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ABSTRACT 

A discrete model suitable for the analysis of polycrystalline aggregate 

response under macroscopically uniform, quasi-static loading is developed, 

with particular emphasis on the characteristics of subsequent yield surfaces 

in stress space.  Internal stress and deformation states are determined from 

approximating, piecewise linear infinitesimal displacement fields within 

crystal grains, based upon broadly defined constitutive behavior which per- 

mits inclusion of cubic or hexagonal crystal anisotropy and relatively general 

hardening laws over crystallographic slip systems. Appropriate aggregate 

matrices are established as symmetric, positive-definite, and Internal fields 

corresponding to the solution of the discrete model are proved to be unique. 
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ERRATA 

Page Correction 

12 In (4.8) and (4.9), replace 6o and 6t by 5a* and St*, 
respectively. 

15 In the fifth line following the subheading, aggregate 
should be plural. 

M    -M 
17 In (6.1), replace 6u by 6u . 

17 In (6.3), replace 6^ , by ^S/ *. 

24 The first line following (7.14) should read: "The 
approximate static..." 

24 In (7.16), replace 6A0 by 6U0. 

33 In (A.4), replace N. by Nk. 
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1.  INTRODUCTION 

The first satisfactory theory for predicting the plastic deformation of 

polycrystalllne aggregates from phenomenologlcal laws of single crystal behavior 

was advanced by Sir. G. I. Taylor (1, 2].  In Taylor's now classic work, the 

simplest possible kinematic model was adopted consistent with the concept of 

a deformed continuum — uniform strain throughout the crystal grains. This 

theory was generalized by Bishop and Hill [3-5] to enable the approximate 

calculation of macroscopic yield surfaces of pronounced yielding (neglecting 

elastic behavior) and modified by Lin [6] to incorporate elastic strains. 

Subsequent studies were made by Payne, et. al. [7, 8]. Other theories and 

models of interacting crystals, all utilizing Isotropie elastic field solutions 

in one form or another, have been proposed and/or investigated by Kröner [9], 

Eudiansky and Wu [10], Hutchlnson [11, 12], Hill [13], and Lin and his 

associates [14-23], with the models of Lin, et. al., most nearly satisfying all 

equilibrium and kinematic conditions in numerical evaluations. 

In the present paper, a new discrete aggregate model suitable for predicting 

the response of thin-walled, polycrystalllne tubes is presented which incorpo- 

rates certain features of previous models but is more general in several 

important respects. Moreover, the model is closely related to theoretical 

characteristics of crystal and aggregate behavior established by Hill [24, 25). 

The paper is organized as follows.  In Section 2, a continuum mathematical 

model of an aggregate of identical, polycrystalllne "unit cubes" is introduced 

and raacroscoplcally uniform fields arc defined. The aggregate virtual work 

equation relating microscopic and macroscopic tensor variables then follows 

as a direct consequence.  Several different internal stress and infinitesimal 
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strain fields are presented In Section 3, and an Inequality Is established which 

leads to a proof In Section 4 of a macroscopic Bauschlnger effect for the poly- 

crystalllne aggregate. In Section 5 a further specification of the continuum 

model Is given appropriate to the formulation of aggregate boundary value 

problems. Sections 6 and 7 contain the general analysis of the dlscretlzed 

model for prescribed aggregate macrostrain, based upon approximating, piecewise 

linear Infinitesimal displacement fields within crystal grains. Kinematic 

conditions are met Identically; equilibrium between grains is satisfied In an 

average sense at each cryst^lllce node; and both anlsotroplc crystal elasticity 

and fairly general crystal hardening matrices are included as constitutive 

behavior. Aggregate matrices to be Inverted (or decomposed) are established as 

symmetric, positive-definite; and In Section 8 a strict uniqueness proof Is pre- 

sented fot both Incremental plastic shears In crystallogcaphlc slip systems and 

internal stress- and strain-increment fields (as determined from the discrete 

model). Lastly, in Section 9 the necessary steps for calculation of subsequent 

yield surfaces are given and a suggested model for quantitative studies is 

briefly discussed. 

2.  PRINCIPLE OF VIRTUAL WORK WITHIN THE POLYCRYSTALLINE AGGREGATE 

Consider an arbitrary volume V of surface S within a polycrystallln« metal 

specimen. He denote any statically admissible stress field in V, corresponding 

*        * 
to a system of self-equilibrating tractions J on S, by £ (with tensor com- 

ponents C.. ) and any continuous, piecewise differect-iable inflniteslaal dis- 

placement field by 5u . A straightforward application uf Gauss' theorem then 

yields 
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/U  -i^'lV - /(T •  6u0)dS (2.1) 
IT    % ^ C     ^ ^ 

wherein 

Si0 - PT 6u0 (2.2) 

locally vrlthln each crystal grain Vu of V.  (See the Appendix for definitions.) 

