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SUMMARY

\

Like the free propeller in axial flight:Jg single-rotation ducted
fen of highest induced efficiency is characterized by an ultimate wake
vortex system shed from the blade trailing edges whose apparent motion
is that of rigid helical surfaces. In addition and concentric with this
inner sheet system there is a cylindrical surface of helical vortex
filaments shed from the duct trailing edge. For zerc hub diameter and
neglecting compressibi.ity, viscosity, and tip clearance, & consistent
matiematical model of the constant-diameter vortex wake is developed
and the compatibility relationships to be satisfied are presented.

Using the Biot-Savart equation, the vortex strength distribution in

the ultimate wake is determined and then related to the blade bound
vortex strength distribution. In addition, expressions are developed
for the thrust, power, and induced efficiency which depend on numerical
integrations of velocity profiles in the ultimete wake. “It is shown
that the wake vorticity and the velocity distribution in the weke, for
all loadings from the lightly loaded limit to the heavily loaded static
thrust condition may be extracted from the lightly loaded result through
the use of a simple algebraic scale factor. The performance parameters,
thrust, power and blade bound vortex strength, are thus expressed in
terms of a lightly loaded solution for a given freestream velocity,
blade tip speed, blade rumber and the loading parameter. The lightly

loaded case is compared to existing theoretical and experimental
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results. Some sample results for heavily ..oaded performance parameters
and design parameters are presented and compared to the exact results
for a heavily loaded ducted fan with an infinite number of blades.
Results for the heavily loaded system over a broad range of ccnditicns

are presented. '

ey

g ey P ARG STARTAEEG A




(3 ¥ ~
<L R e g -

CHAPTER I

INTRODUCTTION

o 2o

In recent years there has been an increeasing interest in low :
speed thrust and high-lift devices for application to aircraft with
short or vertical take-off and landing characteristics. One of the 3

devices under consideration for this role is the ducted fan or shrouded ?

propeller. Analytical and experimental work in this field have been
summarized in an excellent review of the state of the art through 1963
by Sacks and Burnelll. As pointed out in the review, there have existed
for some time adequate means of sizing and designing a duct for a given

choice of fan blade design but there has been no method available for

optimizing the blade design for the finite bladed system which operates

B P S e Ty e

at any but the lightest loadings. PFor the lightly loaded csse the

l+,5.

problem has been solved by Tachmindjiz, Theodorsen3, and Gray In

PR A s Loy

7
more recent years Mbrgan6, Ordway, Sluyter, and Sonnerup’, Chaplina,

Am

and others have published papers in the field of ducted fans, still

e

J

with primary emphasis on the shroud design. It is the purpose of this
research to provide the information needed to size and design the
optimum heavily loaded ducted fan.

The rasis for this work stems from the classical analysis of

the free propeller. It has been shown by Betzg thet an isolated

€% Vraemt

propeller having the highest possible induced efficiency, that is,

B T

an optimum free propeller, will generate an ultimate wake vortex
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system which moves through the fluid medium as if the vortex sheets
of the wake formed a rigid helicel structure of constant pitch.
Application of this constraint to the motion of the sheets provides
a straightforward means of determining the radial distribution of shed
vortex sheet strength distribution. This determination has been carried
out by Goldsteinlo and Theodorsenll.

It has been shown by Gra.y,+ that, for the ducted fan having the

highest possible induced efficiency, the same arguments and

bl

considerations are valid concerning the geometry and motion of those
vortex sheets which are shed from the blade trailing edges. These
arguments are reproducad in Appendix I for completeness.

{ ’ In addition to this constraint, the system must satisfy the
Kutta condition at the duct trailing edge; that is, the flow at the
trailing edge must be tangent to the duct mean camber surface. As &
consequance of this condition a sheet of vorticity must be shed from
the trailing edge furming a boundary sheet enclosing the screw-like

: sheets shed from the blade trailing edges. It is the determination of
the geometry, mccion, and strength distribution of this boundary sheet
and its mutual interaction with the inner sheets which constitute the
development of the ultimate wake vortex model for the ducted fan.

