreased more rapidly than predicted by the Lorentz expression. On the
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basis of this study Benedict proposed the followlng empirical expression for the spectral line
shape of COz:

a
5 L
kix, ¥ =3 -——3—= [¥= %] #
(v- vo) + aL

§:\aL exp (-a V- vy
n 2
(v- vo) + aL

-), |v-v0|-‘.’d

where d {s the average spacing between spectral lin.s

a-= 0.0675
b= 0.7
d=2.5cm’!

1

The value of A is chosen to make the two forms continuous at |£' = 0| =d=25¢cm .

There is a second cause of line broadening known as the Doppler effect which is related to

the relative motions of the molecules. The pure Doppler broadened line [4] is given by

2

k(x, V) = koe'y (3}
where

1/2
ko= &S_(ﬂ_nni)
D
(v-v)
y= (tn 2)'/2
“b

and ey the Doppler half- width at half maximura, is given by

1/2
=T
=t 8 — R
a_ = 3.58x 10 (“) "0

where M = molecular weight.

For lower altitudes where the atmospheric pressure is high, the Lorentz half-width, @
is dominant. As the atmospheric pressure decreases, the Lorentz half- width decreases and
the influence of Doppler broadening becomes more marked. For the 15-p 002 band, !ie Dop-

pler and Lorentz half-widths are equal at about 10 mb [5] and at iower pressures the Doppler

.
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half-width is greater. Thus, ove." 2 wide range of atmaospheric pressures it is necessary tu

congider the mixed Doppler-T.orcntz line shape to be completely accurate, The absorption

. coefficient for the mixed broadening is given by reference 6:

kqu © e—t2

k(x, v) = —— 5 3 2dt @
' ou o+ (Y-t)

/-l

where ko, Y are as before and
o
u= L pl/?

Four different forms for kix, v) have been stated, each form accurately representing the
shape of a spectral line if the appropriate conditions are satisfied. Therefore, to completely
specify the absorption as given by equation 1 it is necessary to substitute the anprapriate form
of k(x, 1).

Let us assume that the spectral interval over which equation 1 is defined contains many
spectral lines, Then we have
1, (K .
Adps= 1- exp _EZ.{ kix, Vplx) dx {3
Av i=1 g

Equation 5 is the general equation for specifying the absorption of & given species over an at-
mospheric slant path, the range of pressures encompassed by the path defining the specific

form for the absorption coefficient k(x, v).

To better understand the parameters that must be specified before equation $ can be evai-

uated let us assume that the siant path is such that the Lorentz line shape is valid. Then equa-

I 1

8.a. plx)
1 it

AAv= 1- exp -;Z -mdx dv (6)
o, i

tion 5 becomes

i=1
av B

The summation is over the total number of lines in the spectral interval and Sn is the strength
of the nth line, an is the half- width of the nth linc, and vy is the center frequency of the nth line,
n

The proklem of determining slant-path transmission spectra is then to evaluate equation §

for each frequency within the spectral intervai of interest., To perform this evaluation, the

foilowing four parameters must be specified:
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(1} The shape of each spectral line

(2) The location of each spectral iine

(3) The intensity and half-width of each line and their s-~riatiors with temperature and
pressure

(4) The density of the absorber at each point in the path

In theory, if all of these parameters were known exactly for all absorption bands and for
all absorbing species, the infinity-resolved transmittance could be determined simply by sum-
ming the contribution to absorption of each spectral line at each wavelength. Uniortunately,
although the iine positions are documented, the line parameters such as intensity and half-width
50 band and the 15-4 CO, band. Drayson [5] has
evaluated equation 6 for the 15-y 002 band for 200 paths ranging from sea level to the limit of

are known fairly accurately for only the 2.7-p H

the atmosphere for zenith angles extending from the horizontal to the vertical. Some representa-
tive spectra are presented in section 7 of this veport. Gates et al. [7] have also evaluated egua
tion 6 for the 2.7-u H20 band for homogeneous paths. Samples of their spectra are also pre-

sented.

The method for computing absorption by the direct integration shown in equation 6 ig classi-
fied as the rigorcus method since it sums the contribution of sach spectral line* aiter first de-
termining its position and intensity. This is in contrast to the mathod which assumes that the
positions and intensities ocbey some mathematical model. The rigorous method requives a great
amount of computational labor and the process must be completely repeated for each slant path.
The advantages of this method are its ability to extrapolate over extreme conditions and that any

resolution is obiainable since Av in equation 6 may be made as small as desired.

2.2. BAND MODELS FOR COMPUTING SPECTRAL ABSORDPTION

2.2,1. INTRODUCTION TO THE BAND-MODEL CONCEPT. Many applications do not re-
quire a highly accurate determination of the absorption spectra, but only a first-order approxi-
mation to the true spectra, and in many cases the spectra may Lave relatively low resolution,
Therefore, aimost all uf the available methods for computing atmospheric absorption use

approximations which reduce equation 6 to a form which expreszes the transmission, averaged

*All spectral lines are not necessarily included, but only those having an intensity greater
than a certain mininmuin value.
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over some interval, in terms of elementary functions. The simpltfled eqvation ts then used

*vith laboratory homogeneous-path data to predict absorption for other hwoinogeneous paths,

The classical approach used in performing the simplification of equation € is that of using
a model of the band structure. That is, it 15 assumed that the line positions and strengths are
distributed in a way that can be represented by a simple mathematical model. The most con:-
monly used band models are listed here,*

(1) The Elsasser or regular model [B-1C] assumes spectral lines of equal intensity, equ:l

spacing, and identica! Lalf-widths, The transmission functlon is averaged over an interval

equal to the spacing hetween the line centers,

{2) The statistical or randrm model, originally developed for water vapor assumes that
the positions and strengths of the lines are given by a probability function. The statistical

model was suggested by Telles and worked out by Mayer [11] and (independently} Goody {12].

(3) The random-Elsasser model [10] is a generalization of the Elsasser medcl and the
statistical model. It assumes a random superposition of any number of Elsasser bands of dif-
ferent intensities, spacings, and half-widths, Therefore, as the number of bands ranges from
one of Infinity, the band model extends, respectivcly, from the Elsasser model to the purcly
statisticat model. This generalization, therefore, yields an infinite set of absorption curves

between those of the Elsasser and statistical models.

{4) The best available model is the quasi-random model [13]. It is capable of falrly ac-
curate representation of the band provided the averaging interval is made sufficiently small.

Howevcr, of the five models, it requires the greatest amount of computation.

{5) The King model [14] congists of an infinite array of lines, either randor or regular,
which is modulated by a band envelope whose intensity falls off exponentially frem the band

center.

2.2.2. A SINGLE LORENTZ LINE. Le! us consider the zbsorption caused by a single
spectral line of a homogenecus path of a single absorbing gas. Let us assum¢ that the shape
of this llne is represented by the Lorentz equation. For these conditions the absorption is

given hy

* Other band models have been developed and are discussed in delzil by R. M. Goody
{Atmospheric Radiation, O~ford University Press, 1964). The models tisted here are those
that have recaived general application.

11
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( X B
1 Sap
AAv = l-expl-= _—_E—'_'de dv (D
9 (v-v) +a
Av 0 0)

For a homogeneous path 8, ¢ and p are constant; equation 7 further reduces {o

\
AAv= 1-exp -TST Elvz———z }dl’ (8)
) (v - vo) +a
X
where W = j pdx = pX and is defined as the optical path length.
0

A plot of absorption versus frequency is shown in figure 2 for different path lengths, or
for different values of W. The absorption caused by this line for a path of length xl wovld be
considered a weak line since the absorption is smali even at the line center, For a path of
length x3 the center of the line i3 completely absorbed away and any further increase in path
length would only change the absorption in the wings of the line. Absorption by paths of length

équa.l to or greater than Xa would, therefore, be considered strong-line absorgtion.

In equation 8, if it is assumed that the interval Av is such that the entire line is included,
then the limits of integration can be taken from - to « without introducing a significant error.
When these limits are used, eguation 8 can be solved exactly for the total absorption. Ladenburg
and Reiche [15] have solved the integral to obtain

Adv= 2nawe"p{10(tp) + L) (9

where v = SW/2n¢ and Ii} and 11 are Bessel functions of imaginary argument. Examining equa-
tior. § under conditions of weak-line and strong-line absorption, we have for weak-line absorption
Y << 1; equation 9 reduces to

Adv= 21y = SW (10)

and absorption is linear with the optical path length W. Under conditions of strong-line ab-
sorption  is large and equation 9 reduces to

Aav = 2/SaW (11)

which is known as the square-root approximation, The above derivations are for a single spec-

tral line but are also valid for absorption when many spectral lines arc present but do not
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overlap. Therefore, for the nonoverlapping approximatlon the absorptlon 1s simply given by
equation 9, 19, or 11, depending upon the value of .

2.2.3. ELSASSER MODEL. The Elsasser model of an absorptlon band 1s formed by allow-
ing a single Lorentz line to repeat itself periodicaliy throughout the Interval Ar. This gives
rise to a serles of llnes that are equaily spaced and that have a constant Intenslty and half-
wldth throughout the interval. This arrangement of spectral llnes was flrst proposed by Elsasser
[8] and his derivation is presented here. The abscrption coefficlent for a periodic band 1s glven
by

ENE/]

, S
12)

L Ty nd) 2,2

n=-o

It is possible to express equation 12 In terms of an analytical function owing to the fact that if
such a function has only singie poles, it is uniquely defined by these poles. Therefore, equation
12 is equivaient to

sinh 8
dcosh 3 - cos s

()—~ (13)

where 8 = 2ra/d
s = 2nv/d

I¥ the averaging interval Av is taken as one perici of the band (Av = 21), then equation 6 becomes

m
A= T J . {1 - exp [-Wk(B, 9)] } ds (14)

This integral has been evaluated by Elsasser [16] to give the general expression for absorption
by an Elsasser band, nameiy

Y
A - sinh ﬁ‘[ IO(Y) exp (-Y eosh 8)dY (15
0

where $ = 2na/d
" = py/sinh 3
¥ = SW/2na
d = mean spacing between spec.ral llnes

A plot of this function for various values of 8 is given in figzure 3. Becausc the functiun in its

present form is difficul! to evaluate, considerable effort has been expended comparing

14
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anproximate formulae and evaluating the integral, Kaplan [17] has expanded the integral into
a series which is convergent only for values of 8 less than 1.76. D. Lundholm [18] derived an
algorithm for the Elsasser integral which is convergent for ail valves of § and . The algo-
rithm and a computer program, written by Oppel, for the evaluation of the Elsasser integral
based on this algorithm are presented in apperdix I.. However, it is frequently deslrable to
work with approximations to the function which are valid for certain conditions,

2.2,3,1, Weak-Line Approximation, In figure 4 the absorption given by equation 15 is plot-
ted as a function of the product Sy = 8W/d for four values of 8. It is noted for 3 = 1 that the

absorptiou curves become superimposed ior all values of Y/, Since the parameter § measurzs
the ratio of line width to the dlstance of neighbtorlng line, 8 = 1 implies that the spectral tines
are strongly overlapped and spectral line structure is not observable. This condition corre-
sponds to large pressures which would be reaiistic for atmospheric paths at low altitudes.
Far 3 = 1, equation 15 can be approximated by

A-1-eP (18)
Further, equation 16 is a good approximation to equation 15 whenever the absorption is small
at the line centers (small'y} regardless of the value of 8. Therefore, this approximation is re-
ferred to as the weal:-line approximation, and, as will be shown later, is independent of the
position of the spectral lines within the band. Table 1 summarizes the regions of g8 and  for
which the weak-line approximation is valid with an error of less than 10%, This approximation
is particularly useful ir extrapolating the absorption to small values of ¥ and to large values
of pressure. Note that the weak-line approximation reduces to the linear approximatlon when
the absorption is small even if the lines overlap.

