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PREFACL

The inherent incffectivendss of tactical dive bombing 1in Southeas?

Asia (SEA) against mobile targe's on the North Vietnamese resuppay route
(Ho Chi Minh Trail) 1ed the U.S. Air Force to develop and eniploy the
AC-130 gunship. A leading engineer in the development, test, evaluation,
deployment and modificatior phases of the AC-130 was Dr. Richard E.
Willes, now President of Kesearch, Analysis, Developmeny, Inc., of
Coloradc Springs, Colorado. While :n SEA, Dr. Willes solved the problem
of determining the nominal n1ring orbit for a gunship operating 1n a consiarnt
wind and conceived the 1dea for an nnplicit fire control system, one :in
which the fire control problem is solved implicitly by mictching the ballistic
drop of the projectiles to the change 1n pylon elevation o the wing, thus
avoiding the expense and complexity of sophisticated avionics.

Since August,1972,the project has been spunsored by the Department of
Aeronautics, US Air Force Acade:mny, under the supervisicn cf 1t Col Tom
J. Forster. The study was completed in July, 1973. Major contributors to
its progress are Major Duane M. Dawvis and Cadets Glen Strain, Robert

Fraser, Jo:: hecice, a... T
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GUNSHTE FIRING ORBIT IN THF PRESFNCE OF WIND

Introduction

A punsbp flie. a ¢losed orbit around a target in the presence of wind
as shown in Figure 1-3, The linc of sight (.O8), pylou poiat. gun line,and
associated angles are depicted in Figure 1-2, The aircraft altitude and
true airspeed arc heid constant and the wing {s puinted at the pylon point,

The first step in the analysis oi thie gunship orbit is to describe the
orbit analytically. This ¢ escription was made by Willes and ¥raser,

Kinematics of the Firing Orbit

The aircraft velocity with respect to the target is depicted in Figure

1-1.

(1.2.1) V. = V 4V,

where

| v | = constant = v,

<
0]

constant |

The position vector is expressed as

1,2 =
(1, 2,2) r r -irh

v

where

rv = constant.

As the gunship fire’ to the side (wing points at the pylon point),

(1.2.3) T \_fé =0

lwiues, R. E. and C, C, Fraser. A Gupshjp Fire Control in the
Presence of Wind, Rescarch Tech Note, Department of Acronautics,
USA} Academy, CO, 1972,

7
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and
(2.4 S G ov) =% v 4V, =0
o dt " hoab " h Ja h e
where
V. = a

a

ja the acceleration p.rovided by the wing 1ift in the turn su that ry, and a are

opposed (sce Figure 1-2), Tnen it must forlow that

(1.2.5) rthd = 0.

The angular momeatum per unit mase of the horizontal orbit is given
by

(1.2.0) ﬂ

"
[

x V

which by equation (2. ' 1) becoines

H
"
»
<
+
<

(v2.m 1

In scalar form. equation (1,2, 7) gives

(1.2, 8) 1l = r Va sin T/2 + r

b VW sin 4

h

where B is the angle from ry to V.

—

The above expression is rearranged to give

H v
(1.2.9) v ° rh“* vﬁ sin 8)
a a

which is the equation of an ellipse with eccentricity,

VN
(1.2.10) € = ¢~
a

——— .L,.‘_A.._LA_A— Sl e ctrrectin,




provided 1 can Le shown to be constant and B is the complement of the
true anomaly.
Y

Irom (1,2, 7)

1

—_ h

4
-

But
Lo v
and from equaltion (1, 2. 2)

r o= ir, = V.,
z "h £ -

Hence
. /wn .
o= ya¥ir eV,
= r, xa = 0
h ™ —

as a result of equation (1,2,5). Thus, 1l is constant,ard equation (1.2,9)

is ai cilipse and may Le expreoseed in the usual forn.
l)
(1.2, 11 r = e
* ) 1t 1+ ¢€cos f

where P is the semilatus rectum, ¢ is the eccentricity, and f is the true

anomaly measured from the perigee positior . From equation (1, 2,9)

