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ABSTRACT

An equilibrium slab model of a barium cloud is
derived. This model has finite length in the mag-
netic field direction and allows one to study the
stability of configurations with various degrees
of ionospheric short-circuiting. It reduces to
previous models for the case of no short-circuiting
but is quite different in the more general case.

The combined influence of {inite Larmor radius
corrections and inertia on the stability of the in-
finite slab model is studied. A simple dispersion

relation is obtained.
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I, INTRODUCTION

In previous semi-annual technical reports, we have
developed a three-dimensional model of the equilibrium
(i.e. pre-striation) growth of a barium cloud in the pre-
sence of a conducting background ionosphere, Early stu-

dies(1,2) considered the case of a highly conducting back-

S —
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2 ground with complete short-circuiting, In this case there
is no polerization of the cloud and a diffusing elliptical
gaussian density results, Later work(3:4) extended these

results to include finite background conductivity with
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polarization effects and steepening of the backside,
Stability calculations (5) have been cerried out (in the

case of the highly conducting background) by studying the

b g R

growth of small perturbations about the equilibrium de-

R e T

R

veloped above., These numerical calculations (4) have shown

o
KRR 51

that the fastest growing eigenmode is concentrated on the

T
PR AT

{ resr side of the cloud. Calculational difficulties have
not yet enabled one to establish the stability threshold

(or whether one actually exists) nor has it yet yielded a

this point is in progress.




piosii e il

-
b iy S i

s
] 6

by

otiege

S

cigpapiiin iy

A

e
-
F~
3

Meanwhile, some information can be gleamed from slab
models, although there are troublesome questions concerning
the validity of application to real three-dimensional clouds.
The E X B instability was first derived in 1963 using such
a model by Simon(6) and by Hoh(7) with 2? parallel to the
density gradient. This analysis yielded & threshold value
of E and a critical wavelength which was the first mode to
go unstable (and the fastest growing at any later '"linear"
stage). Linson and Workman extended this analysis to in-
clude a component of the field perpendicular to the density
gradient, 1In their treatment, they take the limit of col-
lisionless electrons ab initio with the result that there
is no threshold for instability onset and all wavelengths
grow at about the same rate, This result is disturbing
because it seems at variance with observed time-delay for
striation onset and because the analysis gives no guide
for predicting the size of observed striationms.

There are a number of effects which could restore a
threshold to the slab models above. These include effects
of ion inertia and finite larmor radius which are discussed
in Sect, III below, Another effect is the internal equi~

librium electric field that developes in the plasma. In
2




the infinite slab model, such as that of Linson and Workman,
this necessarily points towards the center of the slab in
order to keep ions from diffusing out faster than electrons.
This field direction is destabilizing on the basis of the
Simon-Hoh model, 1In Sect, II, we develop a model of & slab
with finite extent along the magnetic field and allow for

a background of arbitrary conductivity, The resulting field
can either point in or point out depending or the degree of
short=-circuiting by the background. A stability analysis of

this more general slab model is now in progress.




IT., SCAB MODEL IN A FINITE CONDUCTING BACKGROUND

The model we consider is sketchec ia Figure 1, The
cloud is repres:nted by a slab of finite extent along the
m3ynetic field., Ve shall assume no variation of the equi-~
librium guantities in the Y directionm, v xf = 0 then
implies Ey = congt, ™ Eaf

As shown in & previous report(3), if we expend the
current divergence equation

7-7=¢ (1)

+ -
in the small parameter D, /D” we obtain in the zeroth

order approximation, the electric field

E = —/4‘77’;;’—— 740r) )
where N is the equilibrium density,
To determine ?(y;) we shall integrate eqn. (1) along
a magnetic field line from one boundary of the ioncsphere
to the other boundary. Using the condition thsc the current

vanishes at the boundsries, we have

/L
7, T H — -~
J, XrLedp =Y (3)

In the large (i(T) 1limi

-

et

2 _ /
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A where the symbols all have ths smne meaning &s in previous
3 reports,

If we substitute 2qun. {(2) into eqn. {4) and integrate

the equation along a fleld line, we find

2~
4 g 1 4 3/ ¢
—(D)*/luu%vi — pi (N, Tf)* 1@, ¢ bﬁ-

e 3 2
SRR SR e A

o
)

';"' ---—-i' ,<P_2_f__2:- = 0
E € TA axr T (5)

In arrivieg at eqn. (5) we set N = A, +N, where N, is the

ambient denslty, and have defined

v [P

-/
q i 3}
éé We also assume that ((}T)+ is incependent of‘} within the
..1
3 length of the cloud.

