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Three-Dimensional Seismic Ray Tracing in a Laterally 
Heterogeneous Spherical Earth1 

KLAUS H. JAc;)n 

Liimoiil-Diilu'ily CleuUiytcnl Obsvrviitury of Columhm Univcrsili/ 
hdimdvs, New York   lOIMi^ 

Recent seismological studies sunK^st lateral inhomoneneilies in P and S velocitii^ of the 
mantle that are associated with slabs of mobile lithosphere descending into the mantle be- 
neath island arcs. In special caws, travel times of /' travcrsinK such zones can differ by as 
much as 5 sec and of S by up '0 10 sec from standard travel times. In addition, such zones 
are characterized by relatively low attenuation of Ä'-wave energy compared with high attenua- 
tion in a broad zone on the landward side of the active volcanoes. To explain the observed 
anomalous travel times and attenuation phenomena, it is necessary to trace the path of body 
waves through laterally heterogeneous earth models. The technique of ray tracing developed 
here uses Fcrnmt's principle to obtain the differential equation of a ray in spherical coordi- 
nates. The position, direction, and travel time of the seismic wave front at any point along 
the curved ray path are obtained by numerical integration of the differential equation for an 
assumed three-dimensional, continuous velocity distribution. The problem of representing a 
realistic three-dimensional velocity structure in the earth is solved in a way that is especially 
suitable for use on computers. Some examples for rays traversing an island-arc structure are 
presented. The implications of this method of tracing rays in a laterally heterogeneous earth 
are discussed with respect, to seismic travel-time studies, interpretation of residuals in terms 
of tectonic heterogeneities, source bias, and the precise location of earthquakes and nuclear 
explosions; dT/dl measurements from large seismic arrays and their inversion to obtain de- 
tails of the velocity structure in the upper mantle are also discussed. 

Since the begiiinihg of instrumental seismol- 
ogy and throughout the first half of this cen- 
tury, seismologisfs have usually treated the 
seismic velocity strurture of the earth's interior 
as spherically Symmetrie. It was not until IfÖ3 
that Outcnberg suggested that errors due to the 
earth's elliptieity might IM- significant for tele- 
seisinie travel times, and hence elliptieity should 
hen IM" taken into account {Gutenberg and 

Richttr. VXM]. Jeffreys subsequently derived a 
method to correct 'ravel times for elliptieity 
for any given epicent) rotation ronfigtiration 
\JifJrt us. VXi5\. Beside* elliptieity, no other 
lateral variations in the seismic velocities of the 
iip|N-r mantle were emphasized until 10 or ,'<• 
years ago, though regional variations in the 
•liieklM'ss and strurture of the continental and 
oceanic cpM  uradiiallv iHcame evident 

Nunierous iteophv-ical -tudi«» in the last two 
decade-   deinoiiMrate  a   eo{M«tenl   jflobal   pat- 

1 l.:iiiiunt*l)iilii-riy (ii-uluKK-a! tHwrvatory Con- 
inliiiiiun I5NU 

< ii|ij MKIII   t    I thf    .\hlflu.it.   < ir<,|0lt «u.<l   I   In,.11 

tern of strong lateral variations of seismic ve- 
locities and other physical properties not only 
in the earth's erust but also of the iip|>er 7(K) 
km of the mantle. These heterogeneities are 
closely related to major tectonic features such 
as island arcs, mitl-oeeanic ridge«, rift and frac- 
ture zones, and orogenic la'lts. It is surprising 
that, despite the accumulating evidence, no 
suitable method lias IK-CM available until now 
for calculating ray paths and travel times of 
seismic IMKIV wave* tlimugh a laterally hetero- 
geneous earth. 

I» is the purjMise of this study to fill that 
gap by presenting a ba*'«- computer-oriented 
nielliod of tracing seismv rays, either for t* 
er S waves, propagating through a laterally 
lieierogeiKiiUs spherical earth, Thi- method i- 
esiH-eially desiuned to consider a class of lateral 
-ei-inic lietentgeneiiH-x r lated to H'a-HiNtr 
-preadlllff and nlolial tec onu-. e.g., tin deep 
-tnieliire iNtiealh mid-orrainc ridge« and is- 
land iri«, the »<iiir<«- and -ink-. re-|H'eii\e|\, m 
i -\-iiiii ol dnltii ^ li'lio-pherie plate« 

Tii«   plan lor tin- pajNr i«:   (h to de-cnlM- 

0675 
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tho gooinctric rpprospntation of latonil hetcro- 
jjpnoitios; (2) to drrive the rliffcronfial equa- 
tions for a ray from Format's prinriplo; (3) to 
present a nnmerieal scheme for the integration; 
(4) to disenss some of the ray characteristics in 
a laterally heterogeneous earth; (5) to give an 
exa nple for applying the ray-tracing method to 
travel-time .studies; and (fi) to discuss some 
of the seismoiogical implications of the new ray- 
tracing method. 

OEOMETIUCAL REPKESENTATION OP LATERAL 

HETERO(iENEITIES 

Any point in a spherical earth can he described 
by means of a spherical coordinate system, 
r, 6, \; r is the distance (in kilometers) from 
the earth's center, 6 is the polar distance (in 
degrees) from the north pole, and A is the 
geographical longitude (in degrees), with posi- 
tive A east of Greenwich and negative A west 
of Greenwich. The limits for the coordinates 
r, 0, A are 

Okm < r < Ä 

0° < 0 < 180° 

-180° < X < +180° 

(0 

R is the radius of the earth. 
Major lateral heterogeneities of the earth are 

associated with the tectonic structure of island 
arcs and mid-oceanic ridges. The seistnicity and 
tectonic features of island arcs are described 
in detail by Katsumata [1960], Sykes [10661, 
Oliver ami hacks [1067], Vtsu [10671, and 
Mitromvas et al. [1060] among others. The 
inclined zone «if seismic foci approximately 
foincides with the descending litliospheric plate 
that is characterized by low »tteniiation (high 
Q\ and hitch seismic velocities. Such slabs of 
litlmsplMTe extend from the trench down into 
the mantle beneath the belt of active volcanoes 
to a maximum depth of aliout 700 km. In con- 
trast to the deseending plate, low seismic mantle 
velontjes and high attenuation (low Q) are 
olt>er\iil in ,i broad zone on the landward side 
of the Votcaliic lielt 

To map tile »ilbsurf.ire boundaries of l|f 
different leetoiue units, it is roriveiueiit to 
dcirrmiiii rontotir lines .it various depth* 
//(«. Al = rolM;il|t oil thr ititcrf.iie« «epanitlllg 
.idj.'M'i'hf   lirlrroKi-ncoll*   IMM||)»     \>   |M.||lI<<l   out 

before, the seismic zone beneath an island arc 
approximately defines the dipping litliospheric 
plate. Sykes [1966], Sj/hrs et at. [1960], and 
Katsumata and Sykes [1969] projected precisely 
relocated hvpocenters on vertical sections per- 
pendicular to that seismic zone in several island 
arcs in the Pacific. Similar studies were carried 
out by, among others, Hamilton and Gale 
[196S] for New Zealand and Katsumata [1960] 
and I'tsu [1907] for Japan. From such sections 
or from hypocenter maps it is possible to 
contour the surface of the dipping seismic zone 
in each active arc. Figure 1 shows as an example 
a contour map of the seismic zone in the Fiji- 
Tonga-Kermadec arc. The contours were de- 
rived from seismic events reported by the U.S. 
Coast and Geodetic Survey (CGS) for the 
period 1961 to 196,v To store information on 
the depth contours for use in a computer, longi- 
tudes Ar; are read for the intersections of each 
contour //, with equally spaced colatitudes 6). 
This sampling procedure is suitable only for pre- 
dominantly N-S striking tectonic features. For 
an K-W striking feature, a corresponding 
scheme has to be used; polar distances 0,) are 
determined for the intersections of contours /*, 
with equally spaced longitudes A;. 

