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FOREWORD

This report describes research effort of the Systems
Research Laboratory to develop analytical models of defense
processes, principally the combat process. Part of the re-
search was sponsorzd by the 0ffice of Naval Research (ONR)
under Contract No. NOOlu4-67-A-0181-0012 and other parts by the
Directorate, Weapon Systems Analysis, (DWSA) Office of the
Assistant Vice Chief of Staff, U.S. Army, under Contract No.
DAHC15-68-C-0314. Because of the intimate relationship be-
tween the research supported by these organizations, the results
are combined in one document but issued under separate covers
appropriate to the sponsoring agency. The report for the
Directorate, Weapon Systems Analysis is entitled "Developn-
ment of Analytical Models of Battalion Task Force Activities,"

Report Number SRL 1857 FR 70-1.

The report is comprised of a number of parts. Part A
presents an overview of the differential models of combat de-
veloped in the research program and a summary of results for the
reader who is interested in learning of the modeling approach with-
out involvement in mathematical details. Parts B through F con-
tain the mathematical developments. Part B presents the concepts,
development details, and resultant models for the "attrition
rate"--the principal element of the differential combat models.
Parts C and D describe solution procedures and analysis results
for homogeneous-force and heterogeneous-Iforce battle models,

respectively. The results of a small effort to analytically

Preceding page blank




T

iv

model reconnaissance activities are descrived in Part E. Part
F presents research results for miscellaneous areas which are
tangentially related to the main thread of research or, due to
limited effort, only state the research approach.

The research program described in this report concerned
only the development of generalized mathematical differential

models of combat, rather than detailed models of specific

combat situations. These general models have been applied
to specific combat situations which had also been modeled by
Monte-Carlo simulation methods. Comparisons between the differ-
ential models and a Monte-Carlo one showed that their predic-
tions of combat results were essentially the same. This com-
parison activity was performed by Vector Research, Incorporated
under contract DAHClS—?O—C—dlSl with the Directorate, Weapon
Systems Analysis, after completion of the research reported
herein. A short summary of the comparison results has been
included in this report as an appendix to Part A to demonstrate
that the differential models of combat, although abstract in
form, can be usefully employed in defense planning activities,
Except for the Summary, Part A, each part of the report is
comprised of chapfers which are self-contained in so far as
equation numbers, figures, etc. An attempt has been made to
utilize consistent notation throughout the chapters using the
definitions given in the list of symbols. Exceptions to this

are either noted or self-evident in context of the particular
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development. Frequent references are made to developments and
equations among the various chapters and parts of the report
to reduce redundancy of exposition. These references are made
by the notation [capital letter, arabic numerall], where the
capital letter identifies the part and the arabic numeral

the chapter and section within the part.

The contents of this report represent the current views
of the Systems Research Laboratory, Department of Industrial
Engineering, The University of Michigan, and should not be
considered as having official ONR, Department of the Navy,
or DWSA, Department of the Army approval either expressed or
implied until reviewed and evaluated by those agencies and
subsequently endorsed.

We would like to acknowledge the contributions of Miss
Mary Schnell, Mrs. Barbara MacAdam, Mrs. Pat Zangara, and
Mrs. Bonnie Wood, who patiently typed and proofread the text

of the report.
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SYMBOLS

This listing contains principal notation used in the report.
g p p

Some symbols are used more than once; however, the‘r meaning

should be clear in context of a specific chapter or part of the

report.

Subscript notation has been omitted.

English Symbols

T -

u

Blue attrition coefficient

Blue attrition-rate matrix

Total area searched

Total area searched by surveillance patrol
Area of ith subarea searched

Red attrition coefficient

Red attrition-rate matrix

Firing rate common to all units of the Blue [Red]
force

A combined attrition-rate matrix

. +
Terminal surface in £

A é;nstant ratio of the Red fo B.ue attrition-
rate functions

The difference m - n

Distance between subareas (i - 1) and 1

The difference m - nat r = 0

Expected value operator

Blue allocation matrix Pfﬂ“dig page blank

Optimal allocation strategy matrix for Blue force
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EH(t) [EN(t)]

F
v

fA(t) [fB(t)]

= o

Total ammunition expenditure of a Blue [Red]
unit up to time t in an engagement

Euclidean (I + J) space

Blue allocation factor

Average fraction of time that the J-type weapons
are not advancing

Corrected approximate expected fraction of damage
to an area target in v volleys

Probability density function of the time between
A's [B's? rounds

Expected fraction of damage to an area target in v
volleys

Approximate expected fraction of damage tov an
area target in v volleys

Probability density function for Ty
Red allocation matrix
Optimal allocation strategy matrix for Red

Probability that a hit after a hit destroys the
target

Probability that a hit after a miss destroys the
target

Probability that a hit on the first round destroys
the target

Red allocation factor

Blue intelligence factor

Maximum number of Blue force groups
Maximum number of Red force groups
Jordan normal form of a matrix

Red intelligence factor

]
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L, [Lg)

LK [Lgl

L(t?

xiii

Conditional probability of destroying the target,
given it is hit by a projectile

Slope of Blue [Red] linear attrition-rate functions
Lifetime of A's [B's] firepower subsystem

Time A [B] detects his failure

Number of target postures
Probability density function for Tg

Initial number of Blue forces

Probability that a miss after a hit destroys the
target

Probability that a miss after a miss destroys the
target

Number of surviving Blue inits at the split range
in the fire-support engagement

Probability that a miss on the first round de-
stroys the target

Number of units in the Blue fire-s.pport force
Renewal fui.ction
Number of Blue I-group losses in time increment AT

Number of Blue forces as a function of time or
range

Number of units in the Blue moving forces in the
fire-support engagement

Initial number of Red forces

Number of rounds fired to destroy a target

Number of Red J-group losses in time increment AT
Number of Red forces as a function of time or range
Number of subareas searched by surveillance patrol

Number of rounds fired to get the first hit

Number of rounds to get (z - 1) additional hits
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L,Q

P(x)

of [Qf)
q, (a1

* ]
q¥ (q}]

Conditional probability of destroying the target
given it is hit by a projectile

Probability of acquiring a live target and termina-
ting attention to that target before it is de-
stroyed

Payoff when the battle terminates at x on C
Rehitting probability

Conditional probability of a hit given the preceding
round fired missed the target

Expected number of rounds required to destroy a
target (E[NJ])

Percent force split in the fire support engagement
A's [B’s]) single-shot kill probability
Probability of firing on a dead target
Probability of detecting a target in ith‘subarea
Probability of firing on a live target

Probability that the target and observer are inter-
vigible

Probability of firing in a void area

Probability a round fired at time t destroys the
target

First round hit probability

Total ammunition requirements for the Blue [Red])
force

Adequate ammunition requirements fcr the Blue [Rea.
force

Initial ammunition supplies for each Blue [Red]
unit

Sufficient ammunition supplies for each Blue [Red]
unit
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L,K

L,Q

XV

Range at which a Blue [Red] weapon system first
achieves a nonzero attrition rate

Range at which a weapon system (Blue and Red)
first obtains a nonzero attrition rate (i.e.,
R =R = R))

e (] B

Radius cf damage pattern

Range at which the Blue force splits in the fire-
support engagement

Radius of target area

Range at which the battle begins

Range between forces (force separation)
Probability density function of A's [B's] lifetime
Probability of covering the target in one volley

Distance of the Red [Blue] forces from some common
reference

Time for a single Blue [Red] system to destroy a
passive Red [Blue] targst

Total time that the target 1s in the visible state
Duration of the engagement

Time for-A [B] to destroy a passive target,
given he is free from failures

The expected time to fire on a dead target before
beginning search fer another tarpet

The expected or average time to fire on a live target*

b?fgge beginning search for another target [same as
E(T

Mean time between the commencement of searches when
a live target is acquired and destroyed by the ac-
quiring unit

Mean time between the commencement of searches when
live target is acquired _ut not killed by the ac-
quiring unit
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The expected time to fire on a void area before
beginning search for a target

Time variable
Time since the beginning of battle

Value of the payoff when optimal strategies are
employed

Conditional probability of a hit given the
preceding round fired hit the target

Probability A's [B's] round fails
Speed of the main force

Relative speed between the Blue and Red forces

Ym = Vn

Conditional probability of a hit following a miss
but preceding the first hit

Speed of the surveillance patrol which advances
to search area A

Speed of movement between subareas in surveillance
activity

speed of Red [Blue] force
Damage pattern center of impact in the x direction
Damage pattern center of impact in the y direction

Number of hits required to destroy the target

Greek Symbols

Blue attrition rate

Probability A fails on round k + 1

Value of the Blue attrition rate at r = 0
Blue attrition-rate function
Value of the Blue attrition rate at t = 0
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Red attrition rate

Probability B fails on round j + 1

Value of the Red attrition rate at r = 0
Red attrition-rate function
Value of the Red attrition rate at t = 0

Probability oné round is fired in (t, t + At)
Probability of destroying the target given a coverage
Probability that a target is visible at t

Probability that a target is not visible at t

The ratio m/n

The ratio m/n at r = 0

Time to acquire targets

Average time between rounds during the burst firing
mode

Time required to detect a target when it is con-
tinuously visible to the sensor

Time to detect a target, given it is detected
Projectile flight time

Time to fire a round given the preceding round was
a hit

Time to fire the first round in the burst process
after obtaining the first hit in the single-shot
process

Time to fire a round given the preceding round
was a miss

Time spent in the subarea if a target is not
detected

Time that the target remains visible

Time to fire the first round
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L $(t) Approximate expected fraction of damage to an area
target in v volleys at time t
¢c(t) Corrected approximate expected fraction of damage
F to an area target in v volleys at time t
w relative acceleration between the Blue and Red

forces

—

Y T S————r—

o

Tt e




. =] = B e oo o e onne ook gl oo TR ——
Tcdunl NRA SR L oot BERE id J

PART A

OVERVIEW AND SUMMARY OF THE RESEARCH PROGRAM
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Chapter 1

INTRODUCTION

Seth Bonder

The importance of employing quantitative approaches to
military planning activities is well re.cognized.1 Central
to many of these activities, and of particular importance
to weapon system planning studies (selection, tactical doctrine,

.ete.), is the requirement for methods to predict the effective-

ness of combat units equipped with different mixes of weapon
systems. It is further incumbent that the effectiveness esti-
mating methods be related to decision variables under control
of the military planner in a way such that the effect of their

{ 1 variation may be readily observed. 2

The development of methods to measurz or predict effective-

{ | ness of combat units, and identification of the variables which

-

—

significantly contrilvte to combat effectiveness, has been limited
i for a number of reasons. By definition, measures of a combat

unit's effectiveness should reflect the degree to whiclL the unit
| accomplishes its mission. Additionally, it is well known that

mission accomplishment is highly dependent upon the complex

1see Bonder (1970), Hitch and McKean (1960), and Enke (1967).

2 . .
These variables are often times referred to as conceptual
combat functions, e.g., firepower, maneuver, intelligence, etc.




interaction of weapon system characteristics, threat variables,
organization structures, tactics employed, and environmental
conditions. One approach used has been to develop simple "in-
dications" of combat effectiveness such as the "firepower
score," "indices of ﬁombat effectiveness,” and "single-shot
kill probabilities." These indicators (a) do not measure ac-
complishment of unit missions, (b) essentially ignore most of
the above factors which effect mission accomplishment, and

(c) bear little relation to the physical combat process.

A second, and most heavily used, approach to predict effec-
tiveness of combat units is that of Monte Carlo simulation.
This approach is essentially one of modeling the combat situa-
tion in minute detail, explicitly including weapons system cap-
abilities, threat, environment, and other factors which effect
mission accomplishment. An example of the detail included is
gshown in Figure 1, which depicts a one-on-one duel, the basic
combat activity in large-scale Monte Carlo simulations of
ground combat. Random numbers are drawn to determine the time
for each weapon to fire its first round. Focusing on the Blue
weapon system, additional random numbers are drawn to determine
the flight time of the first round to the target,l if the first
round hit the target, and if the round destroyed the target.
This process is simultaneously accomplished for the Red weapon

system. If Blue has not destroyed Red with his first round, and

1This is usually treated as a range-dependent constant and

need nct be sampled by Monte Carloc methods.
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if he is alive himself, this process is repeated for Blue's
second round, Red's second round, Blue'. third round, and so
on. The process is continued until one of the duelists is
killed or the duel is terminated based on engagement rules

built into the simulation.

———

These activities, ard others, of every system are recorded
during the course of the battle and eventually analyzed. Solu-
tion of such models is essentially an experiment in which the
process is sampled and replicated a large number of times. The
literature reflects the existence of a large number of Monte
Carlo simulations used to analyze defense planning problems
(Adams, 1961; Roberts, 1963; Quade, 196u4; USACDC, 1969; Bishop
and Clark, 1969).