To obtain an equivalent expression for the right-hand side of (2.1) in terms of 

macroscopic stress and strain over the smallest possible volume sample, we 

introduce the mathematical model of an aggregate of Identical "unit cubes" and 

define macroscupically uniform fields 

6u0(At) • 6u0(A:) + c0 (2.3) 

i* +   i* - 
T (A.) - - T (A.) (2.4) 
A«   1       'V   X 

(respectively kinematically and statically admissible).   A denotes the unit 

cube face corresponding to the positive coordinate axis x. and c0 is a constant 

vector independent of position over A . Macroscopic stress and incremental 

strain are evaluated in a natural way as 

"* • /4 T* dA1  (no summation) (2.5) 

«li  - 2 (<I ^J > ' <2-6> 
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Upon substitution of (2,3), (2.4) and (2.5) Into (2.1), we find 

/(T . öu0)dS » a,. c° . (2.7) 
S ^   ^      1J  3 

From considerations of moment equilibrium 

^ ^ dAi - j+ k dAJ • (2.8) 

Ai        Aj 

Hence, the macroscopic stress tensor Is symmetric and, from (2.6) and (2.7), 

(2.1) can be written 

/ (?* . 6C0)dV - o*. 6e0 (2.9) 

1th V now representing the unit volume of the polycrystalllne cube. Further- 

more, from (2.2), (2.3) and (2.6), 

6e0 - / (6C0)dV (2.10) 

and, from (2.4) and (2.5) and force equilibrium over any Interior plane area 

normal to a coordinate axis, 

o* - / ;* dV . (2.11) 

Equations (2.10) and (2.11) are of course equivalent to (2.6) and (2.5), and 

aquation (2.9) (together with these definitions) Is the well known virtual 

r 
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work equation for the polycrystalllne aggregate. We merely remark here that 

by mathematically defining states of homogeneous macrostraln and macrostress 

(2.3, 2.4) the relationship (2.9) follows Immediately and the various additional 

arguments of Bishop and Hill [3], Kocks [26], and Hill [25] ire unnecessary. 

Bishop and Hill's criterion, which can be written 

i* i* 
/ (Tj 6u2)dAi - (/ Tj dA^ / (6u^)dA1 (2.12) 

Ai Ai      Al 

for arbitrary 1, j, k. Is In fact distinctly different from (2.3, 2.4), and 

neither condition implies the other. In addition, although the macroscopic 

stress tensor Is symmetric, equations (2.3) and (2.4) do not preclude the 

existence of small macroscopic couple stresses (depending upon the distribution 

of crystal orientations within the cube). These are determined as 

**  , .   ** 
m - / (r x T )dA. (2.13) 

Ai 

where r Is the position vector to a point on the face A. . 
^ 1 

3.  SOME GENERAL INEQUALITIES AND INTERNAL FIELDS 

(e) 
Let 5   denote the local stress field within a crystal grain determined by 

assuming that the aggregate response to macrostress a  Is wholly elastic. As In 

(e) 
[25], we take £   to be expressible In terms of o and a tensor (matrix) function 

¥ of position within V (I.e., the Influence of elastic Inhomogenelty on the 

stress field): 
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;(e) - * 0 . 
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(3.1) 

Then, from (2.11) 

'Xt        y '" 
/ i:(e)dv (3.2) 

so that / y dV - I (the Identity matrix). We further define a microstress field 

r due to internal slip and self-stressing. 

,8(0) . c . ;(e) (3.3) 

with (2.11 and 3.2) 

/ cs(0)dv - 0  , (3.4) 

and introduce kinematically admissible, infinitesimal displacement and corres- 

ponding strain fields 6uS(o), 65S(a) such that 

65 - C 6? (e)+6_S(a) i (3.5) 
^ 

C is the positive-definite, elastic compliance matrix of an individual grain 
'XJ 

and c, C are the actual local stress and strain fields. We also have 

65 • C 6c + 65p (3.6) 

^•■**'"'—■'-  ■"" ■'" "—^WJOW-P' 



'■■■'.■■ m 

where C 6? ■ 65 Is the micro-elastic strain Increment. The local micro-plastic 

strain increment 64 is determined from the incremental plastic shears 6Y. on 

the N slip systems of the crystal through the transformation 

6CP • NT6Y . (3-7) 
X    »x. 

with the resolved shear stress T. in these slip systems evaluated 

T - M C  . (3.8) 

The transformation matrix N is defined in terms of its kth row vector N. in the 

Appendix.  (Opposite senses of slip in the same crystallographic slip system 

are denoted by different k's so that 6Y. i* always non-negative). 

We now introduce the following scalar averages over the unit cube: 

d« " / <65 * ^p)dV 

WD - / («t
(#). ö5

8<0))dV 
P   y   -V.       \ 

ua - / (fie • C «^)dV 

(3.9) 

V •x,  <v 

w - T («C^« C 6c(,))dV 
V •  ..  %    -v % 

P (Note that (2.9) applies separately only to w and w since 6Cr and C 5; are 
p    e      v    % *w 

not derivable from displacement fields, hence are not separately kioemacically 
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«talMlbl«.)    Proa (2.9),  (3.4-3.6). and (3.9) 

d^  ♦ u    -   !r   •   ic   - «    ♦ w (J.IO) 
P • % % P • 

«  - •  • / («t,(0)- c «c,<o)w > 0. O.U) 
•      •    V    % ^   % 

Iteoc«. ccwblnlnt (3.10. 3.11) with (2.9) md 0.»-S.i)( 

*-*„• I W«,Co)' «t'idV < 0 (J.12) P       P     •»     % ^ 

or (using 3.7 «ad 3.8) 

/ («t,(0) • 8v )«f < 0 (J.ll) 

fro« which «• coocludo that th« locroaootol thoor »cro«««t ' - duo to »lip 

and oolf-scroMiat opyoo« tho tacronoacol pUactc ohooro AY^ ia a aajoricp 

(if not all) of tho activo «Up sfttoaa of th« attrofat«.    Thi» rooult «rill bo 

called upon ia dotoraiaiat conaio tßemt%l charactarUtict of ouboo^uoat yiold 

ourfacaa la Section 4. 

la tiailar aaaaor to th« abov«, wo dooot« C       aa th« local «train fiold 

dotocaiaod by «••ualn« alaatic aurofaca roapoaoo to aacrootraia c aad d«f in« 

• fuactloa 7 of pooitloa «rlthia V «uch that 

C(,) • T ^ O.U) 
% 

(2.10) 
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e - / Cw#f   ,     / T d? • I    . (3.15) 

Incroduclag blo«MCU«lly adalMibU,  laflal(««la*l <li«pl«c«a«ot nd 

corraapoadlog •train fUlds du        v   '-C tftM Co lotare«! «Up «ad Mlf- 

•cratolag. 

