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Abstract

The differential and total cross sections for ellipsoids and elliptic cylinders

having Gaussian electron density distributions have been obtained by a ray tracing

procedure. Calculations for the case of an external magnetic field were restricted

to the ellipsoidal distributions. The results show that the scattering is extremely

sensitive to the orientation of the body. A peak in cross section occurs at the scat-

tering angle corresponding to the ray normal to the critical surface, and increases

as the surface becomes flatter. The cross section is sensitive to the ratio of peak

density to critical density for moderate values but becomes relatively insensitive

when the ratio exceeds 3. The total cross section is a very sensitive function of

both orientation and ratio of ma3or to minor axes. The introduction of a magnetic

field decreases the ordinary ray cross section; the extraordinary ray exhibits

higher values only in the forward scattering region, but is always higher for the

spherical case. Comparison of the Gaussian ellipsoid with the corresponding con-

ducting ellipsoid shows that the Gaussian has a large cross section in the forward

region but considerably lower values -'n the backscatter region.
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$cattering of HF Radio Waves by Elliptical
Electron Dentity Distributions

1. INTRODUCTION

In recent years there has bpen aocm work performed on the scattering of High

Frequency (HF) radio waves by artif"-cial chacg6 distributions in the ionosphere.

The most notable of these are the "SECED E" Ba jum W Releases whi.ch have beme

discussed in the litirature :Bates, 1971; Rao, et al., 1971; T iome, 196IH). Up to this

time, there has not been a thorough investigation into the srcatter',g by thzae re-

leases as P function of angle of the incident wave t3 the major axis of the releases.

We have therefore c 'dcuated the total %r-ois section f nd the dif•.reztial cross

section ox a long cylindrical charge d.stributim with an 6Iipsoidai croSs section

and a two-dimensional Gaussian ,leztroa derls&y distrib'Ation for Reveral orienta-

tions of the mnjor axis of the distribution to the Lncident wavc. To "•erforni these

calculat.- - w.- niuply the theory of r:.y optics ant use !.L•lýgro',re's differential
equations (Kelso, 1964) to calculate the ray patho. I,., calculate the incex ot refrac-
tion, he hzwe emrloyed the Appletnn-Hart-ee dispersion equation tKelbo, i964)

neglecting absorption by the medtun.,

In the following discussion, we will present roir results for L.e differential and
total cross section of long cylindrical bodies wnich ha•ve various ellips~i(Ial c~ru•s

sections and differing electron contents. In o.dditivon, we will tro'at the 'a,3oron oi a

(Received for publication 17 January 1972)
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prolate ellipsoid when the direction of propagation of the incident wave is along the

major axis of the ellipsoid.

Although it is known that the artificially induced charge distributions take an

ellipsoidal form, we will initially treat the simpler case of an infinitely long cylin-

der with an elliptic cross section. The special case of the incident plane wave par-

allel to the major axis of the charge distribution can be treated as a prolate ellip-

soid since there Is no dependence on azimuthal angle, and thus the crosý section is

a function of scattering angle only. The azimuthal dependence of the cross section,

which is important in the case of an incident wave at an oblique angle to the charge

distribution, has not been included in our calculations.

2. ANALYSIS

For a spherically symmetric distribution the scattering cross section is given

by the formula (Merzbacher, 1961)

S4ffb db=(1)

where b is the impact parameter, and I nh scattering angle. We have introduced

a factor of 417 in order to be consistent with the definition used in radar cross sec-

tion studies.

A more general formula (Merzbacher. 1961) for the differential cross section is

dA = a(S,) ,IA' (2)

where dA is the incident flux per unit area and dA' the area into which it is

scattered.

For a long cylinder, neglecting end effects,

dA = db dy (3)

where b is the impact parameter and y is a length along the cylinder. In cylin-

drical coordinates, we have

()dA' = u(0,y) dO dy (4)

"where 0 -s the scattering angle. Substituting Eqs. (3) and (4) into Eq. (2),

dbdy = a(O,y)dOdy. (5)
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Since the cylinder has a uniform cross sectional area along its length, a is a

function only of 0, and we can thus integrate the y component to obtain

db = o(O)dW. (6)

Introducing the factor of 217 to be consistent with radar cross sections, we.

obtain

10) = 2ffrdb (7)

Eq. (7) was used to calculate the differential cross section per unit length of

the cylinder. For convenience, we have taken the unit of length to be 1 km. The

total cross section can be calculated by integrating the abovec equation over 0.

In order to evaluate the derivative in Eq. (1), we must calculate the paths of a

number of rays in order to obtain the dependence of b on 0. These ray paths are

determined by Haselgrove's equations, which we will discuss in the next section.

The evaluation of the derivative was worked out with the help of Rosenberg (Rosen-

berg, 1971), who has written a spline fitting program (Ahlberg, 1967) which allows

us to fit a function to a number of cubic polynomials so that the first derivative is

continuous or nearly continuous at each point along the curve. Thus we can calcu-

late 0(0) under a variety of different conditions.

