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ABSTRACT

An algorithm for computing samples of a signal
envelope from quadrature samples is presented.
The method is well suited to either simple special
purpose hardware or fast software implementation.
Accuracy and speed can be traded off without
varying the basic form of the algorithm.
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1.0 Introduction

In many digital signal processing systems, it is necessary to
convert an array of quadrature samples to an envelope array, a process

equivalent to rectifying in analog systems. For each quadrature sample,

the quantity to be computed is

r = +(i-i)

where x and y are the in phase and quadrature components of the

signal.

In practical systems, xs end ys are carried as integers and the

output must also be an integer. Also, it is desirable to avoid

overflow problems associated with squaring, and performin a square

root is often prohibitive due to computation time-data rate tradeoffs.

A simple estimate of r which avoids squaring and square roots, but

which does not cause errors that would affect the performance of the

system, is therefore required.

This report describes this goal by using linear combinations of

x - (x(1x1),1Y1), y- =min(flX.,IsY ) (1-2)

of the form

ax + by (1-3)
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to compute an approximation or estimate of r as defined by Eq. (1-1).

Considerable attention is devoted to the implementation by simple

hardware or software oriented algorithms.

The evaluation of approximations of the type in Eq. (1-3) offers

many conceptual difficulties. In order to minimize the complexity of

the concepts and mathematics required to analyze the approximations,

they are presented in terms of a new set of variables. For example,

in the (xs,Y) or (x,y) plane, r as given by Eq. (1-1) is no single

point or curve but is a set of circles centered at the origin. In the

(X /r,y /sr) or (x/r,y/r) plane, r becomes a single circle of radius one

and centered at the origin, called the unit circle. However, in this

plane, linear combinations of x and y, such as * as given by Eq. (1-3),

are circles passing through the origin. However, the complex variable w,

where

V r (x a/r,/) (1-4)r

and ^ is a linear combination of x and y as given by Eq. (1-3), offers

the following advantages: (a) in the w plane, where curves are plotted

as Re[w) versus Imaw), ' as given by Eq. (1-3) is a straight line, and

(b)r as given by Eq. (1-1) is the unit circle (a circle of radius one

centered at the origin) as in the (x/r,y/r) plane. In the w plane, it

becomes obvious that the optimal estimates of r are polygons approxi-

mating the unit circle, and other concepts are equally simplified.

The most important of these contepts are (a) the use of (x,y) as given

by Eq. (1-2) allows consideration of only half the first quadrant

rather than the entire unit circle, (b) the use of n straight lines

in this region results in an 8n sided polygon approximating the unit

circle in the w plane, and (c) the use of P = x (i.e., b=O in (Eq. i-3))

for mall y results in an 8n- 4 sided polygon in the w plane.

2
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The notations used throughout this report are as follows.

Quantity Definition

x In phase sample.s

Ys Quadrature sample.

x Largest of absolute values of x, ys.

y Smallest of absolute values of xs, Ys.

r True value of envelope.

r Estimate of envelope.

e Peak absolute error of estimate.

s rms error of estimate.

b Multiplicative bias of estimate.

IIII
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2.0 Basis of Solutions

2.1 Assumptions

The hardware capabilities used in the algorithms presented are

(a) absolute value, (b) shifting, (c) magnitude comparison between two

positive integers, and (d) addition-subtraction. Multiplication, in

the form of shift-adds, is used, but general purpose multiplication

hardware is not required.

The properties of the input assumed in the development of the

algorithms are as follows. If a variable 8 is defined by

es t-" 1 (ys/Xs) + nh(xs,ys) (2-1)

the function h(x, ys) being defined by

=0 , x O0

h(x 0, Y.) =+1 xs < 0 y YS 9; 0 (2-2)

-1 J, xsa < 0 y s , 0

the probability density function of G is

1

p(O) (2-3)
=0 , otherwise

5Preceding page blank
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i.e., the signal phase e is uniformly distributed over [-V,n].5
If the absolute value of both samples is taken and x is arbitrarily

taken to be the largest, then

4 0 g1=-- , O- •

p(e) (2-4)
= 0 , otherwise ;

i.e., the modified signal phase 6 is uniformly distributed over [0,./4)].

