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FOREW ORD

This report dcdcrijhu a computer program dcwvelop.-d at the Douglas
Aircraft Division of the McDonnell Douglas Corporation, Long Beach,
California. The development of the Douglas Arbitrary-Body Aero-
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in subsequent years under sponsorship of the Douglas Independent
Research and Development Program (IRAD). From August 1966 to
May 1967 the program development was continued under Air Force
Contract No. F33C1567-C-l008. The product of this work was the
Mark II version of the program as released for use by government
agencies in May 1967. Between 1967 and 1968 further Douglas IRAD
work and another Air Force Contract (F33615-67-C1602)produced the
Mark Ill Hypersonic Arbitrary-Body Program. The latest version of
the program as -resented in this report is identified as the Mark IV
Super sonic-llypers onic Arbitrary-Body Computer Program and was
prepared in the period of 1972-73 under Air Force Contract F33615-
72-C-1675. This contract was administered by the Air Force Flight
Dynamics Laboratory. FiighL ....eca---i'c D-i-sio," High Speed Aero
Performance Branch. Th.: Air Force Project Engineers for this study
were Verle V. Bland Jr., and Captain Hugh Wilbanks, AFFDL/FXG.

At the Douglas Aircraft Company, this work was conducted under the
of major part" of the new program were prepared by Mr. Douglas N.

SSmyth. Mr. Wayne R. Oliver's work in applying the various versions
of this program to practical design problems contributed both in pro-
gram design and 11 program validation. A number of other people
contributed to the varioue phases of this work for which the authors
are grateful.

This report was submitted by the authors in November 1973.

This technical report 2.5s been reviewed and is approved.

Chied, Flight Mechanics Division
Air Force Flight Dynamics Laboratoryt .



ABSTRACT

This report describes a digital computer program system that is
capable of calculating the superso ic and hypersonic aerodynamic
characteristics of complex arbitrary three-dimensional shapes.
This program is identified as the Mark IV Supersonic-Hypersonic
Arbiticry-Body Computer Program. This program is a corn-
plete reorgai.'Lati-)n and expansion of the old Mark II1 Hypersonic.
Arbitrary-Body Programri. The Mark IV progr&m has a num•.ber
of new capabilities that extend its applicability down into the
supersonic speed rahge.

The outstanding features of this program are its flexibility in
covering a very wide variety of problems and the multit-ude of
program options available. The program is a combination of
techniques and capabilities necessary in performing a corn-
pl'ete aerodynamic analysis oi supersonic and hypersonic shapes.
These include: vehicle geometry I "eparation; computer graphics
to check out the geom-jetry; anamlysis tech-niques for definin
vehicle component flow field effects; surface streamline computa-
tions; the shielding of one part of a vehicle by another; calculation
of surface pressures using a great vaiietyof pressure calculation
methods including emLeddecd flow field effects; and computation
of skin friction forces and wall temperature.

Although the program primarily uses local-slope pressure calcup
lation methods that are most accurate at hypersonic speeds, its
capabilities have been extended down into the supersonic speed

range by the use of embedded flow field concepts. This permits
the first order effects of component interference to be accounted
for.

Tae program is written in FORTRAN for use on CDC or IBM
type computers.

The program is documented in three volumes. Volume I is pri-
maril, a User's Manual, Volume II gives the Program Formulation,
and Volume III contains the Program Listi.. s.
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SECTION I

INTRODUNCTION

The basic objcetive of this work was to provide a theoretical analysis tool
for use in studying the aerodynamic characteristics of vehicles operating
at speeds from about Mach 2 on up into the hypersonic range. This pro-
gram was to be capaile of predicting the aerodynamic characteristics of
arbitrary wing-body-fin configurations including the determination of em-
bedded flow region effects, thz effects ot wing-body and witig-fin interfer-
ence, and give improved viscouJ flow results. One key requirement was
that the geometry data input be cGmpatible with the Mark ill Hypersonic
Arbitrary-Body Aerodynamic Computer Program.

The basic tenet of this project was that it employ "engineering methods"
that represent a realistic modeling of the actual flow about a shape. The
basic guide line was that the program produced should be a flexible engi-
neering tool, usable by the designer in day-to-day de..ign and development
work, rather than a specialized resea~ch program requiri g extensive
knowledge for successful operation and large amounts of computer time.

In addition to the above it was desirable that the new pregrarn retain as
mnany of thfc cap a-bilities of the ni--1 Mark iii Hvnrrtsonic.. Ai'uiLxry-Dodf-
Program as possible. This would make the program equally applicable
to interceptors and fighters and to space shuttle vehicles.

The result of this work in response to these objectives is the Mark IV
Supersonic-Hypersonic Arbitrary-Body Piegram. To a certain extent,
the Mark IV program is a re-structuring of the old Mark III program. It
does, of course, make extensive use of code from the Mark III program.
Moreover, the geometry decks prepared for the Mark III program are
still directly usable on the new program. However the framework for
the Mark IV program differs from the old program in that each basic type
of analysis is accomplished in a separate program component. Each of
the major program functions are placed in separate corm-iponents with the
interface between comFonents provided by an executive routine and access
to appropriately stored and saved data.

The executive routine controls the order of calls to the Geometry, Aero,
Graphics, and Auxiliary Routines. The Geometry component has all of
the capabilities of the Mark III Mod 3 Hypersonic Arbitrary-Body Pro-
gram. These include input element, ellipse generation, parametric
cubic, and the Aircraft Geometry Option.

The Aero part of the program contains six major independent components:
Flow Field Analysis, Shielding, Inviscid Pressures, Streamline Analysis,
Viscous Methods, and Special Routines. Each of these components

'1 . . " •



generates data thai is saved on storage un4s .car subsequent use by other
comiponents. Because of this new fiaamework 'oi the prograrn all of the
input data to the progranl (except fcr the gcoa.etry data) is different
from that used on the Mark IlI prograin.

The Flow Field Analysis component is one of the key new capabilities of
the program,. With it we can generate and store the external flow field
of a vehi'cle component. This flow ficld can then be retrieved by the
force pait of th~e program and used to define the incident flow conditions
for another component. in this way we can account for the first order
interference effects between different parts of a vehicle. A surface
spline method is used to interpolate data within the flow field and for
several other purposes within the program.

The Shielding comporunt also provides a new capability in the Mark IV
progranm. This option may be used to account for the shielding from the
external impact flow of one part of a vehicle by another part.

The new viscous parts of the program provide the capabilit) of calcu-
lating skin fiction properties using an integral boundary layer program.
These computations art performed using external flow properties along
the program calculated surface streamlines.

sT "t 43cA l a a , -"...1--a : . . ... 1. .- . 1 - . . .. . . - - 1 .
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almost ten years ago. The objective of the program at that time was to
fill the aerodynamic analysis gap that existed between the linear theory
methods (for simple shapes and lob. supersonic speeds), and the detailed
gas dyna.mic solutions using the method of characteristics or finite
difference techniques (simple shapcs and very long computer times).
Linear tlheory methods have been, improved considerably in the past ten
ycars, but they still cannot handle completely arbitrary shapes and they
do not account for the non-linear effects as Mach number increases.
Also, the detailed gas di namic solutions still require too much machine
time for them to be classified as tools useful in the mnany day-to-day
studies in neos.L vehicle design and evaluation efforts.

The Mark IV Supersonic-hypersonic Arbitrary-Body Program is pro-
vided as an engineering rather than a research tool. As such, the
accuracy of its results should not be expected to be as good as some of
the more exact nmethods (when applied to shapes and conditions where
they are specifically designed for). However, when solving problemns
outside the range of the linear or more exact methods, or when studying
complex arbitrary shapes, the Mark IV program should produce very
useful results.

Throughout this report it will be assumed that the reader is f'.-miliar
with the contents of Volume I, the User's Manual. Discussiers of
earlier versions of this program are given in References I and 2.

This report contains descriptions of the analysis techniques used within
the program. Throughout these discussions an attempt has been made

27



to maintain mathematical notaitions consistent with the appropriate
reference involved. This will assist the reader in comparing the
approaches with the original reference material at sonic slight loss in
continuity within the present report. This policy has also been used

Volume I of this report contains the input instructions for this program.

Volume III contains the source language listings. The program will
run on CDC types of computers using the CDC FTN compiler. The
program also contains all the code necessary for operation on IBM
computers, except that in th'• listed decks the "IBM only" cards are
made inactive with a C in column 1 and identified with an I in card
column 80. A small converter program is furnished to convert the
program form one machine to the other.

3



SECTION II

PROGRAM FRAMEWORK

The major features desired in this program were:

1. Provide the ability to analyze completely arbitrary three-dimensionalshapes.

2. Provide a componenL build-up capability where each vehicle component
may be of arbitrary shape.

3. Include a number of force analysis methods so that the program would
have the widest possible application to various vehicle shapes and
flight conditions.

4. Provide the capability to use the best force calculation method for each
vehicle component but leave the actual method selection up to the user.

5. Provide engiteering methods to account for the effect of the flow field

generated by one component on the characteristics of another component.

6. Provide for convenient storage of data betNween program components.

7. Develop a total analysis system framework that is adaptable to con-
tinued improvement and expansion.

8. Keep the program as small and as fast as possible consistent with the
above goals and requirements. 4

9. Prepare the program decks so that they will run either on CDG or JIBM
computers with a minimum of effort required to convert from one to the
other.

10. Keep the program input data as simrple as possible consistent with the
requirements of program flexibility.

It is felt that the new M;.rk IV program meets each of these requirements
(although some new users may take exception to Item 10 above).

The Mark IV program is a modularized computer program designed to

handle a vari( ty of high speed vehicle analysis problems. Mathematically,
the methods used in each program component are not what one would call
complex or sophisticated. However, when all of these capabilities are
tied together in one place, the result is a very large program with, in
many cases, some rather complex code. The functional organization of
the program -s shown in Figure 1.

The detailed description of the various theoretical methods used in the
program are presented on the following pages.

4
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SECTION III

GEOMETRY

The new Mark IV Arbitrary-Body Program maintains all of the
geometry capabilities of the old Mark Ill program. However, in
the new program these capabilities are combined within a single
program component t1,At can, if required, operate as a stand-alone
program. The basic capabilities of the new program include (1)
input elements, (2) ellipse generation, (3) parametric cubic, and
(4) the complete Aircraft Geometry Option of the Mark III Mod 3
program. These methods provide the flexibility required to
analyze a variety of shapes ranging from very simple surfaces to
the most complex forms. If desired, all of these methods could
be used in describing a single vehicle shape. This general
process is illustrated in the diagram below.

Program
Generated FPararnetric Aircraft User Supplied

rHand Input Elliptical | Cubic {Geometry Shape
Elements Arcs [-Patches Option I Generation I

Arbitrary Shape
(Surface Elements)

The use of a basically simple geometry representation concept
has been a key feature in the development and succese of the
Mark III Hypersonic Arbitrary-Body Program. Many of the
capabilities and options that were added to the program during
its years of development would not have been possible (or very
difficult to incorporate at best) if a more complicated basic
geometry approach had been used originally.

The piinciples involved in the application of each of these
geometry methods are discussed in detail in the User's Manual
and need not be covered here. The principal mathematical
techniques, however, are important from the programming
standpoint and will be discussed on the following pages.

6
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The Surface Element Geometry Method

The basic geometry meihod used by this program is the surface
element or quadrilateral method. This method was Aeveloped by
J. L. Hess and A. M. 0. Smith fcr the Douglas Thrue-Dimensional
Potential Flow Program (Reference 3 ). For completeness, certain
parts of this report will be included in the following discussions.

The coordinate system used for this analysis is a right-handed
Cartesian system as shown in the figure below.

DIAGONAL VECTORS T, MW T
TA. 3 - Xi T1, = Y3 - Y1  Tit = Zs - Z,
T2 . X4 -X2 T2, =Y,-Y.Y T2.=Z 4 -Z 2

UNIT NORMAL N = f2 - f,

N. z T2,T1, - T1,T2. n. N./N

SN, = T.1.T3, - T2.T1 . n, N,/N
N. . = T2,T1 , - T1,T7 , n. N,.N

-N +? N,2 N,2

2 AVERAGE PCINT
W I(X X X3 .4 )

yl + Y2 +Y1 + Y,)
2 =¼ZI + Z2 + Z3 + Z4)

CORNER POINT PROJECTION DISTANCE
d Av¢. '- .) 4 r.ý - Y.) -Z.)

Nýk z1. 2. 3, 4

X CO.RER POINT COORDINATES
y X; X, t Md•

Y" Yk + hydek
Z' - 4 + fl,d,,

In the conventional use of this program the vehicle is usually positioned
with its nose at the coordinate system origin and with the length of the
body stretching in the negative X direction. The slight inconvenience of
this negative sign on the body stations has been accepted so that the
geometric data will be compatible with the Douglas potential flow pro-
gram (Neumann Program).

The body surface is represented by a set of points in space. These
points are selected on the body surface and are used by the method t)
obtain an approximation to this surface that is used in subsequent cal-
culations. If the four related points of each set are connected by
straight lin-s we may obtain a picture of how the input surface points
are organized to describe a given shape. This has been done in Fig-
ure 2. The input scheme has been designed so that each point need
only be input once even thouýjh it may be a member of as many as

additional parameter for each point besides the X, Y, and Z values.

This parameter (known as the status flag) indicates whether a point is
a continuation of a column of points (STATUS = 0), the beginning of a

7
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Figure 2. Output from Perspective Drawing Program

new column of points (1=n, the !irst point ot a new section of elements

(=2), or the last point input for the shape (z3).

As may be seen from the drawings made by the Picture Drawing Pro-
gram, the different areas of a vehicle may require a different organiza-
tion and spacing of surface points for accurate representation. Each
such area or organization of elements is called a section and each sec-
tion is independent of all other sections. The division of a vehicle into
a given set of sections may also be influenced by another consideration
since the force calculation program may be made to calculate the force
contributions of each section separately, using different calculation

The input surface points are not sufficient in themselves for the force
calculations.. Each set of four related points which form an individual
element must be converted into quantities useful to the program. This
is accomplished by approximating each element area of the vehicle by
a plane quadrilateral surface. Since we are using four surface points
to fo-rm an elcment, no single surface will contain the points themselves.
Also, adjacent plane quadrilateral edges will not necessarily be co-
incident. With a sufficiently small size of the surface elements this wi.1
be of no consequence in the end results.

The mathematical technique used in converting an input set of four
points into a plane quadrilateral element is described below. The
figure below gives a representation of the input element points with
each point identified consecutively around the element by the sub-
scripts 1, 2, 3, and 4, respectively.

8
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The coordinates in the reference coordinate system are as follows:

i i x i

x : z Y

ii i3 X,
x Y3 z 3

4 14 Y4 4

The superscript i identifies the coordinates as input coordinates. We
next form the two diagonal vectors fj and T2. The co-rponents of
these vectors are

T i i x yTi z - z i
i x 3 - X1  Tly = 3  Y iz 3 -1

1 1 i i i iT z x 4 - xZ T y = YZ T2 z4 -z 2

We may now obtain a new vector N (and its components) by taking
the cross product of the diagonal vectors.

N~ = T2×T1

T-2 XT1

NX = T 2 y Tlz - TI/ TZz

Ny = TIx TZz - TZx T2  z

N z TZx T1 y - TIx T 2 y

91



The unit normal vector, nr, to the plane of the element is taken as N
divided by its own length N (direction cosines of outward unit normal).

N
x

n 
N

Nn -1-1

y N

N Z
n N

whe re

N N;ý -+N Y -+N2

The plane of the element i3 now completely determined if a point in
this plane is specified. This point is taken as the point whose co-
ordinates, R, y, i are the averages of the coordinates of the four
input points.

II 1 1 . I - -F

xi - X 2 -x +x 3 + x4-

- + i i i i•; = 4 yl + Y+ 3 4-4

z I " Zi + z + z 3 + z
4~~ 1.

Now the input points will be proje -ted into the plane of the element
along the normal vector. The resulting points are the corner points
of the quadrilateral element. The signed distance of the k-th input
points (k = 1, 2, 3, 4) from the plane is

d = nfR- xI) t ny(j- ykI) + n (I - 2k k = 1, 2, 3, 4-k x k y ~k - k' ~,,,

It turns out that, due to the way in which the plane was generated from
the input points, all the dk's ha-ve the same magnitude, those for points

X. and 3 having one sign and those for poinms 2 and 4 having the opposite
sign. Symbolically,

d (k-1 )k' Id k- 1, Z, 3, 4

10



The magnitude of the common projection distance is called d, i. e. _

d d d!

Tbe coordinates of the corner points ir the reference coordinate system

are given by

Xk k + n d

mI i d k -- , Z, 3, 4
Zk = Yk + n k

zk k z k

Now the element coordinate system must be con-tructed. This
retquires the components of three mutually perpendicular unit
vectors, one of which points along each of the coordinate axes of
the system, and also the coordinates of the origin of the coordinate
syAtemLf.° All these quantities must be given in termu of the reference

coordinate system. The unit normal vector is taken as one of the
unit vectors, so two perpendicular unit vectors in the Pdlane of the
element are needed. Denote these unit vectors t1 and tz. The

vector t1 is taken as T 1 divided by its own length T 1 , i e.,

t T lxITx

tly T

tlz T

where

T I + Tly 2 + Tz

ilI
I



The vector t is defined by t2 = nX tl, so that its components are

t~ z n t ylz z nztly

t 2y nztlx nx tl z

z - nty - nyt1 x

The vector is the unit vector parallel to the x or • axis of the

element coordinate system, while t2 is parallel to the y or 71 axis,

and n is parallel to the z or ý axis of this coordinate system.

To transform the coordinates of points and the components of vectors
between the reference coordinate system and the elemeat coordinate
system, the transfoimation matrix is required. The elements of this
matrix are the components of the three basic unit vectors, tl, tz, and
i7. T- make the notation uniform define

ail t a t tlI : - lx al2 : ly 1!3 1 z.

a21 t aZZ = t y = tZ3 ZI

31 n 32 n 3 nx a y az

The transformation matrix is thus the array

a 1 1  a12 a13

az aZ a3

a 3 1  a 3 2  a 3 3

To transform the coordinates of points from one system to the other,
the coordinates ol the origin of the element coordinate system in the
reference coordinate system are required. Let these be denoted xO,

Y0' Then if a point has coordinates x', y', z' in the reference

coordinate system and coordinates x, y, z in the element coordinate

12



system, the transformation from the reference to the element sy stem

is

x = alI(X'-x 0 ) 4- a 1 2 (Y, yo) + a 1 3 (z' -Z)

y - a2 1(X' - x0 ) + aZ 2 (y' - yo) + a 2 3 (Z' -z )

z a 3 1 (xI - xo) + a 3 (y' - y) + a3(Z-I Z

while the transformation from the element to the reference system is

x1 X 0. a 1 1 x + a 2 1 y + a 3 1 z

Y I = 0 + a 1 2 x + a 2 2 Y + a32 z

z' z= Z + a 3x + a23Y + a 33z

The corner points are now transformed into the element coordinate
system based cn the average point as origin. These points have co-
ordinates x•, Yk zk in the reference coordinate system. Their co-

ordinates in the element coordinate system with this origin are de-

noted by * 0. Because thcy lie in the plane of the element,

they have a zero z or ý coordinate in the element coordinate system.
Also, because the vector t1 , which defines the x or g axis of the

element coordinate system, is a multiple of the "diagonal" vector* *
from peint I to point 3, the coordinate 71 and the coordinate ?3 *

are equal. This is illustrated in the figure below. Using the
above transformation these coordinates are explicitly

13



OGentroid

Avtrage Point"(3

k a 1 1 (xk i)± 1 2 (yk ) 1 3(zK.I

k 2, 3, 4

*I

T1a (x'-i+aZ k~a? 3 (zk )

These corner points are taken as the corners of a plane quadrilateral.

The origin of the element coordinate systern is now transferred to the
centroid of the area of the quadrilateral. With the average point as
origin the coordinates of the centroid in the element coordinate sys-
terna are:

= i [ *(T1* 1*) + *(*

Z 4

3 1

14



These are subtracted from the coordinates of the corner points in the
element coordinate system based on the average point as origin to
obtain the coordinates of the corner points in the element coordinate
system based on the centroid as origin. Accordingly, these latter
coordinates are

•k = *k •

k k o

k= 1, 2, 3, 4

k = qk - o

Since the centroid is to be used as the origin of the element coordinate
system, its coordinates in the reference coordinate system are required
for use with the transformation matrix. These coordinates are

o +a 0 + a 2 1 i

yo -" + a -1 o + a2 2qo

z = za o÷ oi
o 0 +a 3 a23

Since in all mubsequent transformations between the reference coordin&-te
system and the element coordinate system the centroid is uued as origin
of the latter, its coordinates are denoted xo, Yo z . The coordinates

of the average point are no longer needed. The chanige in origin of the
eiernent coordinate system, of course, has no effect on the coordinates
of the ccrner points in the reference coordinate system.

The lengths of the two diagonals of the quadrilateral, t1 and t 2 , are corn-
Futed from

2
t/ U3 (- (1)2

t2 =Q(•4 - 42) z + (9 4 - 'l)z

The larger of these is selected and designated the maximum diagonal t.

The body surface area and enclosed volume are de~ermined by summing
up the contributions of each element. In terms of the coorainates of the
corner points, the area of the quadrilateral is

A (f3 1)(N17- 4)

The incremental volume is given by the volume of the parallepepiped
formed by the element and its projection onto the x - z plane (the x - y
or y - z planes would have served equally well).

V = yoAn ny

15
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Sunmmnary

The foregoing procedure may be briefly summarized as follows:

Each set of fuur points is converted into a plane-quadrilateral element
by the procedure shown in the sketch on page 7. The normal to the
quadrilateral is taken as the crobs product of two diagonal vectors
formed between opposite element points. The order of the input pointti
and the manner of defining the diagonal vectors is used to ensure that
tie cross product gives an outward normal to the body surface. The
next step is to define the plane of the element by determining the
averages of the coordinates of the or•iginal four corner points. These
points are then projected parallel to the normal vec4tor into the plane of
the element to give the corners of the plane quadrilateral. The corner
points of the quadrilateral are equidistant from the four points used to
form the element. Additional parameters required for subseyuent force
calculations, quadrilateral area and centroid, may now be calculated.

The spacing and orientation of the elements is varied in such a way that
they describe the vehicle shape accurately. Since four points are used
to define the plane quadrilateral, the edgcs of adjacent elements are not
coincident. This is not important, since the pressure is calculated only
at the quadrilateral centroid. This pressure is then assumed to be con-
stant over the surface of the element.

The plane-quadrilateral surface description method is not as elaborate
as some of the other methods. It is important, however, to note that
the si__,!nj ilcix oi th P metod perynits tile lisc 01 CO1wVC11Llt i1d Lr_,-
sectional drawings in data preparation (no surface slopes required) and
the use of semiautomatic data-reading techniques. Also, as has been
illustrated in Volume 1, computer-generated pictures are used in check-
ing the geometric data for errors.

Parametric Cubic

A second technique for describing three-dimensional curved surfaces is
also provided within the program. This is a mathematical surface-fit
technique and is identified as the Parametric Cubic Method because of
the general type of equations used.

Several different mathematical surface-fit techniques are de 3cribed in
the literature. The one used in this program was adopted from the
formulation given by Coons of MIT (Reference 4 ). In this method a
vehicle shape is also divided into a number of sections or patches.
The size and location of each pat -h depends upon the shape of the
surface.

The basic feature of this method is that only the surface conditions at the
patch corner points are required to completely describe the surface en-
closed by the boundary curves of the patch. The basic probiem, how-
ever, is the determination of all the information required at these corner
points, i.e., the surface equation requires corner point surface deriva-
tives with respect to the parametric variables rather than the X, Y, Z
coordinates. This has been solved by the use of additional points along
the boundary curves as will be described later.

16



In the following discussions we will use the geometrical representation
of a surface patch as illustrated in the figure below.

BOWDARY CURVE (FOR u = 0)

(lI) XJ0. w) - A0 * 8' + Ca + 0

A MAX,0.0) - XiO.I)] + •- (0.D) -±--(O.I)

a. a.•./ B :~~ 3WX.(,I) - X,;O.O)) -2aX1(o}0u -±X-(ula - 0.1

W 1) C - (0 0) D XAPO)
(0.-),, .- 0X, aX, a$

ax. -= ax-.-? i 1, 2,3FORX. Y.Z

-/BLENDIYG FUNCTIONSI '•%,•,,~~~~~~~ A•~.)•• ••r() 10lu - 20' F(, 3*2 - 20,
, . , F.(u) ,- u - F(u) F,(,4) I - F.(w)

-w( (u.0) SURFACE FORI
S" X,(uA) X,(O.w)Fmu) + XAIAw)F1(u) + Xg(u.O) F(a)

X 1. ('0.0; i, XA(M.I)FI(-) - X0.0)FT(u)F.(u)
- X,(0.I)F.(u)F1(w) - X,(I.0)F'(u)F,(w)

Y - Xi).I)F (,,)Fi(w)

Since the basic surface-fit equations and their derivatives are presented
.11 ~ ~ t; theyu(~ i L ued 1 loV. e ouul. iz vi e W e 'A bt rt~L~ e ~ y. 1f'

The X, Y, Z coordinates of a point nn the surface are related T the two
parametric variables u and w. a surface in space is .,apped
into the u, w unit square. The basic blem is to find the position4P
(X, Y, Z) of a point (u, w) in the interior of the section surface. The
general procedure is to first find, relationships for the four boundary
curves. These are defined as third-order polynomials in terms of the
parametric variables. The points on the boundary curves correspond-
ing to u and w (0, w and u, 0, etc.) are then calculated. A general
surface equation is used to calculate the properties at the point u, V.
This equation uses bWending or weighting functions to properly introduce
the influence of earh of the related boundary-curve points and the four
corner points. The blending functions also ensure the continuity of the
slopes across the boundaries between adjacent sections.

There are several methods for calculating the direction cosines of the
tangent vectors required in the calculation of the corner-point deriva-
tives. Most require the specificalion of additional Eurface-boundary
points, some of which may lie on the extensions of the boundary curves,
T! e derivatives nmust be calculated, since it would not be practical t(
measure them directly from drawings. The method in this program ,in-
volves the use of circular arcs through three boundary-curve points, the
middle one being a corner point.

The first step in the computational procedure is to determine the equa-
tions for the cubic boundary curves. The equation used is given by the
following relationship for u = 0.

17



X (0, w) = Aw3 +Bw2+ Cw+ D

whe re

ax. ax. !

A =2 xi (0,0) - xi (O,1) +J--1 (0,0) + 1(0,I)

aX. aX.
B = 3 1X (0.l)-X 0.0)J -, (OO)-- (0.l)

ax.
C - -!(CO)

D = X. (0, O)
I

Similar equations are needed for the other three boundary curves with U = 1,
w = 0, and w = 1.

The missing items required for the solution of the above equations are the
-derivatives

ax. ax.
Iw (0,0), - (0, 1), etc
aw aw

Jn the Arbitrary-Body Program these are determined by passing a cir-
cular arc through three points, the middle point being the corner point
Itself. For completeness, the development of this method is presented
and the sketch below is useful in fGllowing the derivation.

.3
A1'
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This sketch is a view of the plane of the circle with U as the base coordinate.
The vectors TIe T2 , and T3 are tangents to the curve 't the points 1. 2, and 3.

The tangents make the angles 6d, 6a, and 63 with respect to U1 3 . The chord

lengths make the angles El and c 2 with respect to the vector U3

One of the properties of circular arcs is that the chord angle is the average
of the two tangent angles.

6C+ 2 66 + 23 61 + 63
1 2 2 2 3 2

For the coordinate base selected (V113), C3 - 0. therefore,

-31 = -63 and 62 = C1 + C

The tangent vector at point 2 is then given by

T 2 = cos 62 U 1 3 + sin 6 2UN

L
-:1 L13 is chord vector between points 1 and 3.

13 IL 131 1

To determine UNo the binormal UBN must first be found

U BN L /-13 A L 1
UBN BN

U-BN (unit vector)

UN U BN x U13

The radius vectors (X, Y, Z) for the three points are

= X1i + Yl + Z IT

r? = x 2 i+ Y2 j + 2~k

3 9i+
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The chord vectors between the points art

L z = zr 1 = (x" )X+)i+(Y 2 Y 1 ) j +(Z 2 + Z 1 ) k

L2 3 = r 3 - r= (X3 -X 2 ) 7i+ (Y 3 - Y2 ) j+ (Z3- Z )2k

L13 = r 3 rl (X 3 - X )i+ (Y 3 " Y 1)j + (Z 3 - Z 1 )k

and the chord angles

L12 L 1 L .L
C OB Cos C H 1 --FI -zi 1L1 31  F 1Il3

For convenience we will use the shortened notation:

?I IL , etc.

- L•. I + ri- • + n, I

Similarly

U = 1 i+ mzj+ n k

i j k

S 1 m n1 n

law--.•

-m (n 1 2 m 2 n 1 ) ~1 ( 2 t11 j + I m n 2 - A 2 I k

i j k

U U x U
N BN 13

fm in
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- I U In " z n) - M I (I - £z 12 )

"I I1 (MIn 2 -""2 n 1) " 1 (41 In 2 - 1. md)J i

+ 1MI (.- v2 " 2 n I÷ •1 (11 n.Z - 2 nl) Ik

And finally we obtain the tangent vector

T2 Y coo 6Z+IN sin 82,) + (mI coo a. + mN sin 8 z)

+ (nI cos 82 + nN sin Sf ) k

where

X3- X1 Y3 1 YI Z 3 ZI
LmI L -In L3 L1 3  13

L1 3  I (Xz" XI) 2 + (Y.- yI)+ (, 2 . zt)Z1

-j n (m1 n2 - jn) U m1 m 1, m1 )
mN I-n1 (1 ] n 2 - m2 n 1 ) + ( i 2 -1f1 m 1 )1

n N = 1I (r•I. n2 - m 2 nI) + 1(1, n. - 1. nl)I

and

1 L 2 1 LI 2 - I2 z

Liz ) / 1 2

L IZ 1(Xi"X I )2  + (Y j-YI) 2  + (Z 2  - Z1) 1

The final end point derivatives are then found from

OX. ax.
ax -x as =T i AS i = 1,2,3 for XY,Z.