/v
r, - a
h Vw
14 v ein B
a
It is evident that
P = H/v
a
\Y
€ = w2
v
a

- - - AA_A y
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and sin B = cos f, This last correspundence requires that the wind vecter
be positioned perpendicular to the major axis of the ellipse so that 8 and {
are complementary. See Figure 1-3 for the elliptical firing orbit in the
presence of a constant wind,
Summary of Orbit Analysis
It has been shown that for an aircraft flying at constant altitude and
true airspeed in a constant wind environment,the firing orbit is an ellipse

with the target located at a focal point:

_ P
(1.3.1) ™ T T+ € cos {
where P = I—I/Va
H = Iﬂlxlg
€ = VW/Va

and VW is in the direction of the minor axis,

10
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Section 2

VARIATION OF PYLON ALTITUDE

Introduction
The basis ol an implicit gunship fire contsol scheme is first a repeat-
able closed orbit (determined in Section 1), second a variation in the pylon
altitude as the aircraft moves around t..e orbit, and third the matching of
i the ballistic drop to the change in pylon altitude,

1
. The work in this section was performed by Willes and Fraser in 1972,

Variation of Pylon Altitude

For constant altitude it is required that
l‘ L cos ¢ = mg
L in the horizontal direction

L gin® = ma

thus

(2.2.1) a = gtan ¢ = {’a .

Pointing the wing at the pylon point over the target requires

d
2 — - =
(2.2.2) T (rh Va) 0
which results in
[J - a
rhVa = Va {1+ €cos {)

but

T so that

1Willes, R. E. and C. D. Fraser. A Gupship Fire Conirol in the
Presense of Wipd. Research Tech Note, Department of Aeronautics,

USAF Academy, CO, 1972.

V. = a = gtan®

11 e
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3
Va (1 + € cos {)

{2,2.3) tan 9 =
T, 8

and the pylon altitude is given by

v 3
' = = a_
(2.2.4) r, r, tan ® g (1 + € cos 1)

which is seen to vary with the true anomaly according to

dr ! -V
:2. 2. 5 v - a sin f
\ ) af g \ .

This is the rate of change of pylon altitude that will eventually specify the

choice of gun for the system,

12
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Secticn 3

STABILITY OF THE FIRING ORBIT

Introduction

An orbit is considered stable if when the aircraft is pert:rbed off orbit
the act of rcpositioning the line of sight on target will bring the gunship
back into the nominal elliptical orbit, In short, if off orbit by an amount
Arh with LOS off target as shown in Figure 3.1, and then the LOS is
repositioned on target, -f the change in radius of curvature is less than
Arh, the aircraft will rejoin the nominal orbit at a later time, Thus the
criterion for stability is

dr _
—_—

drh

(3.1.1) <1

.

Criterion for Orbit Stability

The radius of curvature for an ellipse is given by

=TT fcosf)s [1+2€cosf+€2]3/2 .

(3.2. 1) r.

The bank angle is given by equation (2. 2. 3)

VS
tan®='a(l+€cosf)
g r

h

which is used with (3, 2, 1) to obtain the change in radius of curvature

caused by a change in the angle of bank:

dr v e 3/2
a

c _ (1 +2¢€cosfte€?)
(3.2.2) g5 = - g 8in2 ¢ 1 +¢€cosf

From Figure 1.2 it 18 seen that

(3.2.2a) = r cot(9+90),

Th

13
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Thus

drh

r
(3.2.3) 33 = - I (Fee]

Combine equations (3.2, 2} and (3, 2, 3) with (2,2, 2}) and trigonoinetric

identities to obtain

dr

C
(3.2.4) drr

(1 +2€cosf+(a)3/2 5in 2 (¢ + 0)
(1 + € cos {57 sin 2 ¥

The criterion for firing orbit stability becomes

2 € cos f+(3)3/2

. (1 +
sin 2 (®+98) < (1 + €cosf)*

sin 2 ¢

which constrains the choice of LOS depression angle, 0, to

(1 + € cos f)?

(3.2.5) 6>#sin" ! g7y ein(n-20)]-9 .
)

(1 +€cos f+¢€?
Note that for zero wind the orbit is circular and
6 >qm/2-29 .