Table 1 contains the longitudes A,; sampled 
along the contours hi for the seismic zone in the 
Fiji-Tonga-Kermadec area shown in Figure 1. 
This table demonstrates schematically how the 
information of an arcuate structure is stored in 
the computer. So far, however, only an arcuate 
dipping surface has lieen represented. To pro- 
vide the dipping plate with some volume, one 
has to assign horizontal thicknesses a and b, 
resjM'Ctively, on each side of the seismic surface, 
which will be lalieled N from now on. This 
configuration is seheiuatically demonstrated in 
Figure 2 with a section of an arc. The hori- 
zontal distances a and h are measured perpen- 
dicular to the strike of each depth contour h. 
and for each colatitude interval |fl;, Ht.,\- The 
thickness a is on the eonrave side of the seismic 
surface (toward the volcano) s), .ind h is on the 
convix side (toward the oreali) The two 
defined boundaries o| the dipping plate are 
called .1 and H, re-|Mcli\elv; the individual 
fan-Is mniprisiiiK .1 md H are parallfl to the 
ciirrc-|Niiidiiiir facet« of >' m each depth interval 
[/#,, li. ,| and in each |Mtlar distance interval 
' " . «  , I 
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Vilt- 1. Hcpresonlation of thf dipping .seismic zone in the Tonna-Kcrinadpc island arc hy 
incuns of d<'])(li contour» fi = constant. The numbers on the contours are depths in kilometers 
below the earth's surface. Open circles show points of intersection with latitude <t> = constant; 
their longitudes X are compiled in Table 1. 

In the unlikely case that the plate thiokness 
or distance between S and A or li is of the same 
order of majinitude as the radius of curvature 
of the arc, then A or li, respectively, is no 
lunger a smooth boundary but is an irregular 
surface composed of facets with small offsets at 
each sampling value of the polar distance 6). 
These offsets can Ix' kept small, however, if a 
sufficiently small sampling interval dß is used. 
A certain deijree of irreRularity in the interfaces 
A and H can IK- tolerated because the offsets 
are smoothed in the specific numerical approach 
used for describing individual .-^ismic rays. For 
the dippinir plate limited by the surfaces A 
and //, a seismic velocity is assigned that is 
hiither by a certain iMTcentage trAt than the 
velocity at the c(irres|H)nding depth in the 
mantle oiilMde the plate. Hence the boundaries 
.4 and H represent di>continiiities in seismic 
velocities.  Tin-   velocity  differential   is  su|ier- 

imposed on a standard velocity distribution for 
the mantle |e,g., Jeffreys and Bullen, 1(.)40, 
liMS; Herrin et a/., UMrSj, which is a .ontinuous 
function of depth only. 

The existence of a region of low seismic 
velocities beneath and adjacent to the volcanic 
belt was discussed by Mitrunovas (T96{>J, Utsu 
|l!Mi7|, Mulmr and Oliver [1969], and Kana- 
tnori 119701, among others. Karig 1197()| found 
indications of young extensional tectonic fea- 
tures to the west of the volcanic belt in the 
Tonga-Kermadec and Philippine arcs. Thus 
the zone of low velocity lu'liind island arcs 
might be related to some kind of local ocean- 
Hoor spreading. To account for such a region of 
lower velocities, another interface (' i> intro- 
diieed to form a wedge-shajied IKKIV of depth '/, 
and «»I width r,, at the eanh's surface, as shown 
in Figure J. The facets (.1 the interlace (' aNo 
parallel   the   seismic   zone   S   in   the   interval* 
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TABLE 1.   Numerical Hepresentation of the Seismic Zone of the Tonga-Kermadec Island Arc 

South 
Longitudes, deg 

Latitude, h - h m h - h - h - h - h - h - 
deg 700 km 600 km 500 km 400 km 300 km 200 km 100 km 0 km 

14 ... •  •  • .  .  . .  .  . -174.8 -173 2 
15 .  .  . -177.3 -175.0 -174.0 -172 5 
16 -179.0 -176.9 -174.8 -173.6 -172,4 
17 -179.5 -179.0 -178.7 -179.0 -177.2 -174.5 -173.6 -172.5 
18 -178.9 -178.6 -178.1 -178.0 -176.7 -174.9 -174.0 -172.8 
lit -178.7 -178.3 -177.5 -177.5 -176,5 -175.1 -174.5 -173.1 
20 -179.0 -178.5 -177.5 -177.5 -170.5 -175.7 -175.0 -173.5 
21 -179.5 -179.1 -178.3 -177.5 -176.5 -176.1 -175.4 -173.9 
22 + 179.7 -179.8 -179.4 -178.2 -177.0 -176.6 -175.8 -174.3 
2:i + 179.1 + 179.7 -179.7 -178.8 -177.7 -177.1 -176.2 -174.6 
24 + 178.6 + 179.3 -179.9 -179.3 -178.2 -177.4 -176.3 -175.0 
25 + 178.3 + 179.1 + 179.9 -179.4 -178.5 -177.5 -176.4 -175.2 
26 + 178.1 + 178.7 + 179.5 -179.5 -178.8 -177.7 -177.5 -175.3 
27 + 178.4 + 179.2 -179.5 -178.9 -177.9 -177.5 -175.6 
28 + 179.1 -179.5 -178,9 -178 1 -177.6 -175.8 
29 -179.5 -178,9 -178.4 -177.7 -176.3 
30 -179.6 -179.2 -178.7 -178.0 -176,8 
31 -179.9 -179.5 -179.0 -178.3 -177,2 
32 + 179.8 -179.7 -179.3 -178.8 -177.6 
33 + 179.5 + 180.0 -179.6 -179.1 -178.1 
34 + 178.8 + 179.6 + 180.0 -179.1 -178.5 
35 + 178.4 + 178.7 + 179.3 + 179.7 -179.0 
36 + 177.6 + 178.2 + 178.6 -179.8 
37 + 176.6 + 177.2 + 177.9 + 179.7 
38 + 175.6 + 176.2 + 177.0 + 179.1 
39 + 175,0 + 176.1 + 178.3 
40 + 175.2 + 177.4 

Longitudea are sampled at the intersections of depth contours h 
0 = constant. 

constant with parallels at latitudes 

\6h 0,+x]. The horizontal distance between S 
and C at any depth h < d is defined as 

c(h) = Co — (co — a)h/d (2) 

and is measured perpendicular to the local 
strike of S. According to (2), C approaches A 
at depth d, k.dicated by the point D in Fig- 
ure 2. The wedge-shaped volume is bounded by 
A, C, and the surface of the earth. The velocity 
inside this wedge can be chosen to be a certain 
percentage 8v.{r lower than the normal mantle 
velocities for any depth h < d.To describe the 
gross seismotectonic features of an island-arc 
system as presently conceived, it is thus neces- 
sary to define only six parameters a, b, c„, d, 
SvA„, and Sv,,. In addition the coordinates of 
the depth contours of the seismic zone S must 
IK

1
 specified. 

FERMAT'S PRINCIPLE AND EULER'S 

DIFFERENTIAL EQUATIONS OF THE RAY 

The main purpose of this study is to provide 
a method of tracing seismic rays through an 
arbitrary velocity structure. To some extent we 
follow the approach of Sattlegger [1964], who 
treated a similar problem in a Cartesian space 
for seismic reflection sur/eys. Instead of using 
the velocity function v(r, 9, A) to describe 
the velocity structure of the earth, we use 
here the more suitable quantity slowness 
u(r, 6, A), the reciprocal of the velocity. We 
assume that the scalar u is a continuous func- 
tion throughout the earth. Hence, any first-order 
discontinuity in slowness u is replaced by a 
zone of gradual change in u. To allow applica- 
tion of ordinary ray theory, th? magnitude of 
the gradient of u must be kept reasonably small. 
Thus, for a given contrast in slowness u, the 
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ZOIIP of gradual clianRo in it has to bp wide 
ciioiißh fd keep flic Rnulient of u small. 