Ow a ow



where

1-W the boundary length since Aw 1 on the unit square patch

as 4xi + I - x1)z+ (Y1 + I1 Y) + (zi + I - zP'_
AS ==

I = 2 at the starting corner point

I = NB - I at t'-e final point on the boundary curve

NB = number of points input on the boundary with one point
extending off each end of the boundary curve.

Once the boundary curves are found the values required for the general
surface equation can be calculated. This equation is given below.

Xi(u,w) = Xi(0, W)Fo(u) + Xi(1, w)Fi(u) 4- X.(u, O)F (w)
1 1 0 0

+ X (u, l)Fl(W) - Xi(0, 0)Fo(u)F (w)

- X(Ol)Fo (u)Fl(W) - Xi(l, O)F (u)Fo(w)

- Xi(l, l)Fl(u)Fl(w)

where the terms F and F are blending functions given by

F (u) = 3u2 - 2u 3  FI(u) 3w 2 - 2w 3

F (u) = 1 - FI(u) F (w) = 1 - F{(W)

The program does not use the parametric cubic geometry data directly in
the pressure calculations. Instead, the parametric cubic data are used in
.zreating surface elements by a systematic variation of the parametric
variables w, and u.

One advantage of the mathematical surface-fit technique over the plane-
distributed-elerrment method is the smaller number of surface points re-
quired to describe a shape. However, additional points are required on
the boundaries to determine the required corner derivatives. This method
is not as adaptable to semiautomatic data-reading techniques, since the
organization of the required input datd is more con'iplex. The accuracy
of this method depends upon the distribution and orientation of the surface
sections, just as the plane-distributed-element method depends upon the
distribution of the elements.

22



Aircraft Geometry Option

The primary purpose of the Aircraft Geometry Option is to provide a
convenient means for generating detailed element geometry :lata for con-
ventional airplane types of configurations that are made up of a fuselage,
wings, horizontal tails, canards, fins, and nacelles or pods. The input
to the Aircraft Geometry Option is in the form of fuselage coordinate data,
airfoil ordinates and general planformn shape, and element ikcrement
control data. The output consists of the standard surface element data
(TYPE 3 data cards) in the format required by the components of the pro-
gram. The configurations that may be generated with this option are
very general in nature and clude such capabilities as an arbitrarily
shaped fuselage with cantber, cambered wings defined by a number of
airfoils, nacelles and external stores with circular cross sections, and
vertical fins. The capabilities provided by the Aircraft Geometry Option
may also be used in conjunction with all thk o~hc-r geomtry generation
and input features of the program to forrn a single vehicle shape. For
example, it is possible to generate the wing and tail of a configuration
using the A;rcraft Geometry Option, to input a portion of the fuselage
using input elements, and to complete the configuration using ellipse and
parametric cubic generated data.

* 00 0 L~, fl * ~ l a • .... . ... . .. ....

was originally prepared as a tool in checking out the geometry data for the
NASA Harris Wave Drag Program. This capability has 'oeen maintained
as a sub-set within the Aircraft Geometry Option in its present form.
However, an additional aircraft surface type has been added that permits
the use of arbitrarily oriented airfoils in describing wing and tail types
of surfaces. Also. the Aircraft Geometry Option permits the use of
arbitrarily orientated pods or ti..celles.

Trhe input requirements and capabilities of the Aircraf. Geometry Option

are discussed in sufficient detail in Volume I. Howe'ser. there are two
parts of the Aircraft Geometry generation process, that of pods or
nacelle3 and the general airfoil surfaces, that do need a bit more on
the mathematical development. This information is given in the
following discussion.

Pods or Nacelles

A pod or nacelle is a body of revolution with its axis arbitrarily located
with reference to the vehicle axis system. This increased capability
has beer added without affecting the NASA Wave Drag Program inputit
format (the NASA program is limited to having the pod axis parallel to
the vehicle X-axis), The pod is defined with respect to its own coordi-
nate system (X'-Y'-Z'), the orientation of which ie considered to have

Z3
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been achieved through a yaw-pitch sequence of rotations. The para-
meters used in defining the pod and the formation of surface elements
are illustraLed in Figure 3.

Oe

+ + Z X

ZO..

++Y

Figure 3. Pod or Nacelle Geometry.

The )raw angle qi and the pitch angle e are :erived by the program from
'ut coordinates of the pod origin and end point;

s in =(E -ZO)IL

sin ' (Yo Y¥E)/L cos 0)

where L is the length of the pod,

[(X 0 -XE)- + (YO- YE)2 + (Zo- ZE)2 J
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The surface coordinates in the vehicle axis system are given by

YO - 0 Y-I-

Z ( )Z 0 Z'-

where (F, - 1p=0 is the rotation matrix E"1 derived in Section XII

with y set equal to zero, and

j = +1 for arbitrary-body program input coordinates
= -1 for NASA Wave Drag Program input coordinates

Carrying out the multiplication the surface coordinates become

X =jX0 -X' cos 0 cos 41 - Y' sin kt + Z' sin 0 cos 41

Y = Y 0 -X' cos 0 sin O + Y' coso O + Z' sin0sin PP

Z = +O+ V, + Z' Cos

in the pod coordinate system, a Z-
radius distribution, R, is specified
as a function of X'. Therefore,

Y'= R cos

'= R sin w

The meridian angle w is taken to have
zero value along the Y'-axis to auto-
matically account for the sign of Z'.

The final expressions for the surface points in the vehicle axis system
are thus given by

X =jX0 -X' cos 0 cos V + R(Ain &a sin 0 cos 4s - cos a sin ot)

Y =:Y -X' cos 0 sin IP + R(sin cw sin 0 sin IP + cos &) coB 4)

Z = Z +O Y' sin 0 + R sin wa coO 0
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The input information required to define a pod or nacelle is as follows.

1. Number of pods (up to 9).

2. Number of stations to be used in the pod radii distribution
input (2 to 30). This is the same for all pods.

3. The X-Y-Z coordinates of the crigin and end of each pod
in the vehicle coordinate syetem.

4. A table of X-ordinates (relative to pod origin) for the pod
radii distribution.

5. Pod radii distribution for each pod.

The order of the generated surface points is from the bottom around to
the top. The first point of each pod has a Status of 2, each new station
starts with a Status of 1, and all other points have Status = 0. If the last
point for a station fills only the left half of the Type 3 Element Data Card,
a dummy point Ls generated to fill the. right half of the card. When the
pod axis lies in the X-Z origin plane, only half the pod is generated
(-90o - Wu -- +900). Otherwise elements for the complete pod are
determined.

In addition to specifying the axis orientation, the number of elements in
1800 may also be specified. If this expanded capability is not used and
the input fields are left blank, the program assumes the pod axis is
parallel to the % ehicle axis, and elements are generated every 150 in to.

General Airfoil Surfaces

This geometry surface type may bL. used to generate surfaces that are
defined by airfoil sections having arbitrary orientations in space. The
airfoils are not confined to fixed planes. This more general approach
permits the use of non-streamwiae airfoil sections and is useful in
describing intersecting components such as the wing and tail fuselage
junctures. Input cards for this surface type cannot be used in input
to the NASA Wave Drag Program.

The general airfoil surface is defined by connecting two or more airfoil
sections with straight lines. The orientation of each airfoil is given by
coordinates of the leading and traiding edges and an airfoil rotation angle.
The techniques used in defining these airfoils and in performing the
necessary transformation to obtain the required Z-Y-Z coordinates in
the vehicle coordinate system are discussed below.
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Each airfoil section is defined relative to a coordinate system fixed
within the airfoil. The airfoil thicknetis displacements may be mecasured
either from the mean-camber line along a line perpendicular to the air-
foil axis or on a line that is normal to the mean camber line. This latter
method is used in some of the early NASA airfoil documents. All airfoil
section parameters are expressed as a percent of the. airfoil chord. The
parameters used in defining an airfoil are illustratcd in Figure 4 *In

this illustration the airfoil lies in the 71-,c plane.

I+ Y

Figure 4. General Airfoil Coordinate Syst an.

The coordinates of a point on the surface ol the airfoil are given by
the following relationships.

17p = +DZ *7 cooa8

e- DZ * T*sin5

Where W
= - ,the mean camber l1ine distribution

7 the thickness distribution
C
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tan 6 = d the slope of the mean camber line

DZ = +1.0 for the upper surface (thickness
measured in the +71 direction)

= -1.0 for the lower surface (thickness
measured in the -7 direction)

In the above general equations the point 71P, f on the airfoil is derived
pby using a thickness distribution measured along a line normal to the

mean camber line. If the surface point is to be on a line normal to the
airfoil chord line, the parameter 8 is set equal to zero. Both options
are available in the program. The upper surface of the airfoil is generated
first and followed by the lower surface.

The airfoil coordinates (f, 77) are next transformed to the vehicle axis
system. The C-77 plane orientation is considered to have been achieved
through a yaw-pitch-roll sequence of rotations. The yaw angle 1A and
pitch angle 0 (and also the chord length C) are derived by the program
from the input coordinates cf the airfoil leading and trailing edges.

`LE "LE TE' '-LE

sin 0 = (ZTE - ZLE)/C\

sin tP = (YLE - YTE)/C * cos 6)

The roll angle W is input explicitly and together with tP and 0 are
positive in the right.-handed sense of the reference system.

Zero values for the rotation angles indicate the airfoil is orientated
parallel to the X-Z plane. Zero yaw and pitch angles and a +90°
degree roll angle gives an airfoil in the X-Y plane (such as a vertical
tail root airfoil).

The surface coordinates in the vehicle-axis system are given by

X jXL

LE 0 C/IO0
SZ ZLE 71

The rotation matrix E is derived in Section XII. Therefore, the
desired airfoil surface coordinates are

Z8



X = jXLE- [ cos 8 cos t + '7 (bin 0 coo 0cos qP + sin e sinq )]*C/100

Y = YLE c [ 0 O sin + 71 (sin 0 sin e coO ýp - cos sin (p)]*C/lO0

Z = ZLE + [4 5in 0 + 7) Cos 0 CO (P ] * C/100

where
j = +! for Arbitrary-Body Program input coordinates (-X)

= -l for NASA Wave Drag Program input coordinates (+X)

The input information required by the Aircraft Geometry Option to define
a general airfoil surface is as follows.

I. Number of airfoils.

2. Number of airfoil percent-chord points used to
define the airfoils.

3. Flags to control the thickness distribution type,
generation of tip and root closure elements, and
repetitive use of mean camber line and thickness
distributions.

4. A table of percent chord locatioms that are to be used

for the airfoil thickness and camnber distributions.

5. The X-Y-Z coordinates of the leading and trailing
edge of each airfoil section.

6. The roll angle L of each airfoil section.

7. The mean camber line ordinates in percent-chord
at each percent chord location for each airfoil.

8. Thickness distribution in percent chord at each
percent-chord position for each airfoil.

This surface type differs from those previously described in that repeti-
tive use may be made of the arbitrary airfoil option on a single pass
into the Aircraft Geometry Option. This stacking option allows wings,
fins, etc. , to be generated on a single pass into the Aircraft Geometry
Option. A contraol flag also permits repetitive use of airfoil data for
subsequent airfoils to save input time when all the surface airfoils are
identical. Tip and root closure elements may also be generated to give
a completely enclosed surface.
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Control Surface Geometry *

The geometry data for a control surface flap are input to the program in the
undeflected position. The methods used in traiisforming these data to the re-
quired deflected position are outlined in the following discussion.

The coordinate system used in these derivations is shown in Figure 5.

K- Z

Y- I -'

X,

Y

Figure 5. Control Surface Angle Definitions.

The general procedure involves a coordinate shift and an appropriate rota-
tion to a hinge-line centered coordinate system such that the new Y-axis
(Yo) lies along the hinge line. For 4 and 4 equal Lo zero and with the flap
surface normal in the negative z-direction, the hinge-line centered coordi-
nate system has the same directions as the body-axis system. The corner
points. centroid, and normal vector (direction cosines) for each element
of the flap are transformed into this system. Since the flap is a rigid body
this information i3 independent of flap deflection and the hinge moment
factor (moment per unit normal force) need only be determined once. How-
evei, the force magnitude is a function of the deflection angle and requires
having the geometry of the deflected flap in the vehicle-centered coordinates.

Note: Control surface deflection is not in tue Mark IV Mod 0 release
but will be added at a later date.
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The coordinate system shift is given by

X' X - HL4

y' Y - YHL 4

Z' Z Z ZHL 4

where

S)HL is to point 4 on the hinge line

-'he new coordinates of the flap in the shifted and transformed coordinate
syste.n are given by

where

cosY sin , 0

0 0 1

4' =rotation about the Z' -axis

S [0 os sin

0 -sine) coso

* = rotation about the X'o-aXis
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The final rotation to the deflected position (6e is the control surface
deflection) is given by

0X6oe 10x~'
/Ye [I] 6 [6e6] [] [E
7I j 

Z
where

Cos 6 e " sin 6 e 1

sin 6e 0 cos 6J

The coordinates of the deflected flap are then transformed back to

vehicle centered coordinate system, first through the inverse rotation
-1F 6e j tE]

16e I zbA
S J tL -J

and then by the coordinate shift

X6e X6e + XHL 4

Y6e = Y'6e + YHL4

Z76e Ze + ZHL4

The rotation angles are defined for a right-handed system and are
found from the relationships

Ssin-l ( LxrI- XL 4  and 0 = - sin- 1 (ZMLl -ZHL 4

where 1/2
L~ y = X H L1 -XHL4 ) Z + (YH L 4) 2

and LYZ = LXyz + (ZHL 1  - ZHL4 )

A check is made in the program and if YHLl < YHL 4 then the yaw
rotation angle is set to i t1 - y to position the hinge line in Lhe
proper quadrant.
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The third rotation angle 6C is, of course, specified for a given prob-
lem. It should be noted in the present approach, that the , ordinate
system is rotated through th angle 6e, positive in the right handed
sense for the system delined. Relative to the physical prot -!m, posi-
tive 6e corresponds to a flap deflection into the flow.

The hinge moment factor (HMFCT) is aimply a function of the element
geometry and location, and is defined as follows. The total moment
of an element is (considering only inviscid forces)

M 4 - (R :xF) = P ( x'0 x NR)AREA

where
R.• is the radius vector to the element centroid,

P is the net surface pressure,

and AREA is the element area.

The hinge line moment is just the YTO- component of the total moment;
• A.. =My, 0  = 7 hAG' = H.--•

AA--- = my-U

where HMFCT = (Z'0 NX,0  X0 NZ ,0) AREA

Once the deflected flap is properly oriented in the vehicle centered co-
ordinates, the force on each element and hinge moment are determined.
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SECTION IV

GENERAL INTERPOLATION METHOD

The extenaion of the Arbitrary-Body Program to lower Mach numbers
will require greater use of the Second-Order Shock-Expansion method
in calculating surface pressures and flow fields. This requires that
streamlines be defined prior to the start of tha pressure calculations.
These same streamlines may also be used in the viscous calculations
and in these applications it is necessary that the number of streamlines
be kept reasonably small. It would be 'snpractical to expect that a
streamline would pass through every surface element, let alone through
the actual centroid of the element. It will therefore be necessary to
calculate surface properties (both pressures and skin friction) along a
number of streamlines, and to then use some interpolation scheme to
arrive at the properties at each element centroid for use in the force
integration.

Briefly, the problem may be et tted as follows:

The flow propertier- are calculated on a grid of points defined by stream-
lines. The vehicle forces will be surrxned over a gril of points defined
by the element centroids. The problem, then, is to determine the flow
properties at the centroids by interpolation.

There are two general classes of interpolation. These are "interpolation
in the small" or local fit and "iJnterpolation-in-the-large" in which an
entire surface or section is fit. Harder and Desmarais have presented a
method, the Surface Spline, which is an ingenious resolution of the clas-
sical problem of two-dimensional interpolation. It is an "interpolation-
in-the-large" scheme with all the associated convenience (irregular grids)
and with accuracy rivalling the local fits.

The Surface Spline Method is the basis for the general interpolation pro-
cedure used throughout the Mark IV program. It is used for interpolating
flow fields to determine interference effects, for interpolating surface
velocities to calculate streamlines, and for interpolating surface proper-
ties to calculate forces (inviscid and viscous).

Surface Spline

The surface spline is based on the small deflection equation of an infinite
plate that deforms in bending only. The procedure is to represent a
given deflection as a symmetric deflection due to a point load at the origin.
The entire surface is then taken as the sum of all the point load distribu-
tions, subject to the boundary condition that the surface becomes flat at
large distances from the origin. This results in a system of linear
equations which is solved for the required loads or in the present applica-
tion, for the spline coefficients. The final system of equations is
presented below (details of tht derivation are given in Reference 5 ).
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A function Wi is specified at n independent points (x., yi) i = 1, n.
A system of n+ 3 equationr must be solved for the n+ unknowns ao,
al, a 2 and Fi (i: 1, n).

F 1 -+ F?+. .. + Fn -0

xIFI+ x 2 F 2 4. .n- x =Fn 0

YiF I + Y2 F 2 + + YnFn = 0

* + x1 a + yla 2 + A 1 F +A F+. . . + A nFn=W

a* + xal + y 2 aZ +A 2 1 FI + A 2+FZ+. .+ +A nFn n W2

a0 + xjal + Yjaz +AjZ F, + jz F 2 + + AjnFn =W.

ao + Xna I +Yna,÷ + n 1I + ALzFz -L + Ann• F n,
a0  n2a~ya+Aj' 4A 2F. a 11 *

where Aij = r ij In r i2

and r. 2  (xi x-)2 + (yi YO)Z

It is convenient to express these equations in matrix form as follows:

0-0 0 1 1 1.. 1 a0  0

0 00 xi xz x 3 ... x a, 0

00 o:Yl 22 Y3 . . . yn aZ 0

I xI YI All Az A 13 . A) r, = WI

I XZ YZ A2 I AZ A 2 3 . "A~ n F2  W2

* I

1 n IAn Anl An3 " AP FW
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Using the partitions indicated for the system coefficient matrix and
compacting the notation, this may be rewritten

B xyt

where

i l,n

j = l,n

k 1, n+3
I = I,M

These equations are to be solved for the spline coefficients, [Ck,].
[Hki ] represents the known functions at the given points:

1 Z = 0, H31 = 0 1, etc.

The additional parameter 2 refers to the number of functions to be inter-
Spld ..... Fr example. the flow field data are interpolated for six functions;

Mach number, the tihree-direction cobir1es of the velocity vcctor, pr-zsure,
and temperature. In this case MA= and the spline coefficients are found
for all six functions with one calculation of the coefficient matrix. The
matrix Eolution is obtained using the Douglas SOLVIT Routine, details of
which are given in Reference 6. The method is simply Gausian triangu-
larization adapted to the requiremnents of: the computer for the c-.Se where
the coefficient matrix is too large to fit into core.

Linear Spline

The same approach could be taken to define a one dimensional or linear
spline. Consider a function dependent on y only. Terms involving x
would be removed and the system reduced to order n+Z. This would
involve changes in the coding logic. However, the above equations are
readily adapted to a function of one variable. A function independent of
x is equivalent to putting x equal to a constant, say xc. The second
equatior. of the system becomes

Xc (F 1 +F 2 + F 3 f... + Fn) = 0

This is a multiple of the first equation and the system is indeterminant.
Also, since the function is indeoendent of x then a should be equal to
zero. This is easily accomp]iihed by setting the term B(Z,2) 1. The
second equation now becomes

al +xc (F1 + Fz + F 3  .. + F)= 0
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The term in brackets is zero by the first equation and thus a, 0. The
system is no longer indeterminant and the solution of n + 3 system proceeds
as before.

The values of the B matrix are summarized as follows:

1. Surface Spline

Wi= function of both x and y

00001
B 0 0 0

0 0 0

2. Linear Spline, Independent of x

Wi function of y only

x = constant x

r 000
B 0 1 o

L 0 0 0

3. Linear Spline, Independent nf v

Vi function of x only

y = constant =yc

0 0 0

001 JB = 0 0 0

0 0 1

Symmetry

If the function being interpolated has a plane of dymrmetry, then use can
be made of images to L-nprove the accuracy of the fit. Consider W.
specified at n poients (xi, y.) in the range x, - x. :5 x and also W aymn-metrical about xo. Thý sy~stem of equations codld bee written inciuding

n images in the range xo < xj <_ (2xo - xl). Transforming the x
coordinate to

ej = xi - x

and using -i notation to represent the images the 2n 4-3 system of
equations is
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n

F .

i F.=0

i= -n

-n

n

•n y Fi = 0

n

rn

[a + j a1 + yj a 2 + - Aj, iF. = Wj J -nn

Adding symnmetric pairs of equations

Zao + -j+ ) + a 2 (yj + x-j) + (Aj.-n + A.j,n) F n+ ..

+ (A .,_ + A + - ".. + A I- ]J- +-J- 3,-n i+ ,1f -n

+ (Aj +A-j~n W + W j)

Using the definition of synmnetry

Y-i = Yi

Wi. = Wi

r2 In r.-Z
and also, that Aij rij J

where r.,2 - 2 + - z

r . 4.) + (i i

kc is . .Oy shown that

r.i2 = r. = (4i + + (Yi - 2

and 2 2
r .,

Therefore,
3 8 ,-j
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and the system becomes
n

Yi i - 0

1

ao + yj&a 4- (Aji + A, 1 )iF = j. =

1=1

where _ 2 I

i, ii 1, j z|
r-i, j (xi+x. -x2x 0 ) + (yi -y.j)2

The order is reduced to n+Z an-1 a, = 0. As was the case for a linear
spline, the n + 3 system can be solved by changing the B matrix and
setting x = xc in the [xy) and [xyt] matrices.

S- laii re.u... ca.n be .bta.• ,,ed for y Rymm etry and for both x and y
sylmmetry.

Application of the Surface Spline for Interpolation

The surface spline, or any other interpolation scheme, needs to be
specified in appropriate coordinates to do the job correctly. For example,
consider the flow over a swept wing. Interpolation relative to the space
coordinates used to define the quadrilateral elements will produce
erroneous results. The interpolation must be done in coordinates consist-
ent with the physics of the problem and for flow, on a swept wing. distancefrom the leading edge and distance along the span would be proper.

The surface spline, due to the nature of the basic solution (symmetric
point load) works best in a one-to-one domain of the independent vari-
ables. That is, for the swept wing, coordinates of relative chord and "
relative span would be used defining a range of both x and y from 0.0 to
1.0.

The process of selecting and scaling the appropriate coordinates is
referred to as normalization in the Mark IV program. Two different
categories of data normalization are used in the Mark IV program. ,'T.h.ese
are surface data and flow field data. The normalization procedures for
each are described in the following sections.
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Surface Data Normalization

Interpolation of surface data is involved in the Surface Streamline Option,
in the Input Pressure Option, and in the Viscous Program Option. The
surface geometry, input in body reference coordinates (xr, yr, zr) is
first transformed to the required local reference system. *The local sys-
tern is defined by the orientation parameters Xo, Yo. zo' 0 o, 00, and 00.
The local coordinates (x, y, z) are given by

where [x, y, 7.1 [T] [xx, yy, ]

(coso cost.) (Cosoosin't!0  1-sino0 )
[T] |-cos=osini÷si.%sineocos~o (cos6 cos+sino sino sink, (sinC 0o4S,6 |

~(-cosins*,s+14sisinco s incos'I
(sin4o sinio+coso sinOocosdi (-sinO41 oOstP+co0ssin9 0sin) (cosi 0osO)J

and xx xr x0

yy = yr yo

z= zr -zO

Also calculated are the axial, radial, and meridian coordinates:

A x
R- (y +-

4, =ARCTAN (y/-z)

Six coordinates (x, y, z, A, R, 4') are now available in the local reference
system and the pair of independent variables to be used for interpolation
are selected by the input flag INORM. The five options available are;

INORM = 0, 4' = f(A,R)

INORM = I1, z = f(x, y)

INORM = Z, y = f(x, z)

INORM = 3, x = f(y, z)

INORM = 4, R = f(A, 4')

To scale the data, the surfaces are grouped into two types: bodies and
lifting surfaces (indicated by the input flag ISURF = 0 and I, respectively).
More complex surfaces may be composed from combinations of these two
types. In addition, four boundary points must be input to scale the data.
These points are input in the body reference system and transformed to
the six local coordinates. The boundary data are used differently for each
surface type.

An example of the use of the boundary data for each of the two surface
types is discussed in detail.
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I. Bodies (ISURF 0)

Consider a fuselage with approximately an axially-symmetric cross-
section shape about the x-axis.

z

X

xY

The flow field is calculated using the Second-Order Shock-Expansion
Method in a number of meridian planes, say five.

z

ZO

Having done this, the ilow properties at the centroide of the elements are
required in order to calculate the forces or streamlines on the body. The
meridian flow data has been stored on Unit 10 and will be recalled for
use in the surface interpolation routine.

For this case the obvious choice of independent variables is the axial
coordinate (A) and the meridian angle (4%) (i. e. , INORM = 4).

The following boundary data are input:

XB(l) = Xl XB(Z) = XN

YB(l) = 0.0 YB(Z) = 0.0

ZB(I) = 0.0 ZB (Z) = 0.0
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XB(3) =. 0.0 XB(4) = 0.0

yB(3) = 0.0 y1B(4) = 0,0

ZB(3) = -1.0 ZB(4) = 1.0

The interpolation will be performed over the length of the body (XI-X 5XN)
and for (0 < 4 <Ir).

If there happen to be large variations in flow properties between 4 0 and
0 = V (because of large a, or Moo), then the interpolation could be seg-
mented. For example, use three segments with ranges (0.0 - 600),(600 <4~ <---1200) arid (1200 --- 43 1800•). Since the surface spline is a

global fi-t segmenting will relax the constraints that must be met.

II. Lifting Surface (ISURF = 1)

CoUsider a wing whose leading edge and trailing edge are approximately in
the x,y plane. The flow properties on a lifting surface vary essentially
with relative chord (x/c) and relative span (y/b) and the surface should be
normalized with respect to these parameters. Therefore, use INORM= 1.

z÷

1 00

x flow planes

Y

4Z



The four boundaries are input as indicated on the sketch. They are first

transformed to local coordinates and the following parameters calculated:

Root Chord, CR = XB(Z) - XB(l)

Tip Chord, CT = X13(4) - XB(3)

Local Span, B = YB(3) - YB(1)

The normalized coordinates (x/c, y/b) for a given point on the surface
(x, y, z) are

x/c = (x - XLE-.)/CY

y/b = (y - YB(1)/B

where XLE XB(1) + (XB(3) -XB(l))* y/c

and CY CR + ('T - CR) *y/c

Flow Field Data Normalization

The flow field about a component is made up of various flow regions. In
the previous example of flow on a body, each meridian plane would be
designated a flow region. Each region is specified by two boundary curves
ILJL% UVUY OtLLct and UL 'hu•k wvu -arid, if J%ýorcd, DV Don- ianEe* (hlbod ra• qL) aiUlt ~ rd by tpoinlL within thle

field.

R

Rsi t

II

,Ri

AN Ai AL

A typical flow region is shown in the sketch in the form of radial versus
axial distance. The nose station is AN and the body length ie shown
at AL - Proper normalization is obtained using a relative axial distance
and the shock-layer distance.
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For a point located at Ai, RI, the normalized coordinates are

Ai AN T!

-i HRi  RBi
SRa. - RBi

Curves of body radius (RB) and shock radius (R.) as a function of axial
distance A are obtained using the linear spline.

As an example of the appropriateness of the normalization and the accuracy

of the surface spline, a conical flow field is shown in Figure 6. While

this is a particularly simple ,-ase, exact analytical results are available
for definition and comparison. The flow region was defined by six points
on each boundary, curve (at stations A = .0, 2.0, 4.0, 6.0, 8.0 and 10.0)
and five interior points wede specified at each of three stations (A = 1.0.
6.0 and 10.0). Figure 6 presents results for speed of sound ratio,
pressure ratio, and radial velocity cowponent interpolated at A = 4.0, and
clearly show the accuracy of the method.

44



4..

e - 0 A 4.0
c

Exact (AGARDOGRAPH 137)
4 Surface spline interpolation

1.10

a/a 1.08

1 .06

1./PP/0.
B

& -V/a

-V/a 0.4

0.2

0.0 _ n . I n
0.0 0.2 0.4 0.6 0.8 1.0

SHOCK LAYER HEIGHT, B
r- rB
S B

Figure 6. Conical Flow Field
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SECTION V

FLOW FIELD ANALYSIS METHODS

At very high hypersonic Mach numbers the vehicle generated flow sys-
tem is relatively close to each vehicle component. For these types of
V 'w systeans the importance of component interference is diminished
and component build-up methods may be used with considerable success.
However, as the flight Mach number is redrced down into the supersonic
speed range interference effects become very significant. Interference
effects also may he important even at the hypersonic Mach numbers if
the vehicle is composed of discrete components such as is the case for
airplane type wing-body-fin configurations. Past experience has also
indicated that even the blended or all body shapes may have significant
interference-type effects when analyzed in yaw.

A really accurate analysis of this problem including interference effects
would require a three -dimensional mnethod of characteristics solution.
However, present mathematical and programming techniques and digital
computer size and speed limitations preclude the applica ion of the
method of characteristics to typical preliminary design problems.

Prior to the advent of the large scale digital computer a number of
approaches were used in the analysis of interference effects on wing-ud-•..r:_ configurati...•-n aii,,prqnnir sneeds. These methods, for

example the work of KaatLari in Reference ? , have since been replaced
by the linear theory finite-element computer programs. However, these
early hand computational methods did do a pretty good job in the low
supersonic Mach number range and for the simple wing-body-fin con-
figurations for which they were derived. The general approach in these
methods was to look at each aspect of the flow and, with appropriate
assumptions and simplifications of the vehicle shape, to approximate
the overall effect of the flow on downstream components. These
methods usually did not give detailed pressure distributions, but instead
only accounted for the interference effects in a gross way on the final
vehicle aerodynamic coefficienis. Of course, significcnt changes in
vehicle shape (such as body cross-section) were not always reflected in
answers. Also, frequent use of slender body theory meant that the
results could not be extended up into the hypersonic speed region.

The use of the digital cc-mputer has led to methods that largely replace
these older hand, "engineering" methods of solution (the one notable
exception being the USAF DATCOM). These computerized methods,
which are usually based on linearized theory, have been summarized
by Carmichael in Reference 8 , and by Bradley and Miller in Reference
9 One method in wide use today is the one of Woodward (Reference
io) that uses finite elements or boxes to which potential methods are
applied. However, the computer programs based on these methods are
presently restricted to simple body-of-revolution and wing combinations.
Even with the addition of dihedral pancls, as has been recently achieved,
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the representation of a shape is far from what could be called "arbitrary".
This fact, coupled with the inherent limitations of linear theory, means
that it has limited direct use on the more general problems involving
complex shapes and a wide Mach number range.

