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ABSTRACT

An algoritim for computing samples of a signal
envelope from guadrature samples is presented.

The method is well suited to either simple special
purpose hardware or fast software implementation.
Accuracy and speed can be traded off without
varying the basic form of the algoritim.
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1.0 Introduction

In many digital signal processing systems, it is necessary to
convert an array of quadrature samples to an envelope array, a process
equivalent to rectifying in analog systems. For each quadrature sample,
the quantity to be computed is

T = x‘: + }'ﬁ , (1-1)

where X, and ys are the in phase and quadrature components of the
signal.

In practicel systems, x s and Y, are carried as integers and the
output must also be an integer. Also, it is desirable to avoid
overflow problems associated with squaring, and pé}foming a square
root is often prohibitive due to computation time-data rate tradeoffs.
A simple estimate of r which avoids squaring and square roots, but
which does not cause errors that would affect the performance of the
system, is therefore required.

This report describes this goal by using linear combinations of
x = max(|x,|),17,1), v = min(lx,|,1¥,]) (1-2)
of the form

9 = ax + by (1'3)




to compute an approximation or estimate of r as defined by Eq. (1-1).
Considerable attention is devoted to the implementation by simple

hardware or software oriented Algorithms.

The evaluation of approximastions of the type in Eq. (1-3) offers
many conceptual difficulties. In order to minimize the complexity of
the concepts and mathematics required to analyze the approximations,
they are presented inlterms of a new set of variables. For example,
in the (xs,ys) or (x,y) plane, r as given by Eq. (1-1) is no single
point or curve but is a set of circles centered at the origin. In the
(xs/r,ys/r) or (x/r,y/r) plane, r becomes a single circle of radius one
and centered at the origin, called the unit circle. However, in this
plane, linear combinations of x and y, such as ¥ as given by Eq. (1-3),

are circles passing through the origin. However, the complex variable w,
where

wo EEE L ) (10

and ? is a linear combination of x and y as given by Eq, (1-3), offers
the following advantages: (a) in the w plane, where curves are plotted
as Re{w) versus Im{w}, T as given by Eq. (1-3) is a straight line, and
{(b)r as given by Eq. (1-1) is the unit circle (a circle of radius one
centered at the origin) as in the (x/r,y/r) plane. In the w plane, it
becomes obvious that the optimal estimates of r are polygons approxi-
mating the unit circle, and other concepts are equally simplified.

The most important of these concepts are (a) the use of (x,y) as given
by Eq. (1-2) allows consideration of only half the first quadrant
rather then the entire wnit circle, (b) the use of n straight lines

in this region results in an 8n sided polygon approximating the unit
circle in the w plane, and (c) the use of ¥ = x (i.e., b=0 in (Eq. 1-3))
for small y results in an 8n-4 sided polygon in the w plane.
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The notations used throughout this report are as follows. 1

Quantity Definition

In phase sample.
Quadrature sample.

< M
n

Largest of absolute valuesg of xs, ys.
Smallest of absolute values of XV

H o< X

True value of envelope.

Estimate of enwvelope.

Peak absolute error of estimate.
rms error of estimate.
Multiplicative bias of estimate.

[L 2 4

]




2.0 Basis of Solutions

2.1 Assumptions

The hardware capabilities used in the algorithms presented are
(a) absolute value, (b) shifting, (c) magnitude comparison between two
positive integers, and (d) addition-subtraction. Multiplication, in ]
the form of shift-adds, is used, but general purpose multiplication
hardware is not required. f
1

}
The properties of the input assumed in the development of the
algorithms are as follows. If a variable 6 is defined by

6, = tan™t (yg/x) + nh(xs,ys)' ) (2-1)

the function h(xs,ys) being defined by

=0 s xBZO

. h(xs;ys) +1 » xs <0 ) ys 20 (2-2)

-1, x, <0 , y 50 ,

the probability density function of @ is

= %; ’ - <O = n
p(6,) (2-3)

=0 » otherwise H
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i.e., the signsl phase 6_ is uniformly distributed over (-n,n].
If the absolute value of both samples is taken and x is arbitrarily
taken to be the largest, then

EY N

, 0595{{

p(e) (2-4)
, otherwise H

1]
o

i.e., the modified signal phase 8 is uniformly distributed over [O,n/h].

2.2 Coordinate Systeums

The most obvious coordinate system for consideration of the
problem at hand, namely, the XY plane, has the fundamental drawback
that in this system r is a family of circles rather than a single
locus. Therefore, the xs:ys plane coqrdinate system is not used in
this report.

The y/x,r/x plane constrains the envelope to the locus

r/x = Jl+(y/x)EE , O0sy/xs1 ,

but the weakness of this system is that y/x has the probability
density

p(y/x) =_li£_§‘ ’ 05}'/"5 1 P

1+(y/x)

a form which complicates evaluation of b and s. Also, this coordinate
system is related to optimal estimates by complicated relationships.

