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Abstract

A limited study has heen made to determine the optimum
number, spacing, and configuration of point sources in arrays
simulating circular and square continuous-plane radiators.
The criteria for comparison of the directivity patterns of
the array and the continuous radiatox were specified as
agreement of "each lobe within 1 dB in level and 1° in loca-
tion. Circular and square arrays of both odd and even num-
bers of point sources arranged in square and hexagonal
configurations were investigated. An array was analyzed by
reducing it to the equivalent shaded line in the plane of
the pattern. A computer then was programmed to produce the
pattern of the line. It was found that the pattern of an
array of an even number of points arranged at the corners of
squares of side 0.2A simulates that of a plane piscon within
the prescribed limits, except within a half-wavelength of

the array and in the region near 90° to either side of the
principal axis.

Problem Status

This is an interim report on the problem; work is continuing.

Problem Authorization

NRL Problem S02~31
Project RF 05-111-401--4472

Manuscript submitted October S5, 1970.
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THE EFFECT OF ELEMENT PACKING
ON THE CCMPLETE RADIATION PATTERNS OF ARRAYS

Introduction

An array of small transducers that approximate point sources often is
used in underwater acoustics as a substitute for an extended continuous
source. Large sonar transducers are constructed in this way as a matter
of engineering feasibility. 1In theoretical work, an array of point
sources provides a more manageable mathematical model than does & con-
tinuous plane or line radiator. 1In either case, it is desirable to use
the minimum number of points that faithfully simulates a continuous
source. Specifically, the question is: "How closely packed must be *he
point sources in an array to produce the same radiation pattern as a
continuous-line or continuous-plane transducer?"

For many years, the rule of thumb in sonar transducer development has
been that the packing interval or maximum point-to-point separation must
be 0.8 wavelength (0.8)\). This rule was established during the pioneer-
ing sonar development of World War II [l]; apparently, it has proved to
be a useful criterion.

A review of radiation theory shows that the spacing criterion 0.8\ is
adequate only if interest is confined to the main lobe of the directivity
pattern. To take a simple case for example, in Fig. 1, the directivity
pattern level of a continuous line is compared with the patterns of lines
of point sources at four angular directions from the acoustic axis. The
angles were chosen to correspond approximately to the 10-dB-down levels
of the major lobe and of the first, second, and third minor lobes in the
pattern of a continuots line 3.2 wavelengths long. It is evident that
near the axis (6 < 14°), or in the direction in which most of the acous-
tic power is radiated, the difference between the continuous line and a
line of 4 points separated by 0.8\ is negligible. At greater angles, or
in the minor lobe structure, however, the difference is considerable.

Only with the spacing interval d < 0.2\ are the entire patterns similar
within 1 dB.

K. von Haselkerg and J. Krautkrimer [2] have stated that "The require~
ments for freedom of the pattern from lobes and freedom from undulation
in the near field seem to be identical." BAn extension of this thesis is
that the number and relative magnitudes of the minor lobes in a far-field
directivity pattern correspond to the number and relative magnitudes of
the undulations in the near-field pressure distribution along the axis.
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Fig. 1. Level of the pattern of a line of n point sources separated
by distance d, relative to the level of the pattern of a uniform
line of length L = nd = 3.2)X, where A is the wavelength of sound in
the medium; values shown for various angles from the axis.

If such is the case, then, the spacing criterion 0.8\ also is inadequate
to produce near-field fidelity.

Because far-field patterns can be computed much more easily than can
near-field patterns, it seemed worthwhile first to establish criteria for
the effect of point spacing in an array on the minor-lobe structure of
the far-field pattern; that is: "What is the maximum allowable point
spacing for an array that must duplicate the complete far-field pattern
of a plane source?" From Fig. 1, obviously, the spacing will be some-
thing less than 0.8\. Once established, the spacing criterion for the
far-field pattern can be assumed to apply to the near field as well. The
correspondence hetween far-field-pattern minor lobes and near-field pres-
sure undulations never has been mathematically proven, however, nor even
empirically established. The assumption that such a correspondence holds
now will be examined and tested for simple cases.