Although Monte Carlo simulations are heavily employed in

military planning circles, gsome meaningful drawbacks evist

in their use as effectiveness assessment tools. Immediately

evident is the loss in generality, since a new simulation must -
be developed for each class of weapon system or level of organi-
zation examined. Associated with a simulation is the large
expenditure of time and financial resources for the development

and utilization of the model. It would not be unreasonable to

expect to spend 10 to 15 man-years In just developing a simula-

tion of combat such as Carmonette (Adams, 1961) or Dyntacs.

(Bishop and Clark, 1969). Additionally, it wculd not be unrea-

sonable to expect each replication of the simulation to require




10 to 20 minutes of computer time,1 and anywhere from 10

to 60 replications for statiztical stability of the results.

The large number of variables usually included in simulations
makes it extremely difficult to run parametric ctudies with the
model to perform sensitivity analysis over the simulation assump-
tions and input data. This is due to both the statistical
experimental design problems and money constraints which prohibit
the large number of replications needed to determine the distri-
bution of outcomes. Finally, and perhaps most importantly, the
large amount of detail contained in the simulation makes it
difficult to use as a tool four analysis, i.e., singie out those
independent variables which significantly contribute to the
combat effectiveness.

In contrast to the Monte Carle simulation approach, a
limited amount of effort has been devoted to developing and
using analytic (mathematical) models to predict the effective-
ness of combat units. In‘this approach the physical combat
or other military situation is studied and decomposed into
its basic elements, mathematical descriptions of these elements
are developed, and these element descriptions are integrated
in an assumed overall mathematical structure of the process
dynamics. Solutions are obtained by consistent mathematical

operations giving rise to relationszhips between independent

1Test runs with the Carmonette simulation required 2 minutes

of computer time to simulate 1 minute of battle in a single
replication (Adams, 1961, p. 35).




variables and the dependent ones of combat effectiveness.

This approach has a number of obvious advantages both in its

own right and as a powerful supplement to Monte Carlo simula-

tions. Time and financial resources for development and utili-

zation are usually markedly reduced. In analytic formulations,
the relationship between indepsandent factors of the process

and the process output is usually explicitly presented, facili-
tating both sensitivity analysis and determination of those
independent variables which significantly contribute to combat
effectiveness. Finally, analytic structures are usually more

' general, thus facilitating more generalized use of the models

across different combat organization levels and weapon systems.

Although analytic formulations appear to have a number of
obvious advantages as military planning tools, ®hly a limited
number of them have been developed or employed as planning
procedures. The most prominent of these are the Lanchester

' theories and the theory of stochastic duels, both of which are

well documented in the literature (Dolansky, 1964; Ancker, 1967). !
The structure of initial Lanchester theories is given in 3
[C, 1.0] and a summary of the stochastic duel literature is
contained in [F, 1.1]. A brief summary of problems associated
with their use as planning tools is given below.

The Lanchester theories of combat provide the means
of describing combat between organizations comprised of numbers

of heterogenecus weapons systems; however, general solutions
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for the heterogeneous-force case do aot exist. Excluding the
apparent contradiction of results from verification studies
(Engel, 1954; Willard, 1962), a number of other important
deficiencies currently exist which preclude their use as plan-
ning tools. No means are available for prediecting the attri-
tion coefficients--a principal effectiveness input to the
theory--as a function of the capabilities of the weapon systems.

The mobility of weapon systems (an important aspeet of their

——

tactical use) is not explicitly considered, nor is the fact
that the attrition coeffieients vary when either or both
combatants use mobile weapon systems, i.e., variations in
force separation affect a weapon system's acquisition, fire-

power, and protection capabilities.

The relatively new theory of stochastie duels attempts
to overcome a major deficiency of the LanchesZer formulations-.
that of aggregating the weapon system parameters. Stochastic
duel descriptions ineclude basic weapon eapabilities such as
their firing times, hit probabilities, and kill probabilitics,
To date, this approach has been only partially successful.
Although there has been an attempt to consider fundamental
characterizties of weapons systems, the duels ignore some
important parameters aﬁd place rather restrictive assumption:
on the parameters. Appliecation of the stochastie duel approa.
to multiple duels and, more imporiantly, large-seale batiles
requires inercasingly more-restrietive assumptions regarding

the parameters and employment doctrine. As with the Lanches:
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approach, the stochastic duel descriptions virtually omit tih:
effect of mobility on the outcome of engagements and the fact
that the weapon parameters are time dependent when either

or hoth combatants employ tactical mobility.

In summary, methods are needed to predict the effective-
ness of combat units equipped with mixes of weapon systems.
There is a heavy reliance on Monte Carlo simulations of com-
bat for this purpose; however, there exists a number of signi-
fizant deficiencies in their development and sole utilization
as planning tools. Although analytic approaches appear to have
some obvious advantages in their own right and as supplements
to Monte Carlo simulations, deficiencies in the existing
Lanchester and stochastic duel theories are sufficient to limit
their use as planning tools.

The objective of the research program described herein
is to develop analytic representations of combat and other
military activities that can be used efficiently and effectively
for planning purposes. The remainder of this part of the report
presents an overview of the approach taken, a qualitative
summary of the results obtained, and a brief description of
additional research requirements.' Parts B through F of the
report contain the guantitative results, detailed mathematical

developments, and solution procedures.

et
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Chapter 2
AN ANALYTIC STRUCTURE OF COMBAT

Seth Bonder and Robert Farrell

In a broad sense the primary objective of our research
is the development of analytic structures that can be used to
predict the reesulte of an artificial history of combat.
Essentially, this would be a trajectory or trace of time,
geometry, casualties, and resources expended for both forces.l
Measures of combat effectiveness such as the ratio of sur-
viving forces at the objective, time to overrun the objective,
and the amount of terrain controlled are then determined from
these results of battle.

Ideally, there exists some functional relationship be-~
tween the results of battle and the initial numbers of forces,'
types and capabilities of the weapons systems, the doctrine
of employment, and the environment. Thus, we would like to

specify the function f shown below.

Numbers of Forces

Results Types of Wcapon Systems
of = £ { Weapon Capabilities
Battle Doctrine of Employment

(tactics, organization)
Environment

l;t is important to recognize that what is being developed
1s a descriptive theory of combat activities and not a
normative one which specifies an optimum force structure,
although some optimization methods have been examined.
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! Unfortunately, it is not known how to hypothesize such a :
function directly, nor is there sufficient data to develop
it empirically. Because of this, we attempt to approximate
what happens in a small period of time during the battle.

= That is, for each side, it is hypothesized that in a short

period of time

Clud e 4
-

(a) 1locations change due tc tactical movement,

e f

(b) weapon systems are attrited by enemy activity,
(¢) tesources are expended, and -
(d) personnel become casualties due to enemy activity.1 -
Focusing on the loss of weapon systems and personnel,

it is assumed that, .f the state of the battle at the beginning

of the small interval is known, and the activity that takes

o) T

place during the interval is knewn, the rat¢ at which weapons

I
systems and personnel are attrited during this small interval I
can be predicted.2 It is because of this rate focus fhat the I
mathematical structure employed to model the combat activity
is that of differential equations.

For convenience, names are assigned to the numbers of

different groups of systems in each force. Let 3

] 1 g - - .
Riserve commitment and resupply during the small interval of
time are also possible but are omitted for presentation purposes.

[ 2This essentially is the concept of measurable attrition rates
formulated by F. W. Lanchester (1916).

Py
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m; = the number of surviving Blue units of the ith
group (i = 1,2,...,I).
By = the number of surviving Red units of the jth

Eroup (j = 1,2,...,J).

Different groups are determined by their ability to attrit
weapons systems of an opposing group. Therefore, missile
weapon systems and rapid-fire machine guns form different
groups since the rate at which they can attrit targets of
an opposing group are different. Additionally, similar
weapon system types can form different groups if they are
at different ranges to the target and this range difference
affects their ability to attrit it. Thus, a tank platoon
1,000 meters from the target is a different group than another
tank platoon 3,000 meters from the target.

The overall analytic structure of the combat activity is
based on assumptions that

(a) the rate of loss of units in the jth Red group due
to the e
of units in the ith Blue group with a proportionality
factor called the attrition coefficient, and

th

Blue group is proportional to the number

(b) the rate of loss of units in the j Red group in
total is the sum of the rates of losses due 1o
different ith Blue groups.




Mathematically, these assumptions takc the form of the following

coupled sets of differential‘equations:l'2
I -
dn. :E:
o \ -
HTl = Alj(r;ml for j Y. 2,..0,3 [13
i=1
|
a%'_ = - Bji(r)nj fOI" i = 1’2"'¢’I 3 [23
j=1
where
Aij(?) # the utilized per system effectiveness of
systems in the ith Blue group against the
jth Red target at range r. This is called
the Blue attrition coefficient.
Bji(r) = the utilized per system effectiveness of
systems in the jth Red group against the
1*M p1ye target at range r. This is called
the Red attrition coefficient.
b

Although the variable r is used to designate the range

between the firing weapon group and the target group,
it should be noted that, in application of the model,
actual time trajectories and positions of each group

can be considered.

2Although not explicitly shown, resources expecnded are
explicitly contained in the development of the Ai'
[see (B, 2.0%] and c¢an be determined directly )
from the model,-as notea inm [F, 3.0].
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It is noted that this formulation is a deterministic cne
which treats the numbers of surviving forces (mi and nj) as
continuous variables, while clearly the actual battle activity
is a random phenomenon and m, and n; are integer-valued vari-
ables. Although many probabilistic arguments are contained in
this formulation (as shown in Parts B through F of this re-
port), the output of the model is a deterministic trajectory
of the surviving numbers of forces. The reasons for this
deterministic formulatioﬁ, instead of a stochastic one >f the
same process, are given %:r[B, 1.0]. It is of interest to
note that research done on comparing the deterministic and
stochastic formulations for the homogeneous-force case (only
oﬂe force group cn each side) indicates that the deterministic
formulations are reasonably good approximations of the ex=-
pected number of survivors if there is a small probability
that either side is annihilated. Additionally, in many de-
fense studies that employ llonte Carlec simulations, typically

only the expected results are gonsidered in the decision-

making process.

.

The attrition coefficients (Aij and Bji) are, as one
would expect, complex functions of thec weapon capabilities,
target characteristics, distribution of the targets, alloca-
tion procedures for assigning weapons to targets, etc. The

model attempts to reflcct these complexities by partitioning

the total atirition process into four distinect ones:
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1. The effectiveness of weapons sytems while firing

on live targets,

2. The allocation procedure of assigning weapons to

targets,

3. The inefficiency of fire when other than live
targets are engaged, and

4., The effect of terrain on limiting the firing
activity and on mobility of the systems.

The latter was not examined in the research program; however,

a means of incorporating these effects was included in the

comparison of the model predictions with that of a Monte
Carlo simulation model, as described in Appendix A.
The first three effects are included in the attriti

coefficient as

A--(I‘) Gij(r)eij(r)Iij(P)

o)
~—
e ]
—
]

Bji(r)hji(r)Kji(r) ’

where

on

(3]

(4]

aij(r) = the attrition rate-=-the rate at which an

individual system in the it™ Biue group

destroys live jth group Red targets at
range r when it is firing at them,

=4

= 2
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e..(r) = the allocation factor--the proportion of

13 .th .
the 1~ Blue group systems assigned tc
fire on the jth group Red targets which
are at range r,
Iij(r) = the intelligence factor--the proportion

of the ith group firing Blue weapons
allocated to the jth

actually engaging live jth group Red

Red group which are

targets at range r.

Similar definitions exist for the components of the Red
attrition coefficient, Bji'

Major emphasis in the research prog. am has been on the
development of methods for predicting these inputs and the
development of solutions of the resultant coupled sets of
differential equations. The methods developed to date and
results of the solution procedures are summarized in Chap-
ters 3 and 4 of this part of the report. Chapter 5 briefly
describes results of related modeling of reconnaissance
activities and an extension of the stochastic duel models
of combat. Areas for future research are also noted in

Chapter 5.
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Chapter 3

ATTRITION COEFFICIENT PREDICTION METHODS

Seth Bonder and Robert Farrell

As shown in the rrevious chapter, the attrition coef-
ficient is made up of the attrition rate, the allocation
factor, and the intelligence factor. Research has been de-
voted to the development of methods to predict these inputs
with major emphasis on prediction of the attrition rate.
Detailed descriptions of attrition-rate prediction methods
are given in Part B of the report. Allocation factor re-
search is described in [D, 2.0] and formulae for predicting

the intelligence factor are developed in [E, 1.0].