2.2 Coordinate Systems

The most obvious coordinate system for consideration of the

problem at hand, namely, the xs, Ys plane, has the fundamental drawback

that in this system r is a family of circles rather than a single

locus. Therefore, the x , Y5 plane coordinate system is not used in

this report.

The y/x,r/x plane constrains the envelope to the locus

r/x = 4+(y/x)= , 0 - Y/x - 1

but the weakness of this system is that y/x has the probability

density

p(y/) 0 y/xS
=+( y/X)

a form which complicates evaluation of b and s. Also, this coordinate

system is related to optimal estimates by complicated relationships.
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The x/r,y/r plane constrains the envelope value to the unit

circle. Estimates of the form _-ax+by in normalized form,

r/r a cose + b sine , cose = x/r , sine = y/r , (2-5)

are circles passing through the origin with diameter (a 2b2)l/2and

centered at (a/2,b/2), as shown in Fig. 1. The angle of maximum 2, *, is

S= tan'l(b/a), P at maximum (2-6)

The 0 of Eq. (2-5) is the same as that of Eq. (2-4). This is the

coordinate system in which the solution will be presented.

Another coordinate system of importance is the w plane, where

w is the complex variable

w= r/r (cose+j sine) -u+Jv_.+.x + j _ (2-7)

ax+by ax+by

The variable v is the complex conjugate of the reciprocal of ^/r
expressed as a complex variable.

1 ~L... - exp(-jG)w 7+ -Jy =
i~jyr

The true envelope is again the unit circle, but Eq. (2-5) in the

w plane is a straight line,

au+ -bvl , (2-8)

with slope -&/b (or, tan(* + E/2), with closest approach to the origin

(a2 +b2 y)/2 The line corresponding to the circle in Fig. 1 is shown
in Fig. 2. The angle is the angle of minim= I-i.

7
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3.0 Optimal Estimates

Optimal estimates, in the context of this report, are taken to

mean the use of n straight lines in the w plane (i.e., simple linear

combinations of xs and y.) to approximate the unit c ircle with minimum

rms error s . The multiplicative bias bn is irrelevant to signal

processing considerations. In the w plane,

V=u+jv , V/U=y/x=tnet ,

and 9 is uniformly distributed, so an optimal fit for a fixed number

of lines will be a regular polygon, independent of the loss or error

criterion. The use of the absolute values x and y, x a'y a 0, instead

of x and ys restricts 6 to the range 0 to 3/4, and n linear combina-

tions of x and y are equivalent, in general, to 8n linear combinations

of x and ys. If the line at 0-0 in the w plane is vertical (S-cx),

or if the line at 9-2r/4 in the w plane has a slope of -l(•c(x+y)),

the lines in the w plane will be parallel to tangents to the unit

circle at those points and the polygon will have 8n- 4 or 8n-8 sides.

Thus, the !=-c(x+y) case is to be avoided; however, the simplicity of

9cx near 9-0 makes this case worthy of consideration. Accordingly,

only the 8n and 8n- 4 cases are of practical importance. These two

cses rre shown in Figs. 3 and 4 for n=2.

The parameters e, s, and b will be computed below for the 8 n and

8n-4 sided polygon cases. The subscript p will be used in the On-I'

case equations to prevent confusion.

1em" We
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ANYWHERE ON POLYGON

(x, y) REGION

FIGURE 3
Bp.4 CASE, p 2, IN THE w PLANE
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(x ,y.) REGION -

ANYWHERE ON POLYGON

Rx,y) REGION

FIGURE 4
8n CASE, nz 2, IN THE w PLANE

ARL - UT
AS-72.252
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The sides of the regular polygons are defined by the angles of

minimum IWI,

*m 4n - m - n (8n case) (3-1)

q= , -q9-p(8 p-4 case) (3-2)

the vertices,

vm n , m n(8n case) , (3-3)

-q ;9 p (8p-4 case) (3-4)Ivq = 4p-2

and the fact that the vertices are on the unit circle in the 8n case,

a2+ b2 = sec2(,(-S m m(-

and the sides are tangent to the unit circle in the 8p- 4 case,

2 2a + b 1 (3-6)
q q

Using Eqs. (3-5) and (3-6) with b/a = tn* where * is given by

Eq. (3-1) and (3-2), -ields

r x cos(*o ) +- sec(,-)

= r cos(e-0 ) sec(7n) (3-7)

14
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and

rq = x cos(* q) + y sin(*q)

(3-8)
= r cos(-* q)

For the 8 n case, the peak error is at the *,

en ~('~ sec(~~ (3-9)nrW

while for the 8 p- 4 case, the peak error is at the vertices,

•(*_ )
ep = I- Cos 7 -O (' . (3-10)

The multiplicative bias is found by integrating ir/r with respect

to 6 over one side of the polygon and dividing by the angle between

the vertices, since 8 is uniformly distributed over the sector corres-

ponding to each side of the w plane polygon.

