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ABSTRACT

A Hugoniot pressure density relationship for homogeneous mixtures

i+

ia calculated from tha Hugoniot preasure density relationship of ths

i s

constituenty. The c:lculated values are found to be in reasonable

T

it id

agreement with available experimental data on mixtures of solids and

porous matarials.
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I. INTRODUCTION

The motivation for the etudy here reported is the intersection

. of two trends in technplogy; one being the increasingly wide appli-

cations of new composite materials; the other being the rapid growth
of interest in the response of structures and structural elements to
extremely strong disturbances.

Shock properties of mixtures have been computed (1] from the
properties of the constituents by a mathod using the complete equarion
of state. In this feport. a means of computing approximare shock pro-~
perties from the Hugoniot relationships alone i6 proposed. The results
of this study will be compared with experimental data for an unstruc-
tured or homogeneous compogsite. The simplified theory will also be

investigated as a means of predicting the shock response of porous

- waterials.

- In an earlier study, a theory for predicting the response of a
layered composite to a propagating ahbck was given [2]. It is to be
expected that the particular geometrical arrangement of the two consti-
tuents assumed in that study would atrongly influence the propagation.
In the present study, the propagation of a shock wave through a compo-
site material having no geometrical structure is of interest. It is
anticipated that a comparison of the results from these two theories
will provide at least a qualitative indication of the influence of
structure on the propagation.

A related simple theory for the speed of propagetion of an
acoustic disturbance is ;1so considered and 18 found to display certain
interesting features. The condition under which the speed of sound in a

wixture can be less than the sonic velocity of either constituent is
established.
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We wish to determine thae shock response of a homogeneous composite,
such as would result 1f powders of several constituents are prepared,
thoroughly mixed, and then pressed so as to form a solid having the
desired mass (or volume) fractions of the constituents. The resulting
composite is assumed to be macroscopically homogensous, i.e., it behaves
a8 a homogencous and isotropic solid and, to the scale of the objects
which might be made from the composite material, no structure can be
seen. This criterion, it should be noted, may not be met in a shock
process, for the disﬁance over which the load is applied is the thicknass
of the shock, the product of the rige time of the shock and the speed
of propagation. 7 '
a. Theory for a Mixture of Two Constituents

We assume that any element of volume AVy at one atmosphere of

" pressure contains a volume AV; of one constituent and AV, of the

other. If the two constituents have initial densities p.l and poz »
then the masses of each of the two constituents are

M, = AV, pol and
1)
My = &2 po,
The initial averagze density of the composite is
Mot . ‘
p - =ft,p0 + L p (2)
%ve {.\Vl-t- sz L vy 02
or

Py

, ~P
Peave % 2
where fy, and fv, are initial voluwme fractions of the two components,
and fm; and fm; are the mass fractions. It is implicitly assumed

that the mixture is simple, or non-reacting.
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The average density of the composite after the passing of the

ahack ia

M+ My
Pave = B F ¥ N £ (4)

where M, and M, are the masses of each constituent aund &V ¢

and &V,¢ the volumes occupied by these masses at the shock pressure.
- Since My and the mass fractions fp; are assumed to be unchanged by

the shock, the possibility of phase change under pressure is excluded.
% Thus

) fﬂl _Imo
Pfave PE, M Pt , (5)

Let us now assume that the response of each conatituent to a one

dimensional shock (the Hugoniot or shock adiabat) is known. For moder-—
ate pressures (hundreds of kilobars) this relatiounship can be approxi-

- e A

mated for many materials by the expression [3]

i

i
- ! n
| P = a{(ered ~1} ®)
vhere P is the pressure behind the shock, measured above one atmosphere,

A and n are parameters of the material
p 1is the density behind the shock and
po is the density in front of the shock.

