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ABSTRACT

‘This research is directed toward the investigation of high-power
beam plasma interactions, with specific investigation of the transverse
velocity beam modes called for.

Exper imental results have been obtained for the propagation charac-
teri_tj.s of the transverse plasma wave modes. They are qualitatively con-
sistent with a traveling backward wave propagating toward the axis in a non-
uniform plasma column whose density decreases toward the outside. The
obrerved wuvenumber is about twice that predicted by the theoretical dis-
persion relation based on a Maxwellian electron velocity distribution func-
tion. The theory has been reformubated to accommodate arbitrary distribu-
tion functions. The two-beam experiment has been completely set up in a
form which prevents interaction in the varying perpendicular velocity region.

This research is part of PROJECT DEFENDER, sponsored by the Advanced
Research Project Agency, Department of Defense, and administered by the U. S.
Army Electronics Command under Con:ruct No. DA 28-043-AMC-01821(E).
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1 PURPOSE

This investigation has as its purpose the theoretical and experi -
mental investigation of new (i.e., not space charge) modes of beas plasme
interaction. In particular, it includes the investigation of the feasibility
of these new modes as an improved means of generation and seplification of
microwaves.

11.  1INTRODUCTION AND STATEMENT OF PROBLEM

It is apparent from recent developments in the lineary theory of
plasma waves (of which electron beam waves are a subgroup) that the wave inter-
actions used thus far in devices for microwave generatior and amplification
represent only a small fraction of those which are possible and which should be
consider:d. Performance and design limitations of existing devices are due to
the characteristics of the particular waves used,and they may well be extended
or removed Jf different waves are employed,

The Speriy Rand Research Center (SRRC) has contracted to conduct a
comprehensive theoretical and experimental study of particular plasma waves
(includiry electron beam waves) which are candidates for application to high-
power microwave generators or amplifiers and which have not as yet been ade-
quately investigated.

The work being undertaken is an extension of research which has been
in progress at SRRC. As a result of company sponsored investigations performed
during the past three years, an important set of beam and plasma waves - the
so-called electrostatic, cyclotron-harmonic waves - have been identified. These
waves merit further study because they remove the plasma density, magnetic field,
and parallel phase velocity restrictions inherent in the wave modes used in
existing devices. Their dispersion relation has been formulateu and solved for
many interesting cases, :ncluding growing wave interactions.

In particular the research program includes: measurement of propa-
gation characteristics for comparison with existing linear dispersion theory;
coordinated theoretical and experimental study of the effect of finite geome-
try, velocity spread, and density and temperature gradients on linear propaga-
tion “haracteristics and wave impedance; a primarily experimental study of non-
linear amplitude limiting and spurious frequency generation; and a study of the
noise properties of the amplification medium. Special emphasis will be given to
a search for practical methods of efficiently coupling these waves to conven-
tional transmission lines.

The program will also include extension of the range of solutions to
linear plasma and beam wave dispersion relations in a search for additional wave
modes of potential usefulness in high-power microwave devices. For while the
past theoretical program at SRRC has been extensive, there remain many possible
relative orientations of beam velocity, wave velocity, rf electric field and dc
magnetic field vectors, wide ranges of parameters, and many beam and plasma
velocity distributions of potential interest which have not yet been considered.

AP DAL o G I



111, JECHNICAL BACKGROUND
A. LINEAR THEORY OF WAVES IN A UNIFORM PLASHA OR BEAM
The mon-relativistic dispersion relation for high-frequency

electrostatic waves in s» infinite unifore electron medium meutrelized by
massive ioms is:

2 = J2
. - - 2m Jo(k )
cqubiing Z [ v, dv, [ dv I fo/a nL*k.—L f (v,.vy) = =]
K+ K J A R I T B (A dvg] "ot
i [ | p=-= ©
(1)

where

o =nf

P ¢ "
kg = component of propagation vector along
the static magnetic field, Bo .
k, = component of propsgation vector across

the static magnetic field.

the normalized electron velocity distribution.
where v, is the velocity across the field
and vy is the velocity along the field.