3.1 The Attrition Rate

Basic to the differential model or theory of combat
is thc attrition rate, which is thc rate at which a wcapcn
system can destroy live targets when it is firing at them,
In the classical Lanchester theories, thc attrition rate
has becn assumed constant or state-dependent (dependent
on the numbers of surviving Red and Blue forcesj. The
ability to obtain, other than by hindsight, a satisfactory

extimate of the attrition rate for futurc cngagements has

limited the use of clagssical Lanchester theoricc for planuinre.

The concept of the attrition rate formulated in this

research program is described in ([B, 1.0]. Simply, it is

———
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assumed to be dependent on a multitude of physical param-
eters of a weapon system which describe its capabilities in
such areas as acquisition, firing accuracy, delivery rate,
and warhead lethality. This dependency gives rise to two
distinet variations in the attrition rate--variation with
range to the target and chance variation at any specific
range.l A mathematical structure of heterogeneous-force
combat which includes the range and chance variations ex-
plicitly cannot be analytically solved with existing mathe-
matical techniques. For this reason we have suppressed the
explicit chance variation and used average attrition rates.
This leads directly to the combat formulation given by equa-
tions 1 and 2 (see page 1l4}. In this formulation we can con-

sider the range variation of the attrition rate explicitly

and somewhat independently of the chance variation at each

. specific range to the target.

Based on some logical and mathematical arguments, it
has been shown that the appropriate average value definition
of the attrition rate to use (for a speci.ic range) with

equations 1 and 2 is

f.
aij(at range r) des 1
E[Tij|r]

(5]

1 . . . s .

For clarity of discussion, variations in the attrition rate
dug to chapgeg in targgt posture, environmental effec*, etc.,
which can be included in the model, are not presented.
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where

E[Tij|r] = the expected time for a single Blue
system of the 3/ group to destiroy a
passive jth group Red target, given the

target is at range r.

This definition for an average value of the attrition rate
at range r is equivalent to the harmonic mean of the attri-
tion rate when it is viewed as a random variable at range r.
This definition also leads naturally to defining the range
variation of the attrition rate as the variation in the
reciprocal of E[Tijlr] as the range to the target changes.
The range variation is called the attrition-rate function
and is denoted by uij(r), as used in the 2ifferential equa-
tion structure of combat.

Based on the above discussioﬁs, research on attrition
rates has been concerned primarily with the development of
time-to-kill probability distributions and their expected
values for a spectrum of weapon systems. The distribution
for the time~-to-kill random variable is developed by -~onsid-
eration of the number of rounds expended to achieve the kill.
Thus, the amount of ammunition resources expended can be
obtained directly for a specific combat activity. Essen-
tially, what is done is to take the physical process of the
duel (which is basic to Monte Carlo simulations} and model

the dynanics of this process mathematically.

baan 2




To ensure that the attrition rates developed are general,
a taxonomy of weapons systems that is not dependent on physical
hardware characteristics (such as caliber) was developed.
Rather, the taxonomy reflects characteristics of weapons sys-
tems that would affect the methods used in predicting the at-

. trition rates.

: l The taxonomy is shown in Figure 2. Weapon systems are
i first classified by their lethality characteristics as having

either impact-to-kill mechanisms or area-lethality effects.

" )
et Ve

| Within each of these categories, we have found it useful to fur-
ther classify weapon systems on the basis cf their methods of
using firing information to control the system aim point and
their delivery characteristics, i.e., the firing doctrine

} employed.

Methods have been developed that allow the prediction of

| attrition rates for many of the weapon systems shown in the

taxonomy. The first cases analyzed involved single-tube firings

in which launch of a projectile occurred only after the obser-

vation of the effects of the preceding round. These are called

"repeated single-shot" doctrines in our schema, and are some-

times called "shoot-look-shoot" doctrines by other analysts.

Analyses have been undertaken of two subclasses: (a) those in

which no use is made of information obtained from observations

3 and (b) those in which the observations are treated distinctly

depending on whether they are a hit or a miss, leading to

different types of correction in aim point for these two cases.

"
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LETHALITY MECHANISM:
1, ImpacT
2, AReA
FIRe DOCTRINE:
1, RePEATED SINGLE SHoT:
*A) WiTHOUT FEEDBACK CONTROL OF AIM POINT

*B) WITH FEEDEACK ON IMMEDIATELY PRECEDING
ROUND (Markov FIRE)
C) WITH COMPLEX FEEDBACK

2, BursT FIRE:
*A) WITHOUT AIM CHANGE OR DRIFT IN OR BETWEEN BURSTS

*B) WITH AIM DRIFT IN BURSTS, AIM REFIXED TO ORIGINAL
AIM POINT FOR EACH BURST

C) WITH AIM DRIFT, RE-AIM BETWEEN BURSTS
3, MuLtipLe-Tuse FirinNg: FeepBack SiTuaTions (1A, B, C)
*A) SALvO OR VOLLEY
4, Mixep-Mobe FirING:
A) ADJUSTMENT FOLLOWED BY MULTIPLE-TUBE FIRE
*B) ADJUSTMENT FOLLOWED BY BURST FIRE

* INDICATES THAT ANALYSIS OF THIS CATEGORY HAS BEEN PERFORMED,

Figure 2 Weapon System Classification for the Develop-
ment of Attrition Rates
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This subclass is called "Markov fire." A completely general
time-to-kill probability distribution for Markov fire systems
has been developed. Weapon system parameters that are included
explicitly in the distribution are shown in Figure 3. Methods
of predicting these parameters from basic hardware considera-
iions are well known.

The more complex doctrines imvolving "multiple~-tube
firings" and "burst fire," have been analyzed separately.
These are classes of systems for which the projectiles may
be launched before observation of previous round effects.
Burst-fire cases analyzed include those in which rounds are
all identical with respect to accuracy (no drifting or con-
trolled alteration of the aim point) and those in which the
rounds within a burst vary, but the bursts are resighted to
the same aim point. All present analyses have been based on
fixed-length bursts. The complex case in which bursts are
re-aimed on the basis of observation has not been analyzed.

Preliminary analyses have been conducted of multiple-tube
firing cases, and it has been determined that the attrition
rate for both volley and salvo fire may be represented by the
same formulae. The method developed considers a weapon sys-
tem which, perhaps not knowing the exact location of targets,
fires indirectly into an area with a projectile that delivers
damage-producing effects over part of the area. Parameters
included in the method are shown in Figure 4. Each of these
parameters can be predicted from basic hardware character-

istics of weapons systems and targets.
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TIME TO ACQUIRE A TARGET

TIME TO FIRE THE FIRST ROUWND

TIME TO FIRE A ROUND FOLLOWING A HIT

TIME TO FIRE A ROUND FOLLOWING A MISS

PROJECTILE FLIGHT TINE

PROBABILITY OF A HIT ON FIRST ROUND

PROBABILITY OF A HIT ON A ROUND FOLLOWINC A HIT
PROBABILITY OF A HIT ON A ROUND FOLLOWING A MISS
PROBABILITY OF DESTROYING A TARGET GIVEN IT IS HIT
PROBABILITY OF DESTROYING A TARGET GIVEN IT IS MISSED

Fipure 3 Factors Included in Attrition Rate for

Single-Shot Markov-Fire Weapon Systems

—q

any Gy Sy
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WEAPON AIMING AND BALLISTIC ERRORS
TARGET LOCATION ERRORS

3 WEAPON FIRING RATE

F; VOLLEY DAMAGE-PATTERN RALIUS

| TARGET DISTRIBUTION
-t TARGET RADIUS
} TARGET POSTURE

PROBABILITY THAT THL TARGET IS DESTROYEL GIVEN
IT IS CCVERED BY DAMAGE PATTERN

| Figure 4 Factors Considered in Attrition Rate for
Indirect, Area-Fire Weapons

w
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Finally -the mixed mode firing doctrine in which a period
of single-shot fire is followed by burst fire has also been

analyzed.

3.2 The Allocation Factor

As noted earlier, the allocation factor is the pro-
portion of the it™ Blue group systems assigned to fire on
jth group Red targets. This is included since only those
systems directing their fire {(or other lethal effects) on

the jth

group or its area are likely to cause attrition of
the target. The allocation factor may be input by military
judgment reflecting the assignment strategies deemed most
appropriate to the tactical situation. This factor may be
input directly or determined from a priority or target worth
scheme.

Research in this area has focused on the determination
of optimal or good allocation strategies when the battle
dynamics are described by the coupled sets of heterogeneous
differential equations shown eaflier. The research is de-
scribed in [D, 2.0]. The results obtained are based on the

following assumptions:

(1) ,Zero time is required to switch from one target
group to another,

(2) Projectile flight times are small, and

(3) The groups have perfect control and intelligence.
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The research has shown that, for linear payoff functions,
it is ineffective for individual weapon types to distribute
their fire over different target groups. That is, all i-group
weapons should engage all j-group targets with no splitting of
fire allocation within a group. The optimal assignment stra-
,l tegies are such that all weapons of a single group should

| be assigned to a single group in the opponent's arsenal.

Mathematically,

1 for j = K

eij(r) s for i =1,2,...,I (6]
: 0 for j # K
l fori-=1»~L

h..(r) = for j = 1,2,...,d0 , [7]
J1 0 fori # L

where K and L denote a specific weapon type in the Red and

Blue forces, respectively.

The research has also shown that the choice of group
to be fired upon is independert of the number of weapons
in the firing or target group. The class to be fired
upon is selected by determinhing the maximum attrition rates

on the marginal utilities of the opposing groups and not
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directly by the numler of weapons in the opponing groups.l
Furthermore, althouph previous researeh (Snow, 1982) emploved
the assumplion that the allocation coefiicicents were constant
throughout the battle, it has been shown that switching
surfaces do exist, i.e., the optinal allocation strategy
changes during the battle cven though nonc of the Blue

or Red force groups are annihilated.

Closed-form analytic solutions for the optimal alloca-
tion strategies (initial allocation and switching surfaces)
have becen obtained for the two-on-one battle, i.c., two
groups on one sidc and one on the other. The method used
is applicable to higher-order battles; howcver, the mathe-

matics gets exiremely cumbersome.

3.3 The Intelligence Factor

As previocusly noted, the intelligence factor is the pro-

portion of the ith

group firing Blue weapons allocated to
the jth Red group which are actually engaging live jth group
Red targets. This factor is included to consider the loss

in efficiency (effectiveness) of a firing weapon when it is

firing on either targets already attrited or cn areas that

1This has an obvious implication on intelligence requirements

during a battle for allocation. All that needs to be known
is that there exists a live j-group target and not the number
of live weapon systems in it.

2w

- -

-

-
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are void of targets. Research in this area is described in
[E, 1.0] and suggests that the intelligence factor should be

predicted as

I(r) s —PLL (8)

i where

Py = the piobability of firing on a live tlarget,

the probability of firing on a dead tiarget,
Py = the probability of firing in a void area,

T = the expected or average time Lo fire on a

i live target,

=3
)

p © the expected or average time to fire on a

; dcad target,

w3
"

y ° the expected time to fire on a void area.

At the present time, only the parameter TL, which is equal to
the expected time to defeat a live target,l can be predicted

as input. Research is required to develop methods to esti-

mate the other parameters.

1rhat is, TL is equivalent to what was previously referred
to as the expected time to kill a target, E[Tijlr].




Chapter U4

COMBAT MODEL SOLUTION PROCEDURES AND RESULTS
Seth Bonder

The basic structure assumed to describe the combat

activity was given by the coupled sets of differential

equations;
I
dnj EE:
B Aij(r}mi or § = 1,2,..,,7
1=]
J
dm for i g2 I
R R or i = P
It e B]l(l)nj 2l ?
j=1

The preceding chapter summarized methods that have been
developed to predict inputs to these equations--the attri-

tion rate, the allocation factor, and the intelligence

factor. This chapter briefly presents results of researeh

that has been directed to obtaining solutions for the above

equations, where a solution is taken to be the trajectory

of surviving forces of each type during the battle as a

function of basic inputs and initial numbers of forces.l
Ideally, it would be desirable to nave the solutions

irn simple, closed form which would readily portray the rela-

tionship between the inuependent factors of the combat process

anc the surviving numbers of forces. This would facilitate

. riztics ani locations of survivors can also be determined
: rart ! tne solutlon, but are omitted in this discussion.
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both sensitivity analysis and determinatic~. of those inde-
pendent variables which significantly contribute to combat
effectiveness. Attempts to obtain such closed-form solutions
have focused on simplified cases of the combat equations

in order to obtain some insight into the solution procedures
and problems related thereto. These simplified cases include
(a) homogeneous-force battles (one group on each side) and

(b) constant-coefficient, heterogeneous-force battles.

A summary of the results of these research efforts are pre-
sented in succeeding sections. Details of the homogeneous- and
heterogeneous-force battle solutions are given in Parts C and D,
respectively. A numerical solution procedure was developed to
solve the equations for simplified tactical situations involving
heterogeneous forces and variable attrition coe¢ “icientz. This

procedure is described in [D, 3.0].

