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ABftRACT

The behavior *f co at-Substrate systems subjeeted to repeated impinge-

r4ents of liquid droplets was'investigated. The systems studied consisted

of a thick homogeneou3 substrate covered by a single layer of homogeneous

coating of arbitrary thickaiess. Ba-ed on the uniaxial stte ss wave model,

the variat ions of the stresses with time Were determined both In the

coating ,and, in, the substeate. Employing the fatigue theorems established

for the rain erosion of homogdenous materials, algebraic equatiqfs- were

derived which describe the incdbation petiod, and the mass loss of the

coating past the incubation. jerlod, in terms of .the properties of ,the

droplef, the, coating and the substrate. the results were compared ,to

available experimental data and good. agreement was found between the

present analytical results and he data..

The differences between 'the unlaxial stress wave and the uniaxial

strain wave models Were also evaluated by calculating according to both

models a) the stress at the coat-liquid interface, b) the stress 'that

would occur in the substrat . in ithe absence of the coating, and c) the

stress in .the coat-ing after the first wave reflection from tle substrate.
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SECTION I

INTRODUCTION

Compobn3nts of high speed aircraft -and missiles may experience heavy

damage when subjected to repeated impingements of rain droplet.. the

damage to -nonmetallic components, such as platic radomes, may e parti-

cularly severe. To. protect such surfaces from rain erosion, th ise sur-

faces are' frequentiy covered with a thin layer of coating. C on rIdei'able

research has been performed in the pAst to select the most suitable coat-

ing material, and to determine the behavior of various coat-substrate
systems undergoing liui4d impingement.

hTe majority of the previous studies of rain erosion of coated mat-

erials have been experimental in nature, with the bulk of prior research

concentrating on the measurement of an erosion parameter (e.g: weight

loss) wnder specific conditions (References 1-6). These experimental

studies provide, information on the behavior of a given coat-substrate

cobination under" a given. condition, but fail to describe mate..al be-

havior beyond the range of the. experiments in which they were obtained.

For the selection Of the proper "materials and for the design of the ap-

.propriate structuroas an analytical or ,semnemirical model would be needed,

which would describe the response of coat-substrate systems in terms

of the relevant parameters. These parameters should include the proper-

ties of the coating and the substrate, the thickness of the coating, and

the impact velocity and size of the droplet. In recent years, ,-rogress

towards this goal has been made by Morris (Reference 7), Engel 'ad

Piekutowski (Reference 8) and by Conn and his coworkers (Referemces 9-11),

who analyzed- the stress history in various coat-substrate syste.,s. Al-

..,===, mwm, ,, ." " • ' -1-



though the results of these investigations further our understanding of

the processes which contribute to the failure of the coating and the sub-

ristrate, as yet they are not capable of -correlating fully the existing

data and generalizing the results obtained from a few experiments.

The, objective oT this investigation is to develop a model which-is

consistent with experimental observation and which predicts quantitatively

"erosion" of coated materialsiunder previously untested conditions. In

particular, the aiodel proposed here is aimed -at describing a) the "incu-

bation period", i.e. the time elapsed before the mass lose of the coating

becom*e appreciable, a#4 - b) the degradation of the coating past the

incubation period, a, manifested- by its was loss. The model is based on

fatigue concepts (ie.g. References 12, l3), and Is along the lines devel-

- oped prevously for homogeneous (uncoated) materials (Reference 13).

The success of this model in describing the damage of homogeneous

Fi" materials warranted its extensioh to coated materials.

° ,-2-



SECTION 11

THE PROBLD .V

The problem investigated is the following. Spherical liquid drop-

lets impinge repeatedly upon a plane, semi-Infinite mterial cnftsisting

of a homogeneous substrate covered by a homogeneoopr coating (Ff*g, 1).

The thickness ,of the coating is h. The substrate is taken to 1'2 semi-

infinite normal to the plane of the Surface- (x direction in FiV. 1). The

coating and the substrate are characterized by the following properties:

density p, speed of soundC, modulus of elasticity E, Poisson's ratie v,

ultimate tensile strength .o. and endurance limit O. Parameter3 related

to the coating iAnd 'the substrate are denoted by c and s:, xespectively.

Parameters related to the droplet are identified by the subscript L.

A perfect bond is assumd 'between the coating and the substrate, i.e.

at the interface +(x-h) the stresses and the displacements are the sape

in the coating and the substrate. Furthermore, -the, stress wave propa-

gating through the coating, and the substuate are considered to be one

dimensional, propagating normal to the surface (compression waves). aves

parallel to the surface (shear waves) are neglected.