". • «4<#) ♦ H,<C)  , <J.l6) 

• r«Uc«4 ttrcst field  ;S(*). 

% %     %     % 

«•  find,   fro«  (2.10).   (2.11).   (9.U)  «nd  (1.15) 

,S(c) / «c#w,*r - o «C * '<V • 0   . O.IB) 

/ c,c,>if • o - (/ c"1 T *r) . c   . (J.if) 

IIM  inwra« «iMiie ccwpllanc« Mtrli of th« «ggraMt* obviously Is 

Sler.-/?"1^   * ^20> 

Mi «Ito hovo. froa (1.1) «M (3.S). 

/ «t,C0)if • 4c - (/ C i 4V)  .  dc (3.21) 
^    v %       ^ \ % \ 
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•o chat ch« «tgrcgac« compll«nc« macrlx can b« alternately expressed 

Wro-/ = J,,V    • a22) 

fro« (3.19-3.22), (apparent) ascroscoplc plastic strain and "plastic stress" 

iacreaaots ere appropriately defined es 

U9 • / «C,<0>dV - «« - / C «;(*) dV (3.23) 

«op - - / «;S<c)dV - / CmlHMi9 -  «o .        (3.24) 
\ V ^        V    ^       *** 

(For clarity, these various terms are interpreted for the uniaxial case in 

Fiiure 1.)    Lastly, we relete the internal stress fislds ;  v ' and ;  v ' from 

(3.3),  (3.14),  (3.17) and (3.22): 

f0' " rC> + S'1 I'r Sucr. ?'    • (3.25, 

4.    GENERAL CHARACTERISTICS OF SUBSEQUENT YIELD SURFACES 

Hill's proof  [25] of gsnsralited normality for aggregates satisfying (2.9) 

is based upon postulated conditione which are equivalent to the requirement 

6Tcr 6Yk   >    0 (4,1) 

(i.e., crystal grains strain harden in active systems, with i      denoting the 

critical shear stress in the kth crystallographic slip system). The final 
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form of Hill's equation [25] can be written 

60 • öe - 6e • 6a < 0 (4.2) 

In which 6a, 6c are macro-stress and related strain Increments which produce 

*        * 
slip in one or more slip systems while 6a , 6c correspond to purely elastic 

* * 
response of the aggregate (with 6c - (L. ^ '• Thus, we have the following 

orthogonality conditions for the quantities defined In (3.23) and (3.24): 

6a* . 6cp < 0 (4.3) 
%   — 

6e* . 6aP < 0 . (4.4) 

According to (4.3), the domain of all possible incremental plastic strain vectors 

6c from a stress point a In macrostress space Is orthogonal to the domain of 

* 
all stress Increments 6a producing purely elastic response (I.e., directed Into 

the elastic region In stress space). According to (4.4), the domain of all 

possible Incremental "plastic stress" vectors 6op from a strain point c in 

macrostrain space is orthogonal to the domain of all strain Increments 6c 

producing purely elastic response (i.e., directed into the elastic region In 

strain space). The first of these interpretations is, of course, compatible 

with the customary manner of describing yield surfaces and is physically more 

appealing since cp is the strain remaining upon mechanical unloading to zero 

stress (if the present yield surface encloses the origin of macrostress space). 



12 

A particular yield hyperplane In stress space Is defined as (3.1, 3.3 and 

3.8) 

f, - N. 4» o + TJ
(O)

 - Tk - 0 (4.5) k  'vk ^ ^    k     er \ "/ 

with the corresponding hyperplane In strain space given by (3.8, 3.14 and 3.17) 

*k - Sk f' a + Tk(e) - 4 -o • (4-6> 

The shear stresses T. ^ ' and T.^ ' are related through (3.8) and (3.25): 

\M'\M+\€lHl-^cro*>    ■ <«•'> 

Admissible stress and strain Increments 6o , 6e    corresponding to unloading from 

all potentially active systems must satisfy 

Sk ^ «^    i   0 («-8) 

and 

«k f1 1%   1   0 <4-9) 

which are equivalent statements since, from (3.1),  (3.14) and (3.22) 

ry, r^     % odiacro 
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In scrtsa «pac« cha local alaatlc ragloo llaa wlchla tha pyrasld of lunar 

bounding hyparplanaa f. whoaa unit normal vactora ara 

?k • ^ ♦ >T'i" hi»    • <4•u, 

Tha dlacanc« co cha kch hyparplana la (4.S ami  4.11) 

\*"«-'!(d>>'iii?" <*•»> 

which for Isotropie agtragataa alapllflaa to  '••• Appandls) 

>       .Ko), 
\ ' ** (ler * ^     *    * KkAr* 

Conaldar now tha changa In position of an actlv« plan« with lacraaaing plastu 

deformation. Sine« k corraaponda to tha actlv« sanaa of slip In a particular 

cryatallographlc ayatam, wa radafloa It aa (k+) and wrlta 

"(k*)-(i^)-«,!(0))/"^«" • (4-i4) 