2,2,3,2, Strong-Line Approximation. Of increasing interest are the long atmospheric

paths at high altitudes which give rise to iarge values of W and small values of pressurz, Un-
der these conditions the absorption at the line centers is usually complete {large iy}, the hali-

widths are narrow, and the lines do not overlap strongly (small #), For large ¥ and small 3,

equation 15 may be approximated by

1.2 \M/2
A =erf (§£3 tP) %]
where
t 2
erf (t} =—Ej (3 ; At
v 0
16
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FIGURE 4. ABSORPTION AS A FUNCTION OF
fy= 5W/d FOR THE ELSASSER MODEL. The
weak-line appraximation is thie uppermost curve,

TABLE I. REGIONS OF VALIDITY OF VARIOUS APPROXIMATIONS
FOR BAND ABSORPTION*

Statistical
Statistical Modei;
Model; All Expon#ntlal
Eisasser Lines Equally Line Intensity
Approximation g =2na/d Modei Intense Distribution
Strong-line 0.001 ¥ >1.63 ¥ >1.63 ¥y >24
approximation: 0.01 v > 1.63 ¥ >1.63 lPo >2.4
0.1 ¥ > 1,63 ¥ > 1.63 Vo > 2.3
Equations 17 and 25: 1 ¥ >1.35 ¥ >1.1 v > 14
10 ¥ >0.24 v >0.24 Vo >0.27
100 W > 0.024 W >0.024 lPO >0.24
Weak-1ine 0.001 ¥ <0,20 ¥ <0.20 lP;J <0.10
approximation: 0.01 ¥ <0.,20 ¥ <0.20 vy <0.10
0.1 W <0.20 ¥ <0.20 ¥p <0.10
Equation 16: 1 V<o ¥ <0.23 ¥p <0.11
10 ¥ <o ¥ <o Vg <o
100 ¥ <w V<o Vg <o
Nonoverlapping- 0.001 ¥ <600,000 ¥ < 63,000 ¥p <80,000
line 0.0% ¥ < 6000 ¥ <630 NPO <809
approximation: 0.1 ¥ <60 ¥ <6.3 ¥y <8
1 ¥ <0.7 W <0,22 NPO <0.23
Equations 26 and 33: 10 ¥ <0,02 ¥ <0.020 ¥g <0.020
100 ¥ <0.002 ¥ <0.0020 ¥g <0.0020

*When ¥ = SW /944 satisfies the given inequalities, the indicated apprexima-
tion for the absorption is valid with an error of lcss than 10%. For the cxponcn-
tial {ine intensity distribution, ¥4 = S9W/g,,, where P(S) = 80-1 exp (-8/8;).
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which 1s known as the strong-line approximation to the Elsasser hand model. Figure 5i5 a

plot of equation 15 with absorption as a function nf Bzxp. For 8 = 0,01, equations 15 and 17 are
superimposed for Bzw > 0,0003, Clearly, given amail 8 and large t, equation 17is apartlcularly
good approximation for representing the absorption when 3 =1, If 8 £ 1, then equatlon 17 is
valid whenever 0.1 £ A = 1. This includes most values of absorption that are usualiy of Interest.
This case differs from the square-root approximation in that it is not necessary that the lines
do not avariap. For overlapping spectral lines {larger 3}, the values of { for which the approx-
imation is valid are simply reswricted to large values of ¥. The specific regions of validity are
given in table 1.

2.2.3.3. Nonoverlapping Approximation. The third approximation to the Zlsasser band

model is known as the nonoverlapping approximaticn, The regions of validity for the strong-
and weak-line approximations depcnd only upon the value of absorption at the frequency of the
line centers and do not depend upon the degree of overlapping of the spectiral lines. On the
other hand, the only requirement for the validity of the nonoverlapping-line approximatlon is
that the spectral lines do not overlap appreciably. 1t is valid regardless of the value of the
absorption at the line certers. This approximation is particularly useful for extrapolating the
absorption to small values of W and small values of pressurc which correspond to shuri paths

at high altitudes. Undcr these conditlons equation 15 reduces to

A= By 1 ) + 1, ) (18)

which is exactly the same expression as that obtained for the absorption by a single spectral
line. This is an expected result, for if the lines do not overlap there will be only one line that

contributes to the absorption at a given frequency.

In figure 6, A/f is given as a function of . The uppermesi curve s the nonoverlapping
approximation. For i << 1, the curve has a slope of 1 {i.e., a region where the weak-llne
approximation is valid) and for i >> 1 the curve has a slope of one-half {i.e,, a regivn where the
strong- line approximation is valid). The region of validity for various values of 8 and ¥ are
given in table 1.

The gencra! cxyression for absorption by an Elsasser band given by equation 15 and the
strong-line approximatlon (eq. 17) are useful for determining absorption by CO2 since the bands
consist of falrly regutarly spaced lines. However, the bands of H20 and 03 have a highly ir-
regular fine structure and cannot be well described by equation 15. To develop an analytical

expression for the transmissivity function for H20 and 03 we must employ statistical methods.
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FIGURE §. ABSORPTION AS A FUNCTION OF

82y = 2708W/d? FOR THE ELSASSER MODEL.

Curves are shown for constant pressure {$ = con-
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2.2.4, STATSTICAL BAND MODEL, Let Av be a spectral interval in which there are n

lines of mean distance d:
Av=nd (19)

Let P(Si) be the probability that the ith iine wiil have an intensity Si and let P be normalized;
then

o
f PS)dS =1 {20)
]

We assume that any line has equai probability of being anywhere in the interval 4. The mgan
absorption clearly does not depend upon v provided we are far enough away from tae edges of
the interval. W= shall, therefore, detrrmine it for v = @, the center of the interval. If ve jet

tire center of the ith line be at v, - u.‘, then the absorption coefficient becomes
o
ki(si! yi) = k(U= ull yo = 0)

The mean transmissivity is found by averaging over all positions and al! irtensities of the

lines; thus
(o ] s ]
- _Lnj av, .. j dv I p(sl)e'"‘"’ds1 . I p(sn)e"‘wdsn
ay" ‘av av Mo 0

But since all integralc are alike,

- {hfef pe¥ag] - [1- Lfavfrmu - Wy’

Since Av = nd, when n becomes large the last expression approaches an exponential; therefore,

3 &vexp [% [ps)a, an) dS] 1)
o -
where
(A, ] = j i1 - e ™Waw
av
Al is the abscrptivity of a single line taken over the interval Av,
20
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2.2.4.1. Equal Intensity Lines. Equation 21 can be evaluated for two special cases, First,
vhen all the lines have equal intensities equation 21 reduces to

-A_ Av/d
R A

Rewriting in terms of absorption, we have

A=1-expfave ¥ 0) + L)) (22)
If each of the lines absorbs weakly so that J is small, then equation 1€ reduces to

A=1-exp(-8¢) @3

This is the weak-line approximation to the statistical model with all lines equally intense. K
the lines absorb sirongly hen equation 22 reduces to

A =1 - exp (-2VSaW/d) (24)
In terms of 8 and ¥,
" g \1/2
A:l-e:..r‘—;ﬁ :,b) (25)
-

This is the strong-line approximation to the statistical model in which all lines are equally
intense.

The nonoverlapping apps oximaiiou to equation 22 is obtained from the first term in the
expansion of the exponential, so that

A= 3¢e“”[10(w) + L, (¥)] £

This is the same expression as {hat obtained for the nonoverlapping approximation to the
Elsasser model, equation 18,

2.2.4.2, Line Strength by Poisson Distribution. Next let us consider the case where the
lines are of different strength and the distribution for the probability of their strength is a
simple Poisson distribution, namely,

-8/8
P(8) = -S%e g {27
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By letting k = XS in equation 21, we obtain

reem (3 J mmq“d'”\ (@)
\ AV 0 }
We now introduce the Lorentz line shape

o

Kz ——er
n(v2 + az)

This vanishes fast enonugh for large Av that we can extend the integration in equation 28 from
- to w, giv.ug

WS _a
7= exp |- 0 —| (28)

2
dVa' + (WSGQ)/ﬂ-I
Rewriting in terms of absorption and 8 and , we have

A-1_exp [-13%/(1 + 2w0)1/ 2] (30)

where "DO = SOW/Zﬁ'a. This is the formula first developed by Goody and is therefore referred
tec as the Goody band model.

The weak-line approximation to equation 30 is obtained when 1};0 «< 1, Under these con-
diticns equation 30 becomes

A=1-exp (-8 {31)

The strong-line approxiination to the statistical model with an exponential distribution of
line strengths is obtained when "b{) >> 1, Under these conditions equation 30 becomes

A=1-exp ‘:—(%.321};)1/2] (32)

The nonoverlapping approximation is obtained from equation 30 when the exponent is small
and is therefore given by the first two terms of the expansion, or

A=Byy/0+ 2! (33)

2.2.4.3, Strong-Line, Weak-Line, and Nenoverlapping Approximations, The three approx-

imations to the two slalistical models will be discussed concurrently because they are so

22
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closely related. First, we shall censider the weak-line approximation. Recall forthis case
that absorption was given by A = % - exp (-8, which is exactly the expression obtained for

the weak-line approximation to the Elsasser band model. The same expression results when
an exponential distribution of line intensities is assumed with  replaced by v,bo. This confirms
our earlier statemcnt tha' under weak-line absorption, absorption is independent of the arrange-
ment of the spectral lines within the band. Absorption versus fy is plotted for equation 22 in
figure 7. The solid curves give the abrorption for the statistical model for the case in which
all lines are equally intense. The dashad curves give the absorption for the statistical model
with an exponential distribution of line strengths. The uppermost solid and dashed curves rep-
resent the weak-line approximations for those intensity distributions. The regions of validity
are given in table 1. For the case in which all lines are equaliy intense, the weak-line approxi-
mation is always valid within 10% when ¢ < 0.2, It is valid for the exponential intensity dis-
tribution when ¢ < 0.1, If 1% accuracy is required, these values of ¥ should be divided by 10.

The strong-line approximation to the statistical model for all lines of 2qual intensity and
for an exponential distribution of line strengths are given respectively by equations 25 and 32,
The absorption for these models as a function of ﬁzw is shown in figure 8. The strong-line
approximati~= ig the uppermost curve in the figure. The absorption can even become greater
than the limiting values given by this curve, It is evident thatl the distribution of line inten-
sities in a band only slightly influences the shape of the absorption curve. As fur the strong-
line approximation to the Elsasser model, the strong-line approximation to the statistical
model for eithes distribution of line strengths is always valid when 5 = 1and 0.1 A =1, The

complete regions of validiiy are given in table 1.

The last approximation to be discussed for the statistical model is the nonoverlapping
approximation. For all lines of equai intensity the absorptiun is given by the expression used

for the nonoverlapping approximation to the Elsasser model, namely,
= we VI
A = Bye VT W) + 1,{0)]

For an exponential distribution of iine strengths the absorption is given by equation 33. There-
fore, the intensity distribution, but not the regular e rundom spacing of the spectral lines, in-
fluences the absorption curve in this approximation. In figure 9, A/8 is plotted as a function of
v for the statistical model Note that if this figure is compared with the corresponding one for
the Elsasser model the nonoveriapping approximation to the Elsasser model has a consider-
ably larger region of validity. This is hecanse the spectral lines begin to overlap at consider
ably larger path lengths for the Elsasser model than for the statistical model (cf. table 1),
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The absorption for a model :n which the spec-
tral lines are all of equal intensity is compared
with that for a model in which the spectral lines
have an exponential intensi‘y-distribution func-
tion. The weak-line approximation is the upper-

most curve.
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TICAL MODREL. The absorption for a model in
which the spectrali lines are ail of equai intensity
is compared with that for a model in which the
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Three lmportant approximations to the band models i Elsasser and Goody have been dis-
cussed above. These three approximatlons provide a rellable means for the extrapolatlon of
laboratory ahsorption data to values of the pressure and path length that cannot easily be re-
produced In the laboratory. For example, the absorptton for large values of pressure can be
obtained fromthe strong- and weak-line approximations, depending upon whether W is relatively
large or small, For extrapolation to small values of pressure ali three approximatlons may
be used in their respective regions of validity; however, the nonoverlapping-iine approximation
is valid over the largest range of values of W. For exirapolation to large values of W, either
the strong- or weak-line approximation may be used, bui the former approximatlon is valid
over a much wider range of pressure than the latter. For extrapolation ‘o small values of W,
all three approximations may be used in their respective regionc of validity; however the non-
overlapping-line approximatlon !s valid over a wider range of pressure. In general, atmo-
spheric slant paths that are of interest to the systems engineer contain relativelv In-zc amzunts
of absorber and the range of pressures are such that the strong-iine approximation to any of
the models is applicable. As will be seen in seclion 3, almost all researchers used only the
strong-line approximations to the various band models to develop equations for predicting ab-

sorption over a specifled frequency band.

