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ABSTRACT

_ Static constitutive stress-strain relations are developed for concrete
at intermediate pressure levels, up to 10-12 ksi mean normal stress. An
elastic-plastic model is developed that qualitatively fits the loading
features exhibited for a variety cof controlled laboratory tests conducted
in this program and found in the literature. Laboratory tests were
conducted on several batches of concrete with 3/8-inch maximum aggregate.
Considerable attention was paid to the casting of the concrete so that
batch-to-batch repeatability could be obtained, and to specimen preparation.
Some data are presented for aggregate variation from 3/16-inch to 3/4-inch
s0 that scaling to different aggregate could be performed. The laboratory
tests presented represent a series of tests where all stresses and strains
have been measured, thereby allowing the shear and dilatation stress-strain
responses to be observed during a variety of load-unload paths.

Strain rate effects are not considered in the model developed, nor
are the features of unloading correctly handled. Each of these represents
an area where addiiicnal detailed work is needed.
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dcvp plastic volume strain incrcment
d/T3P deviatoric invariant of plastic strain
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dc1j strain increment
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SECTION I
INTRODUCT ION

Concrete is a composite material of naturally occurring sand and gravels
or crushed rock, bonded together by some form of cement, and may contain as
many as eight different components. These include coarse aggregate, sand,
unhydrated cement, cement gel, gel pores, capillary pores, air voids and

free water. For many engineering purposes,concrete may be considered as a

v
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composite of aggregate, cement matrix, water and unfilled voids. This

simplified model does not in any way imply that all ccncretes are similar in

material response. Quite the contrary, 'concrete' alone is not acequate to

specify a given material. The nature of concrete, including the complicated

,_‘.m.‘www,w.v,.
i

chemical reactions that take place, is well documented, for example by

K. Newman (Ref, 1).

T TR

The responrse of concrete to efther very rapid, quasistatic or long-term

loading is quite different, and sufficient data are available to indicate

T

that concrete exhibits a relatively complicated stress-strain response, very
i different from the frequently used approximation of linear elasticity. Under

quasistatic loading nonlinear effects become particularly significant at

ot

stresses greater than about one-half the maximum stress, as indicated for

exampie by the papers shown in Reference 2, “The Structure of Concrete" (1968).

T ST

Under very rapid loading, concrete shows viscous response, and a recent report
by Read and Maiden (Ref. 3) gives a good survey of the response of concrete

to shock loading.

Even though plain concrete is a composite material, the work indicated

| here treats 1t as a homogeneous continuum.

That 1s, the aggregate, cement

matrix, water and voids are assumed to be distributed i1n a homogenecus manner,
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~and the geometry of the concrete specimen is assumed sufficiently large.so

that the size of the aggregate and voids are relatively small compared to

the geometry of the specimen. Testing methods have recently become available

to determine the bulk, or continuum, response of concrete for a variety of
loading conditions (Ref. &), which thereby makes the continuum approach to
modeling the stress-strain response particularly attractive. Admittedly
for some applications, sucn as shock loading where the load pulse may be
small compared with size of the aygregate and voids. the continuum model may
need additional detail. A reinforced concrete structure wculd need to be
treated as a ‘composite' structurz consisting of the reinforcement in a
concrete matrix, and the continuum model developed here would suffice to

model the matrix.

The work here considers only quasistatic loading and does not address

creep or high strain rates. The objective of this rescarch was to develop

general three-dimensional constitutive equations which qualitatively fit the
features of deformation exhibited by concrete at intermediate pressures, up
to 10-12 ksi, and to this end a variety of loadings were made on specimens
from a specific laboratory cast batch of concrete.

A constitutive model was developed that represented the data obtained
in this program. Although this model fits only the specific concrete studied,

it could be applied to another concrete of interest by using different values

for the constants involved.

™~

2, ol il 1



.

PR | e T RS

=
=
E
=
e
=

=

|

e Bk el Bl

e

=

ki

1"

SECTION II
REVIEW UF EXISTING LITERATURE

Strength: Considerable attention has been given to the tensile and compressive

strength of plain concrete. The effect of mix ratios, aggregate size and

grading, curing tine and envirorment, have generally been investigated (Ref. 1

and 5). The water-cement mix ratio appears to have the greatest influence
on strength, with lower water ratios giving greater strength. Different
mixing and casting techniques can give different amounts of entrapped air,
and hence. large differences in porosity.

Specimen design, fabrication and end conditions, or constraints, have
likewise been investigated. Although 'casting' of specimens to the desired
size and shape has been extensively useo (Refs. 1,5,6), the surface mortar
layer and nonuniformity of specimens due to the different casts may be less
desirable than casting a single large block and diamond cutting or coring
samples from the single casting. Compressive specimens with length to
diameter raiio of two are generally considered adequate to obtain a region

with uniform stress, while shorter specimens will undoubtedly exhibit non-

homogencous stress through the specimen (Ref. 7). The type of end lubrication
used, if any, seems to vary; however, tests on hard rocks by Wawersik (Ref. 8)

suggest that 'lubricar*s' may lead to low apparent strength caused by intrusion

in pores and splitting of the end. End conditions which lzad to apparent
inzreased or decreased strength must carefully be separated from the effect
of triaxial 1nading on strength. Although erd effects due Lo unknown end
conditions tead to triaxial stress loading in the specimen, the results will

likely not be scalabie or subject to interpretation.

Tests ynder triaxial compressive stress (Kefs. 9-13) show that the compressive

e sl b Dl LA




strength of concrete is sensitive to confining pressure and increases
rapidly with increases in confining pressure. Figure 1, taken from Newman

and Newmar (Ref. 5),illustrates this effzct. This igure also shows that

-the classic expression of Richart, et al. (Ref. 9)

ay = fc+4.1 o]

is inaccurate at the higher confining pressures.

Concreta tensile strength is much lower than compressive strength, but
the ratio of these strengths depends on the mix parameters (Ref. 14). A
ratio of uniaxial compressive strength to tensile strength of about ten may
be considered typical although ratios on the order of twenty have been
observed (Ref. 13).

Tests under triaxial extensio stress (Refs. 12,13) and under biaxial
stress (Refs. 15,16,17) indicate that strength is not only sensitive to
confining pressure but is aiso more precisely dependent upon the ~tress
state. For example, the maximum stress difference is jreat- - » triaxial
compression than in triaxial extension at the same confining pressure, as

shown by Fiqgure 2 which is a replot of data by Hobbs (Ref. 13).

The tension plus biaxial compression data of McHenry and Karni (Ref. 18),

Bresler and Pister (Ref. 19) and others as summarized by Newman and Newman
(%ef. 5) a1l indicate that a steady reduction in tensile strength results as

the biaxial compressive stress is iacrersed. This can be seen in Figure 2

which also indicates that as the lateral compressive siress is raised, a point

is reached where the axial stress is zero. This should correspond to the biaxial

strength under cqual biaxiel stresses, and thus provides a comparison point

between the two kinds of tests. Further increases in the lateral compressiye

stress produce failure under axial compressive stress, again as illustrated
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Figure 1. Effect of confining pressure on strength
of concrete, from Newman and Newman (5).
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~which is in accord with the value of 10 to 25 percent suggested by Newman

in Figure 2.
The strength of concrete under biaxial compressive loading has been

investigated by Kupfer, Hilsdorf and Rusch {Ref. 15) using specia) brush

platens to minimize adverse end conditions. A strength increase of 16 percent

in equal biaxial compression relative to uniaxial compression was obtained,

and Newman (Ref. 5). This value is not universally obtained; for example,

the extension tests of Chinn and Zimmerman (Ref. 12) show an increase of

approximately 110 percent in equal biaxiai compressive strength over
uniaxial compressive Strength.

A number of failure criteria have been proposed torpredict concrete
strength under gerieral multiaxial stress conditions. A recent review by
Newman and Newman (Ref. 5) indicates that this is not a settled issue. The

classic Mohr-Coulomb criteria states that strength can be described by
0, -9, * f(o1 +0,)

This expression has been used by a number of investigators. For example,
the expression by Richart, et al. (Ref. 9) given previously can be put in
this form with ¥ being a linear function. However, the Coulomb-Mohr hypothesis
implies that the strength value does not depend on the intermediate nrincipa!
stress, in variance with biaxial test results. Bresler and Pister (Ref. 19)
and McHenry and Karni (Ref. 18) have used a generalization of the Mohr-Coulomb
criterion in which the octahedral shear stress is taken as a function of the
octahedral normal stress. A good fit to data in the mixed tension-compression
stress range was obtained.

Chinn and Zimmerman (Ref. 12) foun' *hat neither the Mohr theory nor the

octahedral stress generalization fit th:ir compression and extension test

bl ot b i
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results. This conclusion was supported by Mil1ls and Zimmerman (Ref. 20).
They proposed that their data could be fitted by using a modification-of
the octahedral shear stress, however, the application of this theory was

_not presented.

Stress-Strain Response: During loading in uniaxial compression, concrete

behaves in a neariy linear elastic manner up to about half the maximum stress,
where significant microcracking begins. Unloading from above this stress
level will result in permanent set, while continued Toading will eventually
resylt in massive break up of the concrete microstructure and large scale
dilation as maximum stress is neared (Refs. 1,5). Careful control of the
testing machine strain rate allows the complete stress-strain curve tc be
obtained (Refs. 8,21), and shows that fracture does not occur immediately
after reaching peak load. The load tends to drop with increasing strain,
with large scale cracking, slabbing and complete loss of cohesion occurring
well after peak joad. Specimens loaded to slightly beyond peak load and
then unloaded may show no macrocracks, and in general have the appearance
of an undeformed specimen.

The stress ievel oc¢ the onset of significant microcracking is termed
the "discontinuit stress™ (Ref. 5) and can be observed by deviations from
linearity in the stress-stroin response. The microcracking has been detected
by & number o1 methous inciuding microscopic and X-ray examination of specimen
exterior and cross section surfaces, measurement of acoustic emissions, and
other methods (Ref. 5). A measurement of all three principal strains permits
the calculation of the relative change in volume. Increases in volume (relative
to the elastic defurmation) due to microcracking have been observed by a
number of investigators (Ref. 5).

Concrete is capable of large deformations under confining pressure.
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Chinn and Zirmerman (Ref. 12; appiied axial strain of 16% to triaxial cow-
Fression specinens at cor€ining pressures of 25 ksi or more, and many other
investigators have noted similar increases in maximum axial deformation
(Refs, 10,11,13). The stress-straip response becomes significantly non-
linear at hio:. deformations and permanent set upon unloading is large.

“leasurement «f all principal strains has not received widespread

ttention,and, in general, insufficient data are available to define the
triaxial stress-s<rain response. Also relatively little daiu »rist to %
determine the unloading and reloading path, the effect of varying amounts
of free water (dry or saturated), temperature and thermal cycling or other
preconditioning erfects on the triaxial stress-strain response.

Concrete Constitutive laws: Little previous work has been performed on

developing constitutive equations that even reasonably represent the triaxial

stress-strain response of concrete. This is likely due to two factors;
first, that expcrimental techniques for measuring all the independent com-
ponents of the strain tensor with sufficient accuracy have only recentlv
become available, and secondly, the usage of large computers that can
effectively utilize more accurate (and perhaps complicated) stress-strain
representations has only vrecently become common. Because of this, the stress-
strain behavior of plain concrete has usually been modeled as either elastic
or elastic-perfectly plastic. Nilsan (Ref. 22) has presented a typical computer : ¥i
program for structural analysis of reinforced concrete using nonlinear =
properties. However, an adeguate representalion of the necessary properties
was not available.

On the basis of a careful study of the stress-strain behavior of several
rocks, Swanson {Ref. 23) and Brown and Swanson (Ref. 4) proposed that a strain

hardening plasticity model could be used to phenomenologically represent the



E» o features of dilatancy (bulking) and permanent set. Baron, et al. (Ref. 24)

-~ have added to the model a strain hardening "capped" yield surface that was
particularly appropriate for modeling soils, because the capped yield

surface permitted some control over the amount of dilatancy exhibited by

the plasticity model. Recently Swanson (Ref. 25) has shown how his earlier 3

strain hardening model could be combined with a capped yield surface in a =

miner appropriate for some porous rocks.

Herrmann (Ref. 26) has recently given a survey of constitutive equations ;
for the shock compaction of porous materiais, but only briefly touches on ]

yeneral three-dimensional, stress-strain response.
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SECTION III
EXPERIMENTAL TECHNIQUES

Concrete Mix: Smooth aggregate was selected which contained very small
percentages of crushed, irregular, or elongated material. The primary
mineralogical components are sandstone, quartzite, limestone/marble,
granite, gneiss, and schist, which are naturally occurring around Salt Lake
City, Utah. The aggregate is generally rounded to subangular because it

is stream deposited material. To achieve a minimum aggregate to specimen
cross section ratio of one to five, 3/8 inch was selected as the maximum
aggregate size for the detailed tests on thick-walled,hollow cylinders and
solid cylinders, with some unconfined compression tests run on different
batches of concrete having 3/16, 1/2, and 3/4 inch maximum aggregate sizes
to investigate the strength depe .ence on maximum aggregate size.