Trott [3] successfully used the von Haselberg-Krautkrdmer concept in
the design of his near-field array, and he found that the high-frequency
limit of his array corresponded to the element spacing 0.8\. This £ind-
ing might seem, on first consideration, to be inconsistent with the
implication of Fig. 1 that the spacing 0.8) is inadequate. The Trott
array, however, simulates a plane, nonuniform radiator specifically
designed to eliminate minoxr lobes in the far-field pattern and undulations
ir the near-field axial pressure distribution. That is, the far-field
pattern of the Trott array consists, essentially, only of the major lobe.

This report presents the results of an investigation on (1) the
minor-lobe structure of the beam pattern of circula- and square arrays
as a function of spacing, configuration, odd or even number of point
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sources, size of array, and the equivalent radius of an array that oni.
approximates a circular piston; and (2) the relationship between minor
lobes of the far-field pattern and the near-field undulations.

Technique

Several typical and practical arrays were designed with variations in
spacing, arrangement, shape, and size. The computed directivity patterns
then were compered with those of a circular or a square piston in a rigid
baffle.

The criteria for good agreement between patterns were set at maximum
differences of 1° between angles of minima and peaks, and 1 dB between
1l rels, particularly the peak levels of minor lobes.

Injitially, element separation of 0.8A was assumed; then, the spacing
was reduced to 0.5X, 0.4A, 0.3\, and 0.2\. Two basic configurations of
elements were used: the sguare and the hexagonal. Arrangements of both
odd and even numbers of elements were tried. The odd-numbered arrange-
ment requires an 2lement on the axis or at the center; the even-numbered
arrangement requires a space in that position.

The first arrays were designed to fit inside a circle (or a square)
of diameter (or side) 3.2\, which is a typical size corresponding to a
kD or wavenumber-diameter (or a side) product of 20 radians. Later, pat-
terns of arrays of dimensions 1.6\ and 6.4\ were examined.

The array patterns were computed by reducing each array to an equiva-
lent shaded line in the plane of the pattern. Figure 2 illustrates how
each point source in the line is weighted according to the total source
strength of the vertical slice of the array that the point on the line
representg. The pattern Gi‘the shaded line then is computed.
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Fig. 2. A shaded line of pcint

® ) Circular sourcns (below) having the same

| array directivity pattern in the horizontal
plane as the array of 37 uniform
point sources (above). Each source
in the line is weighted (shaded) in
proportion to the number of sources
in the corresponding vertical section
of the array.
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Spacing in a Circular Array

Starting with the point sources arranged in a square grid and spaced
0.8\ apart as shown in Fig. 3(a), the pattern of Fig. 3(b) was obtained.
The array is a very coarse approximation to a circular piston. The pat-~
tern looks more like that of a line of four point sources, the third
minor lobe being almost as high as the major lcbe. (In the pattern of n
uniform points, the level of ti. {n - 1)™M minor lobe is the same as that
of the major lobe.) Yet the major lobe still is a good approximation to
that of the pattern of a piston of diameter 3.2X. The pattern differ-

ences shown in Fig. 3 are of the same oxder of magnitude as *hose in
Fig. 1.

-10

\ ~ Array, 0° plane
!

' - Array, 45° plane
[}
I///’

0° plane

o]
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- -20f

45° plane ,”
4
”
\ \ // ° dB

4

So— 0.8) —v0

1
a
=

1.6x

(a) (b)

Fig. 3. (a) One quadrant of a circular array of an
even number of point sources with 0.8X square spac-
ing. (L) Patterns of array in two planes, and of a
uniform circular piston of radius 1.6A. :

When the spacing was reduced to 0.5\, the patterns in the horizontal
and the vertical planes approached those of a piston; still, there were
differences of several dB between the leveis of the minor-lobe peaks.
The array continued to be a coarse approximation of a circular piston;
the pattern symmetry to be expected from a circular piston was absent.
Figure 4(b) shows the patterns in two planes of the array of Fig. 4(a).

Reducing the spacing to 0 4A and then to 0.3\ gradually improved the
agreement between piston and array patterns, but a maximum spacing of
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0.2\ was required before the differences became less than 1° and 1 dB.
The differences in

Figure 5 shows the pattern for the spacing 0.2X.

Fig. 5(b) are barely discernible.

