AD-776 218
THE UTILIZATION OF DATA MEASUREMENT
RESIDUALS FOR ADAPTIVE KALMAN FILTERING
Vincent J. Aidala, et al

Naval Underwater Systems Center
Newport, Rhode Island

8 February 1974

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151




o

11}
L a0 . ate o AYRILAGILITY CODES

e e

WL astve SPECIAL |

A ]

PREFACE

This investigation was conducted under NUSC
Project No. A-451-03, 'Advanced Statistical Estima-
tion Techniques and Applications, ' Principal Investi-
gator — John S. Davis (Code SB123), and under
Navy Subproject and Task No. ORD-34B-013/091-1/
UF304-407, Program Manager — D, C. Horan
(ORD-034B3).

The authors wish to express their appreciation
to Gerald M. Hill (Head, Systems Analysis Division)
and Dr. Daniel J. Murphy (Professor of Electrical
Engineering, Southeastern Massachusetts University
— Consultant) for their helpful advice and comments.
Dr. Murphy also served as Technical Reviewer for

. this report,
- ~<igd
: A D; REVIEWED AND APPROVED: 8 February 1974

Zé/zi Ml

C. A. Spero, §Jr.
Director, Systems Development

The authors of this report are located at the
Newport Laboratory, Naval Underwater Systems
Center, Newport, Rhode Island 02840,



UNC LASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered) AD 77

REPORT DOCUMENTATION PAGE BEFORE COMPLETING PORM
NUM 7. GOVY ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER |
TR 4502
4. TITLE (and Subtitle) 5. TYPE OF REPORY & PERIOD COVERED

THE UTILIZATION OF DATA MEASUREMENT
RESIDUALS FOR ADAPTIVE KALMAN FILTERING

6. PERFORMING ORG. REPORYT NUMBER

7. AUTHOR(s) ® CONTAACT OR GRANT NUMBER(s)

Vincent J. Aidala

[T MONITORING AGENCY NAME & AEEuium dittorent from Conteciling Otltice) | 18. SECURITY CLASS. (of thie repert)

John S. Davis

9. PERFORMING ORGANIZATION NAME AND ADDRESS 0. PROGAAM ELEMENT. PROJECT, TASK
Naval Underwater Systems Center ANERTS SOUEIUNIT MimEnNe
Newport Laboratory ORD-34B-013/091-1/UF304-
Newport, Rhode Island 02840 407

11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORYT DATE
Naval Ordnance Systems Command (ORD-034B) 5 fuffzr:fm:‘f“
Washington, D. C. 32

UNCLASSIFIED
meomno
scHEouLe

[16. DISTRIGUTION STATEMENT (of this Report)
Approved for public release; distribution unlimited.

17. OISTRIBUTION STATEMENT (of the sbstract entered in Block 20, I dilferent from Repert)

10. SUPPLEMENTARY NOTES

Presented at the 1973 IEEE International Conference on Engineering in the Ocean
Environment (Ocean '73), Seattle, Washington

19. KEY WORDS (Centinue on reverse aide Il necossary and identily by bleck number)

Reproduced by
NATIONAL TECHNICAL
INFORMATION SERVICE

U S Department of Commerce
Springfield VA 22151

20. ABSYRACY (Cotinue en reverse side Il necessary and idontify By blech number)

In recent years, the Kalman filter has been utilized extensively for passive target
motion analysis (TMA) — an application in which filter divergence is a common
problem. Available methods for eliminating divergence ultimately involve increas-
ing filter seasitivity by discounting the influence of past data. However, this pro-
cedure makes the filter more susceptible to random errors; therefore, to avoid un-
necessary sacrificing of noise performance, adaptive control is required. In this
report, the Kalman fil re derived and the associated data measure-

lding adaptive /i

asl (e -
-
DD ,\ons 1473  eoimion oF 1 wov es i ossopete
, (] SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)



_UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Dale Rntered)

20. ABSTRACT (Cont'd)

control. An important relationship between the system performance index and
the data residuals is established. By exploiting this relationship, pertinent
statistical properties of the performance index are deduced and utilized as a
basis for formulating practical adaptive control criteria. A simulation example
is presented to demonstrate divergence (e.g., tracking of a maneuvering tar-
get) and significant improvement in performance is noted when adaptive control
is appended.

1.

UNC LASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Date Fntered)




TABLE OF CONTENTS

INTRODUCTION.........I.........00...0.
DERIVATION OF THE KALMAN FILTER EQUATIONS ... .
Descriptionof the System. « « « « ¢ ¢ ¢ ¢ ¢ 0 060 0000
Development of the Filter Equations . « ¢« ¢ « ¢ o ¢ ¢ o &

