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ABSTRACT

— ey ey W

This report contains the mathematical equations of motion required to
construct a hybrid model simulation of a vehicle operating on rigid terrain.

_-—y

They are grouped roughly by vehicle components: sprung mass, unsprung mass,
susnension, drive train/brakes, wheels and tires. Equations representing
both the double A-arm and the solid axle suspension system and two different
tire models (one assuming the "friction circle'" and the other the ''friction
ellipse" concept of total tire force) are included.

Keywords

Vehicle Dynamics
Vehicle Simulation

Mathematical Modeling
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INTRODUCT ION

This report presents a mathematical model of a vehicle operating on
rigid terrain. The equations of motion are so written and organized as to
be readily adaptable to a hybrid computer simulation. This model relies
heavily on the digital simulation model recently presented by McHenry-Deleys]
and in fact, is little more than a transcription of it, stripped of its
vehicle barrier impact routine and reorganized to allow its implementation
on a hybrid digital-analog computer. For ease of use, the equations are
grouped by routines which attcmot to distinguish between suspension design
dependent and suspension design independent calculations and further to
distinguish among various vehicle components. Specifically, the sprung
mass, unspring masses, wheel and suspension, driving or braking torques,
and tire reactions are each treated separately. No attempt is made to
simulatie the steering system. For descriptive purposes, it is assumed that
a four-wheeled, two-axle vehicle is being simulated., The simulation may be
run ;ither in a 10 degrees-of-freedom or a 14 degrees-of-freedom inode,
deperding on whether the rotational velocities of the wheels are included.
The 10 degrees-of-freedom mode includes six for the sprung mass (surge,
sway, heave, roll, pitch an¢ yaw) und two for each axle. When the.
rotational velocities of the wheels are to be included, four more degrees
of freedom are added. The 14 degrees-of-freedom case makes it possible to
calculate the circumferential slip of the tires, and therefore allows the

use of a more complete tire model.

Two tire models are included in this report: one incorporating the
“friction circlef concept of total tire force for use when the wheel
rotational velocities are not simulated, and another, a more general tire
model, incorporating the ‘'friction ellipse' concept for the simulation of

wheel rotation.

Equations which represent both the double A-arm and the solid axle
suspension system are presented here. Equations representing other suspension
systems are presently under development and will be presented in future

reports.

[URIPRPUNY




; i S R TR TR TS T, AR
) i - oz T TR T G A T S B R N R R b A TR i, PR,
R A ey e TR R « W D T P R F A G R R SR SRR A ) ’
———
?’Zm-»«»‘é;ﬁ‘?"%mm "
i’ﬁh"#
%w‘
F. R-1452
]
i
®
&
% '
*
.'
A
s
. l'\
B DISCJUSSION

7

A T VR

Rrmmd B Bms B et gt Becd dmed  Gud  dend

-

Since this report is mainly a presentation of the pertinent equations
of motion, no attempt will be made tc discuss completely their derivation,
For this, including the rationale behind many of the assumptions used, the
read;r is referred to the report by McHenry and Deleys.] The following,
therefore, represents only a brief description and guide to the various
systems of equations presented in this repot.

Figures 1 and 2 are cop es of Figures 4.1 and 7.12 of the McHenry-
Deleys report. They show the location and relationship between the
coordinate systems and the various degrees of freedom of a vehicle with
double A-arms in front and a solid axle in the rear. For swing axle and
trailing link suspensions, which are to be implemented in this model at a

later time, the degrees of freedom will be somewhat different.

Figure 3 is a flow chart showing the individual routines which are to
be the elements of the model. Modifications to the vehicles being
simulated may be done by substituting routines in their entirety. It will
be noticed that the data flow of the routines numbered 1, 2, and 3 forms a
closed loop. These three routines, or the major portions of them are
designed to be programmed on the analog portion of the hybrid computer.
Routines 1 and 4 comprise the bulk of the model and are so constructed as
to be independent of suspension or axle configuration. Routine 5 is also
design independent, requiring only the knowledge of the number of wheels
on the vehicle. Routines 2, 3, 6, and 8-12 are dependent on suspension
design. Routine 7 is the tire/wheel-soil interaction equations. |In this
report, the '"'soil" is pavement whose only characteristic is frictional.
For off-road soft soil studies, this routine could be replaced by load-

sinkage and drag relationships such as found in Schuring and Belsdorf.2

The organization of the model, as indicated in Figure 3, is the basic
reason for this report, since the contents of the individual equations can

be found in the McHenry-Deleys report. This new organization will allow
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for easy vehicle design changes, including a variety of front and rear end
suspensions, and an arbitrary number of axles, wheels per axle, and axle
suspension designs. This model may also be used as the basic model to
simulate amphibians entering and exiting from streams by th: uddition of
buoyancy equations. Intact, the present model can be utilized for vehicle
ride evaluation on rough, off-highway operations and its computer output
could be used to drive a seat simulator.

Appendix A presents the symbols and notation used in this report,
along with a brief verbal description of the modeled quantities themselves.
The exact procedure for measuring the parameters on any one vehicle can be
inferred from these descriptions, and they will be discussed in companion
reports.

Appendix B presents equations of motions of the sprung mass and the
unsprung mass calculations which are independent of suspension and axle
design, The equations contained in this appendix constitute the bulk of

the modei and are not intended to be changed when different vehicles are
simulated,

Appendix C presents the wheel and tire equations. Three routines are
Included in this section:

1. A tire model which uses the assumption that the magnitude
of the maximum tire force (the resultant of the circumferential
and lateral forces) is constant. This is the so-called
"friction-circle' tire force model.

2. A set of differential equations which describe the
rotational motion of the wheels,

3. A tire model for use with the equaticns for the rotational
motion of the wheels which assumes that the maximum tire
force is dependent on direction, This is the so-called
"friction ellipse" tire force model.

In any one simulation, either the first routine is used by itself,
or the last two are used together. |In the former case the model has
10 degrees-of-freedom; in the latter, i4.

i
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Appendix D presents all the routines which model a soild axle
suspension; each routine Includes equations which Implement the solid axie
as if it were either a front or a rear axle, It may be seen that the fcim
of the equations does not differ between front and rear. Only the vaiues
This fact ailows the use of the model in the

For a solld axle it is assumed tha: the

of the parameters changes.
modular manner described above.
unsprung center of gravity Is at the center of the differential and the

axle moves in a plane perpendicular to the vehicle forward axis such that
It pivots abeut & point which moves parallel to the vshicle vertizal axis.

