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INTEGRAL EXTREME POINTS*
by

Arthur F. Veinott, Jr. and George B. Dantzig*¥*
Stanford University

Let A be a given integral matrix and let X(A,b) = {x:Ax = b, x > 0}
and X*(A,b) = {x:Ax < b, x>0}, If A has r rows, all linearly indepen-
dent, a subset of the columns of A 1is called a basis if its rank is r.

In this event, an obvious sufficient condition for the extreme points of
X(A,b) to be integral for all integral b is that the determinant of each
basis equals +1 or =-1. The purpose of this note is to give a short proof
that this condition is necessary and to obtain thereby a substantially simpler
proof of an important result of Hoffman and Kruskal (1956, p. 225). Their
result is that if A is an integral matrix, then the extreme points of
X*(A,b) are integral for all integral b if and only if A is unimodular

(i.e., each minor of A equals O, +1, or -1).

Theorem.

If A 1is an integral matrix having linearly independent rows, the

following are equivalent.

*We are indebted to R. Chandrasekaran and a referee for pointing out an
error in an earlier version of this paper.

**This research was supported by National Science Foundation Grants GK-1420
and GP 6431; Office of Naval Research Contract ONR-N-00014-67-A-0112-0011;
and U.S. Atomic Energy Commission Contract No. AT(04-3)-326 PA #18. Re-
production in whole or in part for any purpose of the Unites States Govern-
ment is permitted.



1° The determinant of every basis equals +1 or -1,

2° The extreme points of X(A,b) are integral for all
integral b.

3° Every basis has an integral inverse.

Proof.

1° =~ 2°, (We repeat the standard proof of this for completeness.)

Suppose b is integral. Let x be an extreme point of X(A,b), B an

associated basis, and x_, the corresponding components of x (the remain-

B
ing components of x vanish). Since Bx, = b and det B = +1, by
Cramer's rule xp 1is integral.
2° 2> 3°, Let B be a basis. Let vy be any integral vector for
which 2z = y + B-lli > 0 where 1i denotes the ith unit column vector.

Then Bz = By + 1i b 1is integral and 2z contains the nonvanishing com-
ponents of an extreme point of X(A,b) so 2z is integral by hypothesis.

Thus z-y = B-lli, the ith cclumn of B-l, is integral. Since this is

so for all 1, B-1 is integral.
3° => 1. Let B be a basis. By hypothesis B and B-l are in-
tegral, so det B and det B-l are nonvanishing integers such that

1 1

(det B)(det B-") = 1. Hence det B = det B ~ = +1.

Corollary. (Hoffman and Kruskal)

If A 1is an integral matrix, the following are equivalent.

1* A 1is unimodular.
2* The extreme points of X*(A,b) are integral for all

integral b,

o



3* Every nonsingular submatrix of A has an integral inverse.

Proof.
Let A' = (A,I) have r rows; these are linearly independent. Upon
replacing A by A' in the theorem, one sees that the statements lo, 2°,
3° about A' are equivalent to the corresponding assertions in the cor-
ollary about A. For example, 1* follows readily from 1° for if ¢

is any nonsingular submatrix of A of rank r-k, then a basis B in A'

can be found, after permuting rows, of the form

where I, is a k x k identity matrix. Then det B = det C, so that

k
det B = +1 if and only if det C = +1.

Remark. We can obtain other corollaries by noting that if any one of the
matrices A, AT, -A, (A,A), or (A,I) 1is unimodular, then so are all the

others. To illustrate, consider the set X*(M,b) as defined earlier with

M=| =4 and b = | =

n o o

where A and b are integral. This set is identical with the set

X**(A,b) defined by

X**(A,b) = {x:b < Ax < b, 0 < x < cl.




Notice that M 1is unimodular if and only if A 1is unimodular. Thus we
may replace X*(A,b) in 2* by X**(A,b) to obtain another result given

in Hoffman and Kruskal (1956, p. 225).
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