ANALYSIS OF THE KALMAN FILTER DATA MEASUREMENT

RESIDUAIS....O‘.I..............Ol.. 11
Representation of the Performance Index in Terms of
Reslduals....‘..."....O.....ll.. 11
Statistical Properties of the Residuals . « « ¢ ¢ ¢ ¢ s ¢ ¢ « » 16
SIMUIATDNRESULTSOOOOOOO..........l..... 21
CONC LUSIONS AND RECOMMENDATIONS FOR FUTURE WORK . 27
REFERENCES'.....O.l’.....l......l...l. 28
LIST OF ILLUSTRATIONS
Figure Page
1 Target-OwnshipGeometry...................... 22
2 Target Range Error vs Time (Non-Adaptive Kalman Filter) . . . . 28
3 Target Course Error vs Time (Non-Adaptive Kalman Filter) . . . 28
4 Target Speed Error vs Time (Non-Adaptive Kalman Filter) . . . . 23
5 Performance Index vs Time (Non-Adaptive Kalman Filter) ... . 24
6 Modified Performance index vs Time (Non-Adaptive
mm‘nFuter)....0............O........ 24
7 Target Rangé Error vs Time (Adaptive Kalman Filter) ...... 25
8 Target Course Error v8 Time (Adaptive Kalman Filter) . . . . . . 26
9 Target Speed Error vs Time (Adaptive Kalman Filter). . . « . . . 25
10 Performance Index vs Time (Adaptive Kalman Filter) . « ¢ v « « . 26
11 Modified Performance Index vs Time (Adaptive Kalman
nltet)......l‘..l.............0...... 26
I,
i/
Reverse Blank

TR 4502

Page

L -



TR 4502

THE UTILIZATION OF DATA MEASUREMENT RESIDUALS
FOR ADAPTIVE KALMAN FILTERING

INTRODUCTION

In recent years, the Kalman filter and other recursive estimation schemes
have been utilized extensively for target motion analysis (TMA). Unfortunately,
in these applications, a common problem known as filter divergence is often
encountered. Divergence occurs when the calculated error covariance becomes
inconsistent with the actual error covariance. Although there are many possi-
ble causes for divergence, a common source is system modelling errors. This
is particularly true in TMA work where practical limitations preclude "exact"
modelling of the actual target dynamics.

Various methods have been suggested to prevent the growth of modelling
errors; fixed memory filters, fading memory filters, and/or injecting artificial
plant noise into the system are but a few. A common feature of these methods
is that they all attempt to prevent divergence by discounting the influence of
past data. While this effectively increases filter response, it also makes the
filter more susceptible to random errors. Consequently, to prevent unnec-
essary sacrificing of noise performance, adaptive control is required.

The need for adaptively controlled filters has provided impetus for the
development of numerous "modified" Kalman filtering schemes. 1-4 In all these
schemes the adaptive control mechanism is a function of the Kalman filter data
measurement residuals, This might be expected since data residuals provide
the only consistently reliable basis for assessing solution quality and detecting
the onset of divergence. However, it is unfortunate that the importance and
practical utility of residuals, particularly in the context of adaptive filtering,
have not been adequately stressed. In fact, there is a paucity of technical
literature devoted to this subject.

This report analyzes the Kalman filter and its associated data measure-
ment residuals. By utilizing the classical methcd of least squares, a deriva-
tion of the well known filter equations is presented. Although this particular
approach is somewhat unorthodox, it is nevertheless appealing since ancillary
mathematical formulas that are later needed for analyzing the residuals emerge
naturally. Following this, an important relationship between the system per-
formance index and the data measurement residuals is developed and then used
to demonstrate the suitability of residuals for providing adaptive control and
on-line assessment of solution quality. In addition, pertinent statistical prop-
erties of the residuals and performance index are deduced and utilized to es-
tablish a basis for formulating practical adaptive control criteria. Finally, a
simulation example which demonstrates filter divergence (e.g., tracking of a
maneuvering target) is presented.
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DERIVATION OF THE KALMAN FILTER EQUATIONS

DESCRIPTION OF THE SYSTEM

Consider a physical system which can be described mathematically by a
set of linear stochastic vector difference equations of the form

X(k+1) = A(k+1,k)X(K) + BR)W(K), (1-a)

Z(k+1) = Hk+1)X(k+1) + V(k+1), k=0,1,2,3,..., (1-b)
where

X(k) - p-dimensional vector which statistically describes the system

states at time Ty,

A(k+1,Kk) - (pxp) deterministic one-step transiti tor the system,

B(k) - (pxp) deterministic matrix own form,
Wk - g-dimensional vector of stochastic inputs,
Z(k+1) - m-dimensional vector of noisy data measurements taken at
time T, .,
k+1
H(k+1) - (mxp) deterministic measurement matrix,
V(k+1) - m-dimensional vector of additive measurement noise,

The pertinent statistics associated with this system are as follows:

E{X(0} = X(0,0) (2-2)
E{Wk} = W (k,0) (2-b)
Ejvit =0 (2-¢)
EJ[X(0) - X(0, 0)][X(0) - X(0,0] } = P(0) 2-d)
E{W0) - W, 01 () - Wk,0)] f = 6,00 @2-e)
E{YOY (o f = 6, R0 @-1
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E{(X(0) - X(0, 0IW(k) - W(k,0)] } =0 (2-g)
E{[(X(0) - X(0,0)]V ()} = 0 (2-h)
EJW0) - WO, 01V ( f = 0 @-
where 1j=k
!
o j#k (2-))

and E* 0‘ denotes the statistical expectation operator.

