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0. Introduction

In a recent paper, Armitage (1970) has ccnsidered a determinisgtic
medel of air interdiction in a pimplified "hoatile count:y" through
which materiel is supplied, In this report, an unalogous stochastic
model ia developed.

Three importent elementa of a stochastic model fer air intor-
diction aret (1) BStochastic processes describing the movement of
trucka carrying the material, amount of material, eto., (il) a clasa
of methods of air interdiotion and (1ii) optional method of air
interdiotion. 1In thia report, we have studied the movement of trucka
and amount of ma€§§x51 reaching the friendly country sand have also

sonsidered the eoffeot of alr interdiotion,

Ls Deterniniatia Maded
Armivege (1970) has considered & determinisbio model of air

interdiotion in a pimplified hostile aountry. Among others, the
following agsunpbiona are madel

(A1) ‘the country has a rectangular uhape,

(AR) A quanbtity of maberinl enters &b one of the shorbt aides
ald is tranaported ﬁ@ the otheyr ahort aide.

(A3) ‘e maberinl i disbributed wiformly scrows the shory
plden, wo only the d,uyeibublon in the directlon of travel
in dnportant,

(Ah) The materiml s dupleted by consumption within the eountrey

Jnd by destruetion due to aly luterdaiotion,




(A5) Tho air interdiction doas not depend on tima.

(AG) ALl quantitios pertinont to the air interdiction ara
cithaor constant or are defined by functions of & single
variubla.

(A7) 7There is no within-country source of terget material.

Tho following notation will he needad. Let x Dbe the distance

from tho boundax:* that the materisl exits from the country. x

ranges from wero 5o one. T(x) be the amount of materiel flowing

past point x in one day.

¢(x)ax La the amawnt of material consumed in & stxip of width

Ax in ona days

D(x)ax be Yhe amount of materisl destroyed in & atrip of width

Ak in one day.

than Q7 w G(x)+D(x) .
tx

Now lat Q(x) = x&’r(x)w(x) , whare a(x) 4s the amount of
waburkal oonowesd withidn the couatyy, and l&'r(x) 1 the amount of
maberind eongumad by the transportation proceas. lt'1 is & conaptant
deterined by obeervationg of the roul progaad.

Muo et D(x) « X N(x)T(x) + Where N(x) 48 the denaity of
whivena's appldud to polnt X in planua per day. k.a ls o aonutant
dabudisbind Ceom obearvatlonns  Thid aamupbion snys that the nunbae
o Guidd ol mabudlal duabrayed at podnt % da proportionnl to Whe

nibbur of alroai™ applied o x , tipws Yhe wmouat of matexial ab

K

e
"



Inserting this information into the first equation yields the
differeontiol equation:

: 4T = I T(x)a(x) i ()1 (x)

dax

‘ Amitoge solves this equation 8o that T(0) is an explicit
funciion of g(x) = _f: N(z)az . T(0) is the function to be minimized
ovor all forms of N(z) d4n the intervel [0,1] .

Ho furthor shows that if g(x) is a step function then T(0) ia

* winimdzed ia the function space of all functiona g(x) .

Tha constraint L4 the tour survival probability. I each craw
flied @ sorties then the probability of surviving these m sorties
maet be greater than eomw preassigned number Ol .

Aradtage appliea his rosulis to & gpecific exarple. He divides
the hostile aountxy into thraeae nones, as followal

: (1)
i ' wone 5
‘ % ]
E , rone 2
!
sone "l 2(0)

e waaumae vha prebability of pllot loas ie & constant within

euoly mwone, “hat dai

) OSxsx
pxy e (py, K< XS X
p} ] . Ka<351

and 0~<1,)1€2132<1)3<1.




lio then osgumes 1 = log(l+f) where £ 1s the number of tons
cousunad on cach round trip for cach ton of material.

lic also assumes a(x) has the form:

a'l ’ ' OSXSxJ_
a(x) = & s - x<x<x,
. a.: ’ x2§xsl

“hen he assumas No sorties are avallable for the interdiction'

action. Mo assigns 'Nl sgorties to x = x Né sorties to x = Xq

ond NO'N:L'NQ t0 el . 'rha‘qumtitiea NJ. and Na wigb satiefys
¥, SN OgN, and OKN,
Ny 1og(A=py )/ (L-py) Ny Log(L=py)/ (L=p, )2Ng Log(1-p)/ (1=py)