{oiv‘.v|)

=
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and Jp(k,v,/Q) s the Bessel function of the first kind and order n with
argument k,v,/Q .

The importance of the distribution function in determining the
behavior of the waves which may be supported in the medium is striking. To
begin with, if we consider an electron beam with velocity parallel to the
magnetic field. then

fo(VL'V“) = 5#;: 6(v,) 8(vy = voy)




and the dispersion relation i3

2 2
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o ———2 -+ K —n 3 * 2end (2)
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This equation. originally discussed by Gould end Trlnlplece.l
describes the fast end slow space charge waves as well as the fast and slow
fundamental cyclotrom wavgs. The case of & finite bess dismeter has also
been discussed i~ detail.* The gemersl conclusion drewn from the timple case
of 8 uniform density finite diameter beam is that the geometry merely restricts
the set of & velues (k,.x;) which can be used to satisfy (2) but thet the
infinite medium dispersion equation must still be setisfied. The dispersion
disgrasa for this “cold™ electron bem: is given {n Fig. 1. It will be noted
that the slew “negative emergy”™ waves used for oscillators or amplifiers
have o parsilel phase velocity less than the beam velocity,

¥hen electron motion sbout the lines of sagnetic field is taken
into 1ccount. en Infinite set of waves is found.d:4 In addition to modified
$pace charge waves. two waves exist for esach harmonic of the electron cyclo-
tron frequency. One of each such pair of waves is found to have negetive
energy.d and can thus be used for growing weve interaction. 8s is the slow
spece charge wave In concentionsl microwave tubes. The disperrion curve
shown in Fig. 2 is for » besm of monoenergetic. spiraling electrons, whose
velocity distribution is given by

fo("u"l) = —L; 8(v, - w,) b(vy - vo1)

and whose dispersion relation {3

- 2 2
2oy 2 Z k§ 2k, v,/00) M (Jiﬂ(klvm/n) . "iﬂ“‘l"m"’. ,
Pitie (& - R|M| - K})z X - kyvgy -
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F1G. | Dispersion disgrem of so<called coid electron besm where electrons
move only aloag tae magnetic field with o cingle speed (in tkis case
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FIG, 2 Dispersioa disgram for transverse beam modes on a nonc-energetic
besm of spirsling electroms, Oaly pesitive {requemcies are shown
for convenience., The dispersion relatiom is symmetric sbout both
axes, Here sgain /0 = 0.5 dut vy, = Wk, (fixed k).



If we consider an electron beam whose distribution function is
Maxwellian across the field and having a single velocity along the field,
then the results of using this in Eq. (1) yields

®

22
2 kirve
K2 = k2 + k§ = o2 zz: I (Ve _ 5 * e
(w = kyvoy - nG) (w - kyvgy - nQ

(4

where
" p
A= (kyv,/q) :

Equation (3) exhibits certain interesting characteristics which
in principle may be utilized in a power generstion system. Consider the
function in the lest sum on the right-hand side of the equation,

- = l
B - =3 die |
where

p = kLVCL/O .

This funciion becomes negative whenever Jn(e) and its derivative are of
opposite sign. It is possible, for a sufficiently dense besm. to have
instability over critical perpendicular velocity ranges for which

Ja(P) d/do I (p) 1is megstive. Too much velocity soread in the perpen-
dicular direction can eliminate these unstable regions. however. since the
Naxwellian velocity distribution beam does not exhibit this characteristic.
Our theoretica) investigation will includo detailed cslculations of the
effect both of perpendicular velocity spread (vve will employ a shifted Max-
wellian distridbution with variable velacity spread) and of sxial velocity
sproad. 8 spread which leads to the so-called "collisionless cyclotron
damping.”



