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FOREWORD

‘ This report was prepared by the University of Michigan, Dep-rimient
g C - of Mechanical Engineering, Ann Arbor, Michigan, under Air Fot: : Contract '

: F33618~72-C-1562, It was initiated under Project No. 7340, "No.metallic \:
® and ‘Composite Materials, '"Task No, 734007 "Coatings for Energy Utiliza~ .
< “ tion, Control and Protective Functions; The work was administe red L
k- under the direction of the Air Force Materials Laboratory, Air F« rce .
g Systeis Command, Wright-Patterson Air Force Base, Ohio, witt .
. - Geoxge F, Schmitt, Jr., of the Elastomers and Coatings Branch,
i Nonmetallic Materials Division, acting .as project engineer,
’ This report covers the work carried out during the perjod from June :
X ) - 1972 through May 1973, )
g The authots wishto thank M¥, G, F., Schmitt, Jr., for his valuable :
B - comiments and for providing many of the references and data used in this
¢ investigation,
2y This réport-was submitted by the authors in July 1973, L
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ABSTRACT
—.— 'The behavior of coat-substrate gystenms subjected to repeated impinge-
ments of liquid droplets was investigated, The systems studied cpﬁsisted
of a thick homogeneous substirate covered by a single laéet'of bomogeneous
coating of arbittary thickmess. Ba<ded on the wmiaxial stress wave model,
‘the vatiations‘éffthe stresses with tine were determined both in the
coating and in the substrate. Employing the fatigue theorems .éstablished
for the rain erosion of homogeneous materials, a;gebrgic equations were
derfved which describe the incubation period, and the mass loss of the
‘coating past the incubation period, in terms of the properties of ithe
droplet, the coating and the substrate. ‘'fhe results were compared‘;o
available experimental data and good agreement was found between the
present analytical results and ‘the data. .

The differencés betwgén'the'gﬁiaxiél stregs wave and thé uvniaxial
‘strain wave models were also evaluated by calculating according to both
models a) the gtress at the coat-liquid interface, b) the stress that
woulé occur in the substrat . in the absence of the coating? and ¢) the

stress in the coating after thé first wave reflection from the substrate.
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NOMENCLATURE
constants {(dimensionless)
area Cftz)v

constant related to wave velocity defined in Eq. (81)
(dimensionless)

constant defined by Eq. (57) (dimensionless)
conatant in Eq. (G%) (dimensionless)
knee in thé fatigue curve (see Pig. 4)
speed of soumd (ft/sec)
%ameter of the droplet. (ft)
modulus. of elasticity (1bf/fr?)
number of stress cycles (see Eq.L0)
force (1bf)
‘thickness of coat (ft)
rain intensity (ft/sec)
number of wtress wave reflections in the coating required
for the.stress at toat-substrate interface to reach a
value of 63,3 perceiit of 0, (dimensicnless)

total number of stress wave reflections in the coating
-during ‘the impact period (dimensionlass)

average number of stress wave reflections in the coating
(dinmensionless)

nass erodiéd per unit area (lbmlftz)

-dimensionless mass loss defined by Eq. (76)

nunber of diops impinging per unit area (number/ftz)

number of drops lmpinging per site, see Eq. 1) (dimension-
less)

characterlistic life (dimensionless)

fatigue life (see Fig. 4) (dimensionless)
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o
pP. probability defined by Eq. (27) ‘(dimensionless) :
E' P atress «(1le/££:2) :
) Q )
‘ q drop density (nu_n_i,:er/fc3)
Ev R4 ’_. '
¢ T -distance, (ft):
s parameter defined by Eq. (59) (lbf/ftz) N "
L s, parameter défined by Eq. (60) (1bf/£t2) ;g
E . 1 time (sec) 5} _,“
4 ’ %
t ‘ t
. - t time required Zor number of stress wave refluctions % |
. 1 {red for ke number of strei efluctio ;
%}. to_take place in the coating (sec) %
% t the duration of impact (sec)
EE : u particle velecity (ftfaeé) S
% v wave velocity defided by Eq. (81)
E v velseity of impact (ft/sec) |
-Vt termf:al velocity of a rain droplet (ft/sec)
g W weight loss due tn erosion (Ibf) '
B Z dynamic impedanc: (lbm/"('ftz-,sec)) f
' GREEK LETTERS
Q& rate of mass loss (lbm/impact) (see Fig. 2b) K
,‘ v a™ dimensionless rate of mass loss (seée Eq. 73)
] 8 Weidbull slope in Eq. (67) (dimensionless) :
i Y ‘ the ratio of kL to k o (yskL,[ke) r
) v Poisson's ratio (dimensiondess) :
0 density (Ibm/ft’)
4 0 angle (radians) A
; g stress (lbf/ft’z) T
3 o, stress amplitude (Ib£/£E%) .
l:‘u l"
: X
; 1
2 3
y
3
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equivalent dynamic gstress defined by Eq. (42) (1bf/ft2)
mean stress (lbf/ftz)

mean stress after k;, number of stress wave reflections
(1b£/££2)

endurance limit (1bf/ft2) -
ultimate tensile strength (1bf/ft25

parameter defined by Eqs. (13)-(14)

coating

end of incubation period

upper limit of validity of model

the number of stress wave reflections in the coating
liquid

solid

coat-substrate interface

liquid-coat intérface

uniaxial strain wave model
coat -gubstyate interface

liquid~coat interface
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SECTION I

INTRODUCTION

Componants .of high speed aircraft and missiles may experience heavy
damage wheén subjected to repeatéd impingements of rain dropletc. The
damage to nonmetallic components, such as plastic radomes, may “e parti-
cularly severe. To. protect such surfaces from rain erosion, th:se sur-
faces are frequentiy covered with. a thin layer of coating. Considerable
research has been performed in the past to select the most suitable .coat-
ing material, and t¢ determine the behavior of various coat-subsuatrate
systems undergoing liquid impingement,

The ﬁajq:ity of the previdus studies of rain erosion of coated mat-
-erials have been experimental in nature, with the bulk of:priqr vesearch
concentrating on the measurement of an erosion paraméter (e.g. weight
loss) under specific conditions (References 1-6). These experimental
studies provide information on the behavior of a given coat-substrate
comhination under’ a given condition, but fail to describe matevial be-

havior beyond tne range of the. experiments in which they were obtained.
For the selection of the proper uaterials and for the design of the ap-
propriate structures an analytical or semiempirical model woulé bé rneeded,
which would describe the responsé of cdat-substrate systems in terms
of the relevant parameters. These paraméters should include the proper~
ties of the coating and the substrate, the thickness of the coating, and
the Impact velocity and sizé of the droplet. In recent years, :-rogress
towards this goal has been made by Morris (Reference 7), Engel .ad
Piekutowski (Reference 8) and by Conn and his coworkers (Refevences 9-11),
who analyzed the stress history in various coat-gubstrate syste.s, Al-

-]
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though the results of these investigations further our wderstanding of

*

) the processes which contribute to the failure of the coating and the sub-

T

etrate, as yet they .are nor capable of .correlating fully the existing

da2ta and generalizing the results obtained from a few experiments.

