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Menus are shopping lists of ready to eat products, called menu items,

I I INTRODUCTION

g which are displayed or considered to L~ available for the consumer at food
% service establishments. From an economic point of view, these products fall
% naturally into well defined categories according to the existcnece of comple-
H
§ I mentary or substitution effects in their use. The categories between which
% f’ complementary effect is normally assumed are the courses on the menu. This
r % - means that most people prefer a meal containing a complementary combination
E :: of menu items such as appetizers, entries, vegetables, deserts, beverrges,
? - etc. If this combination is fixed by the management, the menu is called
% g “s nonselective, and it leaves the trivial choice for the consumer of either
L )
i : eating the predetermined set of items, or only a subset of the items. That
g
? - is, there is no substitution effect to speak of. On the other hand, if the
% .. menu lists more than one item in a course category, these items are consid-
g . ered to be substitutes in use, and a selection is allowed from them, mostly
g ;. on 3 mutually exclusive basis.

Such menus are called selective menus, and

the set of items associated with one given course is referred to as a choice-

e

group. In these terms, any selective menu can be regarded as a list of more

or less non-overlapping choicegroups.

Since the practical size of any choicegroup on a menu is much less |
than the number of menu items eligible for a particular course, food service |

management repeatedly faces a decision problem: which items and how many of f

them should be included in a choicegroup. Judged from the varying sizes of l

choicegroups seen on the menus of basically similar food service organizations
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and the various expert opinions on the subject [4] there seems to be no
common policy or rule of thumb in use, and definitely no sign of theoretical
work which is considered acceptable or followed by food service managers.
Although the problem is closely related to the process known as product
diversification {3] in the economic literature, the corresponding mathe-
matical relations are not applicable to the specific short run character
of selectivity on the menus.

Decisions concerning choicegroups are repeatedly made in the process
of scheduling a menu, but the essential elements of the decision problem
are the same for each choicegroup. For this reason, the present study focuses
on the limited problem of analysing the conditions under which an internally
consistent decision rule can be found for determining the set membership and

size of a single choicegroup - disregarding for the time being other choice-

groups of the menu.

The point of departure for the analysis is the realization that every
selection from a choicegroup is incidental with revealing a particular con-
sumer's preference for an item in the choicegroup relative to the others.
The selections in general, therefore, are the manifestations of preferences
existing in the population for menu items. An earlier study of the authors'
[2 ] and others [5 ] have shown that the preferences for menu items are
measurable quantities, although the exact relation between an individual's
preference rating and his behavior at the choicepoint are not yet fully
understood. Nevertheless, for the purpose of this study it will be assumed
that the quantitative values of the preferences of individuals at the time of

selection are kpnown deterministically. This assumption serves only exposi-

1> s o o - —
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gé tory purposes by creating manageable conditions for the formulation of a

o mathematical model which will define optimum decision rules. It is hoped

%a that by understanding and analyzing an abstraction of reality, progress

i" can be continued toward mores realistic applications of the principles deter-

mined by this study.

In part II of the report the hypothetical conditions concerning popu-
lation preferences for a set of menu items are formulated in terms of a
I, preference matrix. It is shown that within this structure the concept of
the most preferred choicegroup and the population preference increment due
to increased choicegroup size can be uniquely determined. An essential by-
! product of this formulation is full information on the relative proportions

of item selections from choicegroups.

1, Part III presents a review of the assumed time dependent behavior of
preferences studied by the authors earlier, and describes the process of
updatiag the preference matrix of a population in the function of individ-
ual selections from a choicegroup.

Part IV deals with the process of finding the most preferred choice-
groups for a sequence of meals or days with the choicegroup size limited
to a predetermined value or to a predetermined level of population prefer-
ence, but with no other constraints such as cost or nutrition considered.

The study of the choicegroup generation principles formulated under

UV TRTESe. . S

Parts II and IV has been accomplished by a computer program written for

this purpose and attached in the Appendix.
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i1 THE MATHEMATICAL BACKGROUND OF CHOICEGRCUP AUGMENTATION

Consider the (m x n) matrix H of preference ratings for « class
of n menu items belonging to the same course as rated by m individ-
uvals. The general element hij of H 1s the prefcrence rating of the
i-th individual on a like-disiike scale for menu item j . It is known
that the matrix H 1s not defined without consideration for the history
of exposure of the items to the population. Only hii(t) is defined well
enough for mathematical treatment, and techniques for its estimation have
been developed { 2]. First assume that the hij(t) values are all known
for any arbitrary t value, and thus the time effect can be taken out
of consideration. Table 1 illustrates such a matrix H for m = 15 and

n = 10.

Let h, be the j-th column vector of H , 1.,e., the preference ratings

3

of m individuals for item { . Then the number h(j) and F(j) are defined

as follows:

m
h(3) = i__Z_l(h1j | hyy 2t (1)
R(p) = 2D

h(j) is the total population preference for item j , h(j) is the average
population preference for item j , with ti being the threshold level of

preference below which "skipping” takes place. If j* is the one single
item most preferred by the population,

h(3*) = max h(j)
3
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Although h(j ) is a maximum, this does not imply that item j is the
most preferred item among all the n items for all individuals in the

population. In other words, it does not imply that for all i (indi-

viduals), hij* 2-hij for any i . This phenomenon is well known in the

food service business, and leads intuitively to the policy of offering
selective menus.