When the geometry and motion of the vortex sheets of the ultimate
wake have been defined, & straightforward application of the Biot-Savart
equaticn determines the strength distribution of the vortex sheets.

The blade bound circulation or vortex strength distribution is then

obtained by integration of the inner helical sheet strength. This

]
)
{o

3
o
'.—l

} bound circulation is the basic information from which th

[T

o St Ao e




can be designed using any of the methods available in the literature
(e.g. Theodorsenll). In addition., the vortex sheet strength distribu-
tions enable a detailed calculation of the flow in the wake from which
the thrust and induced power may be calculated.

In the development and analysis which follows the effects of
hub diameter, blade tip clearance, compressibility and viscosity are
negle¢ted. The results will therefore give an upper limit on the per-
formance of single-rotation fans without stator vanes for comparison

with other design methods.
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CHAPTER II
DEVELOPMENT OF THE WAKE VORTEX MODEL

Earlier analyses by Gray (see Appendix I) have shown that the
optimum condition is obtained for the ducted fan when the helical
vortex sheets shed from the blades appear to move as rigid screw
surfaces in the ultimate wake. The principle difference between the
arguments used by Gray and those for the free propeller is that the
induced velocity in the wake, at the surface of a helical vortex sheet,
need not be normal to the sheet surface. Beyond the need for satisfying
the Kutta condition at the duct trailing edge no other information is
obtained and additional relationships must be developed in order to
assure a compatible vortex model.

Further information may be obtained through consideration of
the flow associated with the vortex systems. A blade trailing vortex
sheet has large radial velocity components associated with it and, with
respect to a coordinate system fixed in the duct, this flow is periodic.
Consequently, if the duct mean camber surface is to correspond to a
streamline, a distribution of vorticity must be placed along this surface
to cancel all normal velocity components. Part of this distribution
must be periodic in nature and must also be & function of the mumber of
blades in the fan and must rotate with the blades. A portion of this
periodic distribution is considered to be a continuation oi each blade

bound vortex which passes directly from the blade tip onto the duct

4:.:,4.,,7,,%%

e e g gt




contour where it spreads out over the duct mean camber surface. Then,

in accordance with the Helmholtz theorems, it moves aft along the mean
camber surface and is shed at the duct trailing edge as free vortex
filaments of varying geometry and density wrapped on & cylindrical

surface. While these filaments are within the duct contour it is 5

assumed that they make all of the necessary adjustments in phase

relationship and density with the blade trailing vortex system so

that the motion of this wake boundary system is along the tangent to
the mean camber surface at the trailing edge of the duct as shown in

Fig. 1. In eddition to the blade bound vortex contimuation, & portion

o SRR LY PR R

of the duct treiling vortex sheet is considered to be shed from bound
vortices of varying strength rotating in the duct with the blades.
It is also assumed that the duct is designed so that there is no

contraction or expansion of the wake downstream of the fan. This is

- W T

8 feasible design problemg and guarantees that the duct is compatible
with the wake geometry of the analysis.

Contimuing with the examination of the velocities associated with
the wake vortex sheets, consider a helical coordinate system r, €, (

defined in terms of the cylindricel coordinates r, ¥, z as shown in

Fig. 2. At a given instant an inner helical vortex sheet in the

ultimate wake coincides with the { = O surface. Then

NN I TS

r=r ’ 0Srsom

E=r¥cospt+zcosp , ~@SEsow

- (V, +w) cos o (V, + w) cos o
C=-1r¥ sinowo +2cosep , 55 (57§h)' <SCs TR CTED)