Grading curves were selected for the four different aggregates so as
to maintain the overall surface area per unit of concrete weight (in2/1b)
constant within the resolution of the calculations, estimated at +30%.

This was considered important since surface area is a major faclor in
establishing the water/cement ratio. The surface area was calculated for
the aggregate by assuming all aggregate was spherical in shape. This
calculation was thus only approximate.

The aggregate/cement ratio by weight of 6.3/1 was selected to afford
a 'medium workability' (Ref. 27) of the 3/8-inch aggregate mix. Figure 3
shows the actual grading curves, where the percentages are given as weight
percentages of the total aggregate passing through the screen size indicated.
A single 1ot of aggregate was obtained and stored for all betches cast, and

a laboratory check analysis was run on each aggregate mixture to determine the

11
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actual grading curve.

A water/cement ratio (by weight) of 0.6, and a Type I Portland cement

were selected. To ensure homogeneity of the cement, a local supplier ran

i L I K T (L

a special batch which was bagged directly from the mixer. This one lot was

oy

used for all concrete batches cast. Table I presents the batches cast.

Table 1 f

Concrete Specimen Batches

RV TS bt Rl

; Maximur 3
i Batch No. Aggregate Size, Comments i
: Inches ©

1 3/8 1 tub, inadequate vibration

2 3/8 1 tub ;T

3 3/4 1 tub, different surface areea |
. 4 3/16 1 tub |
: 5 3/4 1 tub =
g 6 /2 1 tub 3
o, 7 3/8 1 tub, plus 5 hollow cylinders E:
’ 8 3/8 5 hollow cylinders E

Mixing, Pouring and Curing: The desired amount of graded dygregate was
weighed and placed in a 5-cubic foot drum mixer, and mixed several
minutes to ensure an even distribution. A sample was taken for moisture
analysis, and the mixer was sealed with a clear plastic film, A moisture
analysis, which entailed careful weighing, then heating to 250"F and weighing
at 30-minute intervals until nc further weight loss was observed, was run
on the aggregate sampie. A dry aggregate weight of 1% was allowed as normal
interstitial water content, and the remainder was considered as excess water
which reduced tre amount of water added to the mix.

Appropriate cement and water quantities were weighed and added to the
i mixer to Lring the water, cement, 17 moisture aggregate ratio by weight to

13
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0.6 /1 /6.3. The batch was mixed 5 minutesrand then poured into approximately
2-foot diameterrtubs (to be cored later for sd)id,cylinders) or in forms

for hollow cylinders. The *ubs were vibrated 15-20 seconds with a 1k-inch
diameter commercial concrete vibrator and the forms for thick walled cylinders
lesser amounts. In general, this amount of vibration was adequate to stop

air bubbles from appearing on the surface and to produce only very slight
amounts of water at the surface.

The concrete was moved immediately to a constant temperature-humidity
curing room. After 4 days the forms were removed and the cast specimens
covered with saturated burlap material kept moist by absorptiun €. om water
reservoirs. Solid cylinder specimens were wet diamond core drilled from
the tubs at about 20 days and then placed under water for continued curing
(except for a few specimens as woted later). Some specimens wefe removed
from the water at 24 days to be ground on sides and ends, strain gaged, and
then tested ot 28 days. Otier specimens remained submerged until about
80 days and then were kept in tnhe constant temperature (78°F)/constant
humidity (<0Z4) rocm until time of test.

Specimen Preparation - Solid Cylinders: Solid cylinders were core drilled to

about 2 3/4-inch diameter using a water lubricated diamond core bit on a
larye veriical drill press as showrn in Figure 4 with each specimen marked for
identification and location in the larger block. By using proper core bit,
feed, specd, lubrication, and very rigid alignment, solid cylinders were
obtained with no appreciable chipping or loosering of Lhe exposed aggregate.
No indication of internal cracking was sugyested by either microscopic
observation or by sc. tter in tensile or compressive strenyths, The solid
cylinders were around to 2.7-inch diameter with 8 tolerance of .001 inch

on roundness and straightness. Thereafter they were cut and ground to length,

14
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Coring method used for obtaining solid cylinder
test specimens.
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(6 inches for most of the tests) parallel and flat to within .0003 inch.

Specimens for unconfined tests had strain gages applied directly to the
concrete surface with commercial strain gage adhesives. Typically gages
were applied at the specimen center in axial and transverse orientations
spaced 180° apart around the specimen. Foil gages with a 3/4-inch gage
length (Micro Measurements EA-06-750DT-120) were selected for most of the
tests, as discussed later. Terminal strips and leads were attached, and the
specimens appeared as shown in Figure 5a. For tensile testing, aluminum
alloy tension grips were epoxy bonded to the specimen ends; as shown in
Figure 5b. | |

Specimens for tests under confining pressure had large surface voids
filled with a fine commercial grout, and then a .005-inch-thick soft
aluminum sleeve was shrunk onto the specimen with about a .005-inch inter-
ference fit. Strain gages were bonded to the aluminum jacket as shown in
Figure "z and the specimen was then sealed in tygon tubing as.shown in
Figure S, Th~ effect of the aluminum sleeve on strength was considered
regliyiile (Refs. 4,28).

Specime  Preparation - Yollow {ylinders: The thick-walled, hollow-cylinder

specime s Lty he tested in axial compression and internal pressurization {hoop
tensien) were cast in forms 7 inches inside diameter by 11 inches outside
diameter by 20+ inches long. The metal forms, as illustrated in Figure 6a,
ware removed arter 4 days,and the specimens were covered inside and out with
saturated buriap material. At about 20 days the specimens were placed under
water until about 80 days. The specimen ends were diamond ground flat and
perpendicular to the specimen axis, to within .001 inch. The inside of the
cylinders were ijightly sandblasted with fine grit to expose subsurface voids

(which might collapse under internal pressure), and these voids were filled

16
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with a fine commercial grout. Because of the matrix cement surface layer
inherent in cast specimens, 2-inch-long foil strain gages (Micro Measurements
EA-06-20CBW-120) were selected (as opposed to 3/4-inch-long gages) for use

on the hollow cyiinders. The gages were applied at about the specimen

center internally and externally at axial and transverse directions 180°
apart. A specimen ready for testing is shown in Figure 6b.

Testing - Solid Specimens: Specimens were tested using a very stiff, well

aligned servocontrolled pfess. The press for unconfined tension and com-
pression tests is shown in Figure 7. ‘Load was measured from a precal ibrated
toad cell énd strains from high elongation strain gages directly mounted
on the test specimen as previously discussed. Axial strain rate was kept
constant at 10" “/second by the servocortrolled press, and because of the
high stiffness of the press the compressive stress-strain cdrve beyond
maximum stress was recorded in some cases.

For tests on solid cylinders under confining pressure, a test vessel
and loading press shown in Figure 8a were used. The specimen was aligned
inside the test vessel, with a precalibrated load cell and pressure measuring
manganin coil inside the test vessel. Strains were again measured by high
elongation strain gages directly mounted on the specimen, with a pressure
correction of +0.5 x 1078/psi (Ref. 23) applied to all strain gage readings
(which was generally insignificant for the pressures tested here). Kerosene
was used as the fluid inside the test vessel, with pressure generated by a
servocontrolled intensifier shown in Figure 8b. The manganin pressure coil
inside the test vessel, a strain gage on the specimen, or the load cell,
provided the input signal to control the intensifier unit such that the desired
pressure or load, or the desired specimen strain condition was wet. Axial

strain rate was generally kept at 107“/second, as for the unconfined tests.
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A1l signals were recorded in analog form with direct signal calibration.
Load and pressure are accurate to *2%, while strains are somewhat less accurate
with uncertainty mainly due to the porous, inhomogeneous nature of the concrete.
Repeatability of strecsses and strains from similar tests on adjacent concrete
specimens was x3-4%. No specimen end lubrication was used for compression
tests; the concrete was loaded directly against a steel énd platen.

Preliminary Tests: The sign convention adopted throughout this report is

that tensi]ebstress and extensional strain are positive, and compressive
stress and shortening strain are negative. Axial refers to length of the
specimen and transverse to the diameter. No apparent anisotropy was notgd
from visual or microscopic examinations, and no difference in'strength or
stiffness was noted for different directions; therefore, no distinction has
been made between transverse strains, and in general, isotropic behavior

is assumed.

Variation in Strain Gage Size: Previous work reported in the literature has

uggeste! that str2in gage readings on concrete and mortar specimens are a

(71

measure of tne average strains to within at least 5%, as long as the gage

length ‘< ;reater than four times the maximum aggregate size (Ref. 30). To
better Fateraine the effect of strain gage size on strain reading, several
Z.7-inch diamete~ by 6.0-inch long specimens were prepared and tested in
uncunfined compression with 2.0-inch long (>5 times maximum aggregate dimension),
0.75-iach long and 0.5-inch long strain gages applied directly to the specimen
and adjacent to each other, to indicate axial strain. The strain indication
difference between the longest and shortest gages was leés than 8%, with
essentially no difference between the 2.0-inch and 0.75-inch long gages, as

shown 1in Figﬁre 9a. Since experience had revealed that larger strain gages

are more subject to failure at confining pressure because they are more likely
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Figure 9. Tests to determine the effect of different strain gages
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to cover and be deformed inte specimen voids, the gage length selected was
0.75 inch, which is twice the maximum aggregate size (for most tests).
Cylinder Length/Diameter Ratio: Newman and l.achance (Ref. 31) and Johnson

and Sidwell (Ref. 7) suggest a length over diameter (1/d) ratio of »2.5 to
ensure freedom from end effectg in the central gage section. To verify an
adequate length to diameter ratio for our test techniques, several 2.7-inch
diameter by 6.0-inch long specimens were inscrumented with three 0.75-inch
long strain gages to indicate transverse strains ovor about a 2-inch center
section length of the specimen. These were specimens from batch 2 cured about
28 days. One gage was located at the center of the specimen and one gage

1 inch above and 1 inch below center, with lateral cstrain selected as the most
sensitive indication of end effects since typical specimen barreling, due

to the end constraint, would be indicated by lateral gages. The three

lateral strains were uniform to <5% difference for specimens tested without
lubrication between platens and specimen, as shown in Figure 9b.

To further investigate the effect of specimen configuration on apparent
physical properties, unconfined compression tests were run on specimens with
1/d ratios of 1.1, 2.2 (similar to the previous tests) and 3.3 (nominal
3, 6, and 9-inch lengths by 2.7-inch diameter). These were specimens from
batch 2 cured for about 90 days, but not under water. The stress-strain
curves indicate that all specimens exhibit an initial tanget modulus (slope
of axial stress-axial strain curve at near zero stress) of 4.7x10° psi +8¢%
as seen in Figure 10a; howeover, maximum loads were 971G, 8270, and 7660 psi
for 1/d ratios of 1.1, 2.2, and 3.3 respectively, as plotted in Figure 10b.
This represents a 17% anparent strength reduction from 3 to 6-inch specimen
length, but only a 7% reduction from & to 9 inches, further indicating that

a 1/d of 2.2 is adequate for tests here (7% is considerad small, of the
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order of batch scatter as will be shown later). From these tests it was

(. and effects are negligible for our techniques, if a 1/d ratio
d.
Vari n Aggregate Size: To determine the effect of maximum aggregate'

size on strength, 28-day unconfined compressive tests were performed on
specimens with maximum aggreyate sizes of 3/16, 3/8, 1/2, and 3/4 inch
(2.7-inch diameter by 6.0-inch long specimens). Aggregate specific surface

area was held constant by selecting grading curves to give an appropriate

distribution of various sizes of aggregate in each mix. Other concrete

parameters were also held constant, as listed below.

Cement

Water-cement ratio
Aggregate-cement ratio
Mixing time and technique
Pouring time and technique
Vibrating timc and technique
Curing time and technique
Spacimen preparation

Maximum stress increases only s}lightly with increasing aggregate size as

shown in Figure 11. A strength decrease of less than 11% was observed

with decrease in maximum aggregate size from 3/4 to 3/16 inch. These values
cannot be compared directly with other published tests, for example that given
by Walker and Bloem (Ref. 32) for 3/8 and 3/4-inch aggregates, since no attempt

was made to hold specific surface area constant for different aggregate

mixes in thesv other testing programs.