2.2.5. RANDOM-ELSASSER BAND MODEL. At small values of { the same absorption is
predicted by the statistical and Elsasser models, and is determined by the total strength of all
the absorbing lines. However, as (v increases the results calc ilated from these two models
begin to diverge; the Elsasser theory always gives more absorgtion than does the statistical
model for a given value of Y. The reason for this is that there s always more overlapping of
spectral lines with the statistical model than with the regular arrangement of lines in th:
Elsasser model; thaz, for a given path length and pressure, the total line strength is not used

as effectively for ahsorption in the statistical model.

An actual band has it3 spcetral lines arranged neither completely at randca nor at 1-egular
intervals, The actual pattern is formed by the superposition of many systems of lines. There-
fore, for some gases and some spectral regions the absorption can be represented more accu-
rately by the random Elsasser band model than by either the statistical or Elsasser modal
alone. The random Elsasserband model is a nateral generslization of the original models
which assumes that the absorption can be represented by the random supeiposition of Elsasser
bands. The individual bands may have different llne spacings, half-widths, and intensities. As
the number of superposed Elsasser bands hecomes large, the predicted absurplion approaches
that of the usual statistical medel.
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The absorption for N randomly superposed Elsasser bands with equal intensities, half-
widths, and line spacings is given by

A=1- [1 ; erf(%ﬁzw/Nz)]N

The derivation of this equation and the more general equation for different intensities, half-
widths, and iine spacings is discussed in detail by Plass [10j. The more general resuit is not

presented here since the result given above is the only function which has received application.

2.2.6. QUASI-RANDOM MODEL. The fourth band model that has been developed {13, 18] —

the quasi-random band model-—reportedly presents a more realistic model of the absorption
bands of water vapor and carbon dioxide. It does not require that the lines be uniformly nor
randomly spaced, but can represent any type of spacing which may occur. 1t also accurately
simulates the intensity distribution of the spectral lines including as many of the weaker lines
as actually contribute to the absorption. Furthermore, it provides a means of accurately cal-
culating the effect of wing absorption from spectral lines whose centers are outside the given
frequency iutervai. The quasi-random model allows for more accurate prediction of absorp-
tion than do the other three models but sacrifices simplicity in the process, When this model
is used the general transmissivity function cannot be expressed in terms of elementary func-
tions, Moreover, to determine accurate absorption spectra by this method, a priori knowledge
of the band structure is required, as it is in the rigorous method.

The quasi-random model is characterized by the following features:

(1) The frequency interval Ay for which the transmission is desired is divided into a set
of subintervals of width D. Within the small interval D the lines are assumed to be arranged
at random. The ‘r:nsmission over Ay >> D is then caiculated by averaging the resulis from

the smaller intervals,

(2) The interval Av is divided into subintervals D in an arbitrary manner. The trans-
mission is first calculated for one mesh, which defines a certain set of frequency intervals.
The calculation is repeated for another mesh which is shifted in frequency by /2 relative to
the first set. In principle, the mesh can be shifted n times by an amount D/n, The final cal-

culation is then the average of the results for each of these meshes.
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(3) The transmission for each subinterval D is calculated from expresslons which are
valid for 2 finite and possibly small number of spectral lines In the interval. The expression

15 not used which is valid 1n the limit as the number of lines becomes large.

{4) The spectral lines in each frequency interval are divided into intenslty subgroups
which are flne enough to simulate the actual intensity distribution. In the calculation, the aver-

age intensity of all the lines in each subgroup is used with the actual number of lines.

{5} The contribution from the wings of the spectral lines whose centers are outside a

ziven interval is included. The wing effect is treated in the same detailed manner used for

evaluating tlie contribution from the lines wlthin an Interval,

Let us consider one interval Dk of & yiven mesh. If there are n lines in the interval with
their line centers at the frequencies vi i=1,%2,..., n,_), then the transmission at the fre-
quency ¥ is affected by these n lines so that

r et B exp[-wity, vl ay, (34)
K pk m D
i=1 k

where W is the amount of absorber and k(v, ul) may be expressed as k(v, vi) = Sib(v, vi), b(v, vi)
is called the line- shape factor (Lorentz, Doppler, ete.), and Si is the intensity of the ith line.
The transmission i= ~alzulated at some frequency » which for convenience is usually taken at
the center of the interval Dk‘ Since this transmisslon corresponds to the average of all per-
mutations of the positions of the spectral lines within the interval, it is also assumed to repre-

sent the most probable transmisslon for the interval.

To be completely rigorous the transmission of each spectral line should be calculated from
its intensity and position and then substituted into equation 34, ‘I'nis procedure would require
a computation time analogous to that required for the rigorous method and hence would defeat
the purpose of employlng a band model. Thus, a method is used which sinwlatez the actual

intensity distribution.

The proredure adopted for intensity simulation is to divide the llnes in each frequency
interval into subgroips by intensity decades. When the line intensities are calculated, the re-
sults are grouped according to these intensity decades. The average intensity S_1 of the lines
in each decade is then calculated,

Wyatt, Stull, and Plass [19] havefound that only the first five Intensity decades for each

frequency interval influence the value cf transmission. Thus only the data for the five strongsast
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intenslty decades need be retained for each frequency interval, It should be emphaslzed that the
numerical range of the intensity decades retained is quite different for a frequency Interval
which contains strong lines than {or one which has weak lines. The criterlon la applied sepai -

ately tc each frequency intervai.

Thus, the transmission can be calculated by the following equatlon from the average value

of the intensity S—1 together with the number of lines n in each intensity decade:

5 (1 —§in(u,ui) A\
T, (v)=7r\ﬁ e ewi)ni (35)

koo \ Pk

‘The number of lines n, In the frequency interval is given by

n =Z n, (36)

Equaticn 33 represents the transmission at a frequency v for the Interval D, as affected by ny

k

spectral lines whose centers are within the interval D, . The integral in equation 35 represents

k
the transmission over the finite interval Dk of a single line rupresentative of the average inten-
gity of the decade.

The transmissicn at a frequency v Is also influenced by the wings of the spectral lines
whose centers lie In Intervals outside the interval Dk’ denoted by D1

Ty.. from each of these intervals Di is calculated by assumling a randem distrlbution of the
1

. The wing transmission,

lines within the interval Di' Thus, by the random hypothesls,thetransmission at the frequency
v is the product of ail transmissions calculated for the lines with centers in intervals, outslde
Dk’ taken with the transmission for the Interval Dk' Therefore
o
= 7
W =TT, O (37)
1=1

where the subscript n, indicates that there are n lines in the frequency Interval Di' The trans-
mission for the llnes whose centers are in the interval D1 are given by equation 35. The lines
in distant intervals from the particular frequency 1" have a negligible effect on the transmission,

50 that ln practice the product (eq. 37) usually nceds to be evaluated over only a few terms,

It 1s clear that the quasi-random mode: can reproduce the aclual line structure fairly ac-

curately if the chosen interval Dk is =inall enough. However, the smaller the interval the
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greater the amount of computation required. The tradeoff between the two has not been dis-
cussed by the authors, but such an investigation would indeed be of interest since any particular
application has a tolerable error which might be used to establish the frequency interval and
hence the degree of computation.

2.2,7, KING MODEL. All prevlous models generate expressions which can be used to
calculate absorption averaged over spectral intervals in the order of 5 to 10 wavenumbers.
To calculate total-band absorptiou using any one of thesc models one would necessarily calcu-
late the narrowband absorption at each wavelength throughout an absorption band and then
evaluate the integral IAud::' where Av ls the absorption averaged over some ‘:‘,, which is very
smzall compared to the total band. King [14] sought an expression which would yield the total
band absorption directly by performing the frequency integration prlor to the empirical fittlng
procedure. He {irst assumed the band structure was described by the statistical or Elsasser
models. Since each of these mcdels assumes an Infinite spectrum and absorption bands are

finite, the frequency integration cannct be performed without some modification of the model.

Every absorption band contains many spectral lines of varying intensities. Those near
the center of the band are more intense than those near the wings of the band., This distribution
of line strengths gives rise to a band envelope that King assumed to be approximately exponen-
tial. That is, the lne strengths decrease exponentlally from the band center. From this as-
sumption, King used an exponentlal envelope to modulate the spectral-iine arrays as given by
the atatistical or Elsasser model, Either modulated array was then integrated to yleld an ex-
pression for the total-band absorption.

Recall that the narrowband transmittance as given by the statistical model is

m— SW/d
i [1+ (Sw/na)] /2

where §, d, and @ are all taken within the band element,

In the opague line-center approximation (strong-line approximation}, SW/xa >> 1, There-

fore, the band-clement transmittance becomes

1/
7 - exp [-(nasw/dz) 1= exp [-(2x_W'/2] (36)

where we have defined the harmonic mean absorption coefficient kn by

o
1/3 2
-,%— =\ Taw=| ew [("“Szw) ]dw = %‘-‘a-s- (37)
"oJo 0 -
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Let us assume that these elements are modulated by a band profile whose shape is given
by

k = (kn)max exp (-1 v!/ve) (38)

leading to

dkn/dv= -kn/ve (39)

where Ve ig the band scale-width and is a measure of the steepness of the band profile.

The total band transmittance is the average of the narrowband transmittance over the
fini.> bandwidth av. So

Av/2

1
e |

1/
exp |-{2k W) dv (40)
—Av/2 [ n t]

By changing the dummy variable of integration from v to the harmonic mean-absorption co-
efficiem .‘:l , one can express the transmittance as a Laplace-like transform. Thus

kn
in d
24 m 1/2] v
T = -E?j exp [(-2knW) ]d—k—dkn {41}
k n
"max
Substituting equation 39 into equation 41, we have
k
Ve % min 1/3 dkn
T=Ev exp [(-21(““0 ] ¥
k n
n
max
v
-9l —_ 1/2] 1/
- 2(1.\ v/ 2) {El[(zkminw) E & o™ (42)

where El is the first exponential integral and is given by,

me-tx
E, (x) = —dt
1 t
1
For the strong line approximation, kn << 1 and kn W >> 1. By expanding the exponential
min max
integral, one obtaing an expression for the total-band absorption. Thus
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v n 3
- - e W1 max B
A-l-T..2(Av/2)21n2k +¢r+2ln2kn w
H min
min
and
Adv = A dv= 2veEn W+ In 2kn + 2a] (43)
max

where a = 0.5772156 is the Euler-Mascheroni constant. For the weak-line approximation,

k W<< landk
n n

< 1, and equation 42 can be approximated by
min max

) 1/2
A= 2(A 32)(2kn w)
v max

1/2
Aav= A dv=4v (2]( W) {44)
v e\'n
maz

Expressions 43 and 44 then represent the totai-irand absorption for the strong- and weak-line

and

approximations, respectively, if one agsumes that the ordering of the line array in the band
elements is statistical.

If we aasume that the lines in the tubset are spaced regularly, we have, from the Elsasser
model in the opague line-center approximation,

1/2
7 = erf (ITC.SW,/dz) = erf (qu/Z)l/ g

Using a procedure paraliel to that used in the development of equation 4Z, this equation
leads directly to the following expression for transmittarnce:

k
v "max k Wllzdk
T ert| 32— T
Av/2 X 2 k

I

min

v kn kn W
e min max
= 2(?»/2) Fl( 2 ) - Fl( 2 )
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where an error-function integral is defined by analogy to the exponential integral by

s »)
dt
Fl(x) = jx erf t-t—

The expar:sion of Fl (x) for small argument is given by

/

F () =-8- Inx+ a/m /2 a2,

where 6 = 0.981.