Fron (3.13) 

/ (I «t?<<,> «>. )dV « 0  . (4.15) 
V k  *    * 

Aa thla Inequality muat hold locally for tha majority of actlv« ayacaaa. w« 

can aaauaa It holds for th« particular k of Intaraat. Ihue 
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(4.1i) 

md (4.1   mi   4.14) 

•^•^eT^i^i^i:« * 0 • (4.17) 

tialUrly, th* iUtaacm (la th« opposite dircctloo la •tr«»* tpoc«) to f- 

porollol byporplao« corresponding to ih« nof'tlv« ••os« of slip (k-)  In this 

cryttollographlc tyttoa la 

»c.)-^^r0^"^!" (4.1t) 

its chong« !■ 

«(k.) •(4t«) - i«'J<0)i>'ii &: i •       <4-w> 

HMO,  If tbo chant« la crjrttnl hordonlng 6T*    '  la rnvorM slip 1« !••• chaa 

eh« chant* la ctM raoolvod «haar tcroot du« to latnraal »Up and Mlf*«t rasa lag. 

i» - 0 - .. « ^-.. «. ^ - .......   «. u 
corcalaly th« coo« «ti«o th« crystal «tfla-toftoao la rsvor«« «lip (so lo 

»«ttootod by th« «xporlaontal vork of P«t«r«oo [27]  on coppor), «ad th«r« will 

bo a correspondIng strong iouschlngsr «ff«ct la aacrootraas spscs. Thsrs will 

b« at laast s wssk Isuschlogsr «ff«ct If only «t^* 1 e
c

(J*) • h«»c« '^^.) * 
o 

Äl>
(k^)-  Introducing tho goaorolltod Schnld-Taylor law (24, 211 

•;.. • w n (4.10) 
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(la which M(>) is tht  crystal hardaalof aatrlx). this loaquallcy la aac for both 

Taylor hardaolac (1* 29) dad  tha cranalaclooal hardanlng adopcad by Budlaoaky 

•nd WM (10) and Tung «od Lin (19), aa «all aa for any poalc'va coablnadon (30) 

■ - h(?)l ♦ c^)« iT  . (4.21) 

(1 la «B i by R ««tru all of whoaa alsaaoca ata unity and h and c ara acalar 

hardanlng (unction* dstamioad fro« olngla crystal caato.)    In addition, H of 
v 

(4.21) la at  laaat positiv« «aal-dafinua  (HO), and if c | 0, H-Oovar activa 

ayataaa (24, M).    Iba proparty HO «rill f* of iaportanca in aatabliahlnf 
\~ 

uni'tuaaaaa of  solution for tha disc rat« aodal  in Sac t ion 8. 

S.     SELEaiOK OF NOOfL POI POLYCIYSTALLIHE ACCRECATE ANALYSIS 

If «a war« to consider only (idaalitad) alaatically Isotropie crystals in 

dafininf an «tgr«g«t« boundary valua problaa. alaatic fiald solutions for 

point body forcaa could ba Introduced  (aa in (17-18, 20)),  thus paraittlng both 

ooa-unifora alcrostrass sad displacaaant  fialds ovar unit cuba facaa A   whila 

«till aatiafying tha virtual work aquation (2.9).    To conaidar aggragata of 

aalsotroplc crystals, howavor,  (tharaby anabling iovastigation of tha affacts 

of tasturing on aacroacopic yiald aurfacas,  for axaapla),  it la alaoat nandatory 

that a aodal with aithar unifons tractions or  (at aoat)  linaarly varying 

dispiacaaanta ovar tha facas A   ba adoptad.    Th« lattar is chosan harain as 

tha prafarrad approxlast loo ytn tha baaia of tha following arguaant. 

Conaidar a thln-wall«d tuba aubjactad to, aay, axial load and intamal 

prassura.    Tha wall thickness of spaciaana studied expariaantally in coabinad 
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•trass tests is often in the range 1-2 mm, with from 10-30 grains through the 

thickness (see [31] and [32]). Thus, as an idealization of the physical 

3 
situation, we assume a thickness of 1 mm and define a unit cube V * 1 mm 

containing on the order 1000 crystal grains in the corresponding "flat sheet" 

representation (i.e., a macroscopic plane stress problem). Then the longitud- 

inal faces (Figure 2) become planes of symmetry in our model of identically 

deforming cubes. We further assume the distribution of crystal orientations 

to be symmetric with respect to transverse planes.   Hence, (2.3) and (2.4) 

are satisfied, with the displacements either constant or (for other combined 

loadings) linearly varying over the appropriate faces. If uniform tractions 

had been imposed over the cube, the transverse and longitudinal faces would no 

longer be planes of symmetry and adjacent cubes could not deform identically. 

Thus, we sslect as a model for analysis a unit cube (of generally anisotropic 

crystals) on each of whose faces A. either infinitesimal displacements are 

prescribed, to give the appropriate macroscopic strain increment (through 2.6), 

or tractions are zero (free face). 