3
i
|
ég
§
%

One cuncrete hatch with 3/4-inch maximum aggregate (batch 3) was mixed
with a specific surface area (in%/1b) about 20-50% lower than the other batches.

The strength wes 17% lower than the other 3/4-inch aggregate, batch 5, with the

crowalid bt I i 10 i l

weakening helicved to occur because the lower surface area ties up less water

in surface bending and vifectively increcases the water available for hydration,
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or equivalently this gives an effective increase in the water-cement ratio,

which is known to produce weaker concrete (Ref. 27). In another batch, about
50% less vibration during casting vresulted in excessive air entrapment and
substantially weakened concrete, as shown by the poimt for batch 1 on
Figure 11.

From these tests on variable aggregate size concretes i1t is concluded
that the strength 1s more dependent on aggregate surface area than on

aggregate size, and that careful aggregate grading with consideration for

specific surface area is required to produce concrete with similar properties.

Furthermore, such sensitivity to pouring and casting processes points out

the need for extreme quality control in obtaining test specimens.
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SECTION 1V
'EXPERIMENTAL DATA

A1l tests reported in this section were conducted on 2.7-inch diameter
by 6.0-inch long solid cylinders, cast and aged for greater than 200 days.
The tests were performed on servocontrolled machines that maintained a
constant axial strain rate of 107“/second. Specimens were nomipally 'dry',
in that they had been exposed to dry labtoratory environment for several days
prior to test, and tests were parformed at room temperature, about 70°F.
Average density at the time of test was 2.27 *+ .03 g/cc.

Unconfined Tests: Figure 12a shows the results of compression tests, with

engineering stress plotted versus engineering ctrain, while Figure 12b
shows the tension test results. Cach curve is the average of 2-4 tests with
material scatter shown as bars on the curves. The apparent elastic moduius
is about 6x20% psi in compression and 7x10% psi in tension, with an unconfined
compressive strength of 7020 psi and a tensile strength of B0% psi.
If the test machine is adequately controllable, the decreasing stress
part of the stress-strain curve can be readily mapped as was done in Figure 13
where a compression specimen was Joaded beyond maximum stress and unloaded,
then reloaded until large scale slabing occurred (as shown by the picture in
insert). Visible, prominent axial cracks and slabing occur well after maximum
compressive stress.,  In tension fracture occurs mainly through the mortar,
with fracture seldom running through the cggregate (Refs. 1,5). This fracture
pattern is quite different than for extension tests, which are discussed Tater.
The aging of concrete 1s generally well ducwmented (Refs. 1,5) and shows a
rapid increase in strength during the first 2B days followed by slower increase

in strength for the next 60 days, and relatively little increase in strength

29
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after 90-100 days. The strength of the concrete tested here is plotted

versus log time in Figure 14.

Constant Confining Pressure Tests: Compression tests were .conducted at

constant confining pressure of 0.5, 1.0, 2.0 and 3.0 ksi. Strains were
obtained only at 0, 1.0 and 2.0 ksi. The compressive stress (difference)
versus axial shortening and transverse extension strains are shown in
Figure 15, with each curve the average of 4-6 tests and scatter as shown
by bars. Increased strength is shown with confining pressure, quantitatively
agreeing with other data available (Ref. 5). At 2 ksi confining pressure
ductile benavior is shown, and relatively large compressive strains are
possible. The negative ratio of transverse to axial strains (the apparent
Poisson ratio) and the slope of the stress difference-shortening strain curve
(the apparent Young's elastic modulus) near zero stress difference increase
slightly with confining pressure.

Tha data from the constant confining pressure tests are replotted in
the shear plane in Figure 16 and in the dilatation plane in Figure 17.
in Figure 16 the square root of the second deviatoric invariants of stress
and strain are plotted (equal to 2//3 times shear stress and 1/v/3 times
engineering shear strain, respectively), with each defined as shown below
in terms of principal stresses, Oy Oy O, and principal strains, €9
€ps €5 (Ref. 33).

Y.,

~
]

H

(1/'/5) '!(01’0272 + 102‘03)2 +—(U1'U3)z (1)

/1

(1//8) e )2 ¥ (5,602 + (e,-e,07 (2)

The slope of this curve is equal to twice the apparent shear modulus, G.

The values taken near zero shear stress (#5; < 0.005 ksi) increase only

32



i

e g LTI TS e T
= O N

R T

LA W 1

RO P v el (IR

WATER/CEMENT/AGGREGATE =.6/1/63

3/8 INCH AGGREGATE,MEDIUM WORKABIUTY
CURED UNDER WATER FOR 80 DAYS
DENSITY (DRY) =227 £.03 g/cc

-y

BATCH2aond 7

OM BACHE and NEPPER-CHRISTENSEN (2)
"ORDINARY CONCRETE"
WATER/CEMENT/AGGREGATE =Q.6/148
. 0.63 inch AGGREGATE
URED WET FOR 14 DAYS

lUNCONF"\‘ED COMPRESSIVE STREN%TH KSI
i3 P )

28 DAYS 90 LAYS 200 DAYS

] 4 1
10 02 103 04
LOG AGING TIME, HOURS

ot -t L e, G TN i ’

Figure 14. Aging curve for batch tested.
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slightly with pressure.

In the dilatational plane, Figure 17, the mean ncrmal Stress, P is

plotted versus volume change, AV/VO, defined as

pm=l/3 (o) + 0, +03) (3)

AV/Vo =eyte, e, (8)

The slope of this curve is equal to the apparent bulk modulus, B. Pure
hydrostatic loading shows that the hydrostat tends to stiffen at very low
pressures, up to 2-3 ksi, then the concrete structure begins to collapse

and the hydrostat softens until about 25 ksi where it again stiffens

(as shown by the insert). Several pure hydrostatic load-unload tests, which
were conducted to determine at what i -essure permanent compaction begins,
indicated that measurable permanent compaction begins at about 6 ksi pressure.

Unconfined and constant confining pressure tests show dilation begins
at some load below maximum stress; however, before large dilation begins,
compaction in excess of the hydrostatic compaction occurs. This compaction
is believed due to conllapsing of the structure caused by the shear stress,
and has been observed on other porous materials (Ref. 28).

In tension, bulking is observed, with the volume change increasing toward
greater volume increase with increased load. To simulate the bulking in
tension and dilation in compression the apparent Poisson ratio would haye to
vary from negative to greater than 0.5. These curves show that the assumption
of a linecar elastic material with a fixed Poisson ratio iS not reasonable
even for the Tow stresses shown here.

Variable Load Path Tests: In addition to the unconfined and constant confining

pressure tests, other Joad path tests were perforimned, incluuing extension,
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constant shear stress (proportional to vﬁ}). constant mzan stress (proportional

“to J;), and uniaxial strain.

The load paths for these tests are shown in Figure 18, where stress
difference, oy-o4s is plotted versus the transverse stress o.. Each curve
represents a single test. For the constant J,, /5} and uniaxial strain tests,
all three stresses are compression, while for the extension tests the
transverse stresses are compression while the axial stress may be compression
or tension.

Figure 19 shows the stress difference plotted versus axial shortening
and transverse extension strains; that is, the strains during the hydrostatic
loading part of the tect have not been included. The strains during the
hydrostatic loading can be obtained from Figure 17 by assuming axial and
transverse strains to be equal and thus given by 1/3 of the volume change.
Figure 20 shows the tests plotted in the mean normal stress-volume change
plane, ¢ad Figure 21 shows the tests plotted in the deviatoric invariant
str-ss-strain plane.

Failure Enveiope: The magnitude of the deviatoric Stress at the brittle

maximum stress o1 at the ductile yield, which is defined as the stress at

1% axial strair, is plotted versus mean normal stress in Figure 22. A

variety of load paths are shown, including triaxial compression and extension,
constant mean normai stress, constant deviatoric invariant stress and uniaxial
strain. The triaxial compression tests form an upper bound while the two
extension tests suggest that triaxial extension forms a lower bound. The
uniaxial strain load patin yields at a point between the triaxial compression

and extension bounds. Thu 'failure envelope' suggests that for selected Joads,
such as triaxial compression, deviatoric invariant yield stress (or yield

shear stress) may be related to the first stress invariant (mean normal stress),
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but that for more general loading, a unique relationship does not exist.

t

-Unloading Response: Thus far, the test data show loading only, with tests

generally conducted until strain gages failed or (rapid) fracture occurred.

R

A number of tests were specifically conducted to define the unloading
response, after some amount of inelastic deformation had occurred. Figures
23-26 show stress-strain curves for a number of load-unload paths. The data

are plotted showing mean normal stress, (1/3)(c,+o,*c;), versus volume

| T r———T

change, ejte,teq; as square root of the second deviatoric invariant of stress
versus strain; and as stress difference, |oj-o4|, -ersus strains, €, and e,.

Here o4, ¢; refer to axial direction and o,=c> and ¢3 refer to transverse

direction.

T g T T

The unloading curves show that unloading paths do not follow an 'elastic’
unload path, but instead suggest both an anisotropic hardening that causes

yielding during unijoading and strain induced anisotropy of the elastic

——

constants. The former is suggested by the complex unload paths as the axial
compression is removed at constant confining pressure, while the latter is
suggested by the shape of the unload 'hydrostat' as the confining pressure
is removed,

3 Reloading follows nearly the previous unload path 1f the unload-reload
occurs under nearly the same load ratio. If relosd occurs for a grossly
different load ratio, as for example compression under constant confining

r pressure followed by compression without confining pressure, then the reload
path does not follow the previous unload path.

Fracture: Fracture patterns are shown in the photographs of Figure 27. The

photographs represent specimens taken either to brittle fracture (well beyond

maximum stress) or to large ductile strains, which generally produced macro

shear failures. Figure 27a shows specimens which viere subjected to compressive
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loads. The unconfined test shows brittle behavior, while 1.0 ksi confining
pressure and above clear]yrshow ductile response. The constant mean normal
stress (constant J;) and the constant deviatoric invariant stress (constant
/5;) tests were at sufficiently high enough confining pressure so that ductile
behavior occurs. Under uniaxial strain loading, ductile yield is observed.
Figure 27b shows specimens which were subjected to tension or triaxial
extension stress. A brittle behavior is shcwn, even for an extension test at
10 ksi confining pressure; however, the inserts k and 1 show the different
failure mode between tension, where failure occurs almost totally due to
fracture in the cement matrix and aggregite-cement separation, and extension
at high confining pressure, where failure occurs due to fractures of the
cement matrix and fracture of the aggregate. For both tension and extension
tests, fracture occurred in the specimen mid-section, suggesting that the
bonded end tabs were not producing an unfavorable stress concentration at

the ends.
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SECTION V
THEORETICAL FORMULATION OF MODEL

The features of the concrete stress-strain behavior observed in the
laboratory data, particularly permanent set and hysteresis on unloading,
suggest that a mathematical representation can be based on a plasticity
model. This has been accomplished in that a representation of the stress-
strain behavior has been deveioped that fits the data reasonably well.

The plasticity model employed uses a strain-hardening yield surface, with
two segments, and an associated flow rule.

The general characteristics of the concrete mechanical behavior are
a strong dependence of stress-strain response and maximum stress (or fracture)
on mean normal stress, nonlinearity, hysteresis, permanent set on unloading,
and a coupling of the shear and dilatational behavior. Similar mechanical
behavior has been observed in rocks and mathematical representations have
been studied previously that were based on plasticity models (Refs. 23,

25, 34). The volume expansion due to shearing seen in much of the concrete
data is a well-known feature for many materials aid has been often termed
dilatancy in the s0il mechanics and rock mechanics literature. The behavior
seen in the mean stress versus volume strain curves for concrete is complex,
exhibiting both compaction and bulking due to shearing in different stress
ranges in the same test. This can easily be seen in the comparison illustrated
in Figure 28. 1In this fiqure the mean stress versus volume strain curve

of a test withcut shearing (a hydrostatic compression loading) is compared

with the same curve from a triaxial compression test. As illusirated in

the figure, a compaction first occurs due to the shearing stress followed

by bulking or volume expansion. This same behavior has been observed recently
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in tests of porsus rocks (Refs. 28,35). In addition, a relatively large

amount of compaction can be observed in hydrostatic pressure tests at higher
mean s*-~cs levels.

» following discussion a plasticity model used to represent this
mechanica: behavior will be described. The mocel uses an associated flow
Jaw and is based on a strain hardening yield surface with two separate
segments. One of the surfaces is in the form of a “cap," as used previously
by Sandler, et al. (Ref. 24). The reasons for the selection of the yield
surface in this form will be discussed below.

Multiple Yield-Surface Model: 1In the theury of plasticity it is assumed

that material behavior is elastic until the applied stresses reach a critical
value. Continued loading results in both elastic and irrecoverable plastic
straining. The critical value of stress may be ccnsidered to be a surface

in stress space and thus is referred te as a yleld surface.