Amirdinjr to Format's principlo a soismic 
ra.\ will choose flic specific path S that takes 
flic least travel time T to propagate from a 
point A to a point 11: 

=  f «(/1/1)"
2 

da = Extrcmum (3) 

where /, is the tangent vector at any point 
along the ray with its components 

/, = (r', rd', r sin 0\') (4) 

The qnaiitities /', 0', A' are the derivatives of 
the coordinates along the ray iner^ment ds and 
represent  the components of direction of the 

ray. Multiplied by their respective metric 
factors /, ;•, and r sin 0 for a spherical coordi- 
nate system, they form the components of a 
unit tangent vector where 

(M.),/2 - 1 (5) 

and the summation convention applies. 
The problem stated in equation 3 is common 

in the calculus of variation. It can be solved 
by finding solutions to the corresponding set of 
Killer's differential equations. They are obtained 
by defining the integrand uiUi)'" of equation 3 
as the Kuler function Fig,, g,'), where g, stands 
for the generalized coordinates and g/ for their 
derivatives; the differential equations take the 
following form: 

Kig. 2. Section of an island arc structure showing schematically the geometry of the model 
used for n-preseiiting lateral heterogeneities related to the deep seismic zone. S = seismic 
zone; A — upper boundary of the descending plate of lithosphere; B = lower interface of the 
descending plate; (' = boundary on the continental side of the wedge-shaped low-velocity 
body near the volcanic belt; I) ~ dee| est point of the low-velocity wedge at depth il. Open 
circles mi N represent sampled points shown also in Figure 1 and Table 1. For details of meas- 
imug the horizontal distances n, h, and r, see text. The ijuestion mark in the upper part of 
H indicates that the model Iocs not represent here the actual boundary of the lifhospheric 
plate verv well. 
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du \dg,'/       dg, 

Kriini (41, (/»l, and (<>) wv uhttm 

T ('"•') - ~ - loie" + X" sin2 ö) = 0 
(is or 

T («'■^') - ^ - J"^" «'" 2» = 0 (7) as ad 

± (urV sin' Ö) - ^ = 0 

Tlic rcninining differential ion of the first tenn 
and rearraiiRinu of all resultiiiK terms yields the 
followiiiR expressions for tlie second derivatives 
/", 0", A": 

^-r(ö'!, + X'2siaafl) 

K^r) 
(8) 

X" = 
du 

ur2 sin2 $ d\ 

where 

os       t)r r od r sin Ö OA 

(9) 

The ('(illations s ;ire the differential equations of 
the seismic ray in terms of components of ray 
curvature /", 0", A" anywhere in a spherical 
earth that has a continuous slowness distribu- 
tion /(('", 0, A). The ray curvature depends, 
first, on the components of the (rradient of 
slowness {du dr), {du tlO), {du d\) and, second, 
on the direction of the ray with respect to the 
direction of the gradient of slowness. The second 
relation is concealed in equation !> for u' = 
(lu (is. It represents the projection (Scalar pro- 
duet ) of the gradient of slowness on the tangent 
vector of the rav. 

KXI'ANSION   OK   |{\V  ( 001(1)1 NATKS   INTO ,\ 

Twi.oif SKUIKS 

Any attempt to lind the actual ray path l»y 
analytical inteuration of (S) for a realistic 
slowness function u{r, 0, A) is likely to fail. 
Instead of an analytical integration of (N), we 
try stepwise numerical inteRration by a finite- 
series scheine, a method similar to that used by 
Snlllcuficr | I%4, lWil|. 

The behavior of a seismic ray s in the vicinity 
of a point /'„(;•„, 0„, A„) on the ray can be 
described by expanding the ray coordinates 
r, 0, A and travel time t in a Taylor series: 

r = r,, + r,/ da -j- W ds* + • 

0=0,.+ 9»' d* + Jft/'rfs2 + 

X = A,, + X,/ (Is + \K" d*  + 

'   =    'o  +   »(• ds +   J«,/ rf«2  +   • • 

(10) 

All values forming the zero-, first-, and second- 
order terms on the right-hand side of (10) are 
either known or can be calculated from (8) and 
(!») if the slowness u{r, ft, A) is given; ;•„, ft,,, A„, 
and /„ represent the initial position and the 
origin time of the ray at the point I','; r.', 0,!, A,,' 
represent the initial direction of the ray that 
can be prescribed. Finally, ;„", 0,,", A„" are the 
elements of ray curvature and can be calcu- 
lated from (N) and (!»). If the spatial gradient 
of slowness u varies slowly, the higher order 
terms do not contribute significantly to the sum 
in (10). The error in neglecting these terms 
can be kept arbitrarily small by proceeding 
only in small increments ds. After the first step 
ih, the ray has propagated from Pv{rn, 0,„ A„, Ü 
to /'(/■, 0, A, /). The new direction of the ray 
point l'{r, Ö, A, H can be obtained by differ- 
entiating (10): 

(11) 

r' = r,,' + r„" ds + ■•■ 

d' = 0./ + 0„" (h + ■ ■ • 

X' = X,/ + X„" ds + • • • 

Only the first two terms in (11) must be con- 
sidered to keep the accuracy of the computa- 
tion consistent with that in equation 10. Terms 
of higher order can be neglected again for the 
[»roper choice of (Is. 

I'sing /•, ft, A from (10), /, ft', A' from (11), 
and /", ft", A" from (M, we may trace the ray 
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from point to point in steps f/.v until the ray 
emerges somewhere at the earth's free surface. 

XIMERICAL SCHEME 

To let the ray propagate point to point, say 
from /\ to P,.,, one has to determine the compo- 
nents of curvature of the ray r", 9", A", or, 
according to equation S, to find the gradient 
of slowness (du dr, Bu'BB, du dk) in the vicin- 
ity of P». It is obvious that the gradient of u at 
an intermediate point PM/a '•< more representa- 
tive ol the curvature for the ray path between 
Pk and /V, than the gradient at the end point 
Pk. Thus the accuracy of the numerical integra- 
tion could be improved. Unfortunately, it is 
not possible to determine the location of the 
point Pi.i; and consequently the gradient of 
this point, because the curvature for the ray 
between Pk and /V, is not known in advance. 
To find an approximate location of f*,..,, how- 
ever, we may use the curvature of the previous 
ray element determined at P*.,,.. and extrapo'ate 
the ray path beyond Pi by half an increment 
ds "2. Accordingly, the following numerical 
scheme is used for the ray-tracing procedure: 

1. Find the auxiliary point P,,.,,. by extrap- 
olating the previous ray element beyond P4 by 
an increment ds/2: 

r* + i/2 = rk + ^r/ ds + J^.-, .2" ds2 

0*+i 2 = 6, + W ds + lek.]2" ds*       (12) 

Xt+i/2 = X» + 5V ds + i\k.l 2" ds2 

2. Determine the slowness of u and its gradi- 
ent [du dr, du BO, du d\) at the auxiliary point 
PH., a and use these data in equations 8 and 9 
to calculate the curvature components. 

