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ABSTRACT

The velocity field and pressure distribution between stationary
and rotating finite disks are obtained by a finite difference solution
of the Navier-Stokes equations and the continuity equation using an
explicit scheme developed by Chorin [1]. These numerical results
are compared with the results of "infinite disk' solutions. In the
range of interest for viscometer applications, the velocity and pres-

sure are adequately represented by the infinite disk solutions.
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(r, 8, z)
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Tangential velocity

Dimensionless tangential velocity

Axial velpcity

Dimensionleﬁ axial velocity

Maximum axial distance
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Viscosity ' - £ -
Kinematic viscosity, u/p
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1. INTRODUCTION

The problem of practical interest to be solved can be stated as
follows: An incompressible Newtonian liquid is contained between an
upper, stationary disk and a lower, rotating disk. Dctermine the

velocity field and pressure distribution of the fluid in motion.

o i— Stationary Disk
(_ ~—Liquid-Air Interface
- — {— Rotating Disk

T

Figure 1. Physical Configuration

By presenting accurate nume:'-ical solutions tc the Navier-Stokes
equations, this paper makes possible an effective determination of the
nature of inertial secondary motions in a rotating disk viscometer
having disks of finite radii. Previous considerations of the problem
have assumed that the disks are of infinite radii, resulting in solutions
involving numerical and analytical approximations [2, 3] . A compari-
son will be made of the velocity distributions obtained with disks of

finite radii and those having radii assumed to be infinite.

A e A rgmsinot T
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II. THE EQUATIONS OF MOTION

The equatxons govcrmng flow cons:st of those of Navier-Stokes

t

together thh the cquation for contmuxty These. as used in this

T} ) .

paper, are for a cylmdrical coordmate system (xr, 0, z) thh rota-
= eV - "

tional symmetry and mcompreuszhty assumed. The equatmns are

13

written as follows [4] :

AL T8 ke s

3u, 3u_¥ . du__13p, rfu 1l
6t+uar T -*‘,",az,"p_.ax“’.[, +_r - a+'5—5.l (1

dv . . dv . wv v _ v  lav v P

at Viar T .*“’az.‘"[é?*r r ?’*a_z"] (2)
aw . 3w .. 3w _ _13p Fw 1 3w Pwn
Tl T SR pbz+u'[ﬁ'*r g gl (T (3)
u 0w AW

St e b ) j ' i 4)

He)re. u, v, and w represent, relpectwely, velocities in the
radial. tange'ztxa.l, and axial dxrectxonl. p is éeneltty, P m‘ ;reeettre.
and vy is kinematic vucoeity The ra;liue of each dxek[;s R, the '
epacmg between them xs Z and the angule.r}'treloc1ty of the rotatmg

fe

dilk is £3.

10




procedure:

Primary Variable

u v, w RO
r A R -
z z
t Z/RQ
P p RQ°

oU AU
STI." A(U >+ -—Z-
1 r Fu ‘1
+t2 ¥ GR R

The normalized equations are

o+
aolor
wic
_/
-+

ru =
A R = 0
z ks
where R = and A = Z/R,

11

Normalizing Quantity

_x-_—

U, Vv, W
R
z
T
P
Ru
az’]
v~ Fv
®)t 5]
Pw -
J)t3z3 ]

‘The above equations are normalized according to thc following

Normalized Variable

(5)

(6)

(7

(8)



The boundary conditions used are shown in Figure 2.

<
"

o
=
o

o
QW
"

o

o

U=V=W=0
Z2=1,0
o (=]
s -
n n
~ Z=0.0 5
U=W = 0; V=R
Figure 2. Boundary Conditions

3v._ YV
3R "R
AW _

aR’°
U=0

A

The _x"o.tating plate is at Z = 0 and the stationary onc at Z = 1.

-

R = 0 is the axis of rotation and R = 1 is the liquid-air interface which

is assumed to be planar.