A relationship of this form is ugually satisfactory only if no phase
changes occur over the pressure range where it is to be applied. Assuming
i . ' that the density of éach constituent of the mixture at a given shock
pressure is the same 28 would ba found in a homogeneous sample at the
Jume pressure, and that esch constituent csn be described by Equation (6),
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i
+ 11 ™ and (7a)
]

1
i Pt, {P 0,
g et m ] (7b)
| Po, Ay )

where the pressure, P, 1is the same in each constituent, and the
g, are densities behind the shock. Substituting (7a) and (7b)
and (3) into (5)

i

-1 c -l/n2
f P %;h_ m i P }
o LU Wy Y 1y ——2
Pogve 0y, i A1+ + Po, Iif !

= 1
=4 @

which provides a means of predicting the average density vs pressure

relationship for a homogeneous mixture of two constituents, and

requires only the knowledgg of an approximate Hugoniot relationship
for each.

The assumed pruessure density relationship, Equation (6), was

selected only as a matter of convenience. Any form giving Hugoniot
pressure as a function of density which can be solved explicitly for
density as a function of pressure could as well be used and would lead
to a closed form expression analagous to Equation (8).

For many m&terials, Hugonict data is reaQily available [4] in the 3

form %

D=C+ SU (9) b
where
D 1is the shock speed !
U cthe particle velocity, and
C and S are empirical constants
It has been demonstrated that such data [5] may be put in the form
of Equation (4) through setting

[N

Poc2
45-1

A= and n = 45-1 {10)
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n may be used with good accuracy for a wide variety of materials.
These values are n =5 and A = 5,C,?/5.5, where [+ 1s che Initial
density and C, 1is the sonic velocity at standard conditions. By
using these propercies of the constituents, Equation (8) cen be uged to

predict the Hugoniot pressure volume relationship even 1if Hugoniot

information for the constituente is not available.

{ has alsu been shown |3] that ‘universal’ values of A and ’ I




b. Respongse of a Hypothetical Copper-Polyethelene Mixturc

The family of predicted shock pregssure vs density ( 7 relation-
opper-polyetieiens cuwposite was determined

co
through Equation (8). A linear Hugoniot relationship

D =3,92+ 1.488 U (1)

with py = 8.93 gm/cm  was chosen [€] for copper. All velocitier are

in units of km/sec. Equation (10) then yields parameters A = 279.7 kb
and n = 4,956, Avallable data [1) on polyethelene was used to deter—
mine the coefficients to be A = 9.64 kb and n = 5.875. The initial
density was taken to be .915 gm/cm . The results of these calculations
are shown in Figure 1 as pressure vs density reiationships for various
mass fractions of copper. A mass fraction of .9, for Eheae materials,
corresponds to a mixture of 48% copper, by volume.

Once the Hugoniot pressure vs. deusity relationsbip has been computed,

the other shock properties can be determined from the Rankine-Hugoniot

jump conditions, i.e.
Dpoave - (D—U)pfave (12a)

P e poave Du (12b)
where the composite is assumed t2 be macroscopically homqgeneous. Oe
particularly interesting result is given in Figure 2, where the shock
speed at various pressure levels 1s plotted against the mass fraction of
copper. The pronounced minimum at low pressures is particularly signifi-
cant and suggests the possibility of a minimum in the sonic velocity.
This subject will be treated in a later section.

¢. Comparison with Theory for a layered Composite
In Figure 3, shock speed vs. particle velocities as computed from
this theory (the solid lines) are compared wlth results obtained previously

for a layered composite having the same composition. Several mixturee

i
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of aluminum with an assumed linear Hugoniot

Dw 5,24 4+ 1,4380 km/sec

and polymethylmethacrylate, with an assumed linear Hugoniot of

D= 2,70 + 1.61U km/sec

were considered. The results showed a surprisingly good agreement

YoV

between the two computations, suggesting that the influence of the
layering assumed ir [2] {is much less than might be expected.
d. Theory for Several Constituents