The diameter of the droplets d, the angle of incidence 0, and the

velocity of impact 'V are taken to be constant. 'The spatial distribution

of the droplets is considered to be uniform, Accordingly, the number of

droplets impinging on unit area in time t is (Reference 13)

n- (VcosO)qt (1)

where q is the number of droplews per unit volume. Rain, falltig with

constant terminal velocity V , ia ukually characterized by a pa.:ameter I

-3-
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called "intensity" (wiith uilts of length/time) which is related to q by 'V

the expression

61,
q6 -i- (2-)

Equations (1) and' (2) may be corbined to yield

=6 (v ccs6)I (3) :

r-3 - t(3
I Vtd>

The Impingement rate is assuned-to be sufficiently low sc that all the

effects produced by -the impact of -one-dr6plet diminish, befcre tIe impact

of the next droplet '(References 1-3, 14).

The pressure within the droplet varies both with position- and1 wth

time. For simpl*city:,, the pressure at the liquid-s.urf ace interface is

taken to be constant, its value being given by the water ,hammer ressure

(Reference 15)

PLCL V cosO (4P .a - __(4)
1+ PLCL

Scc

Although more accurate representation of the pressure-is possible (Refer-

ence 15) the accuracies afforded 'by the use of eiation (4') will suffice

in the present analysis, The duration of the pressure at the interface

is approximated by

2d (5)
tL I

The forces, created by the repeated droplet impacts, damage the baterial

as manifested by the formation of pits and cracks on the surface, and by

weight loss of the coating material. Experimental evidence indicates

that under a wide range of conditions the w-ight loss W varies uith time t



as shown, sehemstically, in Fig, 2a. For some period of -time, referred

to as incubation period, the weight lo~s is insignificant. Between the

end of the incubation period t i and a tkte denoted by tf the weight loss

varies nearly linearly with time., After tf the .,.lationship between W

and t becomes .more complex. Here, we will be concerned, only with the be-

havior of the material up to time tf. In most practical situation* te

usefilness of the material does not extend beyont tf. j
It 1is advantageous to replace the total weight loss of the sample

by the mass loss per unit areai m, and the, time-by the number of droplets

impinging upon u6it area n. In terms of the parameters m and n, ache.-

matic representation of tive data is given in Fig. 2b. It is now assmed

that the data can be approximated by two straight lines as shown in

Fig. 2b, i.e.

m 0 0 <-n (6a)

m- a (n-n i ) n < n < (6b)

Thus, the material loss m produced by a certain number of impacts n, can

,be, calculated once the incubation period ni and the rate of subseqtjent

mass loss (as chatacterized by the slope a) are known. Therefore, the

problem at 'hand is to determine the parametf 's ni , a, and f the latter ,

being the upper limit of validity of equation (6b). It is noted here that

the above model is valid only if there is an incubation period. Problems

Ar which even one impact results in appreciable damage will not be con-

sideored.

-6-
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1h order to estabi s nj and e, the Stress history in the coating

must be knon. Thus, first e,.preasions are 'derived which describe,, in

suitable form, the variation of the stress with time in the coating and

V in the substrate.

YV

[ ; ,

Voi

E.
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r SECTION III

STRESS HISTORY OF THE COATING AND THE SUBSTRATE

The variation of the stress with time may be evaluated by consider-

.0g eilther uniaxial, stress, waves, (References 10, 11) or uniaxtal strain,

waves (References 6, 7) propagating through the coating. As will be

shown in Section VIII these two approaches yield similar results. The'-

present calculations are, based on the uniaxial stress wave model.

v When a, liquid droplet impinge& upon the surface of the coating, a

stress wave propagates, through the coating (see Fig, 3). The magnitude

of this initial stress wave, denoted by ai, is fdentical to the hydro-,

static, pressure P,, i.e., I

01 (7)

P is given by equation (4). At the coat-substrate interface a ,portion" Of

the stress waVe is transmitted into the substrate while a portion of it

is, reflected back into the coating, thus, there is a "left" txavelitg

wave in the coating of magnitude 02 (Fig. 3)

~ 0 h
~2 -+ a

In, equation (8) o represents the magnitude of the kefle6tediwave which

may be ixpressed as (Reference 8)

z -Zh s, (9
Or alZ s Z

- se -9-
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In 'the time interval t-C- /2h the "left" traveling a2 wave reaches the coat-

liquid interface and a new "right" traveling wave of magnitude 03 is

generated at the x=O surface ,

10
3 "2 r +a (10)

where o is the reflected wave from the surface cf the-coating (Refer-

en ce 8)

" "" " 2 X +zc
Lc

In equations (9) and (1) Z iS -the impedance of the material

Z pC (12)

Introducing. the notation -

z -Z
ZSC - z +Z: 

(13)

ZL-c

Lc - ZZ c  

(14)

the, magnitudes of the "left" and "right" traveling waves become

2. 0i c ", P-

S 
+  +

(15

. I Sc sc Lc

04=a 1 (+ ' s4 'L + 'sc Lc *Sc)

etc,



Equations (15) may readily be generalized to the follouing,, forms

2k-1 2k )k-l (7
d scscLd

Iwhere Ic is ant integer, k -!1, 2,j 3,..