Discussion of Orbit Characteristics {
In Eection 1 it was shown that the firing orbit is characterized by
constant angular momentum so that the velocity distribution around the
orbit is Keplerian, Thisfact means that the angle of bank must be greatest
at perigee where the radius of curvature is least, and it must be least at
apogee where radius of curvature is largest,
Gunship pilot experience indicates that angles of bank in excess of
25% or 30° are not suitable for firing, so that g)max - 25°% is an appropriate

choice for exploring typical stable orbits. Figures 3.2 through 3-6 depict

14
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the two classes of stable orbits that result from equaticne (3, 2.5), (3.2.2a),

{2.2,3) for typical eccentricities, An altitude/airspeed combination chosen
sc that it does not fall on one of the stable orbits results in instability. In
this case the act of repositioning the LOS on target when perturbed will

result in driving the gunship further out of orbit.

- 15
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Section 4

BALLISTIC SOLUTION

introduction

The change in tallistic drop must be matched to the change in pylon
aliitude to make the fire control systein implicit. First it is necessary to
obtain ar analytical solution for the ballistic trajectory. R, E, Willes outlined
this work, which Major Duane Davis and I performed in 1972, Finally, 1

completely reworked it as a final check on accuracy.

The Ballistic Equations and Solution

The first order ballistic equations in dimensional form (the prime

denotes a dimensional quantity) are

T o= v
(4.2. 1} .
Vv
1
],\'"=- “p * Vi =2 4
-— em'p’ a V"a £

where the air density is approximated by

e-ﬂh'

(4.2,2) 8 =P,

= atmospheric scale height

=

= altitude above mean sea level

=
i}

P, = sea level density,

Equations (4.2.1) are solved using the method of asymptotic expansions.

The full sclution procedure is quite lengthy, but straightforward, The

steps are cutlined belcw:

16



1. Write the =2quaticns in non:*71:neicne. Z2rm.

2. Transform from time to range as the independent va. iadle.
3. Introduce series expansicns accoxing to
N Z e. vy Lz e er Sy ..
- - i 17 iy 1)
v =iy vy ZL e e v B .
- - i 1M ij vy
(4.2.3) §
t =t et Mzt By
FRS iy 13
¢ dt “1
S e— = V
Lt dr) !
where the € are given by
_Gl =8P ---- P = aerodynamic penetra*tion di. .nce
\7’
€3 = =2 --.. reference wind/initial projectile velocity
2 -v“‘()
(4.2.4) § €5 = "Dy . 2 (—-CD) fractional chan;: in . ‘ag
.2, 3 T T T OE - - ¢ -
CDo b CDo co:fficient with altitude
€4 = CDV £ D (—-EP-) fractional charge in drag
4 = 'C""‘ - 12 -———— 3
Do oV “Do coefficient with velocity
2mg°
Cp, AR,
€g = ~ 7y —— ---- ratio of gravitational acceleration
- Y to aeroGynamic deceleration.

4, Substitute the expansions (4.2, 3) into the rondimensionz. equations.

Eey

e-€1h

V= -Ch

Vag + € g




and collect terms in powers of the €. A hierarchy of differcatial of equations

are generated as shown helow:

(4.2.5)

zeroth

(o]

{4.2.6)

first
order

((il);

.

)

—

L

=

:(0)

3

',(0)

vie)

&1(”

(1)

N
_Ys(l)

-1
- v,(°’

. vl y (ot

= - (_V-(O) . X(O))tl"(o) v‘(o)-l.

vy (D) o)

‘ -3
- Vu(l) \:1\0)

t .-
R Vw“) Vx(o’ :

-1 .
.Yl“) VI(O') . X(O) Vx(l) Vx‘(o) 3
! !

vsl1) v,("') N O RVHEY \,i(o)-a

Lo X(°))b(1(°)' v ylory ot yle), ylo)
Dy (077 yloly, (y ()72 [y yloly to) 7ty
TR CUSL RV O G CR IR O ) V)4

(Vo). yloh &y (g (o)™
1

X(O)Vu( I)Vx(o)-a + .wil(o)- 1] }
)
I

t a
L (o). WOl B (lody (1)) ylody ()™h  ylo), ylo))