The interference problem, therefore, resolves into one that (1) demands
the ability to handle arbitrary shapes from the geometry standpoint, and
(2) accounts for interference effects using engineering methods, yet
retains all basic features of the true flow fields.

The fundamental approach taken in the Mark IV program is one of flex-
ibility. It was desired that the surface pressure method used for one
component not be inherently related or dependent on the flow field method
used on another. The vehicle is represented by a number of components
and the most appropriate flow field method is used depending upon the
coniponent shape and tight condition. This analogous approach was a
large factor in the success of the Mark II program.

The Mark III program, which already does a pretty good job of predicting
the vehicle characteristics, may be looked upon as the first order solu-
tion. Its weaknesses can be mainly attributed to certain regions (e. g. ,
vertical fin, wing carryover to fuselage) associated with particular con-
ditions (e. g., high angle of attack or yaw) and shielding effects. It thus
seems logical to build up the vehicle flow field in a step-by-step or

S....hicn. I or 1_ammfa._ithe % r ti,4' vvoul 1 be
analyzed in the symmetry plane subject only to the body flow field. Next,
the effect of the wing field alone, then the sum of body and wing. Finally,
the combination of the wing (analyzed subject to the body field) and the
body field. In the last case the complete body flow field is not required
to define the wing field, but just the body flow field properties in the
vicinity of the wing leading edge aze sufficient.

The framework of the Mark IV program is designed to facilitate just this
type of operation. The flow field data of a component can be saved and
then interrogated during subsequent calculations or future runs, In the
pressure calculations, a given component is identified by the user as
possibly being influenced by up to four flow regions. The local properties
in each flow region must have been previously generated or input and
stored un the flow field direct access data unit 10. In the analysis, each
element is first checked to see what flow region it is in. The appropriate
flow tabie is then selected and the local properties determined using the
surface spline method.
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Component Flow Field Analysis

The Mark IV program is structured so that a variety of flow
field methods can be employed. A proper perspective of the
program capabilities is obtained by an examination of methods
listed in the accompanying table. The solutions have been
separated into four main categories with selected individual

methods appropriately listed. Those enclosed in [BOXE7S]

are methods incorporated in the Mark IV program. Those
marked with an asterik (*) are available and could be added
at some future time. The remaining methods are consider-
ably more involved with regard to both complexity and
increased run time and far exceed the requirement of "engi-
neer methods". In principle, however, they could be added
to the basic framework of the new program for special
purposes or final design point analysis.

To obtain this flexibility of choice, a common interface
between the flow field methods and the rest of the program
was estab"S,'e. Thle flow field data about a. givcn ccmnpon-
ent are specified it a number of planes. For example, the
flow field about a body of revolution would be defined in
meridian planes. This concept of flow planes was arrived at
by consideration of (1) the shock-expansion method as a
primary means of generating the data, and (Z) the Surface
Spline Method as primary user of thc. data. All the flow
data are stored on a direct access unit (10) in a standard
format and are readily accessible by other options of the
program. For example, the flow field about a body is gene-
rated using the second-order shock-expansion inethocl"ff the
Flow Field Option of the program. This data maA, then be
accessed by other oi 'ions of the program to calculate the
following:

1. Forces on the wing subject to the body field.

2. Forces on the body.

3. Streamlines on the body and the viscous
forcea on these streamlines.
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TA13LE OF FLOW FIELD ANALYSIS METHODS

1 INPUT FLOW FIELD

Tabular Distributions of Quantities
Throughout the Flow Field

11 EMPIRICAL APPROACHES

Li Shock Shape Correlations I
Surface Pressure Correlations

Local Correlation Factors

I11 APPROXIMATE ANALYTICAL APPROACHES

L Generalized Shock Expansion

LSecond-Order E•,hput.k

Conical Shock Expansion

*Two-Dimensional and Axially Symmetric
Method of Chara'zteristics

*Linear Theory (Potential Solutions)

*Linear Theory (Wave Drag)

Linearized Method of Characteristics

Iterative Schemes

IV EXACT ANALYTICAL APPROACHES

*Conical Method of Characteristics

Integral Methods

"Three--Dirnensional Method of Characteristics
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Shock-Expansion Method

The concept of shock-expansion was first introduced by Epstein in 1931
for calculating airfoil pressures and was extensively developed by the
NACA in the early 19 5 0 's. BrIefly, it was extended by Eggers,
Syvertson, and Kraus (Reference 11 ) to include the determination of
the shock shape and thus the entire flow field, and further by Eggers
and Savin (References 12 and !3) as the "Generalized Shock Expansion
Method" to include three-dimensional hypersonic flows. A so-called
second-order term in surface pressure was later added by Syvertson
and Dennis (Reference 14). The generalized method was derived from
consideration of the full three-dimensional characteristics theory.
Through an order-of-magnitude analysis based on the hypersonic
sinilarity parameter, it was shown that disturbances associated with
divergence of stieamlines in planes tangent to the surface are of
secondary importance compared to those associated with the curvature
of streamlines in planes normal to the surface. It was further shown,
consistent with the above -esult, that the streamlines may be taken as
g -odesics. For a body of revolution then, the flow may be analyzed in
meridian planes; a result exactly true at zero angle of a&tack and only
approximate if the body is inclined to the flow.

The basic premise underlying the shock expansion procedure is that
only the principal characteristics in the flow need be considered, with
reflections from the shock wave and from vortex lines being negligible.
Development of the theory is presented in most texts on high speed flow
(e. g. , Hayes and Probbie~ii, Refere:ýnce 1 5) and the detailed equationq
are presented in the aforementioned NACA pub'ications. In the follow-
ing discussions on the application of the method in the Mark IV program,
only those equations vital to the presertion are given. The shock-
expansion methods are collectively referred to as the Shock-Expansion
Method. The specific forms of two-dimensional, three-dimensional, or
second-order are accessed via input flags which simply include or
delete terms as required.

The starting point for the Shock-Expansion Method was a program
developed in Reterence 16, and was very helpful on getting a "quick
jump" on the problem. The final form is highly modified, incorporating
for example, the Mark IV oblique shock and cone solutions. The
experimental data of NASA TN D-6480 (Reference 17) were used exten-
sively as a guide in the exploration of various alternatives.

"To use the shock-expansion method it is first necessary to define the
flow line or path along which the calculations are to be made. Ideally,
such a path should be a streamline but generally this is not known. The
true path is approximated by a flow line defined as the intersection of
the flow plane and the surface geometry. 1he flow plane (also referred
to as the cutting plane) may be specified with arbitrary orientition and
the profile shape is automatically obtained from the quadrilateral
elements.
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Surface Pressure

The profile shape is represented by a series of wedge or cone frustums
as shown schematically in Figure 7 The flow on the first segment is
given by the oblique shock or cone solution and the pressure on the
downstream frustumns is given by

P = PC - (Pc - P 2 ) e ri

where PC is the pressure on a cone of

the same angle as the fr-ustumn

P? is the pressure resulting from
a two dimensional expansion
between successive frustums

17 is proportional to the pressure
gradient and distance down-
stream of the corner

If the surface is two dimensional or only first order expansion is desired,
then 7 % 0 and the pressure is simply

P = P2

The relationship between the first and second order pressure are also
shown on Figure 7.

Calculations were made for the configuration of NASA TN D-6480 (Refer-
ence 17) which is shown in Figure 8 as loaded using the Ellipse
Generation and Aircraft Geometry Options. Comparisons of the first
and second order shock expansion methods with the experimental data at
zero angle of attack are presented in Figures 9 and 10. Also shown
are results from a Method of Characteristics Program (based on the
supersonic flow field programs developed at NASA by Inouye, Rakich,
and Lomax, Reference 181. The data aft of x/L =. 0.5 are influenced by
the wing and should not be considered in the present comparisons as this
effect is not accounted for in the calculations. All three methods used
conical flow startiag conditions. The agreement between the second order
expansion and the method of characteristics is good at Mach = 2.3
(Figure 9 ) and excellent at Mach : 4.63 (Figure 10 ). Both are in far
better agreement with experiment than the first order shock expansion,
especially at the lower Mach number. The first order method is very
sensitive to the starting cone solution. The second order method does
not have this difficiency as the pressure is continually adjusted by the
limiting cone value. PC.

Since these results are at zero angle of attack, Pc was obtained using
the tangent-cone method.* Attention is now directed to the angle of attack

*See Section VIII, Inviscid Pressure Methods
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cases and, in view of the results just given, only the second-order
shock-expansion method was used in the analysis. The first attempt
used the local impact angle to define the tangent-cone limiting condi-
tion. Typical results at Mach = 2.3 on the windward centerline (0= 0)
are shown in Figure 11 and the predicted pressures were too large.
It was then decided to use the inclined cone method* to define the
limiting conditi-ns and the results at the same conditions are shown
in Figure 12. The agreement of the calculated and experimental
pressure coefficients is good and very much better than the simple
tangent-cone approach.

Coraparisun of the circumferential pressure distributions are given
for the Mach=4.63 case in Figures 13 through 17. The 45= 0 results
are in very good agreement whereas the 4b= 60 and 4= 120 results
are only in fair agreement. The data along the leeward centerline
(0(= 180) showed higher C 's than the O= 120 meridian data. This
was felt to be the result opa viscous induced recompression and
these data have been left off the figures for clarity. Also, only those
data not influenced by the presence of the wing have been included on
the plots. To check the method at stations aft of the maximum dia.
meter, the body-alone configuration of Reference 19 was also
analyzed. This is a body of revolution symmetrical about x/L= 0.57

mnA t-irn--ated with a finite tiase diarnpter. Pressure distributions are

compared at Mach -2.5 at zero angie of attack (Figure 18), Z2 angle
of attack (Figure 19), and 40 angle of attack (Figure 20). Both the
windwcard (b = 0) and leeward (4) z 180) centerline data are shown for the
angle of attack cases. The windward data are in good agreement over
the length of the body except at the very aft locations. These discre-
pancies are probably a result of sting interference. The leeward
data show the recompression effect previously mentioned, being more
pronounced on the aft portions of the body where the viscous effects
become dominant.

Shock Wave Shapes

At zero angle-of-attack, the Douglas developed tangent-cone method
provides excellent results for both the surface pressure and shock wave
angle. At angle of attack, the inclined one method provides two means
of predicting surface pressure. However, no similar method for pre-
dicting shock wave angle is available. What is needed is a relationship
for shock angle analogous to Jones' pressure coefficient formula. Lack-
ing this, an empirical solution has been devised which follows the trend
of exact results. In summary, the tangent-cone impact method is used
to calculate the Mach number normal to the shock wave, which in turn
is used to calculate the pressure ratio across the shock. This pressure
ratio is then modified by a factor to provide agreement with the zero
angle of attack results.

*See Section VII, Inviscid Pressure Methods
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Second-order shock-expansion
using impact tangent cone
as limiting condition

Experimental data (NASA TND-6480)
0.24 a

0.0o
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Figure 11. Comparison of Experimental and Theoretical
Body Pressure Data Using Impact TangentSCone as Limiting Condition; M•., 2.3, # = 00
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Second-order shock-expausioL
uaing incll-wd cone as
limiting condition

0.20

o 1.1. 1 Experimental data

o3 8.80 (NASA TND-6480)
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Figure IZ. Comparison of Experi.mental and Theoretical
Body Pressure Data, Using Inclined Cone asLimiting Condition; Mo= 2 . 3 , 0'
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The shock normal Mach number, Mns, as given by the tangent-cone
impact method is

Mns = Kc Mp sir i + EXP (-Kc Mp sin 8i)

where

Mp is the Mach number in a particular %6-plane,

8i is the impact angle Mp makes with the surface,

and
Kc Z('Y + 1)/(7 + 3)

The pressure ratio across the shock wave, P., is then calculated
as

Ps = P

where ]Psi is the impact presoure ratio across the shock

= ZyMns - (-y + 1) /(Y+ 1),

(Ps )C= is obtained from the zero angle of attack cone
results

and
(P)sia =0 is the impact pressure ratio across the shock

at zero angle of attack

Calculations using this method have been compared with the exact
solutions tabulated ir. Reference 20. The cases selected were for a
10-degree semi-apex cone at angles of attack of 0, 5, 10, and 11
degrees. Results for freestream Mach numbers equal to 2, 5, and
10 are shown in Figures 21 , 22, and23 , respectively. The method
has also been compared with the experiaental data given in Refer-
ence 13. These data are for Mach = 5.05 at angles of attack of 0, 5,
10, and 15 degrees. The results for a cone semi-apex angle of 11.42
degrees are presented in Figure 24 and for 18.92 degrees in Figure
25.

In summarizing the data comparison presented, the method devised
for calculating shock shapes does closely follow the exact and
experimental results. In view of the approximate solution used, the
results are in fact remarkable. Noteworthy in this respect are the
10-degree cone results at Mach = 5.0 and the 11.42-degree cone
results at Mach - 5.05.
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Figure 21. Shock Wave Shape Comparison for
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0 Cone tables (AGARDOGRAPH 137)
Mark IV
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Figure 21. -Continued
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Figure ZI. - Continued
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0 Cone tableu (AGAkROGRAPH 137).

-Mark IV

a- 0.0° cx- 5.00

.C )
iQ 0

ax - 10.00 c - 11.0°

t ,

i-Figure 22. Shock "av, Shape Comparison for
a Cone; M 5.0, 0c = 10
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0 Expsarinrmt (NACA T.N-3349)

- Mark IV

Generalized shock expansion ( a - 15* only)

(BACA TN-3349)

a - 0.00 a 5.0*

a- 10.0° c - 15.0O

Figur 24. S'..ock Wave. Shape Comparison fora Cone; Moo = 5.05, 0c = !.4Z°
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0 Experimeat (NACA TN-3349)

Mark IV

. Generalized shock expansion ( a - 15* only)
(NACA TN-3349)

a 0.00 - 5.0-

+ +

ai - 10.00 ai - 15+0°!-

S/0 1

Figure 25. Shock Wave Shape Comparison for a

Cone; Mco=5.o5, OC = 18.920
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A basic condition in constructing the flow field about a two-dimensional
body using the shock expansion method is that the pressure is constant
along Mach lines emanating from the surface. In the case of flow about
a three-dimensional body, this condition is modified to account for the
conical flow at the nose. In the conical region there is a pressure
difference, APn, between the surface. and the shock wave

APn = Pen - Psn

where Pen is the cone surface pressure ratio at the nose

and Ps n is the cone shock pressure ratio at the nose

6It was suggested in Reference 12 that this AP be used to represent the
net pressure change between the body surfac- and the shock along each
Mach line emanating from the surface downstream of the nose.

That is,
Ps = Pb Apn

whhere P. ik the shock pressure ratio

and Pt is the body pressure ratio

It has been found that this expression permits too fast a decay in the
shock pressure. To compensate for this, a damping factor, f, is
introduced;

Ps = Pb - Apr " f

The form used for f is simply the ratio of the local surface deflection
angle to the nose cone angle and the value of Ps is limited to 1.0 as a
minimum value.

Comparison of the shock shape calculated by this procedure and the
method of characteristics is sho-.u in Figure 26 for the body of NASA
TN D-6480. Calculations are also compared with the expcrinmental
data of Reference 13 in Figure 27. The body is a fineness ratio 3
ogive and test conditions are 10-degrees angle of attack at Mach = 5.05.
The results are very good at the nose but tend to deteriorate down-
stream. This points out an additional problem which will be encoun-
tered in calculating shock shapes on bodies. Namel>, the errors are
accumulative. Thus it will be difficult to accurately predict the
extent or breadth of the shock field. This is compensated for some-
what in that the pressure progressively weakens downstream.
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0 Experiment (NACA TN-3349)

Mark 1V

-900

1800

+900

-9 o +0

Cross-section
looking aft

.10

Figure 27. Shock Wave Shape Comiparison fcr Fineness
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Flow Field Calculation

The complete shock expansion flow field anal~rsis method is demon-
strated on the contiguration of NASA TND-6480. The methods for
surface oressure, shock wave shape, and the Surface Spline inter-
polation are combined to calculate the wing pressure distribution
subject to the body flow field. The Mach = 4.63 data at zero angle of
attack are used foi comparison. While this angle of attack is not the
most representative from the standpoint of force calculations, it
permits parallel calculations using the method of characteristics to
further assess tht method.

The configuration planform and flow region are shown in Figure 28 .

Figures 29, 30, and 31 present the Mach number, pressure ratio,
and flow angle, respectively, behind the body shock wave. Figure 32
gives the Mach number along the body surface. (The pressure distri-
bution on the body was previously pr.esented in Figure 10). The shock
wave and the body comprise the two boundary curves used in the
Surface Spline. The locations at which the data were stored on the. flow
field unit (10) are indicated on the x-scales of the plots. Figure 33
shows the location of a right-running characteristics ilong which the
flow was interrogLted. Results of the Surface Spline interpolation for
local Mach nuriber, pressure ratio, and flow angle are compared with
the mnethod of characteristics calculation in Figures 34, 35, arid 36,
rtebvecLivei..Y. The uduce.e*, UUU LU Lilt: e ualtretk uuuid,;ry condilLions
at the shock wave are to be expected. The generai character of the
flow is fairly well maintained. Most remarkable in this respect is the"g

0 curve (Figure 36 ). It should be reemphasized that only values along
the boundary curves have been used - that is along curves through the
points labeled "shock" and "body".

Final'y, the pressure di,;tributions on the wing at four span locations
are shown in Figure 37 and 38. Both flow fi.elds have been used in
conjunction with the tangent-wedge and tangent-cone pressure mnethods.
These two pressare methods were airo rutn without the body flow and
all are compared to the experimental data. A firsý observation of the
figures show the tangent-wedge method more appropriate for the con-
dition run. A second and more subtle .observation is that the body flow
field causes a concavity to the pressure distribution on the forward
half of the wing. This is best seen on the inboard station (y/(b/2) =
0.258) and is consistent with the experimental data. Thirdly, the
outboard station (y/(b/2) = 0.815) clearly shows the effect of the body
shock crossing the wing section (at x!c = 025).
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SECTION VI

SHIELDiNCG EFFECTS

In the conventional Newto'iian foernulation of I'rau.flo-w4 the pies!5urt_
coefficient is zero .,n theset portiort of the bod-, that are invisible to a
distant ot-verver who vitews the tecdy fron' tke direýctiosi of the oncurn ng
freest ream. That is, the pre~sure coefficient is r-.'ro on portions of the
body that are hidden u.- sh'elde:1 by' upstream porti,)ns of the ;.ody surface.
To obtain accurate forcc and mcme&-ý calculations. such shielded surfaces
muast be identif~ed ar.d eliminated trorn the computation. A procedure for
accomplishing this i.s pr ej!te!-d in the following discussion*. A general
summary of the --proach will be prcsented first followed by a mo:re
detailed description of the theory.

With rtfspvct to xity given direction of the 'rieestrearin every portion of the
iaody may be classified ab either forward-facing or rear-facing. On a
forw-ard-facing portion of the: surface the dot product of !he local outer
norm-) vector with 'he freestirearr velociti vector is negative. On a re;.r-
facing portion of the surface th.: ccrresponding dot product is Positive
Rear-facirij; portioi; are alway.i s4iieided from thc freestr.:..-n darec"'on.
an~d accordingly they do not contribi-te to the force or moin-tt irt-egrals.

heiden~tific.ation of rear-facing rsur faces may- be performied .Žasiy in
terms of the ab.e-mentioned dot protducz. On a convex bod%, such as an
ellq-iioljoiJ rear-facing partion.s of the surface are the only part ions that
are sh'elded. aiid no problem3 ar~se. Noonrivlal ideaitificzalion problems
ar,.se for partially concave bodlies or fo-- multiple bodies. where some-

A ty'pical examiple oi bhiciding on a veh-clc in both pitch and yaw is shown
in Figure 39. Note that the lowcr part of the tail and !h- --f aske of the
!usclaptL is shielded from the frerst ream ar is a part of the canopy. Sincc
th.ý- basic pressure and force calcuilationis are very rapid, the Frocedure
for identfi~ing shioldeci quadrilate.ral elemients must also be f~s to avoid
subsk~m~ial increase;s in overall computing time. For somic appiacations
ilat poil-ios of the body are rcp~re it~i:ý b) -very !arge elements, having
6ourncnsion' that are not smiall ( ompared to the body cirnensions. Tht%. it
is not suaffic~ient to consider clemenlts as either complt tely shieldeki or no,
shielded at i'll, but the cas-e of a partially nhieldcd cl'!ment must Ibe
a, countted for. AMso. the proctdurt must handle the situati,-.n where an
element is shielded by an clernent that is itself shielded by a third element.
Finally, the direction of the free strea~m vclc-ýity must be arbitrary. Con-
siderations of a generai freestreamn and a small computin;, ~iire eliminate
a procedure lik~e that of Pferencc 39. This la'tter procedurt. cannot handle
afreestreani normal to the body axis arid is very tunoe consumning becaute
itmub. caLulate a very large nuimber of increm-Lntal angics, which pre-

sumnably mus~t be obtained by mtcans of iiwerse tlrigonoometrtc furictione.

The lo.-' computing time of the M~ark IV Pirogramn in cases of true hyper -

sonic. flow are ut, tv the fact tha~t flow cunditions on each surface cleme.'.
are independent -Af condit'ons on the other eleýments. Thus. the flow

*The~ shieIrli~r. analyst~s mithod described here wes derived

by v L. l7'ss.



Figlure 39. Piciturw oi %7rk~ in Pitch and Yaw. Illustrating
the Shield~ng errblea.



calculation need be done only N titrres. where N is tthe total nlumber of
elements an the body. A peneral routine for identifying shieldediel~
ments must allow the possibility tnat ;1ny element mnay shied any other
cIhtment. rhus. the test for zhe shteld~nf. of one el-neyint by another
rnvat be performed a number fn', Ginta of the order of NZ. (Th-c actual.
nuwr-Abr of t'~sts is approxi.,r...elv 112 N1. If the elements are urdered
ir; I~ iwuen.-e, ec..h e'rn.e-ý nev.d be tested for shieidi' g only 06'ith Suc--
ct editi,) clements cf Itbe se'oenc. * bt cause pre..eamle, eemonts will
alteady have b; en Tsted) Th, for N oi the order of 1000 the shield-
int. ,eat mnu- requ,ýri ry:..,re :itne ti~an the flow calculatio~n. On thf othcrI
hand. each elemes-, ib Shieldeti L.) t n oat a few felern-i:t-_, so the total
nuni>.cr of shieldings is oý tCie order of N. (There 0.ould Ue NZ shieldtngfj
only if every elemenz shieldect all other eýlements. 1,Thas. t1-e key to a
rapid procedure is a very siri~pl~e test that can be appltcd to tvw.o elci-rents
and that will quickly indicate the ýznpossibi1,,vj c2 %;hield , ng for i-nosi pairs.
of elements. Then'the cases nf near or ac,"al shieldin, can be treated
more elaborately. because their total nun'lber is of order K. Any~ geo-
metric quatntiti-ýs connected with an element tKhat can aid the ccw-spuWation

should be calculated once and fur all at the outset And st.3red. 'Jecause
again only 'N such calci-latiorls art: required. Accordinglý. the projec-
tions oi the :!;m,!nts ir. a plane normal to the f:~.. vclocity are
obtained. Fo'r cacb p-,o~ccted ele-mzr.1 the nia-itmrnu- and t~nc minirmun
values of the coordinates of the four corner paints of thc element in this
pane are recorded onice and for all. Now for the large majority or

eeetpairs the mna:czimruzr valai: of a coordinate ic~r one clu-n-ent is
iclax thn themnu vatiue ot that coorelinfi te tor thi' ot~ir eieom.en.
ad thus n heig;apsil: hsi h eurdtýI hc
could hardly he simipler.

Additional simolkfication and computing-time reduction are obtained by

sec.i-ons-, such that ro forward-faciiog elemtent oa st.ccitof Ehvelds an~y
othe r. This eliminates the need for- testing with;n a se.;ttori and

tsom.;.a -,th ý andl irlp of the case when ar: A*rrnt: n: is shietded by an

The shs'ý-lding procedurc s .1-J 3i'V7eS th~s iatutie.

if a pa~r of elireaants faý' 0-:f- -amplc- shekdt.ng vesl, one elviný_nt in z.y "r
may not shi-Ad th-L ot~zz-r. AEý nsecosv'a h.e i. projec-tions 9f the
elemecnts i'ý-:o a plani nornia! *nth free-s' reamn v-clo>cty art- ib!.&ined
onc-e and fo-. all. Ph- requi~rcd ca~ulatzc..n determines wcht-her or not
tihe tw~o pro ected ciernents ovcrlap and determines the corriritn -C'~ior',

itthey do oh erlap. IThe projected elem -ntts overlap if and 4Gfll if a!
least On-- side, of thie first elen-ent intersects at least oaie Eide of (he
accond. It is not sufficient to test wheuier or -iot the coraes pointzs of
one projec tted clement lie inside the other leen~cnt, because ); prciwrted
clerrtents .-nay overlap even if all corners of each elcmn-nt lie ouws4dv th;-



otiler. as illustratrii in the sk.:-tch below. For convex elen-nts a side
of one can intersect at most twvo sides of the other. The region common
to two quadrilateral elements is a polygon with at most eight sides isce
sketch). The computational task is to determine the vertices of this

Ir- lat element

/7 ,-2..ad elemenat 2ndelmn
let eleeent

TAo Possible Intersections

polvygn. As shown in Ohr sketch, each vertex is either an interection

oi two sides, cne beionging to each projected ele,.lenk, or a cormer of

one prijected element that lie-. inside the other. Oncc tb= polygon, is
known, -t is divided into irori one to three quadrilat.,!rals. o:•e of which

may have three sides (a spccial case of a quadrilatcral with one sid. of
zero length). This is done so that in subsequent operations at! clci:.gnts
are quadrilatera;s.

If the projections of two elements overlap, the more down,.ream -cl-
rnen. of the two is e•t,:rmin,:d by considering the distances of the two
elements from the plane norm-an to the freestreani veloci,:y. The more
downstrearm of the two is the shielded element. It is a s5-,pie matter
to project the above-described region of overlap (a polygon divided into
quadrilaterals) onto the shielded element. This projection ib denoted
a negative element (or elements).

Finally, all negative elements are 'Known, together wch thei. projections

on the plane normal to the frecstream velocity. The next stage of the
calculation determines the effects of multiple shielding where an element
is shielded by an uptrearn element, which is in turn shielded by a third

element. This situation arises whet an element is shielded by two (or
more) elements, and the two shielded portions overlap. In the present
framrework the condition is that two negative elements overlap, which
is a special case cf shieldi.g. Thus, the negative elements are examined

.or shielding in a manner roughly similar to that outlined above.

Howcver, there are same simplifying conditions that ensure that ,hk-
process of accounting ,for multiple shielding requires very little computing
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time comnpa red to the basic shieldiag procedure described above. The
principal simplification arises fr-om the ta4ct that tht, only iwgativt- ee-
rnents that can overaap are those thal. cc re'soond to zhe sam.e shielded
elemer-t. Since all negative eiements for ea~ch shielded element are
caiculated sequentially and stored zog.'ther, the searching procedure is
very short. A frequently occurring situation co.'ieivts of two adjacent
elemrents of a sectiajn botb shielding the saint. vletmernt of another section.

In this case xt is known in advance that the two shielded pcrl~ions cannotI
overlap. T.he ares common to tw~o negative elements is again a polygon
that is determined iii the above -mentioned way and divided inte qWjadri -

laterals. The resulting eLement is a positive, clemnent like the original

elements.

The multiple Shielding process can lje carried on indetini~eiy t!- a-count
for an elemcnt that is ohielded by many othke is. However. the first
application describ~ed above appears to cover all cases of practical
interest. Simple shielding cor--cspcnds :o the case where two forward-
facing elements lie on a lint: rarallel to the freestreamn velocity. 'the
first application of multipli- shielding covers the ciise whete two fox ward-
facing elements are orn a Itne parallel to the freestreato.. It is pt~.nned
to restrict attention to this case initially. This does not restrict the
number of sections into which the body may be divided.

Affrr the above ' lerments havc been generated, forces and momen.ts on
tie b~ody are calculated in the uaual way bv summint, d,.- cointrilwutionng on
ali -he *:Icrnenii. T-, contributions of the negative elements art: mrultt-

piJby minus one before sumrni;-.. The positive elements arisint- from
the Dverlap c'i two negative elements are sumnmed as they stand. Thus.
for txample, ir. the case of sim~ple shielding the contributions of ai1 . the
original elements are first added, and the contributions of the shielded
p-,.!iuns of the elements are later subtracted to give the desired n-e'
forces and moments.

Wihtiscugsinea apro acd he deta ripd poedurs bakgeudi the shildoing

Withss- thoise gtnera procl escri:ptroceduas usckgrond the shielding,
computations.

Cgiven a body. repi-eient ed by plante quadezLiteral surfact: elements andI

given a dircction. determine what elemnent,. and/or parts of ..- ements
are visible to a far-distant ubserver in th( gi'ten direction. For a corn-
pletely general procedure all combinations ofl ell.elding elements must
be consiAdered. Thus, every elem--nt has a pý;tentiwi effect on evet.r%
ithr r and the "calculation involves an effo.-t of o~der NZ. where N' is
the number of elements. For the, larie ma -jority of element combinations
the "calculation" consists of a test whose result is negative. Thus the
basic "'computational operation" is very fast. However. a calculation of
the order N2- can be expected to be timie-consumning compAred to a much
more complicated calculation of order N, such as is accomplished in
other parts of the Mark IV program. The prirncipal criterion for
formulating a calculation procedure is computation speed.
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Div-s ion of the Badv in Simple Sections

To reduce computing tim- and simplify thu programnn-intg luet, an a,.sunlp-
tion is made that soniwhat restricts generality of the niiethd and relies
on the user to furnish some iudgmr.nt in inp-.itint, a body. hov-..-vr ehe
sch,,mr adopted appears to apply to all bodi,: of pract-cal ir.tf-:.s fcr ill
abservation (freestreani) directions, Moreover, th,- iu-igmc•n;,- 7--:quv,.d
cf the user appears reasonable.