Any choicegroup of size k constitutes k items that can be offered
from any course on a selective menu. Let @, be the set of all choicegroups

k

of size k taken from n items, ard let sk be a general element of Qk

defined by

S ™ {jl’ jZ’ Tty jk}

Just as hj was defined as the j-th column of the preference matrix H,
with h1j being the preference of the i-th individual for the j-th item, a

column vector, hs can nov be defined with his being the preference of the

k k
i~-th individual for choicegroup Sy The i-th element of hs is defined as
k
hisk = max {hij} (2)
jesk

The important underlying assumption in (2) is that the prcference of a
person for a choicegroup is equal to the person's preference for the menu
item he prefers most in the choicegroup. The total population prefer-

ence with choicegroup 8, on the menu schedule is defined as

h(s,) = 1§1 [hisk | hisk > t,] (3)

e S [,
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Note that we differentiate hetween h(sk) and hS . The latcer is a column

k
vector of preferences of individuals for choicegroup Sk whereas the former
is the total preference of the population for choicegroup 8y - Thus hs
k

is a vector, while h(sk) is a scaler.
The number of persons out of m who will select item jR of the choice-

group s, is given by

n
= ] [1]n (4)

m =h, ,h >t.]
Jp oy My is” 4i, -

The number mj£ is therefore the number of persons whose preferences for
item jl exceed the preferences for all other items in choicegroup Sp* Thus
the preference matrix has information not only about what the preference
for a choicegroup is, but also about what proportion of a population will
select a particular item if it is offered together with other specified

menu items in a choicegroup. This, therefore, gives the sales estimates

for the items in a given choicegroup.

*

The choicegroup 8

for which the population preference is a maximum
is such that
*
h(s,) = max h(s,) (5)
k s k
K%
It is thus possible tc determine which choicegroup of size k is most

preferred by evaluating all the combinations of n items taken

n!
(n-k) k!
k at a time, and applying (3) in the summations.

An example is given to illustrate the inherent simplicity of the mathe-

matics of preferences as given by the above formula for m=5 and n=3. (Also

see [1].)
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Let t, = 4, 1=1, 2, ¢¢¢, 5

By (1), h() = 28, h(2) = 33, h(3) = 34
*
The single item with the highest preference total is j = 3.

By (2) and (3)

- ;
7 6

h,= 8| he,2) =39 h,= |7 h@3 =
9 9
b7¢ -7¢
8] 8]
7 7

R R CORE Moy |8
6] 7.

Hence the most preferred choicegroup of size 2 should contain items 1 and 2.

By (4), m; =3 and m, =2 if items 1 and 2 are offered in a choice-
group. Item number 3, although the most preferred single item, is not

present in the most preferred choicegroup of size 2, In fact, h h

123 © M2

which means that item 3 does not contribute to the preference of the
choicegroup, and is dominated by the column vectors corresponding to the
preferences for items 1 and 2,

Suppose it is possible to describe the values of preferences of
the j~th item over the population by a probability density function
fj(x) and its associated distribution function Fj(x). This implies that

the probability that the preference of the i-th individual for the j~th

-7-
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item lies between any arbitrary limits a and b , is given by the

following:
b
Pla < by, <b] = £ £,(x) dx

and

i

Beames
e

x
Fj(x) = P[hij <x] = ~£ fj(z) dz

i

The number h(sk) is the total preference derived from choicegroup Sy

| Y
N

by the population, and let E(sk) be the average preference derived per

Bepii-y
-y

person from the population. Since the density function of the distribution

of preferences for all the items is assumed to be kncwn, it is now possible

# sty
A =

to find an expression for the expected value of Eksk) in terms of arbitrary

f density and distribution functions.

The probability that for any individual, item j1 has a preference

l betweenx and x+dx, and is more preferred than all other items in the
i choicegroup Sk is given by

P[h1j € (x,x4+dx), h1j < X, hij <K, ovs, hij < x)
1 2 3 k
= f dx « F * F cev F, (x
where x > t, the threshold preference level.

Putting

G, (x) = I F, (x)
jr Lér 32

the above expression becomes

(x) * dx

f., (x) Gjl

3




The probability of selection of item il if choicegroup Sy is offered

is therefore

s st e LR

f, (x) G ) - d
{ 1 x jl(x X

b v e

In general, the probability of selection of item jr in choicegroup S

is
[£, @) 6 () dx (6)

t °r r
This probability also gives the fraction of the population which can be
expected to select item jr if chocicegroup S is offered. The skipping
probability with a threshold preference level t 1is ti.:s given by

t
) / fj (x) * Gj (x)dx

jresk - r r
It is instructive to show that the skipping probability, tcgether

with the selection probabilities as given by (6) for all the items, does

indeed sum to 1.

To show I = Z f f, (x) G, (W)dx =1
jresk -» jr jr

The first te'm of the summation in the above expression is

o

I, = £mfj1(X) . Gjl(x)dx (7)
Differentiating
Gjl(x) = sz(x) . Fj3(X) ses ij(x)

c*j (x) = } f, () -+ 0 Fj (x)
1 €8, ) 1#12 n

1%
jl"jl nJ1

-9~
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Integrating (7) by parts results in

G, (x) *+ P, (x) ]t-' (x) ) £, - 1 F ()
33 j1 e j 255k Jg jn¥j! n
R i -3ty
which is equivalent to
I, = 1- } ]f(x)-c(x)dx S (8)
jlesk I
3, #,

However
I;+ ) ]f (x) - G
jlesk £
jl#jl

jz(X) dx = 1

Therefore, by (8) I = 1. This completgs the proof.