<

B
{3} o

stresses relative to viscous stresses.

syt

" “ (‘ el M o T it i . . f , I
" The Reynolds Number, 'Re." represents the meéasure of inertial

Viscometers are usually

‘1 aniel ”Yzhécf by considering the "iti.!}rii&i,lé“"'lf"?"it of Rve"“-. bty - dd

case the flow consists of circular streamlines. Viscometers gen-

with the product A R. less than unity,

12

. erally operate with a gap-to-radius ratio, A, of less than 0. 05 and




III. NUMERICAL PROCEDURE

To solve the Navier-Stokes equations, Chorin's explicit tech-
nique is used. An artificial compressibility factor, §, is introduced
into the equations of motion. Hence the continuity equation is re-

placed by

D - _. U A, 3uy_ W
AT "(R*M{ Y 9

where P = D/6 is an artificial equation of state.

Equations (5), (6), (7), and (9) are put into finite difference form
by means of a Dufort-Frankel scheme, (details are obtained from
Chorin [ 1]), and the resultant equations appearing below are then

utilized in the computing procedure:

13



U (TH) = {

’Z%Tu[u(nﬂ-um )]
+ 2AAT %a
_-g'w[mzﬂ-u(z"]

221{ {D(RY) - D(R7)]

2)° AT p
+R v [U(R"') + U(R‘) 'U(T-)]

.+ A*AT (U (Rt) - U(R~)]
R_AR *

_2\°AT U
R R*

2AT
R “nerrz [u(z*) + U(z-) - u(r))

+ u('r')}/ {1+% _LQT FZ'T?'f e

14




V(T+)={

_AAT
AR

U [V(RY) -V (RT)]

- Z2AAT —

--g—;‘ wIV(zt) - v(z-) ]

222 AT

N [VRY) + V(RT) -V (T7) ]
e

+

+ A2 AT [vm) - V(R-) )

R AR R
e
2)\°AT V
R R®

2AT N - i,
+ReAza (vi(zt) + V(z-) - v (T))

203 AT . 2AT |
Loz )

\ i .
AACE NN {' t R_AR? +ReAZa

15
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wirh) = { -28L y (w@Rh) - w@R)D
-2 w Lw(zH) - W (z)

";_A-'r—' = A =
AL [p(z+) - D(2-)]

b oo ¢ zxa T = =
+?A%,- [W (RY) + W (R) = W (T")]

AAT (W (RY) - W(RT)]
R;AR ' et _Rl‘. '

+

2AT _ -
+R—e%z1- LW (z¥) + W (z7) - W(T7)]

+W(TT) }r{r 2M°LT R?A%"} (12)

- R_AR
..

16



U
TV =
D(TT) 2AAT R

381 1y (r*) - U (R))

- 22 (W (z*) - W(2z7)] + D(T") (13)

where U (Rt) = U(R + AR, Z, T);

U(R™) = U(R-AR, Z, T); etc.

Equations (10) through (13) are applicable only at interior
points. For the various boundaries, the following equations were

developed using for the purposec one-sided differences.
At the centerline, (R = 0),

U-=0 (14)

V=0 (15)
W(TH = { - &2 wiw @zt - w(z))
AT o
-iss [D(z%) - D(z7)]
203 AT .
+'§:ﬁs[2W(R+)—W(T )]

17



D (Tt) =

+ Rie%% [W (Z#) + W (Z7) = W(T7))

A e 2M AT , 2AT
+W('I‘)}/)ll+i:z§r+§e-zzr} (16)

_ 2AAT U(R+)

AR

- AT r'w 2zt - = T
AZ [w(z*) -w(2z7)] + D(T"). (17)

At the liquid‘-air‘ rinterface.‘ (R=1),

Uu=20

. V(T+) ={

(18)

- AL ) - V(Z2-)
Azw[v(z+) v(z-)])

A*AT e = a
+'§:Zi" [2V(R™)-4(R") + V(T)]

2AT = o
+F.%z" [V(2t) + V(Z27) -V (T")]

s - E 2T o

v

18




W (Tt) = {

- AL’
AZ

_ AT
6AZ

A2 AT
S——
ReAR"

+

2AT
ReA,Z5

+

+ W(T')}/'{l-R——geAR +

2AAT

wilw(@zt)+w(@z)]
(D(z*) - D(z7)]