As is well known (e.g., Saged), thc formal solution to equation (1-a) is
given by
k-1
Xk = Ak, 0)X(0) + F Ak, J+1)B(HW (), k=1,2,..., 3)
=0

which readily reveals the statistical nature of X(k) through its functional
dependence on the random vectors X(0),W(0),W(1),...W(k-1). Consequently,
estimates of X(k) are all that can be determined. In the absence of additional
information it is evident that the optimal estimate of X(k) is its a priori
mean value, defined by

k-1
E{ XM = X(k,0) = Ak, 0)X(0,0) + 3, Ack, J+1)BAW(, 0). “)
j=0

It should be noted that this equation provides an a priori description of ex-
pected system behavior. Suppose, however, that further information about

the system states is provided in the form of discrete data measurements

Z(k) which are linearly related to X(k) by equation (1-b). If such information
isproperlyutilized, it is reasonable to expect that better estimates of X(k)

will result. Numerous techniques exist for extracting such estimates from
measured data. One of the most powerful iz the Kalman filter which will now

be derived.
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DEVELOPMENT OF THE FILTER EQUATIONS

To analyze the system previously described, assume that n data measure-
ments Z(1),Z(2),...Z(n) are available. The problem at hand is to determine
an optimal estimate of the current state vector X(n) from these measure-
ments and the a priori information. Here, the criteria for optimality will be
defined so that the resulting estimates best fit the measured data while simul-
taneously minimizing deviations from a priori expected system behavior.

For convenience, the following notation will be employed:

X(k,n) = optimal estimate of X(k) based on n data measurements,
W(k,n) = optimal estimate of W(k) based on n data measurements.

It can be seen that equation (4), which defines X (k,0), is consistent with this
notation since the a priori mean value of X(k) represents the optimal esti-
mate of this vector when no data measurements are available. Finally, to

ensure that all estimates satisfy the general system equations, the following

constraints are imposed:
X(k+1,n) = A(k+1,k)X(k,n) + B(k\W(k,n) , k=0,1,2,...n-1) . (5)

To complete a mathematical formulation of the problem, it is necessary to
define a system performance index J(n). To this end, let

Jm) = 1/2[X(0,n) - X(0,0)] P~ (0)[X(0,n) - X(0, 0)]

n-1
+1/2 1—26 Wa,n) - W(1,0]' Q 1@, n) - W(,0)]

n
+1/2 lz_:l [Z(1) - KOXA,m] Rz - HOXA, )] . (6)

It might be noted that J(n) is a weighted quality measure of the estimation
process based upon the optimality criteria employed. The first two terms in
equation (6) account for deviations from expected system behavior, and the

last term accounts for cumulative data-fit errors. Because of the way J(n)
isdefined, it is reasonable to expect that this quantity, or some function thereof,
will provide a suitable basis for assessing solution quality on-line. This point
is explored further in the next section,
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An optimsal estimate X(n,n) of the current state vector X(n) may now be
obtained by minimizing J(n) subject to the constraints imposed by equation (5).
However, if equation (3) is utilized, these corstraints may be rewritten in the

equivalent format

-1
X(k,n) = Ak, 0)X(0,n) + 't A(k,J+1)B()W(,n), k=1,2,...n, )
j=0

which reveals that J(n) 1safunctionof n+l independent vectors X(0,n),W(0,n),
wW(,n),...W(n-1,n). Consequently, the minimization of J(n) will require

that

M )
3X(0, n) 0% (8-8)
dJ(n -

OW(k n) o ’ k = 001029 ) (n-l) ™ (s-b)

Performing the operations indicated by equations (8) yields

n L ] =
P L(0)[X(0,n) - X(0,0)] =;;l A'LoH ORImZn - HOXA, 0], (9-8)

_¥ oxa.n
Q" sorwk,n) - Wik, 0] H ORI 0 20 - HOXA,0],
n Z_Iomr—_ (20 - HOX(,n)]

k=0,1,2,...(n-1) . (9-b)

By taking the transpose of equation (7), replacing the index k with 1, and
differentiating the result with respect to W(k,n), it follows that

dX (1,n) 0 1< (k+1)
— T ] ]
SW(k,n) | B (kA (,k+1) 12(k+1) * (10)

Hence, equation (9-b) reduces to

QL kyWek,n) - Wik, 0)] = B' (k) le 1 A'0,k+1)H ORIz - HOXA, 0],
=k+

k=0,1,2,...(n-1), (11)
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The determination of X(n,n) first requires that equations (9-a) and (11),
or their equivalent, be solved for the unknown vectors X(0,n), W(0,n),W(1,n),
w(,n),...Wn-1,n). To this end, it proves convenient to introduce an auxiliary
vector S(k,n) according to the formula

B (kA (k, k+1)S(k,n) = Q L)Wk, n) - Wk, 0)] , k=0,1,2,...(n-1), 12)

Substituting this expression into equation (11) and utilizing the transition ma-
trix property

A'lk+1) = A Gk D)A' QLK) 13)

leads to the relationship

n
sk, =Y, A'0KH ORIOZO - HOXA, 0], k =0,1,2,...@-1), (14
k1

If the index k in equation (14) is set equal to zero and the result compared to
equation (9-a), the following boundary condition may be derived:

5(0,n) = P"L(0)(X(0,n) - X(0,0)]. (15)
Similarly, setting k = (n-1) in equation (14) yields
S(n-1,n) = A' (n,n-1)H (MR m)[Z(n) - Hm)X(n,n)] . (16)

Again referring to equation (14), it can be seen that

n
Sk+l,m =Y, A (Lk+DH ORIWIZQ - HOX,0)
1=k+2

= A (k,k+1)S(k, ) - H (+1)R™ L (k1)[Z(k+1) - H(k+1)X(k+1,0)],

k=0,1,2,...(n-1), a7

where the transition matrix identity

Ak,k) =1, k=0,1,2,..., (18)
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has been utilized. Note that for k = (n-1) a new vector S(n,n) now appears
in equation (17) and is defined by

S(n,n) = A'(n-l.n)§(n-1.n) - H'(n)R'l(n)[g(n) - Hm)X(n, n)]. (19)

However, substituting equation (16) into (19) and noting that

ALk = A" k,)) (20)

leads to the boundary condition
S(n,n) =0. 1)

Equations (7), (12), (15), (17), and (21) comprise a coupled set of linear inhomo-
geneous difference equations and associated boundary conditions that are math-
ematically equivalent to equations (9-a) and (11). This set, whichis summarized
below, may therefore be used to determine X(n,n).

X(k+1,m) = A(k+1,K)X(k, 1) + BW(k, 0) + BIIQMB (A (k,k+1)S(k,n) , (22-8)
Stk+1,n) = A (k. k+1)S(k,n) - H (+1)R™1(k+1)[Z(k+1) - H(k+1)X(k+1,n)], (22-b)

8(0,m) = P"L(0)[X(0,n) - X(0,0)] , (22-¢)
S(n,n) =0, k=0,1,2,...(n-1). (22-d)

It is interesting to note that the above equations are similar to the discrete
canonical equations derived by Sage5 using dynamic optimization theory.
Both sets describe linear two-point boundary value problems which may be re-
solved by the method of discrete invariant imbedding, 5 However, an alter-
nate procedure will be employed here, which yields the desired vector X(n,n)
in a relatively simple fashion. Thus, assume that one additional data measure-
ment is taken at time Tp.j. The data measurement sequence is now defined by
{Z(1),Z(2),...2Z(n+1)} and equation set (22) is replaced by

X(k+1,0+1) = A(k+1, k) X(k, n+1) + BRIW(K, 0) + BRIQK)B (K)A (k, k+1)S(k, n+1),
(23-a)

S(k+1,n+1) = A'(k. k+1)S(k,n+1) - H'(k+1)R-1(k+1)[Z(k+1) - H(k+1)X(k+1,n+1)],

(23-b)
5(0,n+1) = P"L(0)[X(0, n+1) - X(0,0)], (23-c)
S(n+l,n+1) =0, k=0,1,2,...n, (23-d)

7
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Next, define
AX(k) = X(k,n+1) - X(k,n), (24-a)
A 8(k) = §(k,n+1) - 8(k,n), (24-b)

Subtracting the expressions in equation set (23) from the corresponding expres-
sions in equation set (22) and utilizing equations (24) then yields

AX(k+1) = A(ke1, NAX(K) + BIOQK)B (A (k, k+1)AS(K) , (25-8)
AS(k+1) = A (k,k+1)AS(K) + H (k+)R™ e+ 1)H(+1AX (k+1) , (25-b)
A8(0) = P"L0AX(0), (25-c)
A S(n) = §(n,n+l), (25-d)

Though not immediately evident, the homogeneous equaticn set (25) is
much simpler to solve than the original equation set (22). To illustrate, assume
a solution of the form

AX(k) = P(k)AS(k), k=0,1,2,...(), (26)
where P(0) is known,and P(1), P(2),...P(n) are matrices to be determined.
(Note that a similar type homogeneous solution of the form X(k,n) = P(k)S(k,n)

cannot be applied to equation set (22).) Substituting equation (26) in (25-a) and
(25-b), respectively, and utilizing equation (20) then yields

P(k+1)AS(k+1) = N(k+1)A (k, k+1)AS(K) , 27-a)

(P~ L(k+1) - H (k+1)R™ (k+1)H(k+1)]P(k+1)AS(k+1) = A (k, k+1)AS(K),  (27-b)
where
N(ks1) = Ak+1,k) PR)A (k+1,K) + BRIQUIB (k). @8)

In order to satisfy equation set (27) for all allowable values of k, it is
necessary that

P(k+1) = [N(k+1) + H (k+1)R™ > k+1)H(k+1)) 2. (29)

In addition, equations (24-a), (25-d), and (26) may be combined to produce the
expression

X(n,n+1) = X(n,n) + P(n)S(n, n+l). (30)
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Equation (23-a), coupled with equations (28) and (30), then yields the relation-
ship

X(n+1,n041) = A+1,m)X(@,n) + BOW@,0) + N+l A (n,n+1)S(n,n+1),  (31)