—
,

The objective of this investigation is to develop a model which is
consistent with experimental observation and which predicts quantitatively

5 "erosion” of coated materials amder previously wmtested conditions. In

particular, the model proposed here is aimed ‘at describing a) the "incu-

. Iy
P

r

bation period”, i.e. the time elapsed before the mass loss of the coating

becomes appreciable, and “b) the degradation of the coating past the

incubation period, as manifested by jits masz loss. The model is based o

Daas Anie g ade e TE bty
<, ‘

fatigue concepts (e.g. References 12, 13), and is aioﬂgvthe lines devel-

oped previously for hcmogeneous (uncoated) materials (Refevence 13):

ey TN

The success of this model in describing the ‘damage of homogeneous

. materials warranted {ts extensioh to coated materials.

2
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THE PROBLEM !

The problem investigated is the following. Spherical liguid drop- .

lets impinge repeatedly upon a plane, seii—infinite material cmsisting

of a hoimogeneous substrate covered by a homogeneois goatingvﬁFig, i),

‘The thickness of the coating is h. fh; substrate is taken to l2 semi-

infinite normsl to the plane of the surface (x direction in Fig. 1). The %

coating and the substrate are characterized by the following properties: ;

density p, speed of sound C, modulus of elasticity E, Poisson's ratie v,

T, Ry T T T T TR T

ultimate tensile st:ren;:,;h.\':‘.l and endurance limit,ol, Parameters related

s

é to the coating und the substrate are denoted by c¢ and 8, wespectively.

g Parameters related to the droplet are identified by the siubseript L.

E“ A perfect bond is @ssumeéd befween the coating and the substrate, i.e.

E at the interface (x=h) the strésses and the displacements are the same

% in the coating and the substrate. Furthermore, the sttess wave propa-

; gating through: the coating and the substpate are considered to be one

5: dimensional, propagating normal to the surface (compression waves). Waves

{‘ parallel to the surface {shear waves) are neglected.

; The diameter of the droplets d, the angle of incidence 8, and the g

é‘ velocity of impact V are taken to be constant. ‘The gpatial distribution ?

g{ of the droplets is considered to be uniform. Accoxdingly, the number of

f droplets impinging on unit area in time t is (Referesnce 13)

%; n= (Vcosd)qt (1)

{ ' where q is the number of dropleva per unit volume, Rain, falliug with ?

%‘ | eonstant terminal velocity Vt’ i3 uzually characterized by a par-ameter I g
-3~ L
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called "intensity” {(with units of length/time) which is reiated to q by

the expression

v.d

Equations (I) and (2} may be combined to yield

A= .é. ..(_Y._.CE.LS)..I_ t (3) )
] 3 -
,v,td

The impingeément rate is assumed ‘to be sufficieﬁtly low sc that all ghé
effects procduced by the impact of one dréplet diminish befcre tie impact
of the next droplet (References 13, 14).

Theipressure within the droplet varies both with position and with
time. For simplicity, the pressure at the liguid-surface interface is
taken to be constant, its value being given by the water hammer pressure
(Reference 15).
pLCL Y cosei
N @
<L

Pele

P x
1+

Although more accurate representﬁtion of the pressure 1s possible (Refer-
ence 15) theé accuracies afforded by the use of eruation (4) will suffice
in the present analysis: The duration of the pressure at the interface

is approximated by

2d
[ - (5)
tL L

The forces, created by the repeated droplet impacts, damage the waterial
as manifested by the foxmwation of pits and cracks on the surface, and by
welght loss of the coating material. Experimental evidence indicates

that imder a wide range of conditions the woight loss W varies with time t
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as shown, sehematically, in Fig, 2a. For some period of time, referred
to as éncubation period, the weight lois is insignificaut. Between the

end of the incubation period ti and a ti%e denoted by t. the weight loss

i tailt, Sl bl

varies nearly linearly with time.. After te the  -elationship between W

S
PUPRYS

and t becomes more complex. Here, we will be concerned: only with the be-

havior of the material up to time te. In most ‘practical situations tihe

e wrn 2L,

usefilness of the material does not extend beyorid teo

It i3 advantageous to replace the total weight loss of the sample 3

by the mass loss per unit arez m, and the time by the number of droplets

impinging upon uniit area n. In terms .of the parameters m and n, sche-

dandod u A s AZoe

matic representation of the data is given in Fig, 2b, It i3 now assumed

that ‘the data can be approximasted by two straight lines as shown in

Fig. 2b, i.e. ;

TYER IR EPPT FRN TN

N
JESO: )

m=0 ©0<m (62) -

m=a (o-n,) ng €M< (6b) ' f

Thus, the material loss m produced by a certain numbezr of impacts n, can :
be calculated once the incubation period ny and the rate of subsequent
mass loss (as chaiacterized by the slope a) are knowm. Therafore, the
problem at hand 1s to determine the parametéﬁs‘ni, o, and ﬁf,'the latter
being the upper limit of validity of equation (6b). It 1is noted here that
the above model is valid only if there is an incubation period. Problems

ir which even one iwpact results in appreciable damage will not be con~
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/ Tt order to establish ny and a, the stress: history in the coating