Simiiarly, the strong-iit expression is obtained by analogy with equation 43:
Ajv= 2ve(an+ 1/2 Inkn + 26) {45)
max

The weak fit is obtained using the expansion for Fl(x) and a procedure similar to that used in
equarion 44,

w 1/2

n

Adv = 8y g7V - mE (46)

Four expressions have been derived which express .otal integrated-band absorption under
conditions of strong and weak absorption in terms of three parameters ve, W, and k“max'
These parameters can be determined by empirically fitting the respective functions to labora-
tory homogeneous-path data. Once these parameters are specified these expressions can be
used to predict total-band absorption for other homogeneous paths. It is emphasized that one
should reduce the laboratory data to standard temperature and pressure (STP) before one em-
pirically evaluates the band parameter. The absorber concentration at STP is denoted by w*

n
and is given by w' = W;;(-TI-) , where P = effective broadening pressure and n is a function
o\'o

ul the al.sorbing moiecule. Then the respective equations can be used to caiculate absorpiion
for atmospheric siant paths by first reducing the absorber concentration in the path to an equiv-

aient sea-ievel concentration W*. The procedures for evaluzling W#* are disrussed later,

2.2.8. BAND-MODEL LIMITATIONS. In the preceding paragraphs, five models of the band
structure were discussed, four of which led to the derivation of closed-form expressions which

can be used to calculate absorption spectra. Although the use nf these models greatly reduces
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the amount of computation required by the method of summing the contribution of each speectral
line, their use is subject to several limitations:

(1) By their very nature the n:odels are such that they can only simulate the actual line
tntensities and distribution. Since the different absort.rs have different line structures, a
model that mnay be applicable to one gas may be inapplicable to another, Also, tne model may

be reasonably accurate for one spectral interval but very inaccurate for another,

(2) The solutions lose their simplicity when a mixed-iine shape is used rather than the
pur< pressure-broadened Lorentz line shape, Therefore, models are applicable only for a
range of pressure for which the Lorentz shape is valid.

{3) The spectral resclution for most models is limited. For the quasi-random model
this is not the case if the averaging interval is small enough, but under these conditinns the
simplicity of the model is sazrificed.

{4) A band model can be used only to predict absorption for homogeneous naths. There-
fore, atmospheric slant paths must be reduced to equivalent sea-level paths or to equivalent
homogeneous paths, both of which involve the use of the Curtis-Godson approximation. This

approximation is valid only for constant-temperature paths under conditions of streng-line
absorption.

(5} The use cf band models is further limited by the accuracy of the laboratory data upon
which the final solution is based.

These limitations may sound ratt.er severe, but for the range of atmospheric paths for
which the systems engineer wishes to determine =%sorption spectra the restrictions imposed
by the band models are satisfied. It has been shown by Plass [20] that for altitudes below 50
km {a catercry encompassing most paths of interest) under conditions of struong- or weak-line
ahsorption, the a.._.rption can be represented by the Lorentz equation, Aiso, the slant paths
of interest are usually long enough that strong line conditions are present and therefore the
Curtis-Godson approximaiion is usualiy applicable, It is emphasized that before a band-model
mathod 18 used to compute the absorption spectra for an atmospheric slant patk, -* should be
verified that the approximations inherent in the baud-model methods are satisfied. This is

done by, first, approximating the values of 3 and ¥ and then comparing the results with the
information in tabie 1.

2.2.9, TEMPERATURE AND FREQUENCY DEPENDENCE OF BAND-MODEL PARAM-

ETERS. A summary of the band modcls that yield clused-form expressions for spectral-band

34

o

AT B g T A o o W 2.0 S i g MR I A




WILLOW RUN LABORATORIES

absorption is presented in table 2, All of these expressions are functions of two parameters,
B and ¥, which are functions of temperature, pressure, absorber concentration, and frequency.
Recall that

ana

including the dependence of line half- width on pressure and temperature, Also, the line strength

is a function of temperature and frequency and is given by
3/2

T, By i o O
i% So(’f) 2 [_sz)_( T, )]

where S0 is the line strength at standard temperature and E” is the ground-level energy of a
given spectral line. Because E" varies from line to line, the variation of line strength with
temperature is different for each spectral line. Figure 10 clearly demonstrates this tempera-
ture dependence. As the temperature decreases, the line streigths near the center of the band
increase and the line strengths in the wings of the band decrease; the area under the curve de-
creases slightly. I two homogeneous paths having different temperatures were compared, the
integrated absorption for the lower temperature path would be less than the integrated absorp-
tion for the higher “emperature path. Drayscn et al. [5] have shown that for two identical slant
paths having temperature profiles that differ by a cunstant amount of 10%K the transmission
varies as much as 10% in the wings of the band and somewhat less nearer the center of the
band. They also concluded that the effect of temperature on line half-width has a secondary

effect on transmission.

Since the variation of line strength with temperature is different for each spectral line, it
would be 1mpossible to include the effect of temperature on line strength and still retain the
band-model expressicns in closed form, For this reason, the band-model expressions in their
present form can be used only to predict absorption for homogeneous paths that are at standard

temperature. Further, since Drayson et al, [5] have shown that the effect of temperature on
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Band Model Approximation Equation

1. Single Lorentz line None A= % Zwazp'w[lo(w) + Il(d/)]

2, Single Lorentz line Llnear A =8W/Ay

3. Single Lorentz line Square root A = 2¥SaW/Av

Y
4, Elsasser band None A = sinh .Bf IO(Y) exp (-Y cos hB)dY
0
5. Elsasser band Weak A=1-¢P¥
2..1/2

6. Elsasser band Strong A =erf (1/28%Y)

7. Statistical vand (Poisson) Nane A=1-exp [-ﬁ:po/(l + 2‘[;0)1/2]

8. Statistical band None A=1- exp-{ﬁap eV [T,0e) + Il(w)]}

9. Statistical band (Poisson} Weak A=1- e'Bw

1.2 1/2
10. Statistical band (Foisson Strong A=1- expl-—(iﬁ "[’0) ]
and equal} L 1/2
11. Statistical band {equal) Strong A=1- exp[—(% Bzw) ]
X N
1.2,  2\l/2

12, Random Elsasser band Strong A=1-|1-erf (—z-ﬁ /N ) ]
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FIGURE 10. THE EFFECT OF TEMPERATURE ON THE
DISTRIBUTION OF LINE STRENGTH
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line half-width has a secondary effect on absorption, this dependence is neglected also, There-

fore,if welet T = TO’ the expressions for 8 and Y become

op 0
and
, S s w -
o 21ra0 P~ Znab P

where ab is the half-width at standard temperature, per unit pressure.
The expressions listed in table 2 are of the following general form:

(1) A = A(3, ¥) when no approximation to the model is assumed
2) A= A(BZ, Y} for the strong-line approximation
(3) A = A(3, y) for the weak-line approximation

Substituting equations 47 and 48 into 1, 2, and 3, we have the first expression as a function of
two frequency-dependent parameters, Znab/d and S/Zna;e, and two path parameters, Wand P.
The second expression gives absorption ag a function of one frequency-dependent parameter,
Zmbs/dz and two path parameters, W and P. The last is a function of 5/d and W, being inde-

pendent of pressure.

The next problem in completely specifying the absorption expressions is that of evaluating
the frequency-dependent parameters by empirically fitting the respective equations to labora-
tory homogeneous absorption spectra. The empirical procedure is the most involved whken no
approximations to the model are vssumed since, in this case, two parameters must be evaluated,
rather than only one for both the strong- and weak-line approximations, After the frequency-
dependent parameters have been specified and the values of W and P have been determined for
a given slant path, it becomes a simple matter to generate absorption spectra,

2.3. DETERMINATION OF FREQUENCY-CEPENDENT PARAMETERS BY EMPIRICAL PRO-
CEDURES

The determination of the frequency-dependert parameters is undoubtedly the most critical
aspect of developing a function for use in compul.ing homogeneous-path spectral absorption.
The theory of band models is reasonably well defined a=? the resulting functions should be
capable of specifying spectral absorption to a good approximation if, first, the conditions in-

herent in the band-model development are satisfied, and second, rigorous empirical proce-
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dures are applled to high-quality laboratory homogeneous-path data to specify the absorptlon
conatants.

It has been siated that the first conditional restrictions are satisfied by most atmospherlc
slant paths of interest. Therefore, it seems hopeful that usable trunsmlssivity functions could

be developed if the second procedurai restrictions are satisfled,

Oppel [21] has postulated and employed certain rules for selecting laboratory data and
performing an empirical fit, His approach is sound and is analogous to that suggested by
Plass [22]. Hence, the methods of Opp:l are those which are recommended for the dstermi-

nation of the spectral absorption constants and are stated below.

It has been found by most researchers that the quality and the reduction of the laboratcry
data have constituted the most critical step in determining the absorption constants, In order
to insure satisfactory results from an empirical fitting procedure the foilowing rules should
be observed.

(1) The data should be corsistent from one run to another; that is, all vuns for a particular
spectral irterval should have the same resolution and spectral calibration. The absolute spec-
tral calibration is not nearly as important as the relatlve spectral position from run to run, be-
cause the absorption constants can be determined for relative frequency unlts. Also, the spec-

tru 1 can later be shifted if necessary.

(2} Only data with absorption setween 5% and 95% should be used. Usually the data for
very high or very low absorption values are questionable because of the unceltainty of the 0%
and 100% levels, and relatively small differences may have an inordinateiy grest rffect cn the

determinatlon of the unknown parameters,

(3} It is desirable to have spectra chtained over a range of paths and pressures which is
wide enough that the function can be properly fitted to the data. Ideally, for each frequency,
one would like to have data which would give absorptions between 5% and 95% and which include
the fellowing conditions:

(a} Pressure and absorption path are sufficiently small that there is negligible over-
lapping of the spectral lines.

(b) Pregsure is high and absorption path is small so that there is heavy overlapping

of the spectrai lires.

{c) Pressure is low and absorption path is large so that the spectral lines are opague

at their centers and the transmission is achieved only in the wing# of the lines.
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(4) Measurements for which pressure self-broadening is predominasi, thatl ln. vl o he
abhsorbing-gas pressure is an appreciable part of the total pressvre, should be discarded, This
is necessary since self-broadened spectral lines need not be evaiuated under real atmospheric

conditions.

(5) 1n general, better results are obtained if spectral frequencies are selected at which
absorption achieves a local maximum, minimum, or inflection point. Thus, the absorption
constants should not necessarily be selected at uniform intervals but for spectral positions
that are more easily measured. It has heen frequently observed thal published spectra are
hand plotted and thatl their author will tend to be more exact on the maxima, minima, and inflec-

tion points than he will be on any other part of the curve.

Atmospheric paths that are of greatest interest to the infrared researcher are long paths
through an atmosphere of relatively low pressure. Such paths give rise to iarge values of W
and sinall values of equivalent pressure P. The dominant spectral lines, those which account
for 95'% of the absorption, are opaque at their centers but do not display a significant amount
of overlapping. Therefore, for such paths 8 is small {8 < 1)} and ¥ is large {§ >> 1) and the
strong-line conditions are valid. It has been stated that strong-iine abserption must be present
for an atmospheric path to be reduced to an «gquivalent homogeneous path. For these reasons
most researchers assume that absorption is represented by the strong-line approximation,

A= A(ﬁzw), and enpirically fit this function to laboratory dats. When such a procedure is
used, if the data used do not satisfy sirong-line absorption conditions erroneous constants will

be determined.

After selecting the laboratory homogeneous-path spectra according to the above rules and
the appropriate model for representing absorption for a given ahsorption band, one has the
proper foundation for performirg an empirical fit which will yield a valid closed-form expres-

sion for predicting absorption for other homogeneous paths.

Basically, the absorption coefficients are determined by minimizing the sums of the
squares of the errors between measured and calculated values of absorption, Before the least-
squares iteration can begin, an initial estimate of the two parameters 271’06/(! and S/erab must
be made, The method of deter mination and the accuracy of these initial parameters does not
affect the final accuracy except that poorly chnsen estimates will considerably increase the
iteration time, Th2 method suggested is based on the fact that the three approximations to the
Elsasser integral, described in section 2 always show greater absorption than that given by
the complete Elsasser integral and approach the complete expression in the 1imit. This method

can be described as follows:
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(1) Three master graphs are drawn on log-log paper, The first graph (fig. 11}, is a plot
of Beers' law, given by

A=1-exp (-By); By =

aloa
| €

The s..cond master graph (fig. 12) gives the strong-line approximation to the Elsasser integral:

I 1/2 27a'8
A= erf L(%azw) };ﬁzw 2 wp
d

The third master graph {fig. 13) glves the ncnoverlapping-iine approximation:
A= BY[I) + L )] exp (-v)

2na’
0, . 8
A=—3 P’V'znab

{2) Three working graphs are plotted fur each spectral frequency for which absorption

ol 3

constants are to be determined.