4.1 Homogeneous-Force Regults

We considered first the simplified case of homogeneous-

force battles with uni-y intelligence coefficients. > The general

heterogeneous equations noted above roduce to

S —al(r)mn(i) (3)

dt' = —R{rIn(t). . (10)

1

All research presented in this report has considered unity
intelligence coefficients.




32

Since there is only one group on each side, the allocation
factor 1s also equal to unity for each force. In these equa-
tions explicit notation showing the time and range dependen-
cies are given.

In order to include explicit consideration of some di-
mensions of mobility, the one-dimensional battlefield coor-
dinate system shown in Figure 5 was considered. The symbols
S, and S, are the distances of the Red (n) and Blue (m)
forces,véspectively, from some common reference. The above
equations can be converted to the space domain depicted in Fig-

ure 5, resulting in the following differential equations:

Z
d'n [w 21 da] dn af -
¢gn — - ==l == - =-tn =0 (11)
drz V2 o drf| dr v2

7
d'm w__ 1 dgt dm of .
——z*[z sa?]a;'"%m-o- (12)
dr v v

These equations explicitly include maneuver characteristics
of the forces such as speed (v) and acceleration (w) and the
range variaticn in attrition rates when the forces employ
mobile weapon systems.

The solution of these equations required knowledge of

the attrition-rate functions,1 a(r) and g(r) for the Blue and

1 . . Syt
[t was noted 1n the preceding chapter that the attriticn-rate

function is defined to be the variation with range in the
reciprocal of the expected time-to-destrov a target.
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-




Refercnce
Xx =0

where

Figure 5

v \'4
p— =3 [ TIL e—
ot ha =
s >
n
5 »
I
-+
x

the distances of the Red (Blue)
forces from some common references.

force separation,
velocity of the Red (Blue) force.

relative velocity between the Blue and

Red force (v - v ).

One-bimensional Battlefield Coordinate Svsten
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Red weapons systems, respectively. Examination of data for

some representative weapons systems suggested a number of

forms for the attriticn-rate functions, some of which are
shown in Figure 6. These characteristic shapes were given

appropriate mathematical descripticns, e.g., linear, qua-

Ly ]

dratic¢, exponential, and cosine attrition-rate functions.

In each case the range R, is that force separation at which

&

the weapon first attains a nonzero rate of attriting targets.

Attempts were made to obtain closed-form solutions ror
the homogeneous-force battle equations with these attrition-
rate functions under the assumption that the acceleration of
forces was zero (w = 0), i.e., a constant-speed battle. For
example, assumptions of linear attrition-rate functions for
both Red and Blue weapons are shown in Figure 7(a). Here '
R, and RB are the ranges at which the Blue and Red weapons
systems, respectively, first achieve nonzero attrition rates.
The resultant equations could not be solved in closed form
without further assuming a constant rgtio of Red to Blue
attrition-rate functions. This last assumption for linear
attrition-rate functions is shown in Figure 7(b). A general
closed-form solution was developed for any pair of attri-
tion~rate functions such that g(r)/al(r) = constant.

Even with these overly sinplified, restrictive assump-

tions, solutions te the variable-coefficient differential

vquations gave rise to some interesting insights and
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comparisons with existing theories. In particular, the
classical constant-coefficient Lanchester formulation of this

problem suggests that e Blue force will lose a battle when
uM2 < BN2 ’

where M and N are the initial numbers of Blue and Red forces,
respectively. This lose condition implies complete annihila-
tion of the losing force.

Analysis of the variable~coefficient solutions, however,
indicates that this win-or-lose condition is completely mis-
leading. Rather, one should consider some measures of effec-
tiveness (numbers of survivors, difference of survivors,
ratio of survivors, etc.) at the end of the battle instead
of the complete annihilation conditions. Thus, one may
chcose to consider any or all of the above measures of effec-
tiveness when the force separation is zero (the attacker
crosses over the defended line) or some prespecified break-
point in terms of survivors and/or force separation. When
this is done, then the results of the battle are highly de-
pendent on the assault speed and the relationship between

the initial, linear, and quadratic conditions defined below:

Inttigl Condition:

el e ] L=l

v o
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Linear Condition:

aoM { } BON

Quadratie Condition:

o <
OLOM/{ ;} B°N2 ’

where o and Bo ara the attrition rates for Blue and Red

v oA

weapons, respectively, when their force separation is zero.
The effect of these conditions and the use of mobility as
measured by the assault speed are shown in Figures 8 through
11. The figures show the effect of the assault speed on the
difference and ratio of surviving forces at the end of the
battle.

The conditions shown in Figures 8 and 9 suggest, by
classical Lanchester analysis, that the Blue force will be
annihilated. This is true if their assault speed is less
than 4 mph. However, increasing their assault speed to
approximately 20 mph will result in their arriving at the
defended position with a superiority of 14 units (where the
initial supericrity was 20) or a ratio of 2.9 to 1, where
the initial ratio was 3 to 1. These figures are suggestive
of two phenomena:

1. Attacking with sufficient speed is a means of con-
serving one's own force, i.e., get the enemy beifore
he gets you. This we might term a saturaticn
principle in that we satura‘te the enemy's retalia-

tory firepower capability with maneuver.
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2. Increasing the assault spead increases the satura-

tion effect; however, thic 2ffect has a decreasing
marginal benefit. q
The decreasing marginal utility of increasing assault speed .
is evidenced in both Figures 8 and 9; however, it is more %

pronounced in the ratio measure of effectiveness.
In contrast the these results, the conditions of Fig-
ures 10 and 11 suggest, by classical Lanchester analysis,
that the Blue force will annihilate the Red force. This will
occur only if the Blue force assault speed is less than
13 mph. Increasing their assault speed above this will re-
sult in their arriving at the objective with a lower supei-
iority, measured by the difference and ratic of forces. It
is interesting .o note that when the measure of effectiveness
is the force difference at the objective, there is a unique "
worst speed for the Blue force to attack; however, the ratio -

of surviving forces continues to decrease with increasing

assault speed.

Although closed-form solutions to the homogeneous-force 1

combat equations when the ratio B(r)/a(r) is not constant

have not been obtained to date, research efforts have been $
directed to obtaining parity conditions (conditions leading -
to equal numbers cf survivors on both sides at the end of the I

|

battle) Based on the work described above, we felt that

-

i <¥

i
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these conditions would depend not only on the force sizesl
but alsoc on the shape of the attrition-rate functions, the
effective ranges, the range at which the battle is initiated,
and the mobility of the attacking force.

Approximate solutions to the parity conditions have
been obtained analytically (see [C, 4]); however, they have
not provided a great deal of insight to date. Analog com-
puter solutions to the equations, however, have tended to
support the above conjectures. The analog computer provides
a visual display of the solution space when parameters such
as initial number of forces, assault speed, effective range
of the weapons, opening range of the battle, etc., are varied.
Systematic variations of these parameters were made to ob-
serve the trajectorv of the parity ccnditions (m = n at
range r = 0). These are described in [C, §].

Some typical plots of the solutions are shown in Fig-
ures 12, 13, and 14 for the absolute number of survivors,
the difference in survivors, and the ratio of survivors, re-
spectively, at the end of the battle. The parity points for
variations in the initial numbers of the Red force are indi-
cated by solid circles. Immediately obvious from these fig-
ures is the fact that the assault speed is an integral factor
in predicting parity points. More importantly, there appear
to be optimal assault speeds such that deviations from these

optima can have significant effects on the battle results.

1The principal factors in the classical Lanchester parity

conditions.
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This point is highlighted in Figure 14, where for an ini-
tial ratio of Blue to Red units of 1.43 (100 Blue to 70
Red), an assault speed of 15 meters/second produces a final
ratio of forces of 14.5 to 1. A reduction of only 5 meiers/
second assault speed would produce a final rairio of Blue to

Red forces of less than ".U.

4.2 Fire-Support Engagement Results

Based on the previous results, it was recognized that
the range dependency of the ratio of the attrition-rate
functions was a major factor in inhibiting analytic solution
procedures. Accordingly, to obtain some solution insights,
ahypothetical "fire-support" situation was developed for which
the Blue attrition-rate function was a constant and the Red
weapon attrition-rate function was a linear function of
range. This combination of attrition-rate functions leads
to their ratio being range dependent but the equations are
amenable to analytic solution. The tactical situation is
shown in Figure 15 and depicts

l. a Red force (n}) defending a fixed position at
r = 0;

2. a Blue force (m), under fire from the Red force,
moving from r = R, (range at which the battle
beginz) to r = R, at a constant speed (v) without
returning fire on the Red force;
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Defensive Blue
Position Attackers
' o
f /\ Ix Attack
s v<h, j—1 ' Units
[ f pM
7 s
; ‘ b
. # V
: Support
: - Units
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Figure 15 Fire-Support Tactical Situation
%6
alr) = ky(Ry - 1)
Bo
S B(r) = ky(R. - r)
4, 8°76
a, = ka(Ru - Rs)
[ NN
0 R R R R

Range r

Figure 16 Aitrition-Rate Tunctions for the
Fire-Support Situation
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3. atr = R., a percentage p of the remaining Blue
force (MS) continues to advance :* speed v with-
out firing. The remaining (1 - p)MS Blue units
stop and provide supporting fire on the Red force.

4. Red fires only on the moving Blue units.

The attrition-rate functions which result from this situa-
tion are shown in Figure 16. The Red force attrition rate
varies with range since Red units engage closing Blue units,
The Blue attrition rate is a constant, a = ka(Ra - Rs),
since the supporting fire Blue units remain a fixed distance,
Rs’ from the Red units. Solutions to the resultant differ-
ential equations have been obtained and some analysis of
optimal tactics (assault speed, percent force split, etc.)

conducted. This work is described in [C, 6].

4.3 Hdeterogeneoue-Force Results

A long-range objective of the research program is to
obtain usable analytic solutions to the sets of variable-
coefficient differential equations used to describe combat
among heterogeneous forces. These are equations 1 and 2 in
Chapter 2. The preceding sections discussed research to

obtain solutions for simplified forms of these equations for

homogeneous forces and a fire-support situation which retained

the complexity of the variable attrition-rate functions.

Research has been conducted on another form of simplification
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in which we retain the generality of hetercgeneous forces,
but consider the attrition-rate functions to be independent
of rangz fcr all weapons in the battle.

Previous research efforts in this area (Snow, 19u48; de-
veloped solutions for this situation under the assumption
that each Blue group distributes its fire over all Red groups
and each Red group distributes its fire over all Blue groups.

That is, the allocation factors e,. > (0 and hji > 0 for all

ij
i and j. This assumption appears to be highly unrealistic in
that it requires ineffective weapons to fire at targets they
cannot destroy (a rifle firing on an armored tank) and an
over-allocation of firepower (a long-range missile firing at
an infantryman).

A general solution to the hetercgeneous-force, constant
attrition-coefficient battle model for any allocation policy
has been developed. The solution methods are simplified,
and thus more us<ful for analysis purposes, when the optimal
zero-one allocation strategy is employed.

General analytic solutions to the heterogeneous-force,
variable-coefficient battle models could not be developed.

A numerical procedure was developed to solve the equations
for simplified tactical situations in which the heterogeneous

combat groups may have Jdifferent locations and where the vari-

ation in attrition coefficients with range is explicitly
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considered for each group. This procedure, which is de-
scribed in [D, 23.0], was developed primarily .or use as 4

research tocl.
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Chapter 5

RELATED RESEARCH RESULTS AND FUTURE NEEDS
“eth Bonder

The research described in this report is viewed as the
beginnings of research activity to develop analytical models
of relevant military processes that can efficiently and ef-
fectively be used in analysis of both small and large-scale
military activities. This long-range objective will require
the development of analytic structures for each of the rele-
vant military processes {such as combat, reconnaissance,
logisties, ete.) and research on methods of combining them into
an integrated set of analytic procedures.

Modeling emphasis to date has been directed to the de-
velopment of differential models of the combat process and
associated allocation strategies. This chapter summarizes
some related modeling results developed under the cited con-
tracts and lists a few areas deemed important for future

resedarch.

5.1 Preliminary Modeling of Surveillance Patrols

Excent fcr the intelligence factor included in the com-
bat model structure, the differential models of the combat
activity essentially ignore the intelligence-gathering or
reconnaissance process that could reasonably have a large

effect on combat effectiveness predictions, especially when
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one considers its interaction with the allocation strategy.
It was thought that many of the existing search and recon-
naissance theories would be useful for predicting the amount
of intelligence-gathering capability possessed by a tactical
unit. A thorough literature search in this area, however,
indicated that existing theories are less than useful for
this purpose (Moore, 1970). Most of the research efforts
have been devoted to a development of strategies for the op-
timal allocation of search effort anu little to the develop-
ment of descriptive models of intelligence-gathering processes
nor its interaction with the combat activity, i.e., "sub-
sequent action." The existing results do nct consider im-
portant aspects such as intermittent target visibility, mul-
tiple targets, moving targets, and others. Accordingly, a
small part of the research effort was devoted to the develop-
ment of preliminary models of the intelligence-gathering
process, specifically surveillance patrcls.