The quantities N, end N, must be choswn to minimise 2(0)
since the sorties are applied to thrae polnta N(x) » 0 in the
Intorior of <aoh wona, then thae original dalfferaential eguation
boowmaat

_gd% u lclfl‘(x)-m(x)

Thiu diecontinudty of T(x) i
D)) = 1)) (2migN(x, )

docauua of the dlucontinuity a different conatant of integration
vaaury in vaoh wone.

Avmdtage thon acnatruats an admisaible rogion end oheoka the
bounduasiun for the mdntmup of T(0) . Without more apecific datn, he

du uwaablu Lo duoide between three possible poinve, If moxe apacific

e R i




data wero available, the valuea of T(0) at these points could be

computed and the minimum volue of 7T(0) selected. This would

determine the optimal values for Nl and . :Na .

Armitoge assumes implicitly that the trucks all line up and do
not pass, and they. maintain the seame spacing throughout thelr journey
across the country. This i8 cbviously not reeldstic. Also, since the
model is deterministie, the solutions are, by implication, exact.

This is not realistio because the constants cannot be evaluated
‘amotly.

Armitoge assumes that all of the quantities pertiment to the

interdiction are not functions of time. This causes the model not to

_raflect the results of the interdiction when it is started. ' It also
maans that we cannot tell what the long run consequences of au inter=
dlotion policy ore, unless they are constent. For example, it is |
" concelvable that soma inteordiction policy might reduce tha flow of
materiol to zaro for a short time. Results of thia type will not be
denmonatrated by thia modal. .

llo 0luo sacumes that all quantities are functions of one variedle
or congtant, Thig 1s not realistic under tho conditions of 't:.ho

paroblume  Mox oxomple, thore might Lo woathox condltiono that would

‘;prcaluda alr intordletlon, ‘Thls would mako tha numbor of alroraft
applied to a point x depend on tinme as ,wal} an loocation.

f : Ly woouning tho materdel is distributed uniformly across tho

| country 1a the direation perpendioulor to the diraection of travel, he

hag dgnored vho poasibility of mountaing, J.n.lu'o, rivers and foraata



ispeding the flow of material. The air interdiction woauld be more

crfective if applied to places where the flow is dense.

2. A shochastie Model

Assumg & country shaped as shown in Figure 2.2.l1. .

Traffic Flow
@

x=0 xa-xo .

Tigure «2. 1

Trucks enter tho country at x=0 and travel in the direction of
the arrow to X=Xy

During the trip the trucks may be subjected to bombing by air-
croft. Some of the material on the trucks may be destroyed in this
woy. Also soma of the material onl the trucks is consumed within the
country, either by the transportation process itself, by theft, ox /

’

uge by natives of the omni;ry.
We maka the following assumptions:
(BL) - All trucke enter the country at x=0 and travel to x=x, ,

leaving the country only at this border.

(B2) A truck axriving at x=0 at tinme *’k » ¢hooses a valocity

Vi and then moves with this constant velooity acrosa the

country. Tha random variebles vy are indapandent,

im0 b st A Bl it

[ PC SO

s
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identically distributed with distribution function
F(v) = Plv, Sv) « Sequences (tk} and (vk] are
independent.

(B3) There is no interaction between trucks. That is, no tima

_ is lost in passing when one truck overtakes another.

(B4) The arrival times of the trucks at x=0 41s a homogencous
Poisson process with parameter A .

(B5) . The material is dlstributed uniforaly in the direction
perpendicular to the dlrectlion of travel, so only the
direction of travel is of :'interest.

(B6) " There is no within country source of target material. That
is, no matexial of interest i1s manufactured within +hae
cauntry.

(B7) ° The process has gone on for & considerable length of time
80 that transient effects due to the gtarting proceas have
died out.