Note that the stress history- in the coating depend. on the relative

magnittddes of ZL, Z~ and Z5  This is illustrated in tig. 4, where the

variation of the stress with time is shown for the four- possible combina-

tiofts -of imzpedancesi After a long period of time -(i.-e. after at large

number of ref-lections', k-i-) the stress at both on the surface of the

caig(x--O). and, at the coat-rsubst-rate -interface (x'h) approaches, the-

constnnt value

I + 1 +z /Z
-a JliiA0 L 'iC ~ C(-18)I k-- 2k s-"sc *Lc 1 + ZL/Zs

Cy~ is -the stress that would occur in the substrate. 1-f the droplet -would,

ilmpinge upon it directly in. the absence of a coating (see Appe6ndix I).

It is evident from Fig. 4 that the coating reduces the stresses in the

substrate only if the appropriate coating material (ie-appropriate corn-

bination of Z, Z and'Z ) i eet~ Fg cad4).For certain

combinations, of coating and substrate the mean itresises An the substrate,

are- actuallvy higher with the coating than without it -(Figs. 4a and 4b).

This result clearly indicates the importance of the proper selection rnf

the material used as coating for a particular substrate.
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Equations (16) and (17) describe the variation of the stress, with -

time in the coating. For our further calculations it is convenient to

replace the stepwise variation of the stress by a continuous function.

To accomish this, equation (16) is rewritten in the form

S2k. . - 02 k1

al- sc-Lc

'Equ-Ption (19) is now approximated .by the expression

o- , o

Z9k #X (- 02t-= (20)

By replacing equation (19) by equation (20) Ve replace, in effect, the

.stepwise Stress function with an exponential Curve, as illustrated in

5. :In equation (20) ke -is.the nuber of reflections 'required 'for

the stress to reach 63.3 percent of a,. To, evaluate ke we introduce the

condition that the area under the actual (stepwise) and the exponential

curves are to be the same. This condition requires that the following

equality be 'satisfied

- I k-

'k- 1 1 1cc J l .~

(21)

Evaluating the summation and the integral in equation (21) we obtain

4CII- V 1(22)-
sc Lc

Substitution of equations (13) and (14)into equation (22) yields

1 + Z1/Z I + z /Z

k 2 1 + ZL/Zs (23).

In the absence of coating Z -Z and ke-l, which, as expected, shows that

there are no reflections in a semi-infinite material.

-14-
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the time required for k 'nber of reflections to occur is (seee
?ti. 3) -_

t= ke 2k (24)
C

md the number of reflections during this time is

k a te - (25)

Similarly, the ntz~er of reflections which occur during the duration of

the impact tL (given by equation 5) is

k t C d (26)
Thc h

It is to be ,noted that ki 0 independent of the thickness of the

costing, (see, equation 23), while AL depends on h. For thick coating

(hid 4)-kL 3 3 and for -thin coating (h/d +0) kL + aThus, the ratio

kL,  (27.)

e

-may vary between zero and infinity. It is conveninet to bridge these

two limits by the exponential curve

=-k [I - e k (28)
e

or

k= ke [1 - exp(-y)] (29)

represents the average number of reflections in the coating. The var-

iation ,of k with y is i-llustrated in Fig, 6. E'jr thilk coating' k becomes

kh/d - 0 (30)

L1-16-
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For thin coating equation (29)reduces to

kh/d -O" ke '(31)

which is, by our definition, the maximua number of .reflections which may

occur in the coating.

We may evaluate now the-average valoes of the stresses at the coat-

liquid (x-O) and at the coat-stibstrate interfaces (tx-h) during, the perioa

of impact tL. The average stress at x-O is

kL
a k0 E 2_ (32)

and- at xnh is

kL

k 2k33)
k-1

Substituting equations )(16),, (17) and' (18) into equations (32) and (33)

and utilizing the exponential approximation, given by equation -(20)., after

some algebraic manipulatiod-, we obtain
+q

-o 1 + _ .- exp(-7). 04a).

-_ = SC- - -(34b)

a 1 1 - 'sc*Lc scLc y

If the coating is of the same material as the substrate *sP7O and equation

(34a) reduces to

;o i P (35)

-18-
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The force exerted by the droplet on the surface of the coating also

varies with time. The average force on the surface durifig the duration

of one impact L is

2
(36)

The foregoing equwt-lons describe the stress history in the coating

and in the substrate when the substrate is covered by & single layer of

coating. The results could be generalized readily to"include trio or more

layers of coatings. It is emphasized, however, that the expre,'ions here

developed are not restricted to thin coatings, but may be appli-id to

coatings of arbitrary thicknesses. The thickn.ss of the coating enters

the results, through the parameter Y. From equations (23), (26) and (27)'

we have

1, + IL/Z 1 + Z.L./Zs

cd L Ls Ls2 (37)

For a thick coating (h/d -)y becomes

Th/d -0 (38)

For a thin coating (h/d -0 0) y assumes the value

h/d 0 (39)

-19-



SECtIOI IV
INCUBATION PRWOD

It has been recognized in the past that fatigue plays an iupdOrtant

role in. the erosion process (References 12, 14, 16-21), 'particularly in

'the '!eariy" stages of the process, corresponding to the' incubation, perlod.