0° plane \I

-
—— W
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Piston

Array
/-< 0° pléne

45° plane,” \ Array,
< A . @ :/ 45° plane
s
,/

]
] e o 0.51 —
i
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e — 5 —— 0 0 -20

(a) (b)

Fig. 4. (a) Jne quadrant of a circular array of
an even number of point sources with 0.5) square
spacing. (b! Patterns of array in two planes,

and of a uniform circular piston of radius 1.5).

Spacing in a Square Array

The spacing criterion for a square array was not found to be differ-
ent from that for a circular array. The pattern in a plane necrmal to an
2dge and passing through the center of the square array is identical to
that for a line of point sources; it is evident from Fig. 1 that the
criterion 0.2)A applies.

When patterns were plotted for the plane normal to an edge for a
square piston and for a square array with 0.2)X spacing, the differences
were not discernible.

In a plane normal to the array through the diagonal of the square,
the only noticeable difference was in a minor lobe some 40 dB down, as
shown in Fig. 6.
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(a) One quadrant of a circular array of

an even numbexr of point sources with 0.2)A square

spacing.

(b) Patterns of array in two planes,

and of a uniform circular piston of radius 1.6A.

Plane of diagonal

Fig. 6.

Piston, diagonal plane

/ Array, diagonal plane
L

| |
-40 =30 =20
dB

)

(a) One quadrant of a square array of an

even number of point sources with 0.2\ square

spacing.

(b) Patterns of array and of a uniform

square piston 3.2\ wide, in the plane of the diagonal.




0dd or Even

If an array is designed with an element at its center and is othexrwise
symmetrical about the center, it must contain an odd number of elements.
With a space at the center, it must contain an even number of elements.
With a large number of elements, like, focr example, the 208 in the entire
array of Fig. 5, it would seem that whether the number be cdd or even
should make negligible difference; however, discernible differences were

found.

Figure 7 shows the pattern for a circular array having an odd number
of elements separated by 0.5X compared with that for a piston of diameter

3.5A.
sponding ones in Fig. 4.

The differences in Fig. 7 are somewhat larger than the corre-
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Plane of pattern ——
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,/ ® ) 4 Piston
/
4
/
/ Array
I'4
! e + _j r L - ~/
] \\
1
/ k= 0.5: \
H \
. . . Ly
fp————— 175 ——] 20
(a)
Fig. 7. f(a) One quadrant of a circular array of

an odd number of point sources with 0.5\ square
spacing., (b) Pattern of array and of a uniform
circular piston of radius 1.75A\.

When the separation is reduced to 0.2)\, the exrror in an "odd-array"
pattern became smallexr, but still was worse than that for an "even array."
Figure 8 shows the patternc of an odd avray with 0.2X separation, and a
piston of diameter 3.4A. (The equivalent piston diameter was taken, in
all cases, as the product of the element separation and the number of
elements in the array diameter. For example, the array in Fig. 5 was
taken as equivalent to a piston of diameter 16x0.2X = 3.2)X.) The dif-
ferences shown in Fig. 8b are slightly greater than those in Fig. 5.
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(a} ()

Fig. 8. (a) One gquadrant of a circular array of
an odd number of point sources with 0.2\ square
spacing. (b) Pattern of array and of a uniform
circular piston of radius 1.7A.

Figures 9 and 10, discussed in the next section, also show that an
"even array" gives better results than an "odd array.™

For circular arrays, the evidence is slightly in favor of even over
odd; for square arrays, no significant difference was found between odd
and even arrangements.

Square or Hexagonal Grid

Two basic grid configurations were used--the square grid shown in

Figs. 3 through 8 and the hexagonal grid shown in Figs. 9a and 10a. In

a real transducer array, the square yrid is used if the individual ele-
ments are square; the hexagonal, if the elements are circular. Each case
corresponds in practice to the >losest and most logical packing arrange-
ment of the two common shapes of elements. For the purpose of a mathe-
matical model, the square grid fits into a rectangular coordinate system
more easily than does the hexagonal grid. The square grid is more common
and more convenient; the h~xagonal grid provides closer packing of the
elements or point sources.

Patterns of arrays with hexagonal grids are shown in Figs. 9b and 10b
for 0.2\ spacing, even and odd arrangements, and two planes. Again, the
symmetry of the pattern wae kast for the even array. In spite of th~
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Fig. 9. (a) One quadrant of a circular array of
an even number of point sources with 0.2\ hexago-

nal spacing.