Interaction between the transverse velocity, negative energy
wave on the beam near the cyclotron harmonic and a circuit (or beam or
plasma) positive energy wave leads to wave growth. This is dramatically
illustrated in Fig. 3, where we present the negative and positive energy
waves on a single electron beam. As the beam electron density increases,
the positive energy wave originating at.zero frequency for k; = 0 (the
fast space charge wave) couples with the negative-energy transverse veloc-
ity wave at the cyclotron frequency, and an instability results in growing
wave solutions.® The growth rate and frequency spectrum of these waves are
presented in Fig. 4 for several harmonics of the electron cyclotron fre-
quency.

The interaction of a monoenergetic beam excited in the trans-
verse velocity mode with a plasma whose electrons have a Maxwellian veloc-
ity distribution has been considered under somewhat restricted conditions
by us. We have found wave growth in the region where the axially-traveling
beam electrons see the cyclotron harmonic frequencies after the approximate
doppler shift. This interaction occurs if the plasma appears to be lossy
(resistive instability) or slightly reactive (reactive instability). In
Fig. 5 we show the results of a calculation of the reactive instability,

The effect of boundaries in a finite beam of uniform electron
density is subtly complicated by the non-zero orbits of the electrons.
Those electrons traveling on field lines within a Larmor radius of the outer
edge of the beam penetrate through the beam boundary and, hence, through
what would be a region of radial field discontinuity. These electrons may
interact more strongly with harmonics of the cyclotron motion than electrons
nearer the axis.?

B. THE EFFECT OF GRADIENTS

The importance of density and temperature gradients in beams
or plasmas is well recognized. Because of theoretical difficulties, few
attempts toward adequate solutions have been made. Recently, Nickel, Parker
and Gould” and others investigated the effect of plasma gradients upon elec-
trostatic waves propagsting across a plasma column in order to explain the
so-called Tonks-Dattner resonances which occur with no magnetic field.
Buchsbaum and Hesegawa’ and Schmitt, Meltz and Freyheitl0 have considered
wave propagation across a radial density gradient in a magnetized plasma.

In all cases, it is assumed that the change in density across a Larmor orbit
is either so small that the gradient slightly perturbs the wave-equation-or
80 lerge thet the zero magnetic field condition is valid.

Emission!! and absorptionq'lo measurements of a plasma column
immersed in s megnetic field have shown very interesting fine structure when
the frequency of observation is in the vicinity of twice the electron cyclo-
tron frequency (and higher harmonics as well). ‘The theory of Buchsbaum and
Rasegaws is that waves can propagete within the high-density core of the
plasme aut toward the walls of the discharge tube until frequency
corresponds to the local hybrid frequency ‘whybrid =:/.é + ga). &s long as
the wave frequency is iess than the second harmonic of the cyclotron frequency.

-7-
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FIG. 3 Dispersion relation for mono-energetic, fixed perpendicular energy

beam waves of frequency less tham the first cyclotron harmonic.
Each curye is for different beam density expressed in torms of the
ratio uy/c® all having kyvgu = 0.10. As density increases, the
wave originating near zero frequency couples with the negative
energy wave below the cyclotron frequency, and wave growth ensues.
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FIG. 4 Growth rate and freauency of growing waves associated with the

interaction of the positive energy beam wave with the negative

Im /8

energy beam wave on the same beam as a function of the ratio of
cyclotron to beam plasma frequency. Growth curves are shown by

the dashed lines.
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AL the hybrid frequency the waves become evanescent on the outside and aro
reflected toward the interfor, thus setting up 8 standing wave or rediasl

resonant condition. The importance of radial density gradients is stressed
by the'r analysis,

The combination of the linearized Boltzmann equation with

Poisson’s equation leads to the following differential equation for slad
geometry:

2
2 w
d 1 po )|
—5 [g(X)E(x)] + - g(x)E(x) =0 (5)
dx2 2w -2 9
where
F 2
2 3eT/m W
¢ 2 2 *