[2W(R™™) -4 W (R™) + W (T™)]

[Ww(z+) + wW(z-) - W (T")]

A°AT | 24T |
ReAza }

arR_ U R®7)
-AL [ w(z*) - w(z")] + D(T")
AZ )

Along the rotating disk, (Z = 0),

U=20
V=R
W=20

19

(20)

(21)

22)

(23)

(24)



AT e o
= =2 gz [W(zH) 5 W@ + D (), (25)

Along the stationary disk (Z = 1),
Lt L&

4
3

U=o0 (26)

V=0 (27)

wW=0 (28)

D(TH) = - 282 [w(z) - w(z))+D(r). (29)
pI. 3 X -

{

The above equations(to obtain steady state solutions) were pro-

grammed for a digi_t;l_gompute.r. Such solutions are considered to

b= 4 foie
v O ®

] . il e b el )
have been achieved when D(T+) and D(T~)

are approximately equal.

A copy of the computer program, coded in Fortran IV, is contained

in Appendix A. Ao 3 TR A
A 1{2) .
{ 28 8 W g W L
A
{ Xt it sion

-

20
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IV. STABILITY

If the flow under consideration is to remain incompressible

and therefore stable, Chorin asserts that § must be chosen so that

6é Re Max (Ua + Ve + Wa)t <1,
R, Z, '

i

This is equivalent to keeping the artificial Mach Number less than
unity.

To insure that motion can be adequately described in the con-

fines of a given grid scheme AT must be chosen so that

AT < .437 Min _(AR or AZ) 6*.
R,Z ’

Numerical results show that the above conditions are not sufficient

for stability in some cases and too restrictive in others.

21




V. NUMERICAL RESULTS AND DISCUSSION

ot 8 1 ]
The secondary flows found in the R-Z plane are shown for

A=10, .50, .20 and . 10 in Figures 3 through 6. (A R, =10 in each
case.) Computer program:- outputs for velocities and pressures cor-

responding to these cases are given in Appendix B.
fOnc_e an adequate § and AT are chosen, -‘(;orx:vergence is achieved
in 2000 to 4000 iterations. This requires 20 to 40 minutes of com-—

. . puter time. The following table contains 6 and AT values for which

" divergence occurs:

p— bk ; P, A -r»!)

‘ Chorin‘s
1F 43 Trial Values . Necessary Conditions
A Re 0 AT 6 - AT
‘ A BT / i £ e ‘
. 75 ‘lo 0 (] 04 . 001 T lo 0 . 022 i
.75 1.0 .09 ;001 1.0 . 022
& ) fa { s
. - 3 [ i G L
.75 1.0 .__16 . 001 1.0 . 022
. €00 1 108 A '
1.0 1.0 .04 . 0005 1.0 . 022

22
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Listed below are § and AT valucs for. which there are convergent

solutions:
Chorin's
Trial Values Necessary Conditions

6 R ) AT 6 AT
1.0 1.0 .04 .00025 1.0 . 022
.75 1.0 .04 .00075 1.0 . 022
.75 1.0 .04 .00075 1.0 . 022
.15 1.0 .09  .00075 1.0 . 022
.75 1.0 .16  .0005 1.0 . 022
.15 1.0 .16  .00075 1.0 . 022
.15 10. 0 .04 .0005 .01 . 002 *
.50 1.0 .09 .00l | 1.0 . 022
. 50 2.0 .04 .00l .25 .011
. 20 1.0 .09 .00l 1.0 . 022
.20 5.0 .04 .0005 . 04 . 004
.20 5.0 ,04 .00l . 04 . 004
.10 1.0 .04 .001] 1.0 . 022

.10 10.0 .04 .00l -, 01 . 002 *
.10 5.0 .04 .00l . 04 . 004

* The necessary conditions are violated, yet a convergent solution
is obtained.

27




At least 20 grid spaces are necessary inR and Z for re_asohable
results. Numerical oscillations are produced in the Z direction when

only ten grid spaces are used.

