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ABSTRACT 

The theory of finite Fourier transforms is developed 

from the definitions of infinite transforms and applied to 

the computation of convolutions, correlations, and power 

spectra.  Detailed procedures for these computations are 

aiven, including listings and wnteups of FORTRAN subroutines 



l- IMTRODr;rTTnM 

For  the past   severa! months,   E.  A    Fiinn     , 

-d  . have heen  eXami„ln9  some practiJ' ""^  "  "  ^"^' 

aspects of the  theory of Pouru/tl^L      r^41^1 

"-"- - a set ot programs fo;;  : nq 
These e«— — 

series based on the Cool  . .   PerforminS operations on time 
t'a Cooley-Tukey (References 15.,, 

Fourier transform method  Usina ..    enCeS ^^ hyP—rapid 

"i-ic array data such a. 1^. lutT  ! ^""^ ^ 

oorreiations, spectra, and ^i^^ ^ COnVOl"i°'- 

^ fa-tors of three or four an ^ ^ ^^ UP 

of this report is to c SOmetlraeS ^ ten-  The Pu^ae »port is to communicate these res„n., ■ 
forward manner and to offer some  T * Strai9ht- o orrer some motivation for th^ir- ^  • 
" well as for future efforts in th^s area  w       deriVatl0n 

listings of the programs discussed here ^ ^ 
ces to this report ^ lnClUded aS W-^" 

2. 

In the case of continuous data of 1«^ • 
Fourier transform n mfxnite length, the 

transform paxr ls. usually wntten as. 

\ 

\ 

him) =   -L. 

2TT 
J f(t v       -lift       . 

^     dt 

f(t) = ^ 

(1) 

■^7/ Ä (üU)   iuut   . 
C duu 
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The first of these, going from time to frequency, is referred 

to as the direct transform and the other as the inverse trans- 

form.  Sometimes the direct transform is written with a factor 

of 1 m front of the integral and the inverse with a factor of 

l/2rr .  These are of course equivalent to the above definition. 

Usually the quantities of interest, such as spectra, etc., 

involve magnitudes or squares of one transform and the factor 

must be inserted or taken out, depending on which definition 

is used, to preserve true ground motion. 

Two drawbacks of these definitions for digital compu- 

tations are apparent:  First, the integrals must be approximated 

by sums in the digital computer, which implies that both trans- 

forms involve sampled variables.  Second, the infinite limits 

on the sums are impossible.  Clearly these sums must truncated, 

as they do not in general converge over a finite interval. 

As a result Fourier transforms as such are never really com- 

puted by a digital computer.  Instead, the complex samples of 

a direct transform »re approximated by the cosine and sine 

coefficients of Fourier series representation of the input data. 

The definitions for these are: 

if   x(t) = y fa  cos (nnt/T) + b  sin (rmt/T)] , (2) 

n=0 

then    a  = — 
o  T 

x(t) dt b = 0 
o 

(3) 

T 
2 r 

»  • «   x(t) cos (nnt/T) 
n   T J 

dt 

■ 
- 2 - 
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b 
n 

2 T 
T J x(t) sin 

0 

( rrnt/T) dt 

If N samples of the data are taken at equally spaced 

intervals ~t = T/N, the integrals (3) becomes sums, and the 

frequency sum in (2) goes from DC to the folding frequency, 

i.e., 0 to N/2T The equationo are then written as; 

N/2 

x(j) =I [ak cos(2rrjk/N) + bk sin(2rrjk/Nl] 

k=O 

N-1 

a "'l L o N 
j=O 

N-1 

x(j) b "' 0 
0 

N-1 

(4) 

a = .£ 
k N I 

j=O 

x(j) cos(2rrjk/N) bk = ~ L x(j) sin(2TTjk/N), (5) 

j=O 

where t has been replaced by jot 

A(k) t (ak - i bk) A(o) 

By now defim.ng: 

a 
0 

and realizing that a real time series contains only real 

points, (4) can be written as: 

N/2 

x(j) =I A(k) exp(2TTijk/N) • 

k=O 

A great deal of symmetry between the two transforms can be 

- 3 -

(6) 

(7) 

l 

• L • I 

preserved if the sum ~n (7; ~s summed up to N-1 . Red<.ndant 

points in the spectrum are included (since the transfo~s are 

per~odic) but the con;p>tt-~tional procedures are s~mplif~ed. 

It is also conven~ent to split th~ factor of 1/N appear~ng in 

( 5) into two factors of 1//N , one in front of each transform 

By defin~ng a complex number. 

w = exp(2TTi/N) , (B\ 

the two trl:'.nsforms can now be written as: 

N-1 

A(k) = ..1. )' f(j; ,,-jk 
~-

j=O 

(9) 

N-1 

f(j) =..1. I A(k) wjk (10) 
JN " 

k=O 

It can be shown that the set of direct Fourier transform 

points. between DC and the fold~ng frequency, conta~ns the same 

amount of infor.nation as the real da·ta ser~es' The transform 

includes N/2 distinct points, which with the DC term makes a 

total of N/2 + 1 complex points Equation _(9) shows that both 

the DC and the folding frequency point are purely real; thus, 

the Fourier transform contains c:N/2-1) •·2 ... 2~ 1 numbers. This is 

exactly the same amount of informat~on contained in the real 

time series.. It also suggests that the existence of one trans­

form should imply the existence of the o~her. 

If there are N/2+1 non-redundant points ln the direct 

transform, then the sampling interval in freque'ncy must be 

- 4 -
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(N/2T)/(N/2) = 1/T .  Thus, the product of the time and frequency 

variables is: 

iuut = i 2nj - k - = — ik J N  T   N  J (11) 

This equation relates the arguments in the two exponentials, 

one in the continuous transform and the other in the finite 

transform (Equations 1, 9, and 10). 

3.     TWO-AND THREE-DIMENSIONAL FOURIER TRAMSPOPMC 

Two-and three-dimensional direct Fourier transforms are 
seen to be 

N -1     N  -1 

A(k1,k2)   = ~ t     I   *(vV wi"jlki 
■/N-, N„   , 

1   2   ^=0     J2=0 

w2"
j2k2 (12) 

and 

V1 'r1 V1 

A(k   k   k , --^~    III    Mivi2.jjv-i 
"".N N   ,     u ^ 1 2  B 1 M -jlkl 

' 2 3  j^O  j2 = 0  J3=0 

w2"
:)2k2 w3~

j3k3    (13) 

We can break up Equation (12) as follows: 

Vi 
A(W 

vSI 
Y B(k1 .jj   w„ j2k2 

1 J2   2 
J2=o 

(14) 

- 5 - 



This calculation requires N one-dimensional transforms; we 

have defined 

which requires N one-dimensiona] transforms.  Thus, N + N 

one-dimensional transforms are required to compute the single 

two-dimensional transform. 

We can break up Equation (13) as follows: 

N3-l 

A(k ,k ,k ) = —  Y  C(k ,k ,j ) w,'j3k3 (16) 
v«; , .o   ! 2 3   3 

J
3 

which  requires N N    one-dimensional  transforms:     We have de- 

fined 

N  -1     N  -1 
1 2 

C(kl'k2'j3)   = -~±—       ) ) ^Ci^'i^iJ   •W,"jlkl 
^r^- i23i V   1   2     j   =0     j   =0 

w2   ^2   2 (17) 

which requires N  two-dimensional transforms.  Thus, N N one- 
• 12 

dimensional transforms and N two-dimensional transforms are 

needed to compute the single three-dimensional transform. 

- 6 - 
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4. ALGEBRAIC DISCUSSION 

Equations (9) and (10) suggest a more elegant and compact 

way to write the two transforms.  We define the vector A as 

the transform with elements (A)  = A(k), and define the vector 

F as the time series with elements (F). = F(j) .  The process 

of transforming is seen to be equivalent to matrix multipli- 

cation by a matrix W whose elements are (W)   = w3 
jk 

A = W f (18) 

and  f = WA , (19) 

where the dagger indicates Hermitian conjugation.  Substituting 

(19) into (18) gives the following important identity: 

+   + 
WW = W W = I (20) 

This is the definition of unitarity for the transformation W . 

It is a generalization of orthogonality for complete matrices 

and assures Parseval's theorem: 

A A = f f (21) 

W preserves "length" between the two domains.  The identity is 

actually proved by writing out the terms in the product: 

N-l 
1   V   r -ijin r        -imk 
- ^ |_exp(2ni/N)J   [exp(-2TTi/N) J 

m=0 

6k  ' 

- 7 - 



or 

N-l 
1 y N L 

/«(HO = j 
(22) 

m^O 

This last important relation is seen to be true by the use of 

a phase diagram: 

for j - k = 5 and N = 6 . 

x-The Cooley-Tukey method factors the W matrix, if it is 

a power of two in order, into L + 1 sparse matrices, where L 

is the power of two: 

W = ST ST . . . . S, S„ 
L  L-l      1  0 

Multiplying L + 1 times by these sparse matrices can in this 

case reduce the computing time by many tens of times.  The 

factorization is proved by Good(4) and organized for computation 

by Rader(3). 