Theorem 2.1 The arrival times of trucks at ¥y #otlafying

agsurptions (BL) through (B6) - is a Polsaon process with

paraneter A(Q@) if trucks start arriving at x=0 at timo =0 .

Proof: Suppose n trucks arrive at x=0 in the itime interval

(-Ol,taJ . Then thelr arrival times are dlstributed uniformly on

(=,t,) + If a truck arrives at w0 ab time t and ohoosas &

velocity v , then to arrive at sk, in time interval (tl,ta] it

wast traval for tima t guoh that

£, <t <t :
& 2 :
3, (2.1)



this can bBa rowritton as

Tho B(n truoks errive at xeXy in tima (8),t,] |k txucka
adive at x=0 dn time ("G,tah -

20

Ve Bymb
{. 2 ad
'-l"‘. J f dh‘(v)dt '
\.2'0& - fg
L)

2

Sinoe the integral exdste the order of integrabtion may be
reveraad.
Reaxwonging (2.1), we gat tl-xo <t < ua-xo and the veloolty
v v
e;lnnx*ly Qi vary frem X, %o w . Using this information, we have
g

Pn urueks sxrive ab wexy 1o tiue (ﬁl,'ual truoks axrive at x0

La vlae  (=a,v])

ta-iq
I ‘
" : dt ar
ta-m _:_0-‘ tl' X, t' (v) :
% ‘ba'm ";
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- el [y = (8=} 1ar(v)
-{Fq. v v
- 'ba"'bl I- QF(V)
o X
‘baﬂa

Wo will call thia R(Q)
R

]
Now wo aan find P(n trucks arrive at aex, in time (8y,8,0) =
P(n trucks arrivae wb XXy in tima (cl,'ballk Lraoka arrive

ot %0 dn bima  (~0,t,1)2 (k)

- (6) Bk g - RO (Magha))* axp(=Megha))
v ‘(‘.Q'Ga tam , w7

o 0T em(-aga)) B (Mgr)-R@)) <

»)

(ke d

Whioh Dy the definitdon of oxp ia

w OREAT exp(=Mtgra)) sxp{h(sgra)=p(a))
! \

r
a (O2{e))° exnf{-ap(a))
1
Bo the nuwber of trucks that axrive 6t wex, in tima (t,,t,]
1o dlgbriduted Poisson with parameter AP(e) which we will call
Ma) « This concludes the proof of Theoram .2el.

Now.agsuma that tho material on each truck 1s divided iato two

olnssod. Ona olows oonolots ofmaterials that is needed f'or nuking war.




‘u Poluaon prodess with pavesster ) + Here N(t) denotes the number of é

10

xiaplos od thio kind of material ara: woonpons, ammunition, and

gocnadad,  Thic matordal will bo called woaxr materiol. The othar clasa

will gonslet of mateirdala whioh will be called suppliea. Lxamples of
this ldnd of material axre: £ood, gasoline, wmedicine and dbuilding

watardods.
2.+ DNuxt we find the distridution of both types of wmaterial that
aaaiva X2y in tdwe ¢ whon thara i@ no conaumption or alx intaxw
alations

Yha amount of material arriving at x=0 in traok 4 will ba
denobad (xl,yi) + VWhere X, de the nuzber of tons of war materiel
and ¥, da the num’!mr of {Yona af supplieas The total amouny of
matordal will be <1”1 Xy » 1'5_;4‘ Y,) Whexe N(D) e

truole amslving at X = X in time b .

The Quantities X and Yi may ba congbanta or rendom variables
fron a nupbexr of differant dlstributions, SHevaeral ohses axe

aanaldarad,
Gung ], Acoume that X = X, and Y, = Y, foralld .

Jinoa Lho ameunt of eaoh waterdal arviving at x«w ¢ 1o a
conubant, thy probubllity gonexating funotion of the amount of
wabordal of oach kind on ench truok daj

Y |
Q(&l,na) - 3;.% ﬂgo . ‘

The probability gonerating funoction of the amount of




watardal arviving et X = Xy in tdma t das

%

£(ay,0018) = exp(=Ma)ria) (s AN

Next we find mean and varlance of the material reaching x = L

| 2 Y
Mx)_%%im w £(a 0 18)(Ma) Xgay© e )t l‘;.‘“a‘:"
w £(1,250) Ma)Xs o

Bt O(,L30) « axp(=A(@)er(@))s w L o B0
W(X) = x(am,u .