6.  DISCRETIZATION OF BOUNDARY VALUE PROBLEMS OF PRESCRIBED AGGREGATE 
MACROSTRAIN 

To discretize the above-defined aggregate model, we introduce a 

kinematically admissible, approximating infinitesimal displacement field which 

Is continuous throughout the aggregate and piecewise lineax within each crystal 

grain. Correspondingly, a crystal sub-volume with constant microstrain field 

is represented by a tetrahedral element, herein called a crystallite, with 

nodal points I, J, K, L (Figurs 3). The infinitesimal displacement 6u(x) 

within the crystallite q is readily expressed in terms of the nodal 
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-M 
displacements öu as (see [33], for example) 

6G(x) - I      ^(x) 6uM (6.1) 
% "'        M(q) M ^  ^ 

wherein 

V^ " «M + ßMJXJ (6-2) 

J 
with the general expressions for OL., SM. In terms of nodal coordinates x, given 

In the Appendix. From (2.2), the local strain field Is 

In which 

Then,   from (2.10), 

6^> " ML) Ä ^ «-» 

Sq-f y^ • (6-4) 

/ 6C dV - £ 6Ln.  Vn - 6c (6.5) 
y   ^ q   'v(q)   q      ^ 

exactly If the Infinitesimal nodal displacements on the faces A.  of the unit 

cube are ptescrlbed consistent with  (2.3) and (2.6).    Denoting Incremental 

tractions on the crystallite faces by fit  , the virtual work equation for the 

element Is  (from 2.1) 



i 
. ■" " ■ * 

. ' 

18 

/ 6; . 6| dV - / 6t • 6Ü dS - 0 (6.6) 

q q 

so that, from (6.3) and (6.A), the element equilibrium equation can be expressed 

l      (ßJJ)T I    &l dV -    I      / ^ 6t dS . (6.7) 
M(q) ^  Vq *     M(q) Sq 

M ^ 

Since an approximating displacement field has been adopted, tractions cannot 

be matched exactly between adjacent crystals. Rather, we introduce from (6.7) 

t''e equivalent nodal force increments 

öF'J v - / ^ . 6t dS (6.8) ^(q)  ^ TJ ^ 

and require that 

I      W3, .  - 0 (6.9) 
q(J) -(q)  % 

over the q elements having the common node J. Equilibrium between crystallites 

is then satisfied in an average sense, and the discontinuous microstress field 

5c through the aggregate is only approximately statically admissible. Hence, 

Jeflning macroscopic stress according to (2.11), the aggregate virtual work 

equation (2.9) will not be exactly satisfied, and a measure of the 

discretization error is (from 6.5) 

• • / «C • 6C dV - (/ fi; dV) . 6e (6.10) 

which can be written 



1* 

Upon «ubttltutlon of (6.7) and (6.8) Into (6.9), th« nodal «qulllbrlua «quacloo 

bcconcs 

q(J) ^  Vq * 

Sine« our boundary value problaa 1« on« of praacribad aacroacraio. Ma aaparaca 

tha «cress field as in (3.17) and write (uaint 6.3 and 6.4 and dalaitaf Cha 

superscript (c) for simplicity) 

V  *    x(q) M([q) ^ ^    <  v  % 

wherein C. . is cha crystal compliance matrix referred to cha unit cube axes 

and 4Ü(*) Is cha (kinaaacically admissible) Infinicesiaal displacement field 

determined by assuming elastic aggregate response CO 6c.  Substituting (6.13) 

into (6.12), ehe nodal equilibrium equation is separable Into two equation« 

by definition of Che field '.G(*): 

q(J) ^  X(ti)  M(q) ^       < 

I  <«i>T / «5* <V - 0 . (6.15) 
q(J) ^  Vq ^ 

Assembling ehe first of these equacions loco a general matrix equilibrium 

equation for Che overall vector 'L   • (..., Au   , •••) of «lactic nodal 

displacements and noting that 

I 



^o ' ^(o C ^u) 

20 

(wh«r« c^  U thm cryatAl coapllaoc« Mcri« r«f«rr«tf to KIM cryst«! •«•• «ad 

A(   .   to  •  ir«n»lorm*t loo MtrU gl«M  '4 th« App^ndU).  «•  h*v 

Ti i % ^(#) -« («.17) 

la which «11 cry«c«llltM h«v« t>««n choMo of «^ual VOIUM V << 1 for 

coovoalooco lo oubooquoot «aolyoto. (Thu to OMlly roollsod |—trt—Ily 

•toco o cubic «oluao con b« oopArotod Into olx oquol voluao totrohodrooo, ond 

Cbo unit cubo coo bo divided toto oo oooy oub-cubo« oo dooirod.i Iho aocrto 9 

lo coopoood of 6 by ) oloaooto 1 , doftood oo 

♦(O^ " *U)*T#J " J ^ • -^ •' «> 

0 If J to not o oodo of (f) 

(6.18) 

UM aocrlx ^ to o dlo«oool aotilx of poolclvo-doflolto tubaocrlcoo C 
-I 

,-li i • re1] (6.1») 

Tho ovoroll ««trl« ^ S I 1» pooltlvo-ooaidoftoico tloca o piocowloo linoor 

dloplocoaoot flold odolto lofloUoolaol rigid body ootioo with no chongo lo 

• train «norgy.  to ton» of cbo unknown Intorlor dloptoco 

proocrlbod ostorlor dloplocoaontt 'V ■ (6.17) con bo written 

to ':.{*)  *nd tho 
v 
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w*v«r«ln |    U obt«Hv«J  f 10« | by ^aUtUf «11  v«clor  coliflHM ccrrcapoodlog  to 

•suirlor Mdts J0     UM Mtrts B   U «laiUrly 4mftmiam4 by daUtiot all v*ccer 

coluMM  vorrt«^ooiing to  Interior  no<l«a  J.     Thm   «ggtcgat« «Uattc   "«(iff••••** 