- The theory may be readily extended to mixtures of three or more
constituents. Denoting the 1 th constituent by a subscript 1, the

mass of that constituent in some volume element AV is

Mi - AVi pci - fv1AVp Y

, 4 (13)
b ) S i n -
. , Then b, -—§-%"; - ? Fq Pyt (14)
ot ave 1 1=l Lo
i=1 Py
fm Y f‘ ]
and 5—!'— - —-!L-— C o
of Pogve A N ;
~ Assuming each constituent may be described by Equation (6) or
E p—.fi P %"x
T 5——— - {I -+ 1} ‘) >
0
1 1 (7¢)
since :
1
1_§ img i
P ova 1_11“51
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. or

we find
w (e N \-'-l-"
\] ‘,mi » £ + l ll‘
Poave  Ta11Po1llAs
pfave N fmi
;EE Do1
i=1
N -1
Po e
3 - 2 fV1 {?.:‘. 1 n)
Plave 1

(l4a)

(14b)
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IXI. APPLICATION OF THEORY TO POROUS MEDIA

Of particular interest are composites where one of the constitue

ig air, such as would result from an imperfect packing. For sir, how-

ever, Equation (6), 1s not appropriate. We assume air to be a perfect

gas with constant ratio of specific heats vy, and

P-pm ' (

B = Oy(D-T) a

Using these and the Rankine Hugoniot jump condition for a one dimen-

sional shock in a howmogeaeous material,

EE = (;”511’_) {l/Po - l/pf} ' (16)

nts

15a)
15b)

to determine a shock pressure vs density relationship for air which is

analagous to Equation (6), we find, for y = 1.4

P
% Ly &+ P/g,

Y/ S ST /) NP | a7

Thus the average density of a composite containing N so0lid constituents

and alr 1s
poave . [B & 1 -3-"- .2 &+ ¥/p, !
T L v {& 1%t {557, + T (18)

vhere fy, is the initial volume fraction of air. For pressures of

interest for solids, I/F, >> 1 and the last term may be written as

fv,/6. Experimental data [7] on strong shocks in air indicates that
the compression under shocks of streagth greater than 200 bars is
closer to ten than the value of six predicted by treating aixr as a

pefrect gas.
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a. Comparison of Theory with Experimental Results on Materials of
Low Porosity

Experimental date for a tungsten-copper mixture (Elkcnite) was

obtained from the litexature [1] and compared with values predicted
by this theory using

D = (4.029 + 1.237U) lon/sec | (19)
_with p, = 19.22 gm/en® for tungsten and
D = (3.940 + 1.480U) km/sec ' (20)

with g = 8.93 gm/ext” for copper,
Constants A = .,790 mb, and n = 3.948 were determincd for
tungsten and constants A = ,280 mb and n = 'h/.7956 vere determined for

copper.

‘

The average compositions of the mixtures for which Hugoniot data
was available are given in Table I. Shock pressures corx_-eg_pox_ﬂipg to
the theoreticel densities given in Table I were computed and compared
with the experimental data. The agreement between the experimental
data and the elementary theory was found to be remarkably gocd. It
can be seen, however, from Tg.ble I that the samples apparently have
some porosity; that .18, the measured densitles are not precisely
the theoretical density of a mixture having the stated mass fmction
of the two constituents, but are always somewhat lower. JIf the differ-
ences can be attributed to porosity, and the expression given by
Equation (18) takes proper account of the pressure of air, then Equation
(18) should yield values of final density which are in better agreement
with the experimentally determined values than predictions as baced on

Equation (8). For each composition (nominal mass fraction of cach) the
quantity

AMMT S ot 0% ATUNTENEY
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prediction of the final density may be obtained by reglecting the
porosity and using the initial density the density which the com-
pusiie would have if there were no porosity. The three methods
of calculation are compared in Figure 4. The solid lines indicate
typical pressure-density relationships as might be computed from
Equation (8) 1f the measured density p, or the theoretical density
(for no porosity) were used. The dashed curve shows the¢ result to
be expected if Equation (18), taking account of poroeity, were to
be ixaed. Above the pressure at which the ailr is essentially come-
pressed to its limiting density, the diffrrence between the two
curves is very small.