First forward-facing and r,.ar-facing clenivnt5 nrius. bte d,.fan.d. Supps.
there is a vector alorg the obtservr's li:- of siý'ht. "Take. h dot prociuct
of this vector with rh-- unit normal to the. e!,l,-ni .. Th. dojt prodauct is
nega:.,v for a forward-facing elernnt and positive for a rctar-tiacing
element. ,Sve sketch..

nn

rear- acing forward-fac Ing

x element lemen t

observation direction
"•(freesc re'a&)

Rear-Facing aod Forward-Facing Elcment!F

The inpvt clemcnts arc organized into sections as de.,cribed in Scc-
.ion 11!. Howevvr, it is assumed for the present that the user di.-ides
the boc!y into sections in a way that aids the pr,.gram. Sp.cifically, it
is assu,'nd that the body is dividjd into simpl, sectionm. A secticn is
d.L.finud as simpie if and only if any line para.iJl to the observation
directio:n intersects no more toian one_ forward-facing -le.nent of th.-
section. For examphle., any entirely convex or entire-ly concave'S'.e 3tionI

is a simple section for all obs-_rvation directions. S.t,- parts (a) and
(b) of thte sketch below.

A mixed coticave-convex section is not a simpl-- ivctin for all obs-r-
vation dirc-.•-nns, but it may be for sonic directions. Usually it is
possible to 6ivide the concav--convex section into V.-o simplph sections
along an infiec:ion line as showr in (,-i in the skt-tzh. At uorst it might
be necessary to run two case.-, one divided one way for c,. rtain
directions and one divided another way for other direction-..



"-- r divIsioni

n /

|(
"H

(a) Convex Section (U) Cor:ave Section () Convex-Concave Section

Elernent Formation

rhc pt-oc.dure for forming element- it , ,itght addition to the present
prccedirt. arid teveral additional quant.,lt are stored. The present
pror.edure first calculated the coordirsaft,- of the four corner points of
the quadrila, I element in the referer.ce coodinate system 'in-.ihich

the body is input. These are transformed into coordinates ba K-: on the
ement, and the referencc coordinates arc prest ncly discarded. In the

new scheme the referenct coc.rdinates of the corn..-= points must also be
stored with the geomnztric quantities that define an element.

Body Rotation

The body is rotated to rtna.ke the observation (freestrcan-.) dire.ction lie
along the negative x-axis. Standard rotution formulas ar, applh.d.

Rear- Facing .lettuei.ts

Each elerrent whos( normal vector has a negative x-componrnt is
eliminatec from consideration. This can be done either at this stag-
or as the element occurs in the procedure below.

M:.x-N•in Coordinate Cornputatio..

for Each Forward-Facing Element

Let the zy-coordinates of tht. corner points of an elenrent be denoted
Yk, zk whe-,ý k = 1, 2, 3. 4. Dctnrmine

Ymax : "a (yl- Y4-:- Y3- Y4)

Ymin 1- rin (y, yZ- Y3- Y4 )

Zlam max (7.1, zZ z 3 . z 4 4

z-mnin = min (zl, mZ, z 3 , Z4 )

These must be recorded either logically by integer designation or
physicaliy by storir.g the selected max-min coordinates an addition;,l
ti'me. This las, would ad-. four additional storage quantities for each
forward-facing r emrent.
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Secticiii orde ring

V.h ;).. thin. co~rnputatiun ',A-1.1 abovec ts pr- ý, tha. r- .a .mt-*.:

xfor- uktirs etŽ luncr .s Qwziputrc d bal, out kito.,- d, it- xc you~t r % ~. %t i t heI
I a rg% s'. rn-xu irnwirx i) ofir2 rviot.,y ctoýi int.'red t. leren I t . Yho fxinal r esult is
the la rgt.-st 'aht.-: of x of aný for%; ax i - tac anl I! ler cite in !I-,, $,-I t losh. C
tliks x(Nit.X). -wtue soctionrs art, ozde.ryd ar tircrvasuiig -frit r oi (f~
S t~ r iifl v,- th ibe smial vat' . With this d,1fiv-.i * e a, h t ~''nzs 6'*h and
all IOU.~eu dS .lionLn 5!11_t a5 % iJ.1%w- cfro'n, the obsc-rvat a'.: direct ron_

Basic Protilern. UElravnt O~eriap

The basic problem of this cornrutation contiasts of det :rivianirng wha~t
celements are blucked or shiaeldi-d bý cthcr:ý a!, seen froin the ubhc,-.,iaon
direction and of determining the peunnaetry of the shielIded re'r. All
calculation up to hvre has been prvpara~orj- and has b.etn dori. ctssentlally
once for each elemvent of N titnes - not N'ý.

Since the observation dircctior isp.al2 to the x 0 aih.qetor.0
wh%:1her or not one eleiventi rshiels ,%ov~ther is equivalfen: to \Aht ih, r ox
no! their pro~iecktorfý if*. Eh. i -lnttv rs (- t of G4ce nap. Thý! t-; th-2
test that must be madt art oi deýr of N2 tm~.Soný,e irforma-z-Jn i-_
alr%'-ady avallable beiorc aniy teating.-.

*a. jEaemren-s in. the same simpl, suction ranno, bhicizi z~

b. if two or m'.ore .**nt i a' nv bt.ct. Ti sn!,-'d :'r.- vi, rn-.~nt

ot - anoth,- svotion, the. various s)..t.c o'~ ar.noti
th.flnSe lv"e 0 -.e ala p.

C. P the %*:-project kofs .of t%%o olt-ni-i-t!, o% *'riap. it ib 'he-
el.n~n -*f rý,_: highur -or~iert-tci scciiorn iat '!I,.l.
,ul,-ment of lo---tr-orccz-ed sec :or. - not the pos-.

An eh.-ment is proiected intko the z -plani v% s ripjl'ý *Cnar ing the
x-coordarxates arid ronsidc:ring on~ly the- Vz-reler,-ncc coordina'-s of Zht
co.-ner pac6nts. The elemenirt :n the yz-plant- that is obtainod thi, %%a%- is
denoted a projected euraesnt. It is the proit. ted t'ltrnenl s th-mu ar.-
te'sted for overlap.

Dire-ct Coordinate Test

The setons are considered in order bin-ginnini! with di,. ;o~x'st ir'l- red.
Each projected elsement of a scilmoa is P:ebii- for o, crapi %kl all l-
mncnts of all subsequent ii-ctofls. This t'st is dont- in mlore- than oum.-
wa- to mn-irutz~e computing timu Ain ctm~pa rang two eleflierit±. on., is



called the fLrst element and th,- other the ,econd element. It i& natural
to dewsr,. the elemnent that is beoing tested for Derlap with all others (of
su'sequent sectionG) as the firist element. T1us, it t.here is -ove ia•u, 1t
is the first element thai i shielIded by the se,:oud.

Most element pairs ate '3ufliciently disj-,int" so that their nonoa'erlap
can be revealed by 1i;e very sarr.ple dirrct co4,rdanate test. Su&pir.se tile
first projected elermwnt har cor'ner point coordinates ykl, 1)z k', and
the seconce h:s corner point coordinates z, z(l). whore in i~odt
c•se � =1 I. 2, 3, 4. Maximumn ý-.nd minimum :, and z are knoan for
each eleme-.a from (A-I)

A sufficient cond tion !o' r.onov.rlaap ie tha, all yt,{Z'are greater (or
! ".an all si-nilar slatement holds (,r the zs, Tiets
cond'tior.s are equivalerit to the following ineqaalitiec

(Y'. ) - (Z% () ar Wrl)>e0(y r.Atx v ni -ni x A .- -

(2{ ) - z (1)) /.. 4 ) - x ( ) >
': z'rax r-r. in [rnin m rax 0

If the y inaeqaal'ty is satisfied, t.ie Iwo projected elemente d, not ,'er~al:,
and tht x ineqnality need not be per.ikrrted.

To see the meanirng of the ineqoualitir:- (A-2), !et the first projectec ele-
r b•,-- ae s showo, tn the sketch below- i!rie ytinse lt.-a,-va--t, . atisfiee4 "-or i

lot

i •)) (1)

t 0(73 "a

Y
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all second viments that lie entirely in rt-gion RI or ent,,r. Iv in re'-un L..
Probably rmost elements do so and thus. ourc test 6s r a-..,, a. Th,-
inequality is not satisfied !or second c.,-riwnts that intl-rb,-ri or li.
betwecn the solid vertical lin-s. Hlowever. the z-irn ualst% %- sa~irficd
for all nuch elements thazt Ike en'irely abov-v or be-lou both dotv-,1 hor!-
zontal lines. Probably most second elt-ments that do no! .atis:-- th,-
y-inequality do satisfy the x-irkequaltty.

The very simple inequalities (A-21 reveal iono, t rlap for nmot.t v-,-nm.-s;i
pai-s anq the NZ part of tv. calculation consists vniatnly of th,.s,
"wo tests (only one !n a majority of cases).

Left-Right Test

This is applied iv.. a pair of Arcimtnts thaht fail' o satibfy in,-qualititab :A-21.

"Thle "side v,.-ctors' of the first pro .-cted quadrilaterai l.I..=, p, ar- r.'-d*d
and probably those of th,- s,.cond. Tbz.se are to tb- cMn)pu.,-d ahead of

time for all elements ard stored. T:.,- side vv'ctors ar-

?y - y2 
1A - 31

- m3 ,

6 34 (Y4  'Y 43J (x 4  x3 z~k

a4 k (y 1 I 4 14-t (z I z 4 lk

SupcrscriptA I and 2 will be used to denote quantta ,,-..c'a'cd b ith
the firs' and ie se. ond proiectc-i -elements, respectai,-l\. 0NA two

projected elements overlap :1 and only it one of the :ello~ing couaditions
it satis'ied. Either- (I) at least one side- of !he first inter-svcts at l,;.st

on.* slict of the sqecond, or (Z) one elhunent completely contat.n ch,- oth.--.

T.:.s 4ast o.-curs knfrequently and ks hindled se.-parha-!-. Thus. the b+5ic
cperation here is tk df .e.-rninc if a parttcusar stidc of the first cler•ir.t-
and a pay ticular side of th - occond elcrr..n* intersect. Conad., a th;- sitd-
Q2 of t0- first el..=ment (the procedur,- is ide-tic.a! fur the oisur sidt-es.

A point (y. z) i+o said to lie.- to the I-f! t.f this side if it at .iqft % ith rt*spect

+o the side vector s i . or .-n th..- quan" tit

hz~y~z) z-- •) fl)) (1) Ji (r 1 2 (Y. 7) fy I*~ z- ) A4

~ ~ - L, 2 (yz)',

'_12('I " F ( y * -17 IA-z
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the pisieerpndiuat (and he othet ted point of~x hiles tof thte secnd el t-

positt: 0l(ie) s to the lh o ieft2 of 1c firtl negative Af sitmilo thergt.-

th~er f.irst holdmn for the ohrend points offidhe1 of te ofirth sclomnt ith

respe-:t tv the side of the~ sect-nd element.

L Cy, L)

--

((1) (1))

b {12

(7 1 **1 '

Thus. first consider side 12 of the first element aiid compute left
distanices for all four corne; points of the Ptecord A,:-rnent

L ~y(2)()

LI 2( I A7

(2) 2

L 2 fy3 . X3

L (2) aZ)
42 4

It all four ar-*- of the same sign, no intersetcticns with side 12 are
possible. if two const-cu.ti'v LIZ ar.. of opptosatt sign (couratuin the
first and Ian, af consecutive). an intft-rsectiorao of side 12 wilih the side
be~tweeni the two points in question is possible. For example. Jf
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LIZy Iavid I . (y X I are of opposite itign, an intcr'ricction

of side 12 of thze first elerrient end side 12 of the second element is possible.
To verify the possible integ mection take the pertinent side of the second
elemrent (12 in the example) and rornpute L's for the two end ooints e;?
side 12 of the first element. There is an intersection if and only if Lt.etve
are of opposite sign. Such a check it fiectesary only for the "sige lt c&
of the sequience (A-71. If ýwo cons~ecutive 1.1? of (A .7) have the same 'xign.
the aiee of the second element between the points in queLtion cannot inter-
sect side 12 of the ft-st cemcmn!. For convex %Alements, a side of the Itist
element can intersect no more than two sides -of the second element.

The above procedure is repeated for all four &;%des of the first elem~ent.
The results detcrmirine which Wies 01 the first intersect whtich sides ef
the second. Also calculated are rite sumteen L.'s of the four corner points
of the second element with respvct to all four sides of tht: first element
and the L's with r'-yiptect to the sides of the second fu..r cases of possible
or actual intersection.

Final Element Classification

ThQ procedure_ abovcele~termines whether any of the, sid is of the two
projected etctflents in'.erscct. If there: are intersectic-ns, the two ele-
merits overlap. If th':re are not, thcreý are three po2.sibilittes. Either-
11) the elements do niot overlap, Or (Z) the- first elemenLtI coimpleteýly
ceNitains the second, or (3) the second elernent completely conktainb the
first.. If there is no ove.rlap. this phase uol' cIteni omlt and
logic proceeds to the -text element pair.

The first element completely cositains the second if and only if all sixteen
of the L's of thu corner points i~f the recond elunkent with respect tv the7
siltos of the first element are ategative-

ThýT first clemnert. is coimp!-Ltchy contained in the- second if zind only if the
LUs test showe-i that each side -0 thec first -clement had exactly two pos-
sible inttersectiotis; with si-r~es of the secend elcrmient and all eight turned
out riot to be intcrscct ions

Genterat Handlin~g of Overlappinr Pro~jectvd Element-rs

The basic calculational task for -.verlapp-.ig pri, 'iecti.'d elernen covs isti.
of de-termining the polygonal area, common to the two eieri.'flt. projecting
the polygon onto the sh~eldvd elcintzni (thu first element in th.. ~ichoeme),
and treating the result as a negative e-lcmew.t in force and mnirnent calcu-
latioaus. That is 1) generate all nvce~ssa:'v georrictric q~uantities
d~escribing the shielded por-ion, and (2) put t~iem aride fcr later utsý as
a i-cgativc clentent.

Comrpletely Contained Pr'-bi:..etd Eiernnctts

If the projection into the YE-plane of one element completely contains
the other, there are two possibilitics w.hich are treated as descri1>-d
below.
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The faits. possibility is that the contained element is shi~lded. This means
the firL-t c-dement it. coistained. In this case a duplicaite of the first element
is adided to tht- r~cgaLIie1 elements and no additional over-lap compar.:tona
are made with that particular elem-,nrt as first elemT.!rit. Howev-r. the elle--
mient is maintativi-d among thu normal positi,.e elcmonts and ar;, u.-eviouta
jra, rsections are left undisturbed. This last coaosideration is theC reizoon
for this unusual treatment. If the first element v--re to be simply clitrni-
ated. a svart N for previous Intersections would have to be made, and tney
would have to be eliminatod also. However., tht-re is nc. point in louking
for sun~equcnt overlaps.

The second possibility is that the, contained vlement r-hields the other, i.e..
second elcm -nt is containe.d. In this case .he negative element is the pro-
jectioci of the cciitamned (secouid) element onto Ihr- cowiaining (first) elemient.

Ch-er'.apping F :,jtectcd Elemrrents with Intersecting Sidee

The usaal case of overlap is thak for which one or more side:; of the pro-
jertrd elements intersect. For convex elenienu., a sdee of orte element
intersects- (1) no sides of the other elceni!rt, (2) one side of the olther
c-lemt-nt. or (31 *.wo s~~sof the other clernent. Tlic first elemnent is the
one taatt is shielded. The negative elt -- cnt is the projection oil the first
elerni kit of the commn~o ar.-i:4zi the projectcd elements in the yt-plant.
The [., inc ipal task iz. to determine the, common drea of the elcilients in
kh-oe yz-plarke and to divide this area into quadrilaterals and/osr triangles.
C .- J'.; - I. ~.5.. z ý-- ~l fi.n ;.. . . . . . . ..-n st-.nr tt ;-a y T

con.'ntn area is a polygon. Ali Ve.-tICes Of the polygon are determinedl
in clockwise orde.r about the petrimeter. (Pecall that the four cortiler points
of any forward-facing quadrilati.rAl elem2nt are I:- clechwisc o-;.1ei in the
yx-planc. ) The ve-tice-s of thte desired polygon covisist of- (1) poin~ts 0)
itersection cf the sides of the two quadrilaterals. (2) corner points oi'

ine first element that !ir' ins-Ide the. second.

The yYi-corrdi-iatcs of th'- iicterbect ions can be written down easily ir-.
trrns of thi.. l.'s calculated a:, in equat ion (A -6). Basically. ;& Zso

incalculating L's- Thus. for each intersec-zion point its Vz-coordtnat..st
ad adsign.~tion of which sides of the two ciements intersect at that Pointi

aeava~i able. A corner point of the second elementit lies inside the first
if adonkv if all fouxr of the I.'s that apply to that j'oin: are neqat ive.
Tbutz,. the information for tagging Lach corner poiit of the secorari as lyi"'q
_.inside or outside the first is alraady available. Gnicrally. floe same
information is ric,* a ailable for all hour corners of the first ecement,
because all stxt.-en L's of the- corners of the first element with respc-I
to the second have not been calculatc-i by the prcxerture.

Two cases will b.- considered separately: (I) at least one corner of the
second projected Alement is inside the first, and (Z) no corner of the
st-cotd Is inside the tirst. The differe-nce between these two cAses lics

soley en the rule for initiating the- vvrte:x search. Owie the process has
becgun, it is identical in both cases.



If a noar.?ur - vunibtr of corners ot thc seeco:id liv inside the.- first case Il,
start w;:h thc louest r~unalwrted corn--r (1. 2.? 3. or 4). The first vcrtex
of th. conmrtin _.rca poIvizora is simply that corner poifl. No-A consader
the sv ide ti whicS t h.- t .iorner ir th,- initial point. For exampie. if
the firbt ye -rttx .s .. orrcr point ',,. c.onaider %ide 31. Now chvck tne

inai:g.-mlw -~q*n ail e r se Iiots to ca.-ttrno-te how. ir'nan inivs this s idev
mlt.. rs,,etb O.- of ht'w Ii rb- tlenivnt. ! h, re are ony t', o poss ibil itics.
ztr ro .0o.o. iit a sic.. has t~c- nese~os bo~h of its end points must

bt- watsidec ti.- oth.'r .- I-ement). If tv-,.' a-.. :-.ro intersec:',ions, the otb',r
end Ijoirt of thc - ido it-crnt-r :t,"int * : thu Ixfac . s also ins ide. ;-.nd
It V. t h.% n %-j!vi ct'` it, X0 ! h%* cor~mson a r -. a poi - o !n thLS case the calcu-
L~tion proc-:.e. d5 to th'- im 'x ie; I in the t.,Xniple). li there. is orie_

£nte~..t iTh.it is th.* nex ve.urtevx of thav cvninian a rva pollygor.. Irn this
can ,* de-tern-tr;,- %%hicl. z id) w th- fi rs. elu-niert haý >-tbin int. rsc ted;
then d .- :-ainiare %%h,-htr o;, nit thert, is arnothc.r intersuc. lon an this side
ofr 1h, firs, tOn If th.- r.- is. *I, is tht vvrý., 'x. It niot. the tt r -

rinana point of the* sad,. ,. i:. . corne-r pomnt I on side 215. is the ncxt % !,rex.

Ii. th,- Lw. - cas. tlI., rit-xt stage of the camlcula~ion iis !-k-- the origin~al stage.
in th -for~iiý. r case. ihte ntext sta.a- is like- thai foilou ing the first an-L rsec -
t ion jý ith a sid,. of thi, teanit-nl. P can be seea that thure. .3rv only- four
truly distinctt opcrationb -.n the .bo'e -ch--nic 'corretsponiding to the fact
that th -:r.- are only foir e-ssvr.1taaly d;i~ttstarting points. 11 he..
ope rat ions of the proct civr*.. for det:v.rmningn ý*vr~tices of thse. comnion are~a
PuiYLOir miay b,- do ided !;i fokr ca-te1-ori-s . a:ssockatcd % it). th-- four
kind!, of starting pjoaint.. a, iol.o%ý b.

I. ;~t~ r !')rn-ur'., r point,* first qIvnflvrat.

1. itc~raor kOrntr p,:! second eltcrtae-nt.

Sid. arnt- rzet.t ion -cont ifut* fi rst c lemient.

4. SadI. inkrt-rscr ion c.ontints. second .element.

The third vattevorý rcicrb !,u thc tact that if previously ar, interse~ction
woha s ad.- of tl.,- i. r st ,Int has bee*%n cit~term scd by e vt-L-adint a 6ide

of the- -cornd a-It-rmen: from, Aaihma. :ht-ri the- next vertex to to 4q: sought
on tha! bam.- sifd.- of lb.- first v.lenment. Category 4 r-.-ers to an
analoj,.ýous 5 ituat it-.~ for a 'otdc %f the sevco.ýd elervent. Obvivubis l*Caz.L -

gorwa.- ill a.-a' 12?) ant! tca:.-ýoris 0 ) anid (4) arv Tlri-kit'Iric And only t'o
algori;hziis areL neevdxed. For vach z at.Vory thcrv. art- exactly tm.-)
poss abi let a s !,Dr the.- next %e rte.x dotaidins: on u hethe r or not therv isI
(addititenali an..- rss-e. lion on th,- sirh- in qut-stion. 1 iv possibili!%es are.

ilotav- n thi.-s.~I 1,-'o;., v.b. Alrc sglid lint-s a r. used to dte-notv tht,
first vi -I ,a nt and dott.-' luri.-S al. Uiedl for the- s~tecorid elenient.
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Deteramtttoa of Vert.cei of the Cxmwa At*& 1Poygo-a

C-at eKry PG |tersct i•o Intersect ioo

( 1) /, " . ./ -

/>

- 4

'2)'

/ / J/

Thot b a-ic procedure can be su m.rrinzitzed by the table below: •

C.ategory C at egor ,.- (1) Cat v:.gory ,.) Cat e:gory (3) C ategory (4)

lfntc r Lý,r Inte r io r Inte rsect io n inlte rsect io n •
S ta rt ig C o r neC r.C r n e r Con , inue Co nt nue

Poin:, First Second 'First Sr cond
Dot.•si~ hve Liement Elcment Element Ekement

an t,'idetfional ) fSinte rayction") "f • S No 1, :- Z .No Yea N•o YeG N~o

Next vertex I T(1) I T MZ I T1 i) I T (Z)

Next cate:gory (4) (1) (3) (2) (4.) (1) (3) (Z)

I = the intersection potn!•

"T'(I) = e rm tnal po sta -)f th -" i-•t de of the ttrsr elc mn..-nt

T(Z) terminal potni of te a-de o( Oe second element
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Ais nmntioned abo%,,-. there are t-,o cý.ies as, far a-; 5t.i•ran[ the above

p;-oceciur,: (0) s'arý at a corner of the st(fod elemnnt that is it.-'d- the

first •cat-!gor-, (2)). or (Z) thcr': ate no cucl. corncrb. Tht: s.cond cast,

.i furh-cr divided into two parts to that aitog-thc-r there- arv !hree

starting conditions.

If no corner of the second .- lerneri.l ilt, irtide th.- first. conibid-r first

the lowcst ranking side of the ii-3st C.-ut-,t thzl has to znt.rse•tions

(if there is one). Det-ermine which trtc -section is nearer thu initial

poist of the sidz'. Take that interstctwaJ as th, .irt v -rtex of the

ornmnon area pol'.go.a and the ot'ýcr as o.z-Lord 'crtux. Th-n continutc

the abv-. procedur. comnencing with ih. sec,-,id int•ersecl-ýo as

starting pDnt with the cat.gory (4) procedure.

If no sade has to intersect-on points. take the lowes-t r.,.ang sid,- ,., the
fIrst element tOrt has an ini.rsecti'rn and tebt th." tvk ,-rdpl)ý.OW: th,/
sadq: one b) one to determine ,i:ch one is int,:rkor to the- seconzd oelemn,:.l
(One must be becaue there is just one isitursection. ) 1"his involves cx-
azbiitning the signs of sonme L's, some of which mray aIre-ad) bh- contputed
from -quaaon (A .6). If one end point is interior. the other canno! b1,3 and
there is ac need to teIt it. There a-c 4wo possibilitk.,s. U tht initial
point of the side is interior, take it -is the firist vertex. the inlerveclion

as the second vertcx. and initiate th,- above procedure s.arting with the
intersectlo,- and category (4). 1- thc terminal point ts interior, take the
iierwectio•. as first verte. the terminal poilt as second vertex, and
ini•I'e the above procedure with the termina; noint as %I-risno -7.tnt and

t, all cases the abc-, e proc,-ure bes co,tinued until thu next ve-rtex deter-
-. ,intd if the first v..rtex. %`hat is, continue until it "'-oni5.- bacLE v.hi-re

it ota r:,,d". Now ail ve-rticcs of the corL•Tion area polygon ar- known in
Clockwise order in the yz-pline.

Division of the Ccenmon Area Polygon Into Quadrila%,i!ral•

It would b- possabih "no dei-al -rth thc- c.,nm-o, rea po-ygo- directly AS a
poiygnr., but it app.ars rnir;r•- e.acivnt to subdivide it. Th-e polygon has

e.ýther 3. 4. 5. O. 7 or £ sides. Associate the % ertic.t. in Cor.b-CUttie'
groups of four vith ,osa•.'y three in the kast gMouv. Th- gr-3upingA are
as follows (other groupin_;s are possible):

No. of
Vertices Groupings of 1erticus

3 1Z23
S4 ' 341

5 ; Z 4 451 •

3Z-4 44b1

7 1 2 34 456 7 4 7 1

8 iŽ 4 4 5 6 1 4 7 8 1
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Thus the polygon is divided into either one, two or three elements.

Eithel ali of the., e elements are quadrilaterals or all but one are. The
remainirg clement (Jf any) is a triangle, which is a spe.ial cage of a
qtadr-ilal r- sl. These are the projections of the negative eiements

associatE;d with thc intersecion of the two original elerriznts.

vormation of the Negative -lements

~ qi~ftitC~ y ~ of oba thed nralovectrnt
The yx-pro.ections of the negative elements that are obiai2ad above must
Ix projected oato the shielded clemr-i,;, which is the first element of the
two original elements. The mn&t effici.2rt way to do this is to compute
geomn•tric q'iautities for the negitive .Aernents in the .a,-plane and thec
a1)%.;.t ttcsiL qutantities by rmv:nr. of the x-cjmlK,r-¢n! n•f the normal vector

of the sticldtd ,lern,-rt. "hri. is a well-known proce'dure. In typ-.il
.L•ases th(- number of element shieldings should be of the sarnc order or
"eas than ti.e nmvrber of elem-.nts. Thus, the coemputing time fcr forming
the negativ.- lrments should ' nn greater than that for the Griginal ele-
ment for-maticn. /,iso recorded are the shielded and the shie.ding element
for each negative .lement.

Multiple Inttrcectioub

The -.- - - - - - - - - -s • nowC ,,,, , ,there arc .n.._,t e int . ,r- ct ,' ,.
These occur when the yz-projectiois of two or rmore negative elements
overlap. Thiia situation arises c(ly when at !e.'Ast t.rce tcrward-facing
elemeant are intersected b) a li-ie parallel .o the observation directsr..
For a :loa-c body. this means that some line parallel to the observatioa
chicction must intersec¢t the bocy at least six ttrneb. These coptedera-
tionre ar.- illustirated in the sket.-h below. The case wher so-ne lire
parallel to the CbseC7'at1on drectiavn irtersects exactiy three for-vrd-
facing .lements aitti- r.o lin,: int,:rs-cti% noore than thrce is dcno'ted sitnple
x-nultiple intersection. becaus$,• only muO (not more* neg&-iv•c eernents
overlap in their yz-pfoject tons. It app-ý.rs that all bodies of praciical
interest are included in thqc case of smiple multiple intersection. and
attention w.ill be rcs~ricted to bhet c;.se.

obs•-t-vt f m observat icbi

(f ree.s I rem) (freestrein)

(a) Ro maltiple Intersectio (n) W ir-nple smlt iFle lters4ctbo-
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Pressure and M{oment Calculation in the
Case of No Multiple Interscctions

1hese ar- doi,.' ex.ctly a•, they are in the existing Hypersonic Arbitrary-
Bo~dy Aerodyna.mic Comp er Program. Pressures 4and moments are
computed for all cleinr nta. When the) are added togctne-r, the contribu-
tions of the nc:,ative chCmentb are revers'.d in sign. Thus. the conkr;bu-
lion of a shivlded porticrn ot an elemcnn is added pos.ii'& ly with the
elemer.t ituelf and .hen canceiled by addin; the negative effect of thc
cot-responding nzgative element.

Dctern-ination of Simple Muhiple Inmersection

Ncgaetvc elements ark, stored according to the (ias• . r Lthielded elci-aent
and are labeled with what c*errcent did the shielding ane. to what section
the latter belongs. It is cawv then Lo seerch ior caseb where one element
is shielded by more than orf, other element, becausc the corresponding
negativ,- elements are storeJ together. Ai this occurs, the area cor.nmmon
to the negative tlments must be determined so that it will no! bc sub-
tracted more than once.

If an element is shielded by luo or 1rore elements of the samne simnpIe
section, the resulting negativc elements cannot overlap. Thui. tlhe
condition for mut:ple intersecticn is that an element vs shielded by
elemenis from two ,or more- differ,.-ok sne,:ins.

Determin.ation of the overlap of negativo. elements in -ssentially the same

as th,! origin:.2 element-overlap calculation. ]irst, rnotice that all ele
rncnts are -.n th.. sarne plane, narmely the plane -f the shielded element.
thus, al! calculations are carried out in this pt ne ane no projection is
s.ubseqaenti• necessary.