3. PROCEDURE

We now discuss the evaluation of Haselgrove's equations and the computer code

which was written to calculate the scattei ing cross section of .' long cylinder with

an ellipsoidal cross section. Figure 1 shows the system of coordinates which we

have used in our aralysis. The x-axis is horizontal, the z-axis is in the vertical

plane, and the y-axis points into the paper. The rotation angle of the ellipse OR is

measured counterclockwisr from the positive x-axis to the major axis of the el-

lipse. The impact parameter b is measured from the x-axis and is incident from

the left. The perimeter of the ellipse is the curve along which, when no rnagnetic

field is present, the index of refraction N(x,z) is zero (critical ellipse). The dis-

tance Z is the z-coordinate of the point in the left-hand plane, where thu tangent to

the ellipse is perpendicular to the x-axis.

In order to solve E+. (7), a Fortran computer program was written to calculate

b(9) and subsequently evaluate V(W' for a number of different parameters. Follow-

ing is a brief description of the steps involved in the computations. Appendx A

contains a copy of the computer code which was written.
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A18 The first step in the calculation
/ of cross section is the determi:ation

- of the rays which define b(O). In
-/ order to calculata the rays, we need

Ab •a Eset of impact parameters which
should cover the complete range of

scattering angles. This set of impact

x - AXIS parameters varies according to the
7 orientation and width of the cyiinder.

/ To determine a complete set of im-

pact parameters, we calculate a quan-
tity Zi about which we symmetrically
distribute the impact parameters by

Figure 1. Geometry and Coordinate Sys- Z = Z - .3 sin(eR) Zmax (8)
tem of the Electron D,-.nsity Distribution

where OR is the angle the major axis

makes with the x-axis, and Zmax is the maximum z coordinate of the critical el-
lipse. The above empirical formula was found to work sufficiently well for the ro-
tation angles 00, 450 and 900.

The impact parameters were closely spaced near the value of Z', but the spac-
ing &icre-.ses as we proceeded away from the line of symmetry. T.ae maximum
sepr atiot, between impact r ,rameters was .25 kin, and they extended to a distance

of 4 Zmax from Z.

Once we have chosec the impac,' parameters, we launch each ray from an x
coordinate of '-5 km towards tne ellipse. Haselgrove's equations, which define the
path that a ray will take in a medium with an index of refraction 1A are:

ax. = e (i cos a + Esin a)

at 02 JJ

St A2 (A sin a .- .ý- sin a) %9,bt i2 t

S-E (Cos - sin a
taz ax

where u(x,7) is the index of refraction at Ihe point (,,z, The phase angle of the ray

is at, and -T is the angle between tr,. ray direction and the initial direction of
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propagation. To solve Haselgrove's equations by computer techniques, Eqs. (9)

were transformed into Eqs. (10),

Ax = Ad ( cos a + a sin O) /

Az = Ad (4 sip a - Iacos a) / u2  (10)

&a = Ad (cos a sin / JU

where Ad = c At ard c is the speed of light. The quantity Ad which was used in

integrating the above equations represents the step size which at a maximum was

0.5 km. This vtlue was decreased by the program such that in no step would the
phase angle change by more than 30. The integration was carried out by means of

a Runge-Kutta method for the solution of a set of simultaneous linear differential
equations ;Scarborough, 1930). When the calculation of the rays was performed
with a step size of 0.25 kin, half the normal step size, the maximum difference in

the scattering angle was 0.0090. The difference in the scattering cross section was

less than 0.001 km 2 where the maximum scattering error occurred.
The value of p at each point that the equations were evaluated is given by the

Appleton- Hartr, 3 Disper sion Equation,

p 2(x,z) =1- IY) 011)
Il- X-Yt.]t + Y, ( - X)2

%-here

X(x,z) = p exp [(x + ) (12)
Xo ZO /]

A measure of the hardness of the charge distribution is p, which is defined as

the ratio of peak plasma density to the critical plasma density. If p is somewhat

greater than 1, we have a hard charge distribution, for which we consequently have

a significant region of backscatter.

The Gaussian half widths of the charge distributions are x and zo.

The gyromagnetic ratio (ratio of ion frequency/incident frequency) is Y, and

Yt and Y, are the Lransverse and longitudinal components of the gyromagnetic

ratio,



Yt = Y sin %'a- H)
(13)

Y1 = Y cos (a- OH)

where OH is the angle the magnetic field makes with the incident wave, In the case

of a nonmagnetic fiel]d, Y = 0, and the equation for the index of refraction sim-

plifies to

S(xz) = 1 - X. (14)

Once each impact parameter has traced a ray, the resulting table of b and 0 define

b (0).