The comparison of theory using Equation (18) and experiment
is shown for each data point below 2mb in Figui'e 5. The predicted
final density was computed from Equation (18), with the volume

fraction of air being determined for each specimen from the stated

- nominal composition and the measured density of that specimen. Aside

from the systematic deviation in the 45/55 samples, the agreement is
remrkably good, considering the drastic assumptions included in the
theory. 7

| As was indicated earlier, once the Hugoniot pressure density
relationship is eatablished, the other stiock parameters may be
determined. The copper-tungster was found to have a mirnimum in the
isocbars of the shock speed vs mass fraction relatichship as was found

in the copper-polycthiclena nixture.
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b. Comparison of Theory with Results on Materials of High
Porosity

Much data has been ¢btained from shock experiments on porous

e
B TS S—

materials. Such data are of interest, for the use of porous samples
peruits points on the equation-or-state surface for the s0lid to be
reached in a shock experiment which are not attainable in a solid
specimen. The porous sample may also be viewed as a rather extreme
composite material of the type being considered herein. &hock data
onﬂporou'e samples of copper, aluninum, beryllium, magnesium, and
uranjum were cbtained from the literature and compared with the
predictioﬁs of Equation (18). Shock pressures are plotted agsinst
particle velocity, where the particle velocity for the theoretical

curve 1s,determ1ned7through the use of Equations (12a) and (12b). .

The results of this comparison are shown ia Figures 6, 7, end 8. In ‘
all of these comparisons, fy 1s the volume fracti.on of the solid.

The comparison of theory and experiment for copper, using data from
McQueen, et al (1] shows a rather good agreement, particularly belov'
250 kb. lxperimental data for pure copper (fy = 1.0) have been
included for purposes of comparison. The theory generally under-

| est.imates the shock pressure in a porous Vnntefrul.

In Figure 7, data from McQueen, et al, has been combined with

the data from the Shock Wave Compendium [8]. The agreement here is

not as good as in the case of copper, the theory again leading to a

TP STITOY

systematic underestimation of the shock pressure. The data for pure

sluninum is presented, for comperison, as the s0lid line. Limited

data for beryllium, magnesium, and uranium, all from the Compendium,

TR
Wit FHRAHAL AL I
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are compared with the theory in Figure 8. The agreement here is :
again quite gocd for all three materials. Here the dashed lines
represent data for the solid mterial, while the solid line repre=~
sents the predictions of the theory, and the iundicated points are
data from the literature.
All of these calculations were pade using ¥ = 1.4 (1imiting
compression of six) for air. Repeating the calculations using a
-limifing compression of ten for air an§eian insignificanc change in
the results when plotted a3 pressure vs particle velocity or pressure

vs shock velocity. The final density, however, is affected.
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III. THE SPEED OF SOUND IN MIXTURES

It has been reported that the speed of sound in certain mixtures
has been found to be less than that for either constituent. In parti-
cular, the speed of sound in "bubbly' water has been found to be as
low as 65 ft/sec. [(10]

It will be shown in what followe that an elementary theory for

RSl el A
1 e e T Aot 5 o AOMEIYTETIIY 11

the speed of sourd in wixtures can be developed along the lines of the
development in the preceding section which does predict that certain
mixtures will have sonic velocities below those of either constituent.

Moreover, it will be shown to be unnacessary to assume any tyﬁe of
f deformation not present in the acoustic diaturbance of the constituents
alone. ’

We will restrict our attention to homogeneaous mixtures of two .
constituents; that is, mixtures in which the particles of the consti-
tuenté are substantially smaller than any other physical dimension pre-
sent in the problem.' In an unbounded medium, the only dimension present
is the wavelength of the acoustic disturbance; hence the theory is wvalid
only for moderate and low frequencies. Further, we assume the relative
amounts of the two constituents to be the same at all points and, there
being no structure, the mixture to be isotropic.