; must be knowr., Thus, first e:preusions are derived which descr{.be,, in )
suitable form, the variation of the stress with time in the coating and i’
’r, in the substyate. /
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'E;
E . SECTION IIT
E’ § STRESS HISTORY OF THE COATING AND THE SUBSTRATE
E X
3 3 The variation of the stress with time may be evaluated by consider- . 3
; ing éither uniaxial stress waves (References 10, 11) or uniaxizal s;rain" a .
%‘ wgves_ (References 6, 7) propagating through the coating. As will be 2
] L shown in Sectfon VIIL these two approéghe‘sn yield similar resul:s. The |
g '. ‘present calculations are based on the uniaxisl stress wave modz1. );i
3 When a liquid droplet impinges upon. the 'surfacé of the coating, a ;s ;
X stress wave propagates through the coating (see: Fig. 3). The magnitude
‘ ‘ of this initial stress wave, denoted by 0., is fdentical to the hydro- \, ;g
;. R static pressure P, 1i,e,, | f;;?
| g
E‘) oy » P (7) ‘Ji
3
< P ig given by equation (4). At the coat-substrate interface a portion of %
5 the stress wave is transmitted into the substrate whiie a portion of it 3
is reflected back into the coating, Thus, there ig 4 “-;Léft" traveling %
i A wave in the coating of magnitude v, (Fig. 3) : . “ E‘
i o, -
g, = 64 + 0, (8 -
In equation (8) O represeénts the magnitude of the tefleceed wave which %
g A may be éxpressed as (Reference 8) ‘
A
0. =0y -Z—:{-'Z‘; )] o
Qe ‘,

- .
VO A 2. ’ y é
. - SPRIN PR TR S R L O it bt il oA
PRI SEI L M&.ﬁm PR (SIS A IS T WAL - I PN, TEC SRR ItNY, CACUEARE N VIR L VS
~ : S T e T F Kk D Lt <l °
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Fig. 3. Stress Wave Pattern in the Coating and in Substrate.
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2% < v o
N ) o
£ . Ny S
3+ ? .
3 /: In the time interval t=C_/2h the "“left" traveling o, wave reaches the coat=
. liquid interface and a new "right" traveling wave of megnitude 04 is ‘3' ‘
1 geiierated at the x50 surface - P ;o
"r‘:\ - ‘ %
. R P
- - - + ° i 10) B3 o ;
E() . ) 03 02 Ut r; :‘!;‘f
. W ' ‘ ¥ "
E‘ ? ‘where o, is the reflected wave from the surface cf the coating (Refer-
. ot
v ence B) L
e - - ’
z -Z :
y L S L "¢ L
; T _QZ X427 (11) ‘
. L "¢ . :
1 ‘ . o
A In equations. (9) and (11) Z is the impédance of the material
3 g [
A Z%pC (12) v i
2 “Introducing the notation : s
z_-2 ’ s
.8 "¢ 3
b %e =737 (13) ;
‘ 5t R
g -7 « .
L "¢ [ :
Yic * 7 47 14) P
L "¢
the magnitudes of the "left" and "right" traveling waves become
“1 = P '
6, >0, + Oy lp'sc = 01(1 + \bsc) (5)
O3 ™ o'],' Q + "psc + ‘ps‘c q}Lc)
94 = 9y a+ 1’sc, + wsc ‘ch + wsc 'ch \bsc) .
etc. 4
: -
-13~ a
?
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Equations (15) may readily be géneralized to the following. forms

a, i+y
2k T T8e ) k
< 1= i B- G % )] (16)
¢ % 1 ¢a¢¢Lc sc'le j
[+ g .
2k-1 = ...z_k.. - k-1
9 gy l"e;c("'sc'.wl.:;") (17)

where k 1s -an integer, k = 1, 2, 3, ... . '

ke A M aibd i Es i e L ¢ A
. e . .

Note that the stress history in :'the coating depends on the relative ; 4

AR

St

magnitddes of 2, 2, and Z .. This 15 illustrated in Pig. 4, vhere the -

0 B

f variation of the stress with time is shown for the four possible combina- ; %
?; tions of impedances: After a long period of time (i.e. after a large t f
E number of reflections, k+») the stress at both on the surface of the ! j
; coating (x=0). and at the coat-substrate interface (x=h) approachegfthe- ‘ é

conatant value

{ . 1+ 1+ z«L/zc oo
SR g, = v, ln g, = m———m (18) o
@ e 2k X q;sc Vic 1+ z‘L/zSl

o, is the stress that would occur in the substrate if the droplet would
impinge upon it directly in the absence of a coating (see Appeéndix I).

It is evident from Fig. 4 that the coating reduces the gtresses in the

‘. 2
e s e

substrate only if the appropriate coating matierial (i.e. appropriate com-

bination.qf.ZL, Zc and’zs)/is selected (Figa. 4c and 4d). PFor certain

PRV N

combinations of coating and substrate the mean stresses #n the gubstrate

ORI NN

are actuallv higher with the coating than without it (Figs. 4a and 4b).
This result ¢learly indicates the importance of the proper ssiection of o

the material used as coating for a particular substrate,
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Equations (16) and (17) describe the variation of the stress with
‘time in the coating. For our further calculatibnS'it 1s-cbnven1gnt to
replace the stepwise variation of the stress by a continuous functionm.

To accompiish this,~equati6n (16) is rewritten in the form

o o g, o Tl
2k . o e 2 k-1

asiiieaialll el B TSR TS0 (19)
o Y% gy 9y sc Le

Equation (19) is now approximated by the expreasion

g, g a o

2k (e -1

Ko E-Dew 5D (20)
1 1 % % e

By replacing equation (19) by equation (20) we replace, in effect, the
stepwice stress function with an exponential curve, as illustrated in
Fig. 5. In equation (20) ke‘isvthe numbér of réflections required for
the steess to reach 53.3 percent of ¢_. To evaluate k, ve introduce the
condition that the area under the actual (stepwise) and the exponential
curves are to be the same., This condition requires that the following

equality be satisfied

; O, O, O k-1 f” Op Of Uy K-l
(== G- @, 4, ) = [— ~ =< —Fexp 7)) dk
w9 9, 9 sc'Le 1 9y 9 9% k,

(21)

Evaluating the summation and the integral in equation (21) we obtain

1

k w e (22)-
e 1 wschc
Substitution of equations (13) and (14)into equation (22) yields
142/2 1427 /2
- L "8 c's (23)

e 2 i+ ZL/zs

In the sbsence of coating zsuzc and kenl, which, a3 expected, shows that
there are no reflections in a ssmi-infinite material,
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The time requiréd for k, number of refiections to occur is (see

Fig. 3) _ .

t = k _2_1.1__ {26)

and the nunber of reflections during this time is

ky ™ to 75 (25)

Similarly, the nuzser of reflections which occur during the duration of
the impact L (gkven by equation 5) is

C C

- e d
k!‘ tLﬁ-"é-x: Y (26)

It is to be noted that k, 1s independent of the thickness ¢f the
coating (see equatiom 23), while’kL depends on k. For thick coating