The sales estimate for item jr for choicegroup s, on the schedule

is given by

m f. (x) - G, (x) © dx
[ g 3

r r

where m is the number of persons in the population. But to be able to
make the primary decision about which éhoicegroup is to be on the schedule,
it 1is necessary to know the average preference that each person may be
expected to derive from each chojicegroup. This expected value E[EIsk)]

is given by

E(h(s)] = }
h] UL

x * f, (x) * G, (x) » dx "

i 3

[a e T

*
The chnicegroup of size k which is most preferred is S and has the

property that E[E(s:)] =  max E{h(sk)]

keﬂk

-10-
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_If there are p possible items from which a choicegroup of sizce h susi

be selected, the maximum achievable preference, (or the total preference
of the population if all n items are offered) is giveun by h(sn) in the
case vhere the matrix H 1is explicitly knowm, and Ly E[h(sn)] in the case
HhEI; only the density functions of the column of preferences in the H
matrix are explicitly defined. The average maximum achievable preference
is thenlilsn) and E[E(sn)] respectively.

For any choicegroup size k under comsideration, it will be conven-
ient to use as a reference point the case where all the n items are
offered, and so cme can look at the fraction E[R(s,)1/E(A(s )] (or just
E(s:)/ﬁ(sn) if the matrix H is explicitly known) or its associated per-
centage, which expresses the percentage of the maximm preference actually
achieved.

If fj(x) is knowmn for j=1l, ---, n, application of (9) to all the
n!/{(n-k)! k!] different choicegroups yields the choicegroup of size k
vhich is most preferred. E[E(s:)]/E[E(sn)] then gives the percentage of
the maximum preference achieved.

As an illustrative example, consider the case where

fl(x) - fz(x) ® ceee = fn(‘) - f(x)

This assumption implies that the density function and the expected prefer-
ence from all choicegroups of equal size is the same. In spite oi its lack
of realism, this simplifying assumption affords the analytical simplicity
to illustrate the effect of increasing choicegroup size.

Relation (9) now reduces to

Elh(s)] = Eli(s)] = k [ x-£()-[Fo0]* (10)
t

-11-
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Relation (10) can be used to determine E[K(s:)] for any choicegroup size k
if f(x) is knom. The integral in (10) may not always yield to amalytical
attack for all f{x), but its numerical evaluation is always possible, as
the examples below indicate.

(i) Suppose, for example, that f(x) follows the uniform distribution

as defined by 1
-l-’-for 0<x<b
f(x) =
0 Otherwise
x
d
P - JE-%
o

1f the threshold preference t=0, applying (10)

b 1 xk—l
k({X'-g-(F) dx

— %
E[h(sk)l

b
k k

= 3 f x dx
b o

ok kL b
= TG

bk
F+1

_bn
n+l

So E[h(sn)]

Therefore the fraction of the maximum preference that can be expected

to be achieved with choicegroup size k is

bk bn k. (ntl)
@' G * D a

-12-
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This formula provides the first amalytical lnsigin with regard to the
expected benefits of a population due to choicegroup augmentation. By in-
creasing the size of the choicegroup k the percentage of the maximum
preference achievable by the population will increase proportionally with
k/(k+l), i.e., at a decreasing rate. Figure 1 shows the monotonically
increasing step-function associated with this process in case of uniformly
distributed preferences.

(ii) Let f£(x) follow the exponential distribution as defined by

£(x) = 2™ forx>0
0 Otherwise

Ax

% ~AZ -
F(x) = [ Ae dz= (Q-e )

o

Computations similar to the case of the uniform distribution yield
— % k ¢ 1
Elh(s)) = 3 1§1 1(k+)

Figure 1 shous the stepfunction of the percentage of the maximum
preference achieved by augmenting the choicegroup in the case of exponent-
ially distributed preferences. It is noticeable that the preference effect
of choicegroup augmentation is significantly less thaa before.

(1ii) 1If it is assumed that f(x) is normally distributed, analytical
expression for (10) is no longer available, but the percentage of the max-
imum achievable preference of the population still can be estimated by simu-

lation techniques. The result of the simulation is shown on Figure 1, and

-13-



compares well with the analytically defined values.

In each of the above described cases identical distribution of prefer-
ences was assumed over a population of indefinite size to facilitate ~nalyt-
ically well defined conclusions concerning the effects of choicegroup aug-
mentation. The results displayed in Figure 1 exhibit the rapidly dimin-
ishing utility of adding additionmal items to the choicegroup, irrespective
of the assumed probability density function of f(x).

This effect became even more prevalent when the choicegroup augmeatation
process was applied to a (15x10) matrix of preferences of 15 individuvals for
10 dessert items as shown in Table 1. The matrix entries were computed from
estimated parameters of realistic preference-time functions observed by ex-
periments [2] and the data were initialized so they reflect past histories
of selections as it would occur in reality. The maximum achievable prefer-
ence in this case is the sum of the row maximums. Offering one choice alone
(item 1) as Figure 1 shows, would realize only 71.69%Z of the maximum. The
best choicegroup of two items (1 and 8) would increase the percentage by
13.092, and the addition of a third item would contribute only 6.78%. More-
over, 8 out of 10 items are sufficient to achieve the maximum. The conclusion
for the realistic case is that convergence to the maximum achievable prefer-
ence is much faster than in all the cases with assumed identical density func-
tions of the preferences. The discrepancy can be easily explained by the
arbitrary assumption made in the simulated cases that all items are, on

the average, equally preferred. In reality, it is expected that there will
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be a wide variation, even in the average preference of the population for
different items. As a consequence, the most preferred item will contribute
most heavily to the maximum achievable preference, and the contributions
will diminish more rapidly as we keep adding less and less preferred items.

In oxder to test the validity of this explanation, uniformly distrib-
uted preferences were simulated with uniformly distributed means producing
a mixture of preferences with nonidentical means. Figure 1 shows that it is
very likely that the heterogeneity of the population preferences is causing
the sharp initial increase ip the achievable maximum population preference.
The points corresponding to the mixed uniform preferences are indeed fairly
close to the points obtained from realistic data.