Note also that equations (23-b) and (23-d) lead to

A'(n,n+l)§(n,n+1) = H'(n+l)R-1(n+l)[§(n+l) - H(n+1)X(n+1,n+1)], (32)

Finally, substituting equation (32) into equation (31) to eliminate S(n,n+1) and
performing some algebraic manipulation produce the desired results:

X(n+1,0+1) = X(@+1,0) + P(a+1)H (1R (n+1)[Z(n+1)
- Hn+1)X(n+1,n)}, (33-a)

X(n+1,n) = A(n+1,n)X(n,n) + BmW(n,0) . (33-b)

Equations (28), (29), and (33) provide a mathematical procedure for opti-
mally estimating the current state of a system from measured data and a priori
statistical information. As expected, these equations are equivalent to the
Kalman filtering formulas and can be put into the standard format by utilizing
the following matrix identities:

G(n+l) = N(n+1)l~l'(n+1)[H(n+l)N(n+l)H'(n+1) + R(n+1)]'1
= P(n+l)H'(n+l)R-1(n+l) : (34-2)
| ' -1 -1

P(n+l) = [N "(n+l1) + H m+1)R "~ (n+1)H(n+1)]

= [I - G(n+1)H(n+1)]N(n+1), (34-b)

For completeness, the Kalman fliter equations are summarized on the following
page in algorithm form.
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Kalman Filter Equations

X ..0) - initial estimate of state-vector

P(% - initial estimate of state-vector covariance matrix
X(n+l,n) = A(n+1,n)X(n,n) + B(n\W(n,0),
N(n+l) = \A(n+1.n)P(n)A'(n+l.n) + B(n)Q(n)B'(n) ,
G(n+1) = N(n+1)H (n+1)[Hn+1)N@+D)H (n+1) + Rn+1)) L,
X(n+l,n+]) = X(n+1,n) + G(n+1)[Z(n+1) - H(n+1)X(n+1,n)] ,

P(n+l) = [I - G(n+1)H(n+1)]N(n+1), n=0,1,2,...,

10

(35-a)
(35-b)
(35-¢)
(35-d)

(35-e)
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ANALYSIS OF THE KALMAN FILTER
DATA MEASUREMENT RESIDUALS

REPRESENTATION OF THE PERFORMANCE INDEX
IN TERMS OF RESIDUALS

Data measurement residuals, which arise naturally during computations
performed by the Kalman filter, are defined by the equation

Y( = 2() - H)X(k, k-1), k=1,2,.... (36)

In effect, Y(k) is a measure of the error between the actual data measure-
ment vector at time Tk and the best available prediction of that vector. When
taken collectively,these residuals provide reliable indication of how well the
state-vector estimates "fit'' the measured data. In turn, such information can
be effectively utilized to assess solution quality. However, it is important to
recognize that since the residuals are random quantities they only provide in-
formation of a statistical nature. The magnitude of any one residual has little
significance by itself.

In the preceding section, it was pointed out that the performance index J(n)
provides a basis for assessing solution quality on-line. Since the residuals
may also be used for this purpose, it would appear that these quantities are re-
lated to J(n) in some way. To determine this relationship, first note that equa-
tions (€, and (9-a) may be combined to yield the expression

n-1 v
Jm) =1/2 120 WL,n) - W(,0] Q 1ayW(,n - W, 0)

n
+1/22 (Z() -H(DHX(,n) +HDHAQ, 0)X(0, n)
1=1

-H(HA, 0X(0, 0) R 12D - HHXa,m)]. @7
However, equations (4) and (7) reveal that
K(ko n) - A(ko 0)§(0, n) j’_ A(k' 0)2(_(00 0)

k-1
=X(k, 0) +;§0 Ak, J+1)B()[W(.n) - W, 0)]. (38)

11
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Consequently, J(n) may be rewritten in the form
3
Jm) =1/2 ' o&(l.n) -W(1,0] Q "M[W(,n) -W1,0)]

n_l=1 1 ' e |
+1/2 Fl j}ZZ‘)Lm.n) -W(,0] B (DA (1,3+1HH R O(ZD - HHXA,n)]

n
1/2% 20 - HOXA,0] R @z - HHXa,0). (39)
The second term on the right-hand side of equation (39) can be simplified by
noting that
111 K ' ' -1
. ,‘So Wd,n) - W0, 0] B (A (,)+HE OR™ (2D - HHXA,n)
n-1 N E ' ' -1
=) Wai,n-W1,0]B Q@ A (L,1+4D)H DR G(ZOD - HHX(J,n)
1=0 §=l+1
-1 . -1
- :i_jo Wa,n) - W(1,0) Q" MW(,n) - W1, 0], (40)

where the final result derives from equation (11). If equation (40) is now sub-
stituted into equation (39) it follows that

n
Jn) =1/2 lz:1 [20) - H@) Xa,0) R 0z - ByXa,n). (1)

Next, note that equations (35-a), (35-d), and (36) may be combined to
produce the expression

X(k+1,k+1) = Atk+1, X, k) + BOW(k, 0) + G(k+1)¥(k+1) , (42)

which can also be written in the equivalent form

k-1 k
X(k,k) = A(k, 0)X(0,0) + 120 Ak, J+1)B()W(J, 0) + j}:l AKNGHXM) .  (43)