-t el




The x/r,y/r plane constrains the envelope value to the unit
circle. Estimates of the form F=ax+by in normalized form,

£/r = a cosé + b sind , cosd = x/r » sing=y/r , (2-5)

1/2
are circles passing through the origin with diameter (aai-ba) / and
centered at (a/2,b/2), as shown in Fig. 1. The angle of maximum %, ¥, is

Vo= ta.n-l(b/a.),  at maximum . (2-6)

The 6 of Eq. (2-5) is the same as that of Eq. (2-4). This is the
coordinate system in which the so]_.ution will be presented.

Another coordinate system of importance is the w plane, where
W 1s the complex variable

w = r/T (cosb+j sind) = utJv = u:by +J u}by . (2-7)

The variable w is the complex conjugate of the reciprocal of %/r
expressed as a complex variable.

The true envelope is again the unit circle, but Eq. (2-5) in the
w plane is a straight line,

au+bv=1 |, (2-8)

with slope -a/b (or, tan(v + n/2), with closest approach to the origin

=1/2
(a.2+b2) / . The line corresponding to the circle in Fig. 1 is shown
in Fig. 2. The angle ¥ is the angle of minimum Ivl .

PR TG .
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3.0 Optimal Estimates

Optimal estimates, in the context of this report, are taken to
mean the use of n straight lines in the w plane (i.e., simple linear
combinations of xg and ys) to approximate the unit ‘c,ircle with minimum
™ms error 8. The multiplicative bias bn is irrelevant to signal
processing considerations. In the w plane,

w=u+iv , v/u=y/x=tad s

and 6 is uniformly distributed, so an optimal fit for a fixed number
of lines will be a regular polygon, independent of the loss or error
criterion. The use of the absolute values x and y, x 2 v 2 0, instead
of x_and y_ restricts 6 to the range O to n/4, and n linear combina-
tions of x and y are equivalent, in general, to 8n linear combinations
of x_ end y_. If the line at 6=0 in the w plane is vertical (B=ex),
or if the line at 6=n/4 in the w plane has a slope of -1(F=c(x+y)),
the lines in the w plane will be parallel to tangents to the wnit
circle at those points and the polygon will have 8n-4 or 8n-8 sides.
Thus, the P=c{x+y) case 18 to be avoided; however, the simplicity of
f=cx near 6=0 makes this case worthy of consideration. Accordingly,
only the 8n and 8n-l cases are of practical importance. These two
cases are shown in Figs. 3 and 4 for n=2.

The parameters e, s, and b will be computed below for the 8a and
8n-4 sided polygon cases. The subscript p will be used in the 8n-k
case equations to prevent confusion.
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The sides of the regular polygons are defined by the angles of

minimum le s

v - S‘L‘%?)l , 1=msn (8n case) s (3-1)
v - x%p_}g , 1saqsp (8p-k case) (3-2)
the vertices,
Vo - % , O0=msn (8n case) ’ (3-3)
Voo - SS,:_;.%E‘. 5 1sqsp (8p-h case) , (3-b)

and the fact that the vertices are on the unit circle in the 8n case,
2 2 _ 2 ( 17 )
a +1b = sec (g s (3-5)
and the sides are tangent to the unit circle in the 8p-l case,
2 2
a_ +b =1 . -6
s * % (3-6)

Using Egs. (3-5) and (3-6) with b/a = tany, where ¥ is given by
Eq. (3-1) and (3-2), yields

H>
"

i [x cos(¥ ) + ¥ sin(tm)] sec(ﬁa)

r cos(e-tm) sec(ﬁ;)

.

-l .




and

H>
1]

x cos(\bq) +y sin(vq)

q
(3-8)
= 8-
r cos( \Vq)
For the 8n case, the peak error is at the L
(v _)
e = rm -1= sec(ﬁﬁ) -1 , (3-9)
while for the 8p-4 case, the peak error is at the vertices,
#(v_ )
= - = - ﬂ -
e, = 1 —-E--r 1 cos(m_ ) . (3-10)

The wmultiplicative bias is found by integrating ?/r with respect
to @ over one side of the polygon and dividing by the angle between
the vertices, since @ is uniformly distributed over the sector corres-
ponding to each side of the w plane polygon.

Thus,

b

L %"ifﬂ/(en) cos(e-ga) sec(&) a6 = taz B/ , (3-11)
° ~ -

and

-4 1in(pt
bp = gﬁ._h f“/(ap ) c086d8 = : - ) N (3-12)
(o]

.S

S

using the obvious expedient of integrating over half a side.

- a—




The rms error is found by averaging (’f/br)e-l in the same way.
Thus,

[ ——

2 8n n/(8n) cos2 (G-g—1

s, == a6 -1
° [sin@;) /( nnﬂ 2
(3-13)
1+ %
U E
[sin(ﬁ;)/(ﬁ;)]
and
2 g [N o) w1
SRR ey
(3-1k)
L. sin h—uE
= % T2 s -1 .
[sintgr (i)

The multiplicative bias b is uniwportant in most system
applications, but -10 loglo( 32) is the upper limit for signal-to-noise
out of the system. For quadrature sampled, very narrowband noise,

20 loglo( e) is the relative amplitude of the peak-to-peak "flutter",
or amplitude modulation, generated by the envelope algorithm.