{a) In the first working graph {fig. 14) fractional absorption A is plotted as a function
of the absorption path W {atm cm).

{b) The second graph (fig. 15) gives fractional absorption versus al-aorption path

times effective broadening pressure WI"E {atm ¢m X mm Hg).

{c) The third working graph (fig. 16) is a plot of the ratio of fractional absorption to
effective broadening pressure, A/P (mm Hg'l) versus absorption path/effective broadening

pressure W/P (atm cm/mm Hg).

(3) The six graphs are now paired off in the following order: figure 11 is superposed
over figure 14, figure 12 over figure 15, and figure 13 over figure 16. With a good spread of
data, it now becomes apparent that the several approximations a.e limiting functions and all
points on the graphs will fall below the limiting curve. Figure 11 1s adjusted in the W direction
until a1l plotted points of figure 14 fall below and to the right of the curve drawn on figure 11,
Thus, the curve of figure 11 forms the limiting continuum for the points of figure 14, The rela-

tive positions yield the approximate vaiue
{8/d) = (BY/W)

Similarly, figure 12 is superposed over figure 15 and adjusted along the axis until the

limiting continuum is found, yielding the approximate value
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AW
d2 - (WPe)

The third palr (figs. 13 and 16) can be adjusted in both directlons to give approximations

2nal A/P
oL
( d ) 78]

to two parameters:

and

s\
(2:;:;}) i (W/P)

The three plots indicated above are not all necessary if sufflclent data are available since
only two constants are necessary to evaluate the Elsasser Irtegral; however, experience has
shown that sufficient spread of data is usually not available to adequately construct all of the
graphs. For this reasocn, the best graphs should be chosen. In the event that the nonoverlapplng

approximation gives a good continuum, then it may be used alone for both approximatlons to the

unknown parameters.

At this peint it is assumed that the initia! estimates of the parameters have been made
and the laberatory data have been properly chosen, Beginning with the first estimates, the
ahsorption is calculated for each value of absnrher concentration and each value of equivalent
vressure and compared with the measured value. The parameters are adjusted until the sums

of the squared residuals between computed and nieasured absorption values are mininiized.

A computer program has been written by Baumelster and Marquardt and distributed as a
SHARE program [23]. This program, when coupled with the Elsasser-model alogorithm de-

seribed in section 2, will optimize the parameters for the Elsasser function.

The procedure described above is that which should pe used when fitting the complete
Elsasser integral to laboratory data. It is emphasized that if the strong-line or weak-line
approximation to the Elsasser model ls used to represent atmospheric absorption, then the
laboratory data must be such that these conditions are satisfied. This can be determined by
using the initial estimates of 2nab/d and S/df.-ab and the values of W and P to calculate 3 and

/. These results can then be compared with the values in table 2.

A completely analogous procedure should be used when fitting the Goody model to a set of
laboratory data. That is, all three equations should be fitted to the data to obtain a set of
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frequency-dependent parameters, Darameters obtained in this wmanner will glve valld results

whether the absorption is strong, weak. or of some Intermedlate value.

The method described above for performing @n empirical fit of a band model to laboratory
data is the suggested procedure. However, it has been used by conly two of the many researchers
that have developed functions for calculating atmospheric absorptlon. Of the various methods
that have been employed, some are similar to it and others are very different; in section 3
each of the empirical functions developed by the varlous researchers is presented and the em-

pirical procedures employed by each of these researchers are discussed.

Empirically fitting a band- model expression to homogeiieous data generates coefflcients
that represent the best value for all available data. The absorption constants then do not ac-
tually represent the strengths, widths, and spacings of the spectral lines but ran be interpreted
as a set of lines giving equivalent absorption, It can be expected that caleulatlons should be
satisfactory for conditions bounded by the laboratory data, However, for extreme cases the
results may be rather poor. It isdifficult to theoretically analyze the accuracy with whicha
band model can be used to predict absorptlon, so the approach used here is simply to compare
the results with field measurements. Such compariscns are presented and discussed in gec-

tion 7.

2.4. CONVERSION OF SLANT-PATH TO EQUIVALENT-PATH PARAMETERS

Since the band- model expressions car be applied only to homogeneous paths at standard
temperature, any real atmospheric slant path must be reduced to an equivalent homogeneous
path at standard temperature or an equivalent sea-level path which is a homogeneous path at
standard temperature and pressure, In the discussions that follow, the methods for determin-
ing the equivalent paths are derived for variocus types of ahsorption and the assumptions and

approximations used are discussed.

The absorption spectra foi- any homogeneous path, assuming a constant temperature, is
defined by the absorber concentration W of each gas and the equivalent broadening pressure P
which determines the hali- width of the spectral lines. Therefore, to determire an equivalent
homogenecus path {or an atmospheric slant path, it is necessary to determine a value of W and
P for each absorbing species such that the slant path will absorb exactly as does the homoge-
neous path. Although this cannot be achieved exactly, since the intensities and half- widths are
continually changing from poinl tu puini 2lorg a slant path, under certain conditions the con-

cept of an equivalent path is a reasonable approximation,
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Recall that the general equation for absorption over an atmospheric slant path is given by

X 1l
& 5P
A AV = 1-expl|-= e dx | >dv {49)
5 T 2 2
v-u +a
i=1 0 i
Av L ¢ .
The absorption of a homogeneous path is given by
'
’_1 N Sh% Yh
AhAu= 1-exp -;Z 2 2 dv {50)
=1\~ %0.) *%
wii i .

2.4.1. WEAK-LINE NONOVERLAPPING CONDITION. Let us consider the case where
every spectral line ln the interval Av is a weak absorber and the spectral lines do not overlap
strongly. This will be true in general for short paths at high altitudes, Under these conditions
the pressures are low and the half-widths are narrow. If the absorption ls small at the line
center for each spectral line within the interval Ay, the slant-path absorption may be approxi-
mated by taking the first two terms in the expansion of the exponential, Thus eguation 49 re-
duces to

X

1 N Sla.p
A_Av: 2 —‘—2dx dv (51}

s B
= (" - "o.)z Y
Av 0 1

Further, {or each voi within AV the entire spectral line is within Av, so the order of integration

may be interchanged, giving

1o %
Mgl 3 Zﬁi mdv pdx (52}
i=1 Av Oi) i

Slnce Av encompasses the entire spectral line, the limits may be taken as - to o with no loss

in generality. Now
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sc eqguation 52 becomes

XN
Agav = Zsipdx (53)
0 i=1
ar
ASM:L_,J‘ Sipdx (54)
i=1 0

If it is further assumed that the line strengtis Si are independent of the path, then

N X
Aghv = Zsif pdx (55)
=1 0

If we perform an analogous development for a homogeneous path, we obtain
N_ﬂ N
Ajov= LSipX = Z 8,W, (56)
i=1 i=1

So under conditions of weak-line nonoverlapping abscrption with the line strengths independent
of path, the slant path will absorb approximately the same as a homogeneous path with the ab-

sorber concentration of the homogeneous path given by

X
W = J‘ pdx (57
h Jg

Under these conditions the absorption is independent of pressure and i3 completely specified by
Wh.

2.4,2, STRONG-LINE EQUIVALENT PRESSURE P. Recall that the absorption for con-
ditions other than weak-line absorption is defined by the weak-line absorber concentration W

and the equivalent path pressure P. That is,

A = A(2nay/d. 8/2ray, W, P) (no approximation)
A= A(ﬂnabﬁ /d‘, WP) (strong-line approximation)

A = A(S/d, W) (weak-line approximation)

————,
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To develop an expression for the equivalent pressure for a siant path, let us consider the
cace in which all of the iines within Av are strong-line absorbers. This characteristic imyplies

that absorption is complete to wavenumbers that are in excess of the line half-width, There-

fore, a further increase in path iength simply increases the absorption in the wings of a spec-
tral line ard has no affect on the absorption at the line center. For the Lorentz line shape this

means that (u - voi > aiz for all lines. Using this approximation, we may write equation 48

as
K |
N 3a
_ 1 i“is
ASAU- i-exp ';Z -———-Edr. de (53)
(T
i=1 ( 0
av = 0 L

For a homogeneous path, we have i

r 5 a W_‘
N 51 % "h
rddo|N gy (59)

1
AhAu- 1-exp -;Z - )
i=1 0i

Ay

If it is assumea as hefore that Si does not vary along the slant path, then the slant path will

absorb approximately as a homogeneous path with

X
o Wh = J aipsdx {60}
i 0
Recall that
. i
Ph (TO) ,
a =a, =\ {61) |
hi Oh1 P0 Th !
Also,
Ps 'To)n
a =0, == (62)
10 F o(Ts

As was mentioned previously. the value of pressure used in equation 62 should be the effective
broadening pressure. However, the partial pressure of any absorbing gas is very small com-
pared to atmospheric pressure, so the error involved in assuming Ps to be total atmospheric

pressure is assumed to be negligibie. Substituting these expressions into equation 60, we obtain
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n X n

P /T [ P_/T
h{ o (o
" (T ) Ty P (T)psdx ©3
o\'/ S Fo

Substituting in the slant-path integral expression for Wh, we have

P,/ T\
2L — =

The assumptions imposed thus far have been strorg-line absorption and line strength independ-
ent of path, If we further assume that the path is isothermal and equal to Th’ which in effect
conpletely neglects the effect of temperature on half-width, then the pressure of the homoge-

neous path, such that the homogeneous and slant paths absorb the same, is given by

A (65)

Equation 65 is then the expression for obtaining the equivalent path prcssure. This pressure
will be denoted by P. This concept was first considered by Curtis and Godson [24, 25] and is

therefore referred to as the ‘Curtis-Godson approximation.

The equivalent-path parameters are given by equations 57 and 65, Equation 57 is valid
under any conditions of absorption, assuniing only that the line strengths are independent of
path. Equation 65 is valid only for those conditions of strong-line absorption in which the effect

of temperature on the spectral-line half- width and line strength are neglected.

2.4.3. EQUIVALENT SEA-LEVEL ABSORBER CONCENTRATION W*. Some authors have
empirically determined their frequency-dependent parameters from laboratory data that are at
standard pressure as well as standard temperaturc. Therefore, their methods can only be usad
to predict absorption for other homogeneous paths that are at standard cenditicns. To apply
such methods to atmospheric slant paths, the paths would have to be reduced to equivalent ho-
mogeneous paths at STP. Such paths have heen defined as equivalent sea-level paths and are

denoted by w*.
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Returning to equation 60, a slant path will absorb approatmarzly as a homogeneous path with

X
ahiwh = Io a.podx (66)

As was stated previously, this expressior is valid only for strong-line absorption with Si inde-
pendent of path.

For this case the homogeneous path is at STP so @, =@y and equation G6 becomes
i i

and. finally, the equivalent sea-level absorber concentration is given by

X n

Ps(To
Whe W, = F(’r_') Pgdx (67)
o O\'s

It is useful to note that under conditions of strong-line absorption (neglecting the effect of tem-
peraturs on half-width and line strength) the equivalent sea-level concentration is equal to the

product of the weak-line nonoverlapping absorper concentration and the equivalent-path pressure
normalized to standard pressure. Or

w=w (68)

0ol

2.4.4., GENERAL COMMENTS OX W, P, AND W*. Three expressions have been derived
which will be used throughout the remainder of the report. First is the weak-1lne nonoverlapping
absorber concentration W, which is simply the grams of absorber in the slant path. Second is
the Curtis-Godson equivalent pressure P. The concept of an equivalent slant-path pressure is
valid only under conditions of strong-line absorption and isothermal slant paths. Also, this con-
cept requires that the effect of temperature on half-width be neglected, The last quantity which
was derived is the "equivalent sea-level path,” W*, This equivalent concentration is effectively
the grams of absorber in the slant path adjusted in accordance with the dependence of half-width

on temperature and pressure. This concept is valid only under conditions of strong-line absorp-
tion and for isothermal slant paths.
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To develop closed-form band-model expressions for abhsorption it was necessary to neglect
the e:fect of temperature on line su-eagth and line half-width, Such approximations were also
required to determine the equivalent-path parameters, Although this assumption does, of course,
introduce errors in the final result, Drayson has shown that suck errors are not large. Also,
there is an added fact which further reduces the error introduced hy this assumption. Consider
the iniegrated absorption for an entire spectral band. It has been stated previously that as the
temperature decreased the integrated absorption decreases. However, the line half-widths be-
come larger for smaller temperatures and thus give rise to increased absorption. Therefore,

rather than being additive the errors terd .0 cancel each other.