The value of b for 0 = 1800 is defined as the displacement, and it is subtracted

from all values of b. The reason for the displacement is the asymmetry of an el-

liptical charge distribution when it is rotated with respect to the incident plane

wave, or when a magnetic field is present.
The tablfo of b and 0 is then interpolated at intervals of I0 with a cubic spline,

and the slope at each point is calculated. Since the slope has a few discontinuities

due to imperfections in the method of interpolation, it is smoothed by taking an 11

point running average twice.
The process of smoothing is of questionable value since the total cross sec-

tions appear to be increased by as much as 10% when the smooth data is used. The

effect of smoothing appears to "lift" the curve, thus increasing the value of the in-

tegral. The region where the smoothing is needed is normally in the backscatter

region where the cross section is small. Thus it would seem that, although not

aesthetically pleasing, the curves with small discontinuities in the backscatter re-

gion are more accurate over the completed range of angles than the smoothed

curves.

Once we have the derivative, the cross sect.on is easily calculated by Eq. (7),

and the total cross section

"0S =r I I dO. (15)

The values at 00 and 3600 are Jetermined by linear extrapolation.

In order to compare the cross section values to a cylindrical rod of circular

cross section, we have calculated the values of x0 and z such that the total elec-

tron content in a slicc of the cyliader is the game.
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The electron content in a circular cylinder of unit length is

p exp (!x didz = pwro, (16)

and the electron content in an ellipsoidal cylinder of unit length is(0 2 2\ii S pexp x2 - -z )dxdz = pWz.- 1
0 

(17)S-0 Xo 0

Therefore the electron content for a slice of a cyluider will remain constant if the

product of the major and minor axes remains constant.

Ifwr taker = 1 km, then

1 = x z. (18)
0 00

SIf we want an ellipse with x /o 5 RO te

S~2
"1 = 5z (19)

We will now be able to determine not only how the orientation of the charge distri-

bution changes the cross sections, but how the shape of the distribution affects the

cross section.

The program which was written had a number of parameters which could be

changed to investigate their effects on the cross section. These parameters were

_p Xo 0z and OR. The output of the program was:' impact parameters, the total

cross section per unit length, and a tabulation of ', db/dO, o(0) at 10 intervals, and

total cross section.

4. RESULTS FOR A LONG CYLINDER

The program to calculate the cross sec-tions produces 6 graphs for eacb choice

of parameters. The curves are the -ay paths (Figures 2a, 3a, 4a), the function f(O)

(Figures 2b, 3b, 4b), the derivative db/dO (Figures 2c, 3c, 4c), and the cross sec-

tion (Figures 2d, 3d, 4d). In addition, the smooth values of derivative and cross

section are also plotted but are not shown. Figure 2 has the ellipse unrotatee.

Figure 3 has the ellipse rotated 450, and Figure 4 has the ellipse rotated 9•'ý ;.,

all three cases, p = 2 and R° = 3. In Figures 5, 6, 7 we have shown the differen-

tial cross section for Ro = 1, 2, and 5; OR = 0, 45" and 900 with p =2.0.
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(a)(

CROSS SECTION VS SCATTERING ANGLE

II

I I!

(c) (d)

Figure 2. Scattering From an Elliptic Cylinder with p = 2.0, R° 3, and = 00;
(a) Ray Paths, (b) b vs 0, (c) db/dO, (d) a(O) R

From the figures, it can be seen how the detail structure varies with different

orientations, and the sharp peak when R largest.
If we carefully examine the differential cross section curves in Figures 6 and 7,

we notice that the cross section reaches a relative maximum between the end points.
Thi3 peak, which is dependent on the angle between the major axis of the ellipse and
the propagaton direction, increases the total cross section. The radius of curva-
ture of the charge distribution is also an important factor. The peak is highest
when the curvature is small, and the wave normal is perpendicular to the tangent

of the charge distribution at the point of contact with the critical surface.
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S~9

II

C SA

: ! I

_ _ (c) (d)

Figure 3. Scattering F'om an Elliptic Cylinder with p = 2.0, R° 3, and 0 450;
(a) Ray Paths, (b) b vs 0, (c) dbidO, (d) R(•)

dbd,()00
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II
A__ _ _ _ _ _ _ _ (b)

[ROSS SECTION vS SCATTERIN ANGLE- r - -. ...... ....... r .\

-II

- (c J(d)

Figure 4. Scattering From an Elliptic Cylinder with p = 2.0, R = 3, and 0lR goo;
(a) Ray Paths, (b) b vs 0, (c) db/d6, (d) c((8) a
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SCROSS S(EfIOk VS. SCIIAERING ONGLE CROSS SELTION VS. SChTIlRING RAGAE

(a) (b)j

EV055 SENC.ION YS S(•ATUItIr Q01GLE

I

(c)

Figure 5. Differential Cross Section for p = .0, 0R 00, and Several Values of Ro
(a) •. 1, (b) Ro 2, (c) o- 5
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( CROSS AC'10" VS. SCa41!G lI 4 CaO5S ES(CTON VS. S'.1IE31G OMaLC

Ii

II)
p'9

(a) (b)

* RO55 SECTION~ VS SCVTY[NIPNS AN.GLE

gi

(c)

Figure 6. Differential Cross Section for p = 2.0, OR 450, and Several Values of Ro;
(a) Ro= 1, (b) Ro = 2, (c) Ro = 5
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SCIO is. 'SATIilli VE cub SCTI W. 5CITTERIOZ "r

-I •

'II

(a) (b)

CROSS SECTION VS SC'iTTERING ANGLE

I.