The yield surface to be employed for cencrete is illustrated in Figure 29.

Two independent segments ave employed, termed F, ar. _ as shown. The use
of two segments appears advantageous for modeling the volume plastic strain,
As discussed previously, the concre.e can show either compacticn or bulking
in the plastic (irrecoverable) volume strain. It can be shown that a yield
surface with a negative slope as the segment F, (note that the abscissa of
Figure 29 is ncgative to the right) wiil stow plastic volume bulking, Cun-
versely a yield surface with the opposite slope, such as F,, will shew plastic
voiume compaction. Thus the bulking behavior is guverned by the segment F,
and the compaction by F,.

Tiie theory of multiply segmented yield surfaces has been developed by
Koiter (Ref. 36) and may be considered a part of the classical theory of

plasticity. It should be noted that the overall yield surface does not havea
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Figure 29. Illustration of two yield surfaces used for porous
material plasticity model.
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to be smooth. For example, as illustrated in Figure 29 the segments F,

. ang F, are not tangent to each other at their intersection.

A number of assumptions necessarily have to be made to carry out the
formulation of the model. The use of the stress invariants /J, and J, to

describe the yield surface is a simplifying assumption that is inaccurate

_in fine datail. This assumption will be discussed further in Section VI.

It is also assumed that tension stress states can be handled similarly to
compression, with the decrease in /J, as illustrated in Figure 29
accounting for the weakness in tension. Further assumptions are that an
associated flow rule and isotropic hardening can be used in the plasticity
model. The use of an associated flow rule relates the plastic strain
increments to the shape of the yield surface in a specific manner which
will be made explicit below. It is advantageous in the sense that it
greatly simplifies certain theoretical problems such as whether or not
the stress-strain law is thermodynamically admissable. Isotropic hardening
means that the yield surface expands uniformly as the material strain
hardens. This assumption in effect insures that the unloading behavior
will always be elastic, which apparently is not appropriate in detail for
concrete. Howeyer isotropic hardening is at least a first step and can be
considered an approximation to the real unloading behavior. In general
these assumptions can be changed as detailed investigations of the various
aspects of mechanical behavior are carried out.

In the theory of plasticity for small strains the strain increment can

be separated into elastic and plastic components as

P
i . dLij (5)

e

e




The elastic strain increment component is related to the stress incremert

through the elastic stress-strain law., The plastic strain increment can

O T S TR e WA P [ AL {
i

be expressed by the associatad flow law as (Ref. 37)

LRCLNRIET UL S i
[ N LT T |

dEin = 3F (6)
; adij
é i where F is the yield function and ) is a constant that for strain hardening
? § materials will contain the stress increments, thus providing a relationship
§ between the plastic strain increments and the stress increments.
% 2 Koiter (Ref. 36) has shown that the associated flow rule for a yield
é surface with two segments can be written as
g
t
: deijp = oF, A; + aF, Ay (7)

Doij Boij

where F, and F. are the two yield surface segments. It can be seen that
equation (7) is similar to (6) except that plastic strain increments can

be obtained from both yield surface segments. It will be shown later that

T TIE (W R" TIT "AIA

A; and %, will both be nonzero only if the state of stress is that defining
the intersection of the two yield segments. At this point the plastic strain

increnient is the sum of contributions from both yield surface segments. This

explains why the intersection does not have to be smooth. It is only

necessary that each segment be individually smooth so that the terms

oF, and oF,

Uoij 301J

each exist.

The constants >, and », can be defined by specifying appropriate strain

hardening rules. This will be carried out in general form here and the
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specific forms necessary to fit the experimental data will be examined in
Section VI.

The yield surface segments are assumed to have the following forms

Foo= /3y + g, (3)) - K, (8)
Fo = (V35)% + r2 (9,)% - K, (9)
7z 3

where g, (J,) is a function to be determined, and r is a constant. As usual,

vJ is the second stress deviator invariant and J, is the first stress

invariant given by

s 5., = 5. )2 5.2 e )2 2 2 2
Jp 28 855 845 = (0337055)%4(0p5-035) 24 (035701102 + 07,7 + 0,57 + 0y,

and

= o o, + ..
‘Jl‘”“ “22 T35

The initial values of the constants K, and K, define the locations of
the yield surface segments. When the strecs state is located inside the
yield surface the stress-strain response is elastic, thus F, = Qor F, = 0
i1s a necessary condition for yielding.

In a strain hardening material the yield surface can move as plastic
straining occurs. This can be accounted for by changing the values of the
constants K, and K, as plastic straining takes place. The relationship of
the change in the constants to the straining is termed the strain hardening
rule. Since in the present case it is desired to have the two yield surface
segments move independently it is necessary to have a hardening rule for
gach segment. Once the form of the yield function is established the plastic

stress strain esponse is fully determined by the hardening rule employed.
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I't was assumed that the movement of the segment F, depended on the

9T

“plastic shearing strain and that the movement of F, depended on the plastic

it

compaction strain. Specifically the hardening rules were taken as

TP S ¢ T N T
I

d/TP = h, dK, (10)
and
de P = h, dk, (11)

[

where d/T;P is the second invariant of the plastic strain increment tensor,

T T e TN PR e S AU YW R TN A Ty
{
|

devcp is the volume strain increment associated with compaction only, and h,
and h, are functions to be determined by the experimental data. The total

plastic volume strain has thus been divided into two parts as

- . P
dr'vp = (deyp )bulking + (devcp)compaction (12)

This distinction in the plastic volume strain is made for purposes of the
derivation only and will not appear in the final stress strain law.

The assumption of the form of the hardening rules (equations 10 and 11)
1s difficult to justify until more is known about microstructural response
mechanisms of concrete. The use of the deviatoric invariant in equation 10 is
standard in the plasticity literature for metals (Refs. 33,37) and has been
used for geologic materials (Refs. 4,23). The use of the compaction strain in

equation 11 appears desirable since the yield segment F, should harden (expand)

as compaction occurs in both hydrostatic and nonhydrostatic loadings. However,
it should be recogrized that these are plausibility arguments. While the

appropriateness of the assumptions of equations 10 and 11 can in part be

A
2
2
1
1

examined by the fit between the resulting model and experimental data, the

full validity oi extrapolation to new stress conditions is not estabfisned. é
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The constants 4, and », are determined by substituting the hardering
rules into the appropriate equations as follows. Since plastic shearing
strains are obtajned from loading on both yield segments, the plastic strain
obtained from both segments (equation 7) should be substituted in equation 10.

This substitution is straightforward but lengthy and is given in Appendix C.

The result is

aFy Ay + 3F, 2, = 2hy dK, (13)
2/T} Yl

The compaction plastic volume strain is obtained only from the F,
yield surface segment, provided that the slopes of the segments F, and F,

arc restricted appropriately. With this implicit restriction, the strain

from the F, segment which is given as

= oF, )y (14)

should be substituted into the hardening rule for compaction, equation 11.

The result of this substitution gives

3
1
aF, A, = 1/3 hy d¥, (15)
— E
8d 5
!
To ensure that plastic straining occurs only when the material is :

yielding, it 1s necessary to define the contants X, and X, as follows:

PP T
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J -
M if (Fp=0 :
7 dF1>0 i.
Al = !'
0 if { F1<0 1
or dF <0 (16) 3
and -
[ 5, if {F2=0 5
dF,>0 *
)\2 = ? -
0 if (F,<0 .
{or dF2<0 (17) i
Equation 15 can then be solved for i,, subject to equation 17 above, as E;
1/3 h, dK, :
Ay = ki) (18) -
3y ;
and equation 13 can be solved as '
M o= oF) 3vd} (19)

avds

It should be noted that the yield surface segments do not move inward

during any loading. This observation follows directly from the hardening

rules assumed in equations 10 and 11, and the assumption of isotropic

hardening. It is assumed that the plastic deviatoric strain invariant and

the plastic compaction strain are non-decreasing in absolute magnitude.

Thus the functiuns hy and h, are restricted to not changing sign during yielding.
The above equations comolete the basic derivation of the two yieid

surface segment plasticity model. In Section VI the wecessary functions and

constants will be fitted to experimental data on concrete and the basic utility

h1
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of the model will be demonstrated.

Derivation of Strain Increment as Independent Variable: The usual plasticity

model formulation as shown above considers the strain increments resulting
from a stress increment loading, so that the stress increments can be considered
to be the independent variables. In continuum apalysis codes, particularly
those using the finite-element formulation, it is often necessary to have
the incremental stress-strain relationship in the inverse form so that the
strain increments are the independent variables. This reformulation can be
readily carried cut without introducing any changes in the assumptions of
the material behavior. This reformulation is carried out as follows:

Consider the usual separation of strain increments into elastic and

plastic components stated previously as

= € p
deij dt’ij + dcij (5)

The elastic stress-strain law can be written as

do.., = Ld?

e
i3 e Si3 * ZGd;ij (20)

where the symbol L is used rz2re for the Lame constant

L o= v E

(1+v)(1-2v)
In inex notation this can be written as
- e

where C is the elastic coefficient matrix. Substituting equation 5 into
21 gives
= - P
%557 sk %5 T G P (22)
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(7) 3
41 B9y E
then equation 22 can be written as .
935 = Ciga1 95 - Gy <9F1 At afs *Z> (23) 4
o) B0y
The hardening rules were expressed previously as ;i§
a/T3P = h, dF, = hy oF, doj ; (10) 1
304 E
deye = hy dF; = hy 3F; doy (11) . %
904 [
1] : 3
where dcsc is the volumetric compaction from the F, yield surface. The z
equations previously developed for i, and i, were i E
oF ) Ay + 3F, X, =2 hy oF, daij (13) é
T ~ 1 : é
d/dz rﬂ/\J—z 301'3- : fj'
8Fy 2y = 1/3 h, oF, doy, (15) ]
3d) 00, ; 2
Substituting equation 23 for doij into the right hand sides of equations é
13 and 15 above gives
eFy, Ayt 9F, 2, =2 h, _}i_l_ C’ijk] dr’k] . Cijk] <Z'FJ rp ot ooF, -\2> ] (24)
AR AL N an
dVJz (,)/U_Z OO,i‘j BOK] ("vk-l ‘
63

Using the flow rule developed for the two segment yield surface

deE] = aF, A1+ 3Fp A2




f and

: 3F, Ag= ﬁi aF, Cijk] dEk] - cijk] aFy Ay + 3F2 Ay (25)
99K] %%k1

ady 3 3°1j
These equations can be rearrangec as

oFy +2h EEL" Ci3k1 aF ’*1 tlaFp t2hy oF) Cygq 3F, [

avJs 3954 30} avJ} 30, 5 20,9
TN R G Y (26)
acij
and
= Ez aF2 Cijk] dEk1 (?7)

3 3°ij

These equations can be written in shorthand notation as

[}

Al Al + Az AZ A3 (28)

A, Ay + Ag A, = AL (29)
and equations 28 and 29 solved for A, and A,. This gives

A = A3 Ag - A2 Ae . (30)
Al AS - A2 A“

AZ = A] Ag - A1 Ag
A; As - Ay Ay (31)
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If either X3 = 0 or X, = 0 because loading does not occur on both yield
surfaces, equations 28 and 29 should be used. Thus, if either F, < 0

or dF, < 0, then

A, =0
M o= Ay = A (32)
- Likewise, if either F; < 0 or dF; < 0, then
%E )‘2 = A3 = A6 (33)
Ay As
: The final stress-strain law is given in equation 23 as
: dogj = Cijir degy = Cygur/2FL 2 *+9F2 2o (23)
i g1 9y
where i, and A, are given as equations 30, 31 or 32, 33 above. i?
E




SECTION VI
COMPARISON OF MODEL AND EXPERIMENT oI

In this section the functions in the previous equations will be spéc1fied
to fit the experimental data on concrete. Stress is expressed in units of
psi with the convention of tensile stresses taken as positive. _?5
The elastic behavior of the concrete was taken as linear in both shear
and bulk with constants

G

2.0 x 108 psi shear modulus , -

B = 3.0 x 106 psi bulk nodulus (34)

The yield functions were taken as

F, = /j; - 1000. [12.2 - 11 exp (J1/40000.)] [1. - exp((Jl-BOO.)/700.) K1
(35)
F, = (/Jé)z tz2J)? - K, . (36)

2

The yield surface segment F, is taken as the locus of points where
deviation from the initial elastic and approximately linear behavior in shear
occurs. This definition is somewhat arbitrary as the point of deviation
from linearity depends on subjective judgment and experimental accuracy.
However, the problem is not serious if the hardening rule parameters are
srecified accordingly.

The segment F; is based on the tension, unconfined compression, and
triaxial compression test results. As a smooth transition from tension to
compression is assumed, no specific provision for a tension cutoff is necessary.