Appendix E presents the routines which model a double A-arm suspended
"axle.! Here the assumptions are that the wheel cunters are the unsprung

CG's and move in a line parallel to tha vehicle vertical axis,

PRI
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REAR AXLE REPRESENTATION FROM McHENRY-DELEY'S
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SPRUNG MASS

\

\ 2

UNSPRUNG MASS
EQUATIONS OF MOTION

| 3

UNSPRUNG MASS
INERTIAL FORCES

APPENDIX B.

EQUATIONS OF MOTION

EQUATIONS FOR ROUTINES

2,3,6, 8~12 ARE IN
APPENDIGES D AND E.

FiG. 3.

UNSPRUNG MASS
TiRE & SPRING FORCES
v APPENDIX B.

5

WHEEL ROTATION
EQUATIONS -OF MOTION
APPENDIX C.

! 4

6
[ UNSPRUNG MASS
GRAVITATIONAL FORCE
8
WHEEL POSITION
\I
-3
WHEEL ROTATION
AND STEERING
AYLE DIRECTION
10
SROUND CONTACT
VELOC!TY \
]
SUSPENSION
FORCES
12
. SUSPENSICON
‘ MOMENTS
,
TIRE FORCES
APPENDIX G.

OVERALL PROGRAM ORGANIZATION
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Nomenc lature

The nctatian* ysed in this report is mostly that used by McHenry-
Beleyss.

Subscripts

F = front

R = rear

! = right front or front pivot center
2 = left front

3 = right rear or rear plvot center

£
[}

left rear

(7]
]

sprung mass or tire lateral directlon

c
fl

unsprung mass
G = ground

wheels

£
n

tire radial direction

-
a

venicle CG or tire circumferential direction

[¢]
[

Iinitial values

o
|1}

Primed variables represent quantities measured in the space-{ixed coordinate
system. Quantities measured in the vehicle coordinate system are unprimed
and will generally have subscripts Indicating their reference axis.

Dotted variables represent qualities differentiated with respect to time.

The notation F/R means front or rear, whichever applies.

¢
"Like all conventions, these are various exceptions., These have been
carefully annotated.

13
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Degrees of Freedom }

Sprung Mass - 3

&

# u = velocity along vehicle x=-axis :

‘- -2 4
% v = velocity along vehicle y-axis il

? w = velocity along vehicle z-axis -

> P = roll velocity about vehicle x-axis & }

¥

X Q = pitch velocity about vehicle y-axis N
k wi

R = yaw velocity about vehicle z=-axis ‘

o
Unsprung Mass - Double A-Arm 14

6i = vertical deflection of wheel center from rest position (i = 1,2,3,4). i %

. ’

It is assumed that the CG of unsprung mass is at the individual wheel :

3 centers and their motion is parallel to the vehicle z-axis. N {

3
3 |
5; Unsprung Mass - Solid Axle i

L
-

8, = vertical deflection of axle pivot point (i =1,3)

I ¥

%/R = axle roll angle akout its pivot point

gt It is assumed that the CG of the unsprung mass is at the center of the

‘g_ axle and it and the actual pivot point are both In the vehicle xz-plane e
i when the vehicie is at rest. The pivot point is constrained to move

‘ﬁ parallel to the vehicle z~axis and the entire axle can roll about it .

parallel to the yz-plane. In any combination the simulation has 10 degrees .-
'i of freedom: six body motions and four suspension motions (two for each Iy

3 axle). Four additional degrees of freedom may be added as:

Wheels

éi = (PRS)i = rotational velocity of wheel i -~ positive for forward rolling.

i Rotational velocity of wheels can be added as an additional four degrees -
b of freedom, If they are included, vse friction ellipse tire force routine; -

if not, use friction circle.

”& us
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Motion Variables

t = time

9,8,y = Euler angles of motion of the sprung mass relative to the space-
fixed coordinate system. |f the vehicle and space-fixed axes
initially coincide then the rotation is first ¥ radians about
z -axls, then © radian about new vehicle y-axis, and finally

¢ radians about final vehlcle x-axis,

A = transformation matrix for transformation from coordinates fixed in
sprung mass to coordinates fixed in space.

(u',v',w') = velocity of sprung mass CG wrt space-fixed system

(cosuk , cosﬁx , cosyx)

= direction cosines of vehicle x= and y-axis

(cosa& , cosBy , cosyy) in space-fixed system

(x{ , y; , z;) = space~fixed coords of wheel center i

(cosahz:,, CosBGz'i' cosYGz/')= direction cosines of ground plane normal
under wheel i

9 = camber angle of wheel i wrt vehicle coords
Pei = camber angle of wheel | wrt local ground plane
W! = steer angle of wheel i wrt vehicle coords

¥, = steer angle of wheel i wrt local ground plane
i

(cos , cosB , cosy ) = direction cosines of rolling axle of
ywl ywi ywli wheel | wrt space-fixed system
(cosaiw‘ , cosBZwl , cosyzwi) = direction cosines of steer axis of wheel |

wrt space-fixed system

(xéPi , Yép: , zéPi) = coords of ground contact '"point" under wheel | wrt
space-fixed system

h‘ = rolling radius of wheel i
(cose, ., , cosB, . , cosy, ) = direction cosines of line connecting ground
hi hi hi
contact point and wheel center | wrt space-

fixed axis - this Is radial tire force
direction

15

B R B N e R A

T e R IR W o




PRI BTNl A AL O ey oY AP L5 gl T AT S i) O L RSy L ea i Myt e 06TV T e ) B B e N et G e 3 ey
PR R N R e R O 3 Y o S K S ey e S S e e L e Ay SR

R-1452 L

(cosa_, , cosB_, , cosy_,) = direction cosines of tire circumferential force %
ci cl ci
for wheel | wrt space-fixed system

direction cosines of tire lateral force for
vheel | wrt space-fixed system

o s
(cos si cosBSl , €O Ysl)

Uagj = forward velocity of wheel center i parallel to tire terrain
contact plane

,
i

Vgi = lateral velocity of wheel contact point i parallel to tire terrain

contact plane .
It is assumed that the entire area which can be reached by a tire
(when its wheel center is at an arbitrary location) can be generalized to o,
a plane.
§
FS; = tire lateral force along (cosag’ , cosBs, , cosYsi) at tire Y
contact point ;
i
Fci = tire circumferential force along (cosa’ci . cosBc' , cosYci) at ‘. %
tire contact point i
oo
FR{ = tire radial force normal to ground plane Do

(ui » Vi wl) = veloclity of wheel center In vehicle coords
Si = suspension force of unsprung mass |

(F qul) = component of suspension and tire forces in vehicle :

F
’ ?
xul yul coordinate systems b

(N , N , N, .) = components of suspension and tire force moments in g
tul Qui Yuli
vehicle coordinate system

(Gxui ! GYUI ! qui)
(1

= forces and moments due to inertia of unsprung

masses applied to sprung mass in veh coord system

xuf ° |yul * Tzui

Input

%

(ug » vy s W)
(Py » Qs R)

(@2 8, ¥) .