It is noticeable that under any assumption the achievable population
preference is monotonically increasing as the choicegroup is augmented.

This is to say that in terms of the previously adopted notations, the prop-

*
k+l

Hence the notation:

*
erty h(sk) < h(s, ,,) holds as the set s, is augmented by ore item, result-

k

ing in set SK41°

% X
by = hspy) - hisy)

will express the increment in preferences due to the addition of the k+l-st
item to the choicegroup. It is instructive to reconstruct this Ahk+1 value
directly from the elements of the preference matrix H . Suppose k=1 and
thus k+l=2, i.e., a nonselective choicegroup is augmented to a selective

*
one according to (5). Let S denote the set of m individuals. If {j]}=s1

. .k
and 'j,,j,)=s,, then S can be partitioned into two subsets such that

-15-
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$ = 5; | S, wkere
s, = {ieS | hijl _>__hij2}

s, = {ies | hij1 < "112}

Consequently S, is the set of individuals who will be benefited by the

second choice. One can also write that

3
h(s)) = J] h, + F n
2 1es, 13, 1'&52 13,

and thus the increment of preferences due to the j2 item is

11, hys,)

ah, = h(s)) - h(s') I &
== -~ s =
2 2 1 ieS 1

vhich means that the preference gain is generated only over a subset of the

population. This result can be generalized to the case where the ktl-st
item 1s added to k existing ones where k > 1. In this case

partitioned into k disjoint subsets according to the number of individuals

*
who prefer any one of the k elements of s, over the others. Consequently

Sz is d2fined as
. b * *
Sz = { cS l hij i ij } ’ 0#2: 1pesk’ JQrsk
L P
and
k
Us, = S
g=1 *

Then each §, can be partitioned in turn into S
k k+l

-16-
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item is included in sk+1 as follows:

}

S = {ieS, | h
L 2

1,k Py

Consequently the general expression of preference increment due to the

new k+l-st item ian the choicegroup is

k

A = ) (h -n. )

LY 221 ies, 1, Mg
)

It should be noted that the quantity in the parenthesis is always non-

negative by virtue of the defiuition of the S set:., and if Abk+1 is zero

e

increasing tne choicegroup size by k+l is unwarranted. This effect includes
the side benefit of eliminating skipping ~ or lost demand - by increasing
the choicegroup.

The increase of population preference due to chcicegroup augmentation
is a measure of the benefits of selective menus which, however, cann~t be
realized without incurring some cost due to the increased number of items
to produce. The production cost of a menu item can be viewed as made up of
two parts: the set up cost, or fixed cost of putting the item on the menu,
and the variable cost, which is proportional to the number of items sold or

selected. Let n be the cardinality of S

2 and consider S unchanged
k+l

fen1

* *
while 8, is augmented to 8141

-17-
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The incremental cost Ac is then;

k+l

k
Ac Z n c

= + Croqr - .
k+l A1 T M1kt T P

where a g is the fixed cost of item k+l and c is the variable (unit)

k+l
cost of the new item, while Mo is the cardinality of the union of the

S sets, i.e., the total number of item (k+l) demanded.

b1

The negative terms in the expression indicate the reduction in the
total cost due to a reduction in the demand of the other items. Since S is
assumed to be unchanged, the quantity of k items will be decremented
proportionally with their variable cost. The addition of the ktl-st item,
if it gives a strictly positive value for Ahk+1 can never reduce the demand
of any of the original k items to zero. Suppose this were possible. Let
jres: be one of the items (or the only one) whos2 demand is driven to zero.
Let a choicegroup s/ consist of all the k+l items of s*

k k+1

Then, as item jr does not contribute to the preference of the choicegroup,

except item jr'

x But h(s,
1) But RSy,
*

dicts the fact that Sk is the most preferred choicegroup of size k .

* *
h(si) = h(s ) > h(sk) . and hence h(si) > h(sk). This contra-

The development of expressions for Ahk+1 and Ack+1 thus far has involved

% *
E=9'J€Sk+l , L.e. that the best choicegroup

of size k+l inciudes all items from the best choicegroup of size k . This

the important assumption that jes

need not be true for am arbitrary matrix H . Consider two preference mat-

rices Hy and H, of size 2x3, defined by

4 8 2 YZ 7 6
H, = H, =
1
7 6 5 2 l7 3 6
*
With a threshold preference level of zero, the matrix “1 yields s, = 2

~-1&~



% * * *
and s, = {1,2} , and therefore 5,C. S,. But for the matrix H,, s, = {3}
* * %
and s, = {1,2}, and slqt s, -
Consider a general case in which a choicegroup S) of size k 1is
augmented by adding a set of r items, s, none of which are in s The

k.
set Sz of persons who will prefer item jz to all others in choicegroup Sy

is defined as

= {1 ¢ it ]

S, = {des | hijl 3_h1jp}, P2, Jesy, I €8y
It may be noted that no condition is laid down at this stage about 8 being
the best choicegroup of size k . If hs is constructed according to (2),

r
and if Sl is the subset of individuals from 52 who are benefited by the
i

introduction of item j of the set S.» then

S, = {ieS2 I h, > hij } for jes

3 r 2

and Sz, the set of persons who prefer item jz in s, in spite of the addi-

k
tional choice is given by

S, = S, - ) S, for lses

. . k
Jes J

T
The set of individuals S, who are benefited by the introduction of the item j

b
of set 5. is given by

k
S, = Z S for jesr

It is conceivable that a certain number of the sets Sz, wili be empty

This implies that the augmentation of s, by 5, has resulted in the demand

k

~-19-
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for some existing items going to zero. Also, Sj’ jesr, may be zero, imply-
ing that there is no demand for some of the items from sr. Let p be the
number of sets from {52 lj!esk} which are empty, and let v be the number
of sets from {§j | jesr} which are empty. As all items whose demand is
zero do not contribute to the preference of the choicegroup, they can be
dropped from the choicegroup. So the effective choicegroup size by uniting
Sy and 8, into one choicegroup is ktr - p - v .