ek 0T o s A3 B20R, WA it WAL AR i SAn
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Figure 1, Conceptual Diagram of Vortex Shedding at the Duct Trailing
Edge.
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where § is measured along the helical vortex filaments and { is measured
along & helical line normal to the vortex fillaments. It should be noted
at the outset that w, the apparent velocity parameter, is not an actual
disturbance velocity associsted with the vortex sheets of the wake.
Rather, it is the speed along the wake axis with which the inner helical
sheets appear to be moving relative to a coordinate system fixed in space.
Similarly (V_ + w) is the axial speed with which the inner sheets appear
to move relative to the ducted fan.
If the apparent rigid structure of the inner helical sheets in
the ultimate wake is to be maintained, an observer fixed to any point
on a sheet must see the same distribution of vorticity in the wake
regardless of his angular position on the sheet. He must further see
the same distribution above as he sees below. These constraints on
the distribution of vorticity preclude the possibility of radial dis-
tortion of the inner sheets and amount to a requirement of helical
symmetry of the wake vortex system. Subject to this helical symmetry
the disturbance velocity vector will be constant along the helical
lines r = constant and { = constant ooth inside and ocutside the wake.
Now, consider & line integral of the velocity along the path
KBCTA within the ultimate wake as shown in Fig. 3. The velocity diagram
with respect to the rotating blades is shown in Fig. 4. Along §E'u§
is constant since r and { are constant. AB and CD are radial lines
at two values of ¥ on the sheet surface and DA coincides with the wake
axis. Since no vorticity is enclosed by the path, the line integral

is zero so that
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1l

B C

furdr-i-f u§d§+fDurdr+IAu§d§=0
A B c D

or

ug (§C—§3)+u§ (ZA-ZD)=O

where u, is the value of ug on the axis (r = 0).
go
Employing the helical coordinate relationships

on vV, tw V. +w
- (r——coscp+ sinp)+u = =0
Y \T T OVED) z, bla/zn

Then
(Vm + w) /R
A, =
g~ {£ V +w }
o FCosSg + o sin ¢

but ten gp = (V, + w)/QR and for the coordinate {

r tan ¢ = R tan ¢, 30 that

- tan @ 1
u§ u§° {cos @ + tano sin ¢qJ

or

u. =u., sing .
S
Consider next the line integral along the path EFGHE as shown
in Fig. 3. The portion Ef is at r = R_. From the requirement of

helical symmetry, the filaments of the boundary vortex sheet must

cross the line of intersection with an inner helical sheet at every
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point on the intersection line at the same filament pitch angle
regardless of anguler position. In particular, if the pitch angle
of the boundary sheet fileaments is identical to that of the inner
sheet as the boundary is reached (r = R) then no vorticity is enclosed
by the path so that the line integral is zero. (The equal pitch
constraint is & lightly loaded condition which will be relaxed later).
Thus

ve (g - 8p) * v singp (8, - €,) =0

or

outside the wake as well as insice.

Further, the path ABCDA may be shifted axially so that the helical
portion of the path lies along an arbitrary helical line at the pitch
angle ¢ anywhere insidé the wake. The restrictions of symmetry still

require u. to be constant along this path so that ug = ug sin o

o

g
throughout the wake.

These results are subject to the ad&itional constraint that the
line integral of velocity taken along a path enclosing the wake must
be zero. The line integral may then be taken along the path ABCA in
Fig. 5 where ug along ABC is constant and known so that

IA uZ dz + 27R ug tan wR =0
C (o]

The integral is then taken along ACDFA = Subject to heolical symmctsiy
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the induced velocity is zero along the radial lines CD and EA. If DE
is allowed to approach infinity then u, along DE is zero. Since no
vorticity is enclosed by the path

IA u dz =90
Z

C

Then, refering to the previous integraticn and subject to the condition
of identical filament pitch angle along the intersection line, this

£ be zero. Thus,‘the induced velocity must be

o]

normal to the inner helical sheets. These two coexistent conditions

result requires that u

of equal filament pitch and normal induced velocity characterize the
lightly loaded conditions as discussed by Grayh.

The more general condition of load requires only that the
filaments of the boundary sheet all cross the intersection line at
the same pitch angle so that a relative motion between the inner and
outer systems may exist. Thus, the path EFGHE in Fig. 3 will enclose
vorticity and no information will be obtained from the integral for
a heavily loaded ducted fan. However, the requirements on ug still
apply inside the wake, and for the apparent rigid motion of the inner
helical sheets u. must be proportional to cos ¢. That is, from the