Applying fatigue concepts to -the problem of rain erosion,, Springer and A

Baxi (Reference 13) recently established ,a semiCepikical formula which

describes the incubation period in a homogeneous mterial. Here, Springer

and' 3axi's- analysis is extended to homog- webus materials covered by a

single, layer of coating. The analysis Is based an the concept that fatigue

theorems established for the torsion and, bending of bars might be applied,

at least qualitativelyi to, materials, sub ected to- repeated liquid' imp= g&-

ment. The failures of bars undergoing repeated torsion or bending have

been found: to follow Miner's rule (Reference. 22)'

SI f2 f

N N"' N I
1 2 q

where f., f" ...f represent the number of cycks- the specimen is sub-

jected to specified overstress levels ael, e2., r and N1 , N2 ,,,.N

represent the life (in cycles) at these overstress, levels, as given by

the fatigue (ae versus N) curve, a1 is a constant.

Let us now consider a point B on the surface of the material as

shown in Fig. 7. Each droplet impinging upon the surface ceeates a-

stress at point B. Assuming that the force created by the droplet at its

point of impact is a "point force", the stress at point B due to any one

-20-
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droplet is .(Reference 23)

2 (41),
27r 2

where is given by equation (36). Due to the propagation and reflection

of the stress waves in -the coating .(as discussed in the previous section)

the stress in the coating, does not remain constant, but ,luctuates, as

illustrated in Fig, 8. Fatigue life, if the material is generally calcu-

latedz using an "equivalent. dynamic stress" (Reference 24)

aa za M- ,- (.42)
e -a

where u is the ultimate tensile strength of the material. In the pre-
U

sent caseo may be Separated into two parts a: a' + a". The first

part, a' is due to oscillations abatt the mean a'- a with amplitude a'm a

The, second part d" is due to "oscillation" about :the mean a'" i/2, with, a

constant amplitude a"i va2. Thus, a' is not a constant but varies with
a a

time. For slmplicity, we assume that a' is a constant with a value equi-
a

valitnt to the -maxiumn amplitude, i.e.

Equations (36) and (43) yield

-(44)

Cr *22-

-79.



Ob

AJ

-23-3



The equivalent dynamic stresses corresponding to the :two modes of stress

oscillations just described, may thtis be written as

ci -1 u (45Ye I3-a
U

,, (ol2) (4)
ar 'U (46) ,e atrua/2

The number of cycles for which the material at point B is subjected to a

given stress between qt and Cy +d is equal to the number of impacts on
e a

a dr wide annulus located at r (Fig. 7). During the incubation period

the total ntzber 6f impacts on the annulus. is

f rdr (47)

For each single impact the number of stress oscillations in tne coating

is k (equation .29>. The total ntaber of stress oscillations during f

impact is, therefore, kf1 . Accordingly, Miner's rule becomes

f1  k f
4 + a(48)

Ni

where N' is the fatigue life for overstress levels at a' and N" is theI e

fatigue life for overstress levels at ao.

Since r varies continuously from zero to infinity, equations (47)

and (48) may be written as
n 2wr k n 2'trr

J ,4"r dr +f Nt dr a 1  (49)
0 0

The flrst term on the left hand side represents the stress oscillation

about am -a/2 and the second term the oscillation about aM=a. From

-24-
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equation (41)' rdr is

rr- L 'F(12vr) "

rdr+... dor (50)

da is deternified By differentiating equati:ons (45) and, (46)

d - d' (51)
[(%iC -or]

2(auc) 2

d' ;r- - da e  (52)2¢ _]2 e

Substitution of equations (50-52), into equation (49) results ir,

(i2%) 1[% (1-2%)

1 2w (4a 2)  ±i 41 o" 2
- __ , _e da" (53)

W da N' e

u 'a

The lower and upper limits of the integrals have been changed to the

ultimate tensile strength a and the entdurance limit a , respectively.

In order to perform ,the integration the fatigue life N must be known as

a function of the stress ae For most materials the fatigue curve between

a and a, may be approximated, by (Fig. 9)

-bN b (54),

where, b and b are constants. -Equation (54) must satisfy the conditions

N1  I for ae M au (55a)

N 10 for a , d (55b)

-25-
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SIn equation (55b), 10 corresponds to the '!knee" in the- fatigue curve

(Fig. 9). Equations- (54) and (55) yield

(uly a (56)
u e

b2  au 

C)

b =( - )( 7)

log 1 0 () c
IC

Substituting equations (56) and (36) into equation (53) and, int.grating

we obtain
b-i b-i

2 Uu -C;

4 -aSc

Introducing ,the definitions

-4a (b-l) b (a u,) (b-i)
. S =b -1 1-2v (59)

a c~~~~(1-2vc i -c

S '(60)
e 1+2k

-- w--.(61,. ,~n* n - ", )

equation (58) becomes,

S
n , a 1 e (62)