I'

___ (c)

Figure 7. Differential Cross Section for p 2.0, OR = 90%, and Several Values of Ro;
(a) Ro = 1, (b) Ro =2, (c) Ro= 5
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In Figure 8 we have plotted the location of the peak vs the rotation angle of the
ellipses for Ro = 2, 3 and 5. The points which do not lie an the line O. = 29R

probably are different due to the reflecting body being an ellipsoid.

0 -3

11"0

o 2
R0  6O29

0-0 06 90

Figure 8. Angle of Relative Maximum of Differ-
ential Cross Section vs 0R

In Figure 9 we have shown how the cross section at an orientation 00, 450

and 900 changes as we vary p and keep H° = 3. One of the important features

we have noted is the insensitivity of the total cross section to p. Figure 9 shows

the variation in cross section is not very significant for p greater than 2.

In Figure 10 we have plotted the total cross section per unit length vs R° for

four different arigles of rotation. This graph demonstrates how elongation of Ehe
distribution can increase or decrease the total cross sect .on; for an angle of about

200, the cross section remains relatively constant regardless of the value oi R0 .

In Figure 11 we can see the large change in the total cross section as a func-

tion oý angle. This graph demonstrates the importance of knowing how the ellipse

is aligned in order to properly interpret radar data. In addition, we have also

plotted the smooth data on this curve for R° = 5 to show how the total cross sec-

ton has increased with the smoothing.
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I0-_ _ _ _ _ _ _

S~ on -goo,

6-

Km
2

4 OR .4,

2O

0 2 4 6 8

Figure 9. Total Cross Section vs p for
Ro -- 3, and Several Values of OR

0"90*

e•. -45-

I 
~OR- 

20*

O 2 4 6Ro

Figure 10. Total Cross Section vs R0
for p = 2.0, and Several Values of OR•
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100-

Kmt

Ro- I

20 • 30" OR 601 , ,9

Figure 11. Total Cross Section vs OR for p = 2.0,

and Several Values of Ro

S. RESULTS FOR THE PROLATE ELLIPSOID

In the case of a prolate ellipsoid, the cross section of the electron density dis-
tribution perpendicular to the major axis is a circle. If we have a plane wave in-
cident along the major axis of the ellipse, it encounters a circularly symmetric
charge distribution, and we can apply Eq. (1) to calculate the differential cross

section.

In Figure 12 we show the differential cros3 section for R° = 1, 2 and 5. From
these curves it appears that elongating the distribution has an effect similar to de-

creasing the size of a spherical distribution or decreasing the value of p. If we
21r

integrate Eq. (1), we obtain the total cross ser:tion a " odO of the ellipsoid.

In Figure 13 we have plotted the total cross section vs R. keeping the total
electron ,onteat constant. For this case Eq. (19) has to be modified such that zo is

a function of the cube root of the ratio. From Figure 13 we can see the dramatic
decrease in the total cross section as the incoming wave encounters a smaller area
perpendicular to the direction of propagation and thus has a smaller backscatter

region.
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* CROSS SECTION YS SCaTTE*IImo ANOM * Cae5S SECTION, V. Ct(I lIE

(a) (b)

* h5 SC~w, ~ '13N WS "ATAG?.td Q4'Gi

.-r'•1 / c

Figure 12. Differential Cross Section vs Scattering Angle with Azimuthal Symmetry,
p = 2.0, OR 00 and Several Values of Ro; (a) R°= 1, (b) R =2, (c)R = 5

0o
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100

Ken2

60-

40

200L 21 4 6
Ro

Figure 13. Total Cross Section of
Ellipsoid vs R for = 00 and
p = 2.0

6. RESULTS OF THE PROLATE ELLIPSOID IN A MAGNETIC FIELD

We have performed some scattering calculation for the case of a prolate ellip-

soid with p = 2.0 with the magnetic field aligned along the major axis of the ellipse

and a gyromagnetic ratio of 0.3. Calculations of the differential cross section for

both ordinary and extraordinary rays with Ro = 1, 2 and 5 are presented in Fig-

ures 14 and 15. The cross section for the ordinary ray has a somewhat lower

cross sect ion than that for no magnetic field. The cross section for the extraor-

dinary ray is always higher than the nonmagnetic field results for Ro = 1 but is,

however, higher only near forward scatter for other values of HR.