5.     HIGH-SPEED CORRELATIONS AND CONVOLUTIONS 
S 

By computing Fourier transforms with this finite Fourier 

series-like method an important condition is put on the time 

series.  As in regular Fourier series the input is assumed to 

- 8 - 



be periodic with period T and the integrals cr sums are com- 

puted over a single period.  There is also the effect of 

cutting off the spectrum at the folding frequency.  Sines and 

cosines of finite wavelength will repeat again outside the 

region of interest.  This fact in itself is not bothersome but 

becomes a serious complication in the computation of convo- 

lutions and correlations.  Convolutions and correlations as 

usually computed assume the time series to be zero outside the 

region of interest.  Therefore the integrals or sums in com- 

puting them are summed out only over the non-zero region of 

interest.  When multiplying together two finite Fourier trans- 

forms (or the complex conjugate of one times the other) the 

periodicity of the time series means that elements which have 

been shifted past the end of a period reappear at the be- 

ginning.  This process is therefore called circular convo- 

lution or correlation and its effects are unavoidable when 

straightforwardly computing lagged products with finite Fourier 

transforms.  This is illustrated below: 

X1 = (3, 0, -1, 2) 

X2 = (-2, 2, -1, 2) 

R^  = (1, 5, 3.. -1)   for 100% positive lags; 

= (1, -1, 3, 5)   for 100% negative lags. 

Circular convolution is therefore written: 

T-l 

lC,(t) = Y  x. (T) x.(t + T) 
ij     Li      i j 

(23) 

T^0 

- 9 - 



where x^t + T) = xjt) for all „  . 

The proof that this is equal to the transform of the 

product of the two finite transforms follows below: 

T-l T-l  T-l 

I    Hij
C(t)w-= I I    X(T)   (t + 

t=0 t=0  T=0       j 
) w -tk 

T-l  T-l+T 
= 1 I   \ir)   x.(q) w-^-^k 

T=0  q=T 
q = t + 

T-l T-l 

- I    x.Cr) wtk I    x,(q) w-qk 
T*0 q=0 

■ Ai (k) A.(k) 

! 

On the other hand the transient correlation is defined 
by the following: 

T-l-t 

Rij (t) = 1 VT) *Jt  + T) 
T = 0 

(25) 

where the upper Umit on the sum simulates the desired zeros 

in the time series outside the region of 

lustrated below: 
interest.  This is il- 

- 10 - 



X1 = (3, 0, -1, 2) 

X2 = (-2, 2, -1, 3) 

nc 
R  = (1, -4, 6, -4)   for 100% positive lags; 12 

= (1, 3, -3, 9)    for 100% negative lags. 

.nc The finite Fourier transform of this R  is thus not the product 

of the two individual transforms.  However, by filling zeros 

into the second half of each data series and computing their 

transforms out to twice their actual length, a good estimate of 

the spectrum may be obtained.  In addition, the negative lags 

in the correlation appear, thus giving a more mathematically 

satisfying result.  This is illustrated below: 

X. = (3, 0, -1, 2, 0, 0, 0, 0) 

X2 = (-2, 2, -1, 3, 0, 0, 0, 0) 

R  = (1, -4, 6, -4, 0, 9, -3, 3)   for 100% positive lags. 

The two modified transforms thus are: 

2T-1 

•,(k) = y x. (t) w 
1 U X 

-tk 

t=0 

S..(k) = F.(k) 
15    i 

2T-1 

X.(t) = 0, T < t < 2T-1 
i —  — 

2T-1 

• (k) = y x.(t) wtk y X.(T) w"Tk 

t=0 T = 0 

- 11 - 



2:--i 
ks 

(ä/ = )  P. (k) F (1 
13       L        i 2 

2T-1  2T-1 2T-1 

t=0   T=0 k=0 

k(t+S-T)  .   (26) 
w 

Now from (22) the last sum becomes a Kronecker delta function 

and the other sum is collapsed to give; 

L  Cs) = )       X.(t) X.(t+s) = RT  (a) 
i]        /.ID 

t-0 

The last equality following from the original assumption that 

X.(t) = 0, T < t < 2T-1  ,  Transient correlations for 100% 
i ~      ~ 

lags are therefore computed by forming the absolute product of 

two transforms, each computed out to twice the length of the 

original data series with zeros filled into the second halves. 

Non-circular or transient convolutions are computed in 

much the same way, except that the transforms have to be com- 

puted out to a length equal to the sum of the lengths of the 

time series and the filter, with the appropriate number of zeros 

filled into each.  The convolution theorem is proved in the 

same fashion. #. 

T+S-l 

A(k)   =     Y       a(T)   w"Tk a(^)   =0,        S<T<T+S-1 

T = 0 

-   12   - 





T+S-1 

!lk) " L X\ t; W -tk X,t) 0 T<+.:::_T+S-1 

t:O 

T+S-1 T+S-1 T+S-1 T+S-1 
~ - ku " ~ 

I k(u-T-t) 
), Alk) ~(k) w = L L a(;) X(t) w 

k=O ·r=O t=O k=O 

T+S-1 T+S-1 

! A(k) X(k) wku = ( a(t' x'u-t) = y(u) (27) 

k =0 .,.=0 

Where y(u) is now the "filtered" output of the filter a acting 

on X. Convolutions are therefore computed by forming the product 

of the two transforms, each computed out to a length equal to 

their sum with zeros filled into the extra lengths. Detailed 

procedures for these computations are listed in Appendix C. 

- 13 -
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APPENDIX A - PROGRAM LISTINGS 

FINITE FOURIER 'l'RANSFORM THEORY AND ITS APPLICATION TO THE 

C~PUTATION Of CONVOLUTIONS, CORRELATIONS, AND SPECTRA 

\ 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

UY 10 tO 
SU~RUYTIN~ CUULINo~tSIGNII 

HTPEH•RAPID ~UURifR THANS~UHM uSING COULET•TU~tY ALGOHITHH 

SEISMIC UATA LA80RATUHY 1 lLtXANUHIA 1 VA, PROGHAHMfD 
26 FI;~RUlkY 1~66 BY ,Jo f, CLAt:RBOUT IMITI. D, ~. MCCOW'AN, 
Eo A, FLINN, AND Jo iji850N ITtLEUYNkl 

X IS • CO~PLt:A ARRAY USt:U fUR Tkt: DATA SEHIES AND THE 

N 
THAN5~0AM • ~~~ NUHBcW Uf t:L~McNIS Ot X IS L • 2 , 
SIGN • • 1 , 0 ~UN DIH~tT tOURIEH TRANSFORM ANU •t•O FOH INVERSE 
fO~Rit:R THAN)~OAM t8UT St:E 8t:L0W FOH ARRANGEMENT OF DATA FOR 
INVEH~E IHANS~OAMI, 

fOH UIRECT TWANSfnR~• ON IN~UI THt: RtAL PAHT OF X CONTAINS THE 
DATA SERIES AND T~E IMAGINARY PAHT OF X IS ZERO, ON RETURN, 
THE fUURit:R CUSJNf StRit:S EXPANSION Of THt DATA IS IN THE REAL 
PAHT Uf X1 ANU Tkf FUU~It:H ~(NE ~t:RitS EXPANSION IS IN THE 

N•1 
IMAGINARY PAHI Of X, eACH CO~TAINS ONLY ~ • 1 NONHEDUNDANT 
POINT~, 1Ht ~OSINt EXPAN~ION IS SYMMETRIC ABOUT POINT NUMBER 

N•1 
2 • 1 AN~ !~E SINe THA•s•OHM iS ANTISYMHETRIC AB~c. 
THIS ~OiN1 1 

fOH ~(AMPLE • N • 3 INU UATA = «u••l••D••O••O•'D••I•'D•)• 
THtN HEAL p&kl Of X c lgo•1••U••O••D••O••O••O•I AND IMAGiNARY 
PART or X' &u,•O••O•'O••U••O••n••o•) ON lNPUTt 
ON RtiURN• Rt:AL PART UF ~ • ll•OUU••7o7t•o••••7o71•"1•000' 
•o7Q71•D•••olu7tl A~U IMA~INAHY ~ARI OF X o t 0,,•,7g71, 
"1•0QUt•o7o71'0•'•7o71•1•UOU••7o7llo POINT NUMBER 1 
CDHRk~PQNU& IU Zt~O tH~Uu~N~Y• POINT NUMBeR ~ Ct~RESPONDS 
TO PI• THt FOLDING fHt:UU~NCY, 

TO go AN IN~~HSE THANSFUkM, THE ~USINE AND SINE SERitS MUST BE 

• 1 YEFORE CALLING 
FTPACK CAN HE USEU TO DO 
AND PHASE BACK TO 

N•1 
fOLDeU QVtR A~OUT POINT NUM~tH ~ 
COOL •ITH SluN o •1•0• SU~ROUTINc 
THIS JOR YOUo CONVERTINu AHPLITUDt 
SINE A~O CoSINi IF NttD W~. 