Tbe logic of the calculation is as before. The n, gattve elements for each
A.. ion are tested fo.- overlap with those of each ;ucceedinC section and
canmr'vi area polyg..r.s computed. Now, howev ; -. the "unit calculation"
consass of several cormparisons be :ause cac'. neg:tive eleme";: may con-
sist o, set-ral quadrilateral elemcrnts. The resulting common area
potyeons are associated with the lower (shieidedl section. The resulting
".neg.'tive elements" are positive elements an~d are treated as such in the
force and mrment c,,l -ulatc'..s. Thus. th, fact ,hat two negative, elements
ovcrlap means that -,y rabtracting the contributions of both of theo,2 in the
force and mom,-. corr.putations, too much has been substracled. This is
.:orrected oy addition of a pos:tave elemrrent identical to the conmor. ,rea
of the tw-o negative elements.
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SECTION VII

COMPUTATION OF VEHICLE FORCES

Calculation of L"& aI FIlew Conditions

In the geometry part of the program the tnpuz eiement is converted into
a plarie quadrilateral element. The quadrilateral is described by its
area, the coordinates of the centroid of the element and by the d..rec-
tion cosines of the surface unit norrmal. %n the I .rc¢ calculation
rnethods we must also know the angle that the elem:,ent mnake3 with the-
freestreani velocit; vector ithe impact angle). Tbis ang!e changes as
t&e vehicle at;Aude (aqsae of attack, yaw, ar.' rol_ angle) changes. The
impact angle mny be found fromr the following relatior.ship:

a = ir/Z-

Cos a = in

where

is the Anit normal outward from the surface with
.ect)n coin•es nx. ny' n•

V is the local velocity vector with direction cosines in
the vehicle coordinate sytem given by V , Vv. V z

Th.- direction cosines of the uazit surface normal .%re givrt: by the
quadrilateral calculations. The value of the loc4al velocity vector V
depends uoon the vehicle attitude with respect to the r1 ,estreanm direc-
tion and its angular rctation rates, and is derived in the discussion
below. The rotation di."ections are consistent with use conventional
stability body-axis syste.'n. The coordinate system, hovievor, is
changed to be consistent with the geonie~ric description system
discussed previously.

Z

fk

where /,. p O
Y

P = rolling velocity
Q• = pitching 'elocLty
R = yawing 'elocity
'I = 'otal arigular velocity
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The movement of a given element of the vehicle with respect t=. the
freestrearn defends upor, tie vehicle rotation rate and the positior. oi' the
Alement relattvt to the rotation center. The radius vector from an
*rbitrary reterence point Gn the vehicle to a point on the surface is

en by
r z (x - xo) i + (y - yo) j + (z - L-o) k.

=o1 YO, 20 is the mnoment reference poinE (center of gravity).

tothal angfular velocity is viven Ly
4 = P -] -Rk

"Thbe freestreaurn v'eto,:ity- vector is givei by

The total velocity v,:ctor relative to the surface element obtained by

ccmkbining the abcie relationships as iollowc:

V ;; - Q x r

The Ical velocity vector therefore becomes

+ 'V "- (x-x) 4 P (z-z°) i

+ ,I - ['("-yo) Q (X-X)1l.-

or V/ V :+V yj+ V k

where
"v = [V -Q (z --

"v y v M [R (x-xo) - p z)
y

V 2 VM, [P ('-)o) * Q (x--x)]

"The total local velocity as giver, by

Vl + N V ?

local x = z

1!0



The conventional surface impart angle is then given by

,-n AI - .o- V -n V.
8 = ,rz - Cos aSx

V vcal

where n . n y n , are the outward sav -ace unit nqrma! direction cosines
yI

To complete the preceeding computations --,e crust ",;:tain the fiecestrearn
velocity :ompon.cnts; U,,,, , Vco . attd V,. '.hcs- ec;.airia ; re dernied

below b, using '.he: conIvcntLorl right-hani.: 4 cojrdinh.T syatmi and apply-
ing thv necessa.r, rotatiorA matrices using ' y.i.N-pikc'9n -roll soqu-nce.

Rotation abouAt x-axis. yaw

coo# sin %' C]

-sin * cos

0 0

Rotation abujut y-axis, pitch ~ ~ .

cos e -sin

sin S 0 cos]

Rotation about x-axx. 5 roll z
z.Z*

01• = 0 Cos sin

.,0 -sir, ý cusBd

The complete ro:ation matr6.x is as folow•,

IAJl = J•lel)011!

Icoe coS. cos&Osin# - sine 1

[A) z [ si:necoo* cosbnsin4, sin4Oinsin+ cosnccs* sin~cosOj

In 1



r 1!

rW V6-~1 [ V cose cczv ]Fto] 0A uVC j : sin4. binOcoo* + Vco:. singoL

To be consistent writh the coordiante andi sign :onventionsi ub%!d in the
pocktrarn we rnjs. now apply the following relationships

to. 1gi fitIm

%r' Wx y ~y * CO %;..

whe re

.,= Vsidesli sangl (o+ wit ;ticlnose4 left)

Vý cc(sO since ccs,6- Vc sin46s anfl

C.oefficient Transformations

The conversion of the a)Lal forcvý 4riz norma! force coefficients to Wdt
and drag coefficients requires the folloWLi,.e m~trLx opt-ration.

or; -CA

whe re

ro.os6  i Ccsi*nfsincoi#- cb4.42inoi coso sin~c*' sindsinodu

[A) [co~sisn* sino.sinO sin# cosO cos4* cotiors~n6 axni- sin~icosiP]
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Since si n

Cý = CA Cos M *..aiP - Cy &in# srea winp + Cy coo,

+ CN Cos#• a 8j SwL"C + CN sit.* cvO1

CL = -CA sina - Cy I•n'' Cos a + CN coso CosO

In some parts of te program it is nececsry to know" mle dtrectio-A in
which an element shear force is acting (i.e.. .kee molecular f(mw. skin
friction). n.-, d'rectir.v. is a~surned to 1,e in the plane of the turfact
ou.ward nortnnl and the incirnt velocity vector, and is dp-tern'ined
by taking successive vector products as follows. t

Sorf?-.c-- -.Vvlocity Vtcto"

TI.e pr.-wedure is illua;,rated in the
accornpaning sketch were th,e in-
cider-t velo-.ity vector ;.s defined
'I-as -

an,.' the surface normal as

N -= n. I V ny ) n zk ..

First, a Furface tangent vector (i) as defined by the croite p- :•duct oi the
normal an d veloz:'ty vectors:

T i+T j rk
xI whe re

Iz
'y = nz Vx - n. Vx

Tz = nx Vy - ny Vx
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Theu the direction of the shear force (5) is given hy the crovi• Prot'act
of LO" "-..aace IAngtmL &ad normal vectors;

X =si f syj, zsk

where

Sy z Tz%- Txzia

5z = T X ny Ty V x A

Pressure Coeffici'int •c•-rrections

In the -,rogram force ;&Iculations the presspre un ezch element is calcu-
laited crmplet-iy indep.:ndent of ali other elements (except the shock-
expansion method). It the vehicie ic rotating the local pressure coefficient
must be corrected back to freestream conditiouis. This is atccomplished
by the foiiowin relationship.

P1 C alocai O
where -erl !

C, = pressure coefficient based n
local conditionr and including
vehicle rotation rz."e corre:tion

CPoat = local preasure coefficient without

local rotation rate velocity,
corrct •on

When interference effects are being accounted for, the prcsti!re coefficient
is detcr-rmncd on the basis of a "local" freesti,,arn condition #s interpolated
from the flow field data. This co4fUicient is coirrected to the real freestrearn
conditions by the eqiiation below.

( It'~ * .0) -;-_ ~icD
1p 7 )P M

CT

whe re

ct, : pressure coes'liciene bsed on !rceetream
ccnditicona

C pressure coefficient ltscd on local
icnterference flow field

M. Mach nwrlimer basc. on i interference
flov, field, FPS(t)
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PI rati.j of local interference flow field
POD pressure to freestre.&M, pressure.

DINFL(5)

MOD • freeatrearn Mach number

Vehicle Force Coefficients

In th-" arbitrary-body program. the contribution of ea,%:2 element to
three force coefficients and three m'omnent coefficients are calculated.
The basic relationships to accompliah this are as follcows:

AAaxial force ACA = (Cpn-C S

side force jCy = (C p n - CfS. I -A
P Y Sref

norm al force CI; -(C= , n +CfS ) SA e
r: P f I refI y

rolling force AC C = +C' + ACN b

A• f- A " "A

A. N Af rn

yawing moment ACn AC - AC I

where

LA elemv:nt areia

Cf surf3.ce skin fri•t'ion shear
force coe'itcient

S x SSz Z dire,:Zion cosine componentsof surface velocity vector

b reference span (lateral and
directional moment coefficient
refereuce length)

c rvean aercdynanitc chord (for"
loanitldmiA tnornm-nt referenze)

xe y, z diarlance,- from 'he center of
gravity

Xce~ntroid - c .etc-



,'rb-, mi... signa in the above equations are required because, of tie cignconveajiti-.- on x and z in the body coordinate systemn (x positive

z.--.-d._ rani z positive upward).

The torsi force and mr•nTent coefliceisats are obtained by sworning the
contributions of all the elements:

CA = CA

CN - ACN

Cl ACm

irn mf
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SECTION VIII

INVISCID PRESSURE MLTHCDS

Many of the pressure calculation method& u.sAd in the aiuklysis of high-
sueed shaopes ar,- I.,,ed i,. .'g.r- h ; a .... &-_

. • -- -an - as•, i n f

preparaition• cf this figure to indicatt the inkerrelatiornshins of the
rziethods (the inform.m•tiot, re. of course, be orrga-nzed in .--ary different
ways). Some of these methods are move appl;.cq.)Ie t the .;bitrarý -
body problem than others.

The method of characteris.tics is the eventual ideal approach for the
calculation of forces on three-dimensional shapeb at 'high speeds. It
will require starting solutions for three-dunens:onal blunt bodies of
arbitrary shape. The development of a method of ':a culating three-
dumensio- *to,3undary layers would permit the use of an itzratie
process to account for the viscoub-inviscid interaction. Aithouth this
approac, has been used for sore, very simple shapes, the complotte
solutio,. for arbitrary shapes is somc time away. Significant progriess
is also be.-,g made ir. the so' .ion of the inviscid flow field by finit-
diftefý €-'e methods. However, present math.-mrnatical techniques and
digital-compu'er size and speed capability rn-ast be resLrved for simple
shapes oz important detail design applicasions where very large corn-
puter times might be acceptable.

Many oi .he other rnethods shown in Ft.gure eio wouin 64- usefui force-
calculation methods for inclusicn in an arbiivary-body syste-n. "1n1c
selection of the proper method in a given application depends upon
the vehicle-c-omporent shape -a4 flight condition and must be selected
by the engineer on the babis of his knowlcdge and expý-rience in the use
of -ach. method-

Three basý.. paths of obtaining the inviscid nressure- in the Ma.-k IV
program exi',t. The first paih is th-c most firquently used and is the
calculation of pressures by one of the simple impact or expansion
pressure methods. These methods require impact angle, or a change

-----------------------------

171
_ --.- I. . . " . .."

Figure 40. Pressure Calcý.latic.n Methods
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in angle of an elem:nmt frwm a prcvi-,us Fouit und in some caseir the free-
stream Mach nun-ucr (Nic.). These mctsneds. irs thie mode. are used
without any interferecnie ef~fects as in prevtous H-ABS programs. The
niext sectionl present-- a discussion of tht-st simple impact type pyessure
Cal-c-lation techniques.

The second oruth to obtainling presoure6 includes the calculatiL'ti oý inter-
ference -effects fromr one component oai another. This '-apabilit-, uses
some of the simple impact methods but with local conditioas determined
from the flow field of another cormponent. This method of obtaining
inviscid pressures with corrections for these interference effects is
disc:ussed on page 114.

Thi. final path for determining the ii.viscid pres~sures on the quadrilaterals
o& a sh.%pe is by means of interrogation of prcviously stored, pressure data.
Thiis st,-rcd data may be either calculated or cxperinienta. reaults. The
stored pressure information is not ret.luired at the quadrilateral centroi.1s
sincc in~terpolation of prcasureb can be accomplished. Pressures. once
obtained at the cernroid of each quadrilateral, arc summcd in the sarne
manner as the previous two approachcs to obtain final vehicie forces. A
djsctission of this method is presented a.; the last section.

BASIC PRESSURE CALCULATION MET1,0,I)3

The aruitrary body kc,rce computer prok.amn containl. a avurber of oritionai
~i~toch or ýalcullai Ag thiq. prebaure voefficien.. in each method the only

geometric parame.ter r-equired is the clement impact angle, 6 . or thv
change in .Ike angle frem a pre,-ious element.

Before the program calculates ~u~v pressure on each surface element, it
checks to see if the element is lacing the flow (in an impact region) or
facing a-vay trom the flow (in a shadow r'tgion). The mt-thod~s to, be uacd
in calculating the pressure ;n imnpact and shadový regioni may b%: sperifted
independently. A stumm-ary of the program pressure opt- an is pret ented
belov .

Basic Pressu: e Calculation Methods

Mark WV Mod 0 Program
Impact Flo~w Shadow Flow

Modified Newtonian 1. Newtonian (C = 0)
2. Modified Newtonitr!4Prandtl-M6eyer 2. Modified Newtonian4-Pralicki-Meytr

3. Tangent wedge 3- Prandil-Meyer from frve -Streamn
4. Tangent-wedge empirical 4. Inclined cone
5. Tangent -cone 5. Van Dyke Unified
6. Inclinea con-- r.. High Mach base pressure
7. Van D~yke Unified 7. Sliock-expansion
8. Blunt--body slicar, force 8. input pressuire- oefficicrnt
9. Shcck--expansion 9. Free molecular flow

10. Free molecutar floa'
It. Input prest'ure coefficient
I A'. H-ankey flat-surface empirical
13. Delta wing empirical
14. Modified Dahlem.-Buck
15. Blast wave



I
Sivce meet of these methods are. adequately discu3sed in the lit.c 'ahte
the'- will be reviewed only briefly in this docuineut. The 0tit.rody
shear force and the boundary-layer incuced pressure method.e are
discussed in detail in, the section cescribing Viscous Force h4Ibhc.ds,

Modfierd Nevtoniav

This netho'-" is probably the mos: -a idely ri'ec of all tie hyper.;o.c
force analysis techniques. T'he ma~zr re..to, for this ',e its .nip',iily.
Like alt the force calculation metzi-s.s... 0.owv-,er, its Vatdity in arly
particular application dcpends upon tht fligh. condition &ad 1-3e shape
of the vehicle or con.,pcnent being considereo2. Its mnost b~e(.eral ap-
plication is for blunt shapes at high hypersonic speed. Th, usual
form of the modified Newtonian pressure coefficient is

Cp K sinZ z

In true Newtonian flow (%. = 3. 1 1) tOe parzrneter K is taken as 2.
!st the various forms od' modified NKv~t.,rizrn (heor%. to. as g:ven valurs
o¶!!er than Z dependrg on the typt of modified Nqewtonian zheory uýSed.
K i.% frequently tak-en as being equal to the Stagnlatior. pressure co-
-•€:-: " i. vito hir iorms it is Oeterrmned b ...- t"h rL4LO';
ship (Reference 36).

C
K " noie

sin nose

where

C the exact valiae of the presaure
Pnobe coefficit nt ai the nose or leading

edge

Bnjse - impact an&le at the nose or le.ding
edge

In other work K is determined purely on an empirical basis.

K fra (M, &, shipe)

When m~idified Newtonian th.mcry is usud. the pcessure coefficient ii..
sha-iov rt-gions (6 is negative) is usually set equa! to zero-.

iI
I i i i i i i i119



Modified Newtonian Plius Prar'dtl-Meyer

This i ethod. desc:ib~ed as the blunm body N~ewtonian f Pr-.ndtl-Meyer
te-:hzique. is based an the analysis Irc strnted by Kaufman in Paeference
2 1. The flow rmodel used in this method assume* a tlunt body with a
detached shockt. "oIlowed by an expansion arouni- the bridy to supersonic
conditions.. This met'1ocd uses a combination of modified Newtonian ;:r.d
Pran-dtl-Ma-yer expý.anaiora theor). Mc~dified Nrwtonian theoury is used
along the body' until a point ii; reachelA where bothb the pressure and the
pressure gradients match those that would ber calcula~id by a continujing
Prandtl-Mcwer expansion.

The calculation procedtute derived for determianing the pressui-e co-
efficient using thr biurt body Newtonian t PrandtL-Meyc~r technique
is outlined btlr.Pw.

1. Calculatt frcest r%'an static to stagliaatiun pressure ratio

177-1.1

2. Assum- a starting value of the miatching Mach number. M6
(foc Y = 1. 4 assume M Q=1. 35)q

3. Calcul'.e ma.~aching point w~ free-st reaim static pressure ratio

Q - 2_ -b z

4. Calcialate nieu free-stream stahi~. to stagnation pressure ratio

N2 1 4

P ~~ 4IN ) (1-Q~

~. Assttri'e a new m~atching point Mach nun~ber (1.71~' and repea:
the aL ýe steps ,o obtain a second set of data.

1. With the above t%'.o tries use a lintar interpolation equation to
ettirnate a neA matchir-. p-'int Mach numbezr. This process is
r-!pe-ite(e until thc s-alution cunverg,!s.

I Z20



7. Calculate the surface slope at sht mitching point

Z -P

*in

a. Use the Prandtl-Meyer expansion equations to find tho Mach
number on the surface element. Ml,

9. Cal ulate the surface pressure ratio

-A " I clt

where

Yi is provided as an empirical cor'rection factor

P 6  is the pressure on tLe elerne:,t o~f interest

10. Calculate the surface to freest'em. prescure ratic

0

11. Calculate the surface pressure coefficient

C| , 2,,Z !±- I

The re*,,ts of typical calcitlations using !he above procedure are

shown ;.n Figure 41 Note that the calculations give a positive preb-

sure coefficient at a zero in.pact angle. As pc;..ted out in several

reierences these results correlate well with test data for blunt

shapes. 1-owever. ý' the surface curvature chaages gradually to

zevo slope some distjstce from the biant stagnation point the pret.-

sure calculated by this method will be too high. This is caused by

characteristics near the nose intersecting the curved shick system

and being reflected back onto the body. If tl-ce zero tlope is reached

near the nose (such as in a hemi-sphere or a cylinder) this effect has

not had umme to occur.

Tange nt-i cge

The tangent-wedge and tangcnt-cone th)eories are fr-quently us#,d to

calculate the pressures on two-dimensional bodies and bodC-s of
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fta
revolution, respectively. These methods are reilly empirical in
nature since they have no firm theoretical basis. They are suggested.
however. by the resLLus of rnmrz exact theories that '.how that the
pressure on a surface in impact flow is primarily a function of the
local impact angle. In this program the tangent-wedge pressures are
calcu~ated using the oblique shock relationships of NACA TR-1 I15
(Reference 22). The basic equation used is the cub.€c givers b)

*i b (sinZ *0 c (si 0 +d 0 or

R 3  b R2  c R + d 0

where

0 shock angle

6 wedge angle

M2 + 2
b 6

M4

d corn 6

The roo's of the abo-fe c-bic emuation -may 6- obtained by using ;he
trigonomrtric solut.on peoccdure (t-ee aefet ince 64) as indicated
be iow.

2= Z V-p/cos (-3) - b/3

Y2 = -2 1f- 7/5 cos (,-3 + 60-) b/3

'3 -2 /- p/3 cos (- 13 - 6-1') b13

R RI = y,-/3

R .Y-b 3

R y--:



where

Y ro.,ts of the redu.ed cubic equation

b ;

P - -/- +

3 bc

Ri I sin z e roots oi the cubic equation

The smalle6t of the three roots co:respoz~is to a e-ecrease in entropy
and is i-sregarded. The largest rooz is also disregirded since it
never appears in physical actuality.

For small detlectionis, the cjbic solution becomes very sensitive to
r.,rnerical az'uracy, thai is. to the number of significant digits car-
tied. Since this is dependent on the p-rticular machine emp!., cd.
an alternate procedure is usec.

'When the flow deflectioi. angle is tqual to or less than 2.0 degrees.
the foll•wing equation i.; used insxtea.d of the above cubic relatioi-'hips
(RefrLrent 231:

\: 2 _L • 6
sin T's~7

- .'" - ~ ~

);:c• ti'e shock ang.e is obtainv-d the renaining flow prop'etkies inay
be loun6 from the re-lationships of Refereric( 22.

1r [(Y I) M2 sin2

density z"P_ -
S l)M2 sin Z I "

ternperature -T2 1T ( ÷!2M2 5iE-!)

!24



Wi
pressure 4(M2 r ine -I)

coefficient Cp (7 +) M2 s _

where

( )z cotditions behind the shock

Oblique shock detachment conditions are reached --hen no solution
may be found to the above cubic relationships. Uneer these conditions
the program uses the Newtonian * Prandtl-Meyer method for continued
calculations.

Tangent-Wedge and Delta Wing Newtonian Empirical Method

The tangent wedge Newtonian empkrical me thod and the tangent-cone,
method used in the Delta Wing empirical malhod are based on the
enmpirical relationships below.

Mt

II
II

For %edge flow

sin 0,
in (1 - t) cos (6 - 6w)

where

nI6

C ,-
S= •--2 •'÷ I •12



For .,-one fiow (thin shock layer assumption)

sin 6
bin s C

2l -8 c s( - c}

In the limit as M- ;lin , a• , cos (6s 6) = 1

"The -efore

wedge cone

sinO sin • sin = +• - l) sin b

The.e limiting expressionb for (C rmay now bc corpar-ed with the
data of TR-1135 (Rfrerence 22; at 'V 7/= using tOe luiiowing
simrilarity parameters. The exact equi.-ions contain cnree vari-
able-s - 8O. 6, and . N-)ting that for N = constant, a fn(M1ns)
ordny. the preceding eqzjati(ns m&y tv ,ewritten in the following
orn: :

wedge c one

M sin 6 N1 sin 6

4, - 4) cos (0 - 6) las (1 -r) .o. (9s -

tC

The parameter (0 - 6) is approximately consaint and indepet.dvnt 0:7
hi except near the shock detachnment z•ondition. The equations es-
bentlially contain only tv.o variahles, M4 and M sin 6. These are
used ab coordinates to plot the data for wedge flno- sh3vr, in Figure
42. A simtiar plot could be obtaitied for cone flov.. From the ligure
it 4* s n that the data are rw.rl) normalized %th the use of these
c oardinates.

For raptd calculation6 %%t n.-ed relationshins for P4 as a functioio of
PM sin C :hat satist. the .clloxving requirem, nts:

I. The effect of shock dctachnm.nt is neglected

.. At hi sin 6 = 0, KI -

3. The soluton asynltpto.LcalI. ap!ru.sches the N11 line

d N1
ns at N sin S =4. Hate tr.e c~orrect slope, o -atP4 inn,"

;.1'
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These condition,; lead to equations of tht. followiug forrn

wedge Mns = .-,M' + e

VW z

cone M FnC = jc M, + e-Kcme

whe re M sin &

Kc 2Y+ 1)/ (y+ 3)

These ,expressions are comaiared with the data oi TR-I 135 in Faq-ures
43 a.,,1 44. The cone datA are also shown in Figure 45 v ith t!;t: same
scales as in Fig-ire 42.

The pressure coefficient may now be obtaimed by the following relat.'-n-
dhips for a u.wdge and coze respectively.

f" . .... -. ••i

C 2 sin 6 1i 2
4(Y + I)M 2sJ

Experimental results have shown the pressure on the centerline of a
delta wing to be in agreement with two-dimensional theory at small
values of the simc.ilarity parameter (W' • 3.0) and the coi.ical flow theory
at higher values. The previous expr,:-saions aerived for wedge and cone
flows have been comrbined to give there feitures. The r,,sul|ing
relationships a're given b•. low. Kw

Mr.s Kc M,'

For Y = 7/P 0.49 M sinMni Mns a 1.09 M bin8

The similzrity pararne r relationship for pressure ir.

P G 4- 1)(Mfls

The shock angle and pressure -!oefficient calculated !rorn th, .'bov.
equati -s are campared with the exoerimental iesitit-i (Referancf. 24
in Figares 46 and 47, respectively.
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Tangent Cc.,e

An approximate solution for predicting the eurtacýe flow conditions on f,
cone in supersoni: flow has been Jevised ,.pplicable to the entire MacNU.
number - cone angle regime for an attached bow-wave. DLtai' 'd corn-
parison 'with exact results shoav improved accuracy over cu -ently
available approximations. This is a ne%% cone .nethod and should not be
confused wi'.h the empirical tangent cone method just discussed on the
previous pages and which was used in the old Mark Ill program.

Basis for this new method is the combining of two approximate te(:hniques,
unee yielding accurate results in the low si'personic range and th• other
in the high sttpersonic range. by the ube of transiti-on functions dc:frned
in terms of the appropriate similarity variables to provide uniforn-ly
valid solutions over the entire sptzd range. Specifically, second-orde'r
slender-body theory (Reference 25) is used for small values of the
unified similaritV parameter and the approxir.ate solution of H-Iarr.mitt
and Murthy (Reference 26) for large values.

The sur6ace pressure and conical shock-wave angle are detvrmin2d
which, together with the assumption of an icical gas aith con.stant ratio
of specific heats, are sufficient to calculate all the s-rface flow var'i-
ables. It should also be mentioned that the presen. solution do 's not
require multiple integration of the difterentiai equatio.is ac-cs. the flw

" "6, ;a obtaie L.. -- , , u .iolut ion providiing results

rapidly.

The quantites of direct imparrance to the Supersonic-hlypcrsonic
Arbitrary-Body Aerodynamic Computer Program are the ,•Jrface pressur-
coefficient and Mach numbe- Th--e calcu!ated pressure coefficients have
been compared to exact results and, for Mach nun-.Lcrs greater than 2, the
macximum error is lss than I percent and in the hypers.onic speed
range the average error is of the order of 0.2S. The accuracy ot the pre-
dicted surface Mach numbers is extremely good (the order of 0.30 percent
maximum error) throughout the speed range, except as bov, -wa-ve detach-
ment is reached. For the present purposes, the extreme conditions
correspond to surface Mach number equal to 1.0 and a comparison with
exact results showed good agreement.

For reference, the prese ..... zlotl .-- been compared with Schwartz's
formuls for pressure coefficient (Refe, ence _'7). The percent relative
error in Cp is given in Table 1 using Schwartz's formula and in
Table 2 ,,stng the DougLas method (the tabulated values have been
rounded to the nearest integer percent). For completeness, the rela-
tivc error ia. surface Mach number an )ne shock angle usmng the
Douglas method are shown in Tables .id 4. respectively (the Schw.artz
formula is only for CO). The exact 'alue.' (subscript cx) were obtained
from Reference 20.

1 •4



Table I

Percent RclaLive Error in CP (SchwarLz)
C Pex - Cp

100 xp L Cpex ]

Cone M ~ ach kt=nbe r
Atgle 1.5 i• 6- 10 20oI o •I°

5 0 0 011
10 2 110 0 I10

15 3 1 0 1 1 1

25 8 3 I 1 0 0

35 26 1 0 4

40 - 3 0 7

II

Table 2

Percent Relative Error in C, (Douglas)

100 x [Cpe -Cp ]p

Colic Mach Number
Angle 1.15 2174 6 10 L

5 -3 0 0 0 -1 0
10 0 0 -1 -1

I s -3 0 -1 G 0 , 0

20 -C 0 0 0 0 0

25 -4 -2 0 0 0 0

30 - -2 0 0 0 0

135
t



Tablc 3

Percnt Retative Error in Surface Mach Number

M- NIC

1001

C,,,Freestrearn Mach Num, -r
Angle 15S Z 4 T- ( 1 20

1 o 00 0 0 0
10511 0 0

20 0 %)00 0 0

,o ,o 0 o0 0 o0 o,
15 I 10 0 C 0

30 t 0 0 0

- 0 0

Table 4

Percent Relative Error In Shock Angle

'00 x (OSex- aS ]
Freestream Mzch Number

Cone -

Anglc 2 4 10 20

5 -- 3 -1

10 --1 -3 -I 0

20 --2 -I 0 U

30 -) -i 0 0

40 - 0 0-

50 0 -1100
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Inctined Co¾r.e

.r.ethod for predicting the pressure distributions on circular cones at
,*ngle-of-attack has beea put together based on the British work of
Reference 28. For coo-.-nie%:e, this will be rcferred to as the CPr791
mtthcd. The cite•d reference presents the development of this met),od
in ample detail and only inc essential features will be descritbd he -ein.
along with severa: modificatiune that have bcen made. The original
method was compared wvith expereimntai results fer Len different cases
and have been rerun usuag the Douglas version. In addition. Jones'
presurv formula (Reference '}) hat bten corapar.-d with these cases.
Both methods are in good agreement with the data.

Method of CP t 79Z

Briefly, the CP #7?Z rnethod is an ingenitus extension of smiple i"mpact
theory •

Cp t K " sin2 ji

where K is a suitable impact coeff;ient and 6 is the impact ar.gie. The
impact angle for a cone is easily -x 6Yressed in terms of the cone angle
0, angle of attack a, and circumferentu"I angle 4, (mea*sured from most
windward geberator):

sin 6 sin 0 cos a G cosB sin a cos

.Substituting this into th-. Cp equation, the pressurL coefficient may b_
expressed as the sum of three terms:

C CpA * CpN + Cpx

where
CPA K sin20 cosZoi

CpN K cos?0 sin2 a cosz

CPX Y ' (2 asin06 cos 0 sin a coe itCos %6)

These three terais lend themselves to the foli.owing phybical interpreta-

tion. Cp is that part of the total which can be regarded as being
gen~ratch•y-- the axial flow component. M• Cos C,0 . C pN is that part ot--'

the total which .an be considered a.s being gencratvd by the norm'al or

transv'erse, flow component, M 4, sin a. Finally, Cpx is a cross-product
term wh'•rh can be regarded as ari,•mig (rots the inreraction aetween ti-e
axi~al and normal flow components.
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The authori of CI1 E,792 make the assuJtrp'ion that the thret, cwmnponents
can at all tines be treated indep-;ndenJV of each other and thtn proceed
to develope coefficients IKA. rN, and KX suitable for each flow. This
is the cruz of the %, hole method. The Mark IV application retains only
the Ky term and calculates the axial .2nd normal components directly.

Axial Comnponcnt CPA

At a = 0. Cpp .< Fsi129 which is aunply the pressure coeffi-ient for a
cone (Cpc) at Ma, = M cos a. Since the total Cp is based on free-
aire•-rn dy-samac pressure, the cone value mast be ad)usted by the
q-ratio:

Cpt = C PC qA /qt. = CGp(. COO a

Where Cp - f(iMA) ani :s obtained b) use of the previously discussed

tangent cone method.