¢h/d ) k>0 and for thin coating (h/d +0) k; +e. Thus, the ratio

H @27

"
2
‘may vary between zero and infinity. It is conveninet to bridge these

two limits by the exponential curve

- k.,

k= ke [1 - exp(~ i;D] (28)
or

k= k, [1 - exp(~y)] (29)

K represents the average number of reflections in the coating. The var-

iation of k with Y is illustrated in Fig. 6. Fur thiik coating k becomes

Kgaw™0 (30)
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For thin coating equstion (29) reduces to

“n/a » 0" ke (& -

which is, by our definition, the waximum number of reflections which may
occur in the coating. B ]

We may evaluate now the average values of the stresses at thgﬂcoat—

liquid ‘(x=0) and at the coat-substrate interfaces (x=h) during the period

of impact cL; The average stress at x=0 is

L kL X ‘.j
3 y o _ 1 T ;
; | g ke F o1 (32) 3
% T k=l ?
) .and- at x=h is ff

Ky, ,
V. “h 1. 4 3
3 g kL z Oore (33)
e . k=l

‘ ‘Substituting equations (16), (17) and (18) into equations (32) and (33)

g ‘ and utilizing the exponential approximation. givea by equation -(20), after ]

E , some algebraic manipulation, we obtain - ‘ }
; 30 L. Y4 Ve 1o exply) :

o T TN 0. Ve T, ! (34a)

1 " "sc’Le sc ¥ i

M:

|

3 o = - Yse (1~ ¥ Amexp(oy). “(34b) ;

3 ' o 1-9 ¥ acvLe Y ] !

1 s¢ Le i

If the coating is of the same material as the substrate ¢8c=0 and equation

e

(34a) reduces to

(35)
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: The force exerted by the droplet on the surface of the coating also

varies with time. The average force on the surface duriﬁg the :duration

of one impact LL is

- - 2
;> Fegl M

: s 3 (36)

The foregoing equations describe the stress histoxy in the coating

gad in the substrate when the substrate is covered by a. single I;yer of

VAR

coating.

The results could be generalized readily to include two or more

layers of coatings. It is émphasized, however, that the expres-ions here

T e T

developed are not restricted to thin coatings, but may be appliad to
; coatings of arbitrary thicknesses. The thickness of the coating enters
E the results through the parameter Y. From equations (23), (26) and (27)
3 we have
+
E y = gs a (i: x“i: )y A%, (37)
L zc ‘s 2

. For a thick coating (h/d + =)y becomes

Tojd » o = 0 (38)
; For a thin coating (h/d + 0) y assumes the value

Yh/d -+ O = ® (39)
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SECTION IV - ' N

INCUBATION PERTOD

It has been recognized in the past that fa}iguz plays an important

.
bk

role in the erosion process (References 12, 14, 16-21), particularly in
‘the “eariy" stages of the process, corresponding to. the incubation, peridd.

Applying fatigue concepts to the problem of rain erosion, Springer "and , :

Baxi (Reference 13) recently established a semiémpiitical formula vhich

describes the Ancubation period in a homogeneous material. Here, Springer ]

and‘Baxi's'analﬁsis is extended to homogsdeous materials covered by a

[N

single layer of coating. The analysis is based on the concept that fatigue
theorems established for the torsion and bending of bars might be applied,
at least qualitatively, to materials subjected to repeated liquid impinge- .

ment. The failures of bars undergoing repeated torsion or bending have

beent found: to follow Miner's rule (Reference. 22)

£, £ £ | o
R R (40). ?
1 2 q

where fl, fﬁ b..fq represent the number of cycles the specimen is sub-
Jected to specified oversttess levels aél’ oez.,.qe , and Nl, Nz,...N

represent the life (in cycles) at theése overstress levels, as given by

the fatigue (oe versus N) curve. a; is a constant.

Let us now consider a point B on the surface of the material as

shown in Fig. 7. Each droplet impinging upon the surface ceeates a

stress at point B, Agsuming that the force created by the droplet at its

point of impact is a "point forece', the stress at point B due to any one
20~
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dropiet is (Reference 23)

? (l—vc 3

A (41).
Zﬂrz

g =

where ¥ is given by equation (36). Due to the propagation and reflection
of the stress wawves in the coating (as diécussed in the previous section)
the steess in the Vcoating' does not remain constant, but €luctuates, as
illustrated in Pig. 8. Fatigue life #f the material is generally calcu-

lated: using an "equivalent dynamic stress” (Reference 24)

a %n
qie‘ » 0’ o "(42)
o n

where % is the ultimate tensile strength of the material. In the pre~
sén; ca§e~oé may be separated into two parts c,= q;”+ q;. The first
part, cé ig due to oscillaiions abotit the mean u&a o with amplitude a; .
The gecond part q; is due to "oscillation" aboué«the mean q;udlz, with a
constant amplitude ogﬁoﬁz. Thus, a; is not a constant but varizss with
time, Por simplicity, we agsume that a; is a constant with a value equi~

valént to the maximum amplitude, i.e.

q;’=~ 102 - 0] (43)

Equaticns {36) and (43) yield

o ¥ o v (k)
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The equivalent dynamic stresses corresponding to the two modes of stress

ogcillations just described may thus be written as

2] a
u
) (a/2) 0
Ue b -—-—:57'——' (46)

The number of cycles for which the material at point B is subjected to a ’
given stress between Ca and ce+dae ie equal to the number of impacts on
a dr wide annulus located at r (Fig. 7). During the incubarion period

the total number 6f iwpacts on the annulus. is

[ VO

fi = t!i?wrdr (47)

For each single impact the number of stress oscillations in tne coating
is k (equation 29), The total number of stress oscillations during f

impact is, therefore, Efi' Accordingly, Miner's rule becomes
£y k £ .
NI'+ "“T”9 8, (48)

whers Ni is the fatigue life for overstress levels at oé and N; is the

fatigue life for overstress levels at:og.

Since r varies continuously from zero to infiaity, equatious (47)

and (48) may be written as

g dr o+ —e—dr = ay (49)

The firss term on the left hand slde represents the stress oscillation

about ome/Z and the second term the oscillation sbout omﬂa. From

-2l




34

P L

equation (41) rdr 4s

| F(a-2v )
Mr -5 —s——do (50)
20

do- is determined vy differentiating equations (45) and (46)

- 3 R
Ty, lou )T
do = [—2E— Nzc; ! do, (51)
[(oy,) -0]
2
Z(Ouc) -1
do = f— 5 1 do (52)
{2(g,) ~0] -
Substitution of equations (50-52) into equation (49) results in
_ (d-2v) . e (-2v)
°1 2m F e °c  kem F s | —
I 2n 4o) . bm o
- ) - I : ]
) TONY dae 4 g R dae (53)
% 5

u

The lower and upper limits of the integrals have been changed to the
ultimate tensile strength Oy and the -endurance limit aI,.respectively.

