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0. Introduction

In a recent paper, Armitage (1970) has considered a determiniatic

modal of air interdiction in a simplified "hostile count, y" through

which nAturial Is supplied., In this report, an tunlogous stochautic

model in developed.

Three important elements of a stochastlo model fr-r air inter-

diction &re (1) stochastic processes describing the movement of

trucka carryinj the material, (Aount of material, etc., (ii) a class

of methods of air interdiction and (iii) optional method of air

interdiction. In this report, we have studied the movement of trucks

and amount of reaching the friendly country and have lsmo

oonsldered the efae of air interdiction,

Armite. (1970) has considered a deterministic model of sir

interdiotion in a simplified hostile oountry, Amng othrp tit

roiiowing assuption. are madev

(Al) The cOuntr y has a reotangla tjhop¢.

(MA) A quantity or matrai enters at one ofr the short sides

imd is troauported to the other short side.

(A3) The iiiaterial Is dis bibuted wi normly suross tho short

side*, so only thi d.wrihuLlo in the tiretOon of travil

(Al) Tite mnieidat1 is dplsted by omasuhiptioan within tihe cowtry

and Uy deestruotion Me to air iinterdiotion,

m m i am m a im m i
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(A5) The air interdiction does not dond on time.

(A6) All un.ntitios pertinent to the air interdiotion are

cithar oont.utit or aro defined by functions of a single

voriu~ble.

(A7) There is no within-country source o target material.

Tho following no &tion wil be needed. Let x be the diata.oe

from the boundar"' that the material exits from the country. x

roxaaa from zero t~o one. T(x) be the amo~t of material. flow4

plat point x in one day.

C(x)t4x Ia the amoant of material aonsumed LA a strip of width

AX in one day.

D(x)za be the amowwt of material deatiWa~d in' a atrip of width

Ax in one day.

dx

Novt lot O(x) - ,gxi&x where &(x) Is the amomt of

WUal jonawid within the cotryp ozd kTx)i the asount a:

uvorv aonaumad 'by the trimqertatian Drooenat ki is a oonaut

4emhniLad by ao~ oriiia of %he rval Draoea.

,II.o t D(x) - kN(x)T(x) . Wnoro N(x) ia the donaity of

, t'ppliua to pinu x ii plJnutt par day. k2 u I Aonutant
1Aij~~~% ekl't Wooittiontle Thinu Iamiotioa uaya thatb thu aiwnber

ki, Jotie Aur'i ia do uyed at point x to pI,(rt)GAUlA to the

IiWjuA'C of aloaNapliod tao x tim~es the #AoWtA of weal aU
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Inaar ing this information Into the first e Aatio yields the

difforential aquaton:

dx

A itage solvea this equation so thint T(O) in an explicit

function of G(X) - J' N(z)dz . T(O) is the £ Imt:on to be minimized

Ovor all 'orn of N(z) in the into rval 0,i.2

lia Airthor ahowa that if g(x) is a step rwantion than T(O) is
'mininlzed iA the i'uoction aae of all fuctions g(x).

Tho oonstraint 14 the tour survival probaiity. Xf each c ow

Vlied m sortin t han the probabi.lty of surviving these m sorties

uuob be greter thm. coaw preass5igned number' Q4jt%

Armitage applies his rosulAtn to a aeoifio ew2Vle. He tvides

the hostale country into three &nea, a foloowat.

tone 2

gone T( O) ag~tatj±



lio th111.m -W~n 1c, l.o,(1+C) whore f' is the number of to

coaamod n oacoh ro~md trip T'or ea~ch ton of~ xtora1.

O-(x) 2x2

u~~~~~~~d. <2 Xm eooe o~~~e~o

ci hoBO asimas NO sorie ta re& avalabe fothe~ interdction

X1& in uaiph &iuno.

Ana heaotico ma aplie ob hao~ oints2x roa 0 in a the

~i uu xior eah eo tha thew origna d~) iffet rea eapiiond~,

~1i o ~ad bebwex hra o+il pib. I mr ooi.

aft
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data wcreo vailablc, thc values of T(O) at these points could be

computed and the minimnm value of T(O) selected. This would

determine the optimal values for N1 and. 1i

Armitage assumes implicitly that the trucks all line up and do

not pass, and they maintain the same spacing throughout their journey

acroza tho country. This is obviously not realistic. Also, since the

model is deterministic, the solutions are, by implication, exact.

This is not realistic because the constants oanmot be evaluated

exactly.