16
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o’ yo

_ i ;e
(x » 2,)

I 810 3nd70F Do /o

6i° and/or ¢F0/Ro

B = e P LT e e i

e

zé(x',y') = ground elevation at (x',y’)

qh(x',y') , GG(x';y') = Euier cngle coords of terrain profile

- s

TQF(t) , TQR(t) = jnput torque to front or rear drive shaft

i

¥(t) = central steer angle for steering angle

T ks 2t 5 thesst S ab bt 4 00 mi b e B o et
R oS oGP AN S S BN CAAES

o Vehicle Parameters
! M_ = sprung mass

S

g = acc of gravity

Siadegeinosel possiidhemenatg
oot aand PR 2% 1Y o

f: . e o 'y T I 'xz = moments and cross~-product of inertia

_? - a = distance along veh x-axis: CG to front axle

)

e b = distance along veh x-axis: CG to rear axle

. Tpsg = front and/or rear track at rest

% Zg /R = distance at rest along veh z-axis: CG to wheel centers (double A~arm)
- : CG to axle pivot point (solid)

; " Mi = unsprung mass: each suspension plus wheel (double A-arm) | = 1,2,3,4

E - : entire uxle plus wheels (solid) i = 1,3

?; i Cé/R = Loulomb damping for single wheel: at wheel center (double A-arm)

e /R = Coulomb damping friction lag

b KF/R = suspension load deflection rate for small deflections: at wheel
: center (double A-arm); at spring hanger (solid)

O%/R = suspension deflection limit at which KF/R no longer describes the
suspension load deflection rate

cF/R = viscous damping coeff for single wheel: at wheel (double A-arm)
: at spring (solid)

Fommed

AF/R = multiple of KF/R beyond QF/R

17
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RF/R = auxiliary roll stiffness: at wheel (double A-arm)
. at spring (solid)

TSF/R = distance between springs for solid axle

¥(68) = deflection steer of double A-arms when non-steering axle
KSY/R = camber steer coeff for solid axle when non-steering axle
¢(8) = camber angle of deflected wheel for double A-arm

Pe/R = distance from pivot point to CG of solid axle, positive for pivot
point above CG

lF/R = moment of inertia of solid axle about a line parallel to veh x-axis

through axle CG

Tire and Wheel Parameters

Rw = undeflected wheel radius

Ky = radial deflection stiffness for small deflections (1b/in)

o# = deflection at which KT no longer describes deflection stiffness (in)
Al =

T multiple of KT for deflections greater than Op

drive shaft
wheel

KEF/R = drive axle ratio = speed ratio of for driven axle

} for non-driven axle

’wF/R = rotational inertia of each wheel
'DF/R = drive line inertia

i = locked wheel coefficient of friction for use in ''"friction circle"
tire model

u; = locked wheel lateral coefficient of friction for use in "friction
ellipse' tire model

A,...,A, ,0. = tire constants relating lateral force due to lateral slip
o L=y
and camber thrust to normal load.

18
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Appendix B

Sprung Mass Routine -~ Main Program

Unsprung Mass Tire and Spring Forces Control Routline
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Sprung Mass Routine (Main)

» PO Q

o) o’ R

o]

Initial Conditions: u_ , v , w
) 0 o

%o Yo s 3 Bor s Vo

6!0 ' 6!0 and/or PRo * PRo

io

Parameters: Ms sy 9, Ix . Iy , Iz , Ixz
Equations:
o
u = J u dt u
o o)
t . »
v = f v dt 1.C. =} v
o o
t .
w = j w dt w
o o
P = Jt P dt P
o o
3 t .
iy ), Q = I Q dt I.C. = Q
e K o o
}u j
1 Ro= [ Rt R ;
?, " 00 §
1 5 ft'é d § |
J 1. ' - o i t |;c. - 'io
. 6, = |4 d ;
} [ = . ; dt 1.C. = S0 3
i ‘
s i
i
I

[
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R- 1452
nt
o = (Q cos9 - R sing) dt
o
9 = ‘t (P + Q sing tan® + R cos¢ tanb) dt
o
rt
L (Q sing + R cosg) sec 6 dt
o
cos 6 cosy - cosg siny + siny sind cosy
A =| cos9 siny cos® cosy + sinyp sind siny
- sin6 cos® sing
Calculate AT
!
u u

~

]
w w
7 ‘t !
X = J u dt

’ 't

J
o
it
! 1
z, = | W dt
o
oso. 1
cosey

cosBx = A| O

cosy, \ 0

cos 0
Y

= Al 1
cosBy

cosy 0

20

sing siny + cosy sinb cosy

- sing cosy + cose sind siny

cos8 cos¢
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T R=1452
calculate qui , Fyui ’ qu‘ T qu s Neui R N*ul from
Unsprung Mass Tire and Spring Force Control Routine ’
E
4
st 0
T p
Gys = g MSA 0 3
G 1
z5
calculate Gxui s Gyui , qui . chui , Geul , GW‘ from
Unsprung Mass Graity Force Routine (a, S‘]*
calculate 'xui . 'yul R Izu! , '(pu! R |eui , l\yui from
Unsprung Mass Inertial Forces Routine t
{
(u’v’w) ? (l:l,\‘/’W) ’ (P’Q’R) ’ (P’Q)R) ? 6' ’ 6‘ ‘%
(81,8;) or (81,35 Gyp > Siy3 » %yp » H/R) i
u\ /P u\? EFg * ZS; + Z6 ;- B, + 6
. - .3 :
Ms v i+ Q IX] v szui"'zsyi"'szui 'yul+GyS
Lw R WZ zeui‘Lzszi*'Zqui'z'zui*
0 |y 0 Q + Q Ix 0 ,y 0 Q ° pX Feui + Z Geu; + 'Gui 3
--Ixz 0 'z R R -lxz 0 Iz R EF*U' + EGVUI + X '@ul ,
*Variables in brackets are the inputs to the routine above them, :