Thus,

and

b -E = -4 cosGW W ,(3-12)

using the obvious expedient of integrating over half a side.



2°

The rms error is found by averaging (p/br) -1 in the same way.

Thus,

2 n/(8n) 2os (2 '

(3-13)

2+ 8nn( ")2 d

and

(3-14)

1 + s in(i-)

S Tsn(•)/( YTn)] 2

The multiplicative bias b is unimportant in most system

applications, but -10 1Og 1 o( s 2 ) is the upper limit for signal-to-noise

out of the system. For quadrature sampled, very narrowbend noise,

20 1 0gl(e) is the relative amplitude of the peak-to-peak " tflutter",

or amplitude modulation, generated by the envelope algoritin.

16
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For a 4k sided polygon, the asymptotic forms for e, b, and s for

large k are, from Eq. (3-9) through Eq. (3-14),

e 2

2 ( 3-15)

b I+ k)22

b 1 2 2)ý l-- N-7 1+-
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4.0o n~l entation

The simplest way to implement Eq. (3-7) or Eq. (3-8) is to compute

r1 I x+y tan(in) On ease) (4-1)

or

r x (p,.4 case) 
(4-2)

first. Then, for . ;5 m _ n-i or I -g q _ p-i, the quantity

A - -2 /Atan( -x sin - + coo(r))

can be used to form 1) M3 ,o

or

r q~ q. i iA+ycoq (4-4)

Aq x an (4-6)

19 PIedin ll O blink
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If A 0, the computation is completed; otherwise, use

~m1~m=2 tan(~ Cos((4-7)

or

Te rq+1  rq =2 sin( Co 4-2)) q (4-8) I
to update Ii or Pr q.If wr-n or q--p, the computation is finished;

otherwise, repeat the computation of A and subsequent sign check.

* I(m) = tan(t") I lM ; n-1 ,(4..9)

c2 (m) = 2 tan(~ Cos(') , 1. m 9 n-i (4-10)

and

S2 (q) =2 sin(7-~) 08 , 1 q p-1 (4-12)

along with tan(it/8n)., e , ep bn b sp nds are given in the

appendix, for all n and p from 1 to 12, in bot~h decimal and octal.

The multiplications in Eqs. (4-1), (4-5), (4-6), (4-7), a~nd (4-8)
can be accomplished within the purposes of the algorithm by using only

20
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the top L bits of tan(m/i/4n), cI and c 2, where L is the number of

zero leading bits in b or S, depending on whether narrowband flutter

or signal-to-noise is the limiting factor. In the CDC 3200, if

(A)=-y and (Q)=+x, -A can be computed faster by several shift-add

(SHQ, AQA) instructions than by a single multiply-add (MA, ADA) execu-

tion if the number of nonzero bits among the most significant L in

the multiplier is less than six. An AZJ,GE instruction can then be

used to retrieve r and exit if A 0- 0. The p=2 (regular 12 sided

polygon) case is programed as an example in the appendix; entering

with xs and ys in (A) and (Q), the execution times are 17 psec minimum,

24 psec average, and 34 psec maximum, including call and return with

the result in (A). This routine is on disc file SPAM.

21



5.0 Appendix

5.1 Exanple

This is a listing of a COMPASS routine for the 12 sided polygon

envelope estimate shown in Fig. 3. The peak error is +0, -0.034 101,

the multiplicative bias is 0.989, and the rms relative error is 0.0110

so that narrowband flutter is 0.15 dB peak-to-peak and the maximum

signal-to-noise is 40 dB. The execution times are 17 gsec minimum,

24 •sec average, and 34 gsec maximum, including call and return.