(W - 0D (4° - vd)

T is the electron temperature (assumed to be uniform), g(x)
is the normalized electron density profile, and w L is the peak electron
plasma frequency. P

If the medium is uniform, g=1 and d2/dx2 - -k2. so that
the dispersion relation is

2 A 2 2 2[3eT]| 2
(40° - w9 (Q° + W = w9 = k_,_(-ﬁ—)wpo (6)

from which we can verify that

k 1is real where mz < 02 + wgo and 20>w

©

k is real where w2 > wgo + 02 and 20<w

-0l =

— e T T S S e




Case 2 has been experimentally amd theoretically treated by
Schaitt, Meltz sad Freyheit, 10

The solution of Eq. (3) can be explicitly givem for s deasity

profile
gty —i—o
Rk
and {is
o < o+ i, 8 20,12

1/2
v=% ‘—%nz;w;uzT (02+w2 w2)-1
aw® & (2 - 9 po

and the D functions are parabolic cylinder functions. These functions
oscillate in space in the manner of a radial standing wave, showing that
physically the wave propagating out from the core is continuously reflected
from the density gradient. Buchsbaum and Hasegawa's work has been extended
by us to intlude cylindrical geometry, and the same essential feature of
the standing wave pattern is found. In Fig. 6 we illustrate the nature of
the solutions associated with waves propayating across a density gradient
both with and without a static axial magnetic field.

The solution given above for the non-uniform plasma is valid
only in the region where w =~ 20 and is a result of an expansion to first
order in the quantity (L. d/dx), which is the ratio cf Larmor orbit

(Lf = eT/m34) to gradient scale length. In sider to cunsider waves in the

- 12 -







vicinity of the third harmonic, terms to second order in Ly d/dx are re-
quired and so on. It is obvious that computational complications increase
with higher harmonic number if such a technique is used. We propose to con-
sider the extension of this method as well as attempting different attacks
on the problem.

While a plasma will probably have only slightly non-uniform elec-
tron temperature, an electrcn beam may well h-ve a velocity distribution (it
would be incorrect to consider it a temperature) which is highly inhomogeneous
as a result of generation and injection methods. The terms arising from inhomo-
geneous beam electron velocity distribution (and density gradients) in the
Boltzmann equation are from the term v, VY, fo . where f, = n(r)g (r,v )g)(r,vy).
That is, we assume that the density and velocity variations are separable. For
example, we could consider a local Maxwellian velocity distribution in the
direction,

2
v
e s (_*_) :

gL(r' VL) = 9
v 21y LO(r) ZVLO(r)

The consequences of such a distribution (or, for that matter, of any tempera-
ture gradient) upon the cyclotron harmonic beam waves are not evident, but
spproaching the problem via a perturbation technique allows the insights
obtained in the uniform analysis to be extended and applied to the very dif-
ficult case of spatial temperature variation. That is, we can consider

2
vio(r) = v3 [1 + b ]

where Y is a small number and £ {s the beam radius.

We are exploring, as one possible coupling mechanism, the non-
uniform plesme resonances discussed in the previous section. These resonances
set up the high-order radisl field variations required to excite transverse
velocity beam waves. The resonances themselves may be excited by electrodes
which are located entirely outside the beam-plasma region. (See Fig. 8.)

Meny experiments related to this aspect have been conducted.
From these experiments, it appears that the core resonances in a plasma are
strongly excited by an external circuit. The depth of the absorption is well
{1lestrated in Fig. 7. which shows oscilloscope traces of resonant dips in
reflacted power as viewed on a strip line excited at a frequency of 400 Mc/sec.
Esch trac. is for the indicated ratio of wave frequency to cyclotron frequency;

s 1l -
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FI1G. 7 Experimentally observed radial electron plasss wave Te;onances
in the core of a cylindrical plasma columa for differeat magnetic
fieid strengths, observed in reflection in a neon afterglow plasma,

0.02 torr, { = 40C Mc/sec, time scale 0.2 mgec/div. Note depth of
resonant structure.
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Expsriments] apparatus showing method of excitation as well as
method of iatermal poht.n of radisl resonances on 8 L

columm ia magnetic fie'd. The rf excitation at 1175 Mc/sec is
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sll traces are in the vicinity of the second harmonic of the cyclotron fre-
quency, as predicted by the dispersion relation of Bernsteinl2 from longitu-
din3]l waves propagating across the magnetic field.