Integrating eon. (5), we find

<P
._(D1+/i'/(,{J)Q./;<..> -——(/(/{i,';//c,,c—__, _9__2

; - ~ ,
'—/Lh ((7’(—2} éo; /\/C = (st
To evaluate the constant, we consider a field line far away
from the cloud, Where N =0 , Nz=A/, and S - Loy

we find

/ -
const, = 3 Z,q ch
5
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We have then

) -
-”}—2’ = - _D,'f + - _L ?.I,\-/C - Eoy
(',ui Au o) % Sx = X2 ¢

2 X 2X n—()‘!‘ \6)
where
R(X) = ZZ/L epiil )+ 20 ] (7)

is the ratic of Pederson conductivity integrated along e
nagnetic field line not passing through the cloud to that
integrated along a field 1ine through the cloud,

It folleows from eans. (2) and {6) that

y [ 2
EY = —acX [0y )eA - 9<) ’\;‘

Eo
XE,y + (1-0) 280
T e (17), (8)

.

If the background ioncsphere is assumed to be infinitely

conducting, thens/x-»/ arnd we have

) -
£ = ~ A% B + Eox

in agreement with the electric field used in earlier veports

(cf. 2qn. (2) of Ref. 3).

If the cloud's contribution dominates in the expression

1? for the integrated conductivity, then &X-~ (¢, As the back-
.z ' . <34 —i—;&:’\;’ i )I\/e
; ground density is negligible we have N SX T TN
and then
. Di LN .fa_f_ﬂ..
x - /(,(_,_ NN (20,
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This is the electric field used in the siab model of Linson

and Workman(a).
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f The expression for the electric field to the next order
§ in the expansion in the small parameter Dﬁ/Dﬁ is ob-
§
% tained by iteration from eqns. (1) and (2). We find
2 () 2 9 P
§ 5(”55 ) = C'axb*Kax(N’D%)"LE"y% 9)

where ¢ =[D]-0; +/4(/L{j"‘/'f,f .)]/(/4/’;*/‘/‘7/)
K= (,Lflf*//il)/(//d’,—#,u///)
L= [Thpl — 0z ]/(/L;f;+,L47, )

2 el

N
25 ety
poe”

To find the equilibrium density, we substitute eqn. (2)

into the ion cont*nuity eqn. and obtain

, 3/\'/, (D3 ,,cA/,u)w /(D)/"LAL{;/)%'%/L
f,ui%((/\/%a}*,u;(ﬂﬁléoy 2= o (10)
Making use of eqa. (&) we have
.g)_b/— - (D} fA/L/”) ()‘51, (DJ+/J/L,(,L) R N
+ (D] +ApE )35 L0 /01)75: %g,f j

o M LEox= E1 2 o)+ Sy U = 0

(1)
If the ambient density is negligible inside the cloud, then

Nz N,.. We obtain the solution for N
7




N, = N, —== f"Iv,,t AP (- 3 /4yt ) (12)

where cD// - D;t + A/u'f,

and /’\\’/C is a solution of
I
Me - (DE+AUT IS (SY)

-+ pi [on-/-fl B CIARS CEMe = 0
(13)

In the case of an infinitely conducting background,
K=/ , we have

)/\/(...,(DJ—/'/}/,{J)_B,.&C/}-/L{J o)(-jl’\"c /{/lj((r(“) y‘a&c, 0

The solution for an instantaneous line source is

~ So
N, = —= T /JD, exp[«(x/vct)@;)}{] (14)
where

DL =Dl + Api
V. :’—/x(i[éoy *(QQEO}’J

We see that the strong short-circuiting will allow the cloud
to diffuse at the ion rate and the cloud as a whole moves

with the ion drift velocity in the ambient electric field.
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and then

N\

~ 1!

N‘:‘_‘_ Nc ()(’Uo't) ( 5)
+z0

The cloud atc a whole moves with the velocity L%::(lféﬂﬁé.

Had we in-luded electron collisions, the density profile

would also diffuse at the slectron rate,




ITI, ION INERTYA AND FINITE LARMOR RADIUS EFFECT

The results in both references 1 and & show that there
is no threshold for instability in the limit of collisionless
electrons and with no variation of the perturbation in the
magnetic field direction., This cannot be generally correct
in the limit of collisionless ions as well, since in that
case one can remove the constant external electric field
by a uniform frame change with no alteration of the plasma
dynamics, It is well known that the inclusion of previously
omitted inertial terms in the equations of motion is one
resolution of this paradox. However, the quantitative
threshold for instability onset is too low to account for
cloud observations,

Another mechanism with a similar effect is inclusion
of finite Larmor radius correction in the fluid equations
of motion, For completeness, and because some of the tech-
niques are unfamiliar, we have calculated the iinear dis-
persion relation with both included.

Roberts and Taylor(g) have shown that one can include
the finite Larmor radius effect by proper modification of
the ion pressure tensor in the magnetohydrodynamic equation.

The ion momentum equation including inertia and finite Lar-
10
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mor radius takes the form

Jv’ X M v?

M Iz = - Sl ~ YA

M =7 = =KTIn +Nek +ne —= = + YL (16)
where

where A is the ion Larmor radius.