7. COMPAW'-(GN OF GAUSSIAN AND CONDUCTING ELLIPSOIDS

To show the effect of a change from a continuous density dio-tribution to the

extreme case of a conducting body, we have plotted the scattering cross sections

at 0R = 0 and R° = 3 of the Gaussian ellipsoid (p = 2) and the perfectly conduct-

ing ellipsoid (Crispin and Siegel, 1968;. The surface of the conducting ellipsoid

was chosen to correspond to the critical surface of the Gaussian ellipsoid. As

indicated by Figure 16 the cross section for the Guassian distribution is larger

for a range of forward scattecing angles but decreases so rapidly that it is
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CROSS SECTION VS. SCATTERING AWL \ CROSS SECTION 'IS. SCATTE'tI¶G fIING4

5L. S,,,(,,• ,,..t ,,,. 0, ,,C,,,(,,m ,.,CI ,,,.-

(a) (b)

CROSS SECTION V5 3CATTERING ANGLE

C CQ~vt(BI' *&r~,!I 10,. 2 )

0 o 0. 0 60 2 'ao 2'00 7•0 02-o 20 3160

(c)

Figure 14. Differential Cross Section of Ordinary Ray vs Scattering Angle for
p =2.0, OR =00, and Several Values of Ro; (a) Ro =1, (b) Ro =2, (c) tRo= 5
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R ~ OSS SECTION VS SCAT Rt AftCLE CROSS SECTION VS. SCATTERINIG ANGGLE

ý: II 0-1C 0'100 20' O 1$01 27 00 0' 0 31 I30 s$0-i 70 0 H 2 60

8.8

(a) (b)j

S... ROSý ON VS SCA TFRIN3 ANGLf

!. 0 0 -0 00 2102 Do zd 0 1 60

gg

_(c)

Figure 15. Differential Cross Section cf Extraor-dinary Ray vs Scattering Angle
for p=2.0, OR= 00 , and Several Values of R0 ; (a) Ro= 1, (b) Ro = 2, (c) Ro =5
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Figure 16, Comparison of Cconducting Ellipsoid
and Ellipsoidal Electron Density Distribution

considerably below the cross section of the crnducting ellipsoid for the range of

backward scattering angles. Similar results (not shown here) are obtained for the

case of the elliptic cylinder with the incident ray alo, g the major axis of the

ellipse. These results corroborate previous work for the Gaussian sphere (Klein

and Mabee, 1968), which indicates that the replacement of a moderately overdense

Gaussian sphere by a conducting sphere of critical size is a poor approximation.
In highly overdense bodies, however, the density gradient in tl z critical region is

quite high so that here this approximation may be a reasonable one.

8. CONCLUDING REMARKS

It should now be obvious that the shape of an electron distribution and its ori-

en,:,tion to an ooserver are very important in determining the differential and total

cross section. Thus with the figures available in this report, it is hoped that cross
section values of charge distributions can be approximated by properly applying

the data presented and taking care of end effects for finite length cylinders.
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We have shown that the magnetic field decreases blightly the differential cross
section for the ordinary ray, but the extraordinary ray has a larger cross section
than the same charge distribution when we do not have a magnetic field. We have
ix.dicated the error involved by trying to replace a charge distribution by a conduct-
ing body. The characteristic differential cross sections are so different that we
could only use a conducting body for a very small range of scattering angle3. Al-
though the compater code in Appendix A was written for a CDC 6600, it should be
easily converted to another system with minimal effort so that individual cases
could be calculated. In addition, subroutine DERIV is written for a Gaussian charge
distribution. If another charge distribution were desired, only this subroutine

would be affected.
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Appendix A

Compter Code for Fpoilkpid Scaffamg
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OIROGRAM ELLIoS(IN2 Jr9oUTOUrTaTPE5=zNPuTTAwPE6=OUrP(JT,TAPE33,
I TADF12

FXTEQNAL DEOI~v~OUr

I~MMON R(1Og),3~1ATA(1001

OIME"Sr0N PR4T(35hY(3),'3ERV(3)
nlNTMqtTf)M X1 Acti 01 1I A91 :311 rAfrfnoj lI

'ITMENSION OIS'-(Z),OU4Y(2IANGI(21,RAY(2,'I

THE~ VILLOWING ARPAYS OEDC-40 ON THE NU~?qEIR OF

!OMMONfI0NSTf lIOqvlZOqT'ETA,THETAH,YvY,I[
--- qLA lRAVpflfljhg11pfl OROM fiv'

'ThTA (RYK2q~i2fD ETRA43RU3TNARY RAY f
nATA rTTI FA/ f8 4_________

04TA T[TLf34NlR3SS SEZ'T[ONJ VS. S.ATTE~!NG ANGLE f
nATa vi Am 0 i V A ct /A* 1R4

OATA WLA4ELf3Q! SCATTERING ANGLE/
flATA YB AlB I/IJ-JTACl PARAMETER
D[:3* I415926535896
RAnzDT/180.--

TTI =LL1

I0AGE=0

r=IFOR~ THE 3RO14ARY RlAY
i T = 2 rn T'4P FXTqAOAIflTMQY ?AY

fTIMF = THE NI041E? IlF 3'ASE-S TO) qE PUN.

r11 501 ITTME=t,'4

I~O N HAPON7'SS 44JIR' AN'I '4ENI) AXIS, AN') [N73LINATION OF

-- ~~ ~ HnffLf,)fn,7nl,THWrT&
in c')RjT W1F0.01

Rzrj5,n THTTAYVYY

-IRCTA=TLJrTA
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IPAGE=IPAGE41
W~RTEfU.401 rohGF

