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ABSIRACT

Based on a general i-athematical model of a
technology, imply-hg certain properties for the
production furction, weak and strong forms of a
physical law of dikl.iishing returns are derived.
It is also shown that the classical forms of this
law hold if the technology is homogeneous (degree
one) and the production possibility sets of the
technology are strictiy convex, but the latter
property violates an essential property of a
technology, namely that these sets have bounded
efficient subsets.



PROOF OF THE LAW OF DIMINISHING RETURNSt

by

Ronald W. Shephard
Professor of Engineering Science

University of California (Berkeley)

1. INTRODUCTION

For 200 years, since it was first expressed (for land) by the French

economist Turgot (1767), (13], a law of diminishing returns in the physical

output of production has played a central role in the marginal analysis of

economic theory, stating in some fashion that the output from production will

eventually suffer decreasing increments or decreasing average return if the

inputs of some factors of production are fixed and the others are increased

indcfinitely by some equal increments. Divorced of its reference solely to

agriculture, diminishing returns are taken as a fundamental law for technology

to support economic theories of equilibrium and price determination.

Thirty thre- years ago, in two papers published in the Zeitschrift fUr

National-bkonomie [61 and subsequently re-issued in english in Economic Activity

Analysis (1954, edited by Oskar Morgenstern), K. Menger gave a penetrating,

albeit entertaining, discussion showing that there has been considerable confusion

in the statements of the law and the arguments adduced for it, involving such

emminent classical economists as Wicksell (1909), Boehm-Bawerk (1912) and

L. V. Mises (1933). In recent times, well-known economists (e.g., Samuel:on

in Economics, McGraw Hill, 1964) refer to the proposition as a '.andamcntal law

of economics and technology" on the one hand, and also describe it as an

"impotant, often-observed, economic and technical regularity," implying on the

othez hand that it is not a law but a statistical phenomena.

Dedicated to my friend Oskar Morgensterni who called this issue to my attention
and urged me to work on it.
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With the advent of the noti-n of a production function (circa 1910),

deductions (explanations) of the law have followed from mathematical properties

assumed for the production function, and most recently by Eichhorn [5] in the

Zeitschrift fUr Nationalhkonomie. Sin, the lav of diminishing returns is a

statement concerning technology, from which the prodlction function is a derived

concept, a study of the Ingical relationship between statement6 of the law and

basic concepts in the theory of production should start with a definition of a

technology.

A technology is given precise mathematical definition as a family of sets

T : Lku) , u c [0,+-0) in the nonnegative domain of an n-dimensional Euclidian

space, with certain properties which are presumed to be generally Pnplicable.

The members of this family are indexed by a real, nonnegative variable u ,

denoting output rate, and each set L(u) specifies the set of input vectors

x = (Xlx 2, ..., Xn) yielding at least the output rate u . The production

function c(x) of the technology is then defined on this family of sets for an

input vector x as the maximal output rate obtainable with x , giving to it

tha classical meaning, and the properties of the production function are derived

from those of the sets L(u) . Thece formu-tions permit substitutions between

the factors of production, both as alternative and complementary means of production.

The substitutions of primary interest are those on the boundaries of the sets

L(u) which are technologically efficient, i.e., input vectors for I output u

such that a decrease of any of the inputs without increasing an input will fail

to nroduce the output rate u

One importanL property (premise) for the input sets L(u) in the definition

of the technology is that the efficient subset for each value of u is bounded,

i.e,, technologically efficient production of an output rate u is not made ith

an input vector which has infinitely large application of any factor of production.
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Strangely, the production functions in common use which exhibit diminishing

returns, e.g., the Cobb-Douglas and CES functions, violate this property and

strictly speaking they are not production functions.

In this conceptual framework, it is clear that diminishing returns are not

obtainable by fixing the inputs of any arbitrarily chosen subset of the factors

of production. For this reason, a definition of an essential combination of the

factors of production is introduced, as one for which positive output caniot be

obtained if these factors are not used in productio7n, and it is premised that a

technology has at least one essential combination of the factors of production.

Then it is shown, by purely mathematical deduction from the general properties of

a technology, that there exists a positive bound upon the inputs of the factors of

an essential combination such that output is bounded when the inputs of the factors

of the essential combination are restricted to this bound and the inputs of the

remaining factors are increased indefinitely.

It is shown by counterexample satisfying the properties assumed for a

technolog: that essentiality of a combination of the factors of production does

not imply that output is bounded for anz/ positive bowozd upon the inputs of the

factors of an essential combination, when the inputs of the remaining factors arE

increased indefinitely. An essential combination is called strongly limitational

if output is bounded for all positive bounds upon the inputs of this combination,

i.e., 'nbounded output cannot be obtained under any bounded inputs for an essential

combinat ion.

Two weak forms of the law of diminishing returns, one for product increment

.nd one for average return, are deduecii for -A technology. These expression- of

the law are of the form doscribed by Menger as "intersecting assertions ," a-

distil1guiShtJ from1 the tradir ion1l forMsvhich imply strict c,'ncavity of the

production ftinction in sui icientl large ' irib le inpLI ts when tilt, inputs )f so:.me

factors are hold fixed. Two correspond ing -trong for.is of the law hold if an

>sc,,t ii comoilat ion of thc factors i; strongly 1imitational.
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The properties of a substructure (i.e., realization of a technology with

positive bounds upon vche inputs of a subset of the factors of production) are

investigated. If the subset of the factors is not an essential combination, the

resulting substructure is a technology -lien these bounds are zero, of more limited

alternatives but nevertheless one with the same general properties, and nc law

of diminishing returns can be deduced.

The traditional forms of the law cannot be obtained without assumptions on

the fine structure of a technology which are contrived to obtain the result.

It is not infrequent in economic studies to assume that the production function is

positively homogeneous of degree one, i.e., XL(u) = L(Xu) for the technology.

It is shown that this assumption leads to nonincreasing returns over the whole

range, . not merely for sufficiently large variable inputs. If it is assumed

further that the input sets are strictly convex for positive output, a proposition

of diminishing returns is obtained over the whole range of variable inputs, but

this assumption implies that the efficient subsets of the technology are unbounded

and each factor of production is essential. These properties, i.e., homogeneity

of degree one and strict convexity of the input sets L(u) for u > 0 , generalize

the assumptions of Eichhorn and they are possessed by he Cobb-Douglas and CES

production functions.

The term "proof" used In the title nf this paper is inten'cnc' to cvcy a

sequence of logically valid statements for technologies defined by the input sets

L (u) with the properties stipulated.

The mathceatical treatment of the structure of production used in this paper

is an extension of the work of the author provided in (a) Unternehmensforschung,

Vol 11, 1967, No. 4, "The Notion of a Producti-cn Function," (b) Theory of Cost

anJ Production Function" , hook -u'xius .ript submitted to Princeton Universi tv Pre"s,

Juac: 1969.
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2. DEFINITION OF A PRODUCTION TECHNOLOGY

A production technology consists of certain alternative means and arrangements

by which goods or services are produced, not all possibilities of which need be

realized in practice. The distinct goods and services which wdy be used as

inputs are the factors of production, and free goods or services are not excluded,

since the market price of a commodity has no bearing upon the technical roles of

the fa~tors of production. The technology exists independently of the political

and social structure in which it may operate and also of the scarcity of the

inputs, i.e., it is a blueprint for production.