Fér the éméll secondary flows, true convergence is very
difficult to discern with this numer_ical technique. As an example,
forA = .1 and‘Re = 5.0 convergence seems to have been achieved in
2000 iterations. But when_th:e results are plotted, numerical oscil-
lations in U are evident. Howev;er.- after 40Q0 iterationrs these oscil-

lations have vanished and the results appear to be accurate when

compared with the infinite disk solution.

Rate of convergence is independent of starting values unless
accurate values at R = 1, 0 for W are introd\;ce.d. In proof of this,
a 'case was run which took as an initial state the infinite disk solution.

Convergence still required 2000 iterations.

In ofder to test the‘ stability of the numerical solution, two
special computer runs were made.  In the first, a convergent solution
was perturbe:'l in W. This perturbation was of the order Max|W| and
was introduced between R = 0, 5 and 0. 6. The solution agai’n con-
vérged. éuggesting stability for finite perturbations. For the second
run, initial values were assumed from the infinite disk solution and

p;ﬂeu:ure was increased by an order of magnitude. This solution

achieved an oscillatory behavior then diverged completely.

28




VI. CONCLUSIONS

A large scale parametric examination of §, AT, AR and AZ is
required to best determine the numerical stability, the rate of con-
vergence, and the accuracy of cach problem solved using Chorin's
technique. To show that the res;xlts obtained herein are indeed
reasonable a numerical solution is compared with a series solution
for infinite disks. The series solutions are written to second order

in A Re as follows [ 2, 3]:

U= - nxn'e [4(1-2) - 9 (1-2)% + 5 (1-2)* )
60

V=R (1-2) - RA’R: (-8 (1-2) - 35 (1-2)* + 63 (1-2)5) - 20 (1-2)" ]
6300

4

W= ARe [-4(1-2)® +6(1-2)® -2 (1-2)® ]
60
P=,15R?,

These comparisons are made for A =.1 and R = 5.0. Figure 7 shows

the secondary velocity field for the numerical solution. (A computer

output for this solution is contained in Appendix B.)
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T

Figure 8 shows a graphical representation of a comparison between

the numerical solution for finite disks and the serics solution for

infinite disks.

A .\\‘ t
-.06 -.04 -.02 O .02 .04 .06

Figure 8.

Considering the closeness of the results of the above compari-
son it can definitely be stated that the velocity and pressure for
rotating diskviscometer applications are adequately represented by

the series solution of the infinite disk problem.
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APPENDIX A

COMPUTER PROGRAM '

Coding hints:

1. Factor all constants and remove their computation from
the innermost integration loop. This results in a 30%
reduction of computer time. ! * ‘

2, Simplify the subscript arithmetic as much as possible.
(Sec statement number 5.) This results in a 20% reduction

of computer time.

34




AIQ/C°T=Al10Y
3¥/7(22870°T1+280/2WV1)#10%0°2+40°1=A]10
3U/7(220/0°2+42¥0/72WVTI=-)%10+0°1=TA1Q

2*%20=2123
Z2»x¥Q=2¥J
28V I=2NY
(2S49)311YM
(I3U=(NSTCI)A
€41= % 00
F1=]1 % 00
0°0=(N*F*1)0Q
0°0=(NoF41IM
0°0=(N*C*1)A
0°0=(X*r*1)n
€s1=) € 0a

Wei=r ¢ 0Q

q¢1=1 € 0CG

20+(1)Z=(1+1)2

INW¢I=] 02 0C
Ya+t1)U=(1+] )Y

1IHI% =1 2 .03

T-W=lhd

1-I=1INW3

“9=(1)2

i OOIA.-,‘

. ‘ I=N
WeI4ZQ4YUA* 1G4 1303 HYI(TS*S)AYIY
. 2wyl vy
WY1 TY3d

(12)Z°(TISIYUC(ET24TIGIO(ET24TGIMNC(EST2TS)IAC(E4TZ2TSIN NOISNINWIA

474

35



oY ] v
5 U 1M 3M1

.Ft
ou*a.ﬂ.-.a-_:t.~.~.2ﬂ~.30.~.-;5-.?—¢o
£Q. 2+401)U2(241°C1)NALI-S

t1jys7¢¢2s1 .mca_.:l.~.~.~+ﬁ-.:-oou+a

S ( (T CIIN=(T T TI-F1IN+(2°T°TeTIIN)+S
¢u¢..~.~.~|ﬂ-.ol.N.a.aonmooelu

€6 ((ZCTENFIIN=(25T*drIIN)IS(Z*T4F IMN=%
(1)U/238(2°T°F1)AeZItS
nuo..~.n.~|ﬁ——:l.~.~.~¢ﬂ~.:.Q.N.uoqu_:t-u—m.uwau.=J
soer JONEN=NEY