•N 
THERE IS A S~ALE FACTOH 0~ 2 WHICH COOL DOiS NOT APPLY, 

TH~ U5ER CAN APPLY THe SCALe ~ACTOR tiTHtR TO THE DIRECT 0~ TO 

•N/2 
THE INVERSE IMANSrORMo OR APPLY A SCALE FACTOH Of 2 To 
FOR tXAMPLEo ufVEN THE INPUT UATA AS ABOVE• THE TWO STATEMENTS 
CALL COOLI3o~••1•ol 
CALL COOLII,a•*1•ol 
MOULD CMANQE HEAL PART OF X TO c0,,e,, 0,, 0,, 0,, 8,,t,'V•I AND 





UV 16 it 

C        IMAGlNApY PAH. OF X Tu < 0«' 0. ' 0 • ' ü. ' ü-0-' 0« » 0 • > • 

C 
c 

DIMENSION K«ll«|irr<l»f««Ctl 
TYPE COMPLFX ^»Ü.W.HOLD 
fcOUlVALfcNCF (G«M) 

c 
C INITIALIZfc 
C 

LX   ■   B«*« 
Pl2«t>,?BJiBbJ06 
PLX   «   LX 
FLXPI2«S1GNI*PIü/FLX 

DO   10   1"1#N 
10   INT(l)   »   2**JN-1' 

C 

C        LCJOP UVER N LAYERS 
C 

DO «o LArE? « I#N 
NBLOCK ■ 2*!»<L*TfcR-i> 
LPLOCKskX/MbLOC« 
LBHAU » L8L0CK/<; 

C 

c     START SERIES A^D LOOP OVEK b^ucKS IN EACH LAYER 
V 

c 
c 
c 

c 
c 
c 
c 

NW ■ 0 

DO ^D IbLOC(\sj«NB|.OCK 
LSTAKT ■ LRLOCKMIBLOCK-»!) 

CÜMPüfE W t ttxPlp,*Pl»NW*SiGNl/L.A) 

ARGBFLOAfF(NW)«kHXPI? 
G<1)  ■ COSFCARGi 
G(2)  « älMFCARU' 

THIS GAN ÖE DEEDED UP bV USING A TAbLE OF COSINES 

;;        COMPOTE ELEMENTS FOR BOTH HA^S 0^ EACH BLOCK 

C 

DO 2u I«i,LÖHALI" 
J • I*LJ»IART 
K « J*LbMALF 
Q « X(K)*h 
XCK) ■ X(J)*Ü 
X(J) = X(J)*U 

20 CONTINUE 

C        BUMP UP SERIfcb BY TWO (NOI ONE) 
C 

C 
c 

DO 32   I"i,M 
II ■ I 
LLcINT(I).ANU,NW 

THIS LOGICAL UPERATION IS A MASK TO DETECT A ONE IN 
|        THE AHPROPRIAIg B,T POSITION OF N*.  TH|S STATEMENT WILL NOT 
C        WORK UN IHM »UaTDAti BVCTCO l9   ai^icnewi mtL NOT 
C 

WORK UN IBM ►URTRAN SYSTEMS. 

IF(LL)3X»3I«3O 



c 
c 
c 

I 
c 
c 

UV   16  *6 
3o CONTINUE 

32   CONTlMjb 
3i CONTINUE 

NW   ■   NW^INTUP 
4o CONTINUE 

START   SERIES   10  BFQIN  FIML  RfcPUACEM^NT 

NW   •   g 
00   »|  K»1#LX / 

/ 

SwffcHES0"""'   ,NDE)f  ANÜ   ^^  fc,-EMfeNTS   If   NOT  ALREADY 

NWl«Nw*i 

6o H0LD«X<N«(i) 
X|Nwi)«X(K» 
X<K)   a   HUtD 

55 CONTINUE J 

BUMP   UP   StRUS»   BY   ONE 

DO   70   lmltN 

II   •   I 
UL«INT(l).ANO,NM 
iFtLLjeü.e,,,?,, 

'0  NW   ■  NW»1NT(1) 
«0   **   a   NW*1NT(I|) 
5o   CONTINUE 

REIUHN 
END 

■■■■'   . ■■ 



c 
c 
c 
c 
C 
C 
c 
c 
c 
c 
c 
c 
c 
c 

1. 

Uon 

UV   pi    6fc 

UIMfc^lU.v   MN,U#X<^lTfc!»T>,i.AöU2/) 

MÜLTKH.4NNfcL OüNVOLlUJON «üUFiNh M)H lAHbU ßAlM 

INI lb THb 1NKUT SUBÜtr TAPb UF uAfA CHANNELS 

IS H WUMKINü «KKAV U0MTA|NIh6 «1 LtAST ^ITf-5,T POINTS 
OC  tWU LAH(jtH IHAN LX*L 

1 rtS(   is   if,h  Ngv(T  pnWtH 

u. w . ii o c n w A i j   vj u L Y   i 9 ft 6 

11 

rtfeWI'vy   i.M) 

WMLM INI <LÄb 
■JaL Am?) 
LX=LAb«J' 

LAHI>JJ=I.A-(L-1 ) 
"•«ITtetrUf »l Aiä 
UO   1    IMÜ«1,I,J 

U ( IbLM-l If bl ^.<i#l 
NCClOt,«IftlU 
SO   Tu   ;< 
C'PM (Mit 
PHlNl    1U'JÜ,LA,L 
FCMilMKUyHlhjMU    iVtwS,    t^HJ«    1 

IXs.lfc.^n,    LS#1O) 
JlüH 
C()N1 liWIfc 
1 \Oi»iTit*\/'i 

CALL   fc«*»6(g«iTteSTiÄJ 
NfcAUMNI MV(I,MJ»MSI.LY) 
UO   11    IL=1,L 
^«2. IL)*»- < tN*( iL-i )* i) 
CALL   CnüU<WÜÜOL**»»i,@J 
Xd.DaXCi^iwXC^.i >/lTb»l 
X(?«l)cu.,(j 
Uf)   2U    iL = iJ,l Ijo 

UÜWUU*,   LAU   HLUb   MLTfcR   IüO   LOMG   L 

i-^^Un^n1  C r"l,+?M^"X<2',TEb,-'L+2)-2-x(i.,l,**2.x;2
E^). 

20   *(l«lU*SAvk 

J|};H;j:ji:j;,i",os"»,"""""n>'imT 
"U   3ü    IL=lTU<fH2#lTPJ>T 

30   '<<2#lL)»-X(ie*lTfebT-lL*i>) 
CALL   COUUiMCÜOL.X,*!«, 

10   WPITb(IUI)(X(i,Mi,M»L#LX» 
i»D  ULfc   lf)7 

«tTOWN 
kfct) 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

UV 19 66 
Su«HUOTl^fc CUuLtH(N,x) 
ÜIMfcNSIUN *m*U<2> 
fcQUIVALt.MCF (U»M) 

CUQLtt-TUKfcY »-QUHIER IHANbFURM ON RfcAL TIME SEKIkS 
J. r. CtAfcRÖüÜT        2» JULT lV66 ' 

INHUT - THg NCAL TlMfc SkRIES     X( ],),.., ,X(|.X) 

UUTPul m   iHfc COMPLEX ►OUHifcH iRAi^FORM X(l).,..,X(i ♦ LX/2> 

NUTE IHAT X MUST RE lYPb »t^L   IN IHfc CALLING PHOURAM« AND 
ülMENalPNbD UX*! THPRb (NUT LMi 

S»U6 «E<?TKICI10N - LX MUSI Hfa Lit. lOJbA 
(I,fc,# N MUST ÖP L.fc. I4*) 

LX I*Hl««K-i)*lJ*i)/LX» 
X(J) 3 SUM  AlK)*t 

K«l 

»■UN d ■ JJLX/«;*! 

M 
AND WMCHF LX a 2 

TYPb COMKLFX X#«*b»w,CON«Jü 
M ■ N-j 
L « <;«*M 
CALL COULCM.X.-i.g) 
F ■ ^J,1

<»i5<Ji;6bJ/^LnATF(L^ 
MaX(l) 
Xt|>*ll|AwlMl|J )*AlMAa(y(i)) 
X(L*l)«HfcA|(W»-Alrt«Ü(W» 
LL " L/2*l 
ÜÜ lu IS^»LL 
J « L-I*^ 
AB.ö*(CU>MJG(X(1'UX(J)) 

a«tt>MruNj(;m I« '»xcj)) 
il ■ l-i 

S{}i«6N» trii 
G(2)«-SHFcFi) 
d s ti*w 
X«I) ■ AMn.,lf*-B 

in X(J) ■ CUNjU(A)*(0.*i,)*CONJb(B) 
RETURN 
END 





c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

0~ 16 66 
SUWRVVTINE COOLMLBRINoXI 

THIS ~OMPUTt~ THE HIL~EHT THANSFOHH Of A DATA SERIESo 
USING THE MYPtA•RAPIO FOUHitR TRANS~wRH ROUTINE COOL 
THIS I'ROGR&M !WAN~S TO JON CI,AERBUJT 