For a Uk sided polygon, the asymptotic forms for e, b, and s for 1
large k are, from Eq. (3-9) through Eq. (3-14),

2
e“%(ﬁ)

2
b ~1+%<")(hm)

(3-15)

()

1-%e§%§1+—e . (3-16)




k.0 Implementation

The simplest way to implement Eq. (3-7) or Eq. (3-8) is to compute

?1 = Xty t““(g;) (8n rase)

or

e 24
L}

x (8p.k case)
first. Then, for 1 s m = h-lor 1l sq s p-l, the quantity

N

2 ten(Zo)(-x s1a(EE) + 5 cos(z3))

1>
e >4
i

m+l m

1 1
2e1 - 2 =2 sm(é_—,:) -x sin(—(;p—_-g)—”) +y cos(%)

can be used to form 92, 93, -+« a5 follows. Compute

or

or

(k1)

(4-2)

(4-3)

(k)

—A‘“‘“.‘__ de.




If A £ 0, the computation is completed; otherwise, use

~ ~

P -T,=2 ta.n(-’s‘;) cos(%) o (4-7)
or

q-3)n
-8 -2 sin(-sg—_-g) 005(%__3)'> A (4-8)

to update ?‘m or ?q. If m=n or q=p, the computation is finished;
otherwise, repeat the computation of A and subsequent sign check.

The quantities

¢ (m) = tan(%) , lsmsnl (4-9)
ca(m) =2 tan(?ﬁ) cos(%—) , l1lsSmsnl ’ (4-10)
c,(a) = tan( q;_E ﬂ) s, lsgqgsp-l , (4-11)

and

&
cx(a) = 2 sin(gh;) cos((:p_gl“> , l1sgspl , (b12)

along with tan(n/8n), e b ‘bp, s, and 8, are given in the
appendix, for all n and p from 1 to 12, in boilh decimal and octal.

The wultiplications in Eqs. (%-1), (4-5), (4-6), (4-7), and (4-8)
can be accomplished within the purposes of the algorithm by using only

. ’ ’ ! .
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the top L bits of tan(mn/ln), c, and c,, vhere L is the number of

zero leading bits in b or S, depending on whether narrowband flutter
or signal-to-noise is the limiting factor. In the CDC 3200, if

(A)=-y and (Q)=+x, <A can be computed faster by several shift-add

(SHQ, AQA) instructions than by a single multiply-add (MUA, ADA) execu-
tion if the number of nonzero bits among the most slgnificant L in

the multiplier is less than six. An AZJ,GE instruction can then be
used to retrieve T and exit if A s 0. The p=2 (regular 12 sided
polygon) case is programmed as an example in the appendix; entering
with x_ and y_in (A) and (Q), the execution times are 17 psec minimum,
2k psec average, and 34 psec maximum, including call and return with
the result in (A). This routine is or disc file SPAM.




5.0 Appendix

5.1 Example

This is a listing of a COMPASS routine for the 12 sided polygon
envelope estimate shown in Fig. 3. The peak error is +0, -0.03&10,
the multiplicative bias is 0.980, and the rms relative error is 0'0110
so that narrowband flutter is 0.15 dB peak-to-peak and the maximum
signal-to-noise is 40 dB. The execution times are 17 paec minimum,
2k usec everage, and 34 psec maximum, including call and return.
Entry is accomplished by a RTJ XY.SQRT instruction with the fixed
point qusdrature samples in (A) and (Q), and return is to P+l with the
envelope estimate in (A).
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LISTING OF XY.SQRT
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5.2 Tables

Following are tables of constants to be used in choosing and
implementing an envelope estimate based on a bk sided polygon. For
any k, the peak relative error is +0,-EP for odd k or +EP,-0 for even k,
the rms relative error is 20 1oglOSP, and the multiplicative bias is
BP. If L is the number of leading zero bits in BP or SP, implementation
is as follows.

Find x = absolute value of largest sample, y = absolute value of
smallest sample. Define an initial ¥ by

Ff=x , k odd ;?=x+c°y , k even . (5-1)

Use shift-adds for the multiplication, using only the nonzero bits in
the L bits of Co following the binary point. Then, compute

A= -y + x%c1(l) (5-2)

using shift-adds with the nonzero bits among the L most significant
in C1(1) for the multiplication. If -A % 0, exit with ¥ in (A).
Otherwise, update T using

£ =%+ a%x2(l) |, (5-3)

using shift-edds with the nongero bits emong the L most significant

in C2(1) for the multiplication, as before. If no Cl's or C2's remain,
exit with ® in (A). Otherwise, repeat the operations and checks
beginning with Eq. (5-2) using C1(2) and C2(2), C1(3) and C2(3), etc.,
until either -A 2 O or there are no more Cl's or C2's.
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