Entry is accomplished by a RTJ XY.SQRI instruction vith the fixed

point quadrature samples in (A) and (Q), and return is to P+1 vith the

envelope estimate in (A).

ýd
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LISTING OF XY.SQRT
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5.2 Tables

Following are tables of constants to be used in choosing and

implementing an envelope estimate based on a 4k sided polygon. For

any k, the peak relative error is +0,-EP for odd k or +EP,-O for even k,

the rms relative error is 20 log1 0 SP, and the multiplicative bias is

BP. If L is the number of leading zero bits in BP or SP, implementation

is as follows.

Find x = absolute value of largest sample, y = absolute value of

smallest sample. Define an initial * by

r x k odd ; = x + CY , keven (5-)

Use shift-adds for the multiplication, using only the nonzero bits in

the L bits of C following the binary point. Then, compute0

S= _-Y + x*Cl) J, (5-2)

using shift-adds with the nonzero bits among the L most significant

in Cl(l) for the multiplication. If -A • 0, exit with • in (A).

Otherwise, update 2 using

r? r + A.,C2(',) ,(-)

using shift-adds with the nonzero bits among the L most significant

in C2(l) for the multiplication, as before. If no Cl's or C2's remain,

exit with P in (A). Otherwise, repeat the operations and checks

beginning with Eq. (5-2) using C1(2) and C2(2), Ci(3) and C2(3), etc.,
until either -A • 0 or there are no more Cl's or C2's.

28
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TABLES OF PARA14ETIJM

29



N P9
c c

I N

I JO

w F.
ac

N

uu.

'Vr

Ma-
w w'

o cc

c 04

OW
414

y -U-
cc~ 31p



I _ __

(- M

C-

00

2 '32



ON -

'C-
F,- Q

-0-

IV C
Sa

Cw to-c

Z; cy

W 
IV

T C.'



I Ifl
LLI 0o

00*

ILr

-M,

.CDp

N4D

oL&J

oij L' I

0 It -j

u C4

49 -t 
A .

7. m : .a

w u -4
m I'-N

C 34



CL

thJ I~
.0 --

W z

w MI

cr 4c
c .CL (1

b- M
3-j

c. & c

)I- Co
X 0 I= 0 .
Cr 0 IXI

Co -
* "~ 0 (



0- L

L *

trN

'cc c

c.L 0r

LC en

U.

'cc

If w

ac 0 49

CL 0 J 01 U a

0~C

- ~ .0& t

U.E' 9.- 0-
cu t

n~o Itt

x z~r36



wp

in0

0r c

4.

fn CD
0 N0

ON M
V) in

op. '0 -

Q. CL -"a0

-j 0I a.

*. 0'k 0' -,7 9t

-w N 4
4ow a (Y Cc f-
CC a a' -4 CC CCN

C . 4c oc ow C N 44I
z~t tvLu

a. a.3T



LL; I

"01

t C u

ccc
(~OD

-I--

%00

C.C

w U,

Str -r

2: CL - j - jt

c £r C

uj 0

c I f - r

0- £4 N1f CD 0' Ul 4.o
*'C 49 m k t No = .IxI

m. Z; 0 4 w
w 9) cm

Z~38



c c

C7c

oo

CL cv
uj en

Cp
LLi

N N
r.~c c-

tC "C V -Cý

U inI- &

inm - F-
U, IX r

'C 39



IzI
LrL

p-

Nc

C C
IC

% 0

.4 o4

U. 4

m m Cl

cr

9t OD 49 0.

'0 qg w

4C c 0
Cb 49 C -

0'0

C - -C -Lit



tL

NU

It N

LLII

CDN

CýC

r.

NC m itLtr

C cc

0- 4
C NK49 44 --

ms u- *y r

*9- M jA



N cr
I S

P~ -

CL 'C
v

La. -r -

'C P P

p C c

41P '
ft o

In .4 -a

C 40

c N -r

_ 'tx 0 M M N I

a:k
CC -. - 0 fm



I I

44 4.
c %U C

I CC
C>-

-rPI

Ml %C
It 

m

'tr ' co

SJN cu -

-o. .
P10 4.

CL

m C 5 Ir f-t

%C C fnS)

%V 4
m -4 a P1

00 mC m

z cOlj t'c X. Linf - iI

0.- .9 0

ci Ir P 0* 0D N
* ~ c l C 1

In I'- cc P 0 c - ixr ) m
2 1* 0 N Z X 0 0 r9.

w u

-. 4 C4C



LLa.