In order to perform the integration the fatigue 1ife N must be known ag

a function of the stress Oge For most materials the fatigue curve between

9y and oy may be approximate: by (Fig. 9)
-b
N blqe {54)
where»bl~and b are constants. ¥Equation (54) must satisfy the conditions

N1 w ] for g =g (55a)

for o = GI {55b)
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b
Tn equation (55b), 10 2 corresponds to the "knee" in the- fatigue curve

'(Fig. 9). Equations. (54) and (55) yield

- . o Jo 1B :
o N= (o fo) (56)
: T b Ou
. b=t D 7
A log (o) le
" 810 di
c

Substituting equations (56) and (36) into equation (53) and int:grating

i;t we obtain

' b-1 b=1

: G -G

g 17d2 -0 u, Ic l |7

3 » — 0,6 (1-v ) o= (A+2 4 1k)=a {50)
¥ 4 1 c.'z(bfl)ogc sc 1

Introducirig the definitions

o, (b=1) 4{oug) (b-1)
S m ‘ e R (59)
b-1 1-2v y
oy , c
(l-zvc)[l~C;:: !
S =TT v (60)
k¥
2
nd” Fs
<n§ n, 4 {61)
equation (58) becomes
S -
¥ n g 28 (62)
i 1 EO 7

The parameter S characterizes the '"strength" of the matersal. Thus,

the numbexr of impacts needed to inltiste damage 1s propositiona’ to the

ratio of the "strength" of the material S, to the stress a° pre sucad by

27w




the impinging droplets. Such a dependence ofvnI °ﬂ'sé and ®° 1s reason-

able, since the length of the incubation period is expected to ;nctease
with increasing Se and with «decreassing a°. However, in view of the fact
that 'equation (62) 15 based on the fatigue properties of materials in
pure torsion and bending, one cannot expect & linear rélationship to
hold baeween n; and se/5°. In order to extand the range of A$§iicabii}ty
of equation (62), while reraining its major feature (iamely the functional
dependence of~ﬁ; on Sé/do) ve write

s 2 | %

% @, S 1 )
n, = a,{—~) = a =7 —] (63)
b 1 60 1 60 1+ 2R l\l{‘sc! -

where both a, qnduaz,are ds yet undetermined constants,

For s homogeneous matérial (in the absence of coating) the incubation

period is {Reférence 13)
a

ngy = 2, & i (64)
Both P andw;b denote an average stress at the surface, Note, that n;
and “23 4iffer only by the factor 1/(1+2E[¢8c|). This factor represents
the dawping effect of the coating.

A homogereous material may be viewed as either a material with very
thick coating (h/d + ©, k + 0, equation 30), or ore in which the coating
and the substrate are made of the same material (¢8c~0, equation 13).

It i3 evident that for either one of these conditions équation (63) re-
duces to equation (64), provided that the constants ay and a, have the
appropriate values. To ensure that in the limits (k+ 0 and/or wsc + 0)

equations (63) and (64) become equal we adopt here the same values for
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a, and a, a8 vere derived by Springer and Baxi (Reference 13) for homo-

*. -
geneous materials, Using the values a,=7.1x10 6 and a2-5.7 we obtain

1
5.7

% -6, Se <
n, = 7.1x10 (559 (65)
Equation (65) gives the incubation period of a 'single layer of coating' ;
of arbitrary thickness. The validity of the model must now be eraluxted
by comparing this result to experimental data. The comparison is pre-
sented in Fig, 10, In this figure all the data are included for which ’

‘both n, and the relevant material properties (au, 61, b2’ v, E,p ‘for

i
both the ‘coating and the substrate were availabla. As con be se:n,
there is excellent correlation between the model and the data, lending
support to the validity of the model.

As was discusséd in Section II, the presént model is wvalid only .
when thé Incubation time is greater than zero. This condition is met

*

‘when By
incubation period exists if

>1 ot, accéording to equation(65), when Se/5° > 8, Thus, an

*

n, > 1 ;

5,/0° > 8 (66)
When SE/GO is equal to or less than 8 damage will occur even upon one

impact per aite. This is most likely to occur at high. impact velocities

in which case 3° is high (since o~ P~ V).

The value for the constant 4, was given in Reference 13 as 3. "x1074,
This value was obtained by using the stress ¢ instead of ¢, in calcu-
lating the fatigue life. When ¢ is replaced by v, a; becomes
7.1x10~6 (see Appendix II),
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-Present Mode!

Data:
® Lapp et al 1955
a Lapp et al 1956
& Lapp et al 1958
o Schmitt etal 1967
e Schmitt 1970

]
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Se/d%

102

Fig. 10. Incubation Period n? versus So/07°. Solid Line: Model
(BEq. 65)., Symbols Defined in Table 1.
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) . SECTION V

‘RATE OF MASS REMOVAL

The mass removal rate of coat-substryate systems can be calculated
in a manner analogously to the mags removal rate of hgmogenep.:~ﬁaterials.
The analysis relevant to homogeneous materials is given in Rgfzrenge 13.
Parts of this -analysis will be repeated here for the sake of - mplete-
ness, and to enable the reader to follow the discussion withoi. the need
of constant referrdl to the earlier reference.

Beyond the incubation period, erosion of the surface of the material
(as expressed in terms of mass loss) proceeds at a nearly constanft rate
as’ shown in Fig. 2b. 1In order to calculate this etosion rate, an analogy
is drawn agadn between the behavior of the material upon which liquid
droplets impinge, and the behavior of specimens subjected to torgion or
bending fatigue tests. Experimental obsérvations show ‘that in the latter
case the specimens do not all fail at once at some "minimum life"”, but
their failure is scattered around a “characteristic 1life". Fo- specimens
in torsion and bending tests the probability that failure will occur
between minimum life ng and any arbitrary longer life n may be estimated
from the Weib ;11 distribution (Reféeence 25)

. n-n, 8

p=1-expl- (,.;;_,) ] (67
where n, is the characteristic life corresponding to the 63.2 percent
failuyre point and g is a constant (Weibull slope). Feor (n-ni)f:& <<l
equation {67) may be approximated by

n-ni B

p= T ) (68)
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The probability p can also be taken as the number of specimens that fsil

between n; and'n. If the material undergoing erosion due to 1iquid im-
pingements is considered’ to be made up of many small “parts", then the

amount of material eroded (mass loss) is proportional to p, i.e.