The yicld surface segment F7 is defined in an arbitrary manner. That is,
it was taken as being small with respect to tension and compression failure

stresses and thus not well defined by the experimental data. The hardening
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rule was adjusted, however, so that the combined effect of yield surface

and hardening rule did match experimental data. A comparison of equation 36

Y R e TR . b

with equation 9 shows that the ratio of the radii of the F, ellipse has

been taken as 2. Trial runs showed that the resulting fit was not sensi-

P TP

tive to this parameter, thus the value of 2 is somewhat arbitrary. The

T A PRI T e AT e

constants K; and K, change as strain hardening occurs according to strain

N R TR T o T

%
é hardening rules given below and have initial values
K, = 0.0 psi
. K; =5 x 107 (psi)? (37)

The hardening rules are given as

I 1,

TR T | T S

P - :
d/T," = h, dF, = h, dK, if dF, > 0 {38)

with
E h, = 1076 {1 - 100 [1 - exp(120 VIiP/(1 -107% 9)))] (39)
- 2-7x1075 9,
3 =
3 ’ d
3 = n
| °
7 de ) = h, dF, = hy &K, if dF, > 0 (40)
! with

h, = {-2.4 104 /5y [1 - exp (-/7,/4000 )] [exp{-v/J,448 x 1015})]

o [ H‘:“ .

t .
2 - - ) | =
- 0.702 x 1071 [1 -exp(J,3/(1.35x101%))] [exp(Jl/(GxIO“))]} (41) | ;

As discussed in the previous section the constants K, and K, defining the g%

yield surface are changed as strain hardening occurs anrd are defined so as to §§

be nondecreasing. Thus, each yield surface segment moves away from the %%

-1

origin as it is loaded. During loading on F, (i.e.,F, = 0 and dF, = 0) dF =

dK; and during loading or F, (i.e.,F, = 0 and dF~ > 0) dF, = dK,. Otharwise,

hams o g




d{; = dK, = 0. Unloading from and reloading back to the yield surface is
thus assumed to be elastic. Changes in stress from tension to cohpression

are defined by the above procedure, i.e., no special or additional assumptions

need be made. -

The stress-strain behavior based on these equations has been computed
and compared with the laboratory data in Figures 30 through 41. Figure 30
shows a hydrostatic loading comparison. In this figure the nonlinearity of
the curve above 3 pressure of about 6,000 psi is caused by compaction.

A comparison with unconfined tension, unconfined compression, and triaxial
compression is shown in Figures 31 and 32. The shearing curves in Figure'31
demonstrate the ronlinearity due to yielding. The dilatational responsé,
clearyy shows compaction and bulking in both the model and experimental data.

Other comparisons are shown in Figures 33 through 41. Figures 33 and 34
show the ccaparisons for the tests in which /J3 and J, are held constanf over
part of the loading. Figures 35 and 36 show comparisons for an extension
test at a confining pressure of approximately 5 ksi. Figures 37, 38, and 39
give the one-dimensional strain test comparison. Figures 40 and 41 show
load and unload triaxial compression test resuits.

In general, the comparison between model and experiment is reasonably
good and the qualitative features are well represented in the model. The
one-dimensionai strain test comparisons are somewhat poorer than the other
tests. This can largely be ascribed to the high mean stress levels in this
test. The mean stress levels in the triaxial compression tests were lower
and the medel parameters were based primarily on these tests. Thus, the
model had to be extrapolated significantly for the one-dimensional strain
test., It should also be noted that the variations in the experimental data

in the one-dimensional strain test were significant. For this reason the
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Figure 31. Comparison of nodel and experimental shearing siress-strain
response in constant confining pressure tests.
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Comparison of model and experimental dflatational stress-strain
response in constant confining pressure tests.
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Figure 34. Comparison of model and experimental dilatational stress-strain
, response in constant /J) and constant J, tests.
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Figure 35, Comparison of model and experimental shearing stress-
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Figure 36. Comparison of model and experimental dilatational stress-strain
response in extension test.
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Figure 39. Comparison of model and experimental stress path
response in one-dimensional strain tests.
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Figure 40. Comparison of model and experimental shearing stress-
Strain response in constant confining pressure load/
unload test.
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Figure 41. Comparison of model and experimental dilatational stres;-

strain response in constant confining pressure load/
unload test.
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experimental data from both tests performed are shown individua1ly in
Figures 37 through 39.

Computer Subroutine: The equations of the previous section have been programmed

as a subroutine that calculates a stress increment for a given strain increment,
state of stress, and plastic strain. A list of definitions of the subroutine
variables and a listing of the subroutine are given in Appendix A. In general
the variable names have been chosen tn conform to the usage of the SLAM

computer code. The subroutine utilizes an index notation for stress and strain

according to the following notation, using stress as an example:

SIGI (1) = vradial stress, Tpp
SIGI (2) = hoop stress, Jag
SIGI (3) = axiai stress, o,
SIGI (4) = shear stress, ¢

rz

A description of the subroutine as presently written can best be
summarized by the subroutine statement
SUBROUTINE PLASTK (DEPST, SI1GI, SI12P, EPSPI, ZK1, ZK2)

The variables are defined as

DEPST (1) = train increments

siep :  Plastic strain deviatoric invariant, vI;P
EFSPI (I) = PlasStic strains

ZK1 = Constant in first yield surface

ZK2 = Constant in secend yield surface

The strain increments are calculated in the main program. The remaining
variables are appropriately incremented in the subroutine and mist be saved

in storage in the main program. The storage of SI2P, the plastic strain
deviatoric invariant could be eliminated as this parameter could be calzulated
from the plastic strain.

Examination of Model Parameters: Although a iary. number of constants are

used in the curve fitting expressions, only six material functions are
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actually involved; These are the two linear elastic constants, the two

yield functions, and the two hardening rules. Although a systematic study

of how these functions would vary with concrete manufacturing variables has
not been undertaken, it appears reasonable to assume that the fuhctions would
vary in a systematic manner with changes in the concrete material properties.
In the following an estinate of how the functions could be changed to
accommodate different concrete properties is given.

The minimum test data necessary to define the six functions could consist
of stress-strain data from an unconfined compression test, a triaxial
compression test at 2 ksi confining pressure, and a hydrostatic loading test.
Further tests would, of course, add confirmation to the results. The six
material functions would then be obtained as follows:

Bulk Modulus B: The slope of the approximately linear portion,

say up to a pressure of 4 ksi, of the hydrostatic test plotted as

pressure versus volumetric strain.

Shear Mbdulus G: One half times the slope of the approximately

Tinear initial portion of the triaxial test, plotted as /J) versus

/1),

2

Yield Function F;: The function F; is given in the form of
F, = /3; + {g,(3,) - K}

The term in brackets { } should be multiplied by the ratio of the unconfined
compressive strength to -7000 psi, which is the value of the unconfined
compressive strength of the concrete used in the present studies, that is

multiplied by uc/—7000.
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ield Function F,: No change

. Hardening Rule h;: No change |
Hardening Rule h,: The function h, is written in two terms as :

hy = -f(/33) - 9(3;)
The function f should be multiplied by the ratio of the strain termed "S" . 1

B AT g T S s < “Mmmumm-”‘:wﬂwzra:mmmmmm

in the P = 2 ksi triaxial test illustrated in Figure 42 to the same strain

in the present concrete, taken as 0.0018. That is, multiply "f" by $/0.0018.

The function g of h, should be nultiplied by the ratio of the strain
termed "T" in the hydrostatic test illustr.ced in Figure 43 to the same

strain in the present concrete, taken to be 0.029. That is, multiply "g"
2 by T/0.029.

£
;

&
£

It should be emphasized that the above procedure has not been verified

experimentally. Rather it represents an estimate of how tne model of the

TS I (LN L O

present investigation might be modified for a somewhat different concrete.

£

Discrepancies Between Model and Data: Certain features of concrete behavior

o

exhibited in the laboratory have not been expressed explicitly in the

s I "w\uwwwﬂu i

S e

mathematical representation at this time. One of these features is a path

Lt

L e

dependent unloading seen in the dilatational stress-strain curves of tests

unloaded from near maximum load. In the model, elastic unloading i$ assumed
in both shear and bulk. The real material behavior indicates that part of
the volumetric bulking may be recoverable, and in a way that depends on the

unloading path. An example of unloading in a triaxial (constant confining

o e il e ol AR i

pressure) test is shown in Figures 40 and 41. The model assumes isotropic
behavior and does not include the anisotropy produced by directionai
microcracking. This benavior would show up in reloading tests of concrete

loaded near maximum stress, and particularly if the directions of the
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Mean Normal

Figure 42.

Mean Normal Stress, KSI

Figure 43,

Stress

Triaxial
P =2 KSI Test

'd
TS R\Hydrostat

S—»

S = 0.0018 for present concrete

Volume Change

INlustration of volumetric strain "S" used for correction
of model parameter H, for different concrete.

0 |-—=— =~ — —— 7 /Hydr‘OStat
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I
]
!
! T = 0.029 for present concrete
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|
!

Volume Change

[Mlustration of volumetric strain "T" used for correction
of model parameter H, for different concrete.
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principal stress axes were rotated.

Another area of uncertainty in the present model is in the detailed
description of the yield surface and maximum stress surface. The maximum
stress locus has been represented in /3; versus J, coordinates in the model.
It has been well established in the literature and in the present program
that the maximum.stress locus is not unique in these coordinates, but can
vary with the type of test. In general a; discussed earlier, the triaxial
extension and triaxial compression tenc resuits appear to fnorni separate
curves, with biaxial compression results falling in between. Various
techniques have been used to rectify this. Mills and Zimmerman (Ref. 20)
have modified the shearing invariant with the addition of a "rotational

tarm." In a similar situation for rocks, Mogi (Refs. 38,39) have modified

the mean normal stress invariant by adding a weighting factor to the inter-

mediate principal stiess. An example of this for granite is shown in Figure 44.

It should be noted that although the fit is apparently quite consistent
in the coordinates of Figure 44, a replotting of tne data in terms of a

biaxial stress envelope can lead to anomalies. Further complicating the

situation is the normality rule (asscciated fiow rule) used in the plasticity

model that serves to link the strength and stress-strain behavior. Although
some biaxial stress-strain data are available, as by Kupfer, Hilsdorf, and

Rusch (Ref. 15) for example, the situation has not been adequately studied.
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SECTION VII

[
E
3
2

- o o ~ COMPARISON TO THICK WALLED CYLINDER TESTS

A series of tests was performed on thick-walled concrete cylfnders.
These tests consisted of combinations of axial compression and internal
pressure, producing combined compressive and tensile stresses in the
concrete. To ensure an adejuate wall thickness to aggregate ratio,

3/8-inch nominal aggregate size was used with a 2-inch-thick cylinder wall.

e A T TR PRI NPT ey PR

The overall cy]inde% configuration was 7 inches 1.D., 11 inches 0.D.,

and 20 inches long.

Since the concrete constitutive model was formulated before the

cylinder tests were performed, thesc tests served as a verification check

o 1 PO SR TN N

) e e o GRS
I T ARSI, T8 M HE%.10 1 TR 7Y " "

of model parameters. A description of the analysis and comparison of theory

and experimental results follows.

Analysis: If the concrete cylinders are treated as "thin walled", the hoop

" Sl
ECLARR I Ty Tl ST I

stresses are given simply as

Ugg -~ BT
t

T R B S

e

T

where p is the internal pressure, r is the radius (presumably an average

.

of the inside and outside radius), and t is the wall thickness. However,
because the radius varies from 3.5 inches to 5.5 inches it was considered
necessary to use thick-walled cylinder thecry to determine the distribution
of radial and c¢ircumferential stresses and strains. Thi; was accomplished
by developing a finite difference computer code that used the concrete

elastic-plastic constitutive model. The ecuations were derived by considering

the uysua) equations (Ref. 40).
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i
=
.!i
=

ibrium; - = ” i3
equilibrium; do.. * 0., I 0 (42) gé
dr r §§

strain-displacement: epp = dU (43) 3
dr 2

=

€99 = U/r :2

stress~-strain law (in incremental forrm); :
do = C de (44)

where C is the concrete elastic-plastic stress-strain matrix. These ;%
equations were written in finite difference form after eliminating the §§
|

strains in terms of the radial displacement U. The finite difference o
equations were readily programmed; a listing of the program is given in 'E
Appendix B. Tie axial stress and internal pressure were input in incremertal §§
F 3

form. The axial stress was assumed uniformly distributed throughcut the : %

cylinder and related to the measured axial lcad by the relationship

gz = FIA (45) :
A check solution is shown in Figure 45 for the case of internal pressure
only using elastic properties. It can be seen that good agreement was

obtained using 11 mesh points. This number was used for all of the concrete

cylinder solutions.