It is assumed that a single good or service is obtainable as an output of

the technology. Let u c [0,+-) denote the output rate, and take

x = (Xlx 2, ... , xn) to denote the input rites of the factors of production

with x restricted to the nonnegative domain of a Euclidian space Tn , denoted

nby R . It is not assumed that x must be strictly positive for u positive,+

i.e., some of the factors may be complete substitutes for others.

Definition 1: A production input set of the technology, denoted by L(u) , is

the set of all input vectors x Rn yielding at least the output

rate u [0,+)

Clearlyr not all input vectors x belonging to an input ;et L(u) are

technologicaliv ff icient . Those wiich --e efficie- t are given by the followino

Derinition 2: The efficie il subset i(a) of an input ;et I (u) is given by

' W I is I 7 alv r e t1: o 1 sitotmo1S.
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E(u) = {x I x c L(u) , y < x -> y T(u)}

Then, a production technology is defined as follows:

Definition 3: A production technology is a far-ily of production input sets

T : L(u) , u c [0,+-) satisfying:

P.1 L(0) R+ , 0 L(u) for u > 0

P.2 x c L(u) and x' > x imply x' E L(u)

P.3 If (a) x > 0 , or (b) x > 0 and there exists a real number

> 0 and output rate u > 0 such that (x) E L(u) , the

ray {X-x I X > 01 intersects L(u) for all u c [0,+-)

P.4 > > uI => 0 implies L(u ) C- L(u
2 u 21

P.5 Fl L(u) is empty.
uc[O,+-)

P.6 n L(u) = L(u ) for u > 0
0<U<U
•= O

P.7 L(u) is closed for all u c [0,+- )

P.8 L(u) is convex for all u [0,+ - )

P.9 E(u) is boundcd for all u ([,+')

P.10 ror , u t: [o,+--) , ,.L u) - L(,u) and - L ,) - L

The Frcperties P.1,..., P.10 art t.ken is valid or generally acseprable

tor a , ev. -,, .. n tha drv i n1 e ative input

vc r vields at null ut:ut., and cus t ire c.',t t canot' be ob ta ind f r. a

Svi' i, -n

Y .x x. , X , \ v x



null i ut vector. Froperty P.2 implies disposability of inputs. For example,

€.- ch, cal fertilizer is used as an input with land to produce a crop and

exces e amounts of the former are available relative to land, in an input

vecto x , not al of the fertilize,: has to be actually used to decrease the

crop. merely disposes of the excess fertilizer. Fortuitous events, such as

flc,d are not incompassed. Thus, the technology is regarded as a rational,

cont.r, able process.

I perty P.3 states first that any output rate u E [0,+) can be realized

by scc r magnification of a positive input vector, although not necessarily in

an ef, lent way, and second that, if a positivc output rate can be obtained by

scalai agnification of a semi-positive input vecto x , any null inputs of x

are nco required for production and the same attainability of all positive out-mt

rates Ids by scalar magnification of the semi-positive input vector x . The

family f input sets L(u) defines the input unconstra4 ned technical possi ilities.

Divisi lity of output rate is not implied, but disposability of outputs is

ass uLn

P perty P.4 is clearly appropriate, since an input vector x yielding an

outpui ate u2 also yields any -utput rate not exceeding u2 , and Property P.5

is mno y a precise way of stating that. an unbounded output rate cannot be attained

by a aded i-put vector.

)erties P.6 and P.7 have only mathematica) significance. Property P.6 is

impo : in order to guarantee the existence of the production function D(x) as

the n 'um outpuc rate attainable with an input vector x . Property P.7 is

impos in o Ir to be able to define the production isoquant for an output rate

u asL ;ubset of the boundary of the input set T (u) relative to R

_erty P.8 is valid for time--divisibly-operable technologies. For example,

u(u) , v L.(u) aud 0 : LO,i] , the input vector [(1 - O)x + Qy] ay

b,, iiA )retcd a an operat in of the technology a fraction (1 - 0) of some
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unit time interval with the input vector x and the remaining fraction e with

y , assuring at least the output rate u . Nothing is implied about the

efficiency of such an operation.

Property P.9 is imposed as an obvious physical fact that no output rate is

attained efficiently (in a technological sense) by an unbounded input vector,

This property, frequently ignored by the production functions in common use, is

essential for the arguments to follow. It also assures, for any semi-positive

price vector p for the inputs x , that an optimal input vector x can be

realized to minimize costs. Note that free goods are not excluded from the

l iputs X

Property P.10 is taken valid for the following reasons. If x c L(u) (i.e.,

x realizes at least the output rate u) and A > 1 , then (X'x) may realize at

least the output rate (Xu) , merely by a time-divisible replication of the

arrangement with x producing u , but A*L(u) may be a proper subset of

L(X-u) , since, if x c E(u) is an efficient input vector, (X-x) may not be

efficient for L(X'u) . For the same reasons, if x E L01) and A > i. , then

1
(Xix) will yield at least the output rate u , whence x E L(u) and

L C X L(u)

In the foregoing definition of a technology, nothing is assumed which is

peculiar to any particular physical system of production. One consequence Of

Property P.10 is that, with no limitations on the inputs of the factors of

production, average costs are nonincreasing with respect to scale of output.

For u > 0 , the minimal cost rate of production for a price vector p of x is

Tlndeed, the input [(1 -- O)x + Oy] may have no meaning unless so interpreted.

tDiminishing returns from extensive application of a factor like land does not
contradict Property P.10, since we are concerned with the unconstrained technical

alternatives.



Q (u, p) -Min (p -x x E: L (u)}
x

and, for A > 1 Property P.10 implies

Q(Xu,p) - Min (p-x x e L(Au)}j
x

< Mll {p-x x C AL(u)}
x

- A MinE T L(U)

= A Q(u,p)

whence

Q(XU'p) (j j
X-u = u

for any AX 1 and u > 0
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3. THE PRODUCTION FUNCTION FOR A TECHNOLOGY

The production function I(x) for a technology r : L(u) , u c "0,+-)

is defined by

n\

(1) 4(x) = Max {u I x E L(u)} , x c R,

as the maximum output rate attainable with an input vector x

The existence of the production function 4(x) and its properties implied

by Properties P.1, ..., P.8 of the technology T are proved in [11] and [12],

but will be repeated here briefly for completeness of discussion. Also, the

properties of 4(x) implied by the Properties P.9 and P.10 will be stated and

proved.

Let x > 0 be arbitrary. Then x c L(O) due to Property P.1. Also there

exists a finite output rate u' such that x V Liu) for u > u' , due to

Properties P.4 and P.5. Consequently,

Sup {u I x e L(u)} = u (finite)0

and x E :.(u) for u E [0,uo) . But, due to Property P.6, {u I x c L(u)} = [O,u o ]
0 n 0

Hence 4(x) exists for any x E Rn and I(x) is finite for any bounded input

vector x . Thus, the existence of the production function 4(x) with D(0) = 0

follows only from Properties P.1, P.4, P.5 and P.6 of the technology T .