The surveillance situation modeled is shown in Figure 17,

where
v = speed of movement between subareas,

A = total area searched,

th

area of i subarea searched,

1]
(1]

d; = distance between subareas (i - 1) and i,

number of subareas searched.
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Surveillance
Unit

Fisure 17 Surveillance Patrol

Search in successive areas A may be considered continuous
search associated with a mobile force situation. Search in
just one area A might be considered a periocdic area surveil-
lance to obtain general information during a static situation.
The models were developed on the assumption that the sur-
veillance unit moves into a subarea and, as a unit, scans the

area as a single sensor. The patrol leaves a subarea and goes

e PSP :
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to ancther at the time it detects the target's presence or

after a specified time during which it has not detected a target.
A number of models of the surveillance activity noted

above were developed, each differing in assumptions regarding

the stochastic nature of *he visibility process (existence of

line-of-sight). Mathematical expressio;s were developed for

(a) the probability of detecting a target in a subarea,

(b) the probability density function (pdf) for the time
to detect a target in a subarea, given it is de-
tected,

(¢) the pdf of the time spent in a subarea,
(d) the pdf of the time until the first detection,

(e) the probability of detecting a target during the
patrol,

(f) the pdf of the number of targets detected, and

(g) the pdf of the time spent searching the total area.
There expressions explicitly include the target's location,
effects of the sensor capabilities, mobility of the senscrs,
and the line-of-sight disturbances of the terrain. The mathe-
matical developments are described in [E, 2].

Modeling effort was also directed to the development of
general mathematical structures to describe the visibility
(line-of -sight) process. The model developed considers
multiple periods of intervisibility between the sensor and

the target and contains formulae for
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(1) the probability that the target is visible for a
given time tj

(2) the pdf of the length of time that a target will
remain visible, given that it is visible at t;

‘r—-—-f

(3) the pdf for the number of times the target will be
visible in a fixed interval tes

»

(%) the pdf for the total time of visibility in t_;

(5) the pdf for the number of visible targets at time t
if there are N independent targets;

(6) the probability density functio» for the number
of sightings in (O,tsﬁ if there are N targets.

This work is described in [E, 31.

O S

T 1
——— - . F . —- —-— ‘7
5.2 Stochastic Duele with Reliabtlity and Mobility -
: t

The development of the differential models of combat o 1

extended the earlier Lanchester formulations to include

fe—t

mobility of both forces, microscopic details of the weapon
systems in the attrition coefficients, and the fact that the
attrition coefficients vary when forces employ mobile weapon
systems. This approach was taken based on the judgment

it would be more difficult at this time to enrich the
stochastic duel theories (which already considered micro-

scopic weapon system parameters) to include more than single

duelists and simultaneously consider mobility of these forces.
A small effort, however, was devoted tc extending the "“one-

on-one" stochastic duvel descriptions to include reliability
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of the duelist's weapons and iritial elements of mobility.
This research is described in [F, 11].

Previous work in stochastic duel theory included some
natural limitations of weapon systems in duels involving

limited ammunition supplies and time limits. Another natural

limitation of a weapon is the reliability of its firepower.
The denigration of a weapon may be due to factors such as
severe natural environment, lack of preventive maintenance,
and the use of the weapon when fired. The first two factors

concern the study of reliability and maintenance per se,

while the third factor is more complex, since more than the

temporary loss of firepower is at stake in combat.

Models were developed to describe catastrophic failures

of firepower, leaving the duelist entirely helpless or forcing

him to withdraw from the duel. Reliability is treated both

as a function of time 2nd as a function of the number of rounds
fired, the latter as a more realistic model which relates

the chance of breakdown to actual use of the system. The
probability of one side winning is found for all the duels,

and the results are compared with those for the corresponding
"fundamental" stochastic duel.

A simplified model was developed to reflect the effect

of mobility in a stochastic duel. The model incorporates

single-shot kill probabilities that vary with time--the time
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deperdence occurring due to the basic dependence of accuracy

and lethality on range to the target and the range variation

due to movement of the weapon systems during the duel.

5.3 Future Reaearch

During the course of research effort described in this
report, it has become increasingly clear that research in
other closely related areas will have to be performed in
order to develop a reasonably complete spectrum of analytic
models for defense planning. A brief description of some of

these areas is given in this section.

Reconnaissance Reasearch

A small amount of research effort was devoted to the
development of preliminary mathematical structures of sur-
veillance patrols which include effects of the visibility
process, sensor detection capabilities, and mobility of the
sensor system. It is felt that this work should continue to
make the moéels more realistic of the reconnaissance process1
and to determine optimal search strategies when explicit
consideration is given to intermittent line-of-sight. Ad-
ditionally, research should be directed tc the problem of
interfacing the reconnaissance activity with "subsequent

action," primarily the combat activity. Questions that need

Isee [E, 2.5] for suggested areas of enrichment.
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be considered in this area include

(a) What model structures are needed to interface the

reconnaissance activity and subsequent action?

(b) Can the effect of "false alarms" be effectively
included in models of the reconnaissance activity
when subsequent action is considered?

(c) What effect will consideration of subsequent action
have on the optimal allocation of search effort?

. Large-Scale Unit Mcdeling
Although the long-range objective of the research program

is to develop models for both the microscopic weapon system

planning problem and the macroscopic one of force structuring,

/

——— o / e

initial efforts have been devoted to describing the micro-

scopic structure of combat. Models tc predict the attrition
coefficients are being developed from elemental character-
igtics of individual weapon systems. These are then used as
distinct parameters in the heterogeneous-force model for each
i group in the Blue force and each j group in the Red force.
There appear to be problems of size in using these models

for large-scale force structuringl due primarily to the large
number of dimensions in the formulation, i.e., consideration
of only the attrition rates g ves rise to I:J dimensions.

Therefore, research is needcd to determine the following:

1ih contrast to the small unit composition of mixes of weapons

systems.
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1. The direct application of the heterogeneous differ-
ential equation formulation to large-scale force
structures by reducing the dimensionality of the
model. Methods would have to be developed to aggre-
gate the attrition coefficient for different weapon
groups to attrition coefficients for tactical units,
which would then be used as input to a large-scale
heterogeneous-force formulation.

2. Develop means of using the output of the microscopic

heterogeneous model (which uses attrition coefficients
for individual weapon groups) as input to other, per-

haps differential equation type, models of large-
scale force combat activities.

T

L —

Cloae-éombat Regearch

The models currently under development will provide pre-
dictions of four basic dimensions of combat--time, space,
casualties, and resources expended. Usually, some measure
of effectiveness such as the ratio of survivors, the differ-
ence of survivors, and the percentage of survivors, at ranges
close to the objective is computed and used as an indicaticn
of whether'or not the combat activity was "successful."1
However, little is known regarding the correlation between

these measures and successful accomplishment of a mission.

lExamination of Figures 13 and 14 indicates that recommended
assault speeds would differ for the difference and ratio
measures of effectiveness.
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Accordingly, it is felt that research is needed to assess the
predictive capability of these measures for different combat

activities.

Approximations tc Variable-Coefficient Formulations

As shown in the solutions to the homogeneous-force models
w.th variable coefficients, variation in the attrition co-
efficients during a battle appear to have a significant effect
on the battle results. During some of the applications of

the differential combat model in the Main Battle Tank pro-

gram, however, it was found that in some situations the re-
sults of battle could well have been predicted with a con-

stant-coefficient model of the battle activity. Accordingly,

3 it is of research interest to see if an appropriate "average"

' attrition rate over all ranges of a battle can be determined

i which, when used in a constant-coeffiéient formulation, would
| produce similar resalts to the variable-coefficient hetero-

| f geneous=-force models. The constant-coefficient heterogeneous-
| . force analytic solutions developed to date can be used in this

study.

4 Logietice Research
The models described in this report can be used to give
; an indication of the logistic support requirements for amnmu-

nition and POL. The time=to-kill probability distributions




62

are developed from the more fundamental distribution of the
number of rounds required to defeat a target. Thus, there
exists a means of determining the amount of ammunition re-
quired to obtain a specific level of combat effectiveness '
predicted by the differential combat models. Since the lat-
ter also include the spatial distribution of forces and their
maneuver during engagements, POL requirements can be deter-
mined from the specific capabilities of vehicles employed.
Thus, the models assume an infinite inventory of ammunition
and POL with no constraint on the combat activity. Research
should be directed to developing an explicit logistics model
which can be integrated with the combat formulations to re-

flect logisties restraints on the combat activity.

Mobility Research

The effect of the mobility of combat units is considered
in the differential equation formulations in a rather re-
strictive sense by examining the effect of mobility during the
engagement. This might more appropriately be called the ef-
fect of maneuver, with mobility being reserved for the strate-
gic aspects of transporting the units to the battle area.
Clearly, in the structu~ing of large-scale forces, the planners
must trade off the firepower and maneuver capabilitities of

units and the ability to transport them to threat areas as

2
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required. It is felt that analytic models of mobili.y that

can be interfaced with models of combat between large-scale

forces are needed.

Command and Control Resgearch

As noted in the earlier discussions of the combat model,

the allocation strategies being developed assume not only

perfect intelligence but also perfect command and control.

That is, given one <etermines optimal allocation strategies,

can the command-control system implement the assignment pol-

icies? Research in this area should be dirccted to determining

1.

how to reflect imperfect command and control in the
combat model formulation, especially in its inter-
action with the allocation policies, and

how to predict the amount of command-control capabil-
ity possessed by a tactical or strategic unit.

Intelligence Research

The differential models of combat include an intelligence

factor as one of the elements in the attrition coefficient.

This factor is included to account for the loss in efficiency

| (effectiveness) of a firing weapon when it is firing on either

targets already attrited or on areas that are vcid of targets.

A model was developed to predict the intelligence factor
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“ (see equation 8, page 29); however, methods of estimating

*r

only one of its input parameters--the expected time to fire

&
vk

onh a live target--are available. Research is needed on
methods to estimate the other parameters of the intelligence

tactor model. =
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Appendix A

TEST OF THE GENERAL MODEL

Seth BRonder and Robert Farrell

As noted in the introductory chapter, the objective of
this research program is the development of analytic models
for defense systems planning. Chapters 2, 3, and 4 summar-
ized the basic structure used to describe the combat process,
the development of models to predict inputs to the structure,
and research efforts to obtain analytic soluticns to the com-
bat formulations. Conceptually, one may view all the results
described earlier as hypotheses or theories that need be
verified against actual data, or at least compared to the
results of detailed.Monte Carlo simulations.

Under a separate contract with the Directorate, Weapon
Systems Analysis, Office, Assistant Vice Chief of Staff, U.S.
Army, a study was conducted to compare the combat predictions
generated by the differential model of combat to those pre-

dicted by more detailed Monte Carlo simulation methods.

Under this study, the general heterogencous-force model with

variable attrition coefficients was applied to a set of

1This study was conducted by Vector Research, Incorporated,
whose principals developed the methods described in this
report. -
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tactical situations used in the TATAWS-III study, which is
part of the cverall Main Battle Tank (MBT-70) study pro-
gram. The Individual Unit Action (IUA) Monte Carlo simula-
tion of ground combat was used to evaluate candidate main
battle tank systems and force structures of proposed bat-
talion task forces.

Figure 18 depicts one of the tactical plaﬂs considered
in the Main Battle Tank program to which the differential
model of combat was applied. The tactical plan shown is a
Blue attack engagement against a fixed Red defensive posi-
tion. The attack is conducted along three major axes with
four individual routes of advance per axis. Each route con-
sists of individual main battle tank candidates and/or sup-
porting armored personnel carriers-equipped Wwith rapid-fire
weapon systems. In addition to these maneuver units of
main battle tanks and personnel cafriers, the Blue attack
force had long-range missiles and short-range missiles,
shown in the figure. The defending force is comprised of
tanks, missiles, and armored personnel carriers equipped
with rapid-fire weapons systems.

The Monte Carlo simulation of this engagement considered
the movement, acquisition, and combat activity (duels) of

each and every unit in the battle.l Maneuver, in terms of

‘Some of the engagements considered as many as 100 individual

weapon systems.
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attack speed and accelerations, over different portions of
the terrain was considered for each weapon, based on pre-
pocessed terrain analysis. The existence or nonexistence
of line-of-sight between weapons systems for each route to
all other weapons systems was used as input. Preprogrammed
target priority tables were used to specify the allocation
of individual weapons to targets. A replication of the sim-
ulation consisted of moving each of the systems down their
prespecified paths and evaluating by Monte Carlo means the
acquisition and attrition process (the fundamental duel
event) for each weapon system during the course of the en-
gagement. The engagement was replicated many times to ob-
tain a l;vel of statistical stability for the results.