r

If r =r -p ~ v, the general expression for the preference increment

due to the addition of the set s. is then given by

k
g = L1 T Gy o)

=1 uesr ivss;cu r L
The incremental cost is then given by
Ac, ~ = + - - YV a
Clts ugs (au npcu) ges Anucu o
r k _k
Su# o S =0

where a, is the fixed cost of including the u-th item on the schedule, cb
is the variable per unit cost of item u , nuis the cardinality of Sh ana
Anu is the cardinality of (Su - §u) for HES) . The first negative term
indicates the reduction in total cost due to a reduction in demand, and the
second negative term indicates the fixed cost savings because of demand
being reduced to zero.

If the choicegroup of size k being augmented is s;, a necessary con-

* ~
dition for Si4p tO result is that r=1, and it is not required that r be 1.

In conclusion, the computational rules of the cost benefit analysis of

-20-
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choicegroup augmentation is fully provided. The values of Ahkﬁf above,
with the values Ack+f at every step of augmentation are uniquely deter-
mined with the above formulas. The computation and comparison of these
values relative to a given preference matrix and cost structure will enable
food service management to evaluate and balance the marginal benefit and
cost of changing the cholcegroup size., One of the options of the Choice-
3roup Generator Demonstration Program (CGDP) listad in the Appendix is to
compute the maximum achievable preferences for different choicegroup sizes
relative to a given preference matrix H , and hence to calculate the
increased preference achieved by choicegroup augmentation., A by-product
of these computations is the sales estimates for items in any choicegroup,
and the change in sales estimates due to choicegroup augmentation. The

points of the curve in Figure 1 for the realistic case were derived from

the CGDP relative to the preference matrix of Table 1.
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IIT THE PREFERENCE TIME FUNCTION AND THE UPDATING PROCESS

As has been asserted earlier, the preference of an individual for
a familiar menu item depends on the history of exposure of the item to
to individual. Experimental data from a recent study {2 ] support chis
hypothesis and provide a functional relation which makes possible the
estimation of these preferences at any time. A brief review of the
results of the above mentioned study, pertinent to this report, is in-
cluded here,

First, assume that the preference of an individual for an item is
related only to the time the item was consumed last; the effect of pre-
vious expocures being ignored. If fij(t) is the preference of the i-th
person for the j~th item at an elapsed time t from last consumption of
the item,

-c,.t
fij(t) = aij - bije ij (11)

where aij’ bij and cij are parameters which depend on the individual and
the item, and are identifiable from questionnaires. The above formulation
implies that the time since last consumption determines the preference,

In doing so, the formulation ignores the effect of the history prior to

the time at last consumption. Now let t . be the time elapsed since last

ij

consumption of menu item j by person 1 and let h;i be the person's pref-

erence for the item at last selection. If hij(t) is the preference of the
person for the item at absolute time t , then the effect of history of

eating can be included in the recursive relation;

22~
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ij

where r > 0 1is a parameter also identifiable from questionnaires and
fij(tij) is defined by (11). Methods for the routine estimation of the
parameters of the preference time function have been developed. To be able
j(t) from (11) and (12), the parameters aij’ bij’ cij’ rij
must be known, and so must the time elapsed since last consumpt:ion t,

to determine hi

J
and hij the preference at last consumption. Each of the parameters of the

preference-time function can be conceived of as embodying some character-
istic of the function. The parameter aij
for the item if he has not consumed it for a very long time. It is also the

is the preference of the individual

asymptotic maximum which cannot be exc.eded by h(t). The intuitively appeal-
ing premise for the existence of aij is that a person would desire a familiar
item most if he were not exposed to it for the longest time. The parameter
bij is the decrease in preference ensuing immediately after consuming an
item, because of the consumption of the item. So if an item is consumed

after a very long time, the preference for it is a As soon as it is con-

ij’
sumed, the preference drops to (aij— bij)' As we get further awayv in time
from the consumption of an item, the immediate satiation effect bij wears
off, The rate of decay of satiation, or looking at it from another view-
point, the rate of buildup of desire for the item, is controlled by the
parameter cij' The larger the value of Cij’ the faster the effect of satia-
tion wears off. The parameter cij can be expected to be large for staples

like bread. Thus the effect of satiation is embodied in the term

bijexp(—cijtij). When tij = 0 (the item has just been consumed), the term

-23~
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is equal to bij; as tij grovs, bijexp(-c

iitig

) declines. Finally, the para-

meter r_ . determines how much the effect of history prior to last consusption

ij

of an item affects the current preference for the item.

value of r__, the less the previous history affects current.preference for

ij

an itea.

The largzr the

The use of (11) and (12) to determine the preference at any time can

best be illustrated by an example.

Let

aij
b..
1]

ci.j =

r =

1j

t..
13

hij
Suppose the item

at t = 9 is given

h(9) =

1f the item is offered on the 9th day, it may still not be consumed.

18 not consumed,

100.00
40.00
0.05
0.40

9

on day 1

67.00 on day 1

is not consumed at time t =1, 2, ---, 8.

by

100 - 40e

ij

-0.05(17)_ _-0.40(17)

(100-67)

The preference

= 82.87

h;, and the reference point for tij do not change, and the

preferences can be determined for subsequent days just as h(9). On the

other hand, 1if it is consumed, tlj’ the time at last consumption, is

measured from t = 9, and h;j = 67.00 must now be replaced by h;i = 82.87.