3. LH the ray propagate from Pn to P^, 
with a step ds according to 

(13) 

r*.i = rk + r/ ds + |rt + , /' ds2 

ek^ = Qk + ek' ds+ \9k+x.i" ds2 

■V., = X* + Xt'ds+ \K^ 2" ds2 

tk-\ — h -\- "*n/2 ds 

A.    The direction of the ray at the new point 
/'».i is given bv 

V,' = r/ + r^.Y'ds 
Ö* .1' = dk' + 9j, 1 2" ds 

X*-i' = XA' + 'V-i 2" ds 

(U) 

5. Repeat steps 1 through 4 with all sub- 
scripts increased by one integer unit, and con- 
tinue until the ray reaches the earth's free 
surface. 

The slowness and its gradient components are 
determined for step 2 of that scheme by one 
of the following two methods, depending on 
whether the ray penetrates a zone with or 
without lateral heterogeneities present. 

(0) hi the presence of lateral heterogenei- 
ties: Assume a cube centered around the 
auxiliary point P,.,,,^ with an edge length 2«'. 
Its eight corner points are labeled Qi„in where 
the subscript /, m, or n may take either the 
value 1 or 2, depending on whether its corre- 
sponding coordinate r, 6, and A of the point 
Q,„,„ is smaller or larger than that of the auxili- 
ary point P».i i. 

Thus these eight points Q,mtl are located at 

Qin = (r — u'i 0 — w/r, \ — w/r sin 6) 

Q211 = (r -\- w, 6 — w/r, \ — w/r sin d) 

Q222 = (r + w, 6 + w/r, \ + w/r sin 6) 

(15) 

The slowness at each point Q,mn is called ulm„. 
From these eight values of slowness we derive 
the arithmetic mean and assign it to the slow- 
ness at point Pui/a. 

tik*\,i = ("m "r W112 T Mi2i "r ui22 

+ W211 + «212 + «221 + «m)/8        (16) 

By calculating the average of the slowness of 
4 points at the higher value of one specific 
coordinate and subtracting it from the average 
slowness of 4 points at the lower value of that 
coordinate, one can obtain the components of 
the slowness gradient for this coordinate: 

du dr = [(u322 + «231 + v2l2 -f u21,) 

- ("m + «121 + «112 + «m)]/8u' 

du 36 = [(«,2, + i/,22 + «221 + «222)      /.-j 

- ("m + "112 + "211 + uaii)]/(8w/r) 

du d\ = [(«,,2 + "122 + «212 + "222) 

- ("in + ".21 + «211 + uM,)]/(8tr/r sin B) 
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It is now easy to nndorstand how tli' sharp 
discontinuities in slowness u associatrd with 
the tectonic features described in a j.revious 
section are smoothed out to gradient zones with 
a finite thickness. That thickness varies between 
2»' and 2»'(3),/", depending on the relative local 
orientation of the auxiliary cube Q,mil that is 
carried along with the ray as it propagates. 
The auxiliary cube detects the orientation of 
the interface by averaging over the gradients 
determined at successive points P,.,^, Punr-ti 
Pktm, . . . ; during each step the gradient 
depends on which of the eight points Q,mn 

are found to be inside a lateral heterogeneity 
or outside in the regular mantle, To guar- 
antee a satisfactory averaging of gradients while 
passing through a transition zone, the ray must 
propagate for many steps inside that gradient 
zone. This can be assured if the step size ds is 
kept small compared to the length 2»' of the 
gradient cube. Consequently, a provision has 
been made in the computer program to detect 
whether any of the components of the gradient 
exceeds a limit by using the following criterion: 

KLAUS H. JACOH 

and the components of the gradient of u are 

du 

fr + l du 

r Öd 
+ 1 du 

< G (18) 
r sin 6 dX 

where (I is of the order of 0.1  X  10'4 sec/km". 
If cond'tion IS holds, no unusual boundary 

is present and ds is generally chosen to hi' about 
1 to 2 km; the cube length 2«' is kept -f the 
order of 2 to 4 km. If, however, condition 
IS does not hold because a strong gradient 
zone is being approached, then ds will be 
lowered to 0.1 or 0.2 km while keeping '2ir con- 
stant at 2 to 4 km. This allows for at least 
20 steps for ray propagation through a gradient 
zone  replacing  the  sharp  discontinuity. 

(h) In the abseiirc of lateral heterogenei- 
ties: In the case where there are no lateral 
heterogeneities present, the calculation of »,.1 .. 
and of its gradient can be reduced considerably 
by using the slowness (/., and u, of only two 
points just above and below the auxiliary point 

QJ = ('•«.1 * + "•, 0,., „, xA., ■,) 
(19) 

Qi   = O"«. 1 a -  "'. Ö,., j. X(. 1 J 

The slowness (/ assigned to the vicinity of the 
auxiliary p<.'iit /',., . is 

"<., . ~- (<h + «.). 2 (20) 

du/dr = (M2 — u,)/2w 
(21) 

du/dd = du/d\ = 0 

It is important to note that the method used 
here breaks down in a narrow cylinder extend- 
ing from the south to the north pole along the 
rotational axis of the spherical coordinate sys- 
tem because of singularities in the denominator 
of some terms of (S) and (9) at r = 0 and 
ß = 0° and 6 = ISO0. Rays which penetrate 
into that cylinder with a critical radius of 
about 10 km must be omitted. 

ADDITIONAL INFORMATION FROM THE 

RAY TRACE 

The ray-tracing procedure as described above 
provides information on the ray r, 9, A at 
discrete points Pk, the direction f, 9', A' at 
these points, the travel time t, and the cumu- 
lative paths along the ray. From some of these 
data and the stored data on slowness u(r, 9, A), 
additional information can be obtained to 
describe some ray characteristics that are com- 
monly used in seismology, eg., dt/dA along the 
ray, azimuth « (measrred clockwise from north 
in a horizontal plane), and angle of emergence 1. 

Relations between r', 6', A' and the strike a 
and angle ul emergence i (as measured from 
the downward vertical) can be found from 
simple geometry: 

r' = — cos i 

d' =  -sin i cosa/r (22) 

\' = sin i sin a (r sin 6) 

The corresponding inverse relations are 

a = tan"1 (\'sin Ö/-Ö') 
(23) 

t = (air1 MX" sin' e + O v-r'] 
Note that, while a may lie in any of the 4 
quadrants, / can lie only in the first and second 
quadrant. 

An important quantity in clas-ical ray theory 
with spherically symmetric velocity stnielure 
r{r) 1« the ray parameter /< = dt d±, which 
is a constant value for any individual ray iiloiig 
its entire path. The ray parameter // or dt «/A 
is the inverse apparent velocity, or the sluwness 
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of the trace of tho ray projootcd to the earth's 
surfarp at r = R and is defined as 

dt/dA = 111.195«(r, 6, X) sin t r/R       (24) 

with ilt/dA measured in seconds per degree, u in 
seronds per kilometer, and r and R in kilometers. 
It is a rhararteristir feature that this 'ray 
parameter' is no longer a constant value along 
each ray if the velocity is a function of all 3 
coordinates, v = v (r, (9, A). Thus monitoring o' 
dt/d& along the ray during the computation 
can be used to indicate whether the ray propa- 
gates through a lateral heterogeneity or not, 
depending on whether dt/dA varies or remains 
constant. The consequences of a variable dt/dA 
for any ray passing through a lateral hetero- 
geneity are extremely important for any study 
".wing d( fdA data measured at large seismic 
arrays. The common but false assumption that 
v varies only with depth can yield unrealistic 
or at least inaccurate results for the velocity 
structure. This important subject is further 
investigated in a separate paper. 