L vl Dy (07 L lody (g (00 2y |y (o)

18
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Solve the zereoth crder equations for the specified initial conditions,

The results are

o) Vo' Vio™ (xy - r10)
t =t +V ~1e - 1]
[$ o
r (o) _ . . _
1 = independent variable = r;
ra(O) = 1'20+sz Vlo’l(rl - ryp)

(4.2.7 1 189 = a0 4 Vae Vieo? (ry - r10)

Vo(o’ Vie ! (ry - rp)

Vl(o) = V1o C-
(o) "VO(O) Vio™! (r1 - rio)
AL = Vao e
(o) -Vo(o) Vie™? {r1 - ryp)
_Vs = Vao e
U | - - _ &
where Vo‘n) = Vst Vot V9"
and
[
tQ 0
T30 0
rjo 0
(4, 2.8) =
V ]
Vi ) - —T—r“ sin f cos Yy
o
Vot
w . .
Vao ¥ T sin f sin )
o
v '
V3o - —‘;L,- cos
o
19
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Refer to Figure 4-1 for the coordinate system.
Solve the {irst order equations, using the zercth order solution as
neceasary. The method used for this solution is the transitional matrix

2
method, (2)

which is just a method of characteristics formalized for
systems with large numbers of state variables. Jn short, if a vector state

is described by
ko= f(n)+k

where k is the forcing function and the initiai state x{o) is known, then the

solution is

RIS
x(r1) = $iri. o) x(rio) + ] Pira. Dkin)dr
T
where d(li‘x @ (ri, rwo) = f(r;) @(1‘1. ri)
and @(rm, ri) 1 ---- the identity matrix |,

The first order bailistic terms (noandimensional) are:

t,M hy (1-#(e™ ™ 4+ e™ ]+ siny [1 - (dry+3) e Thtef?]

tg(l) = 2 le (r1 +1 - erl)

(4.2.9) ta(l) = - ginyY [l -(8r, +%) e’“-k e“;;
A T Tk I Y O
to'? = gy (1 -r1) - 1]




r’x(” -0 Vxl(l) = (h,ra4 g r? siny) ¢ "}
ra Vs v, n,? v, = av, 1-eTY
2 wa 12 A
1 . -
raa( Y < o an(l) = - sinye "}
ra‘“) =0 V14(” = ¢ T (ry -1+ e ™Y
1 . {1 -
rss( ). gale tory-1) sz\ b - Fgrie t-e Y
(n _ (0 (n . ( _
rg =0 vl e v e v B e o
(1) _ 2 (1) _ -Ty
1'32 = B sz r1 V32 = V“a(l -e \
I r 1 =
"33( ) L 0 \35( ) . # 2o (el e Ty
(1) _ (1y _ (1 _ (1y _
=0 v = ey e o
1 1 -
ras( Y. B3 (crl- r; -1) V"‘a( ). sz (1-e 1'1)

v (M _ b gs (e¥i- e Ty,

Substitute (4, 2, 7) with initial conditions (4, 2. 8) and the first order
terms (4. 2. 9) into the basic series ey»pansions, cquation (4.2, 3), to obtain

the ballistic solution to first order in ¢

t = t(o) + € {ho[l -ﬁ,(e-rl 1 erl)] tsiny {1 -(2r;+3) e} i‘erl]]+

€, (ZVWI)(rl t1-e Y esiny[1-(dry+¥)e TP defly 4

CalB(1-e ™) o (e m et ep gy (e (1 - 1) - 1]

21
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rg = %’- Vo T174 ¢g g,(erl -ry - 1) 4 rg(o)

]
€ 3 r (o)
rsg = 'za' Vwa r,° + cg ga (¢ -1y ~ 1)+ r,
V; = € e 51 (ho ry1 4 3 r;? siny) s €q Zle (1 - e-r1)

S (B P ainye Tl a e T (ry - 14 e Ty 4 v

Vo = gV (1-e™)+es B2 (T - eTTY 4 V!0
23
Vs =63 Vg, (1-eT) tes B (e eTTh 4 0o

Adequacy of the First Order Solution

To verify that the above {first order approximation to the ballistic
equations is sufficient for the task at hand, a compiete numerical solution
of the ballistic equations was made on a digital computer and the two solu-
tions were comparced for flight times typical of gunship ballistic trajectories,
The results were very favorable, with the approximate solution providing
ninety-five percent accuracy or better in typical wind environments,

The verification of the accuracy of the first ordes solution was the

work of Cadet Glea C. Strain as advised by Major Duane Davis.

