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Introducticn

Finding the roots of an equation F(x)=0 when F(x) involves
transcendental functions and x is complex usua’'ly involves some kind
of search method. The efficiency of a search method depends t> a
certain extent on knowledge of the rents—-where they are likely
to occur ir the x plane, and how many there are. If a root is knowa
to lie 1n a given regicn in the x piane, then a search routine can
guickly find the root to the desired accuracy. But if no information
about the location of the roots is available, a search cver a wide
area must be conducted, and this can be time consuming anl expensive.
Consequ=ntly, a method for locating the general area of the roots
and determining the pattern of the roots is very valuable.

This report describes a simple method for graphically dis-
playing tne pattern of rcots in the complex plane. The advantages
of this method are the same as the advantages of computer graphics
in general. It provides a way of visualizing the system, in this
cas2, the transcendental equation: and it allows one tc obtain a
gualitative feel for the behavior ¢f the system and therefore

intuition a2bout the systen.



Determining the Root of a Transcendental Equation

There are a number of ways to determine the values of x which
sarisfy the eguation F{x)=0. (he case of interest here is that in
which F is a complex function of the complex variable x.) Cne way is
to search for valnes of x which make Real (F(x)) and Imaginary (F(.:})
both zero at the same time where the search is based on sign chauagues
in both guantities. There is a problem in that a sign change occurs
across a pole as well as a zero.

The method used here is that the transcendental eguation is

written in the form

fix) =1 (1)

and f(x) is written in the form

ig{x)

f({x) = R{x)e (2)

where R(x) is the magnitude of f(x) and ¢(x) is the phase. The roots

of Eguation 1 are values of x which make

]
[

R{x)

p(x) = 2mll m =0, 41, +2,..,

Alx) = 0.5 if R{x) > ]
A(x) =0 if R(x) <1
P(x) = 2:2% 0 < ¢ < 2K

Bi{x}! = A



Now B(x) is to be the brightness on a graphics display. Since A(x)
and P(x) eac.. have disccntinuities, B{(x) will show two kinds of
discontinuities. The solutions to Equation 1 occur where the dis-
continuities of A(x) and P(x) occur simultanecasly. These points may

be seen on a display of B(x). An example is shown in Figure 1

A=0
A = 0.5 k-line of discontinuity _\\‘tdine of discon-
in A =~ tinuity in ¢
0 =
4 A
9 -
/ =0
)
9 w ¥
g2 0~ \
3 7/ Nlocation of a root
Sl

Figure 1: Tllust.ation of a display of B(x).

A computer program can be written to compute and display B(x)
for a grid of points in the x plane. The roots of Equation 1 are
then immediately cbvious, but more important, the pattern of the
roots in the complex plane can be seen, and a qualitative feel for

the transcendencal equaticn can be obtained.



A Graphics Display

The method described above was used to obtain the computer-

generated photograph shown in Figure 2. The transcendental equation

o

= e &

x-{1+10.02)
A ccmputer program (see printout in Appendix A) was written to cal-
culate and display B(x) for 13ix131 points in the complex x plane
in increments of 0.l. Coordinate lines spaced 3 units in x are
also shown. The location of three of the roots is readily apparent.
One of them, which is not juite cbvious at sirst glance, i3 almost
on the real axis near 1.3. Pn infinite number of complex roots occur
upwards and downwards on the line of discoritinuity in A, which is
the line in the general up and down direction. The lines which go
across the photograph are discontinuities in P. This photograph
shows how the pattern of the .Joots i8S readily jdontifiable. A search
routine could be used to find two roots as accurately as desired, and
very efficiently, because their anproximate location can be casiy
obtained from the vhotograph.

The photograph shown in Figure 2 was generated by @ computer
graphics systen of the Computer science Division at the University of
gtah utilizing a maltiple soint-by-point exposure. a diagram of
the system is shown in Figure 3. The approximate Univac 1108 computer

+ime used to make the photograph was 170 seconds.



3 units 1n x/division

Figure 2: A computer-generated photograph showing B(x) in the complex
x plane. There are 131x131 points corresponding to increments in x of
0.1. The roots occur at the intersections of the lines of discontinuity.
Three roots are shown in this piotograph. Ore of them is almost or. the

real axis.



.- Poor Man's Graphic Mathod

.

All the information contained in Figure 2 is alsc rcontained
in the printout shown in Figare 3, even though the priatout is not
as pretty. The direcuion or real x is reversed from that of the
vhotogranh., The same basic .ethod was used to obtain the printout
in Figure 2, but the srogram is much simpir because no grarhics
system is involved, and the method can be usad with any digital com-
Puwter system. The proc:aw listing is given in Appendix B,

In the printout shown in Figure 3 sach Lpace represents a

complex valu or ¥ and the lneremeni s u.ed here are 0.1. /. siash

in a space indicates R{x} » 1. 1hs digitize. value of ¢{x) are in-

dicates as:

Blenk 0
Feriod 1
4 2
Comma 3
4 g
irash 5
i) 6

“ince the valur of ¢ was calrulaced in floating paint and ‘aen

convertea to fixcq point, a 2 means 2.0 < 4 < 3.4, Tha loens of points

where & changes from 27 ta 0 are readily avparent, and the other sym-
bols show how £ js changing over the plane, Since the program is
e¥tre 2ly simple, this werhed should Le a very useful tool, sven to
those withoutr access £ 4 av “hies system. The 1108 computer time

to abtain the printou. . f Flgure 3 was 13 seconds. The method

[l
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was used here at the University of Utah with good success in solving
che dispersion szquation describing the double-strcam microwave
interaction between “lectrons and holes i. semiconductors.' A
little experimentation with density of characters would result

in a more pleasirj prantout.

Conclusions

The inherent power of computer graphics has been applied to
the solving of transcendental equations. The method described here
is simple, yet powerful. It provides a way tn visualize the character-
istics of the transcendental eguation and obtain insight into the
nature of the roots. W.th this insight, a search reutine coulsd be

used very cfticiently to obtain the roots to the desired accuracy.

1 s I3 s s s
‘Lewis C. Goodrich. A small-signal field analysis of double~
stream interaciions in finite semiconductors. Ph.D. thesis,

tniversity of Utan, Salt Laxe City, Utah, June 1970,
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APPENDIN A

This appendix contains the listing cf the proc.am used to

obtaine«che photograph in Figure 2.
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APPENDIX B

This appendix ccntains the listing of the program used to

obtain the printout given in Figure 3.
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