Property P.2 implies 4(x') > D(x) for any x' > x , since {u i x e L(u)}

C {u I x' E L(u)} . Property P.3 implies: (a) if x > 0 , P(Xx) +o as X -+

(b) if x > 0 and 0(x)?0 for some X > 0 , then 4(Ax)++c+o as A +o.

Property P.7 implies t(x) is upper semi-continuous, because L(u) [x f 4(x) > u}

is closed for u > 0 and (x I 4(x) > u} = Rn (closed) for u < 0 , and the

closure of the lievel sets fx O(x) > ul of 4(x) for all u c (- ,+-) is an

if and only if condition for the upper semi-continuity of 4(x)
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Property P.8 implies that the production function is quasi-concave, i.e.,

for x > 0, y > 0 and 0 E [0,1] , ?((l - 8)x + ey) > Min [O(x),O(y)] , because

letting T Min [O(x),O(y)] , x c L(x) , y c L(T) and the convexity of L(t) N

implies [(1 - 6)x + ey] e L(T)

For the implication of Property P.9, suppose D(x) = u . Then (x) - u

with 0(y) < u for y < 0 on the bounded subset E(u) of L(u) . If s(x) - u

and x e E(u) , there exists a point y < x such that (y) > u . Hence, O(x)

ntakes a constant value, with (y) < (x) for y < x , on bounded subsets of R,

Property P.10 implies that the production function 1(x) is super-homogeneous,

i.e., for X > 1 D(Xx) > XA(x) and 0 < { (x) , because If u = (x) then

x F L(u) and (Ax) e L(Xu) implying C(Xx) > A'O(x) , while if = A then

" c LO!) and x e L(u) implying (x) > u =X

Finally, Properties P.8 and P.10 imply that the production function is
n n

super-additive, i.e., if x E R+ , y e Rn then D(x + y) > (x) + D(y) . To

prove this statement, let ?(x) > 0 and 0(y) > 0 and let u = Max [!(x),'(y)]

Then, since Property P.10 implies that 4(x) is super-homogeneous,

/u -- x > u y>U
W i ) = ' T() -"y =u,

u fu

implying that the input vectors ((y)'y belou, to L(u) The convexity

of L(u) , i.e., property P.8, then implies that

) + y > U

Take - and use the super-homogeneity of *(x) to obtain
_(X) + + .y)

'(x) + :(y)u (x) +:(Y)(x + -. U

(x) + : (Y
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whlence ( + y) > 1(x) 4- t(y) .If e.-ther (D(x) or (D (y) or both are zero,

the same inequality holds.

In summary, the following proposition 1bolds:

Proposition_1: The production function (i) defined by (1) on the technology

T :L(u) u E [0,+-) has the following properties:

A.1 0'(0) 0

n
A.2 OWx is finite for bouaided x e R+

A..3 O,(x) > ?'(x) for x' x

A.4 If (a) x > 0 ,or (b) x > 0 and * (Tx) > 0 for some

A> 0 , 4(Xx) -*+~as X -~ +oo

nA.5 O(x) is upper semi-continuous in x 6 R

n

A.7 O(Ax) > X'(x) and (D(x) for x c R and X > 1

A-8 (x) takes con-stant values, with 1(y) < (x) for y < x

on bounded subsets of R

A.9 (x + y) > (x) + (y) for x ,: R

Note thaL the technology T and1 its related production function ' x) ar-e

exp ress ions of the unFconISt rained technologi cal a It e rnat ives . Restrictions on

the input vectors x are to be handled separately and not incorporated into

thie defini tion of Lhe product ion function I"(x )

One conseqcien 'te of Pro,,er tv, A. 9 is that the un"Cons tra ine'; rmin-ul:i cost of

y eld ing at lealst an' outpint rate u by conb inizig tv o operat ions o' a t,,hniol ogv

Isequni to or ie;, thaIn the SU:-. of the 'n'inin:A ot for the two sepaira:i oprotin
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to yield in at least the same output rate, since

{(x + y) I 4(x + y) > ul {(x+ Y) Ij()+ ()>U

and

Min {p.(x + y) 4(x + y) >u} < Min {p,(x + y) O(x) + 0(y ul
xly xly

If a production function O(x) is given, the level sets of this function

satisfy the following proposition.

Proposition 2: The level sets L ((u) x {I O(x) > u , x e R~n} , u F [0,+o)

for a nonnegative single valued real function 4 (x) defined on

n
R+with the Properties A.1, ... , A.9 possess the Properties

P.1, . .. , P.10, and the production function defined on the sets

L (u) is identical to (x)

A proof of Prop qition 2 is given in [11] and [12] for the Properties A.1, ... , A.6

and P.1, . . ., P.8, and th, extension to A.7, A.8, A.9 and P.9, P.10 is direct.

It is convenient at this point to introduce a definition of the production

isoquant for an output rate u , and to state two propositions concerning the

efticient subsets E(u) of the production isoquants.

Def'ii ion 4: Thc product ion isoquanlt for an output rate u C [0 ,+-) is the

bou~ndary of the set L(u) , excliding those points which are not

at minlinal ray distance freom thle origin.

It part- of hoi lhoundhiry of L (u) relative to Rn coincidies with tho boundary-

ofR hpiu~xo uh omnitfoi whichn ('-x) cL f for I

a3re rot izic-uded "n t: roo e iso -uant bcas, aroopcll, thov cno
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be efficient input vectors.

Two propositions hol! for the efficient subsets E(u)

* Proposition 3: E(u) is nonempty for all u E [0,+-~)

Proposition 4: L(u) = E(u) + R+, u e [O,+-)

The proofs of these two propositions are given in [11] and [12]. One cannot

conclude that E(u) is closed--see the counter example in [l]--and, although

L(u) = E(u) + R , it is sufficient for our purposes to work with the closure

E(u) of E(u)

ih UI\ B ~ .L;A li:n R is tile Set of! poirt- Of thn

A B
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4. LIMITATIONAL FACTORS OF PRODUCTION

lae general definition of a technology given in Section 2 permits substitutions

between the facLors of production to attain efficiently any given ouLput rate u

(i.e., the alternatives E(u)) ani it is not assumed that positive inputs of

any particular factor of production or combination of factors are required for

positive output, nor that a positive bound upon the inputs of a factor or combin-

ation of factors limits the output which may be realized under increasing applica-

tions of the other factors. In a word, we have been concerned with the unconstrained

alternatives of a technology.

For the investigation of a law of diminishing returns we must turn our

attention to the possible limitational character of the factors of production.

Let

D, = x x > 0 ,x E R n ,

n
D =x x > 0 r x = 0, x c R n

- i

Then

R + = {O U D U D2

The boundary points c R rela8tive to R e:'li I: g the !_11! input ye.. to:, i.e.,

D2 , are classified further by

,, ix x 2  , x = 0 for i 1,2 . 01
k1

_or'
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Definition 5: The combination (vl,v 2, . Vk  , 1 < k < n - 1 , is essential

and only if D2 (vI, ..., V) L(u) is py for all u > 0

or equivalently D(x) = 0 for all x E D2 (V, v.., Vk)

Two propositions clarify this definition of the essentiality of a combination

of the factors of production.

Proposition 5: If x E interior of D 2 (vI, ... v ) , i.e., x =0 for

i £ (1,2, ... , k} ind x > 0 for J { {1,2, k) , and
3

t(Ax) = 0 for A c [0,+-) , then D(y) = 0 for all

y E D2 (vl,V2 9 ... , vk ) and the combination (Vv 2' '... , vk ) is

essential.