Mtris |    U tyaaatric M4 po.u iv«-d««in:t«. M «rbitr«ry rigu body ■otloa 

la in« »oiuiio« havlag bM« «liaüuicad by praacrlblag 6^° oa CIM «urUc« of (ho 

«ait caba.    Ihm, cba lataraol «crala (laid '.*(#) • rT,w(#) U dotorvtood aa 

la which n^   daaataa a row wccor of   ) by  J ■uboocrlcat of *'    oad cho t«p«rat« 

coacrlbotloaa of latarlar aad aatarlar aadaa af {%} ara aa ladlcatad.    Iba ov»r- 

all aaccar of iBflaitotUol •train« ,f(#) • (...,  'I1**  , ...)   caa bo osprooood 

«|U) - fT U - f, (|I I I/1 ^ f 1 I, < W.M) 

«dtorota | la aa Idaatlty aacrla aad f    it • dUfoool aotria of «loaoat« A(  .• 

7.    CDftMAL SOUTION FOK tKCUMOfTAL CBTITAL SHLAJLS 

fraa ().*), 0.7). ().U) aad ().17) 

o   .   uatng   (6. )). 

-.■ 
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I    «t8 dV - C'\ eM 6Ü(S)M V - C:\ N! , / 67 dV (7.2) 
V  *       (<») M(q) ^ ^     q  ^(q)  (q) V   l 

in which äu i« ch* picvlously defined (Section 3) infinitesimal displacement 
V 

-S   T -S 
field due to internal slip and self-straining (i.e., ££ • P 6u ). Thus, 

substituting into the second nodal equilibrium equation (6.15), 

i  ^y fiii I  tf ^{s)H \ m i  (ßn)T ^i) ^L^ / 6>dv •    (7-3) 
q(J)    ^      V(q) M(q)  ^ q        qU)     xq (q)     <q) Vq    ^ 

m {S)M0 

Since, fro« (3.18), fy       0 for exterior nodes on the cube faces, we have 

(proceeding as before) 

»I« !i vc ^S • ?! ? ?T 6; Vc (7-4) 

in which 6t    •(..., Su   , ... ) , 6> * (.••• it, x, •••) • and 

! • I «(^u)-1 • r,,c-i <7-5) 

where Mc is the transtormation matrix from the local crystal axes to the 

crystallographic slip systems  Hence 

U* • l"1 fj S |IT 47 Vc (7.6) 

H?.» -1      ßü lCl »I S ^T 4? V,     . (7.7) 
"<" ' MW 5 ^ '■ ^ ^v' • 

» :.....v-v,*:-.:.--' 
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Upon substitution of (7.7) into (7.2), the Internal stress field due to 

crystal slip and self-straining becomes 

öc5 N " C^x  I  ßM iC1 BJ S KT 6Y V - CT1, N^ x «Y/ x •   (7.8) 
-:(q)  ^(q) MJ ^ ^q ^M  i ■,, x      {    c  'v(q) ■v-(q) 'l(q) 

-S        —S       T 
Thus, the overall vector of incremental stresses 61 » (..*, 6c/ v, •••) can 

\ -vvq; 

be expressed (from 6.18, 7.4, 7.5 and 7.8) 

6f - V if - s ii tfi ? «i)'1 il §1 f *x <7-9> 

with 

^T-|^q)J (7-10> 

as previously defined. Then, from (3.8), (7.3), and (7.9-7.10), the overall 

-S        -S 
vector of incremental shear stresses 6T « (..., 61, ., ...) due to Internal 

slip is given In terms of the vector of infinitesimal crystal shears by 

6f ■ - mT 6x •" ^ *i <7-ll) 

wherein 

9-lU-«i tfiitV~l*lV  - (7-12) 

S       T 
The symmetric matrix P > N Q ^ will be called the self-straining matrix.  In 

Section 8 it is proved that this matrix is positive-definite over critical 
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(potentially active) slip systems, hence It has a unique decomposition (or 

Inverse). 

Substituting (7.9) and (6.22) into (6 13) (or 3.17) and denoting 6£ - 

-       j 
(•••• 6C/_\> •••) • we have 

'ovq; 

6! - ^ U - «i<?I \ Si)'1*! !ll?o ^0 - ^T ^ (7-i3) 

or (from 7.12) 

^•AT« Ük6«0-«1**1 ' (7-14) 

The appropriate static admlsslbllity of this stress field for arbitrary surface 

displacements and internal shears is, of course, confirmed by substitution of 

(7.14) Into the nodal equilibrium equations (6.12), expressed in gent si matrix 

form, whence 

£* 6* • *I S <?o < - *?T 6j ' 3« (7-15) 

T 
since |J Q = 9 ixom  (7.12).  (The influence matrix Q is analogous to the 

integrodlfferentlal operators on 64 (x) In [20] and [34].) The overall vector 

-       T 
5T - (..., 6T, v, ...) of incremental resolved shear stresses in the various 

crystallographic slip systems within the cube is (3.8, 7.5, 7.10 and 7.14) 

^ "SS I?o 6$0-«T^1  ' <7*l6) 

. 
j  [iwi ini - "* 
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Th«r*for«, ih« •quatioo for th« tncr«a*ot«l «tr««« In ih« kth critical slip 

•y«c«a of crystalllt« (f) bocoao« 

•T«,) • 'S c „{„ ♦<,)< '«r ■«; is* «i «'«.•«• 

Por an actlv« «ytCMi. 