The parameter S characterizes the "strengtht" of the matetLzal. Thus,
~e

the number of impacts needed to initiate damage is propositional to the

-'0
ratio of the "strength" of the material Se to the stress a pro.lurced by

-27-



* o"Iad i esn
the impinging droplets. Such a depehdence of n* oi  S and is reason-

able, since the length of 'the incubation period is expected to increase

-0with increasing S and with :decreasing o . However, in view of the facte

that ,equation (62) is based on the fatigue properties of materials in

pure torsion and. bending, one cannot expect .a linear r&lationship to

hold' beveen n* and S lO . In order to extend the range!:of Applicabilitye

of equation (62), while retaining its major feature (namely the, functional

*0
dependence of fI on SeW /) we write

S a2  a2* e _s_.
ni" a,( a -- 2 I S i '(63)

a a ~ scI

where both a, nd a2. are as yet ,indetermined constants.

For a homogeneous material (in the absence of coating), the Incubation

period is (Reference 13)

a1 a~
niH "'al ,() (6"4

Both P and%? denote an average stress at the surface. Note, that n* Y

and rii jffer only by the factor l/(l+2k[ sc1). This, factor represents

the damping effect of the coating.

A homogerneous material ,may be viewed as either a material with very

thick coating (h/d 0 , k * 0, equation 30), or one in which the coating

and the substrate are made of the same material (*sc-0 , equation 13).

It is evident that for either one of these conditions equation (63) re-

duces to equation (64), provided that the constants a and a2 have the

appropriate values., To ensure that in the limits (k- 0 and/or s S + 0)

equations (63) and (64) become equal we adopt here the same, values for

-2v -



a and a as were derived by Springer and Baxi (Reference 13) for homo-
* -6

geheous materials. Using the values a1 77xO and a2 -5.7 we obtain

-6 Se 5.7

Equation (65) gives the incubation period of a single layer of coating

of arbitrary thickness. The validity of the model, must now be e raluated

by comparing this result to experimental data. The comparison i pre-

sented in Fig. 10. In this figure all the data are included for which

buth ni and the relevant material properties (a , 1 , b2 , v, E,p for

both the coating and the substrate were available. As can be se::n,

there is excellent correlation between the model and the data, lending_

support to the validity of the model.

As was discussed in Section II, the present model is valid only

when the incubation time is greater than zero. This condition is met

when n1  >1 or,, according to equafion(65),when S /6° > 8. Thus,, An
Can

incubation period exists, if

ni> 1
i k

Se/°> 8 (6'6)

eWhen Se'a'-° is, equa! to or less than 8 damage will occur even upon one

impact per site. This is most likely to occur at high, impact velcities

in which case .o is high (since a°  P .- V).

The value for the constant a, was given in Reference 13 as 3. 70-4.
This value was obtained by using the stress a instead of ae in calcu-
lating the fatigue life. When a is replaced by ae a1 becomes
7.1x10-6 (see Appendix II).
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SECTION V

-RATE OF MASS REMOVAL

The. rams removal rate of coat-substate systems can be calculated

in a mainer analogously to the mass removal rate of homogenec.% materials.

The analysis, relevant to homogeneous materials is given in Refirence 13.

Parts of this -analysis will be repeated here for the sake of : rnplete-

ness, anad'-to enable the reader to follow the discussion withoa- the need

of constant referral to the earlier reference.

Beyond the incubation period, erosion of the surface of ti-e material

.(as expressed in terms of mass loss) proceeds at a nearly consLant rate

as, shown in Fig. 2b. In order to calculate this erosion rate., an analogy

is drawn again between the behavior of the material upoh which liquid

droplets impinge, and the behavior of specimens subjected to torsion or

bending fatigue tests. Experimental observations sho that in the latter

case the specimens do not all fail at once at some "minimum life", but

their failure is scattered around a "characteristic life". Fo' specimens

in torsion and bending tests the probability that failure will occur

between minimum life n1 and any arbitrary longer life n may be estimated

from the Wei'>ght.1 distribution (Refedeuce 25)

n-n(

p = i- expl- na (67)

where na is the characteristic life ,corresponding to the ,63.2 percent

failure point and 0 is a constant (Weibull slope). For (n-n1) a <<4

equation (67) may be approxdated by

n-ni
p (68)
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The probability -p can also be taken an the nmer of specns that fail

between at nd-n. If the material undergoing erosion due to liquid in-

pingeents Is considered- to- be made up of man7 small "parts", then the

amount of material eroded (mass loss) is proportional to p, i.e.
u ~~~n-utn"m-~

- a(Ia- a ) a a3(9 (69)

P is the density of the material being eroded. In equation 169) m was

: -nbndimensionalized with respect to p 4 in order to render the propbrtlion, '

ality constant a dimensionless. Equation (6b) is ndw revrittsn in din-

deepstonlets forms t t"u

u' otI a (69)t and. ((0), give

According 'to equation, ,(71)-the mass loss rate a depends on the total num

ber of impacts n. However, our model postulates a constant mass loss

rate (i.e. a, is. independent of n, see Fig. 2b), at least when hI<n<nf,

This reqidirenent can be met by setting 0-1. Such a value for 0 As not

unreasonable under high frequency loading (Reference 21). The character-

istic life n is related to -the minimum life hi. This relationship may

be eppressed suitably as,

* 85
%a u a (72)
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where a and a5 are constants. Introducing the diumnstonlegs tsas loss
F 4 5

gate

a
W 33A (73)

equations (71-73), together with -the-assumption mel yield

G* as 3 a 1(74)