¢

previous results and the velocity diagram of Fig. 4

U, = ug sin g
o

g

u€=WCOSfD

uw‘éﬁf
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A geometry ani motion must now be established for Lhe boundary
sheet which will maintain helical symmetry of vortex strength distri-
bution and which will permit the boundary sheet to have an sxial motion
relative t» the inner sheets. Further, the disturbance velocities must
be zero outside the wake in order that the flow be irrotational there.
This may be shown by considering the line integral about ACDEA as shown
in Fig. 5. EA and CD are radial lines along which u, must be zero by
helical symmetry. D lies at r = » go that u, is zero along this path.
Since the path encloses no vorticity the integral of u, wlong AC must
be zero. For this to occur either u, is identically zero or u, is
part positive and part negative. TFrom considerations of contimuity,
for the latter condition to occur the flow must form closed streamlines
within the area defined by the path of integration. However, integration
of velocity along these closed streamlines would yield finite values of
circulation. Tims, a contradiction is arrived at in terms of the
irrotationality of the flow so that uz must be zero along AC. Another
line integral is taken along ABCDEA., For the helical portion of the
path the velocity u

g

the velocities along the other branches of the path are zero and no

must be constant due to helical symmetry. Since

net vorticity is enclosed, u, must be identically zero along ABC.

g
The path ABC may be shifted along the z-axis to any axial position
with no change in the results. The path is closed by joining the
helical part to the radial parts along the z-path AC. Thus with
£’ uz and ur all identically zero on the outer surface it may be
o -

~ delnm mnid maan R . PO
v 4Tl Ul vug vuuee uliave

of the weke boundary. This results may be extended to include the
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entire region outside the wake by allowing the paths of integration
to expend radially.

The strength of a vortex sheet is equal to the discontimity
in the velocity components as the sheet is crossed and the motion of
the sheet along the line of discontinuity is equal to the mean value
of the velocity at R_ and R+. At r = R_, the induced velocity at the
inner surface of the boundary sheet is given by the components

ug = ugo sin P

U =W COS @

while the induced velocity at R+ is zero. Thus at the line of
intersection with an inner helical sheet the boundary vortex sheet

strength is given by

2 .2 2 2 4
Y(gB) = (ugo sin” g + W cos ¢R)2 (1)

The velocity of the filaments of the boundary sheet as they cross the
intersection line must be in the direction of the induced velocity
at R_ and normal to the filament direction; that is
o102 .2 2 2
ugB = 2(ug sin” @ + W cos ¢R) (2)
o]
The filaments of the boundary vortex sheet must then all cross

the lines of intersection between the inner screw surface and the

avlindriecal boundary at a canstant angle 'QB not equal to ':""R: Thic

angle may be determined from the Ilight speed (V&), the blade rotational

I

- ———— ——— I
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speed (QR) and the total disturbance velocity of equation (1). The
two vortex systems are related through equations (1) and (2) but only

along their lines of intersection. On the wake boundary between thesc

i A0 e
o S

helical intersection lines, the filament density or sheet strength and

the filament pitch angle will vary with the helical coordinate (.

A :l
% The boundary sheet serves several basic purposes. PFirst, it 3

must cancel the radial velocity field at the boundary associated with

the inner helical sheets. Second, it must accommodate the discontimuity

2ok Sk bt b s e

in velocity as the boundary sheet is crossed. Third, it must not induce

radial velocities, and hence radial distortions, at the inner sheet

PR3N TRPTORE ALY

surfaces. Its remaining function is to preserve, in conjunction with
the flow fields associated with the inner sheets, the apparent rigid

axial motion of the inner sheets and to cancel the sum of vorticity

ERRIRPIRTS

of the inner sheets. The first and second requirements, along with

,-,.-,.,
.

: - the rigid axial motion constreint and the constraint on net vorticity,

are satisfied by the strength distribution and the filament geometry

LR I IERS

both as yet unknown. The third condition may be autamatically satisfied

by a strength distribution and geometry that are symmetrical sbout the

lines of intersection. This is simply & restalement of the helical

SR ¢ ead 4 DRE g <d

symmetry requirements on the vortex systems.