(b) Patterns of array in two planes,

and of a uniform circular piston of radius 1.6A.
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(a) One quadrant of a circular array of

an odd number of point sources with 0.2\ hexago-

nal spacing.

(b) Patterns of array in two planes,

and of a uniform circular piston of radius 1.6A.




fact that 0.2A spacing constitutes closer packing in the hexagonal than
in the square configuration, the agreement with the pattern of a piston
source was poorer for the former (Figs. 9 and 10) than for the latter
(Figs. 5 and 8). All of the disagreement was at angles greater than

55°. Perhaps it was the somewhat arbitrary design of the square and the
hexagonal grid arrangements that caused the square grid to appear better.
From considerations of convenience, as well as from Figs. 5, 9, and 10,
however, the square-grid arrangement is preferred.

Size

The question of whether the spacing should be proportional to the
array size was examined next. The patterns of a circular array of
diameter 6.4\ (twice the typical 3.2)) computed for 0.2X and 0.4\ spacing
are shown in Figs. 11 and 12. The former retains the 0.2X spacing of
Fig. 5; the latter retains the radius-to-spacing ratio of Fig. 5. The
pattern of the 0.2)A array agrees closely with that of a piston of diametex
6.4\ through the first four minor lobes, or to a polar angle of about 50°.
In the fifth and sixth minor lobes, there are differences of about 2 dB.
The 0.4\ array shows differences exceeding 1l dB beginning with the thirad
minor lobe and increasing to about 10 dB at 90°.

Similarly, the patterns of a circular array of diameter 1.6} (half
the typical 3.2)) were computed for spacing of 0.2) and 0.1A. Both
agreed within 1 dB with the pattern of a l.6A-diameter piston.

The 0.2\ maximum spacing criterion appears to be applicable for
arrays in the diameter range 1.6A < D < 6.4,

Equivalent Radius

In all of the foregoing discussion, the equivalent radius of an array
has been taken to be nrd, where nr is the number of point sources along

the radius in the plane of the pattern, and d is the distance between
points. Similarly, for a sguare array, the width has been taken as nwd,

where n, is the number of point sources in a line parallel to an edge.

For the pattern of a square in a plane through the acoustic center and
normal to an edge, the procedure is mathematically valid, because the
pattern function of a square piston in a rigid baffle is

sin [("W/)) s.n 6]
Pg T ' (1)
(tW/A) sin 8

where W is the width and 6 is the angle measured from the acoustic axis.
The pattern of a line of uniform point sources is
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Fig. 11. ({(a) One quadrant of a circular array of
an even number of point sources with 0.2)A square
spacing. (b) Pattern of array, and of a uniform
circular piston of radius 3.2A.
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circular piston of radius 3.2A.

11

s ©

S Sy YT,

R A

‘

g a4 T




N

sin [(nwd/)\) sin 0]

Pg = (2)

n, sin [(nd/k) sin 0].

The two patterns are the same when nwd = W and the small-angle approxi-

mation sin [(nd/A) sin 6] = (nd/A) sin 6 can be used.

The case of a circular array is not so straightforward. The square-~
array equivalent of a square piston includes a uniform space of width d/2
beyond the outermost points. The circular-array equivalent of a circular
piston includes beyond the outermost points a nonuniform space whose
width varies from zero *a d4/2. (Compare Figs. 5a and 6a.) This situa-
tion arises, of course, because of the square spacing configuration in a
circular array. 'Some points in a circular array actually can be at the
circumferential outer limit. In Fig. 5a, for example, the outermost
point nearest the 0° plane is approximately 1.5\ from the center. Other
points are almost 1.6A from the center. Because the equivalent radius
should include the distance d/2, or 0.1A in Fig. 5a, the equivalent
radius should vary from 1.6A to 1.7A.

When the directivity patterns of the array in Fig. 5a were compared
with the patterns of rigid pistons in an infinite baffle for radii of
1.6\, 1.65A, and 1.7X, it was found that the equivalent radius actually
varies from 1.6 to 1.65X; however, the differences between the patterns
of pistons of radii 1.6A and’1.65A are very small. The heights of the
minor lobes are independent of the radius; therefore, they are the same
for the two radii. The differences in angular position of the minima and
maxima are less than 1° for angles less than 45°. The only large differ-
ences are found where the relative level is low (40 dB or more below the
axial level).