21
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R-1452

calculate 6! and/or 'cbi from Unsprung Mass Equa. of Mot. Routine

[(u,v, )oC 5 »%),(P,0,R), (P, )]

ce

calculate Bi from Wheel Rotation Equatio. of Motion Routine

{Fc,,h,]
t "‘ ‘ .I
. o . uGio oSy + Vaio s%n#io
8, = 8, dt e -
] i io hy.
o o

22
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Unsprung Mass Tire and Spring Forces Lontrol Routi%e

Inputs:

Qutputs:

\

Parameters:

NOTES:

)

2)

\ 1

: T \
61061 s (xé’Yészé) , AAT, (P,Q,R) , (COSQ’X,COSBX,COSYX)
‘KCOSQ ,cosB_,cosy,) , (u,v,w) , M

y y y \ ’ 3 1 ? s
\ i \
| ' \ l
F , Sl

xui Fyul ’ qui '

qui ' Neui ! N#ui

z2o(x',y") y oa(x’y’) 4 8cx"y) R,

.

All equations containing the subscript i are to be repeated
for all wheels unless | Is specifically restrifted.

Whenever this routine calls for data concerning the wheels,
the input to, those routines will include two numbers for
each axle: for solid axle: (él’q%) or (63,¢R)

\

] double A-arm: (6',62) or (85,8,

\
}

This means that the number of variables flowing from this !
routine to others will be the same, the variables themselves
will differ. \ \

\ |

EQUATIONS: Get (xi,yi,z') from Wheel Position Routine [6i’¢i and/or q%/R]
|

X, X X,
' /

Vi |7 Ye +A Y
! 1

A z z
i c i

23
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\ © R=1452 '

Interpolate from the appropriate tablie:

‘.\ \
zéi ‘= Zé(x‘syi) ’ (PG; = CPG(X;’Y;) ’ eG = eG(x;s\_Y{)‘
\
) \

COSO{(;z'i cos e ; sinQGi
!
CosBGz'i =] - sinthi
\1 \ cosx(szi cos(pGi ccsem/

get ir,t'p; . (-cosq)i sin‘l(i » COSP, cos(}i ; ‘asimpi) and

! (slncpi sin\lfi , -<:c::s"vi sincpi , costpi}

from Wheel Rotational Steering Axle Direction Routine Eﬁpcpi +/or (PF/R’H

\
i

cosa e cosg, siny,
? '\
\ COSBywi = A cos o, c:ost#i
cos wa! s incpi \ '

\

T -1 !
%gi = 7 - COS [c:osolywi cosa 4 + cosByw.

; c:osﬁGz “ costwi COSYGz'E]

\

cosa, . ! sing; siny,
| cosﬁzwi = - cos‘q;i sincpi\l
| COSsz\vi cos¢;
‘\, , \‘ \
*#i' = wi (cosa'zwi cos &, 4+ cosBZwi cos BGz'i + cosy, cosYGz'i)

2k

i ——————— o i = st vt = . e it bt e - .
— . - e

-




R~ 1452 2
Dy cos® i cosag, /;
DZi = cosBywi X COSBGz'i
D3 i costwi CosYe, !
ccoso'ywi cosBywi cos’y{y wi
§
(Ii = cosa’szi cosﬁGzll COSYGz'l
0y Dy 035 ;
%! x! cosa +y! cosB +z! cos i
GPi i ywi Vi ywi T Zj GOS8V |
i
yo = C -1 Xi COSQu s, + Y: COSB._ 7.+ Z{ COSY,_/ *
GP1 i i g2’ it Vi az’t™ %4 Gz’
1 ? 4 !
Zgpi i Dyt Yy Dy + 2y By :
5
1/2 E

_ - 2 ! 2 ‘. 2
By = LOgmxgpy)™ + (ypmvgp)® + (24-2gp;)°]

h‘ = min {Af’Rw} ‘
/ !
cosa Xepi  Xi ;
_ AT 1L : 7
cosbpi | = AR Yerr Vi
COS z' - 4 )
Yhi i " %

O )

25
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cosb

XGi

=

R-1452

Dy
« ' D
- 2 2 . . 2| Yy
J/D,; + DZI + D3i
D3
COSQ’GZ li (ZC)SQ’c ‘

Y Gz
\cosyy cosYe, /!/
cosu cose 7,
= cosBx X COSBG i
cosy, cosYe, /;

a_, cosd + b , cosp + .
X} X Xi °Bx Cxi cos’Yx

3 3 3
\//axi byt oy

26
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R-1452

c
xi

2 2 2
+ bxi + cx‘

59“°xci = |cosy, -

axi

Seai = 0l st

a cos@ + b , cosBp + ¢ ., cos
yi Yy yi By yi Yy

cosQ =
Vel \/a 2 + b 2 +c 2
yi yi yi
c
sgncpym cosyy > > >
ayi + byi + cy‘

=1
1

y&i "Pyml SInPugi

calculate (ul,v',w') from Ground Contact Point Velocity Routine

(u,v,), (R,P,Q), h; ( 100sBy 1 ycosyy 1), (x,y h2))
(B281) or (/.8 15)

Ugi = Y cosexGI - W SInexGl
Vei ° Vi coscpyGi - W sincpyGI

I
calculate Fsi’Fcl’FRl in Tire Forces Routine

!
[h' (cosozm »cosB, , ,cosYhi) » ®airYoe W, , t]

Freut cosde, 4
= g’ AT

FRyul = FRI A cosBGz ’

Fpzui CosYe, /1

27
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///chui cosOEi
T

Fcyui = Fci A COSBci
Fczul COSYE
stui cosdsi
T
Fsyui Fop A cosBsi
Fszul cosYsi
qu! = Fqui + chui + stui
Fyui FRyui + Fcyui * Fsyui
qul = FRzui + Fczui + Fszui

calculate (Sxi’syi’szi) from Applied Suspension Forces Routine

(6;,0;,1.]

calculate N¢ui’N6ui’N¢ui’qui from Applied Suspension Moments Routine

Fyui*FyuisFzyirh;(cosay ;,cosBy 4 cosy, 1)

§, or

i (Gesr » %/r) + SxisSy195,;

28
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Appendix C

L. Wheel Rotation Equations of Motion

}' Tire Force Routine (Friction Elllpse)

Tire Force Routine (Friction Circle)
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R-14£2

Wheel Rotation Equations of Motion

Inputs: F., . hi

Qutputs: 0‘

Parameters: RRF/R , ij , 'Dj , ﬁj(t)