Figure 2 illustrates the preference change over a 30 day period for

an item characterized by (13).

As the sharp preference drops in the figure

-24~
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indicate, the item is comsumed on Jday 9, 1€, 19, and 28.

Relation (11) and (12) thus provide a mesns for the day to day updat-
i ing of the preferences of all individuals for all the items, if the initisl
- conditions and the parameters of the preferemce-time functioas are knowum.
Table 1 shows a matzix of preferemces for an arbitrary day. Relative

! to this preference matrix, repeated appiication of (2) aad (3) to all pos-

sible choicegre=ps of size 2 indicated that items 1 and 8 constitute the

! .. best choicegroup of size 2. An asterisk after an eiement hij of Table 1
indicates that item j is in the best choicegroup of size 2, and the i-th
person will select item j . The symbol ":" indicates an item offered but
not selected. Table 2 shows how the preferences loock on a subsequent dav.
Upward and downward arrows in columns corresponding to items 1 and 8 indi-
cate the increase and decrease of preferences after offering items 1 and
8 on the previous day. For each location in the B matrix hearing an
asterisk in Table 1, the prefereances have dropped to the levels indicated
in Table 2. For each location in the H aatrix of Table 1 bearing the
symbol “+" (i~em offered but not selected) cr having no symbol at all (item
not offered). the preferences have increased to the levels indicated in
Table 2. The preference-time function parameters used for obtaining these

preferences were computed from responses to questionnaires and by the method

outlined in [2]. The iaitial conditions were arbitrarily selected.

~25~
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IV WOLTISTAGCE SCHREDCLING OF OPTDAEX CROICERXTPS

The mechaniss of contimuously updating the elenents of the preference
matrix B from day to day can now be used in conjunction with the aethod
of evaluating a3l =n!/[(nk)! k'] choicegroups of size k teo find and
schedule, i.e., generate, the optimm choicegroups of menu items from day
to day.

Let H(t) be the preference matrix for the t-th day. Clearly, E(t+l)
and H(t) are oot independent. In fact, H(t#l) is cbtained from H(t)
in a manner depending on which items are offered or the t-th day, and which
items are selected from those offered. A change of a single item on any
day can affect the preferences for all choicegroups on all subsequent days.
Even for 2 saall mumber of items and a small choicegzroup size, the number
of distinct schedules becomes astronomical. For exampie, with 10 items
and a choicegroup size of 2, the mmber of distinct choicegroups possible
on any day is 10!/(8!2!) = 45. The number of distinct schedules for a
7-day cycle is (1'5)7 = 373669453125. This clearly points to the need for
a highly selective technique to explore the maze of possible solutions.

A logical stage of a multi-day schedule is a day itself, and this sug-
gests a technique to circumvent the problem of a combinatorially burgeoning
solution space. The problem of selecting the optimum choicegroups can be
tackled sequentially from day to day, without consideration of the follow-
ing days, hence the name "multistage scheduling.” It may seem that the

practical effect of this simplification is a loss of guaranteed optimality.
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This is troc if the reguired schwdunle is for a Jimite peried of p deys, am

P is reiatively small. Othervise the mmltistage schedule will Iikely arrive
at a steady state - some time after imirializatioe - exhibirimg am inter-
eally defined period p ; tiws im this case the period is mo lomger a com—
straimt om the schedule, and it does mot affect the optimaifty. The problem
bhere is, however, that this intermal peried may be too lomg for practical
considerations. This problem area is curremtly the subject of further
investigation.

The most trivial case of multistage scheduling is 2 sequence of non-
selective, i.e., unit size, choicegroups. This schedule contains the s~
quence of the most preferred menu items as defined by the successive up-
dating of the H(t} matrices. Computational experience and Figure 1 suggest
that the perceatage of achievable preference of the population will flucru-
ate ground 701 for such nonselective schedules. If the sequence was gerer-
ated from n menu items, the steady state pericd, i.e.. a2 nonrepeating
subsequence of the items will usually exceed the value ~f{ 1 by several
times.

At this point food service management mayv consider a selective menu
for improving acceptability. There are two ways to proceed. Manacerent
can decide on 3 fixed choicegroup size k in which case the multistage
process will find the optimum choicegroup s: from each updated preference
matrix H(t) and the optimum schedule will contain a sequence of s: chofce~-
groups. The principles laid out in section IT will assu-e that on any day

the percentage of the achievable preference is at maximum, and choicegroups

———
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of size k in the steady state will rherefore ackieve kigher popuslarion

prefereace than choicegroups of size (k-1). Cozseguently, the fimdings of

choiczzroup augmentation can be directly applied to the mmitistage sckedule.
The other possitlie policy for munagewent is To prescrite rhe percentage

of the achievable preference for the population, and leave it to the choice-

e on

group generating process to determine the necessary size &k for every cay

or me3l of the scheduls. This policy will tend to maintain a vaiformly

acceptable menu schedule over time, but will require flexibility in adjust-

ing the choicegroup size.

L PR g

For the purposes of studying these policies, the principles of choice-

group geaeration nave been imcorporated in an experimental demonstration

5 e v s

prograr CGDP (Choicegrcup Generator Demonstraticn Program). A prozram

iisting is giver in the Appendix. 1Ihe listing corresponds to a Fortrae IV

e e e T

version of the CGDF curreatly operating in an on-line time-sharing eanviron-

nent on the DMASS (Unlimited Machine Access from Scattered Sites) system

JPTORTT

at the University of Massachusetts. A sacple run, including user-computer

dialogue during program execution, follows the prograa listing in the

At Al & VB e e v M

Appendix.