Before applying the ray-tracing method to 
interpret observed patterns of travel-time resi- 
duals, an important characteristic of computed 
residuals must be recognize*!. Computed resid- 
uals depend essentially on the geometry and 
magnitude of lateral heterogeneities and very 
little or not at all on the specific earth model 
used for reference. Hence it is irrelevant to the 
computed residuals if a velocity distribution of 
Jeffreys ami Hüllen. Herrin and his associates, 
or any other reasonable earth model is used as 
standard for the laterally homogeneous part, 
of the earth's mantle. The standard model 
chosen is not essential liecause the travel times 
for the standard earth with superimposed 
heierogeneittes 'ire romp-ire«! to travel times of 
the standard earth without hrtemgeneitios Thtw 
the travel time* for the standard earth cancel 
when the residuals are computed 

The Mtuatinn is different for nhurrrrd resi- 
dual« < Hwrrved residual, depend on the «tandard 
model IIMMI lioraiise there is usually wmie un- 
known difference Iwtween the :i.«<>umed »t.mdard 
earth and the real average earth repit^entunf 
the teetonieally nonaetive parts of the mantle 
Tim., when olt«erved n-.idual. are obtained, the 
travel time- fur the artual (but normal) part« 
of »In  earth dm not cane«l with the travel time. 

for the adopted standard model. Hence the 
observed residuals are not purely generated by 
lateral heterogeneities but are somewhat falsi- 
fied by a systematic difference between the 
actual and the adopted standard earth. 

Only the so-called 'relative residuals' as em- 
ployed by Mitronovns \IWQ] in his study of 
the Fiji-Tonga area do not depend on any 
assumed velocity standard. We shall refer to 
these data in the following section. 

APPLICATION TO ToNr.A-KERMADEr ARC 

To illustrate the application of the ray- 
t/acing method to seismic travel-time studies, 
an example is presented for a geographic region 
where the existence of a lateral heterogeneity is 
well established. The Tonga-Kermadec arc is 
one of the most thoroughly studied of the 
active island arcs. The spatial distribution of 
the seism'-ity is described by Syke» ("1^66] and 
Syke» et nl. (10601; the seismic focal mecha- 
nisms and their tectonic implications for that 
region are discussed by Isark» et al. [10601; 
wave propagation, absorption phenomena, and 
travel-time anomalies were investigated by 
Oliver and Igark* fl^'l. Mitromm» [10601, 
and Mitrnnnva» it nl. [10601. 

To illustrate ihe effect of lateral seismic 
heterogeneities of the Tonga-Kermadee arc on 
travel times, computed arrival times of traced 
rays are compared to P travel times observed 
at local stations from deep sources. P arrivals 
at teleseismic distances from shallow events in 
the Fiji-Tonga region are also considered. All 
the observational data used for comparison are 
taken from the study of MHronovtu f 10601. 
The velocity model adopted for the calculation 
is shown in the lower part of Figure .1 It illus- 
trate, a rrtical seetnin through the island arc 
with the plate dipping into the mantle. The 
Motion cuts through an assumed hyporenter 
located inside the plate at 4 a 20*$ and 
A = iro'W at a depU. of finn km TV profile 
strikes NTCPW perpendicular to the Tonga 
»renrh The shortest distance to the trench is 
ahmit 4 ** »o the KSK from »he assumed epi- 
center The getimetrv of the d'v«erndint slab 
was «implified compared to that raitlined in 
Figure I to make n compatible with the slab 
genmHrv u-ed by Httrnttorm fl'^H»! I'ndula- 
tnn» nf the «ei.tnic u»ne Muw in(> dm were 
removed.   Melding   a   plitiir   «lab  dippm«   a» 
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Fig 3. (Hi>tl'im) V« rtir.il «•< (um ihrouiih ihr Toitm an- |>pr|Mn«iiriilnr lo ihr »Inkr of MM 
arr Thr (Ccomrln* of ihr luhiw|'h»rn plalr IM-IOW h — 100 km i* *iiii|>lifi<<i In a planar *lal> 
NiKiif«r» nn ihf trami nn» (mini lim«» «rr \.\Vi ■*>([ nnrk-« i fnr a «Hini ni « ilrpth iit flOO 
km. (7*«»/»' /* iravpl limr* vrraua rpirrnlnil ilwlaiKf fo»- vaii'iii« raiw» Tlic «IHI Im*- an<l «»iii-n 
. ir< 1«« indi<-aic a normal mantlr «ruh a vrlnriiy (foinlmiKtn art-nnlmn to Hrmn H >il IIWWj 
«ithiMit a •ii|>|<in( lithoaphtrr. (IM iloltf«! Imr ami in.mil'• »how a •lil> «nh .i vrlorit> &'• 
liinl« r than that of thr regular manllr, flu ilai^tni lim ami M|Uar<-« imilratr n *'. huth<-r /' 
vrlnritv. Niinif» r« -,lonit ihr ninrr« in«li< .ii< th» takr-off angle i for art-rnil riv» nt ihr MMtirr 
Stilnl < ir'l<» »itii rrrnr har« nml «tation lilx I« arr otmrrvril travrl inn«« from Mifmittun* 
IIMM 

lUrtit .W for «Jrpth- of KM) to TW) km In ilw 
ii|>|"r !•■• km »hr «lif« of IIK« |»J.itr «IrrnM** 
to .«lioiit W nr.nr thr trmrh  Th*- l»«»ri««intal 
«litfi» n»i"ii <<f ihr pl.ilr wa» rhn«rn tu N i(MI 
km Thf f*-\r|«irlt\ i||<lnlM|t|on of II, rr,* 
ft at \l*ms] WIM .Hfciptnl f.ir Ihr m.inth «Hil- 
-nh'  »Iw  «lil».  «hilr  ■  7'~,   hichrr /'  »r|firii\ 

n.n« .i—nmr<l in«Klr ihr «hl« in om- r.i-r .iml :I 

A'; Int In r vrkiritv in .-inothrr ra-r In ihi« 
tin«lrl no l«iii-vrloritv mnr «vi« .■i««iim<>«l l«-- 
IH;IIII nmi .uliirrnl lo ihr tolr.inir rwlff Tl»r 
iiptrr fwrt of Kigiirr -1 «ho«« IIM" rorrr«iw»n«lint 
ir.itrl-tiinr ninr« r.ilr«i|.itrd «ith th« r.i\- 
'rsiine pr>»ffr.ini   Tin   -•■inl line ihrMifh o|irn 
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cirrlos is thr rrgtilar Herrin travel time with 

no dipping plato prosont. Thr dotted line 

thrnngh open triangles corresponds to P arrivals 

with a S^ higher veloeity inside the plate and 

the dashed line through open squares to P 

arrivals with a 7r'f higher velocity. The com- 

puted travel times show clearly that the P 

waves arrive incmsingly earlier (compared to 

the Herrin travel times) the further the rays 

propreate through the fast, dipping lilhospheric 

plate. Thus rays emerging at lant T distances 

close to the trench are associated with la.'ger 

negative residuals (up to —fi sec) than those 

farther away frnm the trench and closer to the 

epicenter. 