INPUT~ • 
N • LU6 IB&St 21 OF NUH~tH Of DATA PUINTS 
RtALIXI • DAIA 5ERIES TO ~E THANSFORMED 
IIIAGill a 0 

OUTPVIS 
REALiXJ • x AuAIN 
IIIAGill • HIL~E~T TRANS~OHM 0~ X 

THIS CALLS CUUL 

DIMENSIUN Xlll 
IYPE COIU'LFX x 
CALL COOLINoX 0 •l!DI 
M • 2••N 
"1 • M/i1•2 
DO 1 1•,.1•M 

1 XIII • IU•oOd 
•ttl • _,:oexcu 
XtM1•11 • ,S*XIM1o11 
CALL COOLINoX 0 •l!"l 
RETURN 
IND 

l 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
r 
c 
c 
c 
c 
c 
c 

uv 16 66 
SUHRUUTINE COOL!WOINoX 1 SIGNoAoHI 

THIS USES COUL TO COMPUTE THE FOURitR TRANSFORM OF TWO 
TIHt SERlE~ AT ONCE 

INPUT~ • 
N LOG IBA~t 21 OF NU"titH 0~ DATA POINTS 
X A COMPLti ARRAY OF DATA, TMt FIRST TIME SERIES Is STORED 

IN IHF. REAL ,ART OF It AND THE SECOND IS STORED IN THE 
IMA~INAHY PART nF X, IN UTHER WORUSo THE TWO SERitS ARE 
MULIIPLEXEU IN THE AHHAY 1 0 

SIGN • "1•U ,OR DIRECT IRAN~FOHH, THIS SUBHOUTINE 
HAS NnT BttN CHEC"tU OUI JOH TWO INVERSE TRANSFORMS 
AT UNCto 

OVIPUIS • 
A COMPLEX tOURIEA TRAN~FOR" Of THt FIRST DATA SERIE&o 

loito THE UNE STOREU IN THE REAL PART Of X 
8 ~OURIER IRAN~F~R" OF THE SECOND DATA SERIESo 1.~,, THE 

ONE STORED IN THE IMAijiNARY PARI OF X, 
BOTH TRANS~OH"i ARE Of LE~6TH z••IN• 11 • 1 ISEE COOL WRITEUPI 

DINENSIO~ Xl11oAili•BI11 
TYPE COMPLFX XoAoB,CONJQ 
CALL CODLINo.otilijNJ 
A111 a .~·C~I11+CO~JGIX1 1 111 
8111 • luoo•oSI 0 1XI11•CDNJGIX11111 
M•a••N 
DO 1U K•~oM 
AtKI•o•'•IXIKI~~UNJGIXtM•z•KIII 

iO BIKI•IOtU••U•~I*IXIKI•CDNJQIXI"•~•KIII 
RETURN 
iND 



SUBROUTINE  COQLVULv(Lx.X.Lr  Fi 09  ^  ** 
DIMENSION  fiUtXi2li)

XtXtLFtf} 

I SlNGLt-CHANNfcU  CONVOLUTION  USlNQ  COOL 
c 
c 
c 
S        INPUTS c 

J; tj    LENÜTH OF DATA 

- .. ,**£„, NU(,etR K,«« f^^rsrTRuoJ 
| THfe SUBR0U1INE PETUÄNS X CONVOLVBD WITM r  «. 
| L^LX-i* «TORFD CLOSE-PACKED ?5 x"    ' 0F LENGTH 

23 SEpTEMBbK l9()6 0wMCC 

C 
C 
C 
C 

C 

C 
c 
c 
I CHECK LENGTH  HgSTRlcTION 

NX«LF*LX 
DO   10   |n#j3 
NB2**I 

IF(NX*N)   20.20.10 
10       CONTINUE  ':n"0'lü 

C 
C 
C 

•«* RPTU,N  .  ieN6TH  af   fMmi mm  ^  ^^^  ^^^ 

LF'-LF 
RETURN 

C 
20   NCOOL «1 

C 
J        ERASE WORKING SPACE IN X 

c     CALL ERASE(N.NX,X<Lx*1,) 

C MULTIHLEX DATA AND FILTfcR IN X 

00 30 I»1,LX 
J«LX-I*1 

30   X(l,j)   , X(J, 
„ DO 3b   |.1#Nx 

W 

3S XC2,I) * o.O 
^ DO 40 l»l#LF 
*0 XC2,n » F(I) 

TRANSFORM «NO FIDDLE 

PN«N 

x<i'i» « tnnmiuihpH 
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M2,ll   •   0.0 

50       5ü;i2iJI.X(l.N2n>*X<2*N2n>/FN 
X(2*N2«i)<ln«0 
N22*N2*2 
00  60   IL*N22«N 

60       X(2.IL>»  -Xt2.N-lL*2) 
r       ■■ ,■ C 

C TRANSFORM  gAC^ ' 
C 

CALL  COOLCNCOOLt^l.O» 

Cc 
c 

c 

CLOSfe-PACK FILTERED DATA IN X 

DO 70 1»1»NX 
xtn ■ xti,i» 

RETURN 
SND 





c 
c 
c 
c 

89 111 til 
SUtiROUTINE FT2DCUQLIXoN,Ko&I•NII 

TNO•DIHF.NSJON~L fOURIER TKANSFORH USINQ COOL 

C INPUT~ • 
C XIN,KI ARHAy To I~ TMANSFOHHED IS IN R~AL PART OF X, 
C AND THE IMA•INAAY PART UF X IS ZERO, 
C N fiRST DIMENSION OF X 
C K ~ECOND UIMENSION Of X 
C SIGNI • •toG ~OR DIII~CT THANS~·QAH• •1•0 FOR INVERSE TRAN&fOAH c 
CAUTION ~·••• fOR INVtH&E TRANSFORr.i RtAL AHU IHA;INARY PARTS OF X MUST 
C BE fOLDaD AYoUT THE HIDDLt A$ IN COOL, SEE COOL WRITEUP, c 
c 
c 
c 
c 
c 
c 

DIITPUI • 
ON A~iUANo ~~~~L PART Uf X CDNUINH COSINE TRA.NSFORM, IMAGINARY 
PART OF X CON!&INS SINE THANS~ORK, 

D, W, MCCOWAN 

DIMENSION XCN 1 MI 
TYPE COMPLEX X 
fN • N 
'" • M 

IIAY, ,~u 

NCOOL • LDGFIFNIILOGFC2,1+1ot•ll 
KCOOL • LOAFifKJILOGFCp,l+t,t•6 
SN • 1oi~QRTFIFNI 
SM • 1oi~O•TFIFKI 
DO 1 IH•bK 
CALL COOLCNCOOL•XIt•III1•61GNII 
DO 1 IN • t•N 

1 XCIN•IMI • XIIN•IHI*&N 
CALL MATHA63CX,N•MoXI 
DO 2 IN•h H 
CALL CODLCMCOOL•li1*11~•11*K•ti,~IWNII 
DO 2 IH•l•M 

2 XCINoiMI • XIJN•IHI*SH 
CALL HATMA631XoMoN,XJ 
RETURN 
END 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

g~ u u 
SUYRUUTINE fTJUCIIOLIXoNoKoLo~I~NII 

TKREE•DJKtNSIUNAL FOUNitR THANSFOHM USIN; COOL 

INPUT~ • 
RtAL.~ART Of X CONTAINS THE THREE•OIK~NSiONAL DATA TO 8E 

TRANSFQIIMEUo THE IMAGINARY PAHT OF X iS ZERU, 

X IS UIMt~SJUNfD N BY M IT L 
SIGNI • •ltD toR DIReCT THANSIORH ANU *l•O FOR INVERSE, 

CAUTION • FOR INVERSt 
C MIDDLt AS IN 
c 

!RANSFQRHo UATA MUST 8t FOLDED AYOUT THe 
COOL ••• StE CUOL WRITEUP, 

c 
c 
c 
c 
c 
c 

OUTPUIS • 
ON RtTURNo RtAL PART Of X CONTAIN~ COSINE TRANS~ORM, 
AND JHAQI~'RT PART nF X CONTAINS ~IN~ TRANSFOHM, 

Do Wo MCCOWANo KAY 0 1YII6 

DiMENSION WCN,MoLI 
TYPE COMI'LEX X 
FL • L 
LCDOL • LOGFCrLiiLOGFI2ol•1•t•6 
SL • tolaQRTFIFLI 
DO 1 IL•l•L 
CALL FT2UCOOLIXIl,t•ILI•NoH,~JGNII 

1 CQNTINUc 
CALL KATHA6JCXoN*M,LoXI 
DO 2 IN•1•N 
DO 2 IM•l•H 
CALL COOLILC00LoAI1•11N•11*L•IIM•11*L+No1•11•SIGNIJ 
DO 2 IL•l•L 

2 XCINoiMoiLI • XIIN,IMoJLI*5L 
CALL KATHA631X•L•N*MoXI 
RETURN 
END 

'11 
I 





c 
SUBROUTINE HAfRAO~(A 1 N 1 Ho81 
DIH&NSIDN ll2o11•812o11 

C MATRIX TRANSPOSE ON COHP~cX ARRAYS 
c 

HASK1•oouoooooouuoooo1B 
MASK2•771777777/f777769 
NH•N•H 
DO 1U 1•1oNH 
H11olloAil,II,OHoMA5K1 

10 Yl2oll•AI2,11 
JI'•O 
ASSIGN 3U TO KSNH 
DO 100 l•l,NH 
GO TO KSWH,IJg,~Ul 

30 JI'•Jft1 
~L•~I1 0 JFJ,ANQ,HASK1 
IF 1LLI3U•3o,4o 

40 JO•Jt •1 
ASSIGN ~U TO KSWH 
TEHPI11oiii1,Jf I 
TEHPY2•li12 0 JFJ 

50 Jt•JO/N+XHOUFCJD•NI*M•1 
TEHPA1•1111,J11 
TEHPA2•1112,J11 
Bl1oJ1J•TEMPli1oAND,MASK2 
BC2oJ1l•IEMPII2 
TEHPII1•hHPA1 
TEMPH2•TCHPA2 
JO•J1•1 
IFIJ1•Jfl6g,6g,1UO 