f 4 J o4 Nsdl

. Ceil) JofN=f];

1 IN¢2=1' 9 0G:
- 1$2(2=F)=NI'N;

: 1Sef=dlN;

ASH(T=P)=CN.
TN 2=(, 9.00 €

YO/ 10sMY IR0~ Nunuu

~ns»n¢o.~u-u

(20+130)/40= nnu

.Nuouma.\haa~:¢aacuu

.xooumnp\»oqau

(22043¥1/40¢0°2=8)

wx\haoutcaoo.uupu

. (40¢3¥)/710+24¥1=9)

g - .N«Och.\hoo~:<uoo.~unu

L ea e TRAT (720800 7408HY 129D

< 4 {s O [ ofat .qr).\—.p.‘ﬂ hm! ~a\”?nu

10euVI80°2=23

YG/10eWVYI=T)

: , - TAJQ/0°1=TAIQY

bore

36



8l ((T*rLeTIM=(2°T-F*TIM+(2°T+F*T1IM)+S

SOl (T°T*TIM-(2°F*2)M%0°2)+$

‘ 0 112#((2T-F*1)0-(2*T+l*T)0)-3
no&-.N.nlﬂ.u.:l.N.~+ﬂ.-3~§.N.ﬂ-u_SO.H.M.H.~.3

TATQU=((T1°F*TIA+S
8I((TFLTIA-(2T-FLTU)A+(Z2°T+T*TIA)+S

€ISl (2T-TLNA-(2T+M*VIAIs(24F4TIN-S

0TI ((TOLeTIA+(Z4r*T=1)A20°H=(Z°F*2Z-T)A%0°Z) )=(E**T)A
INWs2Z=r L 0a

3NNTINOD

(TCTFI)Q4ED4( (24T NFIIMN=(Z°T*drTIN)-$

TI%( (2T 1-T1IN-(2°T*T+rI)N)-$

. (1)N/(2°T4CTINZI-=(ET*r1)Q
AIQU*((T*T*rI)INss

8% ((TCTSTIIM=(Z TENFTIM+ (25T 5drT IN)+8

(1IY2C(2 T T-TIIM= (2T T+ 1 )IN) 29D+
SO ((T TOFTIM=-(ZoTT-CIIN4(ZT T+ 1 IM)+$

62+ ((Z°1NI1)0-(2°T14dr11Q) -3

€I {(ZCTONFIIM=-(2¢T44rTIN)#(25T1°FTIN-$

TI8( (2T T-CTIM=(Z4TCT+FTIMI (24 TTIIN=-)=(ES T4 ] )N
ATQUS( (T°TFI)A+s

828 ((TCTCTIIA-(Z TNITIA+(Z°T drT)IA)+S
Zea(1)U/(Z4T4CT)ARLI-S

(1)U ((Z T4 T=PT)IA-(Z T T+C11A)29D+8
SIS((TCTTIIA-(Z* T T-FIIA+ (2T T4+CTIA)+$

€24 ((ZPTSNPIIA—(Z4T4drIIAIR(ZETerIIN-$
(1)Y/(Z°TSCIIAS(24T4CI)NR2D-$

T80 (28 T6T-FI)A=(2Z TS T+ P I)AIR(Z4TSLIIN-)=(ELT*IT)A
AIQU((T*T°FI)N+S

37



¥ } r &.

¥ ~n.a.~.=m.~.ﬁ 119" .