Bimdlanly, B(Y) = a{a) Yob ¢

Next, we {ind the vaaiance.

YA o 3r'(uy ) y)b)
Sl - g (._qé;‘i.a..)
L
X Y,
£(m, ,9538) (A
i :\}‘( (oougi0) (M0) Xou ™ 8y t) Ll“ia“l
:L .
a(x,~1) o¥
- (:‘(ﬂyﬂarﬁ)k (G)XQ By o, o“

- Yo
+ f(nl,!alt)“l(a)xa(xa‘l)'i .ﬁ )\‘l"‘ﬁj-l

- r(a.,n.m)xa(a)xﬁvaw(x,m)A(a)xo(xo-z.)t
Reowll what £(1,154) » 2 « &0 |

2 R aa q
mw w h (@)X WA ()X = Ma)XKgh

Bal




0

2 eae 2 R 22 2
Wi VARIX) = A (0)Xg6 M)XK 0= Ma)Xge=N (A)Xyh = ).(a)xo L
shellady  VAR(Y) = x(a)y’éu .

Do tind the qovarianda, £iret o partial dordvative ias found then

)

the govarianace ia found.
‘-A\;, ﬂg%.&m
‘Alﬂu aa

-‘5‘%" ("(':.'“a“’)(;\(‘")"b% Ao Y -ﬁc)t ‘

2 By eyl

R

N CRTWIMEICH N k(ﬂ)youa w(-;.-ﬁw)

ul b )

‘ Y 0
k(a)xowf(nl,aém)k(a)x@n; by ﬂl‘i\;‘lﬁ'l
“ :c’l,m)xﬁ(u)xgyguﬁ*r(l.ln)x(a)xdvoa

Q @
" A (c:)xﬁYah M(»‘i))@‘o‘a

@ J
Ho, QUV(X,Y) » A (a)x@yﬁu M) Xy v (X ) u(¥)

.. R R/ ]
" f‘(w)x\)voﬁ e @)X Y 0N ()X ¥,
" k(“)xoyoh '
MG e, ARt bhab Whe dblatpdbatilon of the bwa cLfterant maberinle

i blverlabe Moluaon ddabeibuiden wivh vhe following probubilivy

gonuiuuiag Nkl

iy amy) s o (mhy o hym by vy oy RN i )
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~ Then the probability generating function of the amount of material

arriving at the border in time t is;
f(sl, S53t) =exp{£-x(a)+x(a) exp( =M =M=\ S¥A) 8, FN, 84 M.z‘ﬁa)lﬂ

Now we find the marginal expectations, variances and the

covoriance.

af(sy,5,5) = £(5;,8,56) -Ma)+M)a(s,5,))t]
a8y gsy

= f(slls :t) )\(a)G(sl.vsa) (111'112 2)t N

£(1,158) = £(1,258) A@)e(d, LN+ 00
= M@)a(1,1)2(L,1,54) 0+ )t « But o
£(1,15t) = exp (-MeA(@)g(L,1)t) | |
So we mast 2ind g(1,1) .
g(L,1) = em(-xl-)\a-xlaﬂlﬂaﬂle)a 1. So

£(,15%) = expl(-Ma)¥M@))el =2 . S0 - |

" E(X) - (A dae) & .
- Similarly, E(Y) = (124312) At .

Now to find the variance of X ., We.first compute a required

partial derivative.

Lo0:0) = 2 125y, 23Ny hyanyeln 80

aai . 1 “J."’a

= [f<51: sait) ).2(a)t.2()1+11282)2'8(s:;, 82)a +



bR

* f(sl,sast)Ma)t(xlﬂla)az(nysa)ll
8y=spml
= (@R ) @y g,)®

2 2 2 2 .
So VAR(X) = A (&) (xlﬂla) +x(a)t(xl+x12) -x-x(a)t(xl-nn) .