60 ASSIG~ Ju TU KSWH 
101 CONTihUi: 

RETURN 
ENO 

/ ..---· 
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i 

_,, 
'" , 1r ' 

c 

UY U U 
SUliROUTINE SPECIHUHIIT,JToKToX•L•LfoSJ 
DIMENSION Xl2e1l•SC2,1l 

C DIMENSION Xl2ehoNeLfltXC2o2~LX+21,1C~,Lfl c 
c 
C SI'ECTHAL MATH II fOR TApED IJATA 
c 
C DATA MUST IE A POWER OF TWO IN LENGTH AND ON TAPE IT IN SU9RET 
C FORMAl, SPECIRlL HATHIX IS RtTUHNED AS A F6J COHP~EX MATRIX 
C IN x, 
c 
C IT•INPUT SUIIliH U,PE' 
C JT•SCHATCH 
C KT•SCHATCH 
C X•WOHKING &RHAy AND RETURNED liPI:CTRAL MATRIX 
C L·~UHIIER Of liMES TO iMODIH 
C Lf•RETURNE:D LI:NGTW OF SPECTHAL ESTIMATES 
C S•wOHKING &RHAy . 
c . 
C PROGHAH TOD ~UMPLICATI:U TU UEliCRIIIE,,, 
c 

~ENI"~ II 
RENIN!) Jl 
REWIND ~I 
READIITILOSTo~oLA 
Lk2•li•L& 
NCOOL•LU~FifLO•I~ILXrl•LUGfl~ool•l•ut•6 
NSQ•hN 
Lf•LX/2**L+l 
LX2P2•Ll~+2 
LX4o4oLX -
LX2P212"~*LXliP2 
LXPt•LX•t 
Lk2PJ•LX~+3 
IDC•o 
Lf2•2*L~ 
•AITEIJTILOST,NoLk2P2 
WRIIEIKTILnSI 1 NoLX2P' 
DO 10 IN"ltN 
CALL cRASErLX4tAI 
AElDIIT II X I t•H I• HotoLXI 
CALL COULINCUOL*loXt•1•U' 
MA IT& IJT_I I X1Mlt11"l• LX 2P2l 
WAITeiKTIIx1Mitl1"t•Lk2P21 

10 CONTI~UI: 
END fJLE JT 
liND fiLl: KT 
REwii;D IT 
R~WIND .II 
RENIND ~I 

Do 1 IN•l•N 
IND•I~•l 
CALL SKI~RECIINoKfl 
READIKTIIIC~I,M•lolA~P'I 
CaLL DOTti11XoXtLAPttXILX2P~ll 
CALL SMOUTwiXILX~P31 1 LXP1oLI 
CALL DISC6311DCt1eXILX2PJioLfZI 
IDC•IDC+9 
DO 6u JN•INU•N 



26 

2B 
27 
25 

ÜV   16   66 

C»LL   ünTfcMrX.xaK2P3).LxP1,),lLx2H3J) 
CALL   W*lTH«MI.««W.U(n«il 
CALL   DI!JC63(IDC.1|X(LX2PJ»,L^2I 

g   CONTiNUb 

lSAVfc«KT 
KT«JT 
JT«ISAVb 

L   COMlNUfc 
IOC»ü 

DO   2t>   IN^i,N 

CALL   CISiC63ClDi;#ü,S»Lr2l 
IDC«IDC*« 
lNDEXoiN*(iN..1)«N 

DO   26   IL«a,LF 
x«!» iNr)tx),s(j#ai 
XI2# JM3fcK).S(2#IL) 
INDEXBI'NUEX«NSQ 
COMTUUfe 
DO   2'   JN»lMt.N 
CALL   DISC63(10C»ülStLF2) 
IDC«IDC*V 
lMDEX1«ltM»fljN,1)«|g 
IMDEX2«JN*(IN,1J*ä| 

ÜO   2«   IL'i.LF 
Xll.lNDEXjj^sij^,^) 
X(2.lNDfcXl)«Sl2»lL) 
X(i#iNDEX2)BS(i«lL) 
X(2»lNDfcX2)««S<ij» jL) 
iMDfcXj.lNDPXj^NliU 
INDEX2«INDFX2*NSU 
CONTINUE 
CONTINUE 
CONTINUE 
RETUHN 
END 



OV 16 6<> 

DIMENSION X(2fU»VI2#U#Z(if»U 
00 1 a-i#L 

SAVtN«xU#IUUV»lJlL)*X<2«lL>*V(^,IL> 
SAVEI»X(i,|L)*Y<i:#IL»-y(2,lLJ*YJl#lU) 
lfl*IL}*IAvfM 

HETUHN 
ins 

y 

• 

l 
c 

SUbRUOTlNE SM0OTM(x,L6N«TH#L» 

THIS HANNJNb «OUTINE TMA^b TU J CLAfcHdOUT 

DIMENSION X(ü|LfcN6TH) 
(.F'LbNGTH 
LFMxsLF-l 
DO i IL«i,L 

X(2*l>B|jio 

X(l.LF)»o.5*X(i»Lr)*0t5*X(1,Lf-i» 
X(2,LF)«ü,n 
INDS«; 

DO 2 JL«^»L^Mi,i; 

XJ2»Ju>»ü,2!>*X<4!»JL-i)*üt5*X<2»jU)*ü,2b*X{2#JU*i) 
X(l»JL5«u.?5*X<i»JL-j)*0,«>*x«i»JL)*n,2!>*X(i,JL*i) 
X(l#lND)«X(i»jLJ • •    «  w i 
X(2«lND)"X(2ijL) 
iNOslNO»! 
CONTINUE 
X(l# JND»»X(i»t.F ) 
X<2#IND»«X(2#1,F » 
LF«Lf/2*l        ' 
LFMi»LF-l        1 
CONTINUE 
REIUKN 
ENU 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c* 
c 
c 
c 
c*. 

ossii:E«?i?c""BLoc '"»•»••" 
09 22 66 

SWITCH-O   QIVES A HEAD FROM THE DISC 

i I. itVlli'*  Q,VES A W«»T6 ON THE DISS x is THE ooRb ADDRESS 
N IS THE NUMbfcR OF WORDS TQ TRANSFER 

THIS ROUTINE MUST 8E SUPPLIED BY THE USER 
OR INCLUDED IM BINARY 

END 



(HMMMM ;     " ' 
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C 
C 
C 

SUBROUTINE   ERASt»N.X» 
DIMENSION   x(N| 

EHASfc   N   MORDS   |N   X 

00   1   I-1#N 
1   X(I)*0.U 

RETURN 
END 





c 
c 
c 

SUSHUUTI~E S~IPHtCCN,JTA~EI 

SKIP H LOGICAL RECORDS ON TAPe ITAPE 

DO 1 l•l•N 
READ I IT APE I LOST 
RETUHh 
END 

09 22 66 

APPENDIX B - PROGRAM WRITE-UPS 

FINITE FOURIER TRANSFORM THEORY AND ITS APPLICATION TO ~HE 

COMPUTATION OF CONVOLUTIONS, CORRELATIONS, AND SPEC~RA 



SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

A.  IDENTIFICATION 

Title;  Hyper-Rapid Specialized Cooley-Tukey Fourier 
Transform 

COOP Identification;  G612-COOL 

Category:  Fourier Transform 

Programer s;  J. F. Claerbout.. D. W. McCowan, J„ L. Gibson, 
and E,. A. Flinn 

Date;  26 February 1966 

B. PURPOSE 

To compute the Fourier series expansion of a real-or 

complex-valued date series, or the data series from the 

complex-valued Fourier series expansion. 

C. USAGE 

1.  Operational Procedure and Parameters; 

This is a CODAP subroutine with a FORTRAN-63 calling 

sequence CALL COOL (N, X, SIGN).  X is a complex array 

used for the data series and the transform;  the number 

of elements of X is L = 2 ; SIGN = -1.0 for a direct 

Fourier transform, and +1.0 for an inverse Fourier 

transform (but see below for arrangement of data). 

For the direct transform; on input the real part of 

X contains the data series and the imaginary part of X 

is zero.  On return, the Fourier cosine series expansion 

is in the real part of X. and the Fourier sine series 

expansion is in the imaginary part of X«  Each contains 
N-l 

only 2   +1 non redundant points; the cosine expansion 
N-l is symmetric about point number 2   +1 and the sine 

- B-l r 



transform is antisymmetric about this point. 

For example:  N = 3 and data = (0., 1., 0., 0., 

0., 0., 0., 0.); Re(X) = (0., 1., 0., 0., 0,, 0., 0., 0.,): 
1   Im(x) = {0,, 0,, 0., 0., 0., 0., 0., 0.,) on input.  On 

return, Re(X) = (1.000, .7071, 0., -.7071, -1.000, 

-.7071, 0., -.7071); Im(X) = (o., -.7071, -1.000, 

-.7071, 0., .7071, 1.000, .7071).  Point number 1 corre- 

sponds to zero frequency; point number 5 corresponds to TT . 