§ Having to solve for both the strength distribution and the

filament geometry of the boundary vortex sheet presents considerable

iy difficulty and implies the need for some kind of iterative procedure

T PRURE-IY SN

for locating the compatible strengths and positions of the boundary

R

sheet filaments. This difficulty may be eliminated through a

consideration of the implications of the helical symmetry requirements.
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It has been established that the boundary sheet strength and filament
pitch angle are constant along an intersection line. At an arbitrary
distance Az below this line, the strength and filsment pitch angle
will be different. However, at any other angular position at the
same Az below the intersection line the pitch angle and strength

must differ from the values at the intersection line by the same
amounts due to the helical symmetry requirement., That is, at &
z-position between intersection lines it is possible to change the
sheet strength and filament pitch angle only through the addition of
an infinitesimel strength vortex filament at the pitch angle PR*
Thus, it is possible to replace the boundary sheet by two simpler
systems whose combined effects satisfy all of the conditions mentioned
above.,

The first of these sheets is a uniform sheet of helical vortex
filaments having constant density y(gB) and constant pitch angle Tg
as shown in Fig. 6a. This sheet satisfies the required compatibility
conditions as previously discussed. The second is a cylindrical sheet
of helical filaments of verying and unknown strength but having a
constant and known pitch angle pg as shown in Fié. 6b. This sheet
must have zero strength along the lines of intersection in order te
preserve the compatibility established by the first sheet. It must
have a symmetrical strength distribution about these lines and the
lines midway between adjacent intersection lines and must cancel the
radial velocities at the cylindrical boundary associated with the
inner sheéts. Superposition of the two sheets, as shown in Fig. 6c,

must maintain the apparent rigid axial motion of the inner sheets in

18
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(e¢) Result of Superposition.

Fig. €. Concept of Ultimate Wake Vortex System.
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conjunction with the flow fields associated with those gheets, and
must satisfy the net vorticity constraint. These are the conditions
which will be placed on the solution.

It should be noted that to an observer fixed on an inner helical
sheet the boundary vortex sheet (consisting of the superposition of the
uniform boundary sheet and the non-uniform boundary sheet) appears in
terms of the local strength distribution and.geometry to be fixed
relative to the inner sheet. Although the boundary sheet is actually
slipping forwerd reletive to the inner sheets, the observ,e\r sees the
same local vortex sheet strength at a given point on the boundery at
any instant while the identity of the filements at the point is
constantly changing.

Now coansider the geometry and motion of the uniform boundary
sheet relative to the last outboard filament of an adjacent inner
helical vortex sheet. The velocity diagram of Fig. 7 illustrates
the relationship between the velocities associated with the two
systems according to the compatibility condition expressed in

equations (1) and (2). From Fig. 7

Vw +w
A = tan PR = OR
(3)
Vw + VB
Ay =t Py = g
where
w, = 2 sin% oo + ¥° cosd )% sec (&)
p = 2lug_sin” o vp)" sec g -

o ————r 3,
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From the same figure

4

W cos pp = tan (‘PR - q)B) (5)

Combining equation (4) and (5) to eliminate ug and substituting for
o
the fuictions of equations (3) yields

1+x
Ag = A “"[1"%"'1 +'x'xB]

where % = w/QR, 0 S W< A. This result shows that, for any choice

of A and w, >‘B can be uniquely determined. It should be noted that

haacel

R

for vanishingly small values of w, )‘B approaches A which is in agreement
with the lightly loaded case. Further, there would seem to be no simple
redefinition of A which would reduce the solutions to & single case for

all values of W. This is in agreement with the earlier analyses of

Gra.yl+ .

TR PRI Y

Solving the last expression for the pitch of the uniform

boundary sheet yields

2
1+A 1+ k
Ag =X - F—% [(x- _) +1] (6)
Since gy = tan™t Ags the value of y(gB) is known according to
y(l;B) = W cos pp sec (ng - (pB) . {7

The ultimate weke vortex system of the heavily loaded ducted fan

is thus defined in terms of the inner helical sheets of Fig. 5 (one for

[ PR,
- Nl Al ik r.»),!%
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each blade) having unknown strength but known geometry, a vortex sheet
of uniform strength y(gB) and constant filament pitch angle ¢ lying
on the cylindrical wake boundery as shown