IV. WORK PERFORMED DURING REPORT PERIOD

A. Coupling Techniques

1. Theory

The experimental results of the electrostatic waves propagating in
the plasma component of the beam-plasma system have shown consistently that
the waves do not obey the dispersion relation predicted by Bernstein fl2].
For a» given frequency the waves are observed to have a wave number about twice
that which is predicted for a Maxwellian plasma. This results in a marked
change in the plasma slab impedance at a given frequency than that which is
predicted for a plasma with a Maxwellian velocity distribution (see report
ECOM-01821-3). 1In order to determine whether a non-Maxwellian plasma could
account for the experimental dispersion relation an attempt to determine the
theoretical ® , k relation for general distribution functions is being pro-
grammed .

The equation governing the electrostatic waves propagating across
the magnetic field is

& 2R
BE ® 2nd (kyv,/Q) 3f(v,) "
1 + dv, = 0 (7
k2 w & n) aV_L i
Lo (O

which is obtained by setting ky=0 in Eq. (1) and integrating over the axial
velocity, vy .

Initially, two distributions will be considered, the exponential

_ 3 m Y3m/kTv
f(vy) = - %7 © L (8a)

and the Druyvestyn

2 2
_ 1 my ~((vy/4m)(m/KT}")
£,(vy) = =5 [ 7'V (8b)

=




Both distributions are normelized and have second moments equal to
the second moment of the Maxwellian distribution so that

making the energy equal in all cases.

In a low pressure discharge (pressure ~ 10"3 Torr) it is expected
that the distribution is more iike Eq. (8a) whereas Eq. (8b) is the theoreti-
cal velocity distribution for a high pressure dc discharge.

2. Experiment

In order to verify that the experimental technique previously
employed had heen valid and that the expetimentally determined values for
wavelength were not off by a factor of two as a result of the measurement
technique the wave probing experiments were repeated using the set up shown
in Fig. 9..

The signal driving the plasma oscillations is split in two by the
3 dB directional coupler. The impedance of the probe in the plasma is tuned
by a short-circuited line and the probe signal coupled out by a 10 dB coupler.
This signal is phase shifted by means of a motor-driven delay line and com-
bined with the reference signal in a 10 dB coupler. This combined signal is
detected and recorded as a function of position on an xy recorder. An atten-
uator pad was added to the reference to test the circuit operation. Since
the crystal detector operates as a square-law device, its low frequency out-
put contains the terms

So(x) = Si(x) +5p + ZSp(x) Sp cos o(x) (9

where: S (x) 1is the probe signal and is a function of
P position, x , within the plasma;

SR is the amplitude of the reference signal
and is independent of probe position;

and @(x) is the phase difference between the
reference and probe channel which, in general,
will be a function of position (x) .