12
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Comparing this equation with equation (4) reveals that

k
X(k, 0) = X(k, k) - ;Eo Ak, NGHY() . 44)

Finally, substituting equation (35-d) into equation (44) to eliminate X(k,k)
yields

k
X(k, 0) = X(k, k-1) + G(k)Y(k) - X Ak, )GHY() (45)
j=1

from which it is readily deduced that

k
Z(k) - H(k)X(k, 0) = [I - HK)G(k)]Y.(k) + H(k) 121 Ak, HGHYY) . (46)

If equation (46) is now substituted into equation (41), the performance index
Jm) takes the form

n ' ' N
Jm) = 1/2 :[,1 Y O - G mH MR Mza) - HOXA,n)

:

!

+1/2 ;;jz Y (G A LHH ORI 0Z0) - HOXAm] . @7

This cumbersome expression can be greatly simplified by noting that

n l 1 ] 1 L =
12_31 ;Z—:l Y ()G »A @, pH QR 1z0 - HOXd, )
n
12_21 ‘06 (1);2 A'G,HH ORI ONEZO) - HOXG.m)
n
lgl ‘06 m{H ORI @20 - HYXW,0) + S0,m} 48)

where the final results derive from equations (14) and (18). Hence, by com-
bining equations (47) and (43), the expression for J(n) reduces to

13
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n
I =1/2 % Y ojrmzo - Hoxa,n1 + 6 nstm} . 49)
=1

However, since n is an arbitrary integer, it follows immediately that

n+l
Joe =1/2 2 Y OJRI0(Z0 - HOXA,n+n) + G MSMLns}.  50)
1=1

Subtracting equation (49) from equation (50) then yields the recursive formula

n ' ' -
Jn+l) - Jm) = 1/2 Y Y I MAS(Y) - R™IHHDAXY)
1=1

+1/2¥ @D{R™ @+ D[Z041) - Ht)X#1,041)) + G (n+1)8(41, 041}, 61)

where AX(l) and AS(l) are defined by equation set (24). The next step in the
reduction process involves substituting equations (25-d) and (26) into equation
(51) to obtain

n ' ' -
J+l) - Iy =1/2 L Y MIG () - R~ MHOPAIASY
1=1

+1/2Y ()R L (n+1)[Z(n+1) - H+DX(n+1,n41)) . (52)

Note, however, that P(l) and R(l) are both symmetric matrices; consequently,
the identity

G & - R gHK)P(K) = 0, k=0,1,2,..., (53)

is easily derived by taking the matrix transpose of equation (34-a). This
relationship shows that the series appearing in equation (51) vanishes. In addi-
tion, the last remaining term on the right-hand side of equation (51) can be sim-
plified by utilizing equations (35-c), (35-d), (35-e), and (36). The result is

Y m+)R" 1 n+1)[Z(n+1) - HO+1)X(n+1,n+1))
= X'(n+1)R-l(n+1)[I -H(n+1)G(n+1)]Y(n+1)

=Y (1+1)[HO+1)N(n+1)H (n+1) + R(n+1)] 1Y(n+1) (54)

14
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The preceding equations may now be combined to produce a simple recursive
formula for J(n); that is

Jin+1) = Jin) + 1/2Y (+)[HO+)Nm+DH (n+1) + Rn+1)] Ly (1) |
n=0,1,2,..., (55

An initial condition for J(n) can also be deduced from equation (49). More
precisely, since

Jm =172 MRz - Hoxa, ) + G181, 1}
= 172 R La)za) - HOXA, 1)]
= 1/21'(1)11'1(1)[1 - HH)G(1))Y(1)
= 1/2Y HHMNDHHE 1) + RO YD),
it follows from equation (55) that

J =0, (56)

Although equations (35) and (56) are convenient for numerical work, a closed
form representation of J(n) is often more desirable for analytical purposes.
Such a representation takes the form

n ' i
Jmy =1/2Y Y MHONOH O + RO Ly . 67)
=1

A comparison of this expression with equation (6) shows that the data
measurement residuals also provide a weighted quality measure of the estima-
tion process based upon the optimality criteria employed. As such, it now
becomes evident why these residuals can be utilized effectively to assess filter

performance.

An important feature of equation (57) not to be overlooked is that all quan-
tities needed to calculate J(n) can be extracted directly from the Kalman filter
equations without further computation. In addition, once the terms in the series
have been evaluated they need not be recomputed with each new data measure-
ment. Consequently, for practical applications, the utilization of equation (57) —
in Heu of equation (6) — can result in a significant saving of computer time,

15
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STATISTICAL PROPERTIES OF THE RESIDUALS

Earlier in the discussion, it was noted that the data measurement residuals
are random variables and can only provide information of a statistical nature.
The performance index also possesses these characteristics. Consequently,
knowledge of the statistical properties of both J(n) and Y(k) is required
before meaningful information can be extracted from these quantities.