. ik ° n*-ny ’
e '3‘“"‘“:3. ) = ay( = ) (69)

p dis the density of the material being eroded. In equation (69) m was
nondimensionalized with respect to pd in order to réemnder the proportion-
ality constant By dimensionless. Equation (6b) is now rewritten in dim-

ensionless form

) a ,
- S {nk-n*). (70)
°d o a¥4 1

Equations (69) and (¥0). give

| )

= 5. - (71)
AR TL

According to equation (71) the mass loss rate o depends on the total num-

ber of impacts n. However, our model postulates a constant mass loss

rate (i.e. a is independent of n, see Fig. 2b), at least when "ni.‘:n"nf,

This requirement can be met by setting B=1, Such a value for B 4s not

unreasonable under high frequency loading (Reference 21). The charsacter-

iatic 1life n, is related to ‘thz minimum life n T This relationship may

be emppressed suitably as.

a5
. *
. -
n, =8,

(72)
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vhere 3, and a are constants. Introducing the dimens{onless wmass loss
gate

ol a .

a = —

'933/‘ (73)

equations (71-73), together with the assumption 8=1 yleld

o* = 1 (74)

’ @)

Iﬁe,a* given by equation (74) appliés to both homogeneous materials

o

and to coat-substrate systems. TFor homogeneous materials the ‘rdlues of

T N DT A T T TR e R T T Y T Y T X O B T Y R ey v
K thad T . ) p . . B Ry %
. . . et e

e

a, and a; were determined by Springer and Baxi (Reference 13) and were

found to ba .a,%0.023 and.a~0,7.

3 6

we adopt the same values of these constants for the present problem of

Similacly as for the incubation period,

homogeneous substrates covered by a single layer of coating, i.e.

1

*
a = 0,023 :
(n§)°°7

(75)

In the case of k+0 and/or ¥g*0 the incubation period nf reduct s to ﬁ;ﬁ
(sea Section 1IV). <Consequently, under these conditioms, a*(given.by
equation 75) becomes the same as given by Springer and Baxi's formula for
‘homogeneous. materials.

The validity of the foregoing model was assessed by comparing a*,

calculated by equation (75) to available experimental data. This compari-

i3

son, given in Fig., 11, shows very good agreement between the calculated.

*
and measured a values, This lends further confidence to the rodel.

Gaatca ac it
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SECTION VI
TOTAL MASS LOSS o

The total mass loss was given by equation (6b) as

o= a(n-ni) (6b)
Introducing the dimensionless parameter - 3
1
A 0m « e
"t (76)

equations (6b), (70) and (73) vield

* 3
m = a*'(n*-nz) (773) j
i3
- I
or ™ ?3
* ‘ : i
L I ” p
a* n ,ni (77b) ; ]
§
. + ¥
According to equation (77b) it should be possible to correlate all ero- 33
i
sion data on a ‘m*/a* versus (nf—n;)‘plot, Therefore, we have included ¢
B
all the existing data on such a plot (Fig. 12). 1In this figure the the- ! g
f
oretical result given by our model (equation 77a) is also indicated. The . ¥
agreement between the mcdel and the data is quite good, particularly in ' :
F:
view of the large errors inherent in many of the measurements.
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SECTION VII
LIMITS OF APPLICABILITY OF MODEL
The résults presented in Sections II-VI are valid when (a) thete
‘iﬂ.s a finite incubation period, ar;‘d {b) the mass lcss varies Iin:arly
either with time t or with the number of impacts n. The first »f this

condition is met when the following inequality is satisfigd (se2 equa~
tion 66)

n, >1

s - {66a)

According to equation (65) this condition may also be expressed as

se/Gb»>‘8: (66b)

: Equations (66a) or (66b) provide the lower Mmit of the :apé;i‘icabilii}:y
of the model. The upper limit beyond which ‘the present model cannot be
applied is determined by the second condition given above, namely that
‘the mass loss must vary linearly with t dr n. An estimate of this limit
was made by observing that up to abou: n":}ni the data obtained at various
values of n did not shov any systématic deviation ftpn; the model. Thus,
the results are valid as long as the number of impacts is less .than three

times the incubation. period, i.e.

n < 3:1i (78a)

or in dimensionless form

% *
n < 3!';1 (78b).
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Using equatiocn (63) we obtain the following éxpréssicn for the

upper limit
- s 517 Y )
n <213x107° (78¢) u
v -o " 3
c b
1 Note that the two limits expressed by equations (66) and (78) do not 3
¥

! impose any constraints on either the material or tlie impact weloeity. r
] Thus, the results asre valid for any materisl and for sny velocity, pro- l:
% - ]
vided that the experimental conditioms fall within the range specified 53

by -equations (65) and (78).
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3 ; SECTION VIII

FATIGUE FAILURE OF THE SUBSTRATE

TS

s s rueeede 8 a] dtiasebdtH WS SRSREANE, - .
! 3¢a

The foregoing analysis was based on tf;“ "hﬂ_&l,.ﬂti@ that the coating

-1
A
ﬁ
E
k-
3
3
*
1
4
1

t ¥y v N
N o ¢
P il ««\??W%"QW

fails Before thé substrate. Under some conditions, however, t:c sub-

[y

v e

strate aay fail before the ccating. The analyses presented in 5ecti9ns -

R i1 &
A .