C tC

M. C.

St '

P.-

m-e
iff

L~ 4 U-I

- C

x 4 D

cM - e
CM 0' 4

N r P- '.

P- tC

Cj %C OD U.

- > . 4 a.

I -1 0 CC Ix
OD 49 IJ

~~C~ 44- C



Iir

* .0
7

U- u

t7 o
c i

c
cc~

Up 0
IX N

v -1

ctY fn C -

4D4

.T.

I I I 4

4 LP I--
a, - Ln - c

C 0 I- ci I- fnI 0

W- 0 - Ic Iý'
a ' N 0 0 1 0

5I 4
4~P- N _j 14 I

CU 4n I-- m~ (4 1.-
2. WS* aO r'1 tc aJ%

0 1 N- 4r 0 0 t-

a: N # m1. '0

I-. IX N M z
in 44 n O00 4

WIAJ U ~ CY M
cc w" U 0 u Y



6rr'

o Ic

CkC

I...

-v P

Nr CC
z Ir

m* %C MA I I

c C -?

C'N IV

40 It

aIt- 4=.

-- C

Mf :r rN Cv L
r- 0 0uc

N W

W' 4 m rN% r I

Nl L' N

I * - I 4r

4c 0rTý M _
a'' 0' 4 1C

c , - nf .

a. CC (n CO 4u-9
C 4 19 m SI 'C

1A.1 P- 0 - 4 '

Cf >-o cca.
-t P--C -

c- Ce, M'' 0 *VI P.
U.4 4 . No 9a ODl -9

* 0' -it ~ JNit

~ * * ~ x *

In



c

- 0'

N iN

0r 0 v

L)V

LiJ
cc 4. 9.

(C' It.4

m- -4 el NO I-# co t CIO

13, 06.55

aa m NN r

LW, c 00 4D

+~ *l Nn * 0 Li

N~~ 4 0I'. I

Lo 4w CC .m0C

4c
I '0 cc I e '

0 0 N0 Co~ c 4

Ul *W" S

2 dig 0' C -Nc 4 n

~~rt 0d 0n a .C ~ % Mc OD.

a, I"C - b ok

0. 0.-.f
W V Li rl jjjj '

* ro ...ze- ~ c. ..sý



- C
I I

gJ�
It

e
It It
'C C
I.- It

r'.� C C
CIt I'� 4
I'L �C

L�e'.
S

cr�. 4-� 0 0

L 4 - r'�.
4 0

I I'- I
Ii.. 4 -

* P.. It It
4 IC *

4 St P. 0
C- S -
N C\ It -

c� 0' It
g� 0 C

ti� 'C 4 N 4
9- 0 0 'C * 4
Ito C" 4 4
40 It C

ac . *

C'
C'- -- I\N -
0' CC 4 CC C
C- II 'C IS 'C

Ii�&� 4 WLLJ It
* ?-0' 'C

N * 4 e� 4
N- 4 �CS 0
00' 44

4It
'C4

04 40' �O sON N
CIt O'.C '- 40' N

4 �0' -
&L�N 'CM It 4'C 4
MC S S S S C
MO N� It �'C It
CC C- 0z- . S

C,,
O 'C -- It NN C-
* 0 00 4 CO 'C
9 0 II 'C II 0

C �J.JiL- N *�*W 0
* -c CV -. 4 ('4

* - I'-N P- ItP- It
O� N -. N 0
�I'C S C-( *

9-C

4�' NC �- It3' r-
- 0-4 MN - 0'fl.i SC
.J *P. �CC 4 0'It C-

�m 9-C - ir- -
* * .- * * C'�

C C-C -'. -. �r- IC
ICC N 0

X ZC- * 0

U.� LL
It

� V

,�4-4i

-� -. j. �.\v, 4 J '1



o CL

m 4 r

U-

-- cc

cc ~ ~ c C f if -

r- N

CCU
-- N Nt

O'* %o~ q %Q

0 U e aJ N La,~ %v

cn1- 1 C. 0;

air ma ~

L&Jr.. Lin 00O

I, *c I'- S S

OfN NI' C CY' 4
*Cr t-Ua

r. - -0 t r sc' a4D
LL; IV) N0 mo NO

Oa N tO 0

in- CN 0W.'C U

c. tC. 4a 1 u0 CO Nc u -

I. a.40 xm% P- M Ic _
cc P4 N- Nl dilj 'Cp F 0 9

u 0N C. - 4 m0 I-

CL W O EN NW in 0

Con. ~ i C 4.