For inverse transform:  the cosine and sine series 
N-l must be folded over about point number 2  " + 1 before 

calling COOL with SIGN = +1.0  . 

-N 
There is a scale factor of 2   which COOL does not 

apply.  The user can choose to apply the scale factor 

either to the direct or to the inverse transform, or to 
-N/2 

apply a factor of 2    to both.  For example, if COOL 

were called with the transform example above, the result 

would be Re(X) = (0., 8., 0., 0., 0., 0., 0.) and 

Im(X) = (0., 0., 0,, 0., 0., 0., 0., 0.) . 

3. Space Required:  Approximately 200  exclusive of X. 

The largest series that can be transformed in a 32K 

core machine is 8K« 

4. Temporary Storage Required:  None.  Other versions of 

this program have an auxiliary storage for the cosine 

table and/or a table of bit-reversed numbers. COOL 

computes its sines and cosines as it goes, and uses an 

algorithm due to J. F. Claerbout for calculating the 

bit-reversed numbers. 

5. Printout;  None. 

6. Error Printouts:  None. 
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Error Stops: None. 

8. Input and Output Tape Mount1ngs· Net Applicable. 

9. Input and Output Formats: Not Applicable. 

10. Selective Jumps and Stop~. None. 

11 

12 

u. 

14. 

15. 

. . . . . N 
T1m1ngo T1me 1s p~oport1onal to N'2 Transforming 

8192 on the CDC 1604-B requires 25 0 seconds. 

~ccuracy: Calling COOL returns the orig1nal to about 

nine dec1mal places. 

Cautions to User: See Operational Procedure above. 

Configuration: Standard COOP. 

References. J. W. Cooley, 1964 "Harm - Harmon1c Analy­

sis; Calculation of Complex Fourier Series·: IBM 

Watson Research Center. Yorktown Height, New York. 

J. w. Cooley and J. W. Tukey, 1965, An 

Algorithm for th~ Mach1ne Calculation of Complex 

Fourier Series Math . .5:_£__ Comp ... Vol. 19, pp. 297- JOl . 

C M. Rader. 1965, 'Algorithm for Rapid 

Digital Computation of a Spectrum, MIT Lincoln Labo­

ratory, Lex1ngton. Massachusetts. 

D. w. McCowan 1966 'Pract1cal and Compu­

tational Aspects of Fourier Transforms," Teledyr.e, 1nc , 

Alexandria, Virginia. 

COOLTWO: 
COOLEST; 

COOLEXT: 

Writeups of the following SOL programs 

Does two Fourier tr·ansforms at once 
Does Fourier transform of data series 

of length other than a power of 2 
Does Fourier transform of 16384 data 

points. 
FT3DCOOL: Three-dimensional Fourier transform 

Driver for COOL (converts amplitude and 
phase to sine and cosine. does the 
folding, etc.) 

FTPACK: 
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D. METHOD 

Given a t1me se1·1es X(I), L L (where L = 2N) assumed 

to be per1od1c outside the given range, COOL constructs 

Y(K) 

N-1 

SUM X(J)<w'JK 

J=O 

K = 0,.. L - 1 

where W = exp (-2 i/L) for time-frequency transform, and 

W = exp (+2 i/L) for frequency-time transform. The algo­

rithm is efficient, requiring N'2N mult1plications rather 

than 22N 
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SEISMIC DATA LABORATORY 
ALEXANDRIA. VIRGINIA 

DIGITAL COMPUTING SECTION 

A, IDENTIFICATION 

Title:  Two and Three Dimensional Fourier Transform Package 

COOP Identification:  G615 FT2DCOOL, FT3DCOOL 

Category:  G6 Time Series Analysis 

Programer;  D. W. McCowan 

Datei  2 0 April 1966 

B, PURPOSE 

The subroutines in this package compute two and three 
dimensional Fourier transforms.  Their names are:  FT2DCOOL.. 
FT3DC00L, COOL. MATRA63, and SCALE.  As with COOL, the 
dimensions on the data must be a power of two, 

Co  USAGE 

1. Calling Sequence: 

CALL FT2DC00L (X, N. M  SIGNI) 

and 

CALL FT3DCOOL (Xr   N, M, L, SIGNI) 

2. Arguments; 

X, the complex array in which the data is supplied and 
in which the Fourier transform is returned.  If 
real data is supplied, it must be put into the real 
part of X and the imaginary part must be erased. 

N,M,L, the dimensions of X.  Each of these numbers must be 
a power of two.  The number of complex points m the 
Fourier transform will be N/2 + 1, M/2 + I. and 
L/2 + 1 in each direction. 

SIGNI, a switch determining the type of transform to be 
performed.  SIGNI = -1.0 gives an direct transform 
(time to frequency), and SIGNI = +1.0 gives the 

inverse. 
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3' Space Required-  500 locations 

4• Temporary Storages  None 

5. Alarms and PrmtouLs.  None 

6. Error Returns,  None 

7. Error Stopsi  None 

8. Tape Mountings:  None 

9. Formats;  None 

10. Jumps and Stop Settings:  None 

11. Time Required.  Three-dimensional Fourier transforms 

require NM + NL + ML one-dimensional Fourier transforms 

Two-dimensional Fourier transforms require N ■♦■ M one- 

dimensional Fourier transforms.  For the timing of one- 

dimensional Fourier transforms, see References. 

12. Accuracy;  Same as COOL. 

13. Cautions to Users:  None 

14-  Equipment Configuration-  Standard COOP 

15.  References;  Wnteup of UES G612 COOL 3/30/66 

D .  METHOD 

The  direct   2   and   3~dimensional  Fourier  transforms  are 
defined   as; 

N-l M-l 

ACj,,:,;=—       Y y X(k1 .k,)   W "jlkl     W"j2k2 
VNM k^O     k2=o 

and 

N-l     M-l        L-l 

v wML 
k  =0    k  =0     k  =0 
12 3 
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Where Wi = exp^x/N);  W,, = exp( 2^) ;  W3 = exp(2n1/L) 

The two-dimensional transform is broken up jnto N + M 

one-dimensional transforms and the three-dimensional trans- 

form is broken up into L two-dimensional transforms and m 

one-dimensional transforms. 
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SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

Au  IDENTIFICATION 

Title:  Fourier Transform of Two  Data Series Simultaneously 

COOP Identification;  COOLTWO 

Category;  G6 Time Series Analysis 

Programer;  E. A. Flinn 

Date;  10 June 1966 

B.  PURPOSE 

To compute  the Fourier  series expansion,   using COOL 

(q.v.)/   of two data  series  simultaneously. 

C„     USAGE 

1-  Operational Procedure;  This is a FORTRAN-63 subroutine 

with calling sequence 

CALL COOLTWO (N, X, SJGN, A, B). 

2. Parameters; 

N is the log (base 2) of the number of elements in X; 

X contains the two data series, multiplexed in one 
complex array, so that Re(X) contains one series and 
lm(X) contains the other; 

SIGN = -1.0 .' The program has not yet been checked 
out for inverse transformation; 

A is the complex (cosine and sine) transform of the data 
series stored in the real part of X; 

B is the complex Fourier transf- rm of the data series 
stored in the imaginary part of X; 

A and B are both of length 2**(N - 1; + 1 

3. Space Required;  about 70  excluding arrays. 
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4. Temporary Storage Requirements.-  None 

5- Printouts:-,  None 

6. Error Printouts;  None 

7. Error Stops;  None 

8' Input and Output Tape Mountings;  None 

9. Input and Output Formats;  Not Applicable 

Selective Jump and Stop Settinas;  Not Applicable 

11'  -TJ^i!li:  Timing ^ proportional to N-2N; transforming 

8192 data points on the CDC 1604-B requires 25,0 seconds 

12. Accuracy;  Same as COOL 

13. Cautions to User;  This program has not been checked out 

for inverse transformation.  This program does not 

apply the scale factor 2^, since some users may wish 

to apply the scale factor to the inverse, rather than 

the direct transform. The number of data points must 

be a power of 2. 

14•  Configuration;  Standard COOP 

15.   References;  Writeup of UES G612 COOL 

D.  METHOD 

The method is due to J. w. Cooley (see Reference 2 in 

main body cf this report) 

I 
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SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

A. IDENTIFICATION 

Titles  Spectral Matrix Estimates 

I COOP Identifications  G618 SPECTRUM 

Category;  Time Series Analysis 

Programer;  D. W. McCowan 

Date;  10 July 1966 

B. PURPOSE 

This is a package of three FORTRAN-63 subroutines for 
computing an estimate of the spectral matrix for N channels 
of data stored on magnetic tape,.  It uses the hyper-rapid 
Fourier transform routine COOL, and makes use of two tapes 
and the disc to cut running time to a minimum,,  The names 
of the three routines in the package are:  SPECTRUM, DOTEM, 
and SMOOTH.  In addition to these, three more subroutines 
are assumed to be on the system tape; they are:  COOL, 
SKIPREC, and ERASE.  Since all other routines are called 
internally by SPECTRUM, only the calling sequence for it 
will be given. 

C. USAGE 

1.  Calling Sequence: 

Call SPECTRUM (IT, JT, KT, S, NS, LF, X) 

2 .  Argument s-. 