Proposition 6: If x £ interior of D2 (vi,v2  ... , Vk ) and ¢(A'x) > 0 for

soute scalar A > 0 , then for all input vectors y E interior of

D2(, i t ... , IV k )  there exists a positive scalar X such that
Y

*(., y) > 0
Y

Propositions5 and 6 follow directly from Properties :%.3 ind A.4 of the

rr, .... t ,:. function : (x)

Thus, either a combinItion (,f t.,.,Tiset"r"'o ~ . , ) of the factors of .'roiuctK ..

is essenti'.l by (x) 0 for all x ,.or for a

y K inturior of D.)( v. )  there exists a positive scalar -"C1 11,1,

positive cutp iz ma be obtainci With the int, CX ") If a comina io:i
Y

- ) is ess . i. cle.ri a v C .:A"nt. -l t on
0

ZI 12 S 1 .a C - o cn

:,i~ : , 2t ' .4 !. i a '.-:<....,"-;, ,' ] b, '' r e o 'r ~ ~ /, ' 1 a d :. l

p, " t - : ; o : :i! h , ,,: ; t e ' s . .:"' :, t e, o a ' e s i :., : f i
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In fact, the Properties P.1, ..., P.10 used in Section 2 to define a technology

do not imply the existence of an essential combination (vv 2, ... Vk) for

1 < k < - 1)

Now suppos! for a combination (\i,2,..., Vk) of the factors of prc'-Lion

that a positive bound (x ,x , .. x 0 is imposed on the input of these

factors. How may this bound impose a limitatlion (if at all) upon che outputs which

may be obtained under unrestricted application of the other factors? Fcr the

investigation of this question twG definitions are introduced:

Definition 6: A combination (,),,v2 .. V., ) of the factors of p-orduction is

Weak Limitational. if there exists a positive bound x 0,x 0  x0

( .... ) 'Vk
such that '(x) is bounded 'or x > 0 and xx 3 .2 , x)

V . ... x Vk

Definition 7: A combination (,.,v ,..., ) of -he faczors of production is

Strong Linm'tational if, for all positive subvec.tors (X 0 " X

,'(x) is bouinded for x 0 and (xx ... x

/o o
X ,...,. X

Clearly, i: a c "inalicn i.... .s str ng i:m'cticnil ;t 5

weak . : it -,had su?: that a n.tic ( . is

not ossicn.iai it t n be iin'iit' I n C S e T - :e r n .z >;> iu,

t:~eeiV Vnhth0

7 1'.
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Property A.4 of the production function that, for any input vector y c interior

of D2 (vV 2 ..., Vk) ,(Xy) is unbounded for A c [0,+-) . Corisequently, due

to Property A.3, the combination (V1 ,V2 ) ... v k) is not weaN limitational,

and the following p :oposition holds:

Proposition 8: A combination (vl,v 2, ... , Vk ) of the factors of production

is limitational weak or strong) only if it is essential.

Next suppose that a combination (v1,v2 .... , vk ) is essential. Then

D(x) = 0 for all x E D2 (V1 ,V2, ... , k) . For any positive output rate u

L(u) E(u) + R n due to Proposition 4. Since E(u) is bounded (Property P.9)

and closed, there exists a hyperplane which strictly separates E(u) and the

closed set {x x E D2 (v.l ,vk) V x £ R[] of. Because all points

of L(u) may be expressed as (x + y) where x F E(u) and y > 0 , there exists

a strictly separating hyperplane

k

H: a x 0 > 0 , a, 0 for i k1,2, ... ,I k. i

for 1(u)a. x x ) ( . , x £ R. , i.e., if x L(u) then
k

ax " and if x x 'v, x i then

.X A :.Anv poin.
= .

x : -- -- , , --2,. .

'4 -..
.J

7 >e1 so-.A I I .*" ". K. '{ [ [",: [.
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belon. to the hyperplane H and hence there exists a bound o

__uX k)Ia

i- k a,a 2 , , ) such that P x) is bounded for x > 0 and
YaI

(x" ., )< (xo ... , xok , because L(v) C L(u) for v > u implying

D(x) tI Hence, the following proposition holds:

Prop :ion 9: A combirat.on (v 1 ,v 2 , ... , vk ) , < k < (n - 1) , is weak

limitatlonal if and only if the combination is essential.

ever, essentiality by itself does not imply that a combination (V, ..- Vk

is st ig limitational, a fact which is easily seen from the counter example of

Figur, . There, for u ranging over [0,+-) , the efficient subset E(u) = E(u)

is th., losed line segment PQ , where P = (O,u) and Q = (u,l - e . The

fami1  f sets so generated clearly satisfies Properties P.1, ..., P.9 for a

techr ,gy, and it remains to show only that Property P.10 holds. For this

pur!o we need only consider the efficient subset E(u) , the points of which

are n by:

x I = O'u

0 C [0,1]

x=( - e ) + (1 - O)u

In that (11x) L(\uu for x E(u) and , i , it is -;ufficienL to

t

A,(i - e(LI -t - 6)u =(i - c ) + (1 - OALu

Ar if
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x 2

uP

Q(u,l U)

QUO. -1

1

FIGURE 1: COUMER EXAMPLE: E(u) =PQ

L(u) =E(u) + fx jx > 01
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F(X) =X(I- e-u)  (1- e-X > 0 Au i

for all u > 0 and X > I Clearly, F(X) = 0 for u 0 , X > 1 Hence,

take u > 0 and compute

-u -AU
F'(X) I - e -u ue X

F"(A) u e

Since F"(X) > 0 for u > 0 and X > 1 , F(A) is strictly convex in X for

arbitrary u > 0 Now, F(l) = 0 and

1 + u
F'(1) = 1 - -U> 0u

e

for arbitrary u > 0 . Hence, F(X) > 0 for A > 1 and u > 0

Similarly, in order that x e X L(u) for x e E( ) and A > 1, it 4s

sufficient to show that

G(X) = AI - e - (1 - eU) > 0

for all u > 0 and A > 1. Since G(A) =0 for u =0 and X > 1, take

u > 0 arbitrarily -nd

G'(X) =1- e >

A
e

for all A > 1 . Since G(l) 0 for u > 0 and G(A) is strictly increasing

in A for , > 1 and u > 0 , it follows that G(&,) > 0 for- all I 1 and

u > 0.
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Hence, the example ef Figure I satisfies a21 the properties required of

a technology. In this example, the factor of prolduction with input denoted by

x is not essential, while the factor with input x2 is essential because any

inpu- vector of the form (x,20) does rot belong to any input set L(u) for

0
* >0 and 4(xlO) = 0 for all x,>= 0 For any positive bound x2 such that

0 < 1 , $(x) is bounded for x > 0 and 0 < < x2 , while 4)(x) isX 2 =

unbounded for x 2 > , x1 > 0 and 0 < x2  x2 . Thus, we have a countcr example

against the essentiolity of a combination (viv 2, ..., Iv.) Implying that the

combination is strong iimitacional.