Equations: front : i=1, j=F rear : i=3 , =R
g ARG | w1y AR, AR, TQ
le+_15—]' ei+-—1-h—-Lei+l ="Fihi+'—j_—12
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Tire Force Routine (Friction Ellipse)

lnEuts: hi . thi ? ai ') UG' ¢ VG‘ t] ?{ ? t
14

Qutputs: 'st . ch , FRi

Parameters: Rw , KT , TT , AT , QT , Ao , A, , A2 ) A3 , Ah » By

pS = f (SC’UG) ’ :FQ:F/R(t) , cT

Equations
= KT(RW'hI) for 0<R - hi < o
= Ky [°T+AT(Rw'hi)'°T] for Ry = hy = 0o
?
I f FR| # 0
extrapolate a value of Fsi from previous calculations.
(f FRl - Fsi sincpcGi <0 set Fsi = Fci = FRi = 0 and exit,
If F

RI'FM ﬂn%G‘>0:

! - -
Fri = Fri se<%q - Fsi tan%g

I max {‘UGI|’IVGEI} <.5

I
o

and If lhieil <.5 then S, =

'f ,h‘e‘l 2 05 then SCI - Sgn(UGle') ¢ ‘.0

Preceding page hlank

31
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If max {Iusil’lvGi'} <.5

ro-

|

L

then )
h,6
S = ] - Il i -
ci Ua; cos?i + vgi siny/
and
Sci Sei if S_; <100
) = 1.0 sgn Sci if Sci 2 1.00

Interpolate from table

5 °si T f(Sci’uGi)
% Interpolate from table
. e/ = TRl
g If
2 TQF/R >0 (traction)
:; 1
' Fei = = Pgp Wy Fpy son Usi
¥ T jp S 0 (braking)
eSi = 1.0 for Ipsil <1.0
= — for |p_.| > 1.0
( )2 si *
Psi
Fei = = 0gp By FRy 590 ugy whichever
has smaller
- = wp Fryoson ug, abso lute
v
2 Gi ! value
e ; ¥ tan (arctan TIFNT‘- *: sgn uGi)

Gi

(-
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R-1452

7 4
Py (Ay-Fpi)Fpe,

If F.. >0 B! = S PP
Ri ~ By i Au[A Fm(FRi AY-A AT (et T T %eil e
-, A, F’ (F' -A,)-A A, Vai .,
5i = = (arctan TEE;T + By-¥; sgn uGl)
A ju (FR,) Fo
’ ’ (AI}-QTAZ)QT 2 '
If Foi > %A, B = [A Azrzr(ﬂr DEwW] (%gr = 5 %ar! %)

__AAS (1) A,
/32 -

(arcran T———T + 3 -wi sgn u. )

ci

!

. ’
Programming note: FRi > OTAZ case is sume as FRi < QfAZ with

QTAZ substituted for FRi except in

If lesi Foul Z In, Fil = 1.0 then F_ . =0
IFmax {|vg,| , lug;[3 < .5 then F_, = 0
If max {|VG'| , |uG‘f} 2.5 and IEII <3
then

si ci i

2 2 2 =
=¢/ by Fap =i F (B, % i lﬂ I* 33]

If max {lvGi|,|uGii} 2.5 and IEI 23

F 2

(son BV (ke - o, ci

Fsi

Use this calculated value of Fsi to reenter the iteration at the beginning

of this routine and continue until a suitable criterion is met.

33
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Tire Forces Routine (Friction Circle)

Inputs hy ’(°°S°hi’°°sﬁhi’°°syhi) » B i=1,2,3,4
1
Ygp » Vg o ¥io
Qutputs: Fop o Fop s FR’i i=1,2,3,4
Parameters: Ry » Kp s Op s Apy b, TQL(t), TQ(t)
AO’A]’AZ’A3’AA’(%
Equations
FRI = 0 Rw - h‘ = 0
= Kp(R-hy) 0 <R, =h <%
= KT[kr(Rw-hi) - ()\T-I)QT] Op < Rw - hi
Beginning of iteration on Fs‘ : use FS“3 as starting value:
I f FRi =0 or FR! = Fgy sin Peai
= Ff =
then Fsi = Fcl = FRI = 0.
Else
4
Fri = Fri se¢ %y = Foy tan 9,
look up TQ. , TQ T, = 227 1=1,2
P, T . AR ; '
= 1255 -
T, = T, i=3,b

v
’ ) T
Tlm = uFRi cos(arctan r:ﬁ?T ¥; sgn uGi)

Preceding page hlank
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If

If

I f

I f

T, <0

T, <0

i1 f

If

If

and ful 21932  F, =

and |uc,| <1.932 F ., =

ct

ci

Fi/ =

ci

’
= MFRi

for all i TS jur? )

RT

! 7
T, > luFRlI or T, > IuFR2§

and If Félh <F'’h

i c2 2

if Fé h, > Fczh

| 2

T, > [l or T, > uFy

I 7
and if Fc3h3 < Fcbhh

If Fé5h3 g Féhhh

36

then Fc

then

then

then

then

i

cl

cl

n

for IT,I ST

for lTil >'Tim

for 'T;l s Tim

for IT'I > Tim

for T, = IuFéil

for T, > IuFé|I

Fei
. M
, L1 -
Ferand Fep =Fer g,
h

Foa i, and Fep = Fey

.z T

L

o’

-
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A, (A~F! JF!

23" R/ TRy 2

< QA By = (%a1 = 7 Feqil By ]
RI 2 b AR TFR-A-A AT Yeet ~ W %ear! %o

AF! (Foo=A,)~A_A v
VRIVRI "2 D02 Gi ¢
(arctan ]—--T + B,=¥; sgn u.,)

, Aghs (A=A ) Q. 2
Fri > A, By = R TA A TATT-AT (%cqi = % %t l%qil)

AA QT(QT-I)-A v
- 172 0 Gi ' 42
B, = (arctan + B.~¥, sgn u,,)
Y (F o) 2oF 2] 1/2 TugT ¥ P 6 :

|F ;| = [uFp | - 1.0 then F_, =0

;iéz - If max £|VGI"IuGI|] <.5 Fep.= 0

I f mm(UvmlJUNI}E.S and IBJ <3

5 2 2r? 5 lsml. L33

Fo =V L)% 2 (B, 1R+ 550

“Tfi - If max{lvsil,luc‘l} 2.5 and IF}I 23 %
it

L =W 2,142 . 2

m.&? - Fsi = (sgn BI) W (FRI) 'Fcl

T‘ .y

Use this calculated value of Fsi to reenter the ijteration at the

2

..
o A i il <
LAY
| ¥
- 3

beginning of this routine and continue unti] a suitable criterion Is met.