IT,  the input subset tape number on which the N channels 
of data are written.  The length of eaph channel 
must be 'exactly a power of two. 

JT,  the number of a scratch tape. 

KT,  the number of a scratch tape. 
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S, a tr1ply subscr1pted FORTRAN-63 complex array used both 
for 1nternal man1pulation and to return the computed 
spectral matr1x as a N by N by LF complex array with 
subscr1pts varying in that order. Here N 1s the numbe~ 
of channels read from the input tape label and LF is the 
smoothed length of each spectral est1mate. Th1s array 
must also be 4'LX+4 locations in length, s1nce it is 
also used for 1nternal computat1ons. LX is the length 
of the 1nput data channels read from the 1nput tape 
label. Remembering that there are two locations used 
for each complex nt.mber the total dimensions on S in 
the main program must be 2•·N•'N''LF or 4*LX+4, whichever 
1s the larger. It is usually convenient to dimension 
1t as a complex N by N by L F6J array in order to fa­
C1litate use. L here is a number chosen so that S w1ll 
be large enough as descr1bed above. 

NS, the number of times to apply the banning smoothing 
operation to the original estimates. 

LF, the returned length of the spectral estimates. This is 
computed from the formula: 

LF = (LX/{2**NS) + 1 

LF must not be larger than 129 . 

X, an array used for internal manipulation. containing at 
least 2*LF locat1ons. 

3. Space Required: 502 locations 

4. Temporary Locations: None 

5. Alarms or Special Printout: None 

6. Error Returns: None 

7. Error Stops: The subrout1nes stops if let,':lth of fil:·er 
plus length of and channel exceeds 2 13 . 

8. Tape .Mount1ngs. See Arguments 

9. Input and Output Formacs: See Arguments 

10. Jump Settings, NonP 
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11. 

12. 

13. 

14. 

15. 

T1me Requ1red. A J.O-channel, 4096-powt NS = 6 case 
takes approx1mately 10 m1nutes of 1604 
time. 

Accuracy: Single.precision 

Caution to l~er·s The subrout~ne as wr1tten req~1res 

that the data series should conta1n 
a number of points exactly a power 
of two. 

Equipment Configur~t10n: Standard COOP 

References: Write~p of subroutine UES G612 COOL. 6/1/66 

Wr1teup of program UES Z24 SUBSET 

Stockham. T. G .. 1966, High Speed Convolution 
and Correlat1on, AFIPS Proceedings 

D. .METHOD 

The spectral matrix elements Sij(k) are usually defined 

as Fourier transforms of correlat1on functions R . (t). How-
. J 

ever, it must be real1zed that these correlations are transient 

correlations whe,:e the functions are considered to be zero 

outside the reqLcn of 1nterest and 100% lags are taken. They 

are def1ned as follows 

R. 
1) 

R 
1) 

T-1-t 

t. =) 

•=0 

T-1 
'-t =2: 

•=t 

X 

X ~ T 
1 

X.~.,. + t \ 
J 

'!X.(-- t) 
1 J 

The spectral matr1x element 1s then 

T-1 T-1 

s. {k) = ') 
1] t_. 2: ' ' tk xi,.,. 1 xj 1.,. - t · W 2-

t=O '!"~t 
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This can be shown to be equivalent to. 

where 

Si3(k) = Vk' Fj(k)' 

T~l 

Fi(k) = 1    X1
(t) 

2 
t = 0 

This is recognized as the Fourier transform of the input 
data computed over twice its length with zeros filled into 
the second half.  The Cooley-Tukey hyper-rapid Fourier 
transform routine COOL is used to provide the high speed 
necessary here. 

Each spectral matrix element is originally T + 1 
complex points long between DC and the folding frequency. 
It is then smoothed v-ith a banning window NS times to its 
final length of LF points. 
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SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

A. IDENTIFICATION 

Title;  Hyper-Rapid Specialized Cooley-Tukey Fourier Transform 
(direct only) 

COOP Identification;  G617-COOLER 

Category.  Fourier Transform 

Programer;  J. F. Claerbout 

Date:  27 July 1966 

B. PURPOSE 

To compute the Fourier series expansion of a real-valued 

time series. 

C. USAGE 

1, Operational Procedure: This is a FORTRAN-63 subroutine, 

with calling sequence CALL COOLER(N,X). This subroutine 

calls COOL. 

2. Parameters^  On input. X is a real-valued time series 

containing LX points, where l.X = 2 .  N is restricted 

to be 14 or less.  On return, X contains ?iLX+l complex 

points of the Fourier transform of the data, with the 

real and imaginary parts multiplexed together - i.e., 

on return X can be thought of as a complex array,, with 

the cosine transform in the real part and the sine 

transform in the imaginary part. 

X must be dimensioned at least LX+2 in the 

calling program, (i.e., ^LX+1 complex points 

3. Space Required;  very little   , 

4, Temporary Storage Required;  none 
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5. Pr1ntout: none 

6. Error Printouts: none 

7 • Error Stops: none 

8. Input a:1d Output _Tape Mount U'-3·'•: not applicable 

9. Input and Outp•:.t Formats: none 

10. Selective Jumps and Stops: none 

11. Timin~: Time is propcrt1onal toN .2N; transforming 

16384 points on the CDC 1604-B requires 45.0 seconds-

12. Accuracy: About nine decimal places 

13. Cautions to User: On return, the real and imaginary 

parts of the transform are multiplexed together. X must 

be d1mensioned at least LX+2 in the calling program, not 

LX. This subroutine will not do an inverse transform. 

14. References: Writeup of UES G612 COOL. 
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SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

A. IDENTIFICATION 

Title: Multichannel convolut1o~ in the frequency doma1n. 
for taped data. 

COOP Ident1f1cation n:s G620 COOLCON 

Category. G6 Time Series Analysis 

Pr·og ramer: D. W. McCowan 

Date. 22 September 1966 

B. PURPOSE 

This subrout1ne convolves data channels on the input 
subset tape with a multichannel filter stored in core, 
working entirely in the frequency domain. The result is 
written in subset format on another tape. 

c.~ 

1. Operational Procedure This is a FORTRAN-6'l subroutine 

with calling sequer"'"'· 

CALL COOLCON(JNT,!OT ! •. F,Xl 

2. Parameters 

INT 1s the number of the 1nput tape un1t. 

lOT 1s the number of the outpu~ tape un1t. 

L is the number of po1nts 1n the filter (see restriction 
below). 

F cs the mult1channel f1lter, d1mensioned F(N,Ll in the 
calling program, where N ia the number of channels on 
the input subset tape. 

X is a working array. d1mensionec X(2,IT) in the call1ng 
program, where IT is the least power of 2 such that 

IT 
2 > L + LX 

where LX is the number of data potnts in the 1nput 
channels. 
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R~str1ction on length of data and length of f1lter, 

LX + L must ~ot bP. greater than 213 (8K). 

3. Space Required: Very little in addit1on to arrays. 

4. Temporary Storage Required 2'2IT working space plus 

12710 for the subset tape label. 

5. Printout: None. 

6. ~rror Printouts: If L+LX>2l.l these numbers are printed 
W!th an error message. 

lJ . 
7. Error Stops: If L+LX>2 , the subroutine stops the 

call ... ng p,..··:~ram. 

8. Input and Output Tape Mountings: See Pa,·ameters above. 

9. Input and Output Formats; Compat1ble with UES Subset 

(See Writeup). 

10. Selective Jump and Stop Settings: None. 

11. Timing: Dominated by two Four1er transforms using COOL 

for each channel to be f1ltered. The length of trans­

form is 2
1

T (See Writeup of COOL) 

12. Accura~~: This y1elds the same numbers, to ten decimal 

place~ which would be computed by convolving the 

filter and data series in the usual way. 

13. Cautions to User: None. 

14. Configuration: S~andard COOP. 

15. References: Writeups of UES G612 COOL, liES Z24 SUBSET. 

and UES G617 COOLER. 

Do~ 

For each channel to be filtered, the subroutine erases 

2IT+l locations of X, and mult1plexes the f1lter and the 
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D METHOD (Contd.) 

data channel in X, start1ng at the beg1nning. Note that 

as far as COOL 1s concerned, X is a complex array w1th 

data in the real part ~nd filter 1n the imag1na~y part. 

COOL is called, and the logic of COOLER (q.v.) is used to 

form the Fourier transform of the filtered channel 1~ X 

COOL is called aga1n to get back to the time domain, and 

the filtered channel is wr1tten on the output tape. 

The subset label is copied from the input tape to the 

output tape at the beginning of the subrout1ne. 
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SEISMIC DATA LABORATORY 
ALEXANDRIA, VIRGINIA 

DIGITAL COMPUTING SECTION 

A. IDENTIFICATION 

Title;  Hilbert transform of periodic data 

COOP Identification;  UES G619 COOLHLBR 

Category;  G6 Time Series Analysis 

Programer i  E. A. Flmn and J- F. Claerbout 

Date:  2 3 September 1966 

B. PURPOSE 

To compute the Hilbert transform (quadrature function) 

of a time series.  Since COOL is used, the time series is 

assumed to be periodic outside the range of definition. 