Discussion of Results: The results of the cylinder tests are shown in Figures f
46 through 52. In these figures the axial ¢tress, internal pressure, axial and

circumferential strain both at the inner and outcr surface of the cylinder are

plotted versus the elapsed time of the test. Also shown in these figures are the

strains in the axial and circumferential directions at the inner and outer surface
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predicted by the numerical solution.

In general the comparison between the numerical solution and the
experimental results is within the consistency of the test results. The
comparisons for tests 8-3 and 3-4 shown in Figures 51 and 52, respectively,’
were relatively much poorer than the others. It is not apparent why this
should be; however, both of these tests had a very high initial axial pre-
load before the internal pressure was applied. Apparently the model
exaggerates the circumferential strain at these stress levels. This could
indicate that the yield function F; should be increased somewhat more
for the cyliwder concrete, or else the dilatancy effect may be too pro-
nounced for this stress conditicn. However, the relatively much better
comparison for the other tests suggest that the experimental results for
tests 8-3 and 8-4 may not be entirely consistent with the others.

An interesting phenomenon ias noted in the analysis of the cylinders.
In the usual ciastic-plastic cylinder under internal pressure, using say a
Tresca or Von Mises yield criterion, yielding starts at the inner pore and
progresses outward as the pressure is increased: In the present analysis
yielding was observed to start at or near the outer surface. This can be
c..plained by considering the pressure sensitivity of yielding in concrete.
The pressure at the inner bore was evidently sufficient to shift the location
of initial yielding. As a consequence of this, the "thick-wall" effect is
not as pronounced for the concrete analysis as it would be for a pressure-

independent elastic-plastic material.

Summary: Axial force and internal pressure tests were run on concrete

cylinders. These cylinders were analyzed using thick-walled cylinder theory

in conjunction with the material property model deveioped for concrete.
Comparicon of theory and experiment was relativeiy good for all tests,

90

4

3
E
E

e

L o o,

ST T T T

T TR LR T i

Lowiaun

. - - ,4.
i L A e L 1 e L




L M TR ey

DL R R

e

g

o e e o

Wl

VI 1 g pom g

SR TR

sy meg,

8
3

F/AREA PSI

PRESSURE PSI

Figure 46.

+100}

O

. . o TIME

+
S o
14

100 200 300 (SEC)

T,

TIME

300

(SEC)

— = = EXPERIMENT
— MODEL

Comparison of model and experiment for cylinder 7-1.

91

'umwméémﬁmmm”* - b S

o e Beww . ML




LR I R S
o
g
) g
e ot s e
)
i
|
.
|
!
|
'

;
£ -6000
L B _4000 E
0 A A TIME 3
: 100 200 300 (SEC) g
‘; 2} - |
i =
| . /
§ +ioo} E
2]
w
: &

| 4
| 3
. N R b 1| ME TR
: © 100 200 300 (SEC) | 2

.20

STRAIN %

100 200 300 (SEC) P8
— e €0 -
e e ——— —I— 3

1 Al
3 © A © 4
% i

-20 b - ——EXPERIMENT .

MODEL

Figure 47. Comparison of model and experiment for cylinder No. 7-2.

92




N I e

T

Lanll

AT T (e @ g

T W eper

IF:
- lU,'

o oy

TS S T U g S AT i T o

ST e R L

17 P e

R0 LT

L

s

e

e g

(KR NS

e

&5+200|'

RE

=

PRESS

STRAIN %

=20 F — = —EXPERIMENT

F/AREA PSI
y
3
O

.20 r

‘ G i
. - . o IR Y,
LT AT Qo AT Y P T e ) e .

O b, yvel n . TIME

+100}

ﬁ— TIME
(SEC)

—— MODEL

Figure 48. Comparison of model and experiment for cylinder No. 7-3.

93




|
:
|
{
i

ey

¥
tl
L2

F/AREA P91
[
L\
b

mas TIME
100 200 ) (SEC)

TR WY
PRESSURE PS|
+

|

(SEQ)

20 Fr

o = A - TIME
00 200 (SEC)

~20 } - — —EXPERIMENT
——— MODEL

Figure 49. Comparison of model and experiment for cylinder No. 7-4.




. 6'5000 =
a
<
u
(e 4
N
. TIME
A ndenssesums
° 100 200 300 (SEC)
E +200F
W
&
o)
a +100f
&
Q
© A . b, TIME
100 200 300 (sgc)
.20 §
10 F
® .
z Q“-‘E‘Og 300 (sEC)
< €
e — e CA'
ho | %
—20 ¢ = — ~EXPERIMENT
- MODEL
Figure 50. Comparison of model ard experiment for cylinder No. &-2. :
95



~6000 b

PSI

v

~-4000

-2000}

F/AREA

)
-
3

A TIME
100 200 ' 300 (SEC)

PS
+
N
Q
O

+100§

PRESSURE

O
~

100 200 300 (SEC)

)
&)
T
L]
=

o5

e TIME
300 (SEC)

STRAIN

Figure 51. Comparison of modei and experiment for cylinder No. 8-3.

96

il S il

abeo g
Dl ok vt W, St S

=
4
!
=
2
s}

e Dostbeon BN o 0



JAREA PSI

~

1

PRESSURFE PS|

S a e

. \ TIME
, 100 200 300 (SEC)
i
L - e TIME
100 200 300 (SEC)
§ €r
r
Y
:
//‘Ti
N ’/ d €To
i o e e D Y
W == a 'y T'ME
iy 100 200 300  (SEC)

- ’L—
| ;?" \\
¥ ™~ ~ .
a \ \‘\-______________________QA
~  — - —EXPERIME .

b —-—— MCDEL

Figure 52. Comparison of model and experiment for cylinder No. 8-4,

97



- - T v -y s T/ s T s rmom TEE T o s T El .

although cylinders 8-3 and 8-4 were much poorer than the others. The

evidence for explaining the poorer comparison of these two tests is not

conclusive.
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SECTION VIII
SUMMARY AND CONCLUSIONS

1. Although comparison of test data from different laboratories is
very difficult because of thé large variability and the complex response
of concrete, data available in the Titerature do show some of the deformation
features of concrete, including the increase in strength with pressure,
the dependence of the yield on stress state and dilation which occurs near
maximum stress. Tests here provided added detail to the stress-strain response
and showed added features of deformation including a) combaction associated
with shear deformaticn occurs before the onset of large scale dilation and
b) the un]éading is not elastic but shows complex unload paths which suggest
anisotropic hardening and strain induced anisotropy. To a lesser extent
the tests here showed the extreme sensitivity of the mechanical properties
to casting procedures, 1id “he importance of the specific aggregate surface
area in determininy concrete strength. The sirength appeared to be far
more sensitive to surface area than to aggregate size variation from 3/16
to 3/4-inch diamete. aggregate.

2. Tre r adom and ielatively homogeneous distribution of aggregate,
cement matrix, water and voids and the general resgonse of the concrete,
including dilation and permanent set, are suggestive of a continuum, elastic-
plastic model. It is not implied that concrete exhibits ‘metal plasticity’,
but that plasticity models might adequately be used to phenomenologically
model concrete as has previcusly been done very successfully for geologic
materials. In a sense the model used here is an extension of the initial
plasticity model used by Swanson to fit rock data, with the yield cap as

suggested by Baron, et al. An associated flow law and a segmented yield
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function have been used with a hardeaing law which includes the shear and
diiatation terms. The segmented yield and selected hardening laws allow

for compaction followed by dilation, as well as the more conventional pressure
'sensitivity of yield.

3. An independent check of the model has been made by calculating surface
strains on a thick-walled cylinder subjected to a programmed internal pressice
and axial load, and comparing the calculated strains to those measured
during the loading. The thick-walled cylinders represented a concrete with

a somewhat different strengih, and hence, in effect represented a different

batch of concrete. Comparison between the Ffinite difference calculation and

measured strain was relatively good and provided some confidence rhat the

model developed to generally fit the features of deformation of concrete was %
adequate for predicting the loading response of a concrete structure. é

4. The model developed does not adequately handle unloading, nor does ;
it fit in detail the stress state dependence of yield. The latter cffect %
would not be difficult to include as sufficient data become available. g

|

Anisotropy is not considered, nor are environmental effects s~ 1S temperature

sl i

e

or water, or preconditioning effects such as a preshock or .. preload.

Time-dependent effects, creep or high-strain rate loading, are not considered.

e Lt Heia B it 31| AL il L ol
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APPENDIX A

CONSTITUTIVE EQUATION SUBROUTINE

SUBROUTINE VARIABLE DEFINITIONS

AB1, AB2, AB3, AB4, ABA

Al, A2, A3, A4, A5, A6
B1(I), B2(I)
AGO

AKBULK
AJ1I
AJ2I
¢(1,J)
DEHP
DEPST(1)
DF1

DF2
DS(1)
EL1
EPSPI(I)
FSI(1)
FS2(J)

T1, T2, T3, T4, 75, 76
ZK1
ZK2
11
L2

Terms in expression for i, and >,

Shear modulus, psi

Bulk modulus, psi

First stress invariant, Ji, psi

Second deviator stress invariant, J;

HMatrix of elastic constants

1st plastic strain invariant, I,P

Total strain increments

Loading increment on 1st yield surface

Loading increment on 2nd yield surface

Stress increment associated with elastic strain
Lame constant, psi

Plastic strains

Partial derivative vector of F, with respect to stress
Partial derivative vector of F, with respect to stress
1st yield surface

2nd yield surface

Strain hardening function for 1st yield surface
Strain hardening function for 2nd yield surface
Prastic strain increment

Stresses

Devialor stress

2nd plastic deviator strain invariant, /I,P
Square of SI2P

Square root of <y, /J,

Stres: increment associated with plastic strain
Temporary name for i,

Terms of various functions

Constant in 1lst yield surface

Constant in 2nd yield surface

Cornstant in associated flow law, A;

Constant in associated flow law, 2,
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Figure 53.  Subroutine PLASTK Flow Chart
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gt gt ey g N (S et gy arde by e ~ 3, adal
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Z Cone==THIS SURRUUTINZ CALCULATES STRESS INCREMENTS FROM AN INPUTY OF
: o] STPATIN INCREMENTS, STATE OF STRESS,PLASTIC STRAIN, AND THE YIELOD
C FUNCTION GONSTANTS
: Coon==THIS SUBRGUTINE USES THWO STRAIN2ZHARDENING YIELO SURFACES
e SUBRCOUTINE PLASTK(DZPST4SIGILSIZ2F,EPSPI,2ZK1i,2K2)
) NIMENSTON SIGI(4) yDEPST (L) ¢NS(L) oSTIGDI (L) gClhyle) gFS1(L)FS2(H),
1 TOS(4) 431 (w) 432(4)EPSPI(L) 4yPDE (L)
AGQ=2.t +6
AKBULK=3,E+b
: EL1=1.66667E¢6
i 00 10 I=1,«
' G0 10 J=1,4
17 Cil =0,
00 1t I=1,3
: DN 15 J=1,3
: 1% C{I.+d)=EL1L
! D0 20 I=1,+
20 CUI,I)=C(I,I)+2.*AGO
LJ31=5TGI (L) 4SIGI(2)4SI6I(D)
AJ21=0G.
U0 2w I=4,0
SIcOICII=SIGItIr=-AJL11/3,
25 AJ2.-BJ2T+SIGOI(TI)Y**2
AJ2I=45%(AJ2TI+5151(0L)**2)
SJ2=AJ21%*, ¢t
Ce~=-=-=CALCULATION OF ELASTIC STRESS INCREMENYS FOLLOMWS
00O 20 I=isa

L N

; 3¢ NS(IN=0.
¢ 00 3% I=t,4
% Ny 3 J=i,w
8 35 0SCII=0S(1) +C (1, ) *DEPST(Y)
: ZL1=0.
n2=r,

T1=gXF(ad1I/«03004)
T2=1000%(i2.42 ~11,%T1)
TIzEXP({(AJ1T=- 8004)77004)
Fl1=002-T2%(1.=-T3)=-2K1
Foz,C%0 2T+ ,%0J11%AU1]1-2K2
Ce~===VYEST FCF YIELUING FOLLOHS
IF(F1) S0440440
o) H1=z{1l,=€)%(1e ¢ 2004%(=1,42%XP(120.%S12P/(1.=-,0001%201I)))) /
1 (Ce=7E=5*AUL])
Ty= ,275%711%(1,~-T73) + Te*T13/770C,
DO e I=143
42 FS1{I)=(,5*SIGCI(]1)=,10E0606567%0U411)/SJ2 +T4

I PRTEITTNT, PWEETRL., ST WSO I O AR, L ST S R g
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[