RuppfimpoMHi on the calculated travel time- 

are oiiserved travel time» from 5 stations in 

th? Tonga island arc To nhtiun the •observed' 

travel time* for those stations, 'relative resid- 

uals' determined l»y Mitronoviu flOfiOj were 

suhtracied from the Herrin travel timw at 

corn>|>onding epicentral «listanees Mitnmovas 

attempte«!, fir*t, to eliminate the source bias for 

all event* studied, iiMMg only those near and 

distant «tations for the relocation for which the 

seismic ray» hypni« major lieterofeneiti«>s in 

the upiMT TIM) km ««f the mantle in the Fiji- 

Tonga n-gioli Second, lie ohtnineil 'relative 

re.iilu.iN' f<ir local stttionn in the Fiji-Tonga 

region The relative reMdnal« re-ult from a 

nrttvpariMin of arrival time« at similar epicentral 

distanc«-« in the Tonga and in thr FIJI Islands 

for fay* ilia» jvi" through or ItypaMi, rewjiee- 

tivelv. llw dipping plate Tlie-e relative resMJual« 

for (he loeal >t lion- an- to a fiM approxima- 

tKili IIMI< |H ndiiii of the -t.nidard travel lime« 

ii«-d leg.. Jrffrry» nnit Hull,». lOin. IWlH; 

lli rrm it ill. l1lftH| .itid lience are. to a first 

order. lllde'M IHI)||I of llu eVirl klHiwIetlgi- of 

the i\.u< origin linn- of the earthquake The 

r«-iduil« UMII m Figur«- :\ tootitam »lie 'olKervcd 

travel um«-' in- tin- average value« nhtmneil li\ 

Mitnino\ i- iroiu ill axailahk- /' d:<ia al tlte •*» 

kieal •» iiHtu- for .'{'» r.irefullv rrbiralefl earth- 

i|i|iki<- null m i\erage focal •!• p'li of IU.HI 

14*1 km 

Tin <'<nii|>iriMlit of ..)-. f\.i| .iixj calriilaled I' 

»ri\<l »nil«- •how« ih.it the \e|oni\  iii-i<k   ih.' 

•I.lli l- oil Hi« :i\i'M(r .IIMIUI *'•', lilglH r ih.lll 

• IH- mantle \«-|«ir|lH-« iM|l.|ik- ||M pla'e \oli- 

ih.ii «hi- ft-ul« i«. to ,i lir-i iir«kr. utik |» nd« nt 

ol tin  UM- «it a .iwcifir •t.in<l.iri| tu«"k I tin tin« 

case Herrin et al). There is some indicati n 

that this velocity contrast increases from nhout 

.VJ to about 7^ as the emerging rays approach 

the trench. If this trend is confirmed in future 

studies, three different explanations should lie 

considered. First, the change in velocity con- 

trast is real and such that it decreases with 

depth inside the plate Itecause of a gradual 

heating of the pooler plate as it moves down- 

wan! into the warmer mantle; hence rays pene- 

tnting through only the lower part of the plate 

are slowr comiw.'eil with those penetrating 

through the up|ier part with the higher velocity 

contract Second, ravs emerging at smalk'r epi- 

central distance« may propagate a longer dis- 

tance through a hody of lower velocittps located 

near and lieneath the volcanic belt, as indicated 

in Figun* 2 Or thinl, the geometry i« more 

complex A low-velocity region was r.'.il taken 

into accnunv' for the model calculation« shown 

in riuuri 3. If the low-velocity renon exists, 

it will increase the estimate for the nverage 

vehicity contrast of the «lab to a higher value 

of nbmit 7^ 

The method «if relative residual* i« especially 

-uit.ilili- for deep events if local stations are 

available A« «hown by Mitmnora* |I0W»1, the 

method of relative re«iduals i« not Applicr/oje 

for -hallo« source« (occurring in the upper juirt 

of tlie plate» with Nations at teleseinnic d»»- 

tanee« Tints resifluals a I t. !;-«eismic di«tancc» 

for -hallow earthquake« oeeurring in the upper 

part of tin- plate are dependeut on the earth 

IIHMII I u««fl for reference Figure 4 llhstrates 

a typical ca«e «iHiwmg tlw geomein of the 

plate, tin- source location relative to the plate, 

and two «eki-ied ra\« trace«! through the model 

Manx rav- «triking only i^rfiendiculnr In the 

arc wen- traced t«i tek'-eismic «h-tanc«- and 

tlieir P n^iilua!« were calculated bv u«ing a 

Herrin UVMICI for IIM- mantle OUNHIC the «lab 

ami a 7'; higher \e|ocilv in-n!«- the «lab The 

r ih ul iti-il n-idml- nl.i iiiH-l fnim rav i:.icing 

an* pkitte«! in Figun- 5 (-«'IKI triangt. I a> a 

funciHin of epH-entra! «b-tanee Note again thai 

t|ie«e rtimfmlnl n-HIU ib an- IKit iff« it. d |i\ 

th«- u-«' of Herrin« uuwli I F«>r «•mpariMiii. the 

uliMMi-d ffuluiN of an earthquake i»car I^H 

T«>n«.-i Nland« rejmfH"«! Ii\ Milrnnnim \\K9}\ 

are plotteil (M.IMI line thnnigh «i|>rn . ir< |i -1 

TL^ locatHin of tin« <ar<h<|u.ike with n-«!*-»-! it, 

tin- «Lib i- \«n  «innlir to that «iMnin in 'he 
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linnirl of Fifurp 4 ThilM the two ^rN of itviil- 
IUIIK, »hr ralciikited .-in«] the olu^'n«! OIM-, r;in 
}*' pro|)rrly IIMIJ for pom|Kiri«on. Tlio rharar- 
fprwflf pir.-iim-iir» of ihw mrthqiinkr arr: 
Aufiri 12, I0f»7. 0!»h .Wm 44 If«. A = |:{4 km. 
* =; 24>»i0S. A = 177.OfW, m. = iß. Thr 
loraiHin and origin finM* wrrr drtivrd l»v 
Mitronova.« hv using ilaia from the lor.-il uta- 
tion.» onl> The n-i<ln.il« »•«•rr obtairnHJ onlv 
for rays traversing through the plat« in a WNW 
•hrertion to lele-e^nur (lintaners. Jeffreys-liullen 
JJ«Bl travel timen were uned for reference 
Thes«' J-B rrKidual« »er.- averagetl in lO' inter- 
vaU of epieentral distune« The oiiw-rved J-H 
ami the ralrulated restdual» shown in Fig 
un' .*> have in enmmnn that they inerraxe with 
eiHeentral dixtanee ;i» the rays pio|Kigatf 
along an inrrraxingly longer p.t'h m«nle the 
slal» Jlays that travel the hmgext |M»<|li|e dis- 

tanre in.-nle the »lah emerge at epieentr.-d dis- 
tance* approximately between .SO* and »iO* and 
show, as ex|ieeled. the largest negative rexid- 
ii.il- Heyond W, tlie residuals ileerease as the 
rays leave the slab on its lower boundary. It i* 
evident from Figure 5 that the ralrulated rexal- 

u.iU ilo not d«iTi-.i*< r.ipidly «niHigh in th.it 
distanrr r.in^^• Tin» i- lieraiinp tin" .iviin»«-«l 
h<irizoiit.il dimoiMon rjim kin) for that HUMI«! 

I> ton largi- iNduring »In tlurkne»« of flu plati- 
(to .ilMiin llHl km a- in the previous ITMHI<-|I 

would iful» in .i rune for IIM- ralrulaled n^nl- 
ual» (hit ha» approtmiatrb tlie sjimr •h.i|M< a- 
Mir rune for the oliNenrd re-id'i.il« Par» of 
IIK- large iM-g.itu« n-oMliiaU it • im^'titer di— 
iiiire- iM-ar IMI* roiikl !«• interprrled altrrtia- 
»i\il\ by tin- n-litiM-K l.irg^• J-B tr:i%«l tinM- 
(appruximax-ly '2 -i" longer than. eg. Ilernn 
travel IIIIM->I Im our opuiMni tin- i>, hnwrver. 
iiion- |ik<-l\ in indir.iiion thai the IM\«-I »itn.- 
of Ifrrnn rt al an- mnmrhat i«m »hört m tin« 
ib-i.iiirr range, -ince ihey do not \ii-ld tlie large 
negative rnddiials exiwrted fri»m tin- slinlv of 
«lei-p pvpnts in that n-gHni It i« IMII our inten- 
tion to determine in «In- |M|" r tlie «li.ii» III.I 