Te:,a* gi e:n by eqtion (74) applies to both homogeneous, materials

and to coat-substrate systems. -For homogeneous materials the "rklues of

a and a6 vere determined, by Springer and Baxi (Reference 13) Mnd were

found to be .a30.023 and. 6-0.7. Similarly as for the incubation period,

we adopt the same Values of these constants for the present problem of

homogeneous substrates covered by a single layer of coating, i.e.

a - 0.023 O.7 (75)

(i)

In the case of £*0 and /or sC+ the incubation period ni reduc, s to ni
*H

(sea Section IV). Consequently, under these conditions., a (given by

equation 75) becomes the same as given by Springer and Baxi's formula for

homogeneous, materials.

The validity of the foregoing model was assessed by comparing a

calculated by equation (75) to available experimental data, This compari-

son, given in Fig. 11, shows very good agreement between the calculated,

and measured a values. This lends further confidence to the rodel.
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SECTION VI

TOTAL MASS LOSS

The total vast loss was given by equation (6b) as

m, - a(n-n i ) (6b)

Introducing the dimensionless parameter

* M (76)

equations (6b), (70) and (73) yield

m* a :* (r*-n*) (77A)

ro

+ =n hn (177b)

According to equation (77b) it should be possible to correlate all ero-

sion dataon, a m*/a* versus (n*-n*) ,plot. Therefore, we have included 1

allthe existing data on such a plot (-Fig. '12). In this figure the the-
oretical result given by our model (equation 77a) is also indicated. The

agreement between the model and the data is quite good, particularly in

view of the large errors inherent in many of the measuremenats.
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-- A SECTION VIl

- LIMITS OF APPLICABILITY OF MODEL

The results presented-lb Sections II-VI areb valid when (a) there
- I

Is a finite incubation period, and (b) the mass less varies liri:arly

either with time t or with the number of Impacts n. The first -if this

condition is, met when the following inequality is satisfied (se-3 equa-

tion 66)

n > (66a), - -

According to equation (65) -this conditiob nay also be expressed as

S/ >8 (66b)

Eqdations (66a) or (66b) proyide the lower limit of -the appicability

of the model. The upper limit beyond which the present model cannot be

applied is determined by the second condition given above, namely that

the mass loss must vary linearly with t or n. An estimate, of this limit

was made by, observing that up to about" n=3ni the data obhtained at various,

Values of n did not shou any systcnmtic deviation from the model. Thus,

the results are valid as long as the number of impacts is less than three

times the incubation period, i.e.

< 3n (78a)

or in dimensionless form,

n 3n (78b).
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Using eq~ih(S-w obai the foloin 4xp*sscu for the.www

upper limit

m <21.3,x 10 .~ 7c

Note that-the two limits expressed by equatioq4 (66) And (78) do not

k ~impose any constraints on either the material or the-impact Velocity.

Thus, the results are valid for-any-taterial and for any velocity-, pro-

vided that the experimental conditions fall within the range specified-

by -equations (66) -arid' (78),,
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SECTION VIII

FATIGUE FAILURE' OF THE SURSTIXIES

The foregoing analysis was based on ta "'assmption that the coating

falls before the substrate. Under some conditions, however,, t . sub-

strate may fail before the coating. The analyses presented in ;Sections

IV, V md VI cm be applied readily to such a situation. To ck Iculate

the behavior and- failure of the substrate only ininor sodi itcat; ons need

be made -in the previous results. The average stress at the surface of the

coating 30 (equation 34a): must be replaced by the %verage stre at the

coat-substrate interface a (equation 34b). Consequently;, equstion (62)

wuir b: written a -

I e

Furthermore, in calculating Se (equation 59) the parameters (du-), (gi)

and v must be replaced by the properties of th6 substrate ( u 6,) (ai s ) -

and Y All other results remain unaltered.