Armitaoe assumes that all of the quantities pertinent to the

intordiction are not functions of time. This causes the mod l not to

ro laot the results of the interdiction when it is started., It also

moans that we cannot t oll what the long ran consequences of az inter-

diction policy ax un..ess they are constant. For exacpl, it is

oono avblo that nome Intardiation policy might reduce the flow of

mwAtrial to mero for a ahort time. Results of thia type will not be

4cmontrt de by thin model.

la also as uima that, &U quantitiea are functions of one variable

or conatant. Thia is not roolintic under tho condition,, of the

prbl'um, 'oVr xwipla, thora micght bo woathar" oond.tiona that wou.d

prcoluaa air intord-lction. This would malt tho numbor o.0 aircraft'

appliud to a point x daepnd on time as wll &s location.

By ascumin the matarial in distributed unifornly aoross the

country i the diroation prpendioulor to the direction of travel, he

hQ4 ianorad %he ponsibility of mouxto.±ne Uas, rivers and forests



6

i-mdin -he flow of material. The air interdiction would be more

effective if applld to places where the flow is dense.

I.. A Stochastic Model

Assume a country shaped as shown in Piure 2.2.1.

Traffic Flow

Figure .2.1

Tracks enter the country at xuO and travel in the direction of

the Arrow to x 0 .

During the trip the trucks may be subjected to bombing py air-

craft. Sozo of the material on the trucks may be destroyed in this

way. Also some of the material on the trucks is consumed within the

country, either by the transportation process itself, by theft, or

uzo by natives of the country.

We =a/ko the following assumptions:

(Bl) All trucks enter the country at x-O and travel to -x0 ,

leaving the country only at this border*

(132) A truck arriving at x-O &. time t. P 1hooses a velocity

vi and then moves with this constant velocity across the

country. The random variables Vk are independent,

.i



idnotically distributed with distribution f'unction

r(v)- Pcvk<_V) • Sequencea Ctk) and (vk) axe

indcpendent.

(B3) There is no interaction between trucks. That is, no tima

is lost in passing when one truck overtakes another.

(B4) The arrival times of the trucks at x-O is a homogeneous

Poisson process with parameter X

(B5) The material is distributed uniformly in the direction

perpendicular to the direction of travel, so only the

direction of travel is of interest.

(B6) There is no within country source of target material. That

is, no material of interest is manufaotured, within the

country.

(B7) The process has gone on for a considerable length o' time

so that transient effects due to the tartng proces havse

died out.

Thcorem 21. The arrival times of trucks at xox- uatiairins

assumtions (Bl) through (B6) is a Poisaon process with

parameter %(a) if truoks start arriving at xmO At time -

Proof: Suppose n trucks arrive at x-O in the time interval

(-at 23 • Then their arrival times Lro distributed uniformly on

(- ,t 2 ) • If a truck arrives at xO at time t and chooaas a

velocity v , then to arrive at x0  in time interval (t1 , 2  ±

=st travel for time t such that

V (2.1)



1-

r"lPCIa trucks &±ve at ,oO 'nt' (tt2! trck

axrivw at x-O in time Ot2)

t at

ainoo tho ±zntagra exists thia or'der of intagrtion mW be

rmaarri4in (21, we got t~x 'O < t <t2KO and the velocity

i onIy a va.ry from t.,ato Using thise Worto ionm we have

V("I tra-~ku oxiv au wx tim ( 4 truoA arrive atVO

'4 ii t db r(v)

I I,
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%4ia

2 ~ d(v)

Now we oan find1 P(n truoca a~rive at X ~ Intme(

tmaka arrive b*X inI tim lt~ k tmok b1arri~7ve

t * t44

Wh±all by ithe dotiniio of 0e ia

So tho numbsr or tmaks that~ axriva at x~do in± tima (tlOY 2

ic distribu.tod Pia±uon with parwmni.or 2(0) wq~ah~ we WlU~ call

T i onoludou the proof or Theorom .2,1.

Xow.&4w~o th~t tho mnater'±e3 on ech truoc is divided ito t~wo

c2.arl~a. Ono 01464) Q0foit Ofrteria1s tha~t in needod for' king war.



ji ol' t1i Icind or' matar~l2 arot wounso aoau±1t±o, oand

4rnaiau. . TIILi matarro. wil bo am.1d wo~r mnabriol. Th~e ot.har class~

vil oiit or utariaus whc w=~ be cil.ao cuppl.±ea ~Un1QBn of

thi 'cid o&I mtorial wi. food$ gasoline# vmdiaine Oanid build~ig

2.- oxu we :rn th1e ditbution of bothi types of material that

a±rvo Noin timo t when~ there is n~o ooaqtioa or air it

ic±tion.