WA s B Sl b AR ol B < M g e i s e garaom % Mty o
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Appendix ©
SOLID AXLE ROUTINES

Unsprung Mass Equations of Motion

!

Unsprung Mass lnertial Force

Unsprung Mass Gravity Force

Wheel Position

Wheel Rotatioq and Steering Axle Direction

Ground Contact Point Velocity

Applied Suspension Forces

Applied Suspension Moments

-
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R-1452
\ . .
\ | \
Unsprung Mass Equations of Motion (Solid Axle) \ \

!
i

Inputs: © (uyvyw), (, v, W), (P,Q,R),(P,Q,R), (9,8, )
\ qu"S,,Gw‘,GV3 and q%/R,6]/3 and q?/R’hi’( , coth',cosyhi)
Qutputs: B3 4 Gyp \ ;

| Parameters: front: Mg o de s @y Tes Zp 0 P g

rear: MuR ) 'R , =b, TR , zR ,\pR s g

| \
Equations:

Front: \ \

(1] or . _ ° - \ » . ’ .
M, (6]-q¥|st|nq%) = MuF[pF%?cosmh-w-Pv+Quf?Pqukcos¢F-a(PR-Q)

) +pgsinq#(QR+f)+(zF+5‘+chos¢?)(P2+Q2)]

+ S + G, .

T - *F +F 1 +5 712

ff Lo zul zu2 1 2t qul

i \ T T n Te
: Ngp = 5 (S'-Sz) - F o (5 sin g+, cos th)'qulo?T cos@-+h cosB, ,)

1'
e
ie
‘.
:
)
]
y

yul

% ' ;~é. - Fyuz(-;; sin¢F+h2cosYh2)+quu(;§ cos¢F+h2cosﬂh2)

. \ .
3 ;; 3, \ \ \ | \ .

% K - (15,0 VoM o8 )TN0 = M opcos gy oS Ingieh, pocs ingaQ

: JR

% ] ;: \ -(Mqucosqf[2F+6i+chost]+lF+hquF25in2¢?)#+MquFcos¢?ak

5',‘ \é' +MquFcns¢r[Ru-Pw-2P51+aPQ+pF(P2+R2) i

-~ 1

+zp+6 +ppcos @ )QR-goos Os In(prpe)]

,..,..“
rows.
[ 05y
o

| 2 .2
+Mu stin¢%[Pv-Qu+aPR-pF§inq?QR—(zF+6‘+chos¢F)(P +Q7)]

F

+|F[sinchcosch(Qz-Rz)-(1-25inchF)QR]+N(FF

39
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R- 1452

Unsprung Mass Inertial Force Routine (Solid Axle)

-'—D—E-"Lt-ns-: (U,V,W),(ﬁ,\‘l )’(PQQ'R)’(.P’é’.R)

Y3 i % %m0 %o

Qutputs:  bop o Yyui o Yaui o Yeur 2 Yeur 0 g
Parameters: front: MuF ya, 0, 2
rear: MuR s *b, p, 2y
Equations:
Front:
. . 7 . 2 .2
: , Ll = MuF[u-vR+wQ+2Q(6]-p¢ Fsinq%)+2qu%cosq¥-a(Q +R%)
I -psInqk(PQ-R)+(zF+6‘+pcosq%)(PR-Q)]
i bz = 00t = Ly (Zp#8) s 1g, = 0
. 'yul = MuFlv+uR--wP+ptpF sinq¥-pq¥cosq¥~2P(6]-pq%slnqh)
& +a(PQ+R)+pslnq%(P2+R2)+(zF+6‘+ocosq¢)(QR-P)]
; - - =
Se Iyu2 0, g,y = !xu](zF+6]+pcoqu) » lgga = O
& oy = 0 i\I«ul - |xulps;nq’Rﬂyula 3
i a2 = 00y, = 0 4
3
Ly ‘




’,hﬁ £ —O~‘- ’ i ) I Tt i : N

R-1452

| ~ M o [u-vR#+20( 33- pips Inp)+2Rog cos ) - ¢b)(Q2+R?)
-0 lnch( PQ-F'!)+(2R+63+pcosch) (PR-Q)]

= 0, |¢u3 = |yu3(zR+63) ,Iwh = 0

. « 2 . M .
- MuR[v+uR-wP+pch"s Ingg-pfpcosgp-2P( 83-p@gs ing,)

+{=b) (PQ+F.1)+pS lnch(P2+R2)+(zR+63+pcosch) (QR-f’)]

0, lgy3 = lxu3(zR+63+pcosch) v logy =0

! = 0

2u3 , "VU3 = Ixu3psin<pR+lyu3(-b)

T '$u4 =0

L2




)

=] R-1h52
g F” l Unsprung Mass Gravity Force Routine (Solid Axle)
E;a £ I Inputs: (=sinB,cosBsing,cosbcosg) = last row of A
[
2 Y13 0 %R
;E L Qutputs: Gy » Gyui’quI ’ chui » Ggyi » GWui
1
E % ? Parameters: front: MuF 19,2 ,p,9
£
E;I rear; MuR,g,zR,p,-b
Ly
by Equations:
til —guations
gl
R
% b Cautzz = = Mypjpesin® Gy = O
2 ﬁ'
1k
E" - GyuI/S = MuF/Rgcoseslntp GyuZ/h =0 F and R
18
& =
’“':: - Cputs3 = 0 Cou2/k = 0
L
%; L ¥
B = - =
Fg‘r * .y
& = =
4 Goul 61 (2+0y+pcose) Gouz = 0
;* i G = G sing+G_ ,a G =0
8 yul xul PSING: yul Yu2

vL rear:
l Gou3 = Gxu3(2R+63+pcosch) Goyy = O
‘ GWU:‘ = Gqupsin<PR+Gyu3(-b) qul’ 0
g |

. l

‘‘‘
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R-1452

Wheel Position Routine (Solid Axle)

Inputs: (610‘&) or (53,(PR)