Normal Cornprnii.. "

The development of CpN is analogCous to CPA. Namely. when the flow
is %U normral (a -f 900) the pressure coefficie'nt osi the windwa.rd gener-
ator is simply the stagnation value Cp A-t MN = MC" cin a . The

ireu.jfere.nI.aI ,Savriati-n_ O__ eit'n.v fk .ý Aft _ kA tin ,et A = 0°0 ann-

zero thereafter.

CPN Cps c2rs?• 'Nlqo cps cosz# i nza

whe re
Cps f (KMN)

Cross-Product Comnponent Cp,

This term is used in th, original form

Cpx = KX" sinO co*O sin& c.L5L- co$

A correlattiun curve for Kx wa3 derived in CI-'#79Z by consideration of
the rcsult3 rbta ned from small incidence theory. This curve is appro-
irnat.-d in the Maik IV application as

X = 1.95 + 0.07- cos (X)

whe re

X

an6
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Jones' FormuLa

An altersate method for obtaining C P on circular cones at angle-
cr,-attack has been prevented by Jones (Reference 29). It is basec on a
least squares citrve fit to the extensive tabulation of exact numerical
solutions which were also compiled bV Jones (Reference 20). This
method is e:.oy to use &n6 has been sh,.-wn to hi-ve acceptable accuracy
retative to the exact solutions.

SA."r A 3

p = A [ IT i -- (a-) -N
4 MC 2

* [A 4 T A---- -A--- J1(/IB)
where

T = Isin BO) (cos 6)
and

A= a. + aI r0o; # + a2 cos 2

The coefficients B and a)$ -have 'ecn dce'rrr.int.d by , parametric
)east squares fit.

Cpazo is obtaines using th,.- tatrgent cone niethod jimnpact Inetho-d .o. J).

Comnparisor .With ExpCTimeCz--

Both the DoufPLas version of the CP #,7 9,. ,t:ethod and Jones' formula
have been corripared with the ten experu'ite-ial cases given in Reference
28. Forir of these cas-s (two plots ci ,i) are included as Tepresentative
of the -:-sults obtai.ned. On Figures 43 to 51. a and i, each, corn-
pariaon between prediicted and cxperimental pressure coefficients are
given. Each figure shows, for parrtcuiar valuer of cone angle and
Mach number, pressure; coefficient versus circumference anglfv for a
range of aa-zglcs of attack. T.-t: predict,.- results of CP $792 aret indi-
cated by full ii•¶et on the &-sl:t of figures. Jones' results are given
by broken lines on the b-set of figures.

Both rnc-hods a:.-. in good agreement with the data. Jones' formula is
much bet~er or, the leeward side (e.g., Figurie *9 (bW) and C13792 in
better Pa ýhe w'indward side. 'ones' formula wras deri-ve, foy V ! 250
and Yeiative iDciden,.,e. a/0 -_ 1.0 and in the Frcae.lt comparisons
appears to extrapzlat., reasonably well for a/6 > 1.0. The CP 0792
niethod was not intended to w-rk on the leewarn sa faze, but the
results arc 1 : that bad.
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Use as an Element Iiiirat Method

As an ci-3r.mut i.-s,-ct method. thv cone angiL. meý-idizrn angle, and
angle of -. t:V are defined '0r the Jlement normal and the veloc'ty
vector a-, iaklews (see sketch).

N- NxI+NJ4.+N,

x
/ , v-v V,

The cone semi-verte.g angle. 0. is defined as the angle between the
surface and the x axis.

6 = arcsin (N -) i arcsin (N.)
4

The meridian angle and angle of attack have to be defined relative to
the windward plane. The meridian angle location of the winelward plane
is

z

#w = arctan (-VY /Vz) NE V

The nieridt.zn angle of the element ist

•e = arrtan (-Ny/Nz)

The mer"Iitan angie of the cone relative to the windward plane is then

#e w

The angle of attack oi the cu'ne in the windward plane is

= art.:os t-V)
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The Mark IV prograrn uses Jones' Fcrmula as the inclined cone method
for both inAct and :,hadow flows. For the Second-Order Shock. Expan-
sion flow field and pressure option, either th, CP 4792 or Jones method
can be u.,ed by use of an input flag.

Van Dyke Unified Method

This force calculationi method is bas.v, on the unified supersonic-hyper-
sonic smaUl disturbance theory proposed by Van Dyke in Reference 30
a applied to basic hypersonic similarity results. The method is useful
for thin profile shapes and as the name implies extends down to the
supersonic speed region.

The similarity equations that form the ba'is of this method '-re derived
by manipulating the oblique shock relation.s for hyper-sonic flow. The
basic derivations are shown on pages 753 and 754 of Referenc- 31
The result obtaine~d for a compression surface under the assumnption of
a small deflcctioas angle and laxge Mach nunber is (hypersoni-" similarity
eq xationl,

"- [ ,/I

where .: '4 the hyperoonic ¢ uiizeivy parameter given hy M A. The
contribut.on by Van Dyke in Reference ?C suggests that this relationship
will also !e valid in the realm of supersonic linear theory if the hyper-
sonic simir;,rity .ararnecer Ma is replaced by the unified supersonic-

hypersonic ,.%rarneter (V/ MZ - I )K. This latter parameter is used in
the calculattuns for this force option in the arbitrary body program.

A similar mekhn-i may also be obtained for a surface in expansion flow
with no leading ý Ige ohock such as on the upper side of an airfoil. The
resulting equati v, is

Cp- 62 jv ) -2I

where again H is taken to be ( M I )b in the unified theory approach.

Shock-E xpartsion Method

"rhis force calculation method is based on classical shock-expansion
theory (see Referenct, 31 ). In this method the surface elements are
handled in a "strip-thenry" manner. The characteristics of ýhe first
element of each longitu•nal strip of elements may be calculated by
oblique shock theory, by conical f!ow thtory, the dolta wing empirical
method or by a Prandil-Meyer expansicn. Downstream of this initial
element the forces are cale',dated by a Prandtl-Meyer expansion,
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By a proper selection of the element orientation the method may be
used for both wing-like shapes and for more complex body •hapes.
In this latter case the method opera.es in a hypersonic shock-
expansion theory mode.

Free Molecular Flow Method

At very high altitudes conventional continuum fl(ow theories fail and
one must begin to consider the genc--al macroscopic moss, force, and
energy transfer problem at the body surface. This condition occurs
when the air is sufficiently rarefied so that the menan Irce path of
the molecules is much g'eaier than a characteristic bod" dimension.
This condition is kntown as free molecular flow and the mtrthod of
analysis selected for this programs is described in Reference 32.
This method was also used in Reftrence 33. The equations used
were taken from thea. references and are presented below.

Pressure Coefficientr z-'o f, i
S t n• sin 5  In -r +erf(S sin 6)]

T V 14 rrf (Ss si 6)1

Shear Force Coefficient

=(Cos S)ft t-:.S 9i A~)2 + /* S sin 6 [1 *erf(S sin 8))Cf z
where

S = spec-i ratio 'Y/277 MC

fn = nor;nal rnomenl'un accomnmodatiorn coefficient (-0.0
for Newtonia.n and =ILC for completely diffuse reflection)

b impact angle

"1"b = body temperature, 0K

"T freestream temperature, OK
2 - e-xZ

er( z error function erf (x) -- ý f e dx2~r o/

at = tange~ntial momentum accomm.;dation coefficie:,t (-0.0
for Ne-wtonian flow and 1.0 for completely diffuse
reflection)

The analysis to determine the direction of the shear force is discussed
in Section VIL.



The final componernts of the shear forec in the vehicle axis system are
given by

.il'EAR. (SH.iEAZ ,(Sx), 1 AL

R = / STOTAL
SHEAR y (SER S TOA

SHEARz (SHEAR) (S,) / STOTAL

where

SHEAR is the shear force as calculated by the frey- molecular flo%,
equations.

STOTAL S (~x 5 y S z

In using the free molecular flow method the abov,: analysis must be
carried out over the entire surface oi the shapc including the base.
shadow regions. etc. When the free moleculiar flow method is
selected. it is used for both impicl and shadovw region.

This method of determining the, shear direction is also used for the
continuum viscous forces discussed in Section X. The pL"ne formed
b.y the -ve,•,•t : vm'clur aidu ilie suriace normai is reierred tco as the
velocity plane. since both the incident and surface velocity are in th'.a
"plane. This definition is correct for two-dLnensiona, flow, however.
it is only an approximation to the shear direction in the general
arbitrary-body case.

Hankey Flat-Surface Empirical Method

This method usee an enpirical correlation for lower aurfac • pressures
on blunted flat ,lates. The method. 6erived in Reference 3.. approxi-
mates tangent-wedge at low impact angles and approaches Newtoriin at
high impact angles. The pressure coefficient is gi:--n by

Cp = 1.95 sinZ 6 * 0.21 cos 6 sin 6

Modified Dahlert--.uck

This in an extended form of the Dahlem-Buckl method derived in Refer-
ence 35. The originar method uses an' empirical relationelhip which
approximates tangent cone pressures at low impact angles and ap.roachot
Newtonian values at the large impact anti,-s. The original equations are

for 8 - 22.50 CpDB 3 [ 1.0 "0 1 .0 a

PD13 sin (46)

f~r aI Z2.5c' Cp)B =2 in2
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It. at small valnes of 8, the bracketed terrn exceeds 5.0 it is set at 5.0

The originmal Dahlem-Butk method hao been shown to yield good agree-

ment for highly swepl shapes at Large hypersonic Mach numbers.

The modified Dahlem-Buck method is an extension by its originators to

lower MAch numbers (see Reference 37). It was ass'uned that th,

empiric.l pressure coefficient woulk be affected by a change i"- .Mach
number in the same way as the pressure coefficient on the surface of a
right c."zular cane ia affected by Mach nur, ber. Thus,

c~cone (M < 20,CpMDB = CPDB CPcone (M = 2O'

-'here CPMD13 is the modified -,aiiiem-Buck pressure coeflicient.

The date& of Reference 37 for cone half argle- troth 10 to 3C degrees wae
analyzed and i• . found that the quantity (CPn (Wc20)!CPcone(MZ 1 ..0
could be graphed as a 'ttr;%ight line on a logarithmic scale for the mentioned
cone angles. A curve f(% allowed the cone pressure coefficient fraction to
be analytically defined such that.

PconeiM < 20) - 1.0 r

F'conc(M : ZO)

where 6 is impact anglv in degrees and
In(MOI - 0.%D588

a 16.0 - 0.3Mo• + sa n(- L.• - V
Q ( In(M x)I - 0.916

-n 1.1'.I + 0.5 sin (.?-9
3.29

Blast Wave Pressure Increments

Ths m-ethod uses -onvL-ntkonal blast-wave parameters to calculate the
•rve--pressire due to bluntness effects. Contriburtions determint.d
by this procedure must be added :v the regular inviscid pressure forces

(tangent -wedge, tangent-cone. Newtontan. etc.) calculat--d over the
same vehicle geometry. The specific blast -Aave solutions usee€ ii the
Program were derived by Lukasiewicz in Qeferenc- 38;

P= A M Z B___
15--Px : K (X - X)"d

whe r•-

CD is the nose drag coefficient

d is the nose diamnet,!r or tht%--.ess

X,' is a coordinate refur:.,nct, poirt

,l - • I I : I • II I ' I I i ii i



and the coefficients A. B are

Flow li A 6

_w_-Dime~s tonal 0 0.121 0.56
Arisymrnetric I I 0.067 0.44

THE STORED PRESISURE OPTION

The Stored Pressure Option Cards are use-i -when the vehicle componaknt
forces are to be calculated using pressure data previously stored on the
flow field data unit 1G. This option n-ay be used in several ways. For
example, the forces on a particular component may be calculated usinzs
experrmeIptal results whitdh have been previously stored on unit 10 b',"
use oi the Flow Field Data .•a-nd-Load Option. More directly. forces
mnay te determined using the data generated by the Shock-Expansion
Flew Field Option and sto:ed on unit 10.

In etther case, pressure Utpt is available at & Umnited numbe - of dis-
crete locations on the ccunponent. The function of the Input Pressure
Option is to obtair- the value of pressure at the centroid of each element.
This is accomplishedi by interpolation using the Surface Spline Method
and, as. in the other Loplications of this method, proper norL-alization of
the coordinates to required to obtain meaningful results. The forces are
calculated by sa._rning the contributions of ai th-.h eienaents that take up
the component. it detailed discussion of the Surface Spline and the
related normaliro.tion procedure can be found in Section IV.

Wý..n "the Siord Pressure Option is used in connection with experimental
prE,•,b#•re data any -%ricorrect (%r spurous data should be removed before-
hand. Data of this type, when the Su-face Spline is used, can yield faulty
pressure interpolations. The rslt•ng errors in the curve fit Trnay not
be co;ified to the l.ocal region of the questionablem data points. Another
Simportant point to be considered when utilizing this option is that of em-
bedded shocks, lzIterpolation across strong shock bpundariee. by use of
the Surface Spline is not irecommrnended. Each major flow field contai icd
on a surface should be split into primary and secondary (embedded flows).
Output from the Sl.,ck Expansion Flow Field Option is in the requircd
form. Any experimental data inputs must also be of the same forur if
meaningful interpolations of surface data are to be obtained.
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SECTION IX

STREAMLINE CALCULATIONS

In steady flow, a streamline is a path or trajectory of a fluid particle.
The calculation of a strcatmline is then a trajectory problem and the
classical Runge-Kutta method may be used to selvo the defining dif-
ferentia'. equations. What is needed are definitions of the body and its

velocity field and ; t-he present applIcation to arbitrary bodies no
convenient atialytical forms exist.

The approach taken in Oi'e Mark IV program is to use the Surface Spline
to define the body and the velocity field. This is the key to the whole
method and in effect provi.des the niecetsary analyticat forms. The
Surface Spline is an "iate-polation-in-the-large" scheme and should not
be applied indiscriminantly to an arbitrary body. Rather, it should be
used it! separate applications to the various components and Fanels that
mz.ke up the vehicle. This is analogous with the basic philosophy of
using the best pressure method quitable to a particular panel. In adaition,
meaningful results from the Surface Spline can only be obtained by usino
aporopriate coordinates with suitable normalization. These statements,
while distinctly reistrictive in tone. a~e intended only to convey a realistic
perspective of the program capabilities.

!• _ractice the calculations ar-- no! nea".-v zo restrictive, as several
modes of coorainate aelection and norma!ization are automatically
available thrcugh input flags. The following paragraphs disckLss the basic
equations and present results verifying the general approach taken in the

Mathematically, the streamline may bt defined as follows:

dX dz N
dt xý dt y' dt

where Vi its the surface velocity component in the i-direc'.ion. These
tre normally calculated in the FORCE routine anzi assume a Newtonian
impact type of surface velociiy (see the Surface Velocity Vector -dis-
cussion on page 11 'P. Using the definition of the total velocity, V,-ý ds/dt,
the above equations may be re-written ir. terms of the parricie path7

dx z
- C" ds "- ' L

where Ci if th, direztion cosinu -'f the i-th velocity component.

The streamlines are calculated by specifying an increment in path, As.
and marching along using a A-rurth-order Runge-Kutta scheme to solve the
differential equations. At this stage, several options are available ewhich
are morE: or hesv dependert on the lorin of both the boedv definition arid the
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C1 fitel. For example. all three coordinatee could t, e solved for
Lideptndently. While a streamline wil! be found, taere is no giuamntee
that is will be ou the surface. Thin !problem has been experienced b •
other iavestigators and may be avoided by solving the equations in
parex.netric form. "rTt is, two of th.: streamline coordinates (x, y)
are found using Runge-Kutto and the third is obtained as a function •A
these two from the surface deficition. a z F(x, y). This is equivaletit
to solving for the projectign of the t-Teamline path in the x.y plane.
Figure 52. The choice of independent coordinates (x. y) is not
arbitrary. b'I must be statable for the particulos panel geometry being
considered. For example. the reference coordinates of the sketch
would not be appropriate for a body of revolution. The obvious
choice in this case would be cylindrical-polar coordinates (x,#, r).
This also satisfies the requirement, on coordinatvs necessary to use
the Surface Spline and therefore, fits in very nicely.

I'n general, the coordinates used in obtaining the solution will not
correspond to the x, y. z reference and it is appropriate to express
the differential equations in a slightly more general form:

dx3

The Ci are now interpreted to meaa the rate ol change of i-th coordinate
along the path.

This distinction can be made clear by digr-esuing for a mntment and
explicitly -ccsidering the aforementioned cylindrical -poLar coordinates.
The coordinates and components of the ..clocit-y vector are related as
follows (see sketch):

i : X z

y r si4d

£z = -r coo'

Vr = W

vr = V sin#-V cos# r v __
V Vy con V+ sin Vs

I# y

S' I- ' I I I •Ss
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Paoei and velocityz" -A P f ie ld a t e le me n t
S~cent foids

x ~projected. streaminle

Projection of panel
in X-Y plan.

Figure 52. Schematic of Streamline Geowietry.
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Diffe rent istig Che coordimte equazions, substituting into the streamline
equations and eo-,%L-ing in tesmns of the new coordinates gives:

dx _VX z _______ C_d-'s VT 7 Cx

d V cos +V V, $in# VT
Z; V = v r ;T r,'c

dr y - Vr
da VT VT r

The CX and Cr represent the direction cosines of th•e x and r velocity
conponents but the C# is the 4irtction cosine of the 4 velocity component
multiplied by 1Ir.

Similarly. any scaling required in norMaiizing the coordinates can be
incorpora•,d in the definition of Ci. For example, let the x coordinate
be scaled by length L:

x

then dixn V J
of all this s to keep

and ,tn -Iv define Cx - V

The purpose of all this is to keep the formr of the Rungec-Kutta (. e. the
streamline solutiona) independent of coordinate choice. The importance of
this statement cannot be L.ver stressed. It allows the flexibility necessary
to ,ecfne streamhlizes on an arbitrary bodyf.

The Mark IV program streamline calcula'ion procedure may be su'•
marized as follows:

First, the v,-locity field on the body is calculated (or

input) at descrete poiats. Next, the Surface Splive is
passed through these points to provide a numerical
definition of the body and velocity field. Then, the
streamline is calculated usir~g a. fourth-order Runge-
Kutta integration.

This procedure has been compared to an analyticai so|lition to check its
&,i-curacy and the rt sults are shown in Figure 53. The body is a prolate

I .•7



Differentiating .hc coirdinate equittions. substituting into the streamline
equations and solving iD terms of .-he new coordinates gives:

dx V
d VT. x

d- VCOS + V. sin M "

do VTr t -- C-#

dr ysin C - v ' Cos# Vr C
do VT VT r

fhe C. anc' Cr represent the direction cosines of the x and r velocity
componeetf but the C# is the direction cosine of the 4i velociry component
multiplied by I/r.

Similarly, any scating required in normalizing the coor,.iinates can be
incorporated in the definition of Ci. For example, let the x coordinate
be scaled by length L:

xi = -•

then dxn I
de U VT

lv,.
and simply defirz Cx LL VT"

The purpos. of all this is to keep the form of the Runge-Kutta (i.e.. the
strearmli: e solution) independent of coordinate choice. The importance of
this staternent cannot be over s.ressed. It al•we the flexibility necessary
to define streamlines on an arbitrary Kody.

The Mari: IV program stretm!ine calcuj.ation procedure may be sum-
marized as follows:

First, the %elocity field on the body is calculated (or
input) at descrete points. Next, th,' SurLace Spline is
passed thr,,•ugh these points to providc a ntanerical
definition of the body and velocity fisl3. Then, the
streamiine is calculated using a fourth-order R2unge-
Kutta integration.

This procedure ha- been compared tr an analytical solutionl rj check its
accuracy and the results are shown in Figure 53. The body is a prolate

157



I

PY)LATE SPHliVIOD

b/a - 0.2
a - 30"

Starting point for iark IV calculations
as ta~en from analytical results -

X a 0.9611
* - 1I.16"

- Analytically generattd Btreanline

0 Mark IV AS - 0.002 (every other calculated
point io plotted)

A ~Mark III AS - 0.02 (every calculated poirt
is platLed)

120

80- "

vindward -0.35
%eridian I-

60 a

D(deg) 1 .0 X=0.0 -1.0

40

20

0 -

1.00 0.98 0.96 0.94 0.92 0.90 0.88 0.86

x

Fiir•,nr - Co iaparison of Cali tla t, .Stirfa,-,.- t r.aoalin., Paatshi



sph-troid and the flow is inconpressible, non-lifting at 30 degrees angle-
of-attack. Both the body and &he velocity can be dft.U'red analyticaUy. The
Mark IV calculations are shown for two AS incremuts and are in excellenr
agreement with the acalytical solution. The Mark IV calculations have bten
made both forward (+ AS) and backwarcL, (-A:4) and trace the same stream.-
line.

In addition, the calculatioas were done both in tUe three-variable (x, y, z)
form and in the two-variable parametrin form. There ia no Ferceptablk f
difference in the resulto of # versus x given i-a Figure 53 . however.
the three-variable streamline did leave th. suJ'i".i as anticipated. For
the present case this devLat.on from the seaxce wits very email. It should
be noted that ,ll the various Mark IV calcv"l..ces weve mnde through ioput
flags.

I
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SECTION X

viSCOILS FORCE CALCULATiION MTMOLYý

The mos, difficulk part in the analysist of an ar!>\trar)y ahap'c is the calcu-
.aticen of viscous forces. A detailed knaow'ledge of~ the- lo-cal properties and
the flow history aiz--ng surface streamlines L~s required. This c:,_lbined
wid. thu natural complexity of t~te bc-undary -layer- equations s-uqzessitates
conside rable siri-plification of the problem before solutiono can be obtained.
In the Mark III Hypersonic Arbitrary Body program ana engineering approach
was used in calculating viscous forcas that was simple yet retained the
essential characteristics of :1-c !)oupesary layer problem. No attempt wai%
made to calculate the detailed sKir. friction ove!r the exact arbitrarN: shape
used~ for the inviscid pressures. lnitcad, (or sk~n friction purpose~i the
vehic~e waip reprzsented by a siryplified geomnetry model compo'sed of a
small number of flat surfaces on each of which the shear iorce was deter-
m ne d.

This approach was corsside rtd by the authors to he quite consibtent with the
state of boundary layer theories. However, some ubers obiected to this
simple appioach because it requored the loading of another geometry deck
in addition to the inviscid pressur.. geometry m~udtel. It is not -clear just
why there shou~ld be ar. object ion to loading an additional 20 or 30 elements
after as many as l'00 to 2000 ha,-e been loaded frnr the inviscid pressures.

However. the: saniplified skin friction geometry modcl approach is still
recommenkded as beinp. th,ý most ectenomical use of the mnachi-re resources.
T-ri Mark III skir triction capabilities have. therefore, se-en retained4 in
Lthe new Mzrik 1V pro-gram, although they havu hven vxp.'n ded Slightly to
allow a larger nuinbcr -_f elements to b<_ analyzed on one pass into the skin
friction option. -Also, the iocal properties on the skin friction elements
are flow calculated in the inviscid portion of Ifhe nrvgrar.) just as though
they were inviscid geornetry' elements.

Hc-'.evor, in spit,_ of tht- above comments it is recognized that some typezi
of isostsudies vkill require a morc dvtailed analysis than is possible
with the simplified gLsmetry mucdei approach. I o co/-er these situa~ions
the Mark JV program also h.As a riew.L alt.!rnate visr )us analy--is method
that vhorks wgsth tht: sarm,- ip-metry as is used for t ic invisckd pressurtes.
In this method the visc,ýjs flou is calcuia-ted using an initegr-.l. boundary
Ia~er method. The corn~uta~iojis ate ma& ao.- t~ircamlign-' s calculated
ove~r th. de~ailed inviscid press-are geoinetry modiel. Once the skir.-
fr.caion is cAlculatod along the.;, strvaml~anes it is fit %kith the surface
sF!ine routines and tiie skin friction coeafficient on each c:lement of the

d~~!dgeomnory model detcrmined by intcrpolation.

The in!ý-gral boundary laycr nhoidoes vot c-ilcul~aw the surf'ace wall
temperature. H-owever. thi!; information is requireci by the integral
*Metibod so .t must b,Ž fu-nislatd as inp-c data or i: (-an Le calcuatledi b%-
caMiig the same temnp-raturc caa~ulat ton routine used 1:), the simplified
skin friction model aption (old Mark 111). TAht terfpc.ratut:r calculatton
rcutiiie itsielf :alculatcs a s'itn friction covifficient value along with the x~all
temp~erature based on thte old Mark IIItriethod- (i. c., roterence tenwp~tra -

ture, Spaldhag-Chi. etc.).. If the user witshes. this skin friction coefilcik nt



can te used instead 3( that calculated by the integral boun-tary layer
method. Under this mode of orperation evecrything is handled j st as though
the integral method was being used (i. e.. tite use of streamlintwa csn the
d-ttailted geometry model, element skir. friction from the surfac-! splint
interpolation. etc..). The only difference is that after the temperature and
Miar III skin friction are calculated, no call is made to the integral pro-
grant. and instead, thi computations proceed with the skini friction coeffi-
cients out ct' the tempzrawure program.

The user should be cautioned that the methods used in the r.ew v'iscous
capabilities of the Mark IV program are still not what we would call a
"three-dimensional" boundary layer solution. Although compi.~tations ate
made along streamlines, the integral L~oundary layi!r method us3ed at the
present time is still basically a two-dimensional method (cross Flow pres-
sure gradients are not accounted for). Later vei siono of the program may
irn%. lude streamline divergence effects but the in't-f)l* rc'carsed pirogram
does not. Also, in the first release of the Mark IV program there is no
cartability for continuing a streamline calculation acroris one Fg.:omter,"
c omponent arid on to an adjacent compvnent. Trherefore. the ne%% integral
boundary layer method should be restricted to r~elatively well behaved
parts of a vehicle shape.

The Integ~ral BonayLyrMto

The integral boundar-y layer method contained in the viscous part of the

Mark IV rrogram isa essentialty the same program as presented by W. D.
McNally in NASA TN D-5681 (Reference 40). A major modification to

.ce 1.ctNal~y progvarn watt reniuired to remove the assumpt ion of isentropic
flow iri-plicitl) used throughout the boundary layer equations. Minur
modifications in the coding have also been made to imnprove efficiency and
to -ev~uce storage requirements. Thic integral boundary layer piogram
is well documerited in McNally.s report so the development of the equatio'ns.
etc.. will -aot be duplicated in this report. Any user of the integral meithod
in the Miark~ IV program should obtain a copy of NASA TN D-56bl as
supplementary documentation.

The integral b~oundary layer method user- Cohen and Reshotko's method for
the laminar boundary layer calculations (R~eference 141 ). arid Sasman and
Cresci'a m rethod (Referenc.! 42 ) for the turbulent boundary layer. The
Schlicht ing -W rich -Granville method (Refercnce 43-45ý)is used to predict *he
transition point. The present Mark IV program do-es not z~alculate transi-
tional flow data bet .veen the wholly laminar and turb-.ilent conditions.
L.:.cwever, some of the code in the skin friction date. storage part of the
proagramn provides facilities for inclusion of transitional data in future
program additions.

The application of the integral boundary layer method involves the use of
several other par.'s of the program. Th'! process starts with the analysis
of the vehicle component in the iriviscid pressure part of the program.
Suabroutir-e FORCE calcula'es the local fiow properties on each element,
Iheae properties (directian cosines of the surface velocity vector. Mach
numiber and local prfs sure and temperature ratios to freest reamn condi-

tions) are saved oa the Unit 4 geometry data. storage set right along with



the component geoinetry data. It is then necessary to enter the flow-field
option and to have the surface property data copied onto the Plow field stor-
age Un~it 10 by the Surface Data Transfer option. This step is necessary so
that the data will be in the proper format for use by the surface spline
routines.

Ther streamline option is then calledt. It is,. in general. not possible or
desirablc to try to calculate streamlines d-ýwn each row of geometry ele-
Wi'ents. Instead. streamrl.n--a are only calculated so as to properly c ver
the inboard and outboard entrer-.cs of the component together with one or
more interior lines. The ntrearnitne surface trajectoriez together with the
associated interpolated local surface properties along the~m are stored
back on the flowf eild data Unit 10. Only after all of the above: steps art:
accomplished can we call the viscous part of the programn.

In the viscous part of the program input pararroeters are used to retriev.e
selected streamline data SeLS, The integral Lo'andary layer rnethod is
applied alo: j each of these t~trcaml~nes and the resulting skin friction

;ents stored back on che flow field storage unit right with the st.-Cam-

Wunow have skits fri-L.ion data along the streamline data points but not oil
the actuai geonletr,.' quadrilateral centroids where we need them far the
force: integrat'ons. To solve this 1)roble.-m the streamline skin Ir;.tion data

Viiii, -- - - ý 4L

found at each of the element centroids by interpoiation.

However, to accomplish tile spline surface fit and interpolation it is neces-
sary that the data be liell bwhaved. That is. laminar, transiticral, turbu-
lervt, and separated :1iows rr.-_zi be prepared and interpolated af separate
sets of data. The bocpkkc~ping (pointers, counters. etc.) necc~fiary to provide

this is automnatically .scnoihdwithin the main integral bcundary layer
rout-nc. Becau-ic of these fecatures, the integral boundary la ;tr inz-thod is
able to anialyze a component that has mixed boundary layev typcfi, I.e.,
lam'nar and turbulenw flows. ThL. simplified skiun friclion -.iodel using the

eldMar. IIl methods if-, not capableý of this.

However, there are certain thingz. in the M~ark Ill skin friction aption that
are not availakle in 1he integral boundary laye-r metho'd. For example, the

Mark III skin friction includes viscous induced pressAr-, eff'.-'!-s onl the skin

friction coefficient and the integral prograrn does not.

Mark IlISkin Friction Option

In the Mark III skin friction option of the Mark 1%' program an erginering
approach has been selected that retains the elisential character; ' tics of
the hypersonic boundai,,- -layer problem. No attempt is made to calculate
th-. detailed skin f-iciion distr:button on the :Xact arbitrary shape, but
rather, the vehicle is represented by a number of flat surfaces on each ef

which the shear force: is determined.



TIhe surface streamlines are assurned in the velocity plane and the flow
history is approximated by the inclusion of an initial surface. The ishear
force is do.termined for both laminar and turbulent flow and may be
summed cree" the vehicle for either type.