I - ;
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COWAVS41BETWEE TRE 1WESULTS 0Or inE

U~iWIALSTRESS AND STRAIN TRORIE -

It Vws disctqsed- In Sectiom III ithat the stresses It the coating may

be evaluated "by asismlig either iimiaxial,(cine dimnional), stress waves

-or uiazial (onie-dimensional) strain waves piropagAting. through. the mater-

isi. The uniaxial stress wave model was applied to, the problem by Conn.

e.t al (Referenaces 10, 11), and bOY Enagel and Pitkutomski (Reference .8).4

The, uiiAxial strain model-was- employed by Norris (Reference 7). 'There

has been, donseidetable specu'ietim- in the literAture -(References 16., 26,t

27) as- to wthtch approach yields. more accurate results. Here, -weexaumine

briefly the dif fertes in- the -tmiaxial tress and, strain. models -These

differences can -best be illustfrated using a, graphical olution -methfod-

(Reference 7)., First let us. consider, the iumpact of .a droplet on a,-homo-

geneous (timcoated), Paterial. Upon impact one dimenisional stress 'waves

Ofopaae ito the solid and the 'liquid with velocities v a and, VL) re-,

spectiVe-ly. The stresis at any point b-4hind th4 wave f ront- in either the,

soliad or in 'the liquid is given by

- pvu - (80)

where u is the particle velocity at -the point and, p is-the -density, Of the

I material. The iaVe, velocity v is specified by-the relationship

VinmC + B- '+ B2 (1

C is the- velocity -of the sound in -the material. B avid B, -Are constants.

The a versus it curve, shotin in Fig. 13, 1 s cal-led 'the:-Rankline-Jiugoniot

L '40"
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F4

for the coating and the liquid

a9 P pv U0  (curve 1) (84)
C C C

S PLVL(VU) (curve 2) (85)

are dram on a ai versus uQ plot. The Intercept of these curves yields

the stress aland the particle velocity ul at surface of the coating (i-O).

Equation (84) is based on the properties of the tmdisturbed coating.

The Rankine- -HugonOit relationsikp for the coating behind the stress -wave
V, is,

I,

(OC-1) -P cv~c(ui-u o) (CUrve 3), (86)

Finally, for the 6ubstrate we have

a 8 u0 (curve 4). (87)

Curves (3) and (4) are also drawn on the a versus u plot. The inter-0

cepti of curves (3) and (4) and (2)-4nd (4) give a, and a respectively.

Construction of a typical d versus-uo plot is illustrated ,in Fig. 15.

'Figure 15a shows the resuls for the uniaxial stress theory (VLCL,

v.C~c, v5-CL) for the-e:Ond2 on

' pC ' 7("8)
0 ;L> 6ccc < Psqs 018)

For the umiaxial strain-model the wave velocities vL, vc and v are not

constants. However, if the condition

PLVL bPcVc < PsV (89)
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'for the costing and the 2tfuid

d " vm (curve 1) (84),

r . -PLVL(V-U) (curve 2) (85)

are dram on a a versus u° plot. The intercept of these curves yields

the stress oland the particle veiocity u1 At surface of the, coating .(i-O).

Equation (84) is based on the properties of the undisturbed coating.

The-Rinkine Hugonoit relationslip, for the coating behind the -stress wave

is

)* pjXu.-u) (curve 3) (86)

Finally, for the substrate we have

d -v SV-U (curve 4) (87)

Curves (3) and (4) are also dram on the a versus u plot. The inter-0

cepta of curves (3) and (4) and (2) ind (4) give-Q2 and U,. respectively.

Construction of a typicai - versus: u0 plot is illustrated in Fig. 15.

Figure 15a shows the resuis for the imiaxial stress, theory (VLCL,

v-C , VsCL), for the tondi'.bon

c 1r'c c (88
PIAc > oPc < Pqss 8)

For the uniaxial strain-odel the wave velocities vL, Vc a "' vS are not

constants. However, if the condition

PVL Ipcvc < pSva (89)
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is satisfied for eah value of u. then the Rankine-Hugonoit curves are as

shown in, Fig. l5b. -Thus, as long as the condition 'in equation (89) is

satisfied aB < 0 . This-is in agreement with the result of the uniaxial
stress wave model. If the condition expressed by equation (89) is not
satisfied for all values of u0 then 2 may be larger than 0B Whether
02 is, larger or smaller than ' depends on the relative magnitudes of

BI and B2 for the liquid, the coating and the substrate. The condition,,

under which this might occur cannot be specified at present time, be-

cause values, for B1 and .B2 are unavailable for most materials.,

Plots similar to those presented in Fig. 15 could also be drawn for I
materials with different relative impedances (i.e. PLVL< P Vc < Psvs, ]

PLVL " P > v s " > Pcv > P V' ;see Fig. 4). However, the con-
pv cc SLL P~

clusions presented in the foregoing would not be altered.

It is noted here that curves (3) and (1) in Fig; 15 are symmetkic with
,resvect t o a alt regardless of the values of B1 and B2 . This symmetry
was not satisfied'by the Rankine-Hugonoit plot presented in Reference 7.