Thus, an equivalent radius of nrd is acceptable, useful, and the best

compromise between validity and simplicity.

General Nearfield-Farfield Relationships

The relation between the minor lobes of a far-field pattern and undu-
lations in the near-field axial pressure distribution is difficult to
describe precisely. "Undulations" and "lobes" are descriptive rather
than quantitative terms or mathematical functions, yet the contention by
von Haselberg and Krautkrdmexr [3] that the two are related is, no doubt,
valid. From the work of Stenzel [4,5] one can visualize the yeneration
and movement of pressure maxima in the near field of a piston transducer.
As the frequency is increased, pressure maxima appear immediately in front
of and at the center of the diaphragm. They then move both transversely
outward from the center of the diaphragm and forward along the axis. The
transversely moving maxima then appear as minor lobes at 90° and 270° in
the far-field pattern. As the frequency continues to increase, the side
lobes swing toward the axis, leaving room for more pressure maxima and
new side lobes to follow.
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A minimum can ke identified more precisely than can a lobe or maxi-
mum, particularly if the minimum is a null. Consequently, nulls and
minima, as well as lobes and maxima, were investigated.

Number of Maxima and Minima
To verify that the number of near-field axial pressure maxima or
minima corresponds to the number of minor.lobes or nulls in the far-field

pattzrn, two radiator configurations were examined.

Uniform Circular Piston

AV

Hueter and Bolt [6] give the positions of the maxima in the near-
field pressure on the axis of a uniform circular piston as

4rR? - A% (2m + 1)2
Y = ym=1, 2, 3, vc0,m (3)
max 4x(2m + 1)

where the maximum for m = 1 is the most distan from the piston, and the
one corresponding to m; occurs nearest the piston (that is, at y = 0).
(NOTE: The texrm m = 0 in Hueter and Bolt corresponds to the maximum
always present--even with an omnidirectional radiator; it corresponds to
the main lobe of the pattern, and is not used here.)

The largest value of m--that is, m;, the total number of maxima--is
found by setting Yoax = 0. See Fig. 13. Thus,

4R? - A%2(2m + 1)2 = 0, (4)
and
m=3
m=2
/AR
Fig. 13. Relative pressure in the
near field on the axis of a
circular piston.
vy N a
y—-——-

Similarly, the positions of the axial minima are given by

Ymin = (R? - A2m2)72m>\: m=1, 2, 3, ¢+, my, 6)
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and the number of minima my is given by
RZ - A2m22 = 0,
or
mp = R/A. (7)

The dire:tivity function p, of a uniform circular piston in a rigid
baffle is

277 (kR sin 6)

p= . (8)
kR sin ©

This function is plotted in Fig. 14. The number of minor lobes from 0°
to 90° is the same as the number of magnitude maxima in the range

0 £ kR sin 6 < kR. The number of nulls in the pattern corresponds tc the
number of zero crossing points in the same range. From Fig. 14, one
obtains Table 1, which can be used to deduce empirical rules for mg3, the
number of maxima or minor lobes in the directivity pattern, and my, the
number of zero points or nulls in the pattern:

kR - 4 21 R 4 R

Mg = —mmmm 2 = — = — % 2= i, (9)
3 30 3 A
kR - 1 21 R 1 R
my = =— — - == 2— (10)
3 310 3 A

Comparing Egs. (9) and (10) with Egs. (5) and (7) shows that mz = 2m; and
my = 2my. Thus, the number of pressure maxima and minima on the axis in
the near field of a circular piston is one-half the number of minor lobes
and nulls, respectively, in the far-field pattern between 0° and 90°.

The approximations in Egs. (9) and (10) are significant only when R/A is
small, or the pattern has only one minor lobe or cne null.

Infinite Strip

Hueter and Bolt [6] give the position of the maxima in the near field
and on the acoustic axis of an infinite strip as

W2 - (2m\)2

max - s m=1,2, 3, ***, mg, /(ll)
m

where W is the width of the strip. As before, the largest value of m, or
mg, corresponds to Ypax = 0:
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Table 1. Number of minor
lobes and nulls in the
directivity pattern of a
uniform circular piston.