Reference temperature and reference enthalpy methods are available
for both laminar and turbulent flows and, in addition, the Spalding-
Chi method with either temperatvr.! or enthalpy ratiost may be selected
for turbulent calculations. Thve surface temperature may be either
input or the radiation equilibrium value determined. The eifec• of
planform shape, leading edge viscous-interact'on, and the viscous forces
on blunt bodies ave also considered.

Skin Friction Geometry Model

For the skin friction calculations a geometrically complex vehicle is
divided into a number of plane surfaces in a manner which adequately
approximates the true shape. Leading-edge surfaces and local curva-
tures are omitted. Regions of relatively large curvatures can be
represented by using a greater number of plane surfaces. The degree
to which this is done will depend upon thu complexity of the actual
3hap-! and experience of the designer. The geometry data for the
skin-iriction geometry model is pr._parcd in th,- same way as the sur-
face element data used for the inviscid press,-re calculations and
retain their .-. ative location to each other arnd to the flight path. This
skin fiiction modeling technique i3 best describ4-d by viewing, for
example, a typical high L/D vehicle shown in Figure 54. The upper
half preserits the skin-frictio.i representation c' thc vehi-le which is
to be coattrasted with the detailed inviscid geome t ry given in the !owe.
h;4lf of the figure. As used in the Supersonic -lypersonic Arbitrary-Body
Pcogram, t:4q÷ skin frictior surfaces are referred to as an approximate
representation of the vehicle. This is in contrast to the in.iscid
geometry which for all practical purposes exacti) represents the vehicle.

From the input element data, the surface normal, area, antd area
centroid coordinates are calculated In addition, rnaximuni chod length,
taper ratio, and true area are input for each surface. The latte - riay
bc different from the calculated areas since curvatures h.-ve beet,
ne, glected. The initial surface, specified by' its max-mum chord length
ar:d toiper ratio, is assum-_.d to be in th,: plane of the ikin-friction sur-
face and, therefore, the flow history is only approximavt.d. The
dlen ent planform effect on the av.ragz- skin friction is inc tudtd, how-
ever. and is discussed separately for laminar and turbulent flows in
later sections. The shear force on each sur!ace is assumed to act
through its centroid in a direction on the surf.ace parallel to plane
containing the su: face no-mal and the freo-strearc, v,.K.city vector, as
described ir. Section VII.
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I

.0 Representation for Viscous a=alculations

b) Representation for Iniscid Calculations

Figure 54.. Geometry Modeling for a T:'1ical i.h! L!/D Vehicle
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Local Flow Conditions

Th(: required locul properties (presasure. temperat-ire, desity. an'
"-elocity) for use in calculating the viscous lows for both the integral
boundary layer method and thc Mark -11 method are calculated within
the inviscid pressure part of the program. That is, the geom.etry
over which the viscous flow is to be calculated mu,,t first be anaiy-etd
just as though it were regular invisci(, geornetrv cdata. A flag in the
preo. sure pa-t of the program controls the stor.,ge of the required
locl property 'tata su that it will be available foe the viscous uptions.

The skin-frictio,. surfaces and local propertics, thur, have been defined
in a -way that reduces the probierm of calculating the viscous forces oni

a complex shape to one of solving f'ýr the skin friction on a number of
constant-property flat plates.

Incomprewsible Flow

The basic philosophy behind bout thth Spaloing-Chi and the reference
condition methods is the same Namely, that th(: suitably .rar.sforme-;
skin-friction coefficient is givea l', the constant-property or incom-
pressible fornsulas based on a Reynolds number also suitably tranr.s-

ior€,-'.. To emphasize the peuti, this may he stated another w T,
compr(:.%sible skin-friction is given by the .ncopnpressible fo-rn %ith
appropriate correction factors to account for compressibilaty effects.
That is.

Off, 8 t a Cf c

ff. - •• x- F X Rx

i 1 1t. Y

Cf ski-a fr-ition coefficient

Rx RtRvyiolds number

)ndicates incompressible

( ) = indicates compressible

t . The incompressible formulas used .-n the Hyperso-tic Arbitrary- Body

Prog:im are given in Table 5 and the compressibili'y fact-rs. Fc
and FRx are disc-.::.*ed below.

[

I . I I .



Flo k Sk. Friction Ceffic¢ent, f(RxI)Flow Frcin-Source

Local Average

Lamindr 0. 6641,/R;l,

0.688 (log Rxi - 2.3686) .88 SiveilsTurbulen& Paye
(Fxi > RMin) [fog Rxi - 1.5P flog Rxi - 1.512 (Ref. 65)

RMin Z S4,0 t,570

Tablc s. lncompress ble Skin-r'rict'on Coefficient Formulas

The Sivells arid Pdyne formulas h-v' sing.laritiei occurring at low Reynolds
numbers. jhmnvser. both occur bjelo% the point av .vhic~h the turbulent values
cross the ren;pec,:tve Blasic laminar curves. Th,is, the turbulent incom-
presslble skin-fr iction coefficients for Rey..old nuimbers equal to or less
thaa Rivhn are given by the corresponding la:rirnar values.

Compressible Flomd

Reference Temperature ar.. Reiercnce Enthalpy Method

Fc

FR . ( '61'A F c

where 0 i! the density. u the vxscosit). and the supV rs c riFt means

evaluatei at the reierer.e tempvrature, T-. or reference enh'ialpy. 1rI;

T Tw TAW

(Al• (AZ) • (I Al - AZ)

(AO (A) - (- Al-AZ)

The value of tht co-effic r-nts usea are due to Monaghan (Refer.rnct 46) for

Prandtl number eqiaal t..) 0. 71,

Ai 0. 5825
A2 0.•L1675,

I ,r



The subscript "W" indicates Yhe *a~l value and subscript "AW" refers to
adiabatic wadi conditions given by

T AW =H AW T-1 r MIz

whe -e

• - :a�t, of specific heats

M = Mack" number
/nr = recove:v' lactor {r 1

n = 2 for lamirar flow

n - 3 for turtbulevt fl.w

Pr = Prandtl ni.-b'l ,- C. 71)

Spaiding-Chi Methcd (Reference 38):

Fc A A/(RS1N( -)A) S

where A Hi W
A - i,-- ! 1

, HS

C (A t E)z + 4A

4 1
Surface Equilibrium Tempt.rature

In the Arbitrary-Body Program the surfc:c equilibrium iivperaIttLre ;: fi-
lined as the temperatire satisfying the fteady.state .,-at balarnce between
the boundar -layer convvctiOn to the su:-face anJ •_ie surface radiation to
spa.e, convective heating: QC(Tc) = CIr (HAW -_Hi)

radiation heating, QR(TI) = RK TR 4

,wher. Ch is th, heat transfur coefficient

and RK = , : emrissivit, (a 0.8)

e = Stefan- Boultzmar cunsta-t
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"The surface equilibrium te~mperature is defined whcn QC(TC) QR(TR)
for Tc = 1jR. The boluon Ls obtained by a simple linear intercept tech-
nique illuetrated in the sketch and explained briefly as follows.

Line,• .e..;!onr- are assuned for ý-oth heating rates

QC = ACt (BBC)T

QR = AR + (BR}T

The four coefficients are initialized as iollcows.

1. Assuwne T(7 = TRI z 10O °R

2. Calculate QC! azld QIU

3. '-et QR2 QCI anu cec'late

TR2 ( QR2 ) '/.

4. if TRZ > TCZ TAW- then set

TRZ z TC2 and calculate ne.w QRZ

C =-012

I I G

4R T2 TC 2 TAWt (,C 2 =TOI 2,12

TC I 3TR I

PC I AWM 14

TEM PERTUR

IL dS ' I I I I n • , 1 •' r . .. .-s ._ . r -.. .



The coefficieits may now be ieadily determined and the result of the linear
solution nrs the heat balance equation is simply

T = (AC - AR)/(BR - BC)

The convective axnd radiation h,.ating rates are then calculated at this ten-
perature and checýked for convergence.

I] - QC•IQPI - EPST, where EPST = 5.0 E-4

If the criteria is not 'at'sfied the cycie is repeated with TCI = TRI = T.
QRZ = QC!. and TCZ -- TRZ. The present technique, while lacking sophis-
tication, is -ccurate ane quite rapid. Normally, two or three cycles are
required for Adeal gas so.utiot~s and one additional cycle for real gas cares.

Real Gas Effects

It is felt that some commentsi are in order with regard to the overall pro-
cedure. Specifically, what is the correctness or justification in using real
gas reference enthalpy viscous solutions when the local inviscid flow has
been determined only for a calorically perfect or ideal gas? To answer
this question, an extensive comparison of laminar boundary-layer methods
waF undertaken in support of an earlier study and the details are reported
at- w EL'$cract: 4 Ivily. suppor it. Pa ws2dy crimitU iur uep otignd

I conditions of the matrix given in Tieblc 6 corresponding, to the slirface
I equilibrium temperatures (ernissivi'V = 0.81 at the one-foot station of a flat

plate.

Altitude Velocity (1030 fps)
(1000 Fi) 8 12 16 2ti 24 1 28

zoo 31
I I iG >. I x

25- X x

Table 6. F!ight 4marix for Skin Friction Calculations

169



Angle-of-attack variation from 00 to 40r L. 100 increments and five bou.ad-
ary-layer calculations were made at each condition. The latter correspond
to the combination of three boundary-layer solutions and two shock wave
solutiona for local properties as sbowo in Table 7.

I Buurdiry Layer Local Propezties

Solution Real Ideal

Exact 1 -
Reference 2 3

Enthalpy

Reference
Temp4eraturej

Table Y. Boundatry Layer Calculatiors

Alsu, additional calculations were made at the flight condition of 20, 000 fps.
200, 000 feet altitude, a'ad wall temperature equal to 2000°R.

Methods I , 2 , and 5 are seli-consi-tent with respect to the assump-
tioas made and are regarded as norrial calculation modes. Methods 3
and 4 are inconsistent in the assumptions made between the inviscid and
viscous -i3lutionL anc are termed mi-td calculation -nodes. The free-stream
prcoerties were speci 'ied by the 1962 U. S. Standard Atmosphere and
Sutherland's viscc 3ity formula. The oblique shock-wave soluL.zns are
accurate to 5-significant digits in the inverse density ratio. For the real
gas solution, the thermodynamic properties for equilibrium dissociating
and ionizing air were obtained by the method in Reference 48. The assumed
ideal gas is calorically perfect with ratio of specific heats equal to 1. 40.

The real gas variation for the density-viscos ty product in the viicous
solutions was obtained as a function of enthalpy and pressure using the
polynornrinal equations given in Reference 49. This product is based on
the most recent thermodynamic data of Hilsenrath (Reference 50) and
the viscosity calculationu ol Hansen (Reference 51 ). The Prandtl number
was .issumed equal to 0.7. for all the methods.
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Typical results of the comparison are shown in Figure 55 • he exact
solutionu wtre obtained using the Douglas General Laminar Compressible
Bowndary-La.yer Prograra as described in Reference 49. The reference
method caL; Llations shown are based on the coefficient values of Monaglan.

These were selected since the skin friction calculated consistertl%" gave
the beii agreement with the exact results. Comparison of the three formu-
latio'a- considered - Monaghan (Reference 46), Michel (Reference 52) and
Eckert (Refetence 53) are vhown in Table 8 for the same fligi-t conditionu
as Figure 55. Major conclusions of the comparison are:

1. Wii-:h the exception of possibiy zer o angle-of-attack the reference
ternper.ture method, using existing values for the coefficients Al
and AZ. is inadequate for predicting skin frAction for the complete
range of hypersonic Clight conditions considered.

2. The real gas. reference enthalpy method using Monaghan's fornmu-
lation adequately predicts the laminar skin friction over the complete
flight range considered. The results, however, are conrister.tl0
about 3 to 5 percent lower thanr the exact calculations..

3. The -y;:-ved calculation inode, ideal gas inviscd - real gas reference
enthalpy is in substantial agreement with the. real gas reference en-
thalpy calculation up to 300 angle-of-attack.

Referen(c Angic of AttacI in Dt-grv..
Enthalpy -

Due to 0 5 Id I5 20 25 30 3-5 45 50

Monaghan 0.247 0.623 1.056 1.44-i 1.753 - .9 6 ' 2.oUo 2.121 !.b53 1.590

M z:hel .- , 0.,8 L-062 1.447 1.747 1.--53 2.0o712.075 1.788 1.5291

Eck1 rt 0 243 0 t13 03ks 1.418 1.7!?7 1.-126 2 042 2.05bl.788 b :i34

h 8. , r of R.Ltre t- Kitihods. VI\ t.b of C x i.
(Allitude - .00,000 Ft., VtI(,.ty - 20,000 ipL. T%%- 2OGOOR)

n the basis of the resu,.ts of this study, the mixed-mode ideal gas irivif.cid-
real -as referenceenthalpy calculation has been included in the Hypersonic
Arbitrary-Body Prograzrm. The real gas fluid prcperties of air are determined
by the procedures described in detail in Rt.ference 50. Three different forriulas
are used to speciCy th- viscosity. At very low temperatures such as ravght b.-
experienced 4n a high speed wind tunnel the viscosity is found from •:hc-

7!,
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SYMBOL SOWTION

REAL GAS. EXACT

RFA, GAS REF- ENTHALPV

IDEAL GAS, 41F. T PAERATUiR"

S.IDEAL GAS. REF. 0NT4ALPY"
SREAL GAS. REff TEMPERATUE4-

*M*04AGtAN'S REFERNDKE
AT Pr : 0.71

.024 _ "

-020 
11117 -

-iJ -
,/.016 ;--~
I I /

.008-' /_____

o I 0_ o_0,0 S
.004_

0 10 20 :10 40 50
AMh1 OF ATTACK - DEG

Figu'•e 55. Laminar Skjri-Friction Coefficient ComnFarison
(Altitude -- ,0U00 Ft., Velocity= Z0.000 4.s., Tw- 200•R)
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firorrley-Wiike results iReference 554). In the Arbitrary-Body Program- these
;j.re approximated by the following linpar relationship;

For T n: Z25OR

0. 80383436 T x 10- 9 lb sec
ft 2

At higher temperatures and for an ideal ga-i the Sutherland viscosity
formuia is used (Reference 25);

For T >~ 22SOR

T~' 8_lbse
220T -1 198.6 f l se

For real giis and tempera~u-,es greater than about 60000 .R H-ansen's
viscosity values are used (Fefererce 51).

Viscous - Inviscid Interactioit

mUtual conitciions of thw eyborldsr lamber an~d tih Maicih fluwmfeld cane
mutuar conitetcion of towheyriuilds y laber anid thenighMch nlumbferd the
ha'.c a Aiargx!cltc ofr- Oja th thea, Iautinir skiu, friction and sur-ac_,- pressure.
Boundary-layer displacement effects in hyp~rsonic flow over .Am plates
ha%-.-~ been studied at length (e. g., P efe rence 55) ancl the present approacl-.
is limited to consideration of these methods. Baisically. a pressu.-e -.
induced from the relativ.ely large outukard streamnlino deflectkori c'.osed by
the thick Eypersonic boano!.i4, layer. The clasbical zpproach ý. to con-
-iider an effective !>ody, mi.de up of the actual body pi~is zzh', boundary-layer
displacemrvnt thickness, ir a.. iterative solution witli khc inviscid flow.
This in its-2li is an approx.imaation and, in addition, I~ic simphifving assuinp-
tions of hy:>ersonic viscous similarity are usua11, fcmploy,ýd. , his pro-
cedure has'been adopted for use in th~e Arbitr-;ry-llody Program anc, a brief
background ard development of the final cc'.iations fo!lovk.

Bertram and Blackstock (Reference 56) prest-rted. somec s-rniple proc.?dures
for estirriting the bo-.Andary layer induced eff-cts on pressure and skinl
friction. These involved thU Lse of hype rsonic-s iiilar-&ity-boundary- lay-- r
t~teory so'utions i:k an iterative technique with tho: .,Iype~rsorllc small-riistvrb-
ance tangent-wedge pressure equation. The analysis showecd go-x*: correlation
with :xeinna data for surfaces at niear])- zero degrees mnc,.de~nce to
the free-stre-im. White (Reft cence 571 texiended the theory oi Bertram and
Biackstock t., include the effect oi angle oa' attar-k arid presented a direct
nelhoe for solving tlie problenm -. ithout requic-ing itt:r-ations. White -ibed
hypersonic small dis,.urbanjce cxtnressb)or..s tor bu'h compression ar~i ex-
pansi.-n fl.)ws Arid iiitio.'uced a new iniv ract.on paranicter to correlate tht:
wail %mji .re effect. Recently, t3crtri rli (Rcference 514) has pres;ented

* morc e'aboratq' SAttion'. tor the prc'bleni eni ployll~g the techniques oi Whi'~e.
Irnplic~t 1%) all these solutions is the aSS,11ptton of t calorically perfect ga.-

* ~and a Prandtl number oif unity.

173



White's solution has been used in the pr,ýsem -naly:sis bec..'~ise 01 tbe rula-
tive simplicity In its ajppli.:atior. His narnerical rtsults si~owed the local
pressure tw. be nearly a liaiicr Zunctkan of the iteractijon para~mete~. K

whe re

The q~ant.ty G is a simple function of wail temp eratu~re and upe~cific heat,
C is the Chap-iir-Rubesin viscosity zýocfficient, knd j le the N,;nrle.r
trainsturinal~on parametcr:- tv. o-dknienteiortal flow, j = 0. 3xma~ll-sJ-mm(ietr.-C
ilow, j1

In tthe abo~e equi.tions. P~ is the local pressure (o free-streami pressiareN
ratio, and the subscript "ol reie-s to the invisciid value obtained f run). the:
h~ pursc~nir sniall-cisturbance relaticrns.

Brtrami's (Reiez-ence 56) correlation for localJ skini frxctioii coefficient .;s

C1 -0.664 Ki (PC)

*Ahe-e K, is .i pressure gradient and wall temiperati;:e correction factor.
ht; She~ix On thvo Slarfice is

T W f J, CdA

1n the p-vsent zvnz~ly~i'_, zhe appr.).ch tak-er, i.- to titerniink. the eqfect I'r
i-ictor due to vis,:ous -inxQ ractior1 usinig White's wethod and~ then to nldl,
the previous resul( witjut !Mit. ractaizi ctccordxrigiy. This viscuuw.-inter-
action factor. KI isý oblati~ce by carr'nig o-,kt the intvgration 04 the pre-
ceding equation and is 1wda: feliows,

( 7 w~h -t 5(.. r +I;
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where Bcr is based on the root-chord and K,, ias been assumied equal to
one. 1his expression i3 tor a plate winh taper tatit'. .)nc. but the integration
cotild have been done for an arbitrary value (e. g.. Rei-rence 59). In the
prevent applitiation the pla~nform effects are included in the YAhcar iorce
withotzt mteraction. 1'. This application% resultn tih a slightly I~nwer factor
but has the ad-.-kuitage of permitting a step-by-step buxiie up and comparison
oi th-t o~verall %iscouu force~s. The magnitude of the skin-friction correction
fa'.tor i.~sing the ab-ove techniques is shown in Figure 56.

The iinduced pressure on a surface is determined as an increment in preik-
sure cot.efficient.

P-P
'&C =C -C 0~1

p p PO M

The average pressure increment, PC - sfudb Um ng elca
pressu.-e distribuMtEi 1- over the surface.

P-P ~f (P .. P,) )dA

Suht~tattm t!ý e;preisso.ton. !o-ý3ca! prtssure anci intetfrdting gives

I=

The AC due to induced pressure is determined for the skin-friction geo-
rmetry rlppYeseintation of t-he %-4.icle shape mnd effects due to the plaiiorm
shape asnd due to the initial surafae are discussed in trie next section.

There hypersoic sdnalid-&shurot nce redati.dKs io calculating pressure

For cnmp(ession f-low K R0) 19 I

P 1 4~i) + iLK 2

For -. pans ion fh w (- (hiqe - i) Ksr

P [I K] 2V 1

The siilvarity prsrarnter. 4rN. is giv'en by.

presu'ed~sri~tonove te urace.r ,

NK --- KO 4
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where K. = MKtini (A is the suriace impact angle) and K4 . a boundar)-
layer growth parameter. is taken equal to 1. 0.

White (RMference 57) observed that the pressure equation (either compres-
sion or expansion) and the expreseion for K conututg.ted a first-order
nonlinear d'Lferential eqt.ation in P(A) and obtained numerical solutions
tdrectly without iteration. The resulta are shown in Table 9 from whichWhite also observed that the pressure could Le axpproximated by the linearrelationshipm

wherc P. and the siope parameter, mn, are just functions ,f Ko. Ro is
given by the hypersonic similarity relati•ns as a f,-nction of K, and, in
the Arbitrary-Body Program, r: is approximated to the daza of Table 9
by the followitng analytical curves:

Vo r - Z.I Or - 1) "- K* < - 3. 0,

rn 1.424 w 0.Z1 Ko

to rr KO -1-3. 0.0
ni= i. 156 - 0.4i72 K 47Ko VA. v •r..

- 0.010427KK 0 0.00214381Ko - 0.000103217 Ko

For V., a 10.0,
1/2

m = V2 Yi( V 1)1

Simlarity Paramceer K.
I- - --

-3 - -1 0 t1 +2 t5 +10

0.0 0.002 0.028 6.210 1.000 3.473 8.734 44.14 170. 2

0.5 0. 17! 0. 339 0.748 1 1.835 4.555 9.930 45.41 171.41
1.0 0.428 0.736 1.* 379 2.777 5.722 11. 18 46. 7t; 172.7'1.5 0.738 1. 192 2.059 3.740 6.914 12.47 48.01 174.0'

S.0 I 1.092 1.695 2.770 4.709 8.108 13.7b 41. 33 ;-IS. 3
2.5 1.485 2. Z 4 3.506 5. t,7q 9.294 !5.07 1 ,o. t-o 17c. u
3.0 1.908 2.801 4.260 b b51 10.47 lo.37 $1.99 177.9
3.5 2 359 3. 32 5.029. 7.tZ2 l.o4 17.t7 53.34 179.3
1.0 2.833 4.004 5.810 8.593 12.80 18.9,. 54.70 180.b
4.5 3. 328 4.3Z 6 6.,01 9.505 13- 95 20 Z5 1 5o.0o 181.9
.5.0 3 840 5,275 7.400- 10.54 15.09 Z1. '7.42 183.24

Table 9. Numerical Soluti.ons for Pres~iiire Ratio P (y ! .4)
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Plan•orni Effects

The previoub sections hive dealt with the determination of the local skin-
iriction coeciiicuiv or the av.rage skin-fricttor •ocficicnt per "-nit span.

In this section. tk.e deter,•iiaticnn 4,f tOle viscous force conirtbuiion of a

surface elcment having a planforuum shape of ow type shown in the sketch

below is considered. tr the derivations that follow it is iniplicitly assumed
that the root and tip. churd& are par.,llel to the oncomiiinng, flow.

tC x/ •

FLOW Cr

The *CTK 7

The product of Xc cal sk, n-irictirn coeftioc,.jnt (CI) and dyianiri prVe.iurre
(q ) is mntegratc.- over Ehe surface are.-i (A) to otlain t.'iP shear iorce.

T"W = fq Cf 6 dA

(The syribol T is custo0iarirtl) used tO definFe shear tstr,:ss, however in
thc present tcxt it is used consist z.1y as a force. This is do•ne to avoid
the unnecesszi y ute of area ratios itn the dxfining eqjuaoions and at the same
tirn',e retatn t.!itsignificant connote.tion as=ociatvd v.-ith the symbol.)

Tiie shear iorc,. on each su;7iace .s then written as a coefficient x.ith re-

s_.:t to thu trzŽe-streanm dynani',c pressure (q ) and a specified reference

a r.. (S), W

aad summed over all surfacv. to obtain the vehicle characteristics due to
v..-scous forces.
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Laminar Shear Force

The local properties are constzArit on each sur'face- and the above expression
t~comesI

qW 9 (C )c rcr f (X) fxd

where the surface hMs root cho-d cr. spat) b. and (Cfj)cr is evaluated. at
the zoot chord. The local chord le.r~g&. may be expressed as

Cz C r - (I - TR)s]

where TR is the taper ratio (= Ct'/7r) and I is the normaliz-d span

dinrtess.on (z- y/b. Substituting thit, expression and completing the inte-
gration gives the shear force on the ourface as

qj A 4 1 + T R+ rR

6 (CF4)c (I~( + TPR)(l +JF-R]

evaaUated at tratot-cri-'d.

I the Arbitrary-Body Program the shear force is expressed in terms of
arý average c.hord length. Z ;

TW = q4 A(CF)•

where

C • Cr 7 (I i. TRi( M +T-T

Viscous- Interaczion
As wis explained it the previous section. the effect of planform or. the
shear force is not deternuned directly lok flows with viscous-interAction
but is included in the calcu.ation of shear force, without inte'action. This
procedure results i ;. bightly lower force but has the advantage of per-
mitting a step-by-step bukii-up and compazisor. of *4he ovcr;..l viscous
forces. There is. however, an additional effect oA. the ineuced pressure
due to planform shape which is 4ccounted for.

The average pressure is obtained by mntegrating Vhe local pro;ssure over
the surface:
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b c

15 PfFdA f j f P f dx~ dy
0 

0

I C/Crr b jP o t I-, X r • ) d f d l
W -- Jf PkCXy

0

where x = X/cr, the oorinabized streamv.,':•e t;oordinate.

Substituting the expressions for

A crb (I TR)

2 (

avid
C/Cr i - 01 TR)

the inte 6 ration is tasily completed. The result is

Sr r- 1"15.. P oi , B i -Bc-+ * ri
A L 0I TR)ir•

where

3 r I r

"T-i~e average pressure inc relipent for the surface is theon

A. 0o "', _ __.. __-

which 'or TR . reduc.,s Io the value .reviously gi%"en.

Turbu'.ent St:ear Force

Because of the inzture of the assurned ,kin-iriction formulas, a d'ff, rk -t
approach than v-?ed for lai ti.a: flow iu. taken to obtain t-, turbulent 0A. it
force. The end result, howev%-r, is an approximate solution which :s , ery

similar to the laminar res-ilt. "Liu shiar force equatio, tii dern'ed " s
follows.
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b c .

TW Cf 6 cL~A q6  f (C, dx ~dy
J o

The variable of integration is transformed to the local chord-length Reynolds
number in two steps. First in terms of the chord length c,

¢r

TW ::q b f a dcF
6 cr(1-- TR) d

ct

Next, the variable oel integration is transf3rmed to the incompressible

Reynolds number, Rci = Fhx |LUc. ), and normalized with resect to root-
chord values; 6

VW= q6 CqFb Cr (CF6r - TR)(R-)

TR

crb R
Noting thea sirfe pwrlaw areafis A -- io + TR), and also thati is ea

the shear equa-ion ecomes d-

F Crr)

and 1"

(C qf A(CF .)c( " )F( ) d (Rc')_

( q _Tý) r,- )cr cr

With a sinLple power-law skit-f iction formula this equation is easily
e'raluatcd; 1

=F \R , where N is positive

anti I

TW =q6 A(¢F)r d/ T~ trci

-2

qACF* I - TR2 17 '

6 6-- - 1 I-TRZ



For laminar flow N = I and it is ea-sily verified that this expression is
identical to the one previously prosented.

In general, the skiii-friction coefficient is not given by a simple power-law
relationship and this is the reason for deriving the turbulent shear with the
Reynolds number as the irndependent vzria•le.

The use of the Sivells and Payne formula in the shear equation introduces
a singlularity in the integrand and the function is nonintegrable. Tiowever,
this singularity occurs at a Reyn-lds number much below the laminar cutoff
and the shear equation may be integrated numerically. Several examples
for the numerically determinud integrand are shown in Figure 57. The
upper-bound represented by la~ninar flow and a lower-bound represented by
constant skin-fricti-n are also shown. The curves are smooth and the area
under each curve times the quantity ?/(1 - TRZ• is the factor by which the
shear increases due to a tapered planforrn.

It may be observed from Figure 57, that even with a large variation of
Reynolds number on the planform (fur exam le, Rc r = -10 9 to zero at the
tip), the major contribution to the integral is obtained over the first decade
(Re/Rcr = 1.0 to 0.1). In the case of the upper-bound (lar.ninar flow) and the
lower-bound (N :oc) this contribution is 97 and 99 perceni, respectively.
This then, suggested the approximate approach of representing the Sivells
and Payne formula in the integrand over the entire Reynolds number range
by a local power-law fit obtained as the average over the first decade.

Thus, the shear on the surface is obtained from the power-hLw solution
with the exponent parameter, N, given as (foi Sivells and Payne);

log Rcr -Z
0.8686

Alternately, e.s was done for laminar flow, the shear force may be expressed
in terms of an average chord, c;

eTW q a A(CFa)z

where

(Rer 

IQ

-- Cr 1 /

and I

S.

11- 

NL
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Li ~ ~ ~ wq A (Cd) Cr X{&i).I (]

10.

LAMINAR FLOW- I
IN 21

0.6 -___ ____,,.o _o

S ToULENT FLOW
ROOT-CHORD REYNOLDS

NUMBER: Rcr

-0.41

1809

/ Rc-. c+(Cp CONSTANT)
IN =oo)

U ~ ~ ~ ~~~0.2 ___*____ ____

C 0.2 0.4 0.6 .

I Figure 57. Planform Effect on Shear Force
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initial Surface Correction to Shear Force

When an initial surface is specified, the shear force is determined for the
combined surface geometry, for the initial surface, an6 the differ-nce
obtained as the value for the surface of interest. This in effect is dealing
with three surfaces which have the following characteris tics (see sketch
below):

1. initial surface; Area A1 , maximum chord length L;., taper ratio
TR 1 , and shear forca r'Wj.

2. Surface of interest; Area A., maximunm chord length L2, taper
ratio TR2? and shear force TWZ.

3. Combined surface; Area A 3 = A1 + A 2 , maximum ch-ord length L3,
taper ratio TR 3 , and shear force rW3.

The shear force on surface 2 is

'rW2 =TW`3- 7"W1,

-q A2 (CF 6 KvQ 3  - [CF Kvi)3 -l

In the Arbitrary-Body Program this is compacted to the form

"7 w 2  q6 A 2 (Cp 6 KVI) (1 - FF)

where FF has the mnemonic form factor or friction factor. Three possi-
bilities are considered in determining the friction factor: (1) botih surfaces
laminar, (2) first surface laminar and second surface turbulent, and (3)
both surfaces turbulent.