The ratio of the finite Larmor radius term to the
collisional term is (}fdﬂ}QSJ where . is some characteristic
length, We shall limit our discussion to a slab model with
no short-circuiting (X-¢ ) and uniform in the J direction,
The equilibsium ion velocities are

V, = = Di5 s Ex + (NTLMIE
= LEuy _ Ly
VyTz pIEy— (T (-D) 55T pEEx) =
where we have inserted the equilibrium electric field ob-~
tained in the previous section, Note that the equilib:rium
velocities are constant in time and -niform in space. It

is, therefore, consistent to omit the inertial and the finite

Larmor radius terms in the equilibrium momentum equation,
11
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The linearized momentum equation, in the frame moving

with velocity U, , and with X = 7\7- is:

,
.._i(,u,\\/,*.:——%ié%—ak ¢+/ V,xB—- ’+V/é(17)

HETE Sy z — Uy Vi = (kb Lk Vg
\ + s
§y: (& tf(xj')\//x — ¢ ;g’ V/;ﬁ
In arriving at eqn. (17), we assumed that -j = , 3(,,)\5

is constant and Fourier analyzed the perturbed quantities,
It is not difficult to solve for \/,'x"“ and V,; in terms
of X and ¢ and substitute the expressions into the
linearized ion continuity equation in the primed coordinates.
We find ,

Toiwe [ w(%‘-—(ﬁl)*z’j(’('—?* iéyn)’#"’% J% j)L FX

+[ sz (/2)*" Jrg’ ﬁ,«Z)Jl\%qub =0 18y

here D= l,LUJ*/—f‘L/Z ]—#ZO VB (’/?)JZ

12

The inertia term and finite Larmor radius effect is negligible
in the electron equation of motion., The linearized electron

equation is easily seen to be

Eo . ¢ L1~
‘{/(wz(%\?ﬁ?-g—/'t.ﬁy—%ég}/(
~t L’/;j(/,/% ¢ = 0 (19)

12




From eqns, (18) and (19) we obtain the dispersion relation

w [ 23 -’Lb\)J—(/gyg’)va(Z*’V(g* Lertat}
Flh By (E-iw) ]

g () - B 2,
(20)

In the limit of vanishing Larmor radius 4= (hence )-0)
and with the assumption [.]T <</, eqn. (20) becomes:
w [+ £ (A 2]
4 g s [ (L&z «%v f%ﬂ-] _

T
Therefore
Q’Tﬁ -t »Ax - Lj’z‘/
) — ) s e o e -
b= Iy — A LRt (21)

In this iimit we have the result of Linson and Werkmen (8)
when proper Doppler shiftin wis allowed for between the
moving frame and the neutral rest frame,
I1f we take the collisionless limit of eqn, (20) we find
v 2 2 R
{55 (= o) 200U ) 4y ) ]
g hl
"L[/\j(kh-—-’ -f:f)}- =
Note that the dependence on (), vanishes. If we neglect
swwall terms of ovder {ax) &nd {(&/4/) or hig

equation divided by A} reduces to

13




o {w[é;z(ﬁl “g‘)/m] ﬂ(ﬁ./, )}« 0 (22)
There are two low frequency modes ((«(?). One has (/- ¢ and
the other is a purely oscillating mode with wgz)/%/d

The third root has a high frequency of order_ﬁbd(? and is not
relevant to the present discussion.

If we define the equivalent gravitational force ?::—-L%/%f
and then take the collisionless limit of eqn. (20), neglecting
small terms of order(MLﬁ)L, (a/ﬂ)b and ay@? we have the dis~
persion relation for waves propagation perpendicular to the
density gradient (/4xz 0)

wh— (20 hyf - f YW+ =0 (23)
This also agrees with that obtained by Roberts and Taylor(g)
when the difference in the sign of «J is allowed for. Thres-

hold estimates are now being investigated.

14

e S )



R

REFERENCES

1, A, Simon, J. Geophys. Res. 75, 6287 (1970),
2, A, Simon, RADC-TR-70-27, Feb. 1970,
3. A, Simon and A, M, Sleeper, RADC~TR-71-106, March, 1971,

4, A, Simon and A, M, Sleeper, RADC-TR-71-292, Sept. 1971,
also J, Geophys, Res, to appear shortly,

5. A. Simon, RADC-TR-70-208, Sept., 1970,
6. A, Simon, Phys, Fluids 6, 382 (1963).
7. F. C. Hoh, Phys. Fluids 6, 1184 (1963).

8. L. M. Linson and F. B, Workmen, J, Geophys. Res. 75,
3211 (1970).

9. X, V., Roberts and J, B, Taylor, Phys. Rev, Letters 8,
197 (1962).

15




pite fo e R
1“5‘4’"'} L 4

o

ey TR S A
P R

s

S

TR o RS

FERREEE

i

DO

e Ry o i

FIG. |

S

FINITE SLAB IN A MAGNETIC FIELD

2L