(@) ()

= Mo)e (M 22+x(a)t(xl+xlz)

=_'x(a)t(xi+x12)(xl+x12+1:) . |
Similarly, VAR(Y) = X(a)t(7\2+x12)(x2+>12+1) .

Now to £ind the covariance of X and Y a required partial -

derivative is found, then this is used to find the covariance.

2
2 £(1,13%) = _a_.[f(ﬂla 32:15_5 ) (o)t ( "1“1282)3( 8 32)] l

. aslasa 332 slasasl o

2 2 |
= [£(s),8,50)0 (@8 (0 +N 55,) (AFh o8, )a(s) 5 8,)
-+ £(sy,5538) M)ty &(s; 55,)

+ £(8),5,38) M)t (0 +A 8,) (A+h o5, Ja( sy 55,5)] ‘“1 N

] . =82=

2 2

= A (@)t (x1+>.12)(x2+x12)+x(a)t)12+x(a)t(;1+x:2)(.12+x12) .
2 2 - | - -

Cov(X,¥) = & (@)t (M+2 5) (Ag%Ag S )4A(a) N SrA(@)E(0 +2y 5) (AP 5)

2 2
-3 (@) (i) (Ag#hy )
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= Madtr, + Made(h + 2000 + A,) -
Cace IIT Let n be the common capacity of the trucks and let (X,Y)
denote to amount of war material and supplies in a truck. We assume

that

?,(icnr,2=n-r)=( )xT 87T

wvhen 6=1=x . Here x is the probadbility of loading one ton of
wor materisl and 6 = 1 - x - s the probability of loading cne ton of
supplies.

The amount of material reaching x = Xo in time t 18 given by’

N(+) N(+)
T X, = Yi) -and its probability generating function is given
i=1 * 1=1
by . 2(s;,8,5t) = expl=Ma)t + M)t (xs + 08,)"]

The mean of X 1s given by,
2(X)= £(12:t) = £(1,158)ane) (x(1)+0(1) P4
%)
= nxA(a)t .
Similarly E(Y) = nex(@)t . |
Now we f£ind the variances of X and Y . First we find
' Bef(l,l;t) - [f(sl,sz;t)na).a(a)(ztsl-i-ea,,)a(n.l)srata

+ f(sl,s ;t)n(n—l)k(a)(xi-i-es )n 2 2 81 - s -
A (@)x2t24n(n=1) \(e)x %2

The varxriance is
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VAR(X) = n2n(@)x262 + n2a(@)xZt-nr(a)ntraa(e)nt-nn 212 ()2

(a2 x(a)na-nx(a)xamn NGHRL

(02 k(a):tz-l'nn )\(a.) (L=x) 1t

(a2 M) x o) 16 .

Similarly VAR(Y) = (2N () 6%mion(c) 1t

The covariance of X and Y can now be camputed.

CovV(X,Y) = 3°r(1,1:t) ~ E(X)E(Y)

) slas2
30(1.1:8) = 3 [f(sl, sa;t)nx(a) (xsl + sa)n.l xt]l "
leasa Bsa 1% .

= [£( 85 sa;t)naka(a) (x sl-l-esa)a(n'l)keta
+ 5,8, st)a(a-1)A(a) (ztsl+esa)n-2,:6t] l 5= 32--:.1‘ |

= 232(a)x 654 (n-1) Ma)xot
COV(X,Y) = 0232 (a)n 652> M) ot-an(a)xtbt-n22a2(ct)xot>
= nk(a)rce(n-l)t .
_.2.2 Finally, we study the effect of consumption and air -
intardiction. We assume that each truck has (xo,Yo) tons of
._mterial in it. Then the amount of material exrriving at x = X in

time t is distributed as bivariate Poisson with parameters

(Me)x ,k(a)Yo ,0) « Also assume that some of each of the materials on

cacn truck is consumed, ‘some is used, some might b> damaged, and some
=izgat be stolen. TIirst we assume that the consumption is binamial.
Tuat is, if there were (nl,nz) tons of material, then there will be

(rl ,ra) tons after consumption. The probadility generating function
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(o]
v

L tho consugption is,
ny n
g(sy,5,) = (pfs+1-p!) “(pfra-pl) © .