22




Section 5

BALLISTIC MATCHING

Introduction
In March 1973 1 outlined the procedure for balliatic matching for a
student project which I amn presently supervising, Itis a tedious task, and
it is (rogressing slowly, 7The basic procedure is outlined below.  Current
status of the investigation is also discussed.
Schemie for Matching
Refer to Figure 4.1, It is apparent that the ballistic drop at the firing

point is
(5.2.1) r, = T3 cos Yy

while from Section 2, equation (2. 2, 4) gives the pylon altitude as

va
(5.2.2) r ' = : (1 + ¢ cus{).

It is desired to match the change in ry to the change in r,' as the gunship
flies the elliptical orbit, i,e., as the true anomaly changes, Hence, the

matching criterion is

dr ! dr
(5.2.3) - —=p— = -3p-

Recall that as the bank angle decreases from perigee to apugee, the

value of r ' decreases, and because of the increased slant range the ballistic
v

drop must increase, This fact accounts for the minus sign.
: e dry, dr,’
The task at hand is to calculate the derivatives ar and - -

The dinmensional solution for Ty is

23




V 2s8in{ siny cosy p
7V S P! r131“(—"'-V )% g cosy (e
n m

rl/l)l

(5.2.4) _ _rﬁ_l‘_ -1 %

where P' is the aerodynamic penetration and

vy = [rthrrvz]é cos (6 -A) = rcos{(b-A)

(Refer to Figured-l1),
As the true anomaly varies, the bailistic drop changes according to

dr
(5.7.5) -a—f-lz = Ky [r® {cos f sinY cosy + K, ein? f (cos?®y - sin?y)} +

2
Zrh(

s el SR .3
1 +ecosft 8in® f cos y] +

th € sin f

rcos (6 - X\)/P!
Ks [r(l+€c.os£) le - 11]
where
2

Ko . Vo  cos? (6 -1}
BT VA 2P’

m

-2V 3
Ky = —é——P—a—- € cos® ¢ (P is the semilatus rectum)

Ky = -VP:-? g cosy cos (0 - A},
m

It was developed in Section 2 that the pylon altitude changes along the

orbit according to

dr , Vag
5.2,6 = - «=— 8inf{
( ) af g AN

so that the task of matching bhallistic trajectory characteristics to aircraft
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orbit is simply that of substituting equations (5.2, 5) and (5. 2. 6} into
(5.2.3), Essentially this substituting places a constraint on the gun muzzle {

velocity, which is

(5.2.7) v_2 = [BE€<982(0-A) s

m 3P {cotf siny cosy + K3 sin f

Zr, €s8inf cosvy i
h ]+ :
1 +¢cost

(cos?®¥ - sin? vy} ]} +

r, € sinf

P' g2 cos (& - A)
\ Cos)’[r—(l+(cosf) (e

r cos (0 - )\)/P'_

1].

It is ebserved that ¢, ¥, K, and r, are all functions of the true

ancmaly, so that

Vm = Vm {£} .

Thus the matching requirement is for a variable muzzle velocity, which
is impractical,
Current Status of Praject

It is most likely that the muzzle velocity is a weak function of the true
anomaly, and that a mean value can be chosen (for f = 7/2) which will give
acceptable firing accuracies at the orbit extremes, perigee, and apogee.
The current investigation selects typical stable firing orbit parameters
(altitude, truc airspeed, wind velocities,and max bank angle) and calculates
the corresponding muzzle velocity for several points in the firing orbit,
This procedure will identify on-the-shelf weapons that are useable for
designated stable orbits and will establish the allowable pcsitions in orbit

for firing with a specified accuracy. In short, it will establish the feasibility

or infeasibility of the proposed systim.
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