■iv of the dipping «i.ib in IIH- Tonga region 
bv I ttillg the model >o ih.il oltM-ned and ral- 
rulaled re«iduab matrh in all optimum «en«- 
However, it i» rle.ir th;it by -\.ii iii.i»i<- varia- 
tion of tlie «IN model |iarameter* and. if lieee«. 
•an. of »lie »haiie of IIK" M I-IUH   /•■IM   on»- ran 
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Kic  5    <""iiip.-iri-in n( nlMrnnl /' n«Mliiil« | ,WifntiuiiYi*. |M0|   io<l ihmfrliml rrvfitiab < tl- 
. ulifi.l l.\ rat in- in« fnr ili>  IIMM|I I •(■■•«n in Kiciirr 4  KIK >!• t UU m-r trxt 

hml .i ffiitMii iiioii of p.ir imHir> tin» »ill vrM 
.i mininiiini (<>r MM -t imlinl iirvuiM>n liriwmi 
fJiarnf«! in>i r.ilriil.ilH n-'Hiii.il« Till» fiH«h<N| 
of in «I iinl rrmr nuiv. IMII ilm-. not nrrrwnrtK. 
mnviTfr low.-inl ihr Rrttbil vliirilv ninirliirr, 
l>ir»iill\ Itrnn^« of ihr rr«trtrium« inhrrmi in 
»hr in«H|il l.itrml hr»rr««fmrtiir« nmr ihr 
rrm\ir or anynhrrp «lout ihr UM ««f ihr my 
pulh, ami |«»"il»li- iliffrn-nr«-« liriwrfn IIK* 

i.|M|.f..| >i HHI ir<l inoM III<| ilw .irinil mrtli. 
••"IIII'IH I'I tin- |>ruli|<iii iml inirmlurr imii- 
iinH|iH in •• Kurthrr IIH< -in iimn- .in- nrri'-Nirv 
to i.-n-hl« r nnlr«• rifonni« in\i r-i<>n i«,r|inK|iK>». 
rf . I|»«IM- ■{. \> l..|«<f li\ line l in a**i fhlhrrt 
IIW7,  |«IHH| 

TVn   i>   i   |N' .Inn  of   ilx.ni   | A -•<   U ■ 
luii-n  IIH-  olM-rtol   IIMI  IIM   r.ilnii.iii^|  r>-i'l 
ii.il« in KiC'in   S   Tin« «ifTMi |. |irini.inl\  <li»r 
io 'd.   iiix-t ri IIIIM   in IIH- origin unn- of I|H 

• irili«|ii ik< iii-l •l'i"ii'l- on »In >|icrifii- M-« of 
tin I p. ••M«. |. 'I,. iri\i'l-iiiiir .iin<l.iril for 
n I«» i'ioii oi tin i\iiif iinl •!< •• rinin I'IOII of 

»i.iiioii ri-nl'iiU Mi>r» i^liiKI«- inform IIHMI r in 
U   i\tri>'"l   iri««ii   ri.nl'iil-  o|   l.ir»«   niir|«-.ir 
• \|>|.<>IMII. tor WIH'II iln ••ritin iinn- iinl Imi- 
»ii>n   ift   kf-wi. \.f\   imirilrlt    Thr/'rraKhial» 

of ihr mir It-1 r ii»«l«rirriiim<l r«|>lnK|nn I^iiif«lioi 
«ill \tr ii«til in .i htrr |Ki|N>r In invr«iKiiir 
Lilrnl hrlrrnfpnrilir« ««^innfr«' wilh ihr Alrti- 
it-ill I-IIIHI »rr 

StlVK SKI«\lflt'«'l' «L  iMn.l« *Tlo\- 

\ Iwir liiltnrnr.il »rhrnir ir prrxrnlr«! in ihlN 
|M|irr for IM<mi "ri-mir nv» ihrmith a Liirr- 
ill\ hptrmtmnMi« rarih Willi ihn n«-w mrih«id 
ii |. f.,..iKj«- for IIM lir-i Hmr In r.ilriil.ilr on a 
«orklwHk- M-.-II)' iirrtiniir ihrurrHral m-Hlu-il- of 
• nhrr /' or S IfntH limrw r.iii«n| hy .i glniill 
IMiirrn «»f lairml hrtrnynniifii m ihr rni»i 
iinl il|>|" r tu mill Thr fronM-lrir !.h.1|ir of ihr 
IrrloliH- IIIIlN   iml In i' r«»t«iMt,ii.  I.MIM > ran lir 

•l«-rit<-<l for .1 tir-' irt-il unxl« I fmni vanmi» 
«Nirrr« of «n(onn:ilHili. r g . from •ri«tnirily. ihr 
gi igr.i|>liN- <li*irilMiiHiii of i|«"«|»—II innrlir«, 
trim- \ol«-inoi-. niHl-<inMiiir mlgo. .iinl oiln-r 
gpx» icriiinir   HNI morphol igK- il fraliii*^   l*\ 
• \ «Irm.llir   • ■•lii|'ifi-oii   of   ihroTHir il   If-Mlll.lN 
■IHI iil»4>r\n| rioKlmU from nurliir r\|i|»i»inn« 
i> «ill !• • irilif|<iiki • in \.iri«H|. irrlnniralh 
irim- mioii» irooiMl iltr «orM. MM- iwrainrirr« 

• •• ««filiiiii; (In .|I.I|*' .n-l I In- ^-l-niK \i|or|lr« 
"I   ihr   hrl> n^rnrilip«   h.itr   In   I*-   gruinilK 



(1688 KI.AI's II  J\<"OB 

i.-inni 1*1 <h.ii »In r ill iil.ii<-<l n-hln.-ilo rtimrrfr 

ifWanl «IH' nil-« no! ri-»Hlii.il- Kir-« rr-uh- •<!«- 

r-' ili.ii ilii> imili.-l i> .1 vm ••m.ilili- '■->! io 

I«-«I »HIH ilHall» .IIMI rtio^qiimrr» nf ihr Kira« 

nl   |»l.ilr  lifliillir» 