FUEVE

IV, V and VI can be applied readily to such a situstion. To c-lculate

o
FUSRY -T2 T

the behavior and failure of the substrate only minor modificat.ons need

-t
€ At 1O £

0
be taade in the previous results. The average stress at the surface of the j’
coating a° (equation 34a) must be replaced by the average strecs at the -

pretNe

coat-substrate interface 5“ (equation 34b). Consequently, équstion (62)
nust be written as. R

* :se

n, = a, ~= £79)
1" .b'h. -

1y (NI R T
< s AT A ST AT PYTRHTY ITF IP YT YT Ty
= (S w\b\b
. . I v .-

Furthermore, in calculating S, (equation 59) the parameters (Gu,) » (01>

S A N .
e e S B Y aa? s st s s Becstsllee

and v, must be replaced by the properties of the substrate (oug?s (oI,) , T
3

' and v_. All other results remain unaltered. ; %
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~ SECTION IX o

COMPARISGH: BETWEEN THE RESULTS OF THE
UNIAXIAL STRESS AND STRAIN THEORIES -

-

It was diucmsed in Section III tbat the atmoes in the coating may

NIy PN S JETEs { SUIPRR AR

e S Skl e e MDY Wbt et S

b

1 be evalusted ‘by aseming either uniaxial (one dimimal) stress waves

%{ -or miaxial (one-dinensional) strain waves propagating through the uter—-

. i‘gl. Thé unfaxial stress wave nodel wag applied to. the problem by Ccmn

;‘ h — et al (Referencés 10‘, 11). and by Engel and Piekutowski (Reference 8).

3 The wmiaxial ai’:fain model was employed by H;ﬁri‘s (Reference 7). There .

t has been .considerable speculation in the literature (References 16, 26,

% 'V27:) as‘ to which approach yields more accurate results, ‘Hei‘e. ‘we .examine

lw , btiefly the differences in the uniaxial stress and strain models, I;h;:se 3
; 4
5\‘ .differences can best be illustrated using a graphical solution method
5‘ (Reference 7), First lét us consider the 1mpaé_§ of a droplet on a homo= ﬁ
;, généous (m¢¢at§d) material. Upon impact ore dimeisional stress waves

P _ piopg“ga:&’ij’iid- the s:o'lvi‘d and the liquid with wvelocities: v .and. vy Tem
; " apectively. The stress at any point behind .thé wave front in either the ]
} solid o,-i' in the liquid is given by : ,
3 o = pv o | o @) i
>:»,} ‘whete u is the particle velocity ot the point and p is the dénsity of the %{
é; ‘materfal., The wave velocity v i{s specified by 'the reiationship k
g . ’ ' - 7
f" veC#But :Béug _ _A8n) | ‘i
=z . . ) ‘ 3
: C 1is thg- vélocity of the som;d in vf:ﬁe materiai, Bl and Bz '3,‘“ conétqmts. 71
3 The o versus u cuive, shown in Fig. ¥, is called ‘tge«“*kaqkingjﬁﬁgoniqt ’
‘“ S -
y B !
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for the lc,ong‘i‘ng and the n;fuid
o, =PV, (curve 1) (84):
o‘L = va;t!(veub) (curve 2) 7 (85)

are dram on a q versus u plot. The intercept of these curves yields
the stress clmd the particle ve‘i’ocitg u, st surface of the coating (x=0).
'Equation (84) is based on the properties of the undisturbed coating.

The Rankine Hugonoit relationship for the coating hehind the stress wive
1s.

(g,-0,) = v (uy~u ) (curve 3). (86)
Finally, for the substrate we have

o, = 0, ﬁr—auo (curve 4) (87)

3

Curves. (3) and (4) aré also drawi on the ¢ versus u, plot. The inter-
cepts of curves (3) #nd (4) and (2) and (4) give o, and g,; respectively.
Construction of a typical ¢ versus- u, plot is8 illustrated in Fig. 15.
'Figure 15a shows the results for the uniaxial stress theory Cv‘L-CL,

- r the wondi. !
VEC,s Vg=C;) for the wondi:'on

¢’e  Fs's (28)

For the uniaxial strain model the wave velocities v, , \ and Ve are not

constunts. However, if the condition

vy TPV, <PV, (89)
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for the costing snd thé. 1ijutd

(84)

bc =P VY, (curve 1)
oL =PV I‘(V’ u ) (curve 2) (85)

-

are dravn on a 9 versus u plot. The intercept of these curves yields

‘the stress o, and the particle velocity u at surface of the coating (x=0).

Equation (84) is based on the properties of the undisturbed coating.

The Rankine Hugonoit relationskip for the coating behind the stress wive

is

(o c-al) - pcvc‘(uf“o) (curve 3) (86)
Finally, for the substrate we have

bs = p‘QV"uo {curve 4). 87)
Curves (3) and (4) are also drawn on the ¢ versus u, plot. The inter-

cepts of curves (3) and (4) and (2) and (&) s‘l,Ve"bz and 0_; respectively.
Construction of a typical ¢ versus ' u plot 18 illustrated in Fig, 15,

Figure 15a shows the reau).':e for the wniaxial stress theory (v 'CL’

ve »C o v CL) for the mndi.‘

L Ak Ple < Pely

(28)

For the uniaxial strain model the wave velocities Vs Ve and Ve are not

constants. Howaver, 1f the condit_:io‘n

p.v

L'L "pcvc < PsVs

(89)
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is satisfied for each value of uéAthen the Raﬂkine—Hugonoit Curves are as
shown in Fig. 15b.

satigsfied UB < oz.

2
stress wave model,

Thus, as long as the condition 4m equatioen (89) {s
This is in agreement with the result of the miax{ial

If the condition expressed by equation (89) is not
B

L]
-]

satisfied for all values of u, then oB

o may be larger than o Whether

a9, is- larger or smaller than oz, depends on the relative magnitudes of

Bl,and B2 for the liquid, the coating and the substrate. The condition:

wmder which this might occur cannot be specified at present time, be~

cause values for B, and,B2 are unavailable for most materials,

Plote similar to those presented in Fig, 15 could also be drawn for :

materials with differént relative impedances (1,e. A pcvh < DsVé,

< > > [ 2 -
PLYL pcvc PV PLYy, > PVe P V. i see Fig. 4). However, the con

clusions presented in the foregoing would not be altered.

It is noted here that curves (3) and (1) in Fig: 15 are symretfic with

resvect to ¢ = s regardless of the values of’Bl and 82. Thislsymmetry

was not -satisfied by the Rankine-Hugonoit plot presented in Reference 7.
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SECTION X

A

SUMMARY

The following formulae may be used to estimate the incubias ton time
and the mess loss of the coat ma eria" of coat-substrate syeﬁef subjected

to repeated impingement of 1liquid droplets.

a) . Incubation Period -
5,7
* -6 . Se.”*
ny = 7.1x10 [:5] : (90)
o
or
-6 S 5.7
w 2:05x10 ° e no. of impact q :
ty ) [5-"] ( unit area ) (1 ,
or
"“6 s 5.7 T ;
= 3&‘153‘-1-"—5 =) - (time) (92). i
q Veosbd™ ¢ !
where .
4s_(b-1) :
e = : :
\(1~2\>-c) f1+2k “('séi 1
zo. P1,Cq Veosd 1+ I»J;gc (- v 1+ Yy 1-exp (~Y)] 4)
AN A B O sel+¥,. ¥
N (,
and
’ P C -0 C ' ) DLCL-P C
b} .
s8¢ p C 40 C Le DLCL-H’ C
Cc ¢
Yy = EZ' E-[l"¢8chc) (95)

-

ks

1 Ce 4
-9, 9 { 1 - exp [~ E; i (- wsch )]i

-l




b) Rate of Mass Removal

&
* -0
o =92 [ ‘ (96):
e
or 4
3 .00 mass loss ,
a = 70.6p d” [c-] (—*25522279 {97)
e

S, and 6° are defined in equations (93) and (94).