(<Lt i .N.a..,>u.~.a...>
: : m.a...>u.~.n.~.>
.~.v.-=u.~.a...:
n.n.u.:u.N.e...:
"W*1=F 01 OC
3%1=1.01, 00
maz_»zou

(S -

s = M sl SR
£ . EIELIZO TP O NIN=(2oT4+F 41N =8
n-u..,~.q.-aa.:mw~.q¢4~m~nw,n.a.a.a A
i Lol LS qqeperyaes’
€802 T-FSTIN=-(Z TP T IN) =S
L EVIR(ZEROZIN-=(E5P*T)0 |,
THW*Z=F 6 00 °

u:z-Hzou 8
-dut.-o+N-uQ~.N.~lto-—3!~N.t--Sall-notﬁu-o

38

u
.n.u.u.a¢-u§..~.~...:a.~.~...:.|-.n.....o
1 2 S L3 €5 3 oa
INNTINDD L
IATQYS ( (YT INes’
L BIelLTALCAIM=(Zo T=FCNNE(ZOTRETIN) 48
oﬁuo..d.q.a.:o.N.s.uua_:oo.eu Zirs2-1)Ns0°2Z)+$
-duﬁ.au.dcs.a.no.~.~¢s.a.o.ua
nuu..N.—uq.a.:s.~.~os.a.:...N.a.a.:u.-.n.q.a.:-
e

>-o¢6.-oﬁou-3¢a




CANTIC TV T=T4 (E4r“T)M)(0S49) L TyM
W=r

(9649)311yM

¢l 0109(0°19°r)d1

(2S°9)31144

. AWF-r=p

(LW T=IC (€L T)A)(0S*9)ILTuN
et

(SS9)311uN

(25°9)3113M

11 0109(0°19°F )31

 AWC-P=r

(LW T=T4 (€4 1IN (059 )1 T ux
. . W=f

OV/ TWH=LMF

OV/TWI=4W

(¥S49)311um

todoNaazo.hn-an.w¢.t<J.um.o-WFuum

N(ES“9)31]1umM

S o»o¢.o.w2..oo~.z-00t-u~
T+N=N

10T 0L 09(0°1°19°XVYWQ)4]
—.anoﬁun-numncaxczo.~x<t<nx<ta
Wel=r 00T 0a

I*1=1 001 o@

0°0=XVYKWG

ANNTINOD
(Z°re1)0=(1%r*1)0
(e¢re¢1ja=(2*re1)a
(ZCeIIM=(TeFPo] )M

€l

et

11

101

001

o1

39



{Sela T W Teliv i %
3 i ¥ St 2 19
b8 « 133 554 143
3 Lr\.wﬂw 3 8 |
#He f=ll Gy ¢d
S S P 4 ih s XARG; EXAME =X ANT ETH Y
I0L OF 084940, T0. XARGIR]
Is =it
TOBIT TR (G0L W IT0%IRT
Wi{reg ,&337L6d £5
a i 3 i %, Ty MA 1 3 3 sz
SOSTTIT0L 0T (g oy Lviwp3 LS
: (W HZ)LVNNO3 95
. . (A HZ)AVWND3 S
(N HZ)AVRY¥0d  9S &
e @m.n..uzﬂzn.pgtuou T

© /7)) VWN03 28
(0T12°9°0139)1VNN¥04 1S
.n.pﬂum&r(tzou . 06
a; yﬁ,uohm
; Y 0109
S 01 09(0°I°171°XVWG"GNV°000%°1 TR LTV ) N
" 41 0109(0°19°r )41 :
t .—,tq.lh.flﬂ.
. . .hzg.a.--..n.q.-_a..am.o.mrmmx 1 |
G AT :I.-r
y (16°91311uM
SER P P £ S & S (2S49I3LTUR -
€1 '0109(0°19°r) 41 )
ANC=0=r




APPENDIX B

SAMPLE COMPUTER OUTPUTS

Guide to the computer output:
1. The first line of print is the number of iterations.

2. The second line of print is A, Re' 6, AT, AR, AZ and a

. pair of indices.

3, The velocity fields (U, V, W) and the density (D=06P) are
printed on the following lines. The numbers are oriented

so as to correspond to the graphs previously shown.
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