The integral expressions for Wand W* given by equations 57 and 67 yield, respectively,
the grams per square centinleter and effective grams per sjuare centimeter for a slant path.
The accepted practice is to normalize these quantities by dividing by the density of the absorbing
g N20, CO, and CH4. W and
W* will have units of centimeters since for each of these gases pSTP is expressed in grams

gas at standard temperature and pressure. For the gases C02, 0

per cubic centimeter. Actually, W represents the length of a column of pure gas (i i::m2 in
cross section) at STP which containg the same number of grams as the slant path. For wW* the
length is adjusted in accordance +with the variation of half-width with pressure and temperature,
Secording to this definition, the units of W and W* are commonly referred to as atmospheric

contimeoters,

The units of W and W* are defined somewhat differently for water vapor. For a given slant
path the amount of water vapor is reduced to an equivalent amount of liquid water at STP or
precipitabic centimeters of water. The normalizing factor is, therefore, the density of liquid
water rather than water vapor. There is no justificaiion for using different units for the two

cases; it has simply been the accepied practice since transmission work began,

2.4,5. A GENERALIZED CALCULATION OF W, P AND W*, To clarify the exact technique
for evaluating W, W‘, and P for each absorbing species for a slant path, consider a path that
beging at the earth's sw'face and extends outward to the limits of the atmosphere, A= a result
ot the refracting characteristics of the atmospherez, the line of sight will be slightly curved
rather than straight, and the amount of curvature will increase as the path becomes more he -
zontal. The first step in determining the reduced optical path is to determine the actual refrac-
tive path through the atmosphere. A computer program has been written in FORTRAN which

performs this computation. The analytical procedures and computer piugram are discussed in
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detail in arpendix I, After (he refracted paih is determined, the values of pressuze and tem-
perature and the mixing ratio of each absorbing species can be expressed as functions of dia-
tance along the path, These arc represented by P(x), T{(x), and M(x), respectively. For the
computation of W we have from eguatin 67:

X n
T M_. P{x)
W= : Py MX gﬁw(’:-"(gﬁ) RGO (69)
( gas 0 0 '
RT 0
0
where Po = gurface pressire
‘I‘0 = surface temperature
Mgas = molecular weight of absorbin: gas
Mair = molecular weight of air

R = gas constant
M(x) = mixing ratio in grams of gas pcr gram of air
X = path length in centimeters

Since the mixing ratio for gases is usually gi1ien in moles of gas per mole of air, the mixing
ratio must be converted to grams of gas per pr: of air by multipiying by the ratio of their
molecular weights. The equation for determixing W' for a slant path becomes

n+l
. T0 \

X o
0

where M(x) is the mixing ratio in moles cf gas per iole of air.

The equation for computing the equivalent slant-path precipitable centimeters of water
differs slightly {rom equation 70 since the mixing ratio for water is given in grams of H20 per
kilogram of aic, und the density of H20 at STP is used as the normalizing factor. For this case

it is easily shown that the precipitable centimeters of Hzo iy the slant path are given by

28 2,7 \"1
W* = 1,225 x 10°° M(x)(—PIE—:;l) ('r_(%) dx (71)
0

where M(x) is the mixing ratio in g/kg.

In summary, equation 70 is used to compute atmospheric centimeters for gases for which

the ixing ratio is given in moles of gas per moles of air. Equation 71 is used to compute
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rrecipitable centimeters of water vroor if the :nixing ratio is given in grams of Hzo per kilo-
gra:mn of air. To compute the respective values of W, simply let the exponents of the pressure
and temperature terms in equations 70 and 7 be :1iy. To determine P for a slant path, first
compute the appropriate value of W*, letting n = i, Naxt, compute the value of W as stated
above. Then P wili be given by

n= OPG

W'
Tw -

P=
In conjunction with the refractive-path computer program, programs for computing W' w,

and P have been writien in FORTRAN far the IBM 7080. These programs are also included -
and discussed in appendix 1.

The use of a computer program o evaluate the quantities W, W*, and P for cach absorbing
gas for an atmospheric slant path is a rigorous yet practiral method for determining the equiva-
leat-path parameters, Many researchers [26-28] have proposed methods for evaluating equa-
tions 70 and 71 without the aid of a computer by approximating the mixing ratio, pressure, and
.temperature profiles with anaiyticai functions and thus allow the integrals to be cvaluated by
direct interpretation. Such methods yield adequate results for a fixed set of atmospherlc con-
ditions, but are not capable of handling variabie meteorological conditions. Thi= can be a rather
severe hmitation in the case of water vapor and oczone. Therefore, it is recommended that these

methods not be us~d unless only first-order approximations to the path parameters are required.

The computer program is simple to apply and performs an exact numerical integration.
Therefore, it is felt that there is no need to infroduce approximations to a problem that already
has a relatively slmple solution,

2.5. SUMMARY

In this section four basic methods for computing atmospheric-slant-path molecular ab-
scrption have been discussed. The [irst involved a direct-pressure integration over the slant
path, summing the contribution of each spectral line, including the effect of temperature and
pressure on line strength and half-width. This method requires complete a priori knowiedge of
the band parameters, including line strength, iine half-width, and line locatlon. The absorption

spectra are computed by direct integration of the general transmissivity function,

The second methed employed the use of the quasi-random model of the band structure.

This model simulates the band structure in a prescribed way such that the absorption spectra
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for any homogenecus path may be determined. This method requires some a priori knowledge
of the band parameters (as does the rigorous method), but once the absorption spectra are de-
termined for one homogeneous path, a set of coefficients is generated so that the summing pro-
redure need not be repeated to determine the absorption for a different homogeneous path.
Homogeneous labouratory spectra are not a prerequisite for the use of this method but are usu-

«:1; cuiployed to normalize the absorption coefficients.

ihe third method ar-:med models of the band structure which allowed for the derivation
of clnsed-iorm analytical expressions that could be used in conjunction with laiwratory homo-
gepeous-path data t> predict spectral absorption for other homogeneous paths. The models

assumed were the Elsasser, statistical. and random.-Flsasser models,

The fourth method assumed models of the band structure and then modulated these line
arrays with an exponeutial envelope, The resulting band model was integrated directly to ob-
tain expressions for the total integrated band absorption, Avd v, These expressions, in conjunc-
tion with laboratory homogeneous-path data, could then be used to predict integrated-band ab-
sorption values for atmospheric slant paths,

In order to use the closed-form expressions derived by methods three and four to predict
absorption for slant paths, the slant paths need first be reduced to equivalent homogeneous
paths. Some of the expressions require that the equivulent path need only be homogeneous and
express absorption in terms of W and P. Others require that the path be reduced to standard
conditions and therefore express the absorption in terms of W*,

The reason for developing methods for computing absorption based on band models was to
generate a method that required a minimal amount of corputation yet would give results that
were at least a first-order approximation to the true results. Later in the report absorption
spectra as computed by the various methods are compared beth with one another and with field

measurements; the results of these comparisons are analyzed and discussed.
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3
METHODS FOR COMPUTING MOLECULAR ABSORPTION SPECTRA

BASED UPON BAND MODELS

3.1. INTRODUCT{ON

fn section 2, the general theory for computing atmospheric slant-path molecular absorption
was formulated. The most useful results developed from the theory were the ciosed-form band-
model functions. These functions express absorption as a function of one or two frequency-
dependent par:meters which are determined by empirically fittine the band-model expressions
to homogeneous-path laboratory data. Because many researchers have made such empirical
fits, no two methods for computing absorption are exactly the same., This inconsis 2ncy results
from the fact that different researchers solected dlfferent band models {or dliferent forms of
the same model), had different zoliections of iaboratory data, and employed differing procedures
to achieve the desired emparical fit.

fn this section those methods which are considered most representative of the state of the
art are represented. Each method wiil be discussed separaieiy, ana tie band models, laboratory

datn, and empirica! procedures used by each author will be staved.

3.2, METHOD OF W. M. ELSASSER
Elsasser [9] developed transmissivity functions for the absorj4ion bends of carbon dioxide,
ozone, and water vapor using a method which ‘s a simple extension of the band-model procedures

discussed in section 2.2.
“he strong-line approximation to the Eisasser and Goody models can be expressed as
7 = 7{k(A}-W*)

where k{r) 1s defined as a generalized absorption coefficient and the functional form of 7 is given
by either the Elsasser or the Goody model. The empirical procedure cutiined in section 2.3

was lo assume the appropriate form for 7, which depended upon the absorbing gas under consid-
eration. The laboratory homogenecus-path data were used to evaluate the frequency-dependent
parameter or parameters for each wavelength throughout the band. Elsasser did not assuine
that the functional form of 7 was given by either modei, but used the iaboratory data to define
both the functional form of T and the absorption coefficient k{A). The procedure he used i= de-
scribed here:
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The homogeneous-path laboratory data were reduced to equivaient W* vulues using the

expression

e y1/2
wh = w0
hPu 1

The absorption band was then divided into subintervals approximatelv 10 wavenumbers wide and
for each subintervai the mean transmission for the interval was plotted as a functlon of W*.
Elsasser found that each of the curves obtained for the various intervals had approximately the
same functional form. Therefore, a standard transmisslvity curve (the functionai form of 7}
was adopted which expressed the transmission as a function of the product W*.k{x). Therefore,
Elsasser proceeded ... i1 inerent assumption that an absorption band may be represented by
a strong-line band-modei expression, but determined the functional form of this expression em-
piricaiiy rather than analytically. The empirically derived transmissivity function undergoes

a shift along the W* scale as one passes from one intervai in the spectrum to an adjacent inter-
val. Eisasser plotted this shiit as a function of wavelength and fitted a curve to the data using

a least-squares procedure. This curve defines the generaiized absorptlon coefticient, k{x).

Eisasser's results are presented in the form of tables which represent the two functions,
7(k{*)) and k(A). Since the ccncept of strong-ine absorption was utilized in the development of
these functions, the method shouid be applied only to slant patns for which this zondition is
satisfied.

3.2,1. TRANSMISSIVITY FUNCTION: CARBON DfOXIDE. Eisasser developed transmis-
sivity functions for only the 13- absorption band of C02. The laboratory data upon which the
empirical procedures were based were taken from the work of Cloud {28]. Elsasser iater con-
sidered the wort of Howard, Burch, and Wiliiams [30], Kaplan and Eggers [31], and Yamamoto
and Sasamori {32] and proposed modifications to the original transmissivitv functions to cbtain

functions that are in agreement with ali three sets of laboratory data.

The transmissivity function obtained is shown in figure 17, and the generalized absorption
coefficient derived from the shift in the 7 curves is shown in figure '8. For convenlence in
determining aimospheric-transmission values, both the transmissivity curve and the generalized

absorption coefficient curve are tabulated. Tie vesults are given in tabie 3.