with th« hardonlag aotrlx of th« crystal I It« <l«p«ndlng ooly upon tn« local 

plaaclc daforaacioa (H^ donotlng th« kth row wactor). rsu«. fro« (7.17) and 

(7.18) 

^ v ♦ i C<f**ln> • i Cl n\%) ♦(,> <; S1 tf < \ «T *x 

in which th« only unknown« ar« th« lacr«a«atal «hvar« '•., v in th« various 

•ctlv« «lip «yataaa. Urltlat th« «quality (7.11) for all th« actlv« ayataaa. 

aquation« (7.19) can b« «xpr«a««d in g^iaral aatrla for« M 

««A ^ «4 «I' *U * «4 ^ (<0>A ^ V'*» 
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t^Mraia |L U • 4i«tooal Mtrla tAoaa alaaaata ara tha ladlvidual cryacalltta 

hartfaalac aacricaa. Tha aubacrlpt A dmocaa ihm  raapacdva vactor ar aacrls 

raducad to iacluda only thoaa cryatallicaa (q> caacalalat aaa ar aara aeciaa 

critical ayacaaa. Iha ayaaatrlc aatrlH 

la poaldva-daflalca fat all cryacal hardanio« Mtrlcaa af tyi  (*«21)» aa fravad 

la tha foilowint aactlaa. aad (7.20) (ar 7.19) yuldt a ualqua aalutloe (ar 6*.. 

e.   tmiqumss or IVTUIUL FIELDS IS TU oitctmzio ACCUCATE MODEL 

Proa (6.16).  (0.19) ami (7.10), thm ovarall «actar of  iafialtaaiaal aUatic 

atraiaa «f • (..., ?(f)«4(,). ...)
T U 

*? MT T1 « »<a ^ - l1^    • <••« 

■aiatroduclat tha acalar avarafa u   af (3.9)( «a writa 

% • \ 'iw • iwiw % - «r *r ?c *o •     <8-2> 

Haaca.  fraa (7.14) «ad  (8.1). 

z
m
m <*o*f - r^l^fc •f - r^ ?c * 0 • «••,> 

Aaauaa no*  tvo dlatiact Mts of Internal f la Ida '>/-)• '.'(«)• ^llm) 
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4c. tt    H/-»» ^/a)' ^ocb 0' Mhlch ttitff mil «pproprlAt« •quaclona of 

ch« dUcr«tii«d mod»! for ao laflaltooiaol aocroocrola It  (I.«., uniquoly 

proocribod 4{r).    Ooooclof cbolr dlffarooco« by«'4.^       -»•  -I(  ) - 'lia)* 

• tc.   lh«n  froa th«   «bov« 

<«V^ ^1 9 fT<«t> > 0    . (8.4) 

Thl» «quodOB !• vritcoo only ov«r potoottolly active «lip ■ytcoas corresponding 

co cho currant ■cat«« of Internal acraas ead  airaln. ainca tha actlva ayacaaa 

for althar aot of locraaancal ahoara trill balong to chia critical group. 

Tharafor«. f • .v Q ,N 1« potltlva dafioita ovar critical ayacaaa; conaaquantly. 

it !• alao poaiciva dafioita ovar acciva ayacaaa (P >  0). Wa alao find, 

froa (1.?), (7.S), «ad (7.14). 

I <**(<>> • <4l(qr> * <6l^ («^T <•?>"0 •        (8-5) 

Incroducing an ioaqualicy dua co Hill (24] vriccaa ovar critical ayacaaa of a 

cryatal grata, 

and aubacituting into (8.S), wa hava 

01 <«t^ r«(q)J<«Y> ♦ <6^?^T
<«Y>. (8.7) 
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Fro« (8.4) th« second tern it positive, and for g 10 (as in 4.21) the first 

tern is non-negative. Hence, the inequality is violated for non-zero <C6Y^>> 

fro« which we conclude that the incremental shears are unique. It follows 

fro-« (7.14) that the incremental stress field is unique. Consequently, the 

Infinitesimal total strsin field is also unique, and the proof is complete. 

The matrix £ of (7.21) is obviously positive-definite from (8.4) and the 

above. 

A final comment is necessary pertaining to determination of the unique 

aggregate response from a particular deformed state, since an admissible 

solution of (7.20) is constrained by the physical requirement 6Y. >. 0 for all 

k (which is implicit in 8.6). If, for example, (7.20) is solved for 6Y based 

upon the expectation that all critical slip systems will be active in a 

macrostrain increment 6c , certain of the 6Y, / * may be calculated as 

negative.   In this event (7.20) must again be solved, after eliminating the 

appropriate slip systems, until all incremental plastic shears are positive. 

9.  REMARKS ON QUANTITATIVE MODELS AND THE CALCULATION OF AGGREGATE 
YIELD SURFACES 

At a particular atage of aggregate straining, a subsequent yield surface 

is obtained by determining the positions of yield hyperplanes in stress 

T 
space, as follows. Consider the case of applied biaxial strain z  - (e..,€--) 

-  -  T 
corresponding .o the biaxial macrostress state o - (o.-.o«.) discussed in 

1      11  £■/. 

Section 5. From the elastic solution of (6.21) (or 6.22) we define, according 

to (3.14). 