The heterogenecus-force differential combat model was
applied to this and other engagements by-aggrégating individ-
ual weapons systems into groups. Thus, for each route on an
axis there were two separate groupé of main battle tanks or
armored personnel carriers. The.long-range missiles were
aggregated into one group and the short-range missiles were
aggregated into three groups, one for‘each axis. The Red
defensive force was aggregated by weapon type for each axis,
thus producing nine Red defensive units. Also included, but
not shown in the figure, were indirect-fire artillery weapons

systems for both forces.
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The attrition coefficients for each group on appropriate
target groups were calculated using the same basic acquisi-
tion, firing time, accuracy, and lethality data used in the
simulation. The coefficients were computed at 250-meter
increments to the target out to a maximum range of 3,000 meters
and stored as attrition-coefficient loockup tables. The al-
location factors (eij and hji) employed were based on the
priority tables used in the simulation.l The intelligence
factor was set equal to 1.0 since these effects were not con=-
sidered in the simulation.

Mobility and line-of-sight were considered in a determin-
is%ic manner similar to that erployed in the simulation. Av-
erage speeds and lines-of-sight over segments of the routes
were input for each of the aggregated groups. Thus, a group
was moved as a whole, and visibility did or did not exist
to the group as an entity.

It was noted in Chapter 4 of the text that closed-form
solutions to the general heterogeneous-force, variable-coef-
ficient, differential-equation model do not exist. Accord-
ingly, the equations were solved numerically using the pre-

computed attrition coefficients and prespecified allocation

factors which were stored as lookup tables.

A separate acquisition model was developed to estimate the
percentage of surviving targets that were detected and, ac-
cordingly, could be allocated fire.
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Using this approach, the model was applied to short-
range defense and long-range attack engagements considered
in the Main Battle Tank study program. Using these engage-
ment types, six separate runs involving different weapon
systems and force structures were made for comparison with
the simulation results. These comparisons are shown in
Tables 1-3.

Table 1 presents a comparison ¢f the results of one of
the short-range defense engagements. The initial numbers of
forces and the numbers of survivérs at three anal&sis points
as predicted by both Monte Carlo simulation and the analytic
model are given. The analysis points are defined by the
percentage of Red tank survivors: low equal to 70 percent,
principal equal to 50 percent, and high approximately equal
to 20 percent. The times at which these analysis points are
reached in each of the models is also given. Two sets of
results at the low analysis point in the analytic model are
shown since there was an appreciable atirition in the 2u40-
250 time interval.

Table 2 presents the comparisons of tank survivors at
the three analysis points for the other or short-range de-
fense engagements, and Table 3 presents the comparisons of

the tank survivors at the three analysis points for the
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_ Tablé 1
COMPARISON OF SURVIVING FORCES

R —— Run Number 7306 o,
Short-Range Defense '

e
-r-—]

Initial Numbérs

r'. s .. - * '. .
1o 16 Blue Tanks . 40 Red Tanks
‘ 6 Blue Short-Range Missiles 0 Red Missiles
] q 6 Blue APC : 12 Red APC
3

Blue"ﬁgpg-Rapge Missiles

1
pa—

. ANALYSIS . TATAWS

‘ POINT WEAPON SIMULATION TIME  ANALYTIC TIME
: Blue Tanks 13.90 .156.1/13.9
. Blue SR Missiles $.10 ° 6§.07
Low . - Blue APC 5.93 242 6.0 240/250
! Blue LR Missiles  2.73 - Wi -
© €70%) Red Tanks 28,00 . 30.4/24.4
- Red Missiles Cem——— —————ee
Red APC 11.70 11.0/10.6
) Blue Tanks 12,23 12.6 -
+ . Blue SR Missiles 4.57 6.0
Prin- Blue APC 5.73 - 263 6.0" 260
| . eipal  Blue LR Missiles  2.27 3.0-
. (50%) Red Tanks 20.00 19.2
-y . Red ‘Missiles L e e
| " - Red APC 10.33 10.2
* : Blue Tanks 9.40 10.9 ‘
Blue SR Missiles 2.97 5.8
High - Biue APC 5.20 327 6.0" 290
il (2?%) Blue LR MiSSiles 2-00 2.9
: Red Tanks 8.90 1.2
Red Missiles @  «---- = ecceeeo-
Red APC . ' 4,27 7.0
U
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three long-range attack engagements. The Monte Carlo simu-
lation results for runs 7355 were not provided by the govern-
ment for comparison. The larger differences in tank sur-
vivors in runs 7105 and 7106 were attributed to the fact that
the input vulnerability data for the Blue tank on the Red
missile used in the siﬁulation run was approximately twice

that used in the analytic model run.
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The overall structure of the differential model of
combat was presented in the preceding pért of this report.
A basic iﬁput to this model is the attrition rate, which is
the rate at which a firing weapon system can destroy live
targets when it is firing at them. This part of the report
describes methods that have been developed to predict the
attrition rate for a spectrum of weapon systems.

Chapter 1 describes our concept of the attrition rate.
Rationale for employing the differential equation structure
of comﬁat (given in Part A) with this concept of the attri-
tion-rate, and an operational definition of ‘the attrition
rate for use in this context, is presented. Chapters 2, 3,
and 4 contain descriptions of alternative developments of
attrition<rate prediction models for various types of weapon
systems. The attfition-rate models are developed using
different mathematical approaches. Our intent is pedagog-
ical, in that we hope it will acquaint the user with ap-
proaches to modify or develop attrition rates for systems

other than those modeled in the research program.
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Chapter 1
INTRODUCTION

Seth Bonder and Robert Farrell

1.1 Concept of the Attrition Rate

The attrition rate for individual w-apon systems is
assumed to be dependent on a multitude of physical parameters
of a weapon system which describe its capabilities in such
areas as acquisition,‘firing accuracy, delivery rate, and
warhead lethality. Experience with existing systems suggests
that these characteristics are dependent on the range'to a
target and are stochastic in nature. That is, the attrition
rate is functicnally dependent on the range between combatants
and, for aﬁy specified range, is described by a probability
distribution. In the vernacular of the mathematinian, the
attrition rate may be viewed as a nonstatiqnary stochastic
process when fopces emplcy mobile weapons. This is shown
in Figure 1, which depicts the two distinct variations in the
attrition rate for a single weapon system type against one
target type: (a) the stochastic variation at a specific range,
which is described by the conditional probability distribution
f(a]|r), and (b) the variation in some function of the attrition-
rate random variable with range, which is called the attrition-

rate function, a(r).l

Proceding page blask

For clarity of discussion, variations in the attrition rate due
to changes in target posture, environmental effect, etc.,
which can be included in the model, are not presented.

1
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Pla,r]

Range r

Piﬁure 1 The Attrition-Rate Process

The fact that armed conflict is stochastic is well rec-
‘ognized and is one of the reasons for conceptualizing the
attrition rate itself as A“nonltationtry stochastic process,
Pla,r]). Assuming the process Pla,r] could be predicted,
one would 1ike to inco:porhté the range and chance varia-
tions of the attrition rate explicitly into a model of

combat among hetercgenecus forces. The rate concept sug-

gested that such. a model would be either a differential
equation (continuous-state variables) or a difference-dif-
ferential equation (discrete-state variables) structure in
which the relevant coefficients were nonstationary stochastic
precesses, i.e., the P[cij,r] and PIBji.r] for all weapon-

target group pairs. Initial study strongly indicated that,
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in the foreseeable future, there was little hope of solving
either of these structures even for simplified situations. A
research decision was made to suppress the chance variatien in
the attrition rate and concentrate on structures of combat
which explicitly involved the range variation in the rate when
mobile weapons are employed.

Discrete-state stochastic process models were considered
in which the transition rates are nonstationary, i.e., as vary-‘
ing with time. The liferature indicated that discrete-state
stochastic process formulations of combat have been difficult
to solve even when the process is considered to be Poisson
(Lanchester_typé) with stationaryltransition mechanisms. The

few solutions obtained with homogeneocus forces have been of

such complexity as to delimit their usefulness for analysis

purposes (Dolansk§; 1964; Clark, 1968). Accordingly, it was
felt that useful solutions for general discrete-state stochastic
process formulations with nonstationary transition mechanisms
couid not be ébtained in the near future.

Although the appropriate long-range objective is to de-
velop stochastic formulations of heterogeneous-force armed com-
bat such as those noted above, we felt that a more reasonable
intermediate objective would be the development of determin-
istic formulations, and soclutions, which included the non-

stationary aspects of the attrition rate at the expense of
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explicit consideration of its stochastic elements. Accord-
ingly, the coupled sets of differential equationé described
in Part A of this report (equations 1 and 2), were chosen as
the mathematical structure to model the combat activity.

The nonstationary aspect of the attrition rates is included
in the formulation as the variable coefficients in the dif-
ferential equations, where the variable coefficients are ap-
propriately defined as the attrition-rate function, a(r).
Thus, there is one value of‘the attrition rate (for any fir-

ing weapon on a specific target group) at each range.

1.2 Definition of the Average Attrition Rate

Initially, the at rition rate at.each ranke was defined
to be the arithmetic mean or expected value of the attrition-
rate random variable. Barfoot (1969) suggestzd that a more
appropriate definition of ‘the attrition rate., when a s:"mgle
value is used at a specific range, is the harmonic maan of
the attrition-rate random variable. The appropriateness of
this definition for use in the differential equation model
of combat is seen below.

Consider a homogeneous-force battle in which the initial
numbers of Blue (M) and Red (N) forces are sufficiently large
8o that neither is totallﬁ annihilated. Lach Blue weapon
system is engaged in a renewal process of attriting targets,

i.e., the times between kills are independent and identically

[

o beir,
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distributed random variables. From Blackwell's theorem

I (Parzen, 196é, p- 183),
Lo 2 \B S SEan N : o . dt
{}*‘"" Lim Prlrenewal in (t, t+ dt)} = = !
te ~ H
_ where
I
W = the expected interrenewal time.

Therefore, the expected number of Red kills in (t, t + dt) is

Elnumber of Red kills in (t, t + dt)] = E&E, (1)

The differential equation homogeneous-force model of combat

1 states that
|
; : dn = E[number of Red kills in (t,t + dt)]
e (2)
= amdt,
8
i Comparison of (1) and (2) suggests that a be defined as 1/u.
i More generally, the definition of the attrition rate to use
h (for a specific range) in the differential equation structure
of heterogeneous-force combat is
def
S p— (3)
.otij(at range r) W 3
ot
t where

E[Tijlr] = the expected time for a single Blue

] system of the ith group to destroy a
|

passive jth group Red target, given the
target is at range r.
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This definition for an average value of the aftrition rate at
range r is equivalent to the harmonic mean of the attrition
rate when it is viewed as a random variable at range r. This
definition also leads naturally to defining the range variation
of the attrition rate as the variation in the reciprocal of
E[Tijlr] as the range to the target changes, The range varia-
tion is called the gttrition-rate funotion and is denoted by

aij(r), as used in the differential equation structure of combat.:

1.3 Tazonomy of Waapon Systsme for Attrition-Rate Models

Because of the definition of the attrition rate given by
(3), research on attrition rates has been concerned primarily
with the development of time-to-kili probability distributions
and their expected values for a spectrum of weapon systems. To
ensure that the attrition rates developed are general, a taxon-
omy'of weapons systems that is not dependent on Physical hard-
ware characteristics (such as caliber) was developed. Rather,
the taxonomy reflects characteristics of weapons systems that
would affect the methods used in predicting the attrition rates.

The taxonomy is shown in Figure 2. Weapon systems are first
classified by their lethality characteristics as haﬁing either
impact-to-kill mechanisms or area-lethality effects. Within each
of these categories, we have found it useful teo further classify
weapon systems on the basig of their methods of using firing in-

formation to control the system aim point and their delivery
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LETHALITY MECHANISM:
1. ImpPact
2. ARea
FIRe DocTRINE:
1. REPEATED SINGLE SHOT:
*A) WITHOUT FEEDBACK CONTROL JF AIM POINT

*B) WITH FEEDBACK ON IMMEDIATELY PRECEDING
ROUND (MaRrkov FIRE)

¢) WITH COMPLEX FEEDBACK
2. BursT FIRE:
#A) WITHOUT AIM CHANGE OR DRIFT IN OR BETWEEN BURSTS

#B) WITH AIM DRIFT IN BURSTS, AIM REFIXED TO ORIGI-
NAL AIM POINT FOR EACH BURST

c) WITH AIM DRIFT., RE~AIM BETWEEN BURSTS

3. MuLtipee Tuee Firine: FEEDBACK SITUATIONS (1A, R, O)
*A) SALVO OR VOLLEY
4, Mixep Mope FiRriNe:

A) ADJUSTMENT FOLLOWED BY MULTIPLE TUBE FIRE
*B) ADJUSTMENT FOLLOWED BY BURST FIRE

* INDICATES THAT ANALYSIS OF THIS CATEGORY HAS BEEN PERFORMFD,

Figure 2 Weapon System Classification for the Development

of Attrition Rates
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characteristics, i.e., the firing doctrine employed.