Using the transmissivity curve shown in figure 17 and the absorption crefflcient shown in
figare 18, Elsasser reconstructed the absorption-band contours for various vaiues of W* which
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TABLE 3. TRANSMISSIVITY F UNCTION AND ABSORPTION
COEFFICIENTS FOR CARBON DIOXIDE

A v k T(k-W*) kw
(1) {em-T) (%)

11.717 850 1.59 E-7 100.00 6.31 E-6

11.95 827.5 5.01 E-7 99,97 7.94 E-g

12,13 825 3.16 E-6 99.91 1.00 E-5

12.35 810 1.48 E-5 99.82 1.26 E-5

12.50 806 4.07 E-5 59.70 1.59 E-5

12.68 790 1.17 E-4 99.55 1.99 E-5

12.82 780 3.02 E-4 99.37 2.51 E-5

12.99 770 8.32 E-4 99.16 3.16 E-5

13.16 760 2.14 E-3 98,92 3.98 E-5

13.33 750 5.37 E-3 98.65 5.01 E-5

13.51 740 1.32 E-2 98.35 6.31 E-5

13.70 730 3.16 E-2 98.02 7.94 E-5

13.89 720 8.32 E-2 917.66 1.00 E-4

14.08 710 1.91 E-1 97,27 1.26 E-4

14.29 700 4,57 E-1 96.85 1.59 E-4

14.49 690 1.00 96.39 1.99 E-4

14.71 680 2,09 95.90 2,51 E-4

14.93 670 2.69 95.38 3.16 E-4

15.15 660 2.40 94.82 3.98 E-4

15.38 650 1.45 94,22 5.01 E-4

15.63 640 6.17 E-1 93.58 6.31 E-4

15.87 630 2.45 E-1 92.90 7.94 E-4

16.13 620 8.91 E-2 92,18 1.00 E-3

16.39 610 3.16 E-2 91.41 1.26 E-3

16.67 600 8.17 E-3 90.59 1.59 E-3

16.95 590 2.24 E-3 89.72 1.99 E-3

17.24 580 5.01 E-4 88,79 2,51 E-3

17.54 570 8.9; E-5 87.80 3.16 E-3

17.86 560 1.07 -5 86.74 3.98 E-3

18.2 550 1.26 .6 B5.61 5.01 E-3

84.40 6.31 E-3

83.10 7.94 E-1

B1.70 1.00 E-2

80.19 1.26 E-2

78.56 1.59 E-2

16.80 1.99 E-2

74.91 2.51 E-2

72.88 3.16 E-2

70.71 3.98 E-2

68.39 5.01 E-2

65.92 6.31 E-2

63.30 7.94 E-2

60.53 1.00 -1

57,62 1.26 E-1

54,58 1.59 E-1
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b
TABLE 3. TRANSMISSIVITY FUNCTION AND ABSORPTION ib
COEFFICIENTS FOR CARBON DIOXIDE (Continued} l,
A v k (k- wW* k.W*
() (em™T) @ ]
51.42 1.89 E-1 f
48.15 2.51 E-1 1
44.78 3.16 E-1 y
41.33 3.98 E-1 g
37.82 5.01 E-1 j
34.28 6.31 -1 l
30.75 7.04 E-1 )
27.27 1.00 l
23.89 1.26
20.66 1.59 J’
17.83 1.99 r
14.84 2.51
12.30 3.16 ]
10.02 3.98
8.01 5.01 )
6.27 f.31 ]
4.80 7.94
3.60 1.00
2.66 1.26
1.96 1.59 ]
1.47 1.99
1.13 2.51
0.89 3.16
0.71 3.98
0.56 5.01
0.42 6.31 {
0.28 7.94 }
0.14 1.00
0.00 1.26

]



WILLOW RUN LABORATORIES

are shown in figure 19. In order to compare the resuits using Cloud's data with the results of
Howard, Yamamoto, and Kaplan and Eggers, Elsasser planimetered the curves shown in

figure 19 to obtain values of the band araa Ior each value of W*, This procedure evaluates the
integral fAdv for each value of W*. The band area as a function of W* was then plotted aud
compared with the results obtained by other authors. The results are shown in figure 20. It

is noted that Elsasser proposed a method of adjusting his absorption coefficients so that the
curve of figure 20 would be in agreement with other existing data. This method involved various
steps. First, a curve (labeled "adopted’) was drawn which most closely approximated the com-
posite set of data given in [igure 20. The diiference between this curve and the curve marked
“trial” along the W* scale was used to relabel the curves of figure 19, For example, for W* =
1, the band area is approximately 85 cm'l. From figure 20, using the “adopted” curve, the
new value of W' is approximately 0.4, After all the curves shown in figure 19 are relabeled,

they may be used in conjunction with the transmissivity curve of figure 17 to find new values
for the absorption coefficients,

Since the method outlined above for modifying the absorption coefficients was not applied
to Elsasser's original data, the data presented in this section are the result of Elsasser's orig-
inal work on Cloud's data. The amount of computation labor required to perform the suggested
modification would be comparable to that required to perforn: the initial empirical fit, and such
a modification appears to be impractical. I is suggested that the present absorption coelficients
be used and the results obtained be adjusied according to figure 20.

3.2.2., TRANSMISSIVITY FUNCTION: OZONE. Because the procedure used to develop the
transmissivity function and absorrtion coefficients for ozone is completely analogous in all de-
tails to the one used for carbon Jioxide, the description in this section will be brief. The trans-
missivity function and absorption coefficients for ozone were first developed from the laboratory
data of Summerfieid [33]. The results of the empirical {it are shown in figures 21 and 22. The
transmissivity curve differs clearly from the corresponding curve for CO2 (fig. 17) not only in
shape but also in that taere is a much larger scatter of the observed points. Using the trans-
missivity curve and the absorption coefficients, Elsasser computed band spectra for various
values of W* {as was done for C02). These curves were planimetered and plotted as W* versus
band area and conipared with the experimental results of Walshaw [34]. The results are shown
in figure 23.

Note that Elsasser's curve is below Walshaw's curve for every value of band area. Elsasser

proposed that this a result of the nature of the pressure correction used in reducing the laboratory

59

e g




WILLO'W PUN LABORATORIES

WAVELENGTH (p)
160 1‘2 1.3 14 15 18 17 18

0.80

0.60

ABSORPTION

0.40

0.20

850 800 750 700 0.00001650 800 950

WAVENUMBER (cm ™))
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n
P /T
data. Recall that W* = wh Pe _Tg) .Where Pe is the effective broadening pressure, Elsazser
assumed a linear pressure correction for CO2 and 03 when reduclng the W values to equivalent

W* values. He felt that this assumption was valid for COZ’ although it gave poor resuits for 03.
Elsasser further suggested that had he used a pressure correction ot approximately 0.8, his
original data would have been in close agreement with Walshaw's data. However, since he did
not make any corrections to his original data, it is recommended that these original data be
used for transmission calculations; tiie user should remember, howcver, that the final values

will overpredict absorption by approximately 10%.

As for 002, the transmissivity function and the generalized absorption coefficients for 03

are tabulated. The results are given in table 4.

3.2.3. TRANSMISSIVITY FUNCTION: WATER VAPOR. Elsasser considered only the far-
infrared spectrum ol HZO; that is, he considered the 6.3-x vibration-rotation band and the pure-
ly rotational band at tiic long-wave end of the spectrum. The transmissivity curves developed
by Howard et al. [20] were used [or both the 6.3-u hand and the rotational water band. Their
two curves, reprosenting a total pressure of 740 mm Hg and 125 mm Hg are plotted in [igure 24,
together with the curves derived by Yamamoto [35] and Daw [36]. All curves were shifted along
the abscissa so they would coincide at the point of 50% absorption, Elsasser adupted the curve
of Howard et al. which corresponds to a pressurc of 125 mm Hg. This is the pressure to ~hich
the laboratory data were reduced before the empiricai fit was made. It seems that the curve
for 740 mm Hg would be more realistic for absorption calculations since that is the pressure
for which the "equivalent sea-level path" is defined. However, since Elsasser deslred the
greatest accuracy jor high-altitude slant paths, he chose 125 mm Hg. The differences between
any two of the curves is small enough that the selection of any one of the transmisslvity curves

would not preduce an appreciable difference in the final absorption calculation.

Elsasser adopted a curve [or the generalized absorption coefflcient for the 6.3-y band using
a trial-and-error procedure based on the work of Daw [36], Yamamoto [35], and Howaxd [30].
Daw and Yamamoto separately constructed curves of the generaiized absorption coefficient fosx
the 6.3-u band; their results are shown in figure 25. A plot of band area versus W* for
Howard's data i£ shown in figure 26. Elsasser assumed that the shape of Daw's curve was cor-
rect but that the curve was high; he shifted Daw's curve (the tcp of which is sketched in fig. 25)
down.card by an amount which would produce a satisfactory fit to the band areas shown in

tigure 26, The [inal curves for the generalized absorption coeificient are shown in figure 27.
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TABLE 4. TRANSMISSIVITY FUNCTION AND ABSORPTION
COEFFICIENTS FOR OZONE

A v k 7k W*) kw'
(W) (em™ (%)

8.85 1130 3.16 E-3 100.0 5.01 E-5
8.93 1120 5.01 E-2 89.2 8.31 E-5
9.01 1110 1.00 E-1 98.4 7.94 E-5
9.09 1100 8.31 E-2 97.8 1.00 E-4
9.17 1090 5.01 E-2 8.8 1.28 E-4
9.26 1080 5.62 E-2 98.0 1.59 E-4
9.35 1070 2.00 E-1 95.2 1.99 E-4
9.43 1060 2.24 94.4 2.51 E-4
9.51 1052 3.18 93.6 3.16 E-4
9.57 1045 7.94 E-1 92.7 3.98 E-4
9.84 1037 3.18 91.7 5.01 E-4
9.71 1030 2.00 90.4 8.31 E-4
9.80 1020 1.59 89.4 7.94 E-4
9.90 1010 8.91 E-1 88.1 1.00 E-3
10.00 1000 3.98 E-1 86.6 1.26 E-3
10.10 990 1.59 E-1 84.9 1.59 E-3
10.20 980 3.98 E-2 83.0 1.99 E-3
10.31 970 6.31 E-3 80.9 2.51 E-3
10.42 960 6.31 E-4 78.8 3.18 E-3
10.47 955 5.01 E-5 76.1 3.98 E-3
3.4 5.01 E-3
12.00 70.5 6.31 E-3
12.20 820 6.31 E-5 67.3 7.94 E-3
12.50 800 3.98 E-4 63.8 1.00 E-2
12.82 780 1.59 E-3 60.0 1.28 E-2
13.16 760 3.98 E-3 55.9 1.59 E-2
13.51 740 7.94 E-2 51.5 1.99 E-2
13.79 725 1.00 E-2 46.8 2.51 E-2
14.08 710 5.01 E-3 41.8 3.16 E-2
14.49 690 7.94 E-3 36.6 3.98 E-2
14.93 670 5.01 E-3 31.2 5.01 E-2
15.38 850 1.99 E-3 25.7 6.31 E-2
15.87 630 5.01 E-4 20.2 7.94 E-2
16.39 610 2.51 E-5 15.1 1.00 E-1
10.8 1.26 E-1
7.4 1.59 E-1
4.8 1.99 E-1
2.9 2.51 E-1
1.5 3.16 E-1
0.5 3.98 E-1
0.0 5.01 E-2
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FIGURE 26, COMPUTED AND MEASURED BAND AREAS FOR 6.3-u WATER VAPOR BAND.
Numbers indicate approximate pressure in centimeters of mercury. Where there {8 no number,
Pz 3 cm Hg.
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As for COz and 03, band areas for a series of reduced optical paths were calculated and plotted.
Thne results are represented by the "computed curve' shown in figure 26, Elsasser obtained
the heavy curve by making a best fit to Howard's data [30], disregarding the values for P 2 30

mm Hg. Note that the two curves compare closely for band areas greater than 200 cm-l. This

value of band area corresponds to values at absorption less than 20%. For absorption values
less than 20% Elsasser's data will yield values of absorption that are Iower than Howard's by !
approximately 10%.

For the rotational band Elsasser used the same transmissivity curve as for the 6.3-p band
and used Yamamoto's absorption coefficients [35] for the rotational band. The resuits are shown
in figure 28, Yamamoto determined these coefficients by summing the contributions from all
of the spectral lines. The line intensities were computed only from the measurements of the
electrostatic dipole movement of the water molecul¢. Yamamoto's results are compared with
the experimental resuits of Palmer [37] and Bell [38] in figure 29. Elsasser considered the

comparison sufficiently close tc justify the use of Yamamoto's data without modification.

The region between the two bands is known as the window, absorption there is weak. It is
known that there are a number of weak lines within this interval and also that a certain amount
of the total absorption is caused hy the wings of the very strong lines concentrated at the peak
of the rotational band and the 6.3~ band. Recall that the absorption coefficient for the Lorentz
line shape is given by

Sla,l

2
:ru-voi *a

k() =

We see that at large distances from the line centers the term a?

neglected compared to|v - Yo 2. The net effect of the wings of all the distant lines is then a
{ !
continuous absorption with !