¢) Total Mass Loss

* *, k% ' -
m =qa (n —ni) (98)

or

(mass loss

m = ¢(n-ny). imit area) (9) %

Equations (91), (97) and (99) yield the mass loss per unit area in time ¢t

5.7 L

. =0 b S ‘ *a

m=70.6pa> (3] { (qt Veosd) - 9—'—9-332‘-=9—- S ] oo ]
e

Se -and o° are defined as in equations (93) and (94).

The foregoing results are subject only to the following two con-

straints.

a) Incubation time must be greater than zero (ti>0), a requirement sat-

isfied by the condition

g B

:fi)- > 7.96 (101)
(o)

h

A e yenrd ekt R e




b) Total time elapsed must be less than three timeg the incubation

period, i.e.

t < 3t:i g

n<n (102)

* *
ay < 3ni

or
5.7

Se N
=] (103)
<’O

2 539—‘1'{—)—19 < 2.13%107°

th

5, and @° are defined in .equavions (93) and (94).
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APPENDIX X

DERIVATION -OF EQUATION (18)

N

After k number of wave reflections the stress at the coat-substrate

interface is (equation 16)

, 1+ *sc o «
GZk = 01 ﬁ;—ci'—x‘—c—-— [1-(w8:chC) ] - (Atolc 1)

After a large number of reflections (k*) the stress approaches the limit

S

Noting that

Zg -Zc zL-zc

Veclre ® Gz ) Gz ) ! (A.1.3)
8 ¢ LT ¢ .
we obtain
lim (IR )k’* o (A, 1.4)
kbm 's¢’Le

Equations (A.l.1), (A.1.2) and (A.l.4) give

] o 1+
e lm Ha oo e : (A.1.5)
1 ke 71 8¢’ Le

‘Using the notations (13) and (14) of Section III, equation (A,1.5) may

be written as

1+ ZL/ Z zL'Vcosel 1+ ZL/‘ZQ)
% =9 TTETE. " %1 ZVeestIUFETL) (A.1.6)
/% L 1/ 2
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We now obiserve that the denominator of equation (A.
stress at the surfaceé of the coating [P=g
Thus, o, is ‘

L Zchgse
R —
- l+,ZL./Zs

This is the stress that would be produced.-on. the surface of th

st 3 '
rate i{f the dropiet would impinge upon it directly (seé~equarion 4).

-53-

71+ See equations (4) and (7)].

1.6) is equsl to the

&.1.7)
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APPERDIX 1T

THE VALUE OF THE CONSTANT .1frqx'uoabégnzoué“uazzggats

§ptinge: and Baxi (Reference 13) czléulated tﬁe incufation period

from Miner's rule

£, f £ ’
Ly ﬁi«b +-ﬁ-‘5 ~ a, A.2.1;
% k ’

E

pes

basing Ni3qn4the stress g (equation 10 of Reference 13)

g ﬂéﬁﬁl ~ a2

Introducing (see equation I1 of Referénce 13)
f -wuizttﬁr

and, (see equation 16 of Refereace 13)

N.blg¢ (A.2.4)

Springer and Bax{ obtained

® n12Wrdr
j' . ,_b ’ alv (An 2-5)
bao ©
0 1
Equation (A.2.2) and (A.2.3) yleld

3 '.(A\o 2_» 6)l
w2

rdr » -

Substitution of equation (A.2.6) into equation (A.2.5) gives
j oo, P55 (1-29) 7207

= do (A.2.7)

b.o
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S - ;
P (A.2.8)

2N
P -
[
]
[

- o,
<
>
-
)
R
I

‘"‘"i}e
N

= ,b-1 2 (b-1)

,
. L kb
JUSTE RS DT P GREURNTCIEPY AL S Ve TTS

E° s - 1=29 (A.Z.S) i
, g b : .
%;‘,' ' (1‘2" ). [“1““(6‘1‘) 1 < ,? .

‘and a constant a, was introduced in Springer and Baxi’s work

2 K o
"d > S . R
n, a6 (A.2.10) i

T YT R T e
¢ N " o

‘Comparing equation (A.2,10) with data, Springer and Baxi deduced the ;
values of a, = 3.‘73:10—4 and a, = 5.7, l.e. : :
i 5T ‘ .
En, = 372107 *.2.11) ;
' We compute now the above results basing the fatigue stress N on the i
N Y equivalent dynamic stress.
o a -
S , 3
o o =20 (A.2.12) T
. [ e g 0. L
" . n nm 4
g : wl up =< 3t ; « :
; Since o5 and O equation (A.2.12) yields . ; ;
2 Oy :
" ge i 20 - (AA?-CIS) ,“
! " ;
5‘ : #

"

Fatalg «—@*Jﬁ ;
=4
[ 7%

The replacement of ¢ by o, in equations (A.2.2), (A.2.4) gives: " ‘

T

2 4 oq(p-—l)

1 ) \
s o b1 (k.2.14)
2G5 ]
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we obtain

S = 28

e

TR TR K T

TR
LT <

S ) o 57
. LS 7.1x10‘6<§§)

————

6

Pl

Wﬂm‘mm‘@ TR
s )

Accordingly equation (A.2.11) becones

) g 37 s
xd 2a1n-d e « ~6 e,
5 My ™ 3.7x10 (ZP)- 7. 1x10- (P/ )

~56-

. e N . .
SR S e 1P Nt T R e

3.

; , Thus in terms of s o the incubation period is.
2 . =

WLl

7

%,

2

Comparison of equations (A.2.9) and (A,2.16) shows that

o

B A - S

(Ai2.16)

:(Au 2'0 17/)

{4.2.18)

(1.2.19)
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1 Introducing the nosation
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