) Let two constituents of density p01 and adigbatic bulk modulus !
By at some reference pressure and temperature be mixed so as to create
a mixture at the same pressure and temperature having volume fraction

f; of each constituent. Since the mixture is assumed to be homogeneous,

any elemental volume, AVO._ of the mixture contains a volume

AVai - fiAVD (22)
of each constituent. Since the mass of each constituent contained in

AV° is

- £ AV
Ay Po "48% (23)

N ST, R
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the density of the mixture is given by

- Am, + Am, &
Poave —L B2 =p, fl +$7:,2f2 (24)

AV, )

i.e., the rule of mixtures.

e TR s DR AT AT AL D B YRR e T
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Under a pressure change, AP = P-Po, the volume of eachk con-

LU <~ B

stituent will change, but not nacessarily in the same amount. B8y defi-
; nition, '

; ; .d_P- - Bi
‘r | o @it oo

. (25)

Hence for such an infinitesimal pressure change,

: - P-Py= .B_i__ (R =Poy) (26)
~ Poq

Thg volumg of each constituent is then

AVy = _Bmy  =_£50V, 27)
P
i { 1 4 PPo

"By
. and the average denqity at pressure P isg
o . omy + Amg . Piave
ave AV, + AV, £, + £ (28)

i‘ _ P=P, -
} By B;

;
;
:

i
1
]
]
'

B

Defining an effective bulk modulus for the composite through : )

d
B.o. = Ppau, S
ave ave do.ve papq (29) |
S:const
i
We find !
B ! ;
N R EERLS—— i
] ave ‘f_!. + f_g - (30) .
B2 2

Ny aitsente K

from which it is evident that tha inverse quantity, the compressibility,
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The sonic velocity for each constituent is defined to be

2 Q_I';l.ni

i 8 Pot (3L

Assuming the propagation through the mixture to be adisbatic, a sonic
velocity can bae defined

dp
quea' 53] - 2&1&. ' ) (32)
8 Poagve

Substituting the expression fcr the average bulk modulus and dénaity.
we find

1
(17, & fz/ng (Porfy + Poals)
!

Cavé = (33)

In terms of mass fractions, fmx

the above results become

1 £ £

-p_ - —EL-‘-—EZ- (34)
Pave Po, P,

-1

Bl fmp1yfmg \

ave” 0y e | Po, Bi 0, B2 (33
{%mllp * fmz/"o zz
Cova? = 2 (36)

ave™ f. 1+ fo 1
Poy By Po, B

replacing the modulus with the sonic velocities of the constituents

through Equation (32).

o wl

2 2
Cave " O}

(37)
fmx + fmz P°1C1}2
p°zcz

and fml rather than volume fractions,

R NN
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The quantity 4, = © € appearing in th exp
- Tt Jog 1 U7

the acoustic impedance, The minimum values in the sonic velocity
in such cases ag aluminum and polyethelane, and.copper and polyethelene
are below the sonic velocity of eithaer constituent. However,
other combinations, such as copper and llld) _'4 do not display

this phenomenon.

The speed of sound in a homogeneous mixture has been previously
found by Wood [11] to be
1~

1/c* = [ap, + (1 ~0)p,] [p cy? 3;;;? (38)

whare

¢ i8 the speed of sound in the mixcure

a is the volume fraction of phase 2

P1» p, are the densities of phases 1 and 2, respectively,
and

€i» ¢2 are the sonic speeds in each phaee, defined by

°12 - %% where the derivative is evaluated along an
appropriate thermodynamic path.