40 VOR"AT ;1Hi,1Z5Xq* 0AGS*T3)
O¶IATE=DA TE (g)
WRITE(6,pbU) DO4TE

69 FfqjqAT (/6X THE 04TE 00 THIS! RUN ISWAID.ft
WRITE%*6,2O) R'$3,Xnv,7flT'ETA

28 FaRMAT (50X.79 R43 = F7.3./.50X.tgH THE MAJOR AXIS IS.FS.3*.I
150X,19H THE M143R AXIS IS,rS.391,50X,23H THlE ROTATION ANGLE IS,FS
+9i2.11f)

*Jtfl FORMAT (lf5X2A0ff

"WTTE(6,30) T'IETA'4,YYY
30 FORM4AT (3flX.73; THT MAG4FTr! CrELfl AtNGLE IS Cl.t.30H WIT4 A !;Y:ZO'

+G~4ETI9C RATIO OF F6o2,ffI)

7AL CULAT iECL-LI2SO I (

COST=CnS :-THET4'RAl1)

STNT=RTN(-TI4FTkfRhn)

____ 5fF(R)DLr~ SO 0:1.Ip

XI=O*COSZFL04T;24T!)RAO1 R'ýR
____ 17 O'7SIN(FLflAT (2'I) RAO3) *R!'R

AH4XB#4AXI:AMX,X,'I)l
AM7? AM4Xi(At47.?(T))

Ii CONT*NUE

OLOT ELLIPSOV)

XX (1)=4.0I

YY (1) 4. 0

X' i. o

TF(1TT..1~tA'J1TTT4IFFfO.) 40=1 ___

CALL PLOTV~jC,XX,XS;,Y,YS,t8,33,-iITITL,TITLE,XL-AIRE,YLAfEL,
__ _UU~TE.ST qfl 7 __________ F__ -________

:tai niii AT; r,401i DA'9&MFTF~q.

C
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!F(T94ET4.EO.a.01.f?.HETA.EI.90.og Gfl Tr) 25

A IG=130. -TliET4

11' 31 [=1950
TMfl=:ANI.+2'.*FI AT.T))/7..

Tr Ata iWr.TAnvi TnflETmoi

IF(AnIoGToA4E) Ald%=A,

DATA FA-TOR/8. 010,0, 250 050o9se 00i0,0. 25,0.50,1.O,2* O,5v Of

R(1V0O.O
lit noNTTqlII

!ERO=7 (140I) +0. 3'A'7*I"SN-2. 0T'ETA'RAO1
TFTHT ?Fpn~on.g

TF.-AN7. &8f1 Wf)AflVl~lPIA7=AN7#fl.l

nn~ 71 1=194

J= 8

IF'r.LE.15) J=4.

TF(T.LE.8) J=?

nlr:FA!TOR(J) 'ti
-- TF nTF-rT-R,75 ___________ ___ ___

IF(0(5I-T) .LE.qpiZZtNr,.V)IF.'1. 0.15) fIF=O. 15

1..NOTHETAýJ*393.) '[rzO.925
~L5aIJ '; (51 -Tl 41TF______________ ___

q(5O+I) =1(49+II -fIF
ZI -!nNTTMII: ____

Jz0

IF(q(I)oEI.0.0) r~O Tn 81

81 CONTMJU

[i140 NUIR'ER 0 [MD)'IT DA0AM4ETES.

50 FV)'4AT UIf2714 r'c- IMDA'T OARA'4ETEDS A*,,01Ot.,)

C START RAY T;'A',TNG.
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C
n0 21 T=1.T'IP
TZOUNT=D

DIMT(31) 141TIAL STEP SIME IF IT IS NEGATIEE, EACH STEP
C IS NOT PRINTED
1 PR0T(f#)= l9AXIhIU' AISULAR CHANGE PER STEP.

Y(1)=-5.0

Y:31=0.3I

T=AR14T(3)9LE9.C.0) 50 TO 15
IDASE: !OAGE~i1 ________

W'RITE-6,40) IPAGE
35 CALL RKS(MR9t.Y.0FRY.NOI4.14LF,.0ERIV.OUTO)
C

PLOT S!'ATTERE7) RAYS,
C

CALL DL TV XX,*Sl'U 33. igTTTTLgTTTLEXLAqEL.!-klA~j.,.
IXSIZE,YSITE)
.S',RTA'4(II=ALOI4A( !'IUNT)fRAr)
IF(SCATAN:I).LT.O.3) SrAT4N.'Tl=360.GSCATAN.I)

21 CNTINUE .

Z HE 'tO' ZERO0 SCATTEIUNG AT '4OR44L !ON

gop gi I:=.1I4D
53 TF(SATANtT).ST*SCATA~44I-I)) ^90 TO 151
- - G TO 52 ___ ___

5t IP(SCAT4N(I+1).GT.SCrATAM(I)) GO To 92

S!ATAN(J)=SnATAMJ (4)