Recall, however, that. if the combination (vltv, ... , v) , 1 < k < (n - 1)

is essential it has been shown for arbitrary u > 0 that there exists a separating

hyperplane

k
i a x = a , 1 > 0 , a. > 0 for i. E {1,2, ... , k}i=l i 

where in general a may depend upon the output rate u Let

S(u) = Su i aix x V L(u)}

and consider an increasing sequence of output rates {u - +n If the corresponding

sequenico IS(u ) i~s unboOded, (x) is boundc2 for aiuy positive bound
n

... x, on an essential combination of the factors of production.
Vl Vk

Contrariwise, if the sequence S (u ) is bounded, it converges to a limit Sn 0

and the hyp-rplanc

k

a x S, a. ' 0 for I ii,?.... k
a1 1 1

iL
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intersects all P-oL ,Lion sets L(u) , u c [0,+-) , whence, for any bound

a
x < x0 A i E {1,2, ... , k}v, = v i  k 2 0

with A > S , x > 0 for j V {1,2, ... , k) , (x) is unbounded and the
0 v

combination (vl,v,2, ..., vk ) is not strong limitational. Thus, the following

proosiLion holds:

Proposition 10: A combination ( 1 ,v2 ..... vk) is strong limitational if and

only if the combination is essential and

lim Sup up a.x, x : = +-n-l IS- -'

for ai > 0 , i E {1,2, ... , k} and { -a.

If the second conditioo. of Proposition 10 does not hold, it is implied, for some

bounded positive inputs for an essential combination of the f.ictors of production,

that output is unbounded for unrestricted nput s of Lhe other factors.
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5. THE PRODUCTION STRUCTURE OF A TECHNOLOGY WITH PARTIALLY BOUNDED INPUTS

The considerations of the previous section lead one to consider the production

possibility sets of a technology when the inputs of some (but not all) of the

factors of production are limited by some positive bounds.

Let (v,v 2, ... , V ) , 1 < k < (n - 1) , be a combination of the factors of

production and suppose that the input, of the factors of this combination are

bounded by

0 < x i V 0 >  0 {1,2, ... k)

Let

\Vl 2
= (x ,, .. XV

Yk ( V k+l x'k+2' - xn)

denote subvectors of the input vector x , and take x (xklyk) since the order

is not important. Define

= {(xk'vk) 'o k1

I.°(u) - L(u) 1) , u [0,+ )

The sets L° (u are the Preduction possibili v sets for the limited oper,1tion of

the t, h W n 0 xk X
k K 0

It is rather straightforw-rd to verify rhat the sets 1 0 (u) , u +

s 1tiSF v .sl .c,1(es oC thO Properties P.4, P.8 for the production sets of 'n

u1:: s t oi, 'd tshn : ,, ,,' with P..1 ,-an.: P 12 cpl c d b,
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P.1° I° (0) = D°

P.2°  If - ED X' E , X, > x and x E L°(u) , then x' e L (u)

Regarding Property P.3, suppose first that the combination (vl,v 2, ... , vk )

is nonessential. Then Propositions 5 atU 6 imply that if Yk > 0 there exists a

scalar Au for'any u > 0 such that (O,Au.yk) > 0 Then by Properties A.1,Uo

A.3 and A.9, it follows, for any xk for which 0 <xk< x k , that

D(xksu.Yk) = ((xk, 0) + (0,OAuYk))

> W¢(0 uY ) > u,

or for any Yk > 0 there exists E scalar A (depending also perhaps on yk)u

such that (xkAu.yk ) F L
0 (u) . Thus, the following property holds:

P.30 (a) If the combination (, 1,V2 9 ... , vk) is nonessential:

(I) L°(u) is nonempty for all u E [0,+-)
(ii) For (x0,) D and yk > 0 , the ray {(xAyk) 0}

emanqting from the point (Xk 0) intersects all sett, L0 (u)

for u c [0,+-,) .

Assume now that the combination (,,v 2 , * k) is qsent ia I, Two

si tuations arise. Eit' r the combination is weak imitat onal or it is strong

limitation:l. If it i s strong Iimliiational, ,(x1,. is bounded for

(X V ) D°  and not all sets L (u) are nonemptv. If it is weak liitational,

it may happen that ,(xk yk) is unbounded for (xkY k ) c . Then for vk v 0,
k0

X as \ -+- , and for any u 0 there exists a scaala such

ta (x, ,) 1.0 (,) anltest 1,0 (U) are 1uone Iptv fr u [,

}iv ,', >r p t v 3., take:; tht sIlow c g SccoSd form %,'hen the co'l b nat ion
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P.3 (b) If the combination (vl,V 2, ... , vk ) is weak limitational and

4 (xk,yk) is unbounded for (xk,Yk) e D

(i) L0 (u) is ronemoty for all u e [0,+-)

(ii) For Yk 0 , the ray x ) f > 0 emanating from the

00

po-int (X k,O0) Intersects all sets L°(u) for U E [0,4<0),

It remains to consider Properties P.9 and P.10. The efficient subset E (u)

of a nonempty limited production possibility set L (u) is defined by

(u) (k,) (xyk) k (u) , ('y') (u) if (\xkY k ) < (xky k )

An efficient subset E0 (u) is nonempty if L°(u) is nonempty (see -il], Section 4,

cr [12], Section 2.8, for proof) and t0(u) C E(u) . Thus, Property P.9 holds for

the limited production sets L0 (u)

It is easy to verify that Property P.10 does not hold for the sets L (u)

However, a useful niedification does hold. Consider the situation where the bound

xk  0 and the combination (vl, ... k) is nonessential. The resulting sets

L (u) , L ' [0,+-) , are nonempty (see Property P.3 (a)) and they represent a

technology wi[ the factors (v , .2, . ., v k )  omitte , i.e., one with nore limited

alternatives but ne-ertheless a technology. Consequently, for these sets, if

(0, L(1I then (0 - (0v.) I (\u) for " . Now retarn to tie

00
case w,ere x, "0 and snpp: - . v X - L (u) and N 0 For a

sufficientlyv large nv's-i: jut en e Y i.e., ' v such that (0,-. ) 1. (L)

Note that e'cu!tla] wek I imitetinal c synonyrens isee i'roposi Len 9), net
ncc, at ilvl'flIlying thC thl :hin'i L i en1 i- . treilg i:itatiena N

Nt thn cech: !na, 
', ien , ,...,., ' x :> A 1>'ll :.enesetaNC i, , i,..

S, . , ). i' eN :e. .ii j 1k+1 , n , then jx, Kv, I
17\ I t

t U
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(Xks Ouy k  E L°(u) implies for A > 1 that (xk,Xeu.Y) e L (Xu) , because

(O,XOuYk) t L.,u) and (xk,XeYk) L 0 (Au) due to Property P.20 . Thus, the

following property holds for the sets L (u)

P.10 (a) If (v1 , ..., vk ) is nonessential and yk > 0 , or the combination

(Vlv 2, ..., vk) is maximally nonessential, then, for a

sufficiently large magnification eu*yk- such that (Oeu.yk) c L(u)

(x Ou.y) c L0 (u) implies (xk A6u.Y) E L0 (Xu) for A > I

Turn now to the situation where the combination (v1 ,v2, ..., vk) is

essential. Two situations arise. If the combination is streag limitational, then

for any bound xk > 0 , (xk,Yk) is bounded for 0 <x Xk and y 0

Denote this bound by

Ux k = Sup '  Yk 0 , . > 0}

If L° (u) is nonenptv, (xk~y k ) c L°(u) and N , it follows t.hat
u

11 the cotinjtien , i!4 only we k limitlio l , h1 < exist.. . a

~c Such t>"I IN~ vk tor i01k:: , (X.) ' L!~

0
. k )) t-Irs0 n" vun>: z uo u\kk. .- i : , ix , k . u sui. ; , :Pt Al, ," kt n -hx ,. .