The mean value of Y(k) can be determined rather easily by combining
equations (1-b) and (46) to obtain

k
HkK) (X&) - X(k,0)] + V(k) = (I - HK)GK)]Y (k) + H(k) 321 Ak, )NGHY(J) . (58)

Taking the expected value of this equation and utilizing equations (2-c) and (4)
then yields

k
[1 - HKIGKIE]Y (K| + H(k) 21 A, GHE{XD} = 0. (59)
j-.'

Since the index k in equation (59)is arbitrary, it can easily be shown by
induction that

E{¥(o} =0, k=1,2,.... (60)

In order to determine the covariance of Y(k), it is first necessary to prove
the following identity:

EJ[X(k - Xk, k-DIX(K) - Xk, k-1)] } = Nw) . 61)

To this end, assume that equation (61) is true for some fixed value of k. By
combining equations (1-a), (1-b), (35-a), and (35-d) it can also be shown that

X(k+1) - Xk+1,k) = Adk+1, KX (K) - X(k, k)] + BR)[W(k) - W(k, 0)]

= A(k+1, K)[X(k) - X(k,k-1) - G(K)Z(K) + GKH(K)X(k, k-1)]
+BMW®K - Wk, 0)]

= Ak+1, K[l - GKH(K)][X(k) - X(k,k-1)]
- Ak+1, k)G(k)V(k) + B(k)[W(k) - W(k, 0)]. 62)

16
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Consequently, the statistical properties depicted in equation set (2) and equa~-
tion (61) can be utilized, together with equation (62), to produce the expression

EJ(X(k+1) - X(k+1, k)X k+1) - X(k+1,K0] |

= Atk+1, ]I - GOHRINGRIL - GRH®K]' + GHIRMIG (f A (k+1,K)

+ BQ()B (k) . (63)
Note, however, that
P(k) = I - GRIHK)INK)
= [ - GRHMINKI - GRIHK)] + GRIRKG (K . (64)

Consequently, equation (63) reduces to
E{ [(X(ke1) - X(k+1, K))[X(k+1) - X(k+1,K)] |
=A(+1,KP(RA (k+1,k) + BRIQEK)B (k) = N(k+1) , (65)

where the final result derives from equation (35-b). It has therefore been
shown that if equation (61) is valid for any value of k, then so is equation (65).
The last remaining step in this induction proof is to show that equation (61) is
valid for some value of k. In particular, let k =1, For this case, equations
(1-a) and (35-a) can be combincd to yield

X(1) - X(1,0) = A(1,0[X(™ - X(0,0)] + B(0)[W(0) - W(0,0)] . (66)

If equation set (2) is again utilized, together with equatiors (35-b) and (54), it
then follows that

E{[X() - X1, 0K - X1,01'}
=A(L,OP(0)A'(1,0) + BOQO® (0) = N(1) , o

and the validity of equation (61) is established.
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The covariance of Y(k) can now be determined in a simple manner by
recalling that

YK = HR[X(K) - X(k,k-1)] + V() . (88)

As such, the desired result
E} YWY (| = HIONGOH 09 + Rek) 69)

can be deduced immediately from equation set (2) and equation (61). It
might also be noted that

E}Y ([HANH & + Rio] ¥ |

= Trace J (HRN(OH () + R(]'E} XX (i}

= Trace | [HMINGOH &) + R() (HEN(WH (o) + R0 |
=Trace JI{ =m , (70)

where m is the dimension of the measuremeat vector Z(k). With the aid of
equation (70), the mean value of the performauce index can be easily determined

as follows:

n
elomt-1/2 2 By omonan'e +Ror x|
n
=1/2 12 m = (1/2)mn . (1)
-1

A final statistic of importance is the variance of J(n). In general, a
closed form expression for this quantity cannot readily be obtained since fourth
order statistical moments must be computed. l-lowever. if all statistics are
Gaussian, then J(n) will be Chi-Square distributed® with men degrees of
freedom. Under these conditions,the variance of J(n) is given by

EjIm - E{Ja) P} = @/2)mn @2)

18
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It is important to note that this statistic provides a measure of the permissible
deviation in J(n) from its expected value. Unfortunately, since larger and
larger deviations are permnitted as the number of data measurements increases,
it becomes progressively more difficult to extract reliable information from
J(n). More precisely, after many measurements have been processed, large
deviations in J(n) cannot be attributed solely to filter divergence, but instead
may result simply from the accumulation of random errors. The con-
comitant ambiguity makes it impossible to accurately assess the true filter
status.

Fortunately, there are various ways to circumvent this difficulty. The
simplest technique is to introduce a "modified'' performance index of the form

n
Lw =1/2 2 YUy omoson'n « ro1 Y0 - mf, 3)

where y is a weighting factor which satisfies the inequality
0<y<l1, (74)
The mean and variance of L(n) are given by

EjLm)f =0, (75-2)

. - Hzn
EiL @} =—{—5] . (75-b)
2 \l+y

Note that these statistics remain bounded as the number of data measurements
increase. In fact

2 m
lim E{L°mf = — . (16)
Lol 2(1-y7)
For finite values of n, any desired variance in the range
%‘-<E’L2(n)$< % (1N

can be obtained by choosing ¥ appropriately. This flexibility is achieved by
exponentially discounting past filter performance so that L(n) is influenced
much more by current events than is J(n). As such, L(n) will provide a re-
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lable quantitative measure of current solution quality which can be effectively
utilized for adaptive control. For example, if the values of L(n) are statis-
tically consistent, thenit can be safely assumed that the Kalman filter is per-
forming satisfactorily. However, if L(n: becomes statistically inconsistent
during the course of operation (e.g., L(n) continually exceeds its one sigma
lmit), this would indicate that the filter is diverging, and appropriate preventa-
tive action should be taken. It might be noted that the effectiveness of any
divergence prevention scheme can also be easily assessed by continually moni-
toring L(n) for statistical consistency.