Summary of computational procedures for algorithnmic steps

B

(i) Computing elements of matrix H for current day ¢: when enter-

ing any day, for each person i , and each menu item j , there

are available the parameters aij’ bij’ cij and rij’ the days

since last selection of item j by person i , t.., and tie

1j

-28-

da l aedbet e eI s KM e A AR

e ST g
g BTN R ) 4 b e ¢ i s s T8 SO SN

R LR T

- ) s o R a1y



SMMWW
oot B oot B poras

¢

Biwi e

S b e B T e
et

oot

PR
[ S  poy

i

B

U O T M P K | YR T

[ foesvey |

5”“

l, A
e —_——_—y s
‘mal | Svvvwiig |

| gt |

ey

ol Gy B

(ii)

(iii)

(iv)

preference at last selectiom, En;_j. By applying (11) and (12),
ezch element h, 3 (t) of the preference marrix H{r) 1is compured
a2s follows:

If fij(t) = j - bi_e i3 1]

-r..C.. -
fij(t) -e ij i3 (aij - hij)

then hi;’: ()

Calculating maximunm achievable preference (pmax):

= max —
pmax = izl {1fj_<_n {hij} | 1<j<n {hij} > thresh]

where thoresh = threshold prefereance level below which no itex is
selected.

Geperating best choicegroup of size Lk :

Cenerate 211 possible choicegroups of size k , and sz is the

best choicegroup if h(s:) = s:%ﬁk {n(s)}

where, if sk=j s 3 5 > jk » by relation (2) and (3)

o

h(s,) = Z [1coek (b i,} | ezt i3,) 2 thresh]

The ~-rcentage of the maximum achievable preference actually
*

achieved = 100 h(sk)lpmax

Calculating of sales extimates of menu itens:

Let the best choicegroup of size k be

* _ {_* *x _*}
sk = Jl’ st ’ Jk

1f mj* is the sales estimate of item j ,

m
) [1|hij* = max{h &, Byox, o0, hyoad, Byox > thresh]

3y =1 2 1 2 13y 2
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) Updating t,. asd By 3

1
If b_.x = mex{h__s, b £, ---, B 3z}, h _z > thresh
1 iiy 1337 i, i3y i

&

thenset t__.&¢ = 0 and R s = B__
i3; i3 Py

Jovre
Saey

For every i and j , set tijz tijil

e

Figure 3 illustrates a sample cutput froz a CCDP rum with the choice-

s
oty

group size fixed zt 3. A schedule for oaly 2 days is presented. As can be

expected, none of the menr itexms scheduled on the first day a2ppear oa the :

.s:r';v :l

%
subsequent day. Figure 4 shows an output with the percentage of the max-—

imum achievable preference that must be achieved fixed 2t 85%Z. For the f

| fmit

first day, the menu items are thus exactly the same as those on the first

ek

f§ A
AR

day in Figure 3. 3But on the second day only two items are able to achieve

857 of the maximun achievable preference.

[ -'
B

The above described method basically formulates a2 cultistage, uncon-

strained optinization process for choicegroup generation in the sense that '

st

for an indefinite period, p, the optimum sequence of choicegrouss is deter—

Bl

ained parametrically for any desired choicegroup size or population prefer-—

et e e g i

ence level. Relative to this indication of optimality, conventional menu

s |

schedules appear to have two principal flaws. One is the tendency to pair

up equally liked or disiiked items in the same choicegroup. Such policy

i

is not corroborated by the results shown of Figures 3 and 4, and it is likely

to lead to suboptimal schedules from the point of view of acceptability. i

* It is a coincidence that the percentages of the maximum achievable prefer-
ences for the two days azre so close to one another. }
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The other is the tendency to rotate short menu cycles whea the computaticaal
evidence indicates that the hLypothetical distributfon of population prefer-
ences woulé favor periods much longer tham preseatly uvsed.

In cozclesioa, the two immediate potentizl uses of the results of this
study deserve mentiorn. One is the educationzl, training and denmonstratiorn
aspect of operating the CGDP program as it fs documented. Tie other is the
extension of ths approach to constrained optimization problezms, i.e., real-

istic selective menu scheduling probleas, where the population preference

IR V| F:;"'Mﬁ-«% &'gmﬂfw%;rﬁ\; féﬁ?&ﬁ%,ﬁh#%ﬁmﬁ ,,,.5' -‘-uV‘TV_%; -'%mir‘:»,a: TG R T
" = - gy

is to be optimized subject to fcod cost, capacity and nutritioral constrziats.