RSN o — e

2
'
§ . FS1(6)=SICI(u)*,5/5J42
2 50 1F(F2)70,60,€0
1 Bd TS= =(2,0E-1%)%SU2%(1,-EXP(=SJ2/6000,)) * EXP(=((SJ2/9457,)%%4)) 1
i 1 /7€1le=(EsE=&)*AJ1]) Ik
E " H2=={7.02E=12)%(1,=EXP((AJ11/23811,)**3))*EXP(AJ11/60000.)+TS R
] DO 65 I=1,3 t
1 85 FS2(1)=,5%SIGI(I)+3,8333333*AJ11 ]
£ FS2(6)=,5%SIGI(4) E
i 70 IF((FL1.LY, 0.) ANDJ(F2.,LT. 0.)) GO TO 250 ;
: Co==~=CALCULATION OF PLASTIC STRESS INCREMENTS FOLLOWS ;
¢ 00 82 I=1,u ;
: 2 32(1)1=0., 4
: NO 85 I=t,k |
: NO 85 J=1l,b 3
: 81(1) A1(I)+T(I,JI*FS1CJ) B
: 8S 32(I1=32'1)+7(1,J)*FS2(D) '3
' ag1=C, »
: ag2=0, {9
: AB3=0, 1
A3b=0, j |
A3%=(, =
NO 30 I=1,4 .
: A31=A81+FSL (12 %81 (1)
- AB2=A324F51{1)*B2(1)

A32=AB3I+FSL(II*DS(I}
ABW=3B4+FSZ(I)*RB2(])
JJ AB==LB5+FS2(1)*DS(1)
g AL:10+20‘H1‘[“31
A2=SJ2+2.,*H1% A2
L3=22,*H1%AR3
D=, 332333T%42*%4037
ASZ e *AJ1I+43233333%H2%A0 -
LR ,333T333%12* YUY L
IF(F1) 91,382,922 ;
L 2L 206746 ;
G TN 5¢ )
32 TFAFZ) 93,94, Yk
33 711=4L3/70 3
GO TO 9¢ i

e

Yo TH5=A1®%AC-02%0u i3
JL1={(A3*¥a5-12%05;/T¢ i
7(-2:(n1‘ﬂ‘2‘t434A‘4)/T6 l

3o CONTINUE
35 0F1=0,

o] 11l L 1
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DFZ:OO
N0 10C I=1,4
TOS(I)=DS(I)=B1(I)*ZL1-B2(I)*ZL2
OFL=DF1+FS1(I)*TOS(I)
130 UF2=DF24FS2(I)*TDS(I)
TZL2=2L2
TF(OF1*7L4) 102,130,130
132 IF(DF2*7ZL2) 165,110,110
135 ZL2=0.
GO TO 95
110 ZL1=0.
ZL2=T2ZL2
GO TO 95
130 IFKDF2*2L2) 135,200,200
135 721.2=0, :
GO TO 9%
230 CONTINUE
Co====INCREMENTING OF YIELD SURFACES FCLLOWS
IF(OF1*Z1.1) 210,210,205
205 IK1=ZK1+DF1
217 T (0F2%ZL2) 23042334220
220 IXK2=ZK2+0F2
230 N9 235 I=1,%&
SIGI(IY=SIGI(I)+TOS(1)
235 PIE(II=FS1(I)*ZL1+4FS2¢I)*2L2
DEHP=EPSPI(1)+ZPSPI(2)+EPSPI(Y)
" IF(SI2P) 245,245,239
239 00 260 I=1,3
2 SI2F=SI2P+(,.S*EPSPI(IY/512P-DEHP/6,) *PDE(])
ST2P=SI2P+(,5%CPSPI(4)/SI2P)*PDE (&)
GO TO 248
2+5 SI2PS=((PDC(1)~-PDE(2))**2+(PDE(2)=-POE(3))*%2+(PDE(3)=PDE(1))**2)
1 /76.+4PDE(L)*¥2
SI2P=SQRT (SI2PS)
298 DO 249 I=1,4
263 EPSPI(I)=EPSPI(I)+POELI)
50 TC 3€6
259 CONTINUE
: N0 26C I=1,4
€50 SIGI(IN=SIGI{I)+DS(I)
2)3 RITURN
END
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% INELASTIC THICK WALLED CYLINDER PROGRAM 3
d 4
Read and Print F‘
: READ and LSP, LTIM, SZ, B, i
£ Start | PRINT LTHWC SZ(1), EZIN, AP2, I
EIN I
£ E
k 4
i Page 102 I
: Calculate Yes EE.
. Difference 50 k-
Equation ¥
Coefficients
|No
i ' iA
Page 108 Page 108 E
i Call Call
Calculate Mot rix Calculate Elastic E
@ | Coefficients Solver | Strains Properties !
i : for last poiny Subrcutine ubroutine ’!V
|
E Calculate Yes ! -
' Plastic Strairs, number of I X
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- yield funciinn LTIM i
. censtants : Y
3
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' cases if
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-
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Figure 4, Inelastic cylinder program flow chart.
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Figure 55,  Flow Chart of elastic coefficient subroutine of K
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tFco,

30

LY

19

25

21

+3

37

IS MAIN,MAIN

DIMEINSICN ST(40,L0) ,SR{LC,40),SZ(60),ETI40),ER(LO)HEZ(LO),
1 U(LG,4L0),ClLyl),FL0),X(L0),B(LD) JAlLO,41) ,PE(3),

2 S{L) ¢XP2(50) T (40,y3)yEE(3),A1(L),A2(%),GP1(30,3),GP2(30,3),
2 BK1(30),3K2(30),D(2,3)

FORMAT (7(7, 11E12.4),74E16,4)

PEAN 10,LTWC

DO 1€ NTH=1,LTUC

PZAD 10,LSP,LTIM

FORMAT (215)

H=2,/7LSP

r=3,t

PRINT 1E,H,LTIM

FORMAT (//,5%32THICK WALLED CYLINDERZ,19X,2RADYAL MESH =%,
1 FB.L,2INCHZ,10¥,I5,2 LOANING STEPSZ) -

NN=[LSP+1

READ 25,S7(1),EZINLAP2,EIN

FOPMAT (4E2(,8) ‘

PRINT 25,S7(1).,EZINLAPZLEIN

ng 2¢ I=1,NN

ST(I,1)=",

qQ‘I' 1’=C'o

ET(I)=EINM

ER(I)=EIN

EZ(I)=EZIM

A<1(1)=C.

RK2(T)=E.C+7

XxP2(I)=4P2

UGIs1)=(R+H*(TI-1))*EIN

Al1)=C, ,

PRINT 26y (SP(I,1),1=1,NM)L(ST(I,1),1I=1,NN), (ER(I,’I'—'leN)'
1 (STUI),I=1sNNY L (XP2(T),,I=14NN) o (EZ(I) 4yI=1,NN),SZ(1)
LTIM=LTIM+1

PSAD 40,{R(J),J=2.LTIM)

DEAD L3, (SZ(J)4J=2,LTIM)

FOOMAT (RF1G.5)

NO 37 J=2,LTINM

SZ{J)==-%2(M

2(J)= =-P(J)

SRUA1,J) =B

KK=3*NN=2

S(u)=0,

0N 190C J=2,LTIM

N0 &1 K=1,KK

F(K)=C,
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00 «1 L=1,KK
+1 A(K,L)=0Q,
S{1)=SR(1,J4-1)
S(2)=ST(1,4-1)
S{3)=SZ¢4-1)
CP2=xP2(1)
CK1=8K1(1)
CK2=BK2(1) :
caLL PLAST (DySyCKL14yCK2yTP2yA1,A2,0)
nn 1 M=1,3
GP1 (1 ,MM) =AL(MN)
GP2(1,MM)=A2(MM)
1 TUL,M)=C(34M)
C22#22FIRPST C FNUATION
P=0,G28%H
A(1,1)=1,
A{1,8)==D(2,1)7P
A(1,2)=0(2,1)/P=D{2,2)/R
FI1)=ST(1,J=1)=(0D(2,1)/P)*U(2,J=1)+(N(2,1)/P=D(2,2)/R)*U(1,J=1)
1 #D(2,2)%(SZ2(J)Y=SZCJ=1))
C22e£2FIRST B EQUATION
B(2,€Y=D(1,1)/P
B8(2,2)=(D(142)/R)=A(2,5)
F{2)=R(JV~2(J=-1)40(1,1) /P> (U(Z,J-i)-U(i.J-i))0(0(1,2)/R)'U(1,J-1)
1 -D{1,3*(S7(J)=SZ2(J4=~1))
Ceret2FIRST A EON, SECOND POINT
L(3,fF)=1, h
A(3,2)=2.%H/(R+H)
Fi(3)y=¢(N
XyL)==8(3,3)
HT=LSP=-1
C22ze22CINTPAL A ZQUATIONS
D0 4B I=3,4NT
L=3%(I-1)+1
M=l =1
Ad(v,L+2)=14,
A(Vyl.“‘#)z"’.o
A(MyL=1)=2,*H/(R+(I=~1)*H)
A(MyL)==A(MyL=1)
D0 50 I=2,LSP
S{1)=SR(1I,4=-1)
S(2)=ST(I,J=-1)
S{)=SZ2t4-1)
CP2=%xF2(1)
CK1=BK1(I)

P
N
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K2=0K2(T}

CALL PLAST (0,SyCK1,CK2,CP2,01,82,C)
nn 3 MM=1,2? '
GPL{T 4 M¥)=AL{MM)

P2 (I MM)=A2(HMM)

M=3*¢T-1

L=M~-1

£1z€22CSNTRPAL 8 EOUATIONS
PT=R¢(Je1)¥H
A(L,L-1)=1,

AlL,L46)==3,5%D(1,1)/H

AL yL=2)==0(LyL¢&)

A(L,P‘)=~7)(1,2)/PT

FUL)=SR(I,J=1)=(0.,5%D(1,1) /H)*(U(I+1,J~1)=U(I-1,J~1))=0(1,2)/RT
1 *UI,J-114001,*(SZ2(J)=SZ2(J~-1))

Cr2et2CENTRAL C ZQUATIONS

A (M LY)=1, ‘
A (M,L+‘0)=‘O.5'D (2'1)/”
A{MyL=2)==A(1,L+u)
A(Mo?”-):"D(Z’Z)/pT )
FM)==(4S%D)(2,1) /H*(U(141,0=3)=U(I=1,0=1))=D(2,2)/RT*U(TI,J=1)
1 #0(2,73 % (S7(UY=-SZ2(J=-1))
57 COMTINUE
L=2*LSP~-3
M=l -7

NerereMEXT TN LASY 0 EQUATIOM, NEXYT TO LAST POINT
A{L,M)==1,

A(L,L) =Z."H/(R+(LSP=1)*H)
A(Lv‘."i):“n (LyL)

Ceze2eNEXT TO LAST 3 SON{ADDITION TO)
A(L+1,L+L)==0,5"D(L,1)/H
AL+24L+L)==0,5%D(2,1)/H
L=3*LSP+1
M= -}

PT=R+ {LSC*H)

Czr2 2+ 45T AL EQULTION
ﬂ(,’".,f“-3’:1o
A(M,M)=H/RT *1,057

Crreez2 s AST O EQUATION
S{1)=SRINN ,J=-1)

S(21=STOIN L, J=-1)
S(3)=S2¢J~1)
CPR2=XP2 (NN)
CK1=EBEK1 (NN)
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CK2=PK2 (NN}

CALL PLAST (D,S,CK1,CK2,CP2,A41,A2,C)

DO 4 MM=1,3 '

GP1(NN,MM)=A1(MM)

GP2 (NN, KM)=A2 (MM)

TINN ,¥M) =C (Z,MM)

P=41,091*H

A{L,MV=1,

A{LsL)= =(DU2,2)/RT+0(241)/P)

AlL,L~23=N(2,1) /P

FILY==0(2,1)/P%(U(I,J=1)=U(Ie1,J=1)) =D0(2,2)/RT*U(1,J=-1)4D(2,3)*

1 (S7(J)=SZ{J=1))

CALL SOL(NN,A,F,X)

ST(1,J4)=¥(1)

Uti,0)=x(2)

STINM,J)=X(2*NN=-3)

UINNy J) =X (3*NN=2)

DO £C I=2,LSP

L=7+*7 ,

SR(I,J)=X{L=2)

ST(I,J)=X(L=2)