For convenience, arecursive algorithm for numerically computing L(n)
as well as a summary of its statistical properties is presented below:

L0)=0, (78-a)
Y(n+1) = Z(n+1) - H(n+1)X(n+1,n) , (78-b)

Lin#1) =YL(n) + 1/2}Y @){H@+DN@+DH @+1) + R@+))) Y (n+1)- m}, (78-c)

Ej¥Ym+)f=0, (78-d)
E{Y(n+1)Y (n41) | = Ha+)N@+DH (a41) + R@a+1) (78-€)
E{Lm+n} =0, (78-1)

2n+2
EjLlmay} =2 (1% , 0<y<1, (18-g)
2 \1-y

where m is the dimension of the data measurement vector, and n = 0,1,2,...

20



TR 4502

SIMULATION RESULTS

To demonstrate the advantages of using a modified performance index for
adaptive control, a target motion analysis (TMA) experiment was conducted.
Since target maneuvers are a primary cause of divergence in present TMA sys-
tems, the geometry depicted in figure 1 was chosen. In this geometry, target
maneuvers consisting of 180 degree turns occur at approximately 6 minutes and
12 minutes. Ownship motion is as shown and the turning rate of both vehicles
is 3° per second.* Ownship speed is 18 knots and target speed is 20 knots.
Two experiments were performed with this geometry.

First, an extended non-adaptive Kalman filter-TMA algorithm which
utilizes a constant target acceleration plant descripcdon was employed. Data
measurements consisted of bearing and range rate information. Figures 2, 3,
and 4 are plots of the target parameter estimate errors versus time. In figures
5 and 6, normalized valuest of the performance index J(n), defined by equation
(67), and the modified performance index L), defined by equation (73), are
presented. From examination of figures 2, 3, and 4, it is evident that the esti-
mation errors become unacceptably large after the first target manecuver. In
addition, deviations (from expected behavior) apparent in figures 5 and 6 indi-
cate that the filter statistics are no longer consistent with their a priori expected
values. Clearly, the target maneuvers have caused the Kalman filter to diverge.

In the second experiment, an extended adaptive Kalman filter-TMA algo-
rithm which also utilizes a constant target acceleration plant description was
employed. Here, however, plant noise was injected into the system to accom-
modate mis-modelling errors introduced by target maneuvers. The plant noise
covariance matrix is adaptively varied according to the behavior of the modified
performance index. Figures 7, 8, and 9 are plots of the target parameter
estimate errors versus time for this case. Figures 10 and 11 are the respec-
tive analogues to figures 5 and 6. Inspection of figures 7, 8, and 9 reveals
that the error divergence observed in figures 2, 3, and 4 is no longer present;
and examination of figures 10 and 11 indicates that the adaptive contro! mech-
anism has effectively realigned the filter statistics with their a priori expected
values. Further examination of figures 10 and 11 also reveals the sluggish
nature of the performance index J(n) and the more responsive behavior of the
modified performance index L(n).

*Turning radius of ownship is not shown in figure 1.

tIn this simulation, the performance indices J(n) and L(n) have been
normalized so that both have expected values of unity for all n.
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OWNSHIP SPEED = 18 KNOTS
TARGET SPRED = 20 KNOTS
MANEBUVER TURN RATE J°/SEC
INITIAL RANGE = 3000 YDS.

LY TARGET

Figure 1. Target-Ownship Geometry
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CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

An important relationship between the Kalman filter data measurement
residuals and tlic associated system performance index has been established.
The computational simplicity of the relationship not only permits on-linc eval-
uation of the performance index, but is further exploited to deduce pertinent
statistical properties of the index. These statistics are subsequently utilized
to formulate practical adaptive control criteria and to modify the performance
index to enhance its reliability as a solution quality indicator. The utility of
the modified performance index for assessing filter status and for adaptively
regulating the plant noise covariance matrix has been discussed and demon-
strated via laboratory simulation.

Even though the simulation results are preliminary they clearly illustrate
that a significant improvement in filter performance can be achieved when this
type of adaptive control mechanism is appended.

Although the results presented here are encouraging, much work remains
to be done. In particular, a quantitative functional relationship between the
modified performance index and the plant covariance matrix needs to be estab-
lished. A study to determine how at-sea data affect the behavior of the modi-~
fied performance index should also be conducted. Finally, techniques to adap-
tively compute both the mean and covariance of the plant noise should be further
explored. Current efforts are being directed toward the solution of these
problems and the results of these investigations will be documented in future
reports.,
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