Qutputs: (x; » ¥p o z;)
Parameters:

rear: b, Tp, Zp

Equations

front: X; = a

T
i
Y; = -(-1) 7; cos

front: a, Tp,» 2p» 0

s P

Gempsing i=1,2

T
= £
zy = ZF+61+pcosq?+ 3 sin @

rear: xI = =b

TR

Y = -("I)i -5 cosqp ~psin % i=3,4

T

2z, = z+b +pcos¢-p—5 sin
i 3 R'2 PR

R
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R- 1452

Wheel Rotation and Steering Axle Direction Routine (Solid Axle)

loputs: €, G or Gy, §or g
Outputs: bl .
(-cos¢isln*,,cos¢‘cos%,sln¢;) and (sin¢isln¢;,-cosWisin¢l,cos¢i)
Parameters: front: a , b, Tp, Kee » ¥(t)
rear: KSR

Equations:

for steer axle (assumed front):

? 2 = %
“ = %

look up and interpolate Yy = #(t)

o

-1 (a+b)tan?E

¥, = tan s + Ko p e i=1,2
a+b+(~1) -E-tanWF
for non-steer axle (assumed rear):
B 5% T R
(p3 = (pu = ¢R
3= W = Kp%k
calculate:
- cosQ sinvl sinq)i sin\yi
cos®, cosvi and -cos'#i slntpi
s!nw‘ cos g,
Preceding page blank 47
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R-1452

Ground Contact Point Velocity Routine (Solid Axle)

Input: (u,v,w) 5 (P,Q,R) 5 (x55¥452;)
h‘ , ( ’ cosehiscosYhI) ’ (%98]) or ((.PRo063)

Qutput: (ui,vi,wi)

Parameters; front: TF’pF

rear: TR,pR
Equations: '
front: u, = u+in--Ryi
L] TF
Vi = wiR xi'P(zi+hi°°sYhi) + ¢%(p¢0$¢?¥7{ sinq¥+hicosyhi)

wi = w+(P+CPF) (yi'*'hiCOSBhi)"O)(i + 61

rear: u, = utlz;-Ry,
T

W, = w+(P+qk)(yi+hi°°sshi) - Qx;+85

N.B. u; is the forward velocity of the wheel center

VW is the lateral and vertical velocity of the contact

. R
v, = V+in'P(zi+hic°sYhi)+¢i(pcosqh+7f sinqk+hicosvh')

patch ''center"

For analog implementation, this routine can be combined with the

Wheel Position Routine.
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R- 1452

Applied Suspension Forces Routine (Solid Axle)

lnputs: \PF/R ’ 5;/3 ’ ‘PF/R » Ms

Outputs: Sxi , syi . Szi

e e v g et Ty £

P T RSt VLKA RS FY SR 7 B DS
SN Sl g Mt S CR AN FXR? A S o

Lb - i *"'* a. I'i H “

4
Parameters: front: TSF,CF,eF,KF,QF,xF,a,cF,RF,b
. ’
3 rear: TSR,CR,eR,KR,QR,AR,b,CR,RR,a
il |
L F Equations:
/ . - T i
l front: Qi = =(-1) ""'Sfﬂ‘-PF"'s ]
l 6 = - (- l) 2 chcosch+
| I Figg = 0 l6;1 s :
| ' y .
i = Cposon § 2> <
Fari = K& 0 <fgl<q
= K [Q sgn &, +A (C‘ - sgn Ci)] lCiJZ Qc

£

. R
Sz1 = Z(arby Ms9CkCi - Fip wFopp + (1) [Tsp] %

HH

xi yi
rear: C‘ = (- 1) sin(p 3
l : T ..
- . i R
‘ Ci = "("]) '-;_'(P cos (PR 3
Flpi = 0 SAAEEN
r e b e,
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R-1452

Applied Suspension Moments Routine (Solid Axle)

Jnputs: Fuxi Fuyl v Fuzi o 6|/3 » %/R 0 Sxi ? sy! » S
h; | (cosap; , cosBy; ,

Qutputs:  Nep o Noyp s Noyp o Figg

Parameters:: front: 2, TF , @, TSF

rear: Zp TR sy =b, TSR

Equations:

front:

T
i 'sF
N = - Fuyi(zF+6|) +(~1) 5 5,1

qui

Nowt = Fuxi(Ze*8y)+a s,
N = (-l)' F (IE cos@, = psing,=h,cosP, ,)+F . (a+h,cosqa,,)
yul uxiV2 COSPR = PSINGR=NCOSEL 17Ty 1 3¥ N €05y

rear:

T &
I "sR
N 'Fuyl(zk+63)+(']) > Sz'

Noyi = Fuxi(zgrig)+(-b) S 4

T
i R
(=1) Fuxl‘?? cosz-psinqh-h‘coth')+Fyul(-b+h‘cosah')

This routine must set Fuzl = 0 since all suspension forces propagate

through the springs.
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R-1452

Appendix E
DOUBLE A-ARM SUSPENS ION ROUTINES

Unsprung Mass Equations of Motion

Unsprung Mass Inertial Force

Unsprung Mass Gravity Force

Wheel Position

Wheel Position and Steering Axle Direction

Ground Contact Point Velocity

Applied Suspension Force

Applied Suspension Moments




R-1452

Unsprung Mass Equation of Motion (Double A-Arm)

Inputs: (ve (s s W), (PR, (P, )
F

S, , G $

zui * Vi zui ? i

Outputs: bi
Parameters: front: Mi s @, TF » 2 z

rear: M‘ , b, TR » 25

Equations:

Front:
- : . ' v Tp
Mizsi = qu'+S;+qui-M‘[w+Pv-Qu+a(PR-Q)-(-l) -i-(QR+P)
~(zp+6,) (P2402)]
:
!
Rear: ;
A |
M8, = qui+S‘+qu‘-Mi[v'w-Pv-Qu+(-b)(PR-Q)-(-I)—{(QR+P) ’
i
~(2,#6,) (P240)] |
i
55




\ R-1452

\

\ Unsprung Mass Inertial Force Routine KDouble A-Arm)

lﬂEﬂEﬁz (u,v,w),(ﬁ,?, )’(P9Q3R),(é’é9§) \

}
| 5 5' \

\ |

\ i

|
Parameters: front: Mi y @, TF s 2

rear: Mi s =b, TR > 2p

Equations:

1

front: ' |
heai = My LovRes208 -2 (@4+R%) (1) S (Re0P) +(2p26,) (PRAQ)]
! ; § wa(k i.TF 2,2 :
i = \Mi[v+Ru-Pw=-2P6i+a(R+PQ)+(-|) 5 (R°+P )+(ZF+5')(RQ_|>)]
\ .
lzul =0

qui = yui e8! \

-|xui(zF+6i’

Ieui
- iT \
'WU) = =0 "% 'xui = Yyui @ \
rear: “
: ' 2,2 ! TR A
leai = My L0-vRewQ+208 ~{-b) (Q*+R")461) 5 (R-QP)+(z.+6,) (PR+Q)]
; : v i TR 2 2 :
\ 'yﬁli = Mi[v+Ru-Pw-2P6‘+(-b)(R+PQ)+(-]) = (R%+P )+(z+6,) (RQ-P)]
Izui =0 \
4
l¢ui = lyui(zR+6i)
= }
Youi = xui(zﬁ+6i)

. TR
lyui = -(-1) Efnlxui-|yui(-b)
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i \ R=1452 1 . |

. i

b A Unsprung Mass Gravity Force Routine (Double A=Arm) .