Sa
_?' il
S "‘niv-v iz
i 0.l

where the summation extends over all distant lines. This quantity for the window has been de-

in the denominator may be

termined by Roach and Goody [39] from atmospheric observations and the results of their work
used by Elsasser. To determine the total absorptiou for the window region Elsasser proposes

the following technigue. As seen in figure 29, the extrapolated generalized ahsnrption coefficients
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for the two main bands are shown together with the absorption coefficients of the continuum,

1 to 1220 cm'1 the absovption is first computed from the

For the spectral region from 660 cm~
extrapolated values and then by the values given by the continuum, The total absorption through-

out the region is then given by

Ttt:)tal = Tcont.inuum.-rband

An equation such as the one above is rigorously correct if two continuous transmission spectra
are superimposed. Therefore, Elsasser assumed it should be a reasonable approximation if

one of the components were a continuum.

As for the previous gases, the transmissivity functlon and the absoration coefficients are
tabulated and the results are given in table 5. Note that for the spectral region from 8.33 to

14,7 u the two absorption coefficients and k ,» respectively, are tabuiated.
and

continuum
3.3. METHOD OF T. L. ALTSHULER

The method Altshuler developed for computing slant-path absorptlon [26] is extremely
compact and simple to use. The absorption functlons and the generalized absorption coeificients
are presented in the form of curves which allow for fast computation of spectral absorption for
0, CO,, 0., and N_O. Altshuler's method is

2 2’ 73 2
basically applicable to oaly those paths which give rise to strong-line absorption. However, he

four different atmospheric gases, namely H

also proposed a method for computing absorption for weak-line nonoverlapping conditions,

which is based upon the strong-line absorption functions.

The laboratory data used In performing the empirical fits and the method of empirical fit
will be discussed for each of the absorbing species and the exact procedure to be followed when
computing transmission will be outlined. Table 6 is a {isting of the laboratory data and the val-
ues of the many parameters used in chtaining the empirical fits for each gas.

3.3.1, TRANSMISSIVITY FUNCTION: WATER VAPOR. The strong-line approximation to
the statistical model with an exponential distribution of line strengths was used as the transmis-

sivity function for H20. This function, expressed in terms of W*, s given by

mOSW“ 1/2
A=1-exp : (72)

d2

Note in table 6 this equation was fitted to the data of Howard, Burch, and Williams [30] for
the wavelength region from 1.0 to 9.1 g, the data of Yates and Taylor [42) for thc wavelength

72
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TABLE 5. TRANSMISSIVITY FUNCTION AND ABSORPTION COEFFICIENTS
FOR WATER VAPOR

apm = kBand Kk Continuum  rleW') _kW*
@ (eml) ®)
4,39 2280  3.89 E-5 10000  1.99 E-4
446 2240  2.04 E-4 99.90  2.51 E-4
455 2200  9.33 E-4 99.67  3.16 E-4
4.62 2160  3.80E-3 99.32  3.98 E-4
272 2120 1.32 E-2 98,37  5.01 E-4
4.81 2080  3.98E-2 98,33  8.31 E-4
490 2040 1,10 E-1 9772  7.94 E-4
5.00 2000  2.57E-1 97.05  1.00 E-3
510 1960  6.17 E-1 96.33 1 26E-3
521 1920  1.38 95.58 1,59 E-3
592 1880  3.16 9475  1.99E-3
543 1840  8.13 93.89  2.51 E-3
5.56 1800  2.40E1 92.98  3.16 E-3
568 1760 T.24E1 92.00  3.98 E-3
5.81 1720  1.4BE?2 90.94  5.01 E-3
5.95 1680  1.95E 2 89.78  6.31 E-3
£10 1640  1.20E2 88.51  7.94 E-3
6.25 1600  3.63E1 a7.11 1.0 E-2
6.29 1500  S8.09E1 8556  1.26 E-2
6.41 1560  1.02E2 83.84  1.50 E-2
6.58 1520  2.89E2 .94  1.99 E-2
876 1480  1.12E2 79.84  2.51 E-2
6.04 1440  4.87E1 77.53 3.1 E-2
714 1400 1.8 E1 75.00  3.98 E-2
7.35 1360  7.08 72.25  5.01 E-2
7.58 1320 224 69.28  6.31 E-2
7.81 1280  5.50 E-1 66.10  7.94 E-2
8.06 1240  1.17E-1 62.72  1.00 E-1
8338 1200  2.65 E-2 1.18 E-2 §9.15  1.28E-1
862 1160 851 E-3 9.55 E-3 55.41  1.50 E-1
893 1120  2.40E-3 8.13 E-3 51.52 1.9 E-1
9.26 1080  17.08 -4 7.08 E-3 4750  2.51 E-1
9.62 1040 2,04 E-4 6.76 E-3 43.38  3.16 E-1
10,600 1000  5.80 E-5 6.61 E-3 39.19  3.98E-1
10,42 960  1.78 E-5 6.61 E-3 3497  5.01 E-1
10.87 920  1.58E-5 6.76 E-3 3076  6.81 E-1
11,36 880  6.31 E-5 7.24 E-3 26.61  7.94 E-1
11.90 840  2.57 E-4 7.76 E-3 22.58  1.00
12.50 800  1.00 E-3 8.71 E-3 1874  1.26
13.16 760  3.63 E-2 1,05E-2 1518 1,59
13,89 720 1.20E-2 1.32 E-2 11.98  1.99
14.70 680  8.80 E-2 1.66 E-2 9.20  2.51
15.63 030  1.07 E-1 6.87 3.6l
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TABLE 5. TRANSMISSIVITY FUNCTION AND ABSORPTION COEFFICIENTS
FOR WATER VAPOR (Continued)

A ...i‘i_ k Band k Continuum  7{k-W*) k-W*
()}  (em"1) ®
16.67 600 2.82 E-1 5,00 3.98
17.86 580 7.08 E-1 3.57 5.01
19.23 520 1.70 2,50 8.3
20.83 480 2.99 1.88 7.4
22.72 440 8,91 1,03 1.00 E-1
25.00 400 2.00E1 0.49 1.26 E-1
27.78 360 447E1 0.0 1,58 E-1
31,25 320 S.12E1
35,71 280 1.70E 2
41.6% 240 2.82E 2
50,00 200 4,07E 2
62,50 160 490K 2
83.33 120 4.68E 2
125.00 80 295E2
250,00 40 1.10E 2
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TABLE 6. SUMMARY OF LABORATORY DATA AND PATH PARAMETERS

Gas or
Vapor X v P
€O, 1317  6000-7000 760
1.8-2.1  4600-5400 780
2531 3500-3700 737
2.5-3,1  3500-3700 755
4.0-54  1800-25%0 1,0
4.0-5.4  1800-2500 TM
8.0-11 910-1100 760
8.0-11 810-1100 6080
12-19 550-850 750
12-19 550-850 745
H,0 1.0-1.05  95-10.000
1.05-1.2  8200-8500
1,05-2,2  4600-8500
1.05-2.2  4600-9500
1.2-2.2  4600-8250
2.3-3.65  2800-4400 740
2.3-3.65  2600-4400 740
2.3-3.65  2800-4400 740
3.65-4.5  2200-2800
45-8.1  1100-2200
45-91  1100-2200
45-81  1100-2200 123
9.1-13 1100770
9.1-13 1100770
9.1-13  1100-770
13-16 625-77¢
18-20 500- 625
20-30 333500 606
20-30 333-500 600
20-30 333-500 580
30-40  250-333 603
46-2500 4-750
Gas
0 4.4-51  1960-2270 230
8.0-8.3  1015-1250 160
8.3-102  980-1075
12.0-165  G06-833 160
N,0 3841  2240-2630
4.24-4,36  2290-2360 490
4.4-47  2130-2270
44-47  2150-2270
7.6-8.1  1235-1315 100
8581  1108-1175 240
16.0-18,0  555-625 180

P = total pressure

p = partial gas pressure

P, - equivalent pressure

T = temperaturs

W = actual quantity of gas :n path
w* - equivalent sea-level path

n = exponent for P and T correction

.

50.0
50.0
1.0
10.0
1.0
8.8
608
6080
0.2%
4.0

2.5

230
160

160

400

100
240
160

F.

11
7
738
758
1.3
737
842
7900
750
746

750
740
740
40
821

750

748
T46
136
760
760
760

760
626
808
501
604
180

370
257

257

448
750
758
112
269
179

T

285
295
285
295
285
295
295
295
285
285

285
295
285
285
285
285
285

285
285
295
91
285
288

298
280
280
290
283
28

283
285

285

300
285
285
288
288
288

fatm-cm)

8100
8330
22
1818
18
1043
5600
8000
3
173

{pr cm)

3
50
0.05
0.7
1.68
0.140
0.017

1.03
c.047
12,021
4.18
6.7
0.57

0.57
0.074
0.0325
0.0050
0.00318
0.0104

(atm cm}

8,08
6.32
0.31
632

(atm cm)

101
8

= SO w ke

.6
.8
.0
.1
.8
.5

=n

0.80
0,78
0.88
0.88
0.80
0.80
0.50
0.27
0.88
0.88

eeoeoe
o ® - o

_Ww Rel.
(atm-cm}
8200 3
8700 3
23 30
1614 30
0.11 3
1018 30
6580 40
15,100 41
2.9 30
168 30
{pr cm)
2.8 30
48 30
0.048 30
0.70 30
1,76 a0
0.147 30
0,017 30
1.02 30
0,046 30
0.006 0
4.18 42
6.7 42(run 61}
0.57 42(run 60)
0,57 42(run 60)
0,061 43
0.026 43
0,0038 43
0.00255 43
0.0103 44
{atm ¢m)
7.38 45, 46
4,58 45
0.13 41
4,58 46
{atm cm)
0,062 48, 49
8.1 50
57 51
6.0100 51
0.17 52
3.£3 52
i.713 52
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region from 9.1 to 20 y, that of Palmer [43] for the region from 20 to 40 g, and the Yaroslavsky
and Stanevich [44] data for the reglon from 40 to 2500 .

The empirical procedure used to evaluate the absorption coefficient was as follcws. The
laboratory data cited in table 6 were reduced to equivalent W* values from the equation

r

1!1

Pe ﬂl

* ] i
W —th T

0
The values of n are given in table 6. The spectral interval from .0 to 2000 u was divided into
equal wavelength increments on a logarithmic scale and for each value of W* a mean absorption
coefficient was evaluated for each wavelength increment, assuming the transmaicilog lor each
wavelength interval cbeys equation 72, Thu nbsorption coefficients for each wavelength incre-
ment were plotted as a function of wavelength and a curve was fitted to the dria using a least-
squares fitting procedure. The resulting curve was a plot of the generalized absorption coeffi-
cient t:zol?m"d2 as a function of wavelength. This corve was then used to calculate values of
transmission versus wavelength for certain values of W* The curves for water vapor are given
in figure 30. Note that each curve is a plot of transmission varsus wavelength for a single value
of W*, To determine the absorption for a different. value of W*, simply shift the curve by an
amount indicated by the index on the right. The transmissior data for all »f the gases are pre-

sented in the same format, and examples of computation are given in section 3.3.4.

3,3.2, TRANSMISSIVITY FUNCTION: CARBON DIOXIDE. The transmissivity functior for
this gas was developed by a purely empirical technique ard 1=, therefore, given by a curve of
transmission versus the product of the generalized ahsorption coefficient and the equivalent sea-
levei path W* or 7 = 7(kW*). This curve Is shown in figure 31. Since the procedure used in ok-
taining this curve is exactly that which was used by Elsasser, the reader is referred to sec-
tion 3.2 where the specific detalls of this form of empirical fitting are discussed. In general,
when performing a purely empirical fit to a set of absorption data ore finds that one function
will oe determined for one absorption baad aud another for a different absorption band. However,
Altshuler fitted the same curve (fig. 31) fcr the entire interval from 1.3 to 19 y to the data of
Howard et al. [30} and King [14]. Therefore, one function represents the CO, data for the entire
interval. Using this transmissivity function he determined the absorpticn coefficients exactly
as those for H20 and the results are plotted in the same format. The curves are represented

by figure 32, Tha units of W* for C02 ate atmospheric centimeters, but the units un the curves
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