But il 0,

F. 
A 

-C

Butin t'i< ~ 'te o sf u p u i.Pc: .,' ::.o~ r'ixk vU a.,, su'o.'dd

0

0 .t xk o'x , y, . a1d'', :~<' c t -a d wi h u s u o i.n n t " f p
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Proposition. 1i: If a subvector ( x V,Xv2 ...' xVj) X X k of a technology

T L(u) is constrained to 0< Xk < xk , x > 0 , with

Yk X.v k+I ' ."'' x) > 0 , the production sets

L (u) = L(u) l Do , D= (xky I xk <xk , Yk > 0 , satisfy

(let x = (xk,yl))

Po0 L°(O) = D0

000 ,0

P.2 °  If x D° ,x' E D , x > x and x E L (u)

x' E L0 (u)

P.3°(a) If the combination (vlv .2' V k )  is nonessential:

(i) L0 (u) is nonempty for all u c [0,+ -)

(ii) For (xk,yk) c and Yk > 0 , the ray

{(xk, ! .X > 01 emanating from the point
k' k 

0(xk,0) int, asects all sets L (u) for

[0,+- )

(b) If the ckr::in, tion ( " ) is weak

limi~itienai and .i(xk,Yk) is unbounded for

(xk'y k - :

(i) L (u) is none: ptv for all u t- [0,+ , )

(ii For vk 0 , t ray N = 0

eat r f:-,: t m, p t ." ,O i:'Ler-se~ts iii

SK

P.4a I , lu

P- . ('- ) - i . V.' ' ':
LI' -~

0-
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P.70  L0 (u) i. closed for all u E [0,+-)

P.80  L0 (u) is convex for all u £ [0,+-)

P.90  E (u) is bounded for all u E [0,+-)

P.100 (a) If (vis .. , k ) is nonessential and yk > 0 , or the

combination (vl,v 2 , ... INk
)  is maximally nonessential,

then for a sufficiently large magnification 8u. Yk such

that (Oeu. Yk) c L(u) (Xk, OuY k ) c L°(u) implies
• 0

(XkX6u y) E L (Nu) for X > I

(b) If the combination (v1 , 2' .... )  is only weak

limitational: then xk > 0

Sup k(XkYk) 1 Yk > 0 , X > 01 = u(xk) is finite,

ux kI), uL0 ~
ku) is noocjpty, (xkYk) F L (u) and \

imply kyk ) < k' ,- k,  ( k Yk)

(c) If the combinalion (vv2, ..., ) is strong

limitationul: then foi any subv" 7t r x 0

Sup X vk yk 0 , = 0} = u(x is finite,

an" L u(xk )
and L°(uN ncne .-ptv, kx v,) (u

imi ,(x, , \ (X,v ..
N -K
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6. LAWS OF DIMINISHING RETURN~S

The properties assumed for the production possibility sets L(u) of a

technology only macroscopically characterize the p-od'iction structure. Nothing

has been assumed about the fine structure.

Postulate for Essential Factors: There exists at least one essential combination

of the factcrs of production for a technology,

exclusive of (v)V 29 ... 9 v n)

If all combinations of k factors are nonesseintial for 1 k < n - 1 , unbounded

output can be obtained for all bounds on the inputs of any of these combinations

and diminishing returns is not implied in any sense unless assumptions are madc on

the fine structure which are contrived to obt!4in ae result.

Definition: An essential combination 1  . .. V k ) is minimal if the

comb inat ions obtained by deleting any, one of the factors

x 2 i E (1,2, . .. , 0 , are nonessential.

Let h, Ih ,h . ,h" 0 denote a positive incremeont for the voc'-r

0- CVl I:2 Nni:-

k < k _(n -1) relate! te ai ,Ja.;Mal esscnticil e.ilto'

~~ . , , ) of th.£cc f r utc, hr :issr.1x
0

0t~cun )~sc ~t\ is !bouit'Ae c 9 V,
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either (a) for every input vector (X , 0 < < such that

(xkYk) > 0 , there exists a subvector A such that

"x'k+ Yk - (xk'yk) < ~'k'y'k + hk) - (xk'yk)fr

every Yk > and hk such that (xkYk + hk) >

or (b) O(xk,yk) 0 for all Yk > 0 for every input vector xk

such that ¢(x,yk) is bounded for 0

'h "or part" of this weak law is required, because, although the essentiality

of the mbinations (vv 2, .,. 2 - , k 0< k < kn - 1) implies the existence

0 0 O
of a po tive bound xk such that (xk,y) Is bounded for 0 xk< k ' k= 0

this bo, d may be zero. See the example of Figure 2. The family of production

input s- s L(u) illustrated -rtisfies the Properties P.1, ..., P.10, If

0 0o < X I , 6(Xl ,x,) = 0 for all 0 < X2 < x2 , > 0 and I(xl,x 2 ) is

bounded )r x, > 0 only if 0 < x. <1.

Fo he "either part," the weak law of diminishing product increments has

the fo:i 'ch ci h ngor [6] refers to as an 'assertion intersecting" a "proposition of

dimiri~i>::g product increments," the latter implying that the production function

is. a tiy concave function of yk for the given xk provided Yk is

s,,ffici, ly large (i.e., Yk > " hile the "Antersecting assertion" implies

merely t ti Yk > Yk the product increment associated with hk > 0 is smaller

when .'F d to Vk than when applied to y Note that yk depends genErally

upon X' Yk and hk

A )erty of strict concavity (in yk ) of he function (rkYk) for

Yk inmnot be deduced from the properties used to define a technol-.gy. It is

an i'.'er mpiifietd statement of diminishing returns. The weak law cf diminishing

r, Ju CL remen s is not 'n empty statemoet, since at lea-.t one esser'tial

C.>! )., 1 I of 1-ctors i., postulited for a technology.
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P (Q, 1+u)

u=3

2 u=2

(14) Q(u, 1)

0 * X

FIGURE 2: A FAMILY OF PRODUCTION INPUT

SETS: E(u) =PQ , P = (Oi + ~),Q =(u,1)

FOR u > 0 L(0) =
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The existence of the bound such that Is bounded for

xk suh ha (xkyk)

0 < yk> 3 follows from Proposition 9. For the proof of statement (a),

let *( ,yk) be bounded for 0 and 4(Xk,Yk) > 0 for some > 0 . Let

hk be a positive increment hk such that (xk,yk + hk) > O(xkyk) . Let

(i) < Y(i) + k (2) <(2) + k< <(n) <(n) +h

.k Yk Y ~kY "' Yk <k +'"

be a strictly increa.ing infinita sequence of subvectors. Since the corresponding

infinite sequence

(n (n)(  ( (i) + hk)<~ ~ ( (n))< ¢(xyn + hk) <
'DXk'y  = l) D( 'yk + h =<) ... < I IY =kk ="'

is nondecreasing (Property A.3) and bounded, it converges to a limit. Accordingly

this sequence of output rates is a Cauchy sequence (81, and there exists for any

positive c an integer N(E) such that for n > N(E) , I y(n) + hk)

( < Hence, there is a subvector Yk depending upon the difference

d = (xk,yk + hk) - I(xkyk) , such that for Yk > Yk

(xk~yk + hk) - (xkyk) < (xky k - hk) - (Dxk,Yk)

Statement (b) is merely a staterent of the possibility illustrated in

Figure 2. There, for any product increment hk > 0 the product differences are

all equal to zero.