The first cases analyzed involved single-tube firings in
which launch of a projectile occurred only'after the observation
of the effects of the preceding rcund. These are called "repeated
single-ghot" doctrineé in our schema, and are sometimes called
"shoot=-look-shoot" doctrines by other analysts. Analyses have been
undertaken of two subclasses: (a) those in which no use is made
of information obtained from observations and (b) those in which
the observations are treated distinctly depending on whether they
are a hit or a miss; le;ding to diffepent types of correction in
aim point for these two cases. This subclasg is called "Markov
fire." Other more complex feedback situations have not been
analyzed.

The more complex doctrines involving "multiple-tube firings"
and "burst fire," have been analyzed separately. These are clas-
ses of systems for which the projectiles may be launched before
observation of previous round effects. Burst-fire cases analyzed
include those in which rounds are all identicai with respect to
accuracy (no drifting or controlied alteration of the aim point)
and those in which the rounds within a burst vary, but the bursts
are resighted to the same aim point. All present analyses have
been based on fixed-length bursts. The complex case in which
bursts are re-aimed on the basis of observation has not been
analyzed. Preliminary analyses have been conducted of multiple-
tube firing cases, and it has been determined that the attrition
rate for both volley and salvo fire may be represented by the same

formulae. The mixed-mode firing doctrine in which a period of
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of single-shot fire is followed by burst fire has alsc been
analyzed.

It is important to note that this classification scheme
of weapon systems is not compleie and that even in the areas
where analysis has been conducted, the formulae developed do
not necessarily represent all weapons systems in the appropriate
category: Use of the attrition-rate formulae presented should
be preceded by a careful comparison of the assumptions used
in developing them with the lethality characteristics and firing
doctrine of the weapon system being considered.

The'su¢ce;ding‘chaptefs of this part of the report de-
scribe the detailed development of attrition-rate models for the
different classes of weapon systems. The developments are orga-
nized by the mathematical assumptions and techniques used,
and include multiple‘apprbaches in obtaining the same and
similar results in some of the cases. Our intent is peda-
gogical, in that we hope it will acquaint the user with approaches
to modify or develop attrition rates for systems other than
those modeled in the research program.

'Chapter 2 utilizes detailed probability analyses to deter-
mine the complete probability distribution of the time-to-
kill random variable under the following assumptions:

(a) The sygtems are impact-lethality, repeated single-

shot systems of class 1A or 1B,
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(b) The probability of kill given an impact is identical
for every round fired,

(c) The time preceding the firing of the first round is
not random, and the conditional times to fire a
round after a hit and after a miss are not random,

(d) The probability that a round fired after a preceding
hit or miss results in a hit or a miss is not in-
fluenced by the knowledge of other history of the
engagément,(such as the number of rounds fired or
the number of previous hits),

(e) The engagement terminates immediately on a kill.

This chapter also presents straightforward probability anal-
yses of the expected time-to-kill in the impact-lethality burst-
fire problem which do not involve calculations of the complete
probability distributions.

Chapter 3 presents an alternative mathematical methodology
for the development of probability distributions and expected
values of the time-to-kill variables in the repeated single-
shot impact-fire case. The method permits relaxation of as=-
sumptions (b) and (c) above, but involves the extensive use of
Laplace transform analyses of random variables. Thus it is
somewhat more general, but also more mathematically difficult,

than the methods of Chapter 2.

-
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Chapter 4 presents a very general method of determining

the expected time to kill a'target for a broad class of weapon

systems which includes the repeated single-shot impact-lethality
category. The methods used do not determine the full distri-
bution of the time-to~kill random variable. The methods,
although based in the theory of Markov-renewal or semi-Markov
processes, do not require detailed understanding of the theory
in its application. Only very general assumptions concerning
the firing and lethality processes are reguired.

Chapter 5 describes the development of attrition-rate
models for area-lethality systems. The methods are straight-
forward detailed analyses of the process, similar in generai
philosopﬁy to the burst-fire analyses of Chapter 2, but differing
in techniques. The analyses are based on previously documented
models of the artillery fire process. This chapter does not
sperifically consider the kill rate ir terms of the time-to-kill

random variable.
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Chapter 2
IMPACT-LETHALITY SYSTEMS .
REPEATED SINGLE-SHOT, BURST, AND MIXEDFMODE FIRE DOCTRINE,

Seth'Bpnder [ ,

" This chapter presents the development of models to pre-

dict the attrition rate for many of the weapons classified as

impact-lethality systems. Systems of this type aim at a point
f . target and projectiles must impact upon the target to destroy

it. Methods are developed for repeated single-shot, burst, and

mixed-mode single-shot Markov and burst-fire doetrines. The
results are models for the probability density function and
the expected value of the time~to-kill random variable at

a specific range to the target since, by definition, they are

used directly to predict the attrition rate at a specific range.

adaans & s

Although the conditioning on range is explicit in the basic
definition of the attrition rate (see equation 3, Chapt-— 1),
the range notation is omitted in the remainder of this part

; of the report for clarity of development. For similar reasons,

the i,j notation for weapon-target pairs is also omitted.




2.1 Repeated Single-shot, Markov Pire Dootrine’
Consider first the development of an attrition-rate model

for repeated single-shot, Markov fire weapon systems.

R 'Y

Exposition of the development >roceeds as a straightforward
!] analysis of the physical process. Implicit in this type of
~ development are several assumptions which are listed here as
i! a convenient summary and referenca. These are
71 (a) the systems are of the impact-lethality, repeated
, single-shot, Markov-fire class,
; {(b) the probability of kill given an impact is identical
l for every round fired,
fd (c) the time preceding the firing of the first round is
l not random, and the conditional times to fire a round
after a hit and after a miss are not random,
t (d) the probability that a round fired after a pre-

ceding hit or miss results in a hit or miss is not
l influenced by the knowledge of other history of the

engagement (such as the number of rounds fired or

the number of previous hits),
(e) the engagement terminates immediately on a kill.
A reasonable physical manifestation of the single-shot,

Markov fire doctrine is given by a main tank gun whose firing

o B ol L d e = N A o T

lPart of the derivation in this section is given by Bonder
; (1967), but are repeated here for convenience and continuity
of development.

e T
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process is said to vary from round to round as shown in Fig-
ure 1. Figure 1(a) shows the adjustment procedure following

a hit on the first round which is to replace the crosshairs

on the target--presumably the position of the crosshairs for
the first round. Figure 1(b) depicts the "burst-on-target"
adjustment doctrine following a miss on the first round.
Succeeding adjustments, based on the result of the immediately
preceding round, are made in a similar fashion until the target

is defeated. The probability density function (pdf) of the time

to accomplish this result is obtained by essentially modeling
this adjustment process as it occurs, round by rcund.

Since the objective of a weapon system is té defeat the
enemy, we begin by defining lethality and its unit of measure-
ment{1 In brief, lethality refers to what ﬁappens to the target
when struck by a projecti)e.- The particular effect of interest.
is the target's combat utility. When this combat utility is
reduced to zero, the target no longer poses an active tactical
threat and may be considered defeated or killed. The definition
of a defeated or killed target is, of course, dependent on the
target's mission or role in combat. For example, consider an

armored tank which is frequently referred to as "mobile,

1The lethality definition is paraphrased from Zeller (1961).
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protected firepower." Some of the tank's combat missions
require primarily firepower, others require mobility, and

still others require both firepower and mobility, and the

definition of lethality must consider which of these are

B AN G

[

relevant in the context of a study.

Lethality against a particular target is measured as

lm‘
e

the conditional probability of a kill, given the projectile

hits the pointltarget, and noted symbolically as either-

sl

P(K|H) or Py- This measure is dependent on the mechanical

damage caused by perforating and/or striking the target,
and the loss in combat utility resulting from this mechanical a
damage. Procedures developed to predict this measure for

different types of targets have been developed. See, for ¥

example, Zeller (1961), Goulet (1963), Freedman (1965), and

] Meyer (1967). i

L Another measure of lethality can be defined as "the number I
of hits, z, needed to defeat the target." Since we are con-

‘ cerned with destroying the target just once, this measure :}

: is directly related toc the conditional kill probability by -
the geometric density function i!

plz) = (1 - pK)Z‘l a - (1)

l'he number of hits needed to def=at the target, z, is initially

used as a parameter in subsequent developments of this chapter.

o &t
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The number of hits required to effect a kill describes a
wegpon's lethality characteristics against pérticular,targétsf
The weapon's accuracy capabilities are next considered by
developing the distribution for the number of round; fired
(hits and misses) to defeat the target.

Let

P, = first round hit probability,

P = conditional probability of a hit given the

preceding round fired missed the target,
u = conditional probability of a hit given the
preceding round fired hit the target,
and consider the sequence of trials (rounds fired) connected

in a regular Markov chain with transition probability matrix

hit miss
P1 hit u l1-u 0 <u<x<l
(1 - P;) miss P l1-p 0 <p<tl

It is assumed that p and u are defined only on the open
interval (0,1). We seek the pdf for the number of rounds,
N, to obtain z hits if the sequence of firings ends with a

hit.l This can occur ir two mutually exclusive and

1The procedure could be extended to remove this assumption

that the firer recognizes when the target is defeated without
technical difficulty but with increased complexity of
discussion.

.\ r— e e o St o 4 A, —
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collectively exhaustive ways.

e |
o

f(N|z) = f(N-H-H|z) + f(N-M:H|2z) . (2)

h'hr:

The first term on tne right~hand side of (2) is the probability

.

that the first and last rounds of the sequence result in hits

given that the z hits occur in N firings. The second term is the _,
probability that the first and last rounds of the sequence “
result in a miss and a hit, respectively, given that the
z hits occur in N firings. =
To determine f(N-H:H|z) we consider the following combina- g? i
! tion of firing results: b i
] 1
In the first r; firings, the event hit occurs everytime; - -
In the next 5, firings, the event miss occurs everytime; -
3 In the next r, firings, the event hit occurs everytime; g
In the next s, firings, the event miss occurs everytime; y
In the next -1 firings, the event miss ogcurs everytime; ]
In the last ry firings, the event hit occurs everytime, ¥ |

The joint occurrence of these events has the probability

T
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By -1 s.=-1 r,-1l S,=-1 r.-1
P,u . (1 - uwi(l - p) L pu . (1 - uwl -p 2 P...pu 5
r.+r.t...r -k S *5,+...8, .-(k-1)
o i P L VT L LT S R k-1,
(3)

Since there are a total of z hits and (N - 2) misses,

k k-1
Zri=2 and ESi=N-Z.
i=1 i=1

Therefore; (3) becomes

Pluz-k(l A | u)k"l(l al p)N-z-k+lpk-l
Accordingly, the probability of the outcome depends only
on Ny, 2z, and k and not on the values of r; and S The number
of hits, z, can be expressed as a sum of k positive integers
(the ri) in (ﬁ:i) ways and the number of misses, (N - z), as

k-2
Therefore, the probability that it takes N firings to obtain

a sum of (k - 1) positive integers (the s;) in (N-z-%) ways.l

z hits, the first and last being hits with probabilitw Py and

P or u, respectively--where the hits occur in k groups and the

misses in (k - 1) groups--is

1Proof of this assertion is given in Appendix B, 2, 1.
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z-1 -z-1} z-k k-1 k-1 M~z-k+l
Pl(k-l) (“k-2 )u (1 - w p (1 - 1) .

The outcome can occur for all values of k such that (1 < k < z).

Accordingly,

r-}E’luz_l N = =z

rA
EN-HeH|2) = (P (ﬁ:})uz‘k(l C u)k-lpk_l(q}-\_‘_?‘;l)(l - =k

k-2
By an analogous derivation, it can be shown that

since (N—z—l) = 0 when k = 1 and N > z.