It follows " that the pz;obabg.l:'a.ty generating function
of the reszﬂ.‘cing‘process is,
2(sy,5,5t) = exp (Madpy (s -2)+ra)p)(s,-2))%
2ut this is the probability generating,functicn of the Poisson process

with parameters (k(a)pit , k(a)pa' ,0) « Vhere pJ'_ - 48 the probability .

or donsumin.g one ton of war material, and pa' is the probability of
consuming onz ton of supplies.

Now assume that the consumption is distributed as Poisson w:!.th
paranmeters ( Moy )12) , ‘then the generating

function of the resulting process is,

2(sy,5,5t) = explmM+M@) exp(=dg =M= o¥h 8 4N o8 8,) 16

Now we should like to consider what happens when aircraft are
dispatcned to bonb this country.in an a.tﬁempt to destroy some of the
tracks. We will investigate different types of bombing. '

We assume that the probability of destructiom 1s d.irectly
proportianal to the number of trucks present and to the numbexr of

- aircerafc dispatched to bomb the trucks. We will also assume that the

castruction.process is binomial. That 1s,

P(Y=r) = C) pr(l-;o)n'r 0<pA . a

'

Cr Iz other words, the probability that r +trucks remain aftexr bombing
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given that thero were n trﬁcks before the boubing, is bluomial.
Now if the arrival of trucks at x = Xy in time t is
distributed as o Poisson distridbution with parameter A @) , thea

the probabllity dlstribution of the axrivel of
undazaged trucks in time t is, '

p(yer) = & Mt (\{e)ot)T o

I

So if we know that the distribution of trucks at x.= x, is
Poisson with parameter " A(¢) , then the distribution after the
bozbing is Poisson with parameter A(X)pt , where p is the
_provability of destruction of a single truck.

Now we consider what happens if we allow each type of ma.terial to
be damaged at a different rate. That is, some of the .ma.teﬁal on each
truck could be damaged and some undamaged.

Chen the distribution of material arriving at the border is
 bivariate Poisson distribution with parameters
AR 0) . Here Py is the probability of
Cesyroying cne taa o2 war :za.ter:’.a.l_, and Pp is the probability of
EesvIoing o:.e";.cn c2 supplies. 'l;‘nis fo].lowé £rom Theorem l.3.2.

Zcw coasider the provlexm of having both consumption and inter-
iictica. Assuze that both are binomial, and the loading is constant.
~-aT is, assize each truck has (xo,yo) tons of material on it. Let

=} te& tze prosadility of consuxing ane ton of war material and pl'_'

e The provisility of ceasuming cme tan of supplies and pé' be the

sresasility of consuming e ton of supplies and py' be the
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probability of destroying one ton of supplies. Then by Theorem L.%.2
and the previous result for consumption enly, +the distribution of -
materiol axriving at x = X, in time ¢ undamaged is Poisson with

parameters, (k(a)xopipi‘t,k(a)Yopépé' ,0) .

3 _General Discussion
The purpose of this paper is to comstruct a stochastic model of

an ailr interdiction process.

This model shares some shortcomings with the deterministic model.

For cxample, the stochastic model assumes that the flow of trucks is
uniform across the country in & direction perpendicular to the
trafiic flow. This assumption is not realistic. Also, it was assumed
“that enough time has eiapsed for the process to become stable. This
may also hide & policy of air interdiction. We also assumed that
' there was no interaction between passing trucks. This also is not
realistie.

There 1s also the practical problem of determining the parameters
of the process. In an actual situation the date to determine these !
perameters would be difficult to cbtain.

There are some questions ralsed by this study that are not
angvwered here. First therce is the problem of chqosing o strategy of
bozding that will minimize, in same sense, the amount of material
arriving in x = x, in %ime t . This might be done by attempting
IU4+Y) es & Duncticn of the numder of aircraft dispatched or the

nuzber of trucks in the target area and attempt to minimize E(X+Y) .
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This might be done by the standard methods, oxr other methods. There
is also the question of whether these are the anly combinaticns of
tronsportation process and banbing and consumption processes that

vield well-lmown distributions. |
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