Weak Law of Diminishin Average Product: If the combinacion (vl,V2 , ... , vk) is

weak limitational there exists a bound xk 0 such that (xkyk) is

0
bounded for 0< xk < .'y > 0 - Then for every Xk such that

00 < x Xk , sup { (xk,Ayk) Yk > o , = 01= u(xk) is finite and,
X u(xk)

if u > 0 , L (u) is nonempty, (xk,Yk) c 10 (u) and X > - ,- then

(xk'Xyk) < A D(xk,y k )
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This law is merely a restatement of Property P.100 (b) for the production

possibility sets L°(u) of a limited technology. It has the form described by

Menger [5] as an "assertion intersecting" a "proposition of diminishing average

product," the latter implying that beyond some input , i.e,, for Yk >

the average return 1(xk'Xyk)/X is strictly decreasing, while the "intersecting

assertion" implies merely that for any y > 0 there exists a value u(xk) such
UU k )

that for X > the av zage return is less than the positive output associated
u

0
with (xkyk) , when xk does not exceed the bound xk . The existence of the

bound xk follows from Proposition 9. Strictly decreasing average returns for

-kAY k > Ykis a property of the fine structure of the technology and cannot be deduced

without assumptions contrived to obtain this result.

Strong Law of Diminishing Product Increments: For every combination

(ViV 2, ..., vk ) , k < k < (n - 1) related to a minimal essential

combination 2.. 2 ' V k of the factors of production which is

0

strong limitational,

I(x k'Yk + hk) - (xkYk) < (xkY k + hk) - (xkYk

if (>0, 'k + h) > (k> y nere

depends upon xk ' Yk and hk

In this strong lai no restriction is put upon the vector xk othei than

$(xk,yk) > 0 , i.e., it is not bounded, because for any fixed input xk > 0 the

output (xkyk) is bounded for Yk 1 0 , and the proof follows exactly that

given for the corresponding weak law. The statement (b) is omitted because due

to Property A.4 and the property of strong limitational there exists a vector

(xk,'yk ) such that (xk,yk) > U and !(xyk) 1 0 for yk > 0
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StronK Law of Diminishing Average Product: If the combination (V 2, ... , vk)

is strong limitational, then, for ¢ery x, > 0 , Sup {O(xk'yk) IYk > 0 ,

A > 0} - u(xk) is finite and, if u > 0 , L (u) is nonempty,

to  U( Xk)

(xk Yk )  Cu) and A > u Then D(xk,. ,yk) < XD(Xk,: k )

For this strong law, no restriction is put on xk because O(xkyk) is

bounded for y > 0 and xk fixed, since the combination is strong limitational.

The foregoing laws are precise laws of diminishing returns for any technology

T : L(u) , u : [0,+-) , and provable for such structures without assumptions on the

fine structure of T Nothing is said about any particular physical production

system. It is presumed, however, that the ideal structure T describes

macroscopically all actual production systems. Only in this sense does a law of

diminishing returns have meaning. If an actual physical production system can

be found which violates the laws, excepting situations where the output u for

an input vector x does not correspond to D(x) = Max {u I x E L(u)} , i.e.,

inefficient systems, then the properties defining the technology 1 must be

modified in some way to encompass this critical observation and new forms of the

laws sought which are not contradicted.
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7. THE COBB-DOUGLAS AND CES PRODUCTION FUNCTIONS AND RESTRICTED LAWS OF

DIMINISHING RETURNS

It is useful to look at some functions which are commonly used in econometric

studies, i.e., the Cobb-Douglas and CES functions. The Cobb-Douglas function [4]

may be represented by

n (

0 I
n

with a. > >0 (i 1, ... , n) and a, . The quantities x 0 are

some positive inputs at a reference point of th :set Rn , taken to give an

expression which is independent of the diverse physical units of the factors of

production. This function does not satisfy Property P.9 for the implied input

sets L(u) (or Property A.8), and hence it is not a valid production function

over the entire domain R. of the input vectors x . It has the further

restrictive property that each factor of production is essential, that is, no

factor may be completely substituted for another.

Similarly, the CES f ction [2] fails to be a valid production function

over the entire domain R n of the input vectors foi significant parameter values.

This function, presented for two aggregate factors of production (capital and

labor) by the expression

1

(x) = [ 1 x I a 2 x 2

with aI > 0 , a2 > 0 , -l , 1 , is offered as a "new class of production

functions," but the efficient subsets of the implied production possibility sets

art not bounded (i.e., P.9 fails to hold) whun '- 0 , the case described by the

authors as the most interesting case, because then diminishing returns holds. Also,
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when the expression is written for n factors of production and 8 > 0 ,it

has the restrictive property that each factor of production is essential.

For both functions, output is unbounded (when diminishing returns holds)

if a positive bound is put on any factor of production and the others are allowed

LO indefinitely increase, that is the factors are individually essential but not

even weak limitationall

From three premises concerning the production function: (a) increase in

outpu, for an appropriate increase of an input xi , (b) positive hor.ageneity of

degree one, and (c) homogeneity in (n - 1) factors for fixed input of the

remaining factor, all of which are satisfied by the Cobb-Douglas function

(but not boundedness of the efficient zub6etS), Eichhorn [5] has deduced that

the production function satisfies an over the whole range strictly decreasing

product increments.

For the class of production structures which (in addition to P.1, ..., P.10)

are positively homogeneous of degree one, the following proposition holds.

Proposition 2: If the technology satisfies L(Xu) =L(u) for all X > 0

the production function 4(x) is positively homogeneous of
Rn

degree one and a concave and continuous function of x on +

For X > 0

( x) = Max fu (Xx) : L(u) , u > 01

-Max {u x E L( ), u 40
= X Max x E L(~ X

- X (x
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From the homogeneity of D(x) it follows that the production function is a

n
concave and continuous function of x for all x c R+ . See [11], p. 226 or i121,

Section 2.6 for a proof of this statement.