!(q) " !(q) I (9-1) 

mm* 
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in which T, v is a 6 by 2 matrix whose columns are determined from separate 

evaluations of (6.21) for the states (en»e22 " 0) and (e.. - 0, e..) respec- 

tively. Hence, from (3.20) 

-1 i 

Slacro " I  €(,) ^(q) Vc  ' (9-2) 

a 2 by 2 matrix (using only the first two rows of each J^/ \)< Adopting the 

volume average definition of macroscopic stress (2.11), we have 

ö - I  L3x V   , (9.3) 

where again only the two leading elements are chosen.  Introducing the 

notation ; for ; toJ (since from (3.1) and (3.3) 5s*0' is the residual mlcro- 

stress field remaining In the aggregate upon unloading to zero macrostress), 

then, from (A.7), (6.16) and (7.5), 

Tk(q) " Tk(q) + «k C ^(q) ^(q)
(r ^Macro I  ) (9-4) 

—S -S 
wherein x. . x is the sum of Increments 6T, / x determined from (7.11) over the 

k(q) k(q) 

strain history and (L   and 0 are as calculated above. The distance to the 
'vnacro   «v 

kth hyperplane In macrostress space then Is determined from (4.12) as 

W^0-^,)""«^)^)« (»•" 

In which, from (4.10), (6.16) and (7.5) 
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c -1    -   - 
h(q)  ^(q) ' ^k ^c ^(q) ^(q) ^Macro   * (9*6) 

The direction, as given by (4.11), remains fixed.  The elastic domain is the 

inner bound of all such hyperplanes in a.., o.. space. 

A quantitative model which should prove suitable for such evaluations 

(corresponding to thin-walled tubes) is an aggregate cube of 1296 crystallites 

arranged within 216 sub-cubic volumes. From the symmetry conditions of 

Section 5, the discrete boundary value problem can be reduced to a consideration 

of 324 crystallites with 112 distinct interior and exterior nodes and 223 unknown 

nodal displacements. The symmetric, positive-definite matrix K is then of order 

223 with a half-band width of approximately 43.  Thus, its accurate inversion is 

b.  relatively modest task for a triangular decomposition routine. Concerning 

the solution of (7.20) for incremental shears, the order of P. should be small 

(less than 100) during the early stages of aggregate straining as only a 

relatively few slip systems will be critical. With increasing plastic deforma- 

tion, numerical studies could feasibly be continued until several systems 

become active within each of the majority of the crystallites,at which stage 

the order of P. would still be less than 1000. A digital computer program 

for studying the quantitative effects of aggregate texturing, crystal structure 

and anisotropy, and crystal hardening laws on theoretical macroscopic response 

is in preparation, with numerical results to be presented in subsequent 

papers. 
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APPENDIX 

Internal straaa and inflnitaalmal atraln tanaors ara axpraaaad In vactor 

form as 

c- (;,,, »^Tc,,, ST t,., c,,. /T c„» ;,,) (A.D 
A, 

,11,     -   s12,     -   VJ^J,  v22.     •   ^2V  "'33' 

6C -  (6C11,  ^«C^.  */T6C13, 6C22. ST 6t2y if.^)1      (A.2) 

from which tha equilibrium and kinematic equations can be written P c " ^ 

and PT6C - 6u = (du.. 6u.. 6u-)T. with 
\   \        % x 4        J 



V 0 

0 

i^ 
»2  i*3 0 

i'l  0  i»2 »3 
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(A. 3) 

(wharaln ' denotes partial differentiation wich respect to the correepondlng 

•patlal coordinate). 

The kth row vector of the crystal transformation matrix Ji is given In 

k k 
term« of unit vectors } . •  in the norval and gild« direction!, respectively, 

of the kth crystallographlc slip systen: 

[♦JxJ, Ä  (♦JxJ ♦ ^J >. ^ ify) *  ♦^J > 

.k.k k.k . k.k k.k 
♦^j' 6 (fyz* *\x2 u *r* ] (A.4) 

Consequently 

(A. 5) 

For the tetrahedral crystallite (Figure 3),the configuration psraneters 

ok., 8M are determined as (introducing the permutation tensor e. . and 

summing on rapaatsd indices) 



1 J    K    L 
6V    Cijk "l XJ \ 

3A 

1 K    I    L 
t"   *'  XJ  "k 6V    fcljk "1 

6V    ''ijk 
I    J    L 

xi  Xj   ^ 

(A. 6) 

and 

1 I    K    L 
L      6V    Cijk Xl XJ  "k 

^Mj ■ 6V~ (cof*"or)M 

J 

1 

1 

1 

1 

whar« 6V    1« the determinant of the matrix. 

%1 
J 

Cl 
K 
*! 
L 

%2 
J 

'2 
K 

C2 
L 

^3 
J 

C3 
K 

C3 
L 

(A. 7) 

The tranaformation matrix A, . relating the stress or infinitesimal strain 

components referred to the unit cube axes with those referred to the crystal 

axea (Figure 3) is 

^(q) 

^ Wll * •llal3 
aL ^ a12a13 a213 

1   2 
•ll 

•^•ll^l ■lla22+a12Ä21 all*23+a13a21 ^ a12a22 a12a23+a13a22 ^ a13a23 

^ '11*31 •ll*32+a12*31 alla33+a13a31 ^ a12a32 a12a33+a13a32 ^ a13a33 

2 
1  '21 ^ Ä21a22 ^ a21a23 

aL ^ a22a23 'It 
km21ft31 *21Ä32+*22Ä31 a21a33+a23a31 ^ a22a32 a22a33+a23a32 ^a23a33 

•31 G •31a32 ^ a3ia33 a232 ^ a32a33 •33   1 

(A. 8) 
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t 

In which a.,.. " cos  (x., x ).    Thuc 

^(q)  " ^(q)^(q)     '    ^(q) ' ^(q)  ^(q)     * (A,9) 
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