3 . i

A l Inputs: (-sin®, cosbsing , cosBcosy) = last row of A’

ASERIE

- Voo
' i
i 1

BLEESS

ek
%

L S A
e o v, a B S T By
': . i - v
—

S T T i T S T S

i . Qutputs: Gui Gyui » Gyyp 0 hcpu! » Bgyp » G*ui“
- :
- Parameters: M. , g
T ! \
. \ . ‘
f ; - ! fron.: ze TF , i
e e |
; E rear: zp, TR , =b
T -
g .
- - fquations: | \
3 :. ! quations: l !
- \ \
Ay e 1 4 !
d i » = \
= wi T Mgt |
‘ 3 § i Gyui = Migc\osesinq)
A H | \
D o 1
P \ 6, = 0 (No force propagation vertically)
- . i
E . . front: \
. —_— \ |
n z _S, '

Soui = Byui (2p*e)

\ ‘ GBui = Gxui(zF+61)
TF |

ui7+G a

By = (-1 G
\

yui

un] = -G\yui(zR+6i) ‘ :
1
Geui\: = Gxiji(zRMi) |

i T
\ Gpui = (=17 Gy 7 + Gy (-b)

PSR U e e e 2 W e v

[

A




R-1452

Wheel Position Routine (Double A-Arm)

lnputs: 6; '
Outputs: (x;2;52;)
Parameters: front: a , TF ' 2p
rear: =b, TR s Zp
Equations:
Front: X, = a

Rear: Xy = «b

61

1,2

3,4
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R-1452

Wheel Position and Steering Axle Direction Routine (Double A-Arm)

Inputs: 61 , t
Qutputs: ¢i

(-cos¢isln¢i,cosvicoswisinwi),(sinwisinWi,rcoswisin¢i,cos¢§)

Parameters: front: a,b, T , 9(8), v(t)

rear: a, b, @(8) , ¥(5)
Equations:
interpolation from ¢(8) table

o, = 9(8;)

¢i calculated somehow - suggest fit poly to ¢(6i)

curve and differentiate it

for steer axle: (assumed front)

look up and interpolate ¢F=W(t)

then i

(a+b)tan §

¥, = tan P
] T

F
;a+b -3 tan WF

_ -1 |(atb)tan VF
wz = tan T

F
_a+b+ > tanwF

for non-steer axle: (assumed rear)

interpolate {; = W(éi) =3,k
calculate:
- coswisinwi\\ sincpisin\ixi
cos@;cos¥, and --cosqaisin.‘#i /
sincpi // cose;  /
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R-1452

Ground Contact Point Veloclity Routine (Double A-arm)

Inputs: (u,v,w),(R,P,Q),

hy , cosB, ,cosY; , (xi,yi,z") » Py 8y
Qutputs:  (u;,v;,w;)

Parameters:

Equations:
u‘=u-!-0_z;--Ryi

vp o= ovh Rxl_-F'(zi+hicosyhi)-Eplhicos'yhi

W, = w-t-’:"(yE-e*t‘licosﬂm)--Qxi-e-cpih‘cothiHSi

i=1,2 or 3,k

N.B, is the forward velocity of the wheel center

i
VW is the lateral and vertical velocity of the contact patch ''centert®

For analog implementation, this routine can be combined with the
Wheel Position Routine.
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[ I R=1452
! I Applied Suspension Force Routine (Double A~Arm)
;L )
: l Input: 8 4 8y 5 M,
B £ .
a s 3- Output: SXI ’ Syi, SzI
gL
', o Parameters: front: c'; » Sp KF ’ 0'_. R )‘F - CF R R,_. , TF y b
;é, rear:  Cp, 6p, Ky o Qg s Ags b, Coy Ry, Tp,
" v Equations:
é in )
9 front:
A Fipr = 0 18,1 =
- = Crf. sgn 6! l5i| > e
oL
4‘ an = KFGI l6i| = QF
- = K[ sgn 8,47 (6,-0 sgns,)] ;| > ol
‘4 M (6 -6 )
B ) ° = b _-9' - RF inanaar—aamaned
A S2i eyl il i"F1ptFor- (1) [F T ]
K ‘5 , rear:
. Flpe = 0 I8, = o
ww . .
~ = Cp sgn &, |6‘| > ep
e
Fari = Kr 'Sy o = o
= Kpl0; sgn 6,+hp (8,0 sgn )] [8;] > o
Re (6,-85)
= a - . - RTL _____L
S20 T 2aws) M9 ChFimiFamim(1) T

Sxi = Szl =0

Preceding page blan.k

NSOV SR STt s e et

e

|
i

PRI N




R~-1452

Applied Suspension Moments Routine (Double A-Arm)

dnputs: Frui Fyui ’ qu! ! 6! ’ sxi-’ Syl ’ szl
hy » (coscvhi » cosB; , °°5th)
Outputs: Nqul , Ne“' ’ N@ui , qu‘

Parameters: front: zp,u,a

rear: Zp s TR , =b

Equations:

Front:

N ! ‘\

P F
oul 'Fyul(ZF+6!+hlc°SYhi)+(']) > $4

Neul = qui(zF+6i+hl°°SYBi)+szl a

T
i F
(<1)" Foyi(5 + by cothi)+Fyu‘(a+hicosah;)

Nyut = }
Rear:
N = «F_  (z,+6,+h,cosY,.,) +(-l)i IB S
qui yul VERT OO0 Vg 7 °zi

u

Neu.l qui(zR+6i+hi°°sYhi)+szt(-b)

n'F

1

T
'R
( 5 + hicothi)+Fyu‘(-b+h‘cosahi)

N¢ui xuil

This routine must set F_ .
Zui

only through the springs.
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