12 a standing wave were present in the plasma the phase ¢(x)
would be independent of position, and S {x) would vary spatially in a
sinusoidal like manner whereas for traveling wave, tos ¢(x) would vary
in a sinusoidal manner and S (x) would vary slowly (as a result of the
plésma inhomogeneity). P

+98 <
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FIG. 9 Experimental set up for the detection of the phase velocity of the

electrostatic waves Propagating across the plasma column,




Consider the case in question. If S =0 and only a traveling
wave were present then the output, S%(x) , would be independent of posi-
tion which is contrary to previous exBeriments. (See report ECOM-01821(E)-1.)
If only a standing wave were present *hen the spatial oscillations mecasured
Would be at twice the spatial frequency 2k, (k, being the spatial fre-
quency) and hence the measurements should have been interpreted differently
than was done. If a traveling ¢r a standing wave were present with a larger
background signal of slow spatial variation them the spatial frequency meas-
ured would be k; . The present experiment is designed to eliminate this

ambiguity. Sg 1is set to be very much larger than Sp and so one has

5,(x) RsZSR Sp(x) cos @(x) (10)

In order that the condition S, >> S, be checked a set of meas-
urements were taken with no pad in the referenge line as well as 3 dB and
10 dB pads. Since the output relative to the O dB pad case was 0.7 and 0.3
for the 3 dB and 10 dB cases respectively, the conditions were satisfied.

Probe output vs position were then taken for a set of lengths
in the precision variable line. Several examples of these are shown in
Fig. 10. It can be seen that the spatial pattern is essentially the same
but that the pattern moves outward as the delay in' the probe line increases.
This is a positive indication of a wave whose phase velocity is directed
toward the plasma axis. (The strip lines were reversed and the measurementsy
repeated and again inward Propagation was found so that it was determined
that the unbalanced strip line did not lead to wave propagation, )

\

In Fig. 11 we plot the Position of the maxima and mi:ima of the
set of data taken at 485 MHz (in the neighborhood of the third harmonic of
the cyclotron frequency, 175 MHz) as a function of the time delay intraduced
in the probe arm. The slope of these curves gives the local phase velocity
#hich is plotted as a function of position in Fig. 12.

The behavior of the phase velocity across the column is in quali-
tative agreement with the motion of a wave propagating through a non-uniform
plasma column whose density decreases toward the outside.

B. Two-Bean Experiment

the two-beam experiment was remounted after a cathode failure.
The physical structure has been changed as well, ‘The "linear" beam (the
beam not having perpendicular velocity superimposed) has been formed by a
hollow beam system which was obtained from a commercial backward-wave oscil-
lator. The perpendicular velocity beam is as before. The experimental
arrangement is shown in Fig. 13, It can be seen that the hollow beam is
Collected before it arrives in the region where the perpendicular energy
is imparted to the soliy beam. This was a measure taken to avoid inter-
action in a region of varying perpendicular velocity,
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( inches)

Probe signal vs probe distance from axis for several delay times
in probe signal line. The time delays are indicated in nano-
seconds on the curves. It can be seen that the peaks move out-
ward indicating that the wave is moving inward. The curves were
taken in a 10 mA Hg discharge at 485 MHz with the cyclotron fre-
quency at 175 MHz and are displaced from one another for clarity.
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FIG. 11 Plots of maxima and minime vs time delay in probe signal line.
The slopes of these curves determine the local phase velocity,
The data were obtained under the same conditions indicated in
Fig. 10.
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FIG. 13 New experimental set up for the two-beam experiment.
Perpendicular energy is added to the solid beam
whereas the hollow beam receives none. The new
arrangement allows for beam collection in such a
manner that interaction takes place in region of
constant predictable beam parameters.
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The first attempt resulted in a heater follure and the systes i3
readied for s new trial.

v. CONCLUSIONS

The plasma standing weves are now experisentaiiy determined to be
8 result of the spatial superposition of a fong wavelength field with the
propageting short wavelength electrostatic waves under the discharge con-
ditions encountered in these experiments with o low pressure dc discharge,
The discrepancy between the measured waveleagths and those predicted by
Bernstein dispersion relation are though to be a result of the nom-Maxwel-
1ian velocity distribution of the plases electrons and o computation of this

is in progress,
V1, FUTURE PLANS

The non-Maxwellian dispersion relntion will be calculnted and the
modulated beam introduced into the plasss so that the effort {n the study
of the beam plasaa intersction will be sped wp,
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