/ 1 2
/ INITIAL SURFACE SURFACE OF INTEREST

// ARfA A1  AREA A2/
/

LI4
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Initial Surface Correction to Induced Pressure

The average pressurt on surface 2 is defined as follows:

FP F3 - Fl P3 A3 - PI A-

'A = AZ A 2

wher.z F. i the force on surface i. The average pressuies on the ini.ial
surface and on the combined surface are given by

P3 p +8 [ 1+ TR 3l \/iR

Pi~I Pol 1 13B

.kB3 [i + rR 3 )(l ViR

and the areas by

A1 = bLl ( + TRO)'2

AZ = bLZ(1 + TRZ)/2

A 3 = bL 3 (l + TR 3 )/2

Substituting these expressions into the above definit'on and after some
algebraic manipulation the result may be written as

r1 _ _

r 1+TR +vT 1 Z1T 1+/R ___
P -P0  8 3) )(+wrTyR 3  £Lýl+rNTlV+YITR3)

1 /(I+TRz)(I+ Tý/-3)1r +

The length L 3 is defined as the maximum chord length of the combined sur-
face, so as L- t0 A is readily verified that the pressure reduces to the
sarne expression previously given for a single, tapered plate.

Viscous Force c,' Blunt Bodies

The tarliest space caps,:les were designed with large spherical nose

caps and flew ballistically b,1 zero degrees angle of attack. For such

vehicl,', it was found that inviscid flow fiejd calculations were ade-

quate to predict the splash poinl. The later generation capsules were

designed t-o fly at angle of attack to provide lift and it has been shown

that viscous forces can have a significant effect on predicting the
splash point. The theoretical solution, then, must provide some means

for estimating the ,riscous eZ'ect.
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The procedure iticluded ýn the Arb'trary-Body Program in that developed
by Goldberg of the General Electric Company (References 60 and 61 ).
This method is given in the form of i'elatively simple correlation formulas
in terms of the shock-layer Re)nolds .ýumnber and inverse density rati.).
The method is applicable to the low density conditions associated with high
altitude Qntry and is equally suited to real gas or ideal gas analysi6.

The shear force in the stagnation region of a blunt-faced body is given as

-rrv = ItWO KVI

where the shear without low density or viscous-interation effects is

..o = .. )A A cos'r O (1 - 0 ,,

and 6 is the surface impact angle,

E is the inverse dinsity ratio, = iP2 !P,)1

Res is the shock Reynolds number

P2 UZRB/.Yý

RB is the body nose radius.

The viscous -interaction correction factor, KVI T W/ = TWo, was obtained
from higher-order analysi'; of the boundary-layer flow (Reference 60 ).
The present authors have developed a correlation formula to represent
tAese solutions in the Arbitrary-Boldy Program. This factor, a compli-
cated function of both sl-oc.k Reynolds number and density ratio, has been
appruximated by a conibination of exponential transition functions of the
type described by Crabau (Reference 62 ). These are

1
even tra,'Ii'-ion: y - exp -K(X -

1
odd trans:.tion: y = I + exp K(X- Xo)

These functions are es:3entially the kernels fer the Bose-Einstein and for
the' Fermi-Dirac distribution functions, respectively, for the even and the
odd transit.:.ns. The notation of transition is used since these functions
represent ý'ie sm3oth transition from one asymptote to another; the even
case does ii-t have a point of inflection and the odd transition has a point
of inflect-;on.
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In the present applicatikn, a correlation formula for the viscous-inter-
action parameter hae been obtained by a combination of an even and odd
transition function. The curve is considered to have three asymptotes
(see the sketch below); Yl, Fl, and Fý. First an even transition is
determined for the curve between Fl and FZ and this is designated Y2.
Next, an odd transition is established between Yl and Y.. The curves
are adjusted through the values specified for the exponential constantts,
K, -•nd the origin coordinates, Xo. Details of this procedure are given
in Reference 62.

Ai

" fi

F 2-

-Y 

I

The correlation formulas developed for tho present case are as follows.BII
Independent 

variableF = 1X =+B xlOg (E 3 Rec)/

BI = 
I.IIII 

(Xi

FZ 1.01

YI 0.0

187



Z Fl + (1_1.0 - FIL

1.0 - exp EVK (X- X'.)V)-

EVK -1 80

XOEV= - 0.3

"Yz
i.0 + exp [ODK (X - XOOD)]

ODK = .2.0

XOOD = AOD + 3OD(log F)

AOD 1.0

BOD -• 3.2907

Comparison of this correlatic.n and the boundary-layer solutions are
shown in Figure 58. The general shape of the curves is well repre-
sented by the correlation, although some accuracy is lost, particularily
at tie peak of the 6 = 0.04 curve. It would be possible to tailor-fit
each of the E-curves throug]h further variation in Fl, the exponential
constants and origin coordinates. However, since only three solutions
were available, the determination of more accurate fits was not deemed
justified. Three additional E-curves are given on the figure to demon-
strate the behavior of the co:7relation formula.

An example of this technique is shown in Figure 59 were- the predicted
values of lift coefficient for ;he Gemrini space capsule are compared
with experimental results (Riference 63). The modified Newtonian
calculation has been performed for the entire shape and the viscous
calculations (broken lines) made only for the blunt face. The present
comparison, due to the limited data used, may not completely justify
the rnetbod, but it does show the significance of the viscous contributions.

The blunt-body viscous calculations arc nt limited to entry capsules
but may be applied to an) blunt pitions of a vehicle (e.g. , leading
edge4). The method is primarily dependent on impact angle and, there-
fore, the detailed inviscid geometry is used, It is for this reason that
the method has been inc',.uded as one )f the inviscid force options. Zero
contribution is assumed for shadow flow.
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Figure 59. Gemnini Lift Coefficient Comparison
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SECTION XI

AUXILIARY ROUTINES

The Auxil; ýr•y IRoutines option of the program is provided to house features

that are rot directly related to one of the other major program components.
In 'he initial release of the Mark IV program it contains only the General
Cutti.nv, Pl-ane option.

General Cutting PlaneOption

"Ihe General Cutting Plaie option may be used to determine the section
shape of an arbitrary 1',dy in any desired plane. This capability is some-
times useful in tne geometry preparation stage of a problem. In this
application it can be used to help define the intersection line between
intersecting vehicle panols. The cutting plane is orientated so as to
represent one of the panels (or elements). Its intersectior, with the other
panel is then determined with the General Cutting Plane option. This
information can then be used to assist in preparation of the geometry data
#c be input in the geometry part of the program.

Orientation of the Cutting Plane

Initially the cutting plane is assumed to be in the x-z plane wi.h its positio,.i
specified by thr~eemutually perpendicular orientation vectors; TI, T2, T 3
coincident with i, j, k, respectively.

-. . .

TI..j !I!
• r /T2 J

The orientation of the plane is given by three rotations; in a yaw-pitch-roll
sequence (tP, 0, 4P) and by a final offset rotation 03. Angle 41 is a rotation
about T 3 , angle 0 is a rotation about T 2 , angle 0 is a rotation about T 1 ,
and anplc /3 is a rotation about T3. The orientation vectors are given by

Z - [R19
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where the rotation m-atrix is defined as

[IR] is given in complete forn -it the e-nd of this section.

kn r-ost applications q=0 = 1 arid

[cosfl sin/13 coso -sin# siril ]
() -sinj3 cosfi coso -cosfl s i

0 sing 0Cos g5

Trhis whole business seem-s somewhat awkward, but has been selected with
the applications in mindl. The cross-section areas needetI for wave drag
calcuiations are determined by cutting planes having 03 = 'Aach angle. The
cutting planes are dist ributod along the body and litken o\, t r the necessary
viewing angles (4)).

Meridian sections for shock expansion calculations are w'derr;lined withU
I q 0 and varying the inc"

1 anilo 6).

Intersection of Cu~ttin Pans and Configurat oion (02_eo._trY

It is3 expected that anialyses will .r equired of complox configur.,xt ions con-
sisting of a great many elernent, and. the refoi v axiy geometry handling, such
as stecfion cuts, muct be don,e efficiently. The Douglas Arbitrary Wave
Drag Program is an example u! il~is. r7arlier programs seloct a cross
section plane anid searchb the geomectry ior possible intersections. As the
geometry (ILeScriptions becomeo mor-.: complex, it is apparent that large
arnount;; of timie are simply wa-.ýd i.i searching. The Douglas Program,
however, selects an elemnaet and (letterfline.- an), and all intersections
ivolvint that 1i;.The configurittion eivments art! cycied and the

intre in collected according to cross-section - the same result as
earlier p,-ograms. The_ big cdifferenc,! is that each element is "called"

only once.

The intersections are found by projectin,ý -'he elemient into a plane normalI
to the cutting plane. For cross secticn cu's a plane containing TI, T? is
convenient, while for meridian cuts a plane containing Tý, T3 is more
suitable. The procedure- for meridian cuts is described bciow.

A plane is completely described by its ncrnial vector and a point in the
pla ne. The sketches showvn have implicitly assumned this point on tl,.
x-axis and, in particular, at the coordinate ;rigin f3r muridiat, cuts. An
offset for the plane! location (-xo, yo, zo) is easily accounted for and will so



be assumaed in the following discussion. For the dJfinition established,
the three vectors associated with the cutting plarL.., are ( 3 = 0);

T1 = coso coskT+coso sinPtT- sin6"

"T2 = (coso sinO + sino sin 0 cos 0)1+(cosO cose -sin4 sinO sine)J
-sin 4$ coo 9 "k

"T3= -(sin sinO -cos 0 sin0 cos f)l i+ ( ein• cos•B + cos40 sinO sino)tf

+cosO coSO k

Once the plane axis (Tfl) is set ('.', 0_values given), the projection plane
is fixe I and for simplicity the T?,, T 3 plane at 0 = 0 is used. N
coordiLia:d axis of the projection plane, designated YP ance ZP are

YP = (T2 )=o -sinp 'i + cos 4,'1

z'P :z ('3)q5=o = sinO cos T' + sin 0 SinO + cos 9 .

The corner point& of the quadrilateral are pzoj!jcted into the YP, ZP
plane. The radiu3 vector to a corner point is

R(N) = X(N)Fi + Y(N)j' + Z(N)k

and the projected compoi.ents are

YP(N) = R(N) • YP -X(N) sin 0 + Y(N) cos

ZP(N1) = RN) - ZP X(N) sinO cos&/ + Y(I\) sM-nO sinip + Z(N) cos 0

I -p
14 e<

, 4*

I N 2
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be assumed in the following discussion. For the definition established,
the three vectors associated with the cutting plane are ( 8 = 0);

"•1 CO= cose ,s¢,+ cos O sjn@- siL6 I•

= -(cos84 5inq" + sin46 sinG coso )T+(cosO coso - sino sine sin ).r
-sin 0Cos• k

T'3 -(sin4 sinip -cos sin0 cos 0)i + (sin1 b cosIP + cos9 sine sintP)

+co080 coso

Once the plane axis (T 1 ) is set',L, t values given), the orojection planie
is fixed and for simrplicity the TZ, T 3 plane at = 0 is used. The

Szordin.ate axis of the projectiokl plane, designated YP and ZTP are

-P(T. = -•.• + coo ,•

ZP = T) -sine cosO/'f sine sinti/j + ý.os 0 ic

The corne'c points of the quadrilateral a:-. pro;..c-ed i,,tU the YP, ZI
plane. The radius vector to a corner poina is

R(N) = X(N, i + Y(N)j + Z(N)k

and the projected components are

YP(N) -R(N) • YP = - X(i) sin 0 + Y(N) :_os IP

ZP(N) = R(N" ZP = X(N) sine cosk/ + Y(N) sine sinip + Z(N)cos0

I 2
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The four corner points (N = 1,4) ar:e projected into this plane and the
desired intersections are witht Li T1 vectors, which in this plane is
ein-ply

T3 = sin OK Y- + c" OKZP

The subscript K is used to indicate a number of planes, say 1 to M.

The angular position of each corner point is determined

A(N) = tan-1 (ZP(N)/YP(rl))

and the 0,, are interrogated to find the condition

OK < An < 9 KK+l

each corner point ie assigned a plane number equal to K:

MP(N) - F

The plane numbers ol successive corner points arz. tesLed for possible
intersections and if indicated the intersections a•-e found. The nurbsbe
of intersections oi. the Hlne segment between t~o points is given by
the difference in plane numnbers:

NIN, N+1 MP(N) - MP(N+I) I

An example will help to demonstrate the procedure. First, an additional
simplification is presented. If the nmertdian planes are desired for" equal
increments in AO, the corner point plane number (MP) is give- di.rectly
by

MP(N) : [tan-I (7P(N)/YP(N)] A.0

where integer arithmetic is assumed (±. e., the v\, ±ue of MP is truncated
to next lower integer). For the example theýn, *onsider equally spaced
meridian pl.-.nes as shown in the sketch and calcula::., intersections with
elerment A.
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- .-- .

K-1
ZP 2

3 -

4 6

A>

K=7

-Yp

-Corne- Point Plane Number Line iu,,9 r of Interaections
Number N MPFN) Segment! M,(N) - MP(N+I)

1 2-
1-2 •

3-3 2
3 5 3-4 0

The results are presented in the table and are easily verified irom the
sketch. It should be noted that an f•ement line coincideat with a cutting
plane does not produce an intersecion. Rather, this is recorded by the
"llcross-amember".

ZP T3

Calculp.tion of Intersectlon, Point I. 1 + .

The eov\ation of the cutting ZPI

plane projection is I

a) YP-- tan • ZP [

and the equation oi pro-
jected line segment is

b) ZP=(ZPI - tan 8 • YPI) + tan 8-YP L P..-
YPI YI1

The oolut;on for the intersection of two linear equations is easily found by
st:aightforward equalities (i. e., YI-a = YPlb and ZPIa = ZPIb). 1o avoid
certain singularities how2ver, 'he resulting equations may be reworked
algebraically. Therefor-, •. geometric interpretation of the solution which
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accountrs for the singularities is preeented. The coordinates of the
intersection (YPI, ZPI) are given in terms of radius length of the
intersee tion, RI:

YPI RI * sin

ZPI RI :,4 c 4os-

ZyP

4 / 6

Ri (ZP1 cos Y~~PI i 5/os( +,

YPI

Observing the construction in th'. above sketch and noting that =)+ ,
the radius length of t~he intersect~on is

R1 = (ZPl • cos t" YPI • sin 8)/cos (6) + )

where 8 has the sign convention given by positive slope in YP, ZP
coordinates (i.e., sign of dZP/dYF). This may be clarified by rewriting
in terms of the point cooidinates YPI, ZPI and YPZ, YPZ. First expand
cos(4) + 8) = cos 4) cos 8 - sin 4) sin 8 and then multiply through by the
length o" the line segment

RI - Z L'-YPZ - YPl) - YPZ '7PZ - ZP")
cos •('P2 - YPl) - sini- - (ZP2 - ZPI)
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This equation is well beli veed since the line segment and the cuti-ing ?lane
€::ot be coincident. The "intcraection in bod;r coordinates is calculated
-•iý.ly u6anv the principle of i.roportional parts. The length ratio is

,:." C.1d as

r )2 1/2

LR =(YPI - YPI +iZPI - ZPl)

- ypz ) + -'FZ Ypi

YP]- YP1 ZP1t - ZPl
YP2 %'PI ZP2 - ZPI

then

XI = Xl + (X? - Xi) * LR

YI = YI + (YZ - Yl) * LR

ZI = ZI + (ZZ - ZI) t LA.

Since many elements are involved the question naturally arises as to
whether the sanme intersection is calculated twice. That is, in the
preceeding example, since line segment 4-1 has three intersections
would these same intersections be recalculated for ihe rlement B
which P-lbo containu this segment?,

It

£ 
A

This duplication is avoided by selecting the line segmen's used for any

given element. The selection is based on the wayr the element points

are ordered. BrieLy, recalling fror, Section III, elements ;are loaded

C: .•
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by section according to rows an,.. columns. Each element has a
number and a status flag and all #his information is available. A
sample section of eiernents is illustrated below.

011

Q )© ® ®

RowJ= 1 D] etc.

®®D _

I I I
Column I 1 I 3 1 .I1 2 I I

Status flag Z

Covrer Point Number G

Element 1\unrbo1"

A scheme to project me line s~gments is as follow•:

I I I p'oject lines 2-3 and "i-4

J 1 also project line 4.-4

I 1 also project line 1-2

With this scheme, duplication is lirrmited co s.;ztion boundaries.
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Rr'station 112.rix [RI

irotation about T 3

[coo sinO l 0

0 1-

9 rotation about "Z

k

'I~3 o ICOBe 0 -sin9 1

0 -ZI
s.,in 0 0 cos t

Srotation about T

k -
TS

1 0 0 1
(4' = 0 c,-,40 -aIii-

JS rotation about T3

F cov.8 sin~ 0

F sin COOI



The vectors T 1 , TZ, T3 are given by

[T1]

where [R] =[][][] >]

[cstcosfi cosO 1Psinl/'4si sinOf inco8 5c/;-sir&snco sik4) ]

[CSLCB6cosflcos sin 0+s~ sin..BPcsiz Ocs/ sirtsn~csip)]

-[cosp inO +sirB sinq~ccs 0] U
[RI -[.-in8c~c.s Ocot3IiA-cotiB(cos~ sin~t'+sin4os nO coso)

Isini3 sinO -coa, 9 sir4'cos 01

-[s ino sino -cooo sinO cop, PjLsuin zostb+c9Bo s3inO sin Vi][cosocoa 1
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SECTION XII

COMPUTER GRAPHICS

The use of computer graphics has been a key feature of the Arbitrary-
Body Program since its inc--ption. The first picture drawing routin,;
was preparud as early as 1%5 (for the Mark II program). The firbt
o.a-line gr.phics prograrm using the IBM 2250 was prepared in 1966.
The use and impeortance of graphics capabilities in chr.cking out geo-
imetry data. has b.ci, adequately documented in a number of references
by uZ-er! of the Mark 1II version of the program. The techniques used
-n jr.ie oL.) Mark III prugram and its tupporting on-line grarphics pro-
grams have been adapted aid used by a number of organizations in the
development of thair own graphicr p.,ograms. Versions of the Mark IIl
Picture Drawing Program Iave b 'en prepared for several different
types of hardcopy devices including the S(:-4020, SD-4060, CALCOMP,
and the Gerber Plotter. Since rr..st ue.:rs of the new Mark IV program
already have picture drawing progra:rrs deeloped for the support of
the old Mark 11, program it has not been necessary to include a graphics
prugram within the new program on its initial release.

The use of interactive graphics, such ,a is possiblf; -with Zhe IBMv ZZ50

and the CDC 274 cathode ray tube equipme,:,, in combination with suit-
able hardcopy or camera equipment, is by fr the most efficient type of
computer graphics operation. The term "ir, tractive graphics" implies
that th..- engineer has direct and real tiime control of the operation of a
graph:.cs program (the selection and mar kpulation of input data, programn
options, viewing angles, output data,etc.;. H.)wever, the use of inter-
active graphics in ýn engineerir..g application should be %.arefully
weighed against the cost of program development and the very high cost
c: program operation.

The use of computer graphics to checkout arbitrary-body geometry data

is well understood. However, the use of graphics in presenting flow
field data is a relatively new development. As was the case with the
geornetrv picture drawing in the beginning we should ask the question
why? Nhy do we need flow field graphics? For the geometry problem
it was to check the input abape data. Fcr the flow field data proble.n
computer graphics can be used to monitr inrermediate program output
data. The objective here would b.- to show in a graihical form the
vehicle generated shock waves, embedded flow Soun,-aries, anc. surface
streamlines.

A very simple scheme has been used in the latest v~'•sion of the Douglas
IBM 2250 Graphics Program to allow the easy additon of flow field
plotting capability. The trick used is to convert th - flow field informa-
tior• into standard geometry data formpt (complete w~th status flags, etc.).
It is then p.•ssible to submit the flow field data to the picture drawing
prograin just as though it were geometry data. The addition of a dotted
line routine x-r.der the control of the program operator helps to separate
the flow field data from the actual geometry data.
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The series of pictures shown in Figures 60 through 62 illustrate the
operation of this program. Figure 60 shows the body generated flow
field and Figure, 61 the wing field. A. side view of the vehicle flow
fielh at 50 angle of attack i1 sho-vin in Figure 62.

The flow field data recessary to cr'.,rucr these types of pictures are
generated in the flow field option of the Mark IV p:zogram and stored
on the flow field storage unit 10. The manner in which these data are
stored is described in Scetion II of Volume III. Users wishing to
modify their own graphics progi ams to produce flow field pictures
should study this Lection carefully.

The following discussioaa •nd derivations related to computer graphics
are presented in the interest of completeness and to aid n-w users of
the Arbitrary Body Prcrgrain system. Some new suggested features
for existing graphics programs are also discussed.

Picture Drawing Methods

As explained in Section III, the geometric shap-! of a vehicle is defi.nrd
by input sets of points in three-dimensional space. A grouping ,..f fo't-
surface points is used to describe a surface element. An organization
of a large number of related elements forms a bedy panel and a nu: .ber
0'1 panels describe a vehicle component. Several components are
usually used to make up the complete vehicle. The equationE required
to produce perspective drawings of the geomnetry data arc derived in
the following pa ragraphs.
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Each point on the surface is described by its coordinates in the body
reference coordinate system.

L 1
The body reference coordinate system is assumed to be a conventional
right-hanOed Cartesian systerr Zs illustrated below.

Z

Y

x/

To c.eate the perspective drawings illustrated in this report ee.ch
surface point on the body must be rotated to the desired viewing
angle and then transformed into a coordinate system in the plane
of the paper. With zero rotation angles the body coordinate sybt tm
is coircident with the fixed system in the plane of the paper.

Z
0

II(~~yaw

4) roll

X Y
x 0 pitch

The rotations of the body and its coor'!inate srstem to give a de!:rcd
vicwing angle are cpecifi.d by a yaw-pi'-ch-ioll sequence (•, e, ).
This rotation is given by che following ,'loiionship:
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X0 -X(cosOcosLb) t Y(-sinI';cos4)+sin~cosisin4)) + Z(sin4isin4O+,inOcos'jcos4O)

Y =X(cos~sinqp) + Y(cos4 cos4'+sindsinqrsinO) i-Z(-c'tisintA-sinOsinicost)

Z° =X(-sinO) + Y(cos~sinrp) + Z(cosOcos4O)

We may now use these last tw- equations to teansform a given pcint on

the body (X, Y, Z) ":i~h a specified set of rotation angles (q), ', 3) into
the plane of Zhe paper (the Yo, Zo system). With the available graphics

subroutines it now becomes a simple matter to plot these date -and .c
connect the related points with straight lines.

In the surface fit technique used in this program and described in
Reference 3 , each input element is replaced by a plane quadrilateral
surfdce element whose characteristics.are used for all s.bsequent
calculations. These characteristics include the area, cencroid, and
the -1irection cosines of the surface unit normal. The surface unit
normais may be transformed through the required rotation angles
just as was done for the individual points. The resulting value of

the component of the unit normal in the X direction (out of the plane

of the paper) may be found from the following equacion.

X0 = n (cosOcosq.:)+n (-sinpcos(ý+sinOcos~sin4)'i-n (sinoisiri@+sin~cospco~s,0)
xy z

where nx, n y, n arn the components of the surface unit normal in the

vehicle reference system.

If nx is psitive then the s'iriace element is facing the viewer. If nx
o 0

is negative the element faces away from the plane of the paper. This
result is used in the program to provide the capability of deleting most
oa those elements on a vehicle that normally could not be seen by a
viewer. The resulting picture is thus inade more realistic and confusing
elcmcnts which are on the back side of the vohicle do not appear. No
criterion is provided, however, 1,r the delet'on of those elements that
face the viewer but a-.e blocked by other body components. This may
be accomplishcd1 by a proper selection of viewing angle or by a physical
deletion of the offending section from the input data.
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The pictures generateO by the above proct.,dures are not true per-
spective pictures buW represent tb.e limiting condition where the
vie.wing 'eyeball" is positioned at infinity. That is, the picture does
not exhibit a-y foreshortening that exists when a three-dimensional
object if viewed close at hand. These types of pictures are cer-
tainly acceptable for the purpose for which they were intended - l:o check
out geometry data. However, for some app'lications it may be desirable
lio ha,.e the compiier produce true perspectLvre pictures. The procedures
rjece'jsaw-y to accomplish this are discussed bep.ow.

In p._st E.rbitrary-body picture drawing programs the picture has been
drawn in the Y-Z plane, ,itn the X-axis p'rojecting out of the picture
screen and, therefore, not affe-:ting the resulti.nF image. To obtain
a true perspective image it is necessarv to know the position oi the
imaginary eyeball (or camera .ense) reiative to the rotated position
of the s'iape. A viewing ray is assumed to exist between each point on
the shape and the eyeball. The true perfjpective image is then formed
by dcter'mining where these rays paas through a viewing pl- ne placed
parallel to the Y-Z plane and L-etween the shape and the eyeball. The
position of the viewing plane is -iot important as long as it is outside the
rotated shape. The closer the viewing plane is to the eyeball, the
smaller the perspective image. This prczess is illustrated below.

Y
A Y____

Y -

Y o

Xo Xvpln Xeye

The resulting equations for the image position of a point are as follows.

(( ) + (X (X o
P 0 (Yo - Yeye) - Xeye vpln - Xo)

Z p 0Z+ ((Zo - Zeyel /(Xo -Xeye)) *(Xvphi - Xo)
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A FORTRAN subroutine to accomplish the perspective conversion is
shown bAow. A sample picture produced by this process is shown in
Flgir' 63.

"U UBROUrTNE PERSPC
DlMt.NSION XO (4); YO(4)ZO(4)
COMMCN /PER/XO, YO, ZO, XEYE, YEYE, ZEYE, XVPLN

C DO IOOP TO CONVERT FOUR ELEMENT CORNER POINTS
TO PERSPECTIVE

DO 10 I--1,4
CORR = (XVPLN-XO(I)) / (XO(I)-XEYi.)

YOY(I) = YO(I) + (YO(I)-Y--YE) * CORR
10X(I) = ZO(I) + (ZO(I)-ZEYE) * CORR

10 CONTINUE
RETURN
END

Pasf arbitrary-body graphics programs have drawn each element
separately. That is, each element was drawn independently by the
graphics device. This meant that the common Ene between adjacent
elements was dra.mn twice. This did not present a problem on hard
copy devices such as the S--4060 or CALCOMP. However, on some
machines such as the IBM 2250 it may not be possible to get all ele-
rients of a vehicle shape drawn on the screen at one time because of
machine vector storage limitations. However, a method has been
worked out to avoid this duplicate drawing of lines between adjacent
elements and some users may wish to modify th'eir existing programs
accordingly. The procedure used is quite simple and involves the use
of information already available in the geometry analysis part of most
arbitrary-body programs. Thc. basic method of idetntifying the points
of an element (and also of drawing the element in the graphics pro-
gram) involves a clockwise ndmbering of the points as shown below.

I 4 •

A single panel containing sevetral ele-nents i3 described below. The
left figures shows the element-, as they were originally drawn by the
program. The right figure illust-atf.s the lines that are used in
drawing the same elemecps in t-e new version of the program.

1=3 1 ][Ii _ _

L=2 I=2

N=I N=2 N=3 N=1 N=2 N= 3

21 0
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Fig' e 63. True Perspective with Arbitrary-Body Picture
Drawing Program.
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Each vertical column of elmrnents is identified by the parameter N. The
element number in a given colunn is identified by the paramuieter 1. Both
of these parameters are available in the part of the program that
generates the qua'rilaterals from the input data.

In the diagram at the right note that line 1 -2 for each element .s drawn
only when N= i. Line 23 is drawn for all values of N and I, as is line
3-4. Line 4-1 is dra,-n for I= 1 only. It would be a simple matter to
store the N and I pararr.n:ers in the bead along with the Y-Z values,
and to check thcse values in the DISPLAY routine to Cetermine which
lines are to be drawn.

The above procedure will avoid the duplication of line diawing within a
given section of a vehicle (until the next STATUS=2 is reached). Adjacent
vehicle sections will still have some duplication of lines at the section
edges. However, it ;.s not worth the effort to try to develop a scheme to
avoid this.

Application of the above scheme of checking on the N and I parameters
will also, at tii.'es, leave a line undrawn that we actually would like to
have in place. This occurs at the edges of pictures as is illustrated for
a single cross-section of elements in the diagram below.

I . "
I 5r

5

!t 4r

1 3 r

" 2 .2r

In the above drawing the subscript r is used to indicate a reflecte,i
element due to shape symmetry. Elements 1, 2 and 1 r through 51
are not drawn because they do not face the viewer. Note that one side
of eicrnent 3 %vill not he drawn ,us inp thz N and I parameter checks
alone) since side 4-1 would normr:lly be drawn if element 2 faced the
viewer. Sid, 4-1 of element 6 r is not driAwn for the same reason.
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The above situation can be cor':ected by introducing two new flags to
supplement the N-I parameter checks. These two flags (IN and INR in
our program) are used to indicate when the preceding element on that
same side vo4 the vehicle was not drawn because it did not face the
viewer. Ea:h time Ln input element is drawn the IN parameter is
set to zero. If it is not drawn because it does not face the viewer
(NXO. LE. 0.0) tlen it is set to 1. Elements on the reflected side of
th- synmmetty plane are handled in the same manner with the INR flag.
A third flag, IFLAG is used to indicate when we are on the input
element side (IFLAG=0) and when we are on the reflected side
(IFLAC-= 1). The complete checking procedure for the above situations
is as follows.

Draw line 1-2 when
N= I or
IFLAG = 0 and IN = 1 or
IFLAG = I and INR = 1

Draw line 4-1 when
I = I or
IFLAG= 0 and IN = I or
IFLAG I and INR = I

Draw lines Z-3 and 3-4 for all conditions

The preceding checkirg procedure will produce complete pictures with 4
a minimuim amount of line duplication for most vehicle shapes. However,
there is still another situation that has not been handled by these checks.
This duplication is shown in the drawing below.

-7

I .

2

16

This situation has not been corrected as yet in the Douglas program.
The solution involves the addition of yet another set of flags similar in
concept to the IN and INR flags. Only this time, the flags will have
to be subscripted arrays. The procedure essentially involves a check
to see if the last element that Lad the sarre value if I was drawn or not.

For example, in the drawing above, if element I was not drawn then
side 1 -2 of element 5 must be drawn. The same applies to elements
2-6, 3-7, and 4-8.
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