IF(IGT.ITIPI-il r~O TO 5

)2 IF(TE*NE*0) GI TO 9t
TFV;"ATfN(T)...ST lRnI V='=r

91 !DNTTN'JE

9ATa. At4GI/i80,,i80.i/
!ALI- INTOISIMMU&1J .~!,3-1r-H) .L..ANGE.rffS0Lr.CUMY,2,jI.,JH

inn FOQQ4&T t/,AnY~f flTqMA7MM &*HR.J

r
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WRITE T40T v4H=-Tr'R, I"PAIT 04RANETEPS, A'40 SPArrEqR

WIITTC:?,7Ai Wa41 1 vfl7nl1 ?IFTI 1 1I4FyAN 1 YYYvflflTFT"3
70 FflOMATW~1895,4iO,T10)

89 F')RwAT (SFjIJ.3

i ONVERT SIATTSIINS ANSLr TO R49TIANS AND INTERPOILATE q VS.

qfATAMtT)=l1rATfkN(Tl_#QAn _______

131 1INTP4IJE

ANGTNT(1)=0. 001f57.+DJT

9n 22l L1 TzII114 - -

ANGrNT ( [-JIGI) :AN[NT1)+
pi 'cnTTm i i1ZrTr ________

ANGo4T(I-JL+) 2TA(lINTI /

c OLOT IMOACT DARAMETERS Vlý. SC4TTERINrp ANGLE,

'ýX(110.0

YY (j) -3.0

CALL OLflTV(-i,XX,40. ,yy,1.0,2,33,-1,ITTTL,TITLE,XLAfl--L,YLAP--L,
I RT7P1 YqT7Pl

!ALL DOflTV (2,44GflMT,40. , 9NT,1.0 ,N-,33, 1, IT[TL JITLE, XLAiE- ,YL& rEL
2 S1 9WqT7EI-S UZIL-___________-

r
Nn 1 qmn-4EOUlT VE

IJ=IFILT?
TF C I- FYTI-To I 1- I1-

IP(J+IFILTPr3G=.'4P) i.J=ND-J



SlWgA(J) =U.
noj t q I -J .JT -1
SlqOA(J) =SnqoA J) 14TrA J+Jeojqwm ~tj-jj)

S94nlA(J) zSDI3D4UJ)IqO4(J)

0)10A(J) =Sgf81)A( ii
tlT '!0NTTNUE_________________

I~tWf4.Ejj'33 T~) 2"1t

CkLCULATE CROSS SEf:T19M

45 SUM=3.3

SU'q=A9S(SfGL fl 'sl+S!J4____
STIuI,=AL0'1Go3apSZSrGL;r)j)

tit CONT14UE ______ ____

iSIGL 'N0))

4cRITE(6,120) SJ4q

IPAGE=IDAGE.1
WRIITE(6.O)_I*3%ýE-____

tF(K~.Ef.L) LUJ411
IdgrTEA6.qn)

90 FORMAT Z?;* S14TTE:?TNG ANSLE T:4DACT PARAM4ETER DERIVATIVE -

WRITE(6,170) (ANSTNT(Ittqp4Tffl,09DAhTe,SIGLEI),I=LLLUI

TPAGE=ID4GE+1
WITTF(Ik.Ifl) TM&SF

vYYr2 =-4.0

CALL -LflTV(3,XX,SX.YYSY,2,33,-l, !TITLTITLEXLAIEL,YLAAL,(517ý-,
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LYS1 7EI

IXSI !E,YSIZE)

fJATA YLA'Q/30I4L3! SqATTEIR14 C~tnSq SEC'T0~4 f
CApLI 111 yt I ~tgLRELTAR,

iAt I Ot nyv(7 A d4rIJY4;x,qE.rfs g, Raw 13,1 itr TTTE xEI iFI 1 ,VI&I,

lEST ZE, YS;I7E
7f11 rflNTTNiiF

St it)4TINUS

E'401TLE 2
r~at I pi nTyxi ________________________

STnfp
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SURROUT14E OERI.I YY,0rR1,4EGI

c T'41S SIJqROUT14E '14L'UL4TES TIE OERI'4ATIVES OF AN ELLIPSOI~aL
c CHARGS DISTRUTOFR THE RUI4GP-KUTTA "ETHOO.

rONRONICONST/ 1S4OWO.ZOvT4ETAvTI4TAH9YI

*T =3. 1'159?65
RAO=PI/jsg.
MEG=3
COST=COSfITHETB'1A9)
SIT=SIM (THETa'R9))

YL=Y*I;OS( (-Tu4FErH*RaO) 4VY( 5)1
YT=Y*SI4( (-T'ETAH*RAD) YYV(3))

tF:Wi.LT.Q.f) 13 TO ____

W1 S'qRT(Wil

IF(AMU.LTeosOI SO TO 5

[F(WI.Efl.O.3 rv Ti 35

35 1ONTINUE

1-(-S!NT'Vv1t)+fY!)'tIST'OSI4T/('O"ZVI1

jG(-YY(j)'SINT+YY(2)'','ST)*',OSTf('70O21)