L .
FON-MH|z) = (1 - Pl)z:(;:'})uz"k(l . u)“‘“lpk(*’]‘(fil) (1 - p2k

k=l
for N > z . (6)

Substituting (5) and (5) into (2) completes the derivation for

z-1 -
Plu. . N =2
-l z -
- 2-1} z-k k-1 _k-1{N-z-1} N-z-k+l
f(N|2) -{ Py (k-l)u (1 - }1) P (k_2)q (7)
k=2
Z .
. -1} z-k k-1 kN-2-1} N-z-k
vy Z(k-l)u (1 -w"7p (k-l)q N>z,
L k=1 ' d
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where Q; = (1 - P,) and q = (1 - p). The reader is reminded
that equation 7 is a conditional distribution which is dependent

on the integer z.

The characteristic function of (7) is defined as

.k w0 .
1 isN, _ isN .
' - ¢N|z(s) = E[e”""] = :E: e f(N[z) | (8)
: | N=0
ll{ ot
E it where s is a dummy variable and i = J-—l .
i It is shown in Appendix R, 2, 2 that
ki o
| C z-1
is .
3 Q,pe is

¢N|z(s) FiasP P, + __l___Ig u + 2o U)ge
1 1 - ge 1l - qe §
} (9)

Setting s = 0 in (9),
¢N|z(0) = z f(N|j2) = 1 ,
N=0

proves that (7) is, in fact, a probability density function.

The expected value of N 'is obtained from (9) as

E(N{z]

l d¢N|Z\s)
1

ds

(1 - Pl) (1 - w)y(z - 1)

=zt 5 . (10)
P P

-
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The density function £(N|z) for the number of rounds that f?
miust be fired to destroy a particular target is dependent on the
lethality and accuracy capabilities of the weapon system. Two E?
ner important weapen characteristics remain to be considered--

the system's acquisition capabilities and its rate of fire. We

|
|
3
|
:
!
!

consider these characteristics in a manner such that the acqui-
sition and firing processes are serial. That is, targets are :

Jegtroved by sequentially acquiring a target, attriting it by

fire, acquiring a new target, attriting it, acquiring a new oo

5 i

rarget, etc. This is in contrast to parallel acquisition anq : ;

firing processes in which new targets may be acquired while a gg %

previously acquifed one is being attrited. %

We include the timing characteristics of acquisition and :f ?
firing by defining

1, ° the time to acquire targets, e - E

t, = time to fire the first rcound, ; :

T, T time to f{ire a round given the preceding round L

. was a hit, ‘ ‘ Ei %

(o ® time te fire a round given the preceding round ?

. NAT @ 1B, tro

i

1. = rroiastiie flight time, )

. ocorallier tne foliowing sequence of events from target

Ll lwl o imorruevion. The sequence begins with detection
“i-¢ uni*ts tc occur. The first round ies then fired
. = ) 1T OTT < {

Tarpet area {1y 1.) time units later. If the
A

BEST AVAILABLE COPY
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first round misses, the next round.will arrive (Tm + Tf) time

units after the first. If the first round hits the target, and

more than one hit is required (z > 1), the next round will

arrive (Th + Tf) time units later. 7The sequence of firing

| after hits and misses is continued until the final hit which
destroys the target is obtained. This description is consistent
with our single-shot Markov firing doctrine in which the result
of the previous round is observed before the next one is fired.
In this process, rounds will be fired after each of (z - 1) hits
and (N - z) misses. Accordingly, the time to defeat a target

may be written as

T + (Tl + Tf} + (Th + Tf)(z - 1) + (Tm + If)(N - z)

Ts=
- (11>
= cl + czN s
where
cp =Tt T, - Th + (Th - Tm)z (12)

P

71 02 = T + Tf . (13)

Equation 11 defines T as a linear function of the discrete

random variable N, and establishes a one-to-one transformation

L

between their respective sample spaces. The density funct<on
of T is readily obtaine~ from (7) by the change of variables

technique for discrete variables (Hogg and Craig, 1959) as
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r
z-1 -
Piu T = ¢y + ¢,z
r T-cl -C -
2 ——=|-2-1) {—=—) -2-k+1
- - z=1% z-F k-1 k-1 2 7]
£(T|2) = { Py E(K_l)u (1 - u) K2 q
k=2
T-c T-c
2 [c 1]-2-1 (c l)-z-.k
z-1\ z-k k-1 k 2 2 .
;| &, Z(k-l)u (L AP, k-1 q
L k=1
- -
_ T > 1 + c,z
(1%)
The characteristic function of T, ¢T|z(s), is obtained directly
from (9) by employing the following property of characteristic
functions:
¢ - L[ isT]
¢T | z.S) E Le
3 is(cl+c2N)]
= Ele
c,1s isc,N
z e 1 E[é 2 ]
J
c,1s
=€ “’;;12(‘32"')
i Z=1
15{c,tc,2) Q pel‘_’ﬁs 1C,S
_ ) (e te, by b . u + (1 - u)pgﬁ . (15)
1 1c25 1c25

(1 - ge ) i=-qe

i

[ et |
»

funeg G G onf SEg g ey

by Sy

- E—
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The expected value of T can be obtained from (15), or, more
directly, by employing the linear property of the expected-

value operator with (11). Accordingly,

E[T|z]

e, + czE[le}

(1 - P.)
c+c[ l+(z-l)(l-—u)+z]. o
1 2 P P

The characteristic function, ¢T|z(s), and the expected time
to destroy a target, E[sz], are conditioned on the integer-
valued lethality variable z, which is the number of hits required
to destroy the target. This conditioning is removed and the
continuous lethality parameter Py (the conditional probability
of destroying the target given it is hit by a projectile)} intro-

duced by the operations

¢T(s)

Z ¢T| z(s)p(z)
2=1

isc2

5 1S(Ta+Tl+Tf) - Q,pe

K 1 1sc2
- l - ge
- isc ’

is(t _+7.)
h °'f (1l - wpe
1l - qe

(17}
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where p(z) is given by equation 1 and

E[T]

The characteristic function given by (17) is obtained by more general
methods in Chapter 3 of this part of the report.
correspondence between probability density and characteristic

functions facilitates obtaining the unconditioned pdf of . the random

variable T

Z E(T|z]lp(z)
z=1

T
h
T, ¥ 105 Ty +(

from (17).

Py

+ T T
f) . ( m

+ Tf

P

e n)

(18)

The one-to-oOne

By the definition established in Chapter 1, Section 1.2, the

reciprozal of (18) is the attrition rate for impact-lethality

gsystems that employ the repeated single-shot, Markov firing

doctrine.

(a)

p
ELT] = T, + Ty -.TS + (TS + Tf)[

(L)

Special cases of (18) include

Equal Succeeding Round Firing Times (Th =

[ndependent Fire (P,

LLT] = ¢ + 1, -

T

m

+ (1 - u) + PK(u - P

-
-

PPK
T p=u-= 6, gh = Tm = TS
+ Ts ¥ Te
S G} '

T

s

)

)
1 ] (19)

(20)

e

-

sl VA bt i i S Tt i e bt Saca s S W st A
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(¢) Independent Fire, Equal Firing Times

(Pl:p=u=9;11=1h=1m=18)

T + Tg,
E[T] = 1 + -fm,;-—-f- . (21)

K

These special cases reflect the fact that the attrition rate
for pther impact-lethalitv, repeated single-shot svstems are
given by equation 18. For example, equation 20 may be used

to determine the attrition rate for guided-missile systems. In
such systems the accuracy capability of each round in a sequence
is esgentially the same but the timing for the first round is

different from all succeeding ones.

2.2 Burst and Mixed-Mode Fining Doctrine
Consider next, systems that employ impact-lethality
projectiles and possess the capability of burst fire.
Systems of this type include the vehicle rapid-fire weapon
system (VRFWS), and secondary armament on a tank. These
systems can employ a number of reasonable fire doctrines
such as
(a) repeated single-shot independent fire,

(b) repeated single-shot Markov fire,
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(c¢) burst fire, and i

(d) single-shot Markov fire until the first hit ‘is
obtained and then immediately switch to burst
fire.

Doctrines (a) and (b) are single-shot fire doctrines, and
accordingly, the attrition rate for these systems is obtained
i 1 from equation 18 and special cases of it. The attrition rate
for doctrine (d) is obtained by considering the. single-shot
and burst portions as two separate processes:

(1) single shot until the first hit is obtained, and

(2) burst fire until an additional (z - 1) hits are obtained
to defeat the target.

Let

=
[H

1 the number of rounds fired to get the first hit,

the number of rounds fired to get (z - 1) additionail
hits

be two random variables with expected values E(r,|z) and
E(n,lz) and density functions fl(nllz) and f,(n,|z), respec-

tively. The distribution fl(nllz) is a special case of

equation 7 «page 100), in which z = 1. Accordingly,E(nllz) is

given by equation 10 with z = 1.

: 1-P
: ) 1
E(nllz) =1+ —— R

(22)

T




v = conditional probability of a hit folloWing a

mise but preceding the first hit

replaces the symbol p. Additionally, it is recogni;ed that

the distribution for the burst-fire phase, f2(n|z) is, except
for a slight shifting of the axis, equivalent to equation 7

with the initial state probability Pl = 1.0. The shifting of
the distribution is due to the fact that the gunner, not waiting
to observe the result of each round before firing the next one,

th

will fire a small number of rounds while the z and last re-

quired hit is in flight to the target. Thus, from equation 10

(Z - 1)(1 H L) + C (23)

E(nylz) = z + 5 ,

where

D = re-hitting probability (assumes the hit
probability of each round in a burst is
the same whether it follows a hit or a miss),

¢ = number of rounds fired while the rour?

which is to become the z'h hit is in flight,

1
[Tf/rb].

l[x] is read as the maximum integer in x. The symbol Ty is
is defined on page 111.
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The total number of rounds fired to defeat the target is

2 = 1, (2”)

where the minus one accounts for the fact that the first hit
was counted in both processes. Since the expected value is

a linear operator

E(n|z) = E(n,|2) + E(n,|z) - 1
(1 - P.)
=z + y L L2y l);l-’El o R
(25)
Define
Tl =  time required to obtain the first hit,
T2 =  time required to obtain (z - 1) additional
hits,
T = time required to defeat the target (obtain

a total of z hits).

Analogous to the development of equation 11,

'I‘1 =Tyt (Tl + Tf) + (Tm + Tf) (n1 - 1) (26)

4oy

§—

tane TR = o e B

=4 =

b, e Mol g

i, oo
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et %

and

n
=

0 for z

-]
"

T, Tt = 2)1b + [(n2 -c) - z]rb fom.z L

g 0 for 2z = 1
g (27)
; T, Tt (n2 -c - 2)1:b for z > 1,
4
where
i Th = time to fire the first round in the burst

process after obtaining the first hit in
the single-shot process,

T, = average time between rounds during the burst
firing mode. The averaging is performed over
the time between individual rounds within a
burst and the required cooling time between
bursts.

)
Equation 27 is obtained by the following rationale. The

gunner senses the hit and fires the first burst-mode round

in T seconds. That round arrives at the target ¢ seconds
later. All subsequent rounds arrive in a string at the target
in intervals of T, seconds. Excluding the ¢ rounds fired after
the round which results in the z.th hit (since these additional

rounds do not affect the time to achieve z hits or the time to

defeat the target), rounds are fired after (z - 2) hits after




the first and [(n2 - c) - z1 misses. Thus,the asscciated

expected values are

E(Ty |2) = 1, + 7 = 1 ¢ (1 + 1.)E{n,|2)

and

0 for =z
E(T2 2) =

L% + Te = (c + 2)1b + Ty, E{n.|2) for 2z

2l

(28)

=1

> 1.
(273

Noting that the overlap of one round between the two firing

processes does not exist in the firing times

and
E(T|z) = E(T,|2) + £(T,[2)
- {ca + c,b(n;|2) 7 =
cg + cyE(nqfz) + ¢ + T E(n,]2) z >
where
CJ - Ta ¥ T1 - Tm
cu = Tm + Tf
cg = T + Te = {c + 2)Tb.

(30)
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Removing the conditioning on the lethality variable z by

L E(T) = Z E(T|2)p(z) (32)
2=l
N
; e and employing (22) and (23)
1 1 - P,
§ E[T] = L et (Tm + Tf) .

(33)

'l + (1 - PK)[‘th Tt 5P (1 - pPK)] :

The reciprocal of equation 33 is the attrition rate for a
weapon system that employs mixed single-shot and burst-

fire doectrines, and impact-lethality projectiles.

Doctrine (c), the pure burst firing mode, may be viewed
as a special case of the m.ixed firing doctrine in which

(a) the time to five every round except the

first is Ty s

(b} the probability v = p = re-hitting probability,
and

(¢) only the flight time of one round need be
considered.

These differences reduce equation 33 to

1 - PP - p)]

E[T] = gt Tyt Te = Tyt Ty [ I

(3u)

N
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If all rounds in the burst, including the first, are indepen-

dently fired, (P, = p), equation 34 reduces to

1l - pPK

Pl (35)
E[T]=1a+11+1f+<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>