TIM mfiimuiiinn mi tin- kitrnl vanaiN« »( 

•« I>IIII< \<|III H«-« ran IN- ■■•inf-UH.I MI'II Liimni- 

ion P--»ih- mi tin •!• !•• mli im uf « i>niir wfciri- 

in-. mi iiin|N>raiiirp m«! |in---np- in Mrk- .iml 

imiMriU lhai arr IIMHICI)' ••! ««•«-nr in • li. ii|i|irr 

IIMII'I. Kmni ilw apMnir \«l«>riiH-« i» i- ilirn 

|MI*-IIIII in lirnvr iiii..riii I'I-.H «m ili< imi|irra- 

mri- f< L'IIIK «if «lf«r«mliiif lnlH»-|»h«ri«- |il.iti- in 

i-l iii-l .ir«-* ««r nl annr« of up«« Hint ni.inil«- 

iin'in.! UIHMIII mi«i-nrranir rulf»^ Tlir «i i«i 

7', Inirlit r /' \i'l«irii\ fur •In- «l«-M^-n«lint iJ.i'«- 

in iIn- Ki|i-T«int.T-K«-nn.vl«v mtHin •nffn-i« 

'In' 'I» -inkine II'II<>.|>IH n .it a <l«i>ih <<i a 

fiti humlrril kiloiiM ii r« m.iv I« ■•■\rr.il liiin<lrr«l 

«litM-« mUr* ihan Ulf •iirmiin»linf mmil«- 

| l/rAVw.-ir. I'«?»    MitrniHirm, l»»| 

Innlhrr initTP-nnt fralilfr ih.il itu« nn !■• 

•iiulic«! ni'-ri qii.iniii.iii\fl\ ralKpf Mini f|ii.ilit.i- 

l|\«-|\     1»    'I»      nll'lull    l«'W.ih      I'lihUllHHl    «if 

-••i«niH- pnrrty, ••»lirrialK ««f •< « i\«-, .iml •«•i— 

tun* »-rliwiiipii UMI irmiwratnrp "• iwommillj 

artivr ncfii- nf ilic iip|irr in.inilr FavnnKIr 

plin-. fur lhai km«! «if -UMIV .irr ihr FIJI 

T«inf.i K^•m..l«l«,»• ir«-. Nm Zinl.in<i. Japan, MH- 

Mumm {•liii«l>. Hawaii, m«! lrr|.in<l TIIOM 

•Mf h:\\i- in ••■iiiiiinii 'lii aiivantair 'In' l<"il 

«••I'liii«- -i.iiHin« in- in«i.illn| «IHM" in «1111111 

li««-r.il hrtrmtmriiirii .in»l lhai »In- r»fHin.il 

•«•i»niN- .i«ii\ii\ i- «nlM-r Inch i»r al Ira«! nwwl- 

ffalr 

I' i\ iranns in 1 liii-nih li« •• nigi IHIHI- 1 ind 

»ill ilrfinilrh '»nip •«• mipPixr nin*lilrralilv IIK- 

.iii«ir.ir\ in ni-n i'ine i-.iiihqu.iko« HKI 'iin|i r 

cnmnil mi«-!« ir «■vpbMHUi- Kur inipni\ins ihr 

!i»Miriiii. 'I» In lain ill rf in«! nrictn 'nil« IIIM 

' tiiHil iriHii 1 r»HiiiiM' hu I'mii priimliin' «-.in 

I*- a»iiini^l initialh Kruni 'In- Sfiaf l«ir.iiKin 

nl 1 IM •.Hirn, M i.niH' rix« in- iranil iliiwifli 

1 l.ii«rill\ IH-I« r«igi IHIHI- «irh ni«"l«l in i|«-i«r- 

imiH' 'IH   I;I«>I>)I piiiirn «•■ ihtiipiiral «rinl- 

'inn r«-KIH il> '••! «IH •-»•■III TIH I-il« iil.iiiil 

r»-I'IM il- in 'Inn ii-««l in «itrri«-i »IH «ili«r\ii| 

irri\ il 'iiiK- l««r liiirJ «(TI-«-»- >IIII^-«|IH n'U 

■ • oiix« ii'i<iii il r> !••• i'i-'ii i- •-im«-«! •••1'   ig.iiti. 

• ■>i' in.«  WI'II 'I rrnii'l  irrn il iiin«-   Tin- 

|irini<|iir<   IIII>  \»   <ii<l i'iri'itilv 

*iii'«  'In- in.-I...! nl irirint •• iMiiH- ri\« .il»<i 

; r..i>.|< - infiinn.iiHin «m <fl -/A .ilonc 'In nv. n 

r.m ••• ii-«"«l i«> n-mirrpn-i 'Il '/A mriMin-nx-n'- 

al bnr •TMnir .irr.ix« f"«in-Hli-raiHin «if IIH 

hirfal IIIII..III.ICI IH I'M - in.' nnlv. Hirrrth lir- 

waili «ir m-rir ihr ■my lull .1U1 near ihr -..MM 

iii.l .il«int ih»- rr«i of ihr ra> |iaih, «ill rhanfr 

»iinrtrlial (IH- III'I rpn ' I'MHI of ihr««' «lai.-i «nil 

n-«|if>ri »11 ilir \«'l«irii\ -»niriun in IIH- npiwr 

tn iii'l« M.inx of 'li. .n.-in tin > in ill -'A tn.i\ I« 

r»-l.i»«-«l to inhnnmppnciiiF« in i«l.in<l .irr. an«! • 

ri.lß« - n'li.r ih.m I« ni.-ni IIM - in ihr |#i«-«r 

in.h'lr Xmv IrrhnMillr« for loraling »riMnir 

«-\rni> «ill aim •■ iffi.inl l.v .ipplvmg n-nli. 

oliiniNil fnun 'tin. .Iiiniii-n.nil nx inrmc 

In r«»nrli|.K»n. il i« rvHlrnl lhai ihr ppswihUfty 

of   riiliMitt-ring   Irrlnniralix    P ill-Mr   ni«>l« I-   of 

liii-r.il h«-»«n«i-n«iiir. .ind of 1 raring •«•Mnir 

r.i\* llinMieli l.iirnlh xanahlr rarth ino<l«U 

o|K-n* .1 in H IIIIIK n-M.n in n<-ari\ all fn-M- rrl.iir«! 

10 «••••mir invri-lhiir -HHIH- Mnrh of ihr 

•r.iM«-r in ir.i\«-l-iimr data lhai unnl rm« 

.iplwMml io I«- of niKliim nainrr nuiy mm nui 

io In- r.iii«r«i liv laiml. «Irlrnnini«lir fralum« 

llial .ifr rr|.ii«i| Io fl"li 11 Irrlonir prncfw» A 

'li..r..iicli »IIMIX of ilir«r Iravri'limr firrflirha- 

lintH «ill XMLI mm m-ifli' ini«> ihr •tnirtiirr 

ami «htvunir. of ihr r.irih • ini«-rn»r In .1 fonh- 

«-«•niinc p:i|irr. I!M- rax-iranng mrihod «ill I« 

ipplii.l lo «««nr «rlrrlnl pmhlrm« «Hh »prrul 

«inplii-i« on IIM- iniprpfHalknn of ihr /' rr«Kl- 

nil« ir-.m 'In Lmfhoi uiiii« rtnnmil niirlrar 

1 \|.|I..I.>II 

\, I ,.,, ,1. ■lytti. „I.       I    im  gf ill ful   Io   \\      MlU'i- 
miva« f«>r fiimi4iini In« «v-rllini IravrMinir iliia 
...r IIM- I i|i Tonen n Bi.iii prior in i-iil.li. «'ion in«l 
for   iinnx   ih«iiwion*  «Uli   Inm   a«  «< II   M  m 
11 Ur k« in.) M lliri/iti«i for 'I» w •imi«i|on« 
I 'I. .nk J Olnrf for •ir-i«in> ni\ iiimiHtn 'n IIM 

(•nil.I« IM of -lir« ■-.Inn'ii-i..ii .1 1 i\ imriiwl. I- 
\|«i|. It I'IC« m«! I it >xki' for «riiM-ilh 

«• .■linif .hi niinii«. ri|-' nui K \l«<*im\ for 
■ li    iiwitm« of «tiim  niiiii'iii i'i .11 il .i«|«< •• 

<'.iini'iiiinc fiiili'M* «ir» (i n«roii«h |«tmif|n| 
lit >(.. \ X^X (MMI^IIPI Spin Mich« ('• nor lu-n- 
lull for ."»i«.!«« "IIMIM* \«» V«.rk Tlii« r> •• irrfc 
«i* -ii|>|<iri. .II.« 'li' \i|\ IIKIII |{i •• in li Pr..).... 
\«« IM » of 'In IkpiriiiMn' ..f |KI.II« iii-l ««* 
iii.ini'of..1 l.x 'I» \ir lor.« (°unlirMlc« l(> •■ ir>li 
I ilair i'.ifi. ■•  uii'lir  ..mill.«   M''-,"..*>-«.*-< -oill 

|{IMNI\« r« 

Hi. kn«  '•    <ii.l I   '■il'-i'   Niniii iii .1 i|'|-li- i'i.iif 
■ ■l   1 |..riii IIIMII |.>r ■• o|.|i\ •■. .| ii,\.i-      I..M. „,, 
«,..,,.»<  J n H: P«: 

lliikii«   *•     ••••l I    <.ill>r'   Tin   i. «iltim |«t««i 
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