IW1)/~WUf)l/Qt.#SQRT(A,4U)*Wfl))________________

tWtl/W(T))/(2 *3!lT(A4)*fDlfl ___-______

GO TO 55

- !n(_ - =~I-flrf4Tfl/ (1, *q'RIAj!Ut 11 )__.___

0OxoT=(5IIT(AMUI~r~9(yyl)+!tfiuASTN(YY3))/AMtJ

ql TO 15

rg TO ?5
-- slok fLlYA:iL alafT- -

r)ERV(?) =07DT

?5 CONT14UE

E40
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SUqR'O'TTNE 0UT2(WX,v,0E'RY,II41F, PRMT,NEGI

THIlS S'JqROUT1471 O'INTS TH4E R7SULTS OF TH4E qtJNGE-I(UTTA IRTTGRArI3N4
* a~n ýNWH WE '4AVE lr3LLOWED A SAY FA EN4OUGH,

___ 21!MEýNSVIr Y;3),)E~ty(31*.2R4T(5)

LcAoýý1(31I.T.Q.0 50 TO 5

RETIIýN

StJ'3OJTIrJE RK3tPRT,YV-rJ'RY,IFlM,THLF,,)ERIV,OUT0)

THIq S'J9QOUTT4= IcFO4 TL4z RUNGE-KUrTA INTEGRATIOJ.

Rt-AL K(
3. 140D4LX ..2.,-i .4A 0 1~

OýJMWON/)ONSTf R40jX,7fT~4ETATHETA,4,VYY,III

j3'T IJO 4E I'I!TIAL f'0NJ')ITtOM5;.

OT=3. 1415'3265

rr (6qS cHT fAH).3T.901_ 1E Tý=iUa,.ARS f FTAHI4

sa~ J-=J+[ __ ___

1i0 _clR_4AT I/b429.fTh 1U3E SSlH-RS__&E :EOE __1Ffil IER7131 "f__
Vr ýJoGEo 330) TI r 55
Xij(J) yYf(j)- -

7(J) =YY (7)

IOC ZJ) zY

-4.5 1=It - ---------

5 !ALL 3ERTV(YY,3zY,4~E-')
!A-LL- OUT (X, --9EY c 3-T -EG

Ic*iPDMT(5).NE*).0) ',0 TO 55

TL(ICq3S(NEG)*,T*01 So TO) t5
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STORE 3ONSTAt4TS AND 3ALZ'ULATE THE NEXT SE. OF 4ALUES AT WI414
DERIVTISTVES ART RE-1,gyR~n

K( 1,1!) =ERY(I)*H

C=2.

X=XX(J)+H/3
Go) To 5

OEýREASE INT,-YjAL-RY .t5 IF A44 EROR HAS OCCUREC IN CALCULATI4;
C THE DE~tVATIVE3.

15 '4=I'2.
TI4LF=IHLF+i
IP(IHLcoGT*40I 130 TfO 55
IF(II.LE.2) J=J-1
X=XXZJ)

_______ Y (flI) J) _ __ __ __ __ __

YYyt2)=&7J)
YY(3)=ALPHA(J)
GO TO 45

(ALfULATE VIE iALUF OF THT- FU4ICTTON USING THE FOUR PREVIOUSLY
CALnULATE') POt1lTso

'5 ELX=(K(I.I)4'.'*(K(i. +KfI,3))+K(is4))/,6.

IA!DT2=MIS ((MOT (1) +OAOT (2) +')ArT(4 ) .'AOT (4)) f4.)

C HECK THAT THE AN1GULAR C4ANGE IS NOT GREATER THAN OESITED,

Ic(A9S(OELA).S3T*ERR) GO TO 15

STORE ACCEPTAILE 4ALUES OF THE INTEGRATION$

YY (I) =7t(J)+F 7

YY .3) =ALOHA.'J) +n.EL'1

74- KcR- 0FI ~ 1 ?E O.NfIT TON -_____

TF:YYY.c'),n. I rl Tn 11

IF:(RHnLToI,9) G 'r It0 i

P!R=Sr)RT(ALOG(RHO))

IF(A'qS(YY(3)ý*-T.4QS(THET) ) Eý =(A0S(YY(3))-A'3S(THET))*2*
TF(pgq(YYflI I.^.T.A'A(THFTll E3tqq Yi-AI(HT O/~ *7.f

r
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OHASE AN4GLE 4UST IE WITHIN Oo?5 OEGOEEc OF THE MAGNETIC' FIE-Ll.

IF(AqSfER),GTR.**O) 0y T3 It

c HFýK IF THE rNTSPVAL OF IN-ýGRArION CAN 4E IN^.REASEne

it Ic(AqS;(O;-LA,.LrOo.a.ANO.!)AO)T?o1r.OAOTi) GO) TO 65
OAD~TI01 f&T?

l~(.,*l(R4())GO TI 35

IHLF=I'4LF-i

59; RETURN

I ____ _____________ ___________
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Smple Data

2o.0 1* 4J0 t.000 0. 0
p. 3;)

2.0 .'587 O. 79'4 0.0
0.30

2.0 2.080 0.693
0.0 0.3
2.0 2.924 0.58o 0.0

0.30
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