If a minimum in the sonic speed exists, the above expression for
the speed, ¢, ao a furction of volume fraction a, must have an extremal
value in the range b <a <1, The sonic speed of such a mixture can
also be written as a function of the mass fraction, x, of phase 2

ap,
Pa (39)

X =

where the average density, P,, of the mixture is given by
-1
pg ™ WPy + (1 -a)p, = {x/n, + (1 - “)/Dx] (40)

The sonic speed, in terms of x, 1is

[ -L--)]/ 1'*1 (1)

R N R
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whece Zi are the {mpadances; 7, = p.o;. This swprasuien iz sguiva-
lent to Equation (37). Differentiating Equation (41) with respect to
#, seiilug Lo zero, and solving for the mass traction at which the

extremal value occurs, yields

x = (B-2A)/BA (42)
where
A= pllpz -1 - 7 ' (43‘)

B = (2,/2,)2 -2 (43b)

But the wmass fraction must lie in the range O < x £ 1, Hence, for &
minimum in the sonic speed to occer, the properties of the two materials
nust satisfy certain inequalities. - These are;'

" If A and B are both negative, then

2A £ B £ 24/ (1-A) ‘ . (44)
iIf A and B are both positive, :hen

2A £ B £ 2A/(1-A) for A < 1 and (45a)
B2 2A for &> 1 (45b)

If A and B are of unlike sign, no extremal value can occur. Tesgting
the sign of fhe second derivative of the expression given by Equation (41)
we fird that the extremal values which occur when the abéve inequalities
are satisfied are minimal. The shaded area in Figure (9)indicates the
range of values of density ratios and impedance ratios of the two mater-
ials for which a minimum in the sonic speed will occur.

This analysic can be applied to two perfect gasses, each satisfying
the adiabatic pressure volume relatinunship

' Yi
By .(5.91 (46)
Pag 79
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which leads to sonic velocities given by
z Poi
€ =5, M (47)

For two such gasses, the ratio of impedances 1is

C
LRI 2 W.UIY 48)
PazCy Y2 pg,

Thus, for two gasses having the same <Y, the parsmeters A and B

defined by Equations (43a) and (43bh) are identical and the sonic velo-
cicy of the mixture becomes

—ave 21 Th2 (49a)
CJ . poz ’

or

- | ¢
YPo T +—Lm 4 -Y-JP-O—

Cavel™
ave Pe, Po, Pogve (49b)

i.e., a rule of mixtures., It should be noted, however, that the rule

of mixtures applies tn the squares of the sonic velocitdies. If, hcwever,

the two gasses do not have the same Y, then

YaPoy Rt (50)
?
sz02 pOz

Thus, if the denser material has a larger Y, a minimum in the sonic
velocity of the mixture 1s pogsible and will occur if inequality (453b)
is satisfied.

One other special case ip of interest. If any two materials have
the same impedance, Z, then B~ 0 and

£ £
Cave = Z Y + P - fm]_c -+ fmzcz (51)
Po; Po, 1

i.e,, a rule of mixtures for the velocities.
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IV SUMMARY

A simple ftheory for predicting the pressure density relation-~
slilp fur a homogeneous composite under shock loading was developed
and compared with some available experimental data. The good agree~
ment between theory and experiment suggests that th+ rimple thecry
may have application to compoaites of this type. Since this theory
which assumes the composite to have no geometrical structure leads,
in the one case considered, to results surprisingly eimilar to pre-
diction from a theory for laminated composites, it may be that the
influence of structure is rot great and a simple theory can be applied

with at least falr accuracy to composites which do display a geomet-—

Tical structure. This possibility should be considered further,

The new theory was compared with experimental data for highly
porous materials by treating the porous material as a homogereous
composite of metal and air. The comparison shcws agreement which is
qualitatively good, but only in some cases are the predictions entirely
satisfactory.

Conditions under which the sunic speed of a mixture can be less
than that of either constituent are developed from the well-known
expression for the sonic speed, For a non-reacting mixture of two
phases, such & minimum can occur 1if certain inequalities relating the
ratio of densities and the ratio of impedances are satisfied. It is
necessary, but by no means sufficient, that the denser material have
the greater impedance, '
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The author is indebted to Mr. Alan Hopkins, a graduate
student in the School of Engineering, Air Force Institute of
Technology, who performed the computations for this study amd

i3 presently engaged in an experimental evaluation of this
theory.
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