(0 < kR sin € < KR)
kR Lobes | Nulls
4 0 1
7 1 2
10 2 3
13 3 4

w2 - (2msA)2 = 0,
and
mg = W/2X. (12)
Similarly, the positions of the minima are given by
w2 - (2m - 1)222

Yoin = y,Mm=1, 2, 3, ¢+, mg.* (13)
4mi

The largest value of m, or mg, is found by letting
W2 - (2mg - 1)2)2 = 0,
or

mg = (W/2\) + k. (14)

*NOTE: Hueter and Bolt's Eg. 3.15b incorrectly shows m =1, 3, 5, **°
The correct values arem = 1, 2, 3, e
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The theoretical far-field pattern of an infinite strip in the plane
normal to the length is the same as that of a uniform line:

sin [ (sW/)) sin 6]

p = . (15)
(nW/A) sin 6

For values 0 < 6 < 90°, the zero crossing points (nulls) and maxima
(lobes) can be determined by setting 6 = 90° and varying W/2\. For
example, the first null appears at 90° when W/2\ = 0.5, the second null
when W/2A = 1.0, and so on. The number of minor lobes my, is one greater
than mg, the number of nulls, thus:

[}

my = (W/A) + 1 (16)

mg = W/A. (17)

Equations (16) and (17) yield numbers twice as large as do Egs. (14) and
(12), respectively; however, in this case, the number of minor lcbes is
twice the number of near-field axial minima (rather than axial maxima, as
in the case of the circular piston). Similarly, the number of nulls is
twice the number of axial maxima.

It can be concluded, then, that the number of maxima (lobes) and
minima (nulls) in the far field is proportional to the number of maxima
and minima on the axis in the near field.

Magnitude of Maxima and Minima

The relative magnitude of the axial near~field pressure was computed
as a function of array element spacing; some of the data are shown in
Fig. 15. It was found that the axial pressure of an array with 0.2X
spacing was essentially identical to that of a plane piston, except at
axial distances less than 0.1A. For array spacing up to 0.5, the pres-
sure maxima were within %1 dB of those for a piston, except at axial dis~
tances less than 0.5)A. Figure 15 shows again that the element separation
0.8\ gives poor simulation fidelity.

When the patterns in Figs. 3, 4, and 5 are compared with the curves
in Fig. 15, there appears to be a correspondence between the pattern
angle and the axial distance y/A. That is, variations in the very-near
field of an array appear to correspond to variations in the far-field
pattern at angles near 90° and 270°. Obviously, differences between the
near fields of a piston and of an array will be largest near the array.
One would expect that, in the plane of the array (y/» = 0), the two nevex
could be identical. The implication, then, is that the patterns of arrays
will differ from the patterns of pistons mainly at and near 90° and 270°.
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Fig. 15. Relative sound pressures on the axis of a circular
piston and an array, as a function of the distance y from
the plane of the source. Radius of piston or array is 1.6);
array element spacing is d.

Off Axis in the Near Field

The near sound field on the axis of a piston radiator is well known,
and previous sections of this report have dealt with it. The sound pres-
sure at the surface of a plane piston (y/A = 0) also 1s well known, but
(as already noted) this is the plane of maximum difference between the
near fields of pistons and arrays. This leaves unexamined that part of
the near field that is off the axis and away from the source. Stenzel
[4] is the only author to provide any quantitative information on this
subject; he presents the off~axis near field in the form of relatively
imprecise contour plots. A comparison of the computed near field of an
array with Stenzel's plots is too inconclusive to be useful. Because the
axis of a circular radiator is the locus of points of maximum interference,

extending our study to off-axis points in the near field would be of lit-~
tle purpose and much labor.

Summary

The objective here has been to ascertain how closely packed must be
the elements in an array to simulate the radiation from a baffled plane
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piston. The radiation field included the near field and the minor lobes
in the far-field pattern. Emphasis was on circular radiators.

It was found that the pattern of an array with the element separation
0.2), a square packing arrangement, and an even numker of elements would
simulate, within *1 dB, that of a plane, infinitely baffled piston,
except within a half-wavelength of the array and near 90° and 270° in
the far-field pattern.

A secondary finding was that the number of mincr lobes is twice the
number of near~field axial maxima or minima.
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