Th wouQW at mate@rial. arrivinj atim in trak i will be

donotd (X)i . Mor Xi in the nuber of' tons of wor aterial

wid y iI tho nuaw.~r of tJons of #Vpl.too. The total, amou~nt of

Mtoia. wil b ( (T) X(T) , whr X()i

a~ Poaoii preoaaa with pmre.moter X~a a Here ?4(') den~otes the number or

trualto Arrvind at x 'yoin time t

Tile qotitioa Xi sand Yj ma~y be aon.s.nba or ran~dom var'iables

rr~oiu a nw~ar ot different distribions# loarna. caes are

ZW. Aaawiia tha~t XjuX And 4Y for &11 1

in bth wuCi.~t of caa~h lmral~rs. arriving at xc 0 in a

ooiw~nt thu pob~bilty gqAtin& tunation of the amoant, of

majrial of av.Qh kind on anch truck~ ±nl

Tho pobabil.ity gancruting tanotion of the Amunt, of



VW,)ilAevldWXk nUa m
X0

Nt~ we find malul aid vkg or t~he mtrial reach! ng x K 0

L(X) - Uy

awary V(Y )~a I
Nfx4 we rX~)i. th vwans

+ X~ 01o

1h~L~0X wo yo.

x (a~SO +AOx~tx)x~t
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4 ;Ll a l V-,%

,2o nd ho cvarmoo Cirt a V~i~l 06'4ti is mndthI
t"I.- Qow ialle isfowl

XA"y

fjjPv4t(\ Xddak(I)O42)
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Then~ tio probability generating ±'unction of the amoimt or materia..

arrivinZ at the border in time t is;

Xo. we f'ind the marginal expectations, varianicesand the

covar:iance.

=f(sl-s 2 ;t) ?X(a)g(siL.s 2 ) ()ji+X,,s 2 )t

:r~.'~t ex (a(a)g((1,;t)~)) u

So we must gind g(1AI)

=exP(-XI-X -X +X1+X2+)2)- 2. S6

* r~A~t = e - . *So

*No to find the variance or X. We first cacute areaired

partial derivative.

* ?if(1,1:t) - f(s 1 ,s 2 ;t) X(a)t %1+ X12 2 )g 9 82 ))
2 

1721m2

- r~., 2 ;t)7?(a)t 2 X11122)2 ( '.82)12 +



+ ?(CC1s2 ;t(aI )t+(a~) (s 1 1 2 )

2 22
So VAR(X) x(a)t (X+X2 +X(a)t(l+) +X~))'I.)1 2 )

2 2 2
-% (a)t

2

S'M~arly, VARIIY) =X(a)t >2YX12)(-X+1221)

N'ow to find the covariance of X and. Y a reqaired partia.

derivative is fon. theni th~is is used to find the covariance.

2

b f (1"t (c)t(XI+Is 2 )g(sl-,c2 )Jj

2 2
C x(ais)% (a~ +%+1s2(2)18) (sl'82)

2 2
co~~)-X (a) (X+1)X+1'XatI+'at'+l).2%2

2 2

-(a)t (Xl+%1)(% 2+1)
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mX(a)t)1 2 +i )'(a)t('- + %1)X -2

'rvx TTT Let n be the comon capacity of the trucks and. let (XY)

denote to amount of war material and supplies in a tr ck We assume

that
P(X ,y = _-,)= .. n 0n'

when g=l- • Here V is the probability of loading one ton of

ar material and 0-1 - is the probability of loading one ton of

supplies.

The amount of material reaching x . X o in time t is given by'

N(+) N(+)
E , -and its probability generating fuction is given

i=1

by f(si, s 2 ;t) = exp[-XCa)t + X(a)t ( 0) + 23

The mean of X is given by,

E(X)= f(1.1zt) ~o~~ a ()e1]'.

ruc%(a)t

*similarly E(Y) =o~~

Now we find the variances of X and Y First wefind

2 flf(s,s2;t)n2(a)( si~es)2(nll)2t2

+ f(s 1 , s 2 ;t)n(n-l) X(a)( si+s 2 )n 2 2 t] I a -' .

22 22 22
Tne X (a )7C) t f-l))s(a)2t

The variance is
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V4\' (X) - n2 2%()12 +~ n 2 %()' -%au2tno)c-~ ~,t

2 2

I n 2X(a)1C+n=G%(a))t.