Essential elements of the CGDP program are constructed te serve as colu=n

generators for the pivoting rules of a2 stochastic programaing model of

menu scheduling, which is under development by the authors. In this approach

the concept of choicegroups can be extended to the more realistic concept of

choicegroups of pairwise combinations of items as is suggested in [1].
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i 2 3 4 H 5 7 2 9 10
DEZSCoS
1 £3.1*% 25.3 4£3.% 47.7 2.0 4£7.0 43.) £0.6° £1.£ £9.3
2 1.9¢ 8 -3.2 3.7 2 6.9 23.7 19.6¢¢ €.0 3.7
3 7.¢* S.2 1i.1 2 1.9 8 7.9 -7.7° £.8 8.9
r §2.2% 13.2 15,8 S5.2 24.6 o 22.7 5.7 32.9 33.7
S { 13.2* 1.6 3.2 115 .2 S.2 5.0 1o.¢ 9.9 lo.3
€ 22,37 48.7 13.2 23.f 20,86 1%9.3 T.6 23.7 26€.3 9.4
7 6,37 51,7 25.2 1£.2 o S€.1 34.7 73.%* £5.7 B6.3
-8 28.4% 18.6 9.7 21.2 8 ik & 2.7 -1p. 32 o 21.6
9 $.2°7 15,7 27.9 36.0 13.4 21.5 44.3 30.0* 37.6 27.2
16 { 19.0* 127 N 3.7 12.5 32.¢ 31.2 4.3 19.7 5.4
11 | 26.9% 35,2 2.3 27,3 16.3 27.2 22.6 1S5.7* 21.7 2%.2
22 15.0° 22.9 0 17.2 ie.s 22.€é 3.7 17.9* 5.5 23.4
13 9.3% 6 2.1 15.¢ 9 29.3 3.4 7.6 S.I ie.S
j14 9.7% 11.z 21.2 9 o 7T.4 10.2 8.3 17.4 18.2
§35 } 19.5* 9.8 13.& 2.5 11.0 9 10.0 3.0¢ 6.7 S.3
Table 1.

A preference matrix H for ==13 and n=10. The elements of the
matrix were generated froxz actual preference-tirce functions evalu-
ated or an arbitraery dav. With respect to a choicegroup of size 2
comprising itens 1 and 8, for each individual, a "%" jpndicates the
core preferred item bztween the two, and 2 "i" indicates the less
preferred of items 1 and 8.

c..o...oooday nu=teyr 2
seseespreference =atrix
‘....!-_cnu itecls"“'
1 2 3 4 S 6 2 8 9 10
persons
1 19.% 45.3 44.2 48.9 217.1 48.3 33.3 3$2.9 42.1 49.9
2 2.0t 0 -2.4 4.5 0 8.7 16.2 13.4 6.2 4.5
3 3.1+ 5.5 11.1 9 2.3 d 6.2 6.5+ 7.6 11.9
4 33.04 17.7 21.7 S$9.3 24.7 £ 28,0 49.2¢ 34.3 35,7
3 -5.9% 6.3 13,1 10.5 2.1 S.2 9.3 10.1: 10.0 19.3
6 23.0t 49.6 14.4 23.7 20.3 19.5 15.0 €.5 28.1 12.S
7 $7.3* S52.4 26.0 18.9 0 S$9.1 39.3 32.4 6E.1 248
8 =-2.3% 13.9 13.5 23.1 0 19.6 11,3 -9.5¢ 5 23.8
g S.2¢ 19.8 31.1 3n.0 18.4 24.3 =8.€ 25.5¢ 37.9 38.5
10 -.9¢ 15.5 0 15.4 14.3 1%.9 12.2 8.0t i1.3 9.9
11 11.0% 15.5 9.1 27.4 16.4 28.3 23.3 20.8* 21.0 131.8
12 15.4¢ 23.5 0 17.3 10,5 12.9 3.3 17.1. 9.9 24.9
13 5.5% 0 2.1 15.4% 0 22,6 3.7 9.7+ 8.1 il.S
14 5.0 11.2 11.2 0 0 7.5 11.0 0.6 17.6 19.3
15 17.8* 10.1 20.7 8.2 1i.3 9 10.9 10.2¢t 6.3 S.4
Table 2.

The updated preference matrix H on the day subsequent to that
depicted by Table 1, when items 1 and 8 were offered on the day
corresponding to Table 1. Upward and downward arrows after pref-
erences indicate the rise and drop of preferences with respect to
Table 1 for offered items selected and not selected resPectively.
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Figure 1. The percentage or maximum preference achieved as a
function of choicegroup size with =10 for prei-
erences from (a) realistic data (b) wuniforn
distribution in the interval (0,100) (c) normal |
distribution with mean 50 and standard deviation
50//3 (d) exponential distribution with mean 50,
and (e) an arbitrary mixture of wuniform 5
distributions.
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#srxss*tx*day number 1

maximum achievable preference = 495,65

i
£ size of choice group = 3
’; % total preference achieved = 453,84
28 percentage of maximum = 91,56 percent
3 Ht item num. number of persons proportion(%)
- 1 8 53,33
- & 2 4 26.67
i 8 3 20,00
2 omitted 0 00
LB
7 ]
e § kkkkkkiki*day number 2
: : —~—
iz ; ég maximum achievable preference = 501.47
it
i § = size of choice group = 3

§§ total preference achicved = 458,53

percentage of maximum = 91.44 »vercent

Wﬁ’.‘:g

item nun. number of persons proportion(%)

§ 4 6 40,00
7 3 20.00

10 6 40,00

omitted 0 0

o I

ool

Figure 3, Sample output from a CGDP run with the choicegroup
size fixed at 3 for 2 days. The preference matrix
for the first day is depicted on Table 1.
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maximum achievable preference = 495.65
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total preference achieved =  453.84

percentage of maximum = 91.56 percent

item num, number of persons pronortion (%)

53.33
26,67
20.0n
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f: kkkkkkkkkkday number 2

: § maximum achievable preference = 501,47

size of choice group = 2

Bt s ST
e R TR kNS T

vty

total preference achieved = 433,85

;% g% percentage of maximum = 86.51 nercent
i
; . .
ke . item num, number of persons proportion (%)
e ‘
? gg 4 8 53.33
K. 10 7 46,67
SR omitted 0 0
AR
£ |
S
84
J: Figure 4. Sample output from a CGDP run with the percentage
of the maximum preference to be achieved fixea at
o 85% for 2 days. The preference matrix for the
Rf first day is depicted on Table 1.
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APPENDIX

Page
Choicegroup Generator Demonstration 38
Program (CGDP) 1isting, including

instructions for using the program.

Sample user-computer dialogue during 42

CGDP execution, and resulting output.
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