C C daen 4 i %j -
Isi -0 P - tM (Y M (Y

Ci t -'0W C-N W -V Cc0 Nr
d e 4.- s 4 9 c uU -9 O - A t n

Z~~~JC Cm.Wn e A

* -'4 444 E 455' 41 9



C7 C

%CU , U-

*m 0

(C.

w LLL uj 11-I

1- tr - U r c
f* -*.0C

17 00 P 0f

Z C

(IP-

N.- A- W NN
a. ii c se

4 cc r

N 0M cc C --

r-r P q~o

c . N I I I-
Se .4 Lw

~I 4d

QC it -- C P- -c

CN U.a lW

V7 =, OD CD 4 to4
X- Mt 0

4D4
~~~C (Y~ NN

00 uN~C

I- ~ N CC 0



Ok m

Cc N cc er

cc- Cl cL
tre

Lrr &
c c -%c I S t

cr eTr IL

j r I I
USI u C Ifiw C
mw.Y ccm c

NM
IC %*rCen%

W ~ c tN M
O~OM S S

"c:p:t

1o 0) V r p- M 4

*~c O O' - 0 4r
0c- N A11 M00 P -

,f C aC cc m-
w-O' P- WN

3. Nc M-- tvN-
5- OP- z~ Z; Q- '

v L -N w . 4-
c so C> .CD fn

+ NN 00 OD OD

-JI~ Ln O.D' P e . 40

C'C~f r0 it IC

MI 4L £'M -

* U, 0 0D c

v U -0 -1 tý 2N , - 2

Q0 00 1- C Q n U_

S 1 49 4 c 4 ek n 4

ID a a



m Is c

a' ~c 4 -

eN au- C

*.M.

U- Ic Il cc

a- A: m %C
mI LLLA 0ý cLA 'C

N(Y LI

-C

c. n cc- IT (r NC

IC4 ccI- 0

Cr i.r

4r -- % 'C'
LP C it L C C I
* P.- M II m

%C~U Ca ~ s

4='~ it M1 -C - ' -'

CCC

0Ij a- I= I-c eiv

LL. ~ ~ ~ r Q. - 0

cN

U. .LjU 4r,~-

* r - A7- m N
Lin C N CD C C

IC 0 4ý 4- -4.4 7- N
M 07- 7-C$ 00' V-i pc

Cc IVN~.I
CC In *0 7. - *9r *4 F.9-W M -* 1 it * 7a-C' xf

OD W- 0a d P

cc UX 00 N - I
W 7- 4 -UI

( 00 7" ft 52UI

S ~0C .. J- 1.P- .. J



7~

L L

T. a IS '

n. 4 4X
%CC C

C LC

Lr %C r

c c4

.0 t .

m 
67

'C''.
aI SL'

I rr

I~Ie

IA-C M ~ 'C7
c -Ar 40 .c 7

cc I

c ~ * ; fn M0tI

a' In M a.f -

cas

* c - a utv -a4 41- Mm A Ireo 44

lyC cy

Si-t



IC.-

-4 II- t I c-

C 4

ir M. Ck

o t"

ev .r M. i7

'r P
rC- - N-

a I'* C"

sir tr m4 4k P

-o4 CD M 0

%C rýc p. NC
p-c 0

JLI

.. %t LC

o7C P- C

in It.a t.
I-M- en 40

MNC P-f'
NCx It

CDU.0 ma~ I- f
CU" 0"' - -. C

&" cp Np
2 a' 0 ~ '

m z U. *
LW C -U' Mt '-P

* r a II 4I PC
C 1 LU U -W X WM 6

*n 41.- -j 7 a 4c P- 0
.j 0C.*

ILWC -A c v wFu

040 m 4 U" (" -0C 'C reI- -r- m& Cr 0
Gwlp * C el 4 "*tv 4 t N

ImiC ow C. I* c l0c tmO

00



APPLIE
-RESEARCH