53 U(I,J)=¥X(L=1)
SR(NM,J)=0,
STINMy J)=X{3I*NN=3)
U(NNg J) =X (3*NN=2)
DO 7C¢ I=1,NN

75 ET(II=UCIL,J)7 R+ (I=1)*H)
ng 71 I=2,LSP
ER(I)=(UIT+1,0)=UlI=1,J))7(2,%H)

71 EZ(DI=S2(I) = (T(I, 1) *(EP(I) = (U(I+1,J=1)=U(I=1,0-1))/(2,%H))+T(I,2)*
1 (ET(D) =U(T4J=1)/7(R+ {I=1)*H) ) =(SZLJ)=S7(J=17))/T(I,3)
ER{1)={U(2, ) ~Ul1,J))/H
EZ(IEZUD) ~(T(L 1) *(ER{LDI = (U(2,J=1)=U(1,J=1))/H)I +T(1,2) *(ET(41) -
1 Uf1,J=1)/R)= (SZ(J)=SZ(J=1)))1/T(1,3D)
E2INM) = (U(NNy J) =U(NN=1,J) ) /H
EZ(NM)=EZ (NN) = (T (NNy1) * (ERINM) = (UINN,J=1)=U(NN=1,J=1))/7H) +T (HN, 2)
1 #(ETINN)=U(NN, J=1) /7 (R¢LSP*H) ) =(SZ(J)=SZ(J=1)))/T(NN,3)
S(3)=S72(J)
SALL 2R0P(3) -
DO 90 I=1,NN
NO 81 M=1,3

31 EE(M)=(,
S(1)=SR(I,J)
S{2)=ST(I, N
N0 82 M=1,3

-
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DO 82 L=1y3
32 TE(MI=EE(M +C (M, L) *S (L)
P {1 =EP(TI)=EE(1)
PE(2)=ET(I)=EX(2)
PEID=EZ(I)-EE(D)
PM=(FE(1)+PE(2)+PE(3I) /3,
N0 83 M=1,3
33 PT(M)=PE(M)=PM
xP2(1)=0,
D0 BL M=1,3
346 XP2{I)=xP2(I)+PE (M) *PE (M)
33 ¥YP2(I)=SORT(XP2(I)*0.5)
N0 22C I=1,NM
03K1=691(Iyi)'(S°(I,J)-SR(I'J-1))+GP1(I,2}‘(ST(I,J)OST(I.J-1)3+
1 GP1(I,3)*(SZ2(H-SZWJ=-1)? '
08K2=GP2(I,1)‘(SR(I,J,-SR(T,J‘1))+GP2(I,2)‘(ST(IyJ)-ST(I,J-i)’+
1 GF2(I,3)*(SZ(N=-S20J-1))
TF(0PK1) 210,210,205
275 BK1(T)=pK1(1)+0BKY
210 IF(DNK2) 220,220,21F
215 3K2(T)=6K2(1)+0RK2
220 CONTINUE
PRIMNT 3 SN LTy NM)  (STHLI,0) y T=1,NN), (ER(T) ,I=1,NN),
1 (ET(I))JK:Z,A%U,YQZ(I).I=1,NN)'(EZ(I),I=1§NN),(U(I,J!,I=1,NN),
2 Szt
112 CONTINUE
END

113 .




(FNO2,1% “Uv1, UL

TAPGUTINE PPOP(C)
DIMEMSIOMN Clhyb)
EM=4,809091E+€
£yY=0,2272727

no 5 I=1,2

DD 5 JU=41,3
C(I,J)==EU/EM
no 1¢ I1=1,3
ClTIeI)=14/5M
PETURN

END

(FO2,1S SUP2,SURB2

13

SUARCUTINT SOLINN,A,F,X)
DIMEMSIOMN A(L0,61),F(40),X(40)
N=T*%MNNe?

NP =N+

N0 2 I=1,N

A{TILNPY=F(])

D0 8 I=1,M

IP=T14+1

D0 9 J=1,N
IF(I=-J)4,9,4
G==A(JeI)7A(1,I)

Ny I X=IP,NP
ACIoKYI=A(JyK)+G*A (]I, K)
CONTINUE

N0 10 I=1,N
X{I)=A(I.NPY/ZALI,I)
D TURM

TND
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(FOR, IS SuU”Z,SuU93
SUAPO0UTINE PLAST(D,SIGI,Z2K1,ZK2yS1I2P,FS1,FS2,C)

fecewa THIS SUBROUTINE CALCULATES STRESS INCREMENTS FROM AN INPUT OF
£ STRAIN INCREMENTS, STATE OF STRESS,PLASTIC STRAIN, AND THE YIELD
5 FUNCTION CONSTANTS .
Seese=THIS SUBROUTINE USES TWO STRAINZHAROENING YIELD SURFACSS
NDIMENSION SIGI(4), SIGDI(L) ,Cuyl),FS1(H8),FS2¢W),
1 31(6),82¢4), P1(3,3),P2(3,3),
2 P312,3),PL(3,3),0(3,3)
AGO=2.,E+6

AKSLK=2.,E+E
CL1i=1.,EE667E+E
DN 1€ I=1,¢
FS1(It=C,
FSZ2(I¥=0.,
Nno 1€ J=1,4
19 Cti,N=C,
00 1f I=1,2
no 1% J=1,2
C(I,J)=EL1
DN 20 I=1,4
C(Iql)=C(IQI)+20'AG°
AJ1T=SIGI(1)+SIGI(2)+SIGI(3)
AJ21=40.
DN 2¢ 1=1,3
CIANT(I)=SIGI(I)Y=-AJLI/3,
25 AJ2I=LJ42T+SIGDI(IN®*2
BJ2I=,5%(AJ2T+SIGI(L)**2)
SJ2=bJ21I**,.5
7Li=6.
L 2=C.
T1=ZyP(aJ11/740000.)

o
81

(R}
<

T2=1000.*(12.2 =11.,*T1)
T3=ZYP((AJ1I~= 80J.)770C,)
F1=SJ2=-T2*{1,-T2)=-ZX1
F2= E%RJ2T+2.,%AU11%AU11-2X2
Cocvww TEST FOP YIELDING FCLLOWS
IF(F1) €1,4C,00
L5 HIZ(1.F=6)%(1s + 100.%(~1,4XP(123,%SI2P/{1.~-.0001%4U11)))) /
1 (2.-7.5=5%A411) '
Tuz 278%7T1*(1.~-T2) + T2%73/700,
N0 w2 I=1,3 -
L2 FS1(I)=(.5%*SIGI{I) =4 1666EE67*AJL1T)/SJ2 +T&
FS1(L)=SIGI(4)*,575J2
IF(F2Y7C,ED0,€0
TE= e (20E=14)%SJ2%(1,-EXP(=SJ2/7L0300.)) * EXP(~((SJ2/79L57,)%*%4))

o Wi
[ I )
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1 /(1.’(FQE'“).AJ11)_ .
H2== (7.02E-12)%(1,=EXP((AJ11/238214,)**3))¥EXP(AJII/600004) ¢TS5 -~
N9 65 I=1,3 SRS SHLABTRRELIT ,
55 FS2(1)1=,5%SIGI(I)+3,8333333%aU41
FS2(L)=,5%SJGI (&)
73 TFUAFL4LTs 0,0 4AND(F2.,LT, 9,)) GO TO 250

Ce=e==CALCULATION OF PLASTIC STRESS INCREMENTS FOLLOWS -~ - - = = = === "=

Nnn 82 I=1,4
31{1)=0.
82 R2(I)=4.
NO 8% I=1,4 . S .
NO 8¢ J=1,4 - : ’
A1(1)=81(1)+CII,J)*FS1(J)
§5 R2(I1=8B2(1)+C(I,J)*FS2(J)
Agi=C.
AC.I?:C.
A33=(,
A9%L=",
ABS=C,
nn 9¢ I=1,4
831=031+FS1(I)*34(])
ASP2=AR2+FS1(I)*R2(D) -
ARG=ABL+FS2(IN*¥B2(1)
99 ZONTIMNUE
A1=1,42,%*H1%A3]
A2=SJ2+2,*H1* AR
AL=,7223333%H2%482
AS=u,*AJ1T+,3333333%H2*%A8Y
nDn 28¢ I=1,3
Do 28C J=1,13
P1I(TI,J)=91(1)*B1())

P2(I,J)=31(T)*B2(Y)
PL(Iy,J)=B2(1)*81 (N
23] P3(1,J)=82(1)*32(J}
A8=24%H1
A9=0,32333%H2
23] A{0=N1%AR=-AC%AL
0n 295 1=1,2
DN 29E JU=1,3
299 C(14J)= CAIl9J)=(PLI(I1,J)%ASAB-P2(Y,J)*(A2¥%A0) +PI(I,J)*A1"%A0
1 ~PL(l,J)*An*a8)/7A20
259 CNOMTINUE
390 CONTIMUF
00 310 I=1,2
N(T,)=C(1,3)/Ci{3,3)
no 310 J=1,2
DI+ J)=Cl14J)-C(1y3)*C(J,3)/C(3,3)
PETURPM
END

(N
SN
<
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APPENDIX C
DERIVATION OF EQUATIONS FOR A, AND A,

In Section V it was stated that equations 13 and 15 could be developed

by substitution of previous equations. This will be shown in this Appendix.

Starting with the hardening rule assumed in the form of equation 10,

Section V

/TP = hy dK (10)
where by d/T':;_p it is meant

d/I";P . (dcle-dazg)z + (dfzg—da3g)2 + (dc3g-dr,l;1))2
6

; . 3
b (de, D)2+ (de R 4 (de )20

-

As explained in Section V, since d/f;p involves strains from both yield

surfaces, the flow rule given by

dnijp = aF, ay + WF, 'xz (7)
d@.ij UUiJ

should be considered. This equation (7) is substituted into (1C) to obtain

the desired result. Making this substitution

:F] ~ + "IF_'; ";:_> - .Jf'; A + JF/ )‘2> 44 - - -
;J-"":i .’;.‘-1] ) }'Hj;{) d/);{./ )

e —
w ‘
+ [.F: Pt oF .7] A (2= h, dK, (47)
RS Rk
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Since the yield surface segments are functions of the stress invariants

- /J) and J, only, the derivatives can be written as

2
oF, = oF, /T + oF, ad1 (48)
3,5 3v/d} 30, 4 ad, 30”

and similarly for F,. Noting the definition of the stress invariants, the

derivatives can be written as

23 = 044 - 645 J) (49)
09 273} 6/9,
J
and 3, = dij
Jo, .
i
where 4. =)0 if 1 # ]
booJ1ifi=j

substituting equation C-3 into C-2 and rearranging gives

6 2
+ oFy [ad; - ad, \ A, + aF, (aJl - ad, )Az] 2 4 .- -
3\]1 doll 0022 aJZ 2)011 8022

4-[<3F1 a/dy + 0F .50y \ Ay + [aF, a/J) + oF, 30, >A2] 24 - - - i
3/5; 3Ty, 3, 30y, 3/3; 90y, 9dy do-

;1 [aF1 <a/5§ - a/J;_)M + af, <a/5§ - aﬁé)xz

aYﬁﬁ 8011 3022 a/ﬁé 30]1 3022

= h] dK!

and using 49 simplifies this to
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51[8F1 <Cll'0?2 21+ BFZ <011-022>A2] 2 4 - - o
e Lo\ 2 ) 7\ 2

+raFy o1 A+ 3Fy oy A2] 2+ - - -% = h, dK;
[6/55 277, Yy 273y

Factoring the terms gives

; 1 $ 38F1 » + afF, ).22 3(0“-022)2+--- +0122+---
2/ AR svJ,

= hl dKl

Noting that the last term is just /ﬁ;

(50)

(51)

4

aFl_ o+ oF, = 2 h dK, (13) E

AR avd) 4

]

i . . . . i

Equation 15 is obtained in a similar manner. Starting with the i
hardening rule assumed in the form

dr P = h, dk, (11) i

ve 2 2 =

vhere by d-, P it is meant :

i

- . i

d;vc = (d.»”p + d,_22p + chEP) segment F, (52) ;

i

i

;

!,
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~As discussed in Section V, equation 11 involves the compaction strain

from the F, segment of the yield surface only. Thus the strains obtained

from this yield segment only should be used. These are given by f .t ;’
(des.P) = oF, % (14) -
1) F2 3 : -
1) L
Substituting equation 14 into equation 11 gives ii:f
3Fy hp +aFy g 3R, 2y = hy dK (53) ;i
50]] 3022 3033

Since F, has been assumed to be a function of /3; and J, only, the
derivatives can be expressed as done previously in C-3 fer F,. Making

this substitution gives

A?. 3 7F2 [ Gll+C22+033 e 3J1 ] + ;)Fz [3 ] i = h2 dKz (54) : ; )
b/ﬁé 2/3} 6/3} bJ; L 5 ;-
Noting that the first term is zero gives f E:

3 SFZ Ay = hy dKp

it (55) !

‘E}Jl )

and finally equation 15 of Section V is obtained as :
aF, 2, =1/3 h, dK, (15)
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