Thus, a restricted law of nonincreasing product increments holds:

Restricted Law of Nonincreasing Returns: If the production structure is positively

homogeneous of degree one, then for any input vector x such that

O(x ° ) > 0 and arbitrary increment h - (h1,h2 .... , hn) subject to

h - 0 for I c {1,2, ..., k} and h > 0 for j [ {1,2, ... , k}

1 < k < (n - 1) , such that I(x + (N l)h) - (x + (N - 2)h) > 0

for N > 2 , then

0 0

$V.x 0+ N'h) - O(x° + (N- l)-h) < $(x° + (N - l)'h) - (x° + (N- 2)'h)

for all integers N > 2

- 0

For any 0 c [0,11 , consider x = x + (N - 2)h , N > 2, and

O*x + (1 - O)(x + 2h) = x + 2(1 - O)h

Then, from the concavity of 4(x)

$(D'x + (I - C)(x + 2h) > 61(x) + (1 - 0)'(x + 2h)

and for = ,

2 )(x + h) > '(x) + x(x + 2h)

whence

(x + 2h) - .(x+ h) < I(x + h) - (x)
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and

4 (x + N'h) - D(x0 + (N- l)h) < ?(x° + (N- )h) - 4(x + (N 2)h)

for all N > 2

Further, if the Property P.9 for the input sets L(u) is deleted for u > 0

and the sets L(u) are assumed to be strictly convex for u > 0 (which is the

case for the Cobb-Douglas and CES functions), the following restricted law for

strictly decreasing returns holds:

Restricted Law of Decreasing Returns: If the production structure is positively

homogeneous of degree one, Property P.9 is deleted for u > 0 and the

input sets L(u) are strictly convex for u > 0 , then for any input
0

vector x such that (x ° ) > 0 and arbitrary increment

h = (hl,h 2 ..... h ) with h = 0 for i c (1,2, ..., k} and h > 0

for j V {1,2, ... , k} , for 1 < k < (n - 1) , such that

b(x ° + (N - l)h) - (x 0 + (N - 2)h) > 0 for N 2 , then

i(x ° + Nh) - '(x° + (N - 1)h) ,(x ± (N - 1)h 1 (x 0+ (N -2)1

for N 2

The strict convexity of the input s ts ir plies that if ,.(x) 0 , *(y) ' 0

then (x + y) : .(x) 4- '(y) , i.e. , for input vectors x and y yildi n, po_, itivc

output the productiton function is strictly super additive. To see this, note that

ior any u > 0

U
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due to the homogeneity of H() Hence, thi: input vectors

u u
X) ' X (

belong to the boundary of T (u) because if not, say for the first, then

u 4e - cx c Boundary of L(u)

for < 1 and 6Ou > u for 0 < I , a contradiction. Consequently,

for any 0 E (0,1

- 0) + '0'y )Y) u

since the set L(u) is strictly convex and z = [( - ) .-x)X + G -yy is

an interior point of L(u) , implying ,(z) > u , since i- t(z) = u then for

soMe < 1 , u < , )= ,(z) Ou a contrad'ction. Take

+(x) + ,(y)

and :(:. + V) x) + (y)

The validity of the rcstic tcd Li _-7 Jecreas ing returns then foilow, be:ts,

usin ,7 the i, e" t' ' strict ad t iv t\ anI i 1J , !, - .

± :>)

+'•

4 X X)

L:
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whence

(P(x +2h) '?(x +h) ~(X +h) -~x

- 0
or, since X x + (N - 2)h

(o+ N-h) - x0+ (N -l)h) I (x0  (N - 1)h) - (x0 + (N -2)h)

for N >. 2

Note that for any x and y such that P(x) > 0 and 4)(y) > 0 , and

e E: (0.1) , the rnrod-wction function is strictly concave, since it is strictly

super additive and homogeneous.

Thus, it is secn that, if boundedness of the efficient subsets E(u) for

ii > 0 is discarded and one assumes that the technology is positively homogeneous

of degree one with strictl~y convex input sets L(u) for u > 0 , the technology

will obey a iaw of strictly decreasing product increments over the whole range,

no matter which inpUts are fixed and which are incremented, explaining Eichhorn-s

result and the propertics of pseudo production functions like tile Cobb-Douglas

in" CES.

The reasons whIy bound !ednoss ol the efficient subsets F(u) is deleted an'

each "actor of produc ticin is ssntal when the prdc nposs i bill ty sets L.(u)

-~~~~~~ ~ ~ T9 e b." Li' ol-:n ,,oit ion.

Prrc 'on13: A nrdc o osi tsct L "u) is stityconvex for

C'0 if and cPIeahfco f rdut) o iS ese11a

and the Ef cen .stE(u) is unibounlded.
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boundary of L(u) and likewise all input vectors (O,Ax2, ..., IXxn ) for ' > 1

belong to the boundary of L(u) , implying that L(u) is not strictly convex.

If E(u) is bounded, then for any factor of production, say the f-rsL,

Min (x, Y E: L(u)} Min Ix, x E: (i(u + n)

-Min {xl x E i(u)l

exists, where E(u) is the closure of E(u) , since E(u) s a bounded and

closed set. Let x yield this Min. Then x E Boundary L(u) , since

E(u) C L(u) because L(u) is a closed set anr there does not exist any c > 0

such that {x Ix  x * H < E} c L(u) because x / L(u) if x1 < x and

all input vectors (Xx1 2. ., for ), > i belong to the boundary of

L(u) , implying tha' L(u, is not strictly convex.

Now suppose that L(u) is strictly convex. Then clearly, each factor of

production is essential. Also, if

n
p.x. p , = (. , Pn) 0 , a 0

is a sui~;~ting hyp:-ulane L Ku) , it Lcntcts the set L(u) at a unique

;int x (P) . (u) For a1  P P-

.... t x x ,-)' x K - irn" rx x t '
tx -x

o X

2L oDJ ic 2 o:. .. : .. .' .I1 0 1,:ts 1 r o

- t . . . .. V
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Eif ihorn's [5] assumptions reduce to:

( , ! - A > 0 X

(b, (IXl, ... , Xx ,x.,x .. . x t (x) I ! 1 i-' " n

i e {1,2, ... , n} , n > 0 , 0 r, < 1

n
For 0 e i {1,2, ... , n} and x E R+

Sx1  )... I xi -l,--X i+ 1  . xn

r1
i-

and, f,: -- +c , it follows that

,(x1  .. , xi '0 xi+ , . . n  0 , i c {,2 . , n)
1-' +11" xn

since [1. production function is a continuous, concave function for x £ RC when

it is Kc )geneou of degree one. Thus, each factor of production is implied to be

'es',enEi Moreover, for x > 0

, . .. , x x 1
n (x 1

2 n) ,1 , •, 3 x) lnr2  .(l,x 2, .... x
2 (x 2 )

1-rI l-r)

(xI) (x2,)
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and, continuing in this fashion, one obtains

1
Ir,( -i )

jue to Property (a) it follows that:

07 i , < i < I E n}

where =(iI, ..0, 1) and v= (1 - r Thus, his assumptions imply

that the production function is a Cobb-Douglas production function with strictly

convex level sets (production possibility sets), which is a special case of a

positively homogeneous technology (degree one) with strictly convex production

possibility sets, just as is the CES production function, both of which violate

an essential property of a zechnology, i.e., boundedness of th2 efficient subset

for any positive output rate. The proposition described above as the restricted

law of diminishing returns encompasses all cases of this kind.
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TyqgraRhical Errata:

1) Pg. 35, line 4: replace period by com.ma and cilange T in Then to lover case.

2) Pg. 43, line 3: insert X as multiplier for x ... , n  in the

arguments of 0

3) Pg. 23, Tlast line; il L (u)

0<u<uo

Footnote Insertion; For Property P.10 ±rg. 6

!his property is not required for the arguments to follow.

6orrection: Pg. 25, lines 5 and 6 should read.

Then by Property A.3 it follows,