Siil .rly VAR(Y) = In2 x(a)e2+x e)(a)lt

The covariance of X and Y can now be computedo

~ 2
cov(x,Y) =?f11;) E E

_2__(2_ _ _ 1 't)(- 1 s2 ;t)n(a)("s + 82 ) n ' T ]) 1 -1 85sBS 2  B s2 .

l 2

+ f (s stnn-).a (7Sa+Gs62=2r.t

=n 2 ?(a)Ae 6.+n(n-1) X(a)get

cov(x,y) =_2 n2%( () tnX -(a) "

= nX(a)tG(n-l)t .

.2.2 P-inally, we study the effect of consmption and air

interdiction. We assume that each track has ( ,Yo) tons of

zaterial in it. Then the amount of material erriving at x - x0  in

time t is distributed as bivariate Poisson with parameters

((ac)xox(a)Y 0o) • Also assume that some of each of the materials on

each truck is consumed, some is used, some might b-- damaged, and scme

=ih.- be stolen. First we as mea that the consuption is binomial.

,a;t is, if there were (nl,n2 ) tons of material, then there will be

(r 1,r 2 ) tons after consumption. The probability generating function
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o.f tho consumption is.,

It follows that the probab.ity generating function

of the resulting process is,

But this is the probability generatingfunction of the Poisson process.

with parameters (aptX(a)P2',O ) .where pj is the probability

of consuming one ton of war material, and P2 is the probability of

consuming on,-- ton of supplies.

Now assume that the consumption is distributed as Poisson with

parameters (1,2, , then the generating

function of the resulting process is,

Now we should like to consider what happens when aircraft are

dispatched to bomb this country in an attempt to destroy so= of the

trucks. We Will investigate different types of bombing.

We assume that the probability of destruction is directly

propoztional to the number of trucks present and to the number of

aLrcraft dispatched to bomb the trucks. We will also asmme that the

deetractin.process is binomial. That is,

P(ro r) s t pr(ol)ntr "i

CrI other words, the probabil-ity that r trcks red after boubing
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givcn that thero were n trucks before the bombin, is birc-cial.

Now if the arrival of trucks at x = x0  in time t in

diatributcd as a Poisson distribution with parameter %(a) , then

the probability distribution of the ari V of

undamaged trucks in time t is,

P(Y=r) ex(a)Pt ((c)pt)r

So if we know that the distribution of trucks at x .- N is

Poisson with Param=eter (%(a) , then the distributio= after the

boz:ing is Poisson with parameter x(a)pt , where p is the

probability of destruction of a. single truck.

oxow we consider what happens if we allow each type of material to

be darmaged at a different rate. That is, some of the material on each

truck could be damaged and some undamaged.

hen the distributLon of material arriving at the border is

biv3iate Poisson ditribution with parameters

,X(cx)yg 2t , 0) .Here' p, is the probability off

des roy.ng one ton of w maxteral, and is the probability of

dcs;.yiZ one ton of rspplies. This follows from Theorem 1.3.2.

.c-r consider the problem of having both consumption and inter-

-. Asa he ht both are binomial, and the loading is constant.

_Z - s, as== ech track has (X0 AYo) tons of material on it. Let

-e he p,-;bablity of concuming one ton of war material and It

:he - bbi..li-y of conc-iz one ton of supplies and p be the

;r b~ility of consuming o-.e ton of supplies and p' be the
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probability of destroying one ton of supplies. Then by Theorem 1.3.2

and the previous result for consum=ption only, the distribution of

matcrial arriving at x - x0 in time t undamaged is Poisson with

General Discussion

The purpose of this paper is to construct & stochastic model of

an air interdiction process.

This model shares some shortcomings with the deterministic model.

For example, the stochastic model assames that the flow of tracks is

uniform across the country in a direction perpendicular to the

traffic flow. This assumption is not realistic. Also, it was assumed

that enough time has elapsed for the process to become stable. This

may also hide a policy of air interdiction. We also assumed that

there was no interaction between passing trucks. This also is not

realistic.

There is also the practical problem of determining the parameters

of the process. In an actual situation the data to determine these

pnaameters would be difficult to obtain.

There are some questions raised by this study that are not

answered here. First there is the problem of choosing a strategy of

bo=z:!nZ that will mininize, in same sense, the amount of material

arriving in x = x. in time t . This might be done by attempting

(kX+Y) as a fNmction of the nurber of aircraft dispatched or the

number of tracks in the target area and attenpt to minimize E(X+Y)
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This ~ih be dlone by the sta~ndard methods, or other methods. There

Ls alJ~so the gaestion of~ whether these are the onlyr combinations of

ta-portation process anid bombing and conswptioa processes that

yield wcU-mown distributions.
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