4
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SECTION X

SUHW4AY

The following formulae maY be used to estimate the incuba -,on time
and the 3ss loss of the coat material of coat-substrate sys*t subjected

to repeated impingement of liquid droplets.

a) Incubation Period

, Se 5.7n- 7.Ixi- 6 I[O] 
(90)

or

9.05xlO 6  S 5.7n d2 (91)n° .. f:.,atd mit area (91)

'or
5.7

t 9.05xO 6  Se
(time) (92)-q ,VcosO d2  a 0

where

4a (b-I)

e ,(-2). + 2 k (9,)

-0 PLCL sc 1' + +
1 - i 11- .*asc 1 +' Lsc I (94)

+ cTL Sc
c c

and

PsCs-P Cc PLCL-P C
sc PC4 Lc LC-c

88p 4 c Cc Lc PL CL+PC

CL  h [l-sc Lc- 
(95)

- .. { 1 - exp [- CL I (1-sc148CL C L 1 c c
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b) Rkate of Mass Removal

4
* -0

a 92 [a--] (96)-
e

o- 4

70.6p d3  ass oss, 9
e impact (97)
e

s- and, cr are defined in equations (93) and (94).

c) Total Mass Loss

M' a (n -niJ (98)

or

8m sos) (99)m = (n-i), " i- area-

Equations (91), (97) and (99) yield the mass loss per unit area in time t
5.7

-0-6 S
m- 70.6 pcd [ ] (q t Vcose) 9"05x 6 e .(100)

e d2  a

-0Se and a are defined as in equations (93) and (94).

The foregoing results are subject only to the following two con-

straints.

a) Incubation time must be greater than zero (ti>0), a requirement sat-

isfied by, the condition

S
> 7.96 (101)

-o0
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b) Total time elapsed must be less than three times the incuOation '

period, i.e.

t < U

n < n L (102)

ani < 3nI  ,

or

_3 (V c os e I t ., 2 .3 0- 5 [S eo] ( i -< 2.13xlO 10 ,7 (163)

2 3 -0
--

S. -and,30 are defined in ,equaions (93) and (94).e .
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APPENDIX I

DERIVATION 'OF EQUATION1 (18)

kAfter k nimber of wave reflections the stress at the coat-substrate

interface is (equation 16)

1+*
sc ( k (A. 1. 1)

2k °1 -scLccLc

After a large nober of reflections (k-)- the stress approaches the limit

- 1 = ll '02k (A1. 2)
k-

Noting. that

z-Z z -Z

a c L c
*Ac c e -

we obtain

Hift (s L)k+ 0, (A. -.,A)

Equations (A.1.1),, (A.1.2) and (A,.,1.4) give

2k 'Sc
01 k'i 0 1 'cmL (A. 1. 5)Il k- c1

'Using the notations (13) and (14).of Section III, equation (A,..5) may

be written as

1 + z L/Zc  ZtvcosO/(1I + ZL/Zs)
a ~ ~ L * 'L(A.1.6)i 1 1 Z /Z. 1 Z vcose/(1 +'zL/z,
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--~-We now observe that the denominatbo f equio -is.) . equal to the
strBB at the, surf#;,e of the coating- [?,Pn see, equationis (4 qd (7)3j.
Th us, c. 1.8

rL/ (A.k 1. 7).

FThis is the stress that woquld be produed-on. the surface, of trh sub- T
strate if, the droplet would impinge upon It directly (see equarton 0).,

r A
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AppauDX -II

1~H VAUEOF HE ORTANT a1 lYft 'HOH EOUS NATERALS

Springer and B4xi (Reference 13) calculated the iincuation period

from Miner's rule

.+~ - a (..1

bating Ni on the stress a (equation 10 of Reference 13)

VX2 ) .(A.2.2)

-Introducing (s0-e equation 11 of Reference- 13).
r

f m.2wrar (A, '3)

and, (see eqUation 16 of Reference 13)

N-bz "  (A.,2.:4)
b

Springer .ad Bax" obtained
2wrdr

.. aI  /(A.Z,5)

0
.Equation (A.2.2) and (A-.2.3) yield

rdr 1 F (12V) .(26)'
- 21 21

Substitution of equation (A.2.6) into equation (A.25)-gives

I - _ d2  2j nile-{- (1-2v)2
h - da (A..2.7)
b a-
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Evaluating,the Integral Springer and ,Uaxd obt ained

. i al (A. 2.s) :

where

20 (b-1) 2 (b-I)
Su (A.2.9)

(l-2)b' 1-2" "

: U

and a constant a2 was introduced' in Springer and Baxf's work

Vwd a2

V2

:_! ilt -a d S

Comparing equation (A.2.10) with data, Springer and Baxi deduced the

values of 1 3.7x10 - 4 and a2 5 7 i.e.

5,7

4' i1 3. xo

We compute now the above results basing the fatigue stress N on the

equivalent dynamic stress,

°a  '2 . 1a - .. (A.2.12)'
n

'Since Ca - and a - , iquation (A.2.12) yield,

= -- (A. 2.13).

a,- 2 -W

U' U

U-55-
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Introducjg the nolation

4% (b-), 4%(b-)e 'b - - (1-2v) .21)

• U

we obtain

b •a

S e. 2S(A. 
2,.17)

Acordingly equation (.t2.n11) beco s
2 .1 5.7

wd -4 Se -6 Sen, 374 . xO'(-Z. (A. 2. 18) ;

'hus in, term of S ente incubation period is,

d2  ( -e'e )5.7

4, (A. Z. 19)

f-4 I,!

L 
-1
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