C  USAGE 

1. Operational Procedure:  This is a FORTRAN oJ subroutine, 

with calling sequence.  CALL COOLHLBR(N,X).  This sub- 

routine calls COOL- 

2. Parameters;  N is the log (base 2) of the number of 

data points. X is the data, dimensioned at least 
N 

2  in the calling program, and typ^ complex there. 

On input, the real data series must be 

stored in the real part of X, and the imaginary part 

must be zero. 

On return, the real data series is stored 

in the real part of scaled up by 2 N-l The Hilbert 

transform is stored in the imaginary part of X, also 

scaled up by 2 
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i.     Space Required:  Very little in addition to the array 
N+l 

for data, which requires 2    locations in the calling 

program, 

4. Temporary Storage Required:  None 

5. Printout;  None 

6. Error Printouts.  None 

7. Error Stops:  None 

8. Input and Output Tape Mountings.  Not Applicable 

9. Input and Output Formats.  Not Applicable 

10. Selective Jumps and Stops;  None 

11. Timing:  Dominated by two calls to COOL 

12. Accuracy:  The data is returned correct to ten decimal 

places. 

13. Cautions to User.  The data must be arranged as under 

(2) above. 
Notice that as far as this subroutine 

is concerned, the data is periodic outside the range of 

definition.  End effects may cause answers which the 

user does not expect.  For example, if the input is a 

pure sine wave, the user expects the quadrature to be 

a pure cosine.  Using this subroutine, this turns out 

to be the case only if the data series contains an 

integral number of cycles. 

14 •  References  Wnteup of UES G612 COOL. 

D,  METHOD 

The Hilbert transform of a function has a Fourier 
h transform which is (-1)  times the Fourier transform of 
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D  METHOD (Contd.j 

the function. COCL returns the real and Utaginary parts of 

the Fourxer transform of a function calculated from  zero 

to 2n.   so  that   the real part is ■ywMtrlc about the «Iddl« 

and the imaginary pert is antisymmetric. 

if tne Fourier transform of the function is A.iB. the 

Fourier transform of the Hilbmtt   transform 13 -ß+iA.  AU 

COOLHLBR does is erase tne second h.lf of the Fourier 

transform i the part from TT to 2rr       half-weight the end 

points, and call COOL again to transform back to the time 

domain. 

The scale factor 'Z*'1  comes from the fact that COOL 

gives the unnormalized transform. 

I 
■ 
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SEISMIC   DATA   LABORATORY 
ALEXANDRIA,   VIRGINIA 

DIGITAL  COMUTING   SECTION 

IDENTxFICATlCN 

Title:  Fast convol'Jt ion of two time series using COOL 

COOr Identification.  UE3  COOL VOL'. 

Category  Time series analysis 

Programer  E. A. Flinn and D  W. McCowan 

Date.  2 3 September 1966 

PURPOSE 

To form the convolution of two time series, not by 
the usual polynomial multiplication algorithm, but by 
forming the two Fourier transforms (using COOL), multi- 
plying them together, and transforming back to the time 
domain.  This is faster than the usual procedure when 

LX-LF » 4v2N + 1)  (LX + LF) 

where LX is the data series length, LF in the filter 
impulse response length, and N is the log (base 2) of 

LX + LF.. 

C.  USAGE 

1. Operational Procedure.  This is a FORTRAN-63 bub- 

routine, with calling sequence: 

CALL COOLVOLVfLX,X,LF,F) 

2. Parameters: 

X is the data series to be convolved, dimensioned at 

least 2J+1 in the calling program, where 2  is the 

smallest power of two larger than LX + LF . 

LX is the length of the data series to be convolved. 

F is the filter to be convolved with X. 

LF is the length of the filter. 
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3'  Spdce Required:  300   plus arrays. 

4. faporary Locations BrngpifCt    None beyond filling out 

X to the first power of two greater than LX + LF . 

5       Alarms or Special Printout.  None 

6 Error Returns.-  I f LX + LF > 21 3 . LF is replaced by -LF 

and control is returned to the calling program. 

7.  Error Stops:  None 

8 Tape Mountings:  None 

9 .  Formats:  None 

10. Jump and Stop Settings:  None 

11. Timing;  Dominated by two calls to COOL for LX + LF 

points each time- 

12. Accuracy:  Gives the same results as polynomial multi- 

plication to ten decimal places. 

13. Cautions;     None 

14. Configuration:     Standard COOP 

15. References.     Wnteups  of COOL,   COOLCON.   and COOLER 

D.     METHOD 

The  same method  is used as used   in COOLCON. 
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APPENDIX C PROCEDURES 

FINITE FOURIER TRANSFORM THEORY AND ITS APPLICATION TO THE 

COMPUTATION OF CONVOLUTIONS, CORRELATIONS, AND SPECTRA 



PgOCEDURE_FpR CALCULAriNG A rROSS^gPECT^^D A CROSS-CORRLLATTOM 

Dimension X(2*LX+2)/ CX(LX+1),   Y(2*LX+2), CY(LX+1) 

Equivalence (X.CX),  (^,cy) 

Type Complex CX^Y 

LX ■ 2**K 

1)  Erase 2*LX+2 points in both X and Y, 

2|  Read channel 1 into X and channel 2 into Y. 

3)  Call COOLER(N+1,X) 

Call COOLERCN+^Y) 

4)  Go through the LX+1 complex points and overlay CX (or CY) 

vith: 

CX(I) = rC0NJG(CX  y)*CY(l)]/LX 

that is, 

RefCXd)] = (Rercx(l)l*Re(CY(l)>imrcx(l)'*lm[CY(I)])/LX 

ImfCXd)] . (Re[CX(l)l*ImrCY(I)l-ImrcX(I)1*Re[CY(l)])/LX 

The cross-spectrum between channel 1 and channel 2 (which 

is the complex conjugate of the cross-spectrum between 

channel 2 and channel 1) is now in CX, LX+1 points in 

length.  The co-spectrum is in the real part of CX and the 

quad-spectrum is in the imaginary part of CX. 

5)  To get the cross-correlation, fill in the other LX-1 points 

in CX and call COOL: 

DO 1 I = I,LX-1 

1  CX(LX+I+1) = C0NJG(CX(LX-I+1)) 

CALL COOL(N+1,CX,-1.0) 

The cross-correlation is in the real part of CX, purely 

real and 2*LX points in length. 

NOTE: CX must be dimensioned 2*LX if the cross-correlation 

is to be calculated. 
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PROCEDURE FOR CAI,CULATING AN Airro-SPECTRUM AND AN AUTO- 

CORRELATION:   

Dimension X(2*LX+2), CX(LX+1) 

Equivalence (X,CX) 

Type Complex CX, CONJG 

LX = 2**N 

1) Erase 2*LX+2 points in X; the extra complex point is needed 

by COOLER to  eturn the point at the folding frequency. 

2) Read the data channel into X(l) through X(LX) . 

||  Call C00LER(N+1,CX).  The Fourier transform of X and the 

necessary zeros on the end of the data is now stored in 

CX, LX+1 complex points long, representing frequencies 

between DC and the folding frequency. 

4)  Go through the LX+1 complex points in CX, and: 

CX{I) = rcONJG(CX(T))*CX{l)]/LX 

that is, 

Re[CX(I)l   =   (BcfCXd)!2  +   ImrcX{I)]2)/LX 

ImfCXd)]   =   0.0 

The auto-spectrum  is  the  real  part  of CX,   purely real 

and  LX+1   points   in   length. 

Sf     To  get   the   auto-correlatvon,   fill   in   the other LX-1 

complex   points   in CX  as   required  by COOL   for   inverse    ■ 

transforms,   and   call  COOL: 

DO   1   I   =   1,LX-1 

1     CX(X+1+I)   ■ CX(LX-I+1) 

CALL COOL(N+1,CX,-1.0) 

The auto-correlation is in the real part of CX, purely real 

and 2*LX points in length, 

NOTE:  CX must be dimensioned 2*LX if the auto-correlation 

is to be computed. 
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PROCEDURE FOR CALCULATING THP rCNVOLUTTOM nP ^^j^ 

Dimension  X(L+2), CX(.Wl), F(L+2), CFt^L+l) 

Equivalence (X,CX), (F.CF) 

Type Complex CX^F^ONJC. 

L = 2**N 

• L  here is the next power of 2 larger than LX.LF^the combined 

length of the data and the filter, 

1) Erase L+2 points in X and F. 

2) Read the data into X(l) through X(LX) and the filter impulse 

response into F(l) through F(LF). 

3) Call  COOLER{N,CX) 

Call  COOLER(N,CF) 

4)  Go through the HL+1   complex points in CX, and: 

CX(I) = rCX(l)*CF(l) l/LX 

that is, 

Re[CX(lP = (RercX(l)]*RerCF(I) ^„^(D^x.nrcFd)])^ 

ImrcX(I)] = (RercxiDJnmrcFdIHRerCFCDinmrcXCDD/LX 

The Fourier transform of X convolved with F is now in CX. 

5)  Fill in the rest of the points in CX as needed by COOL, 

and transform back.  Note again that if the actual convo- 

lution is desired instead of .he Fourier transform, CX 

must be dimensioned L. 

DO 1 I = ]., ^L.! 

1  CX('iL+r+l) 

CALL COOL(N,CX,-1.0) 

The convolution of X with F is now in the real part of CX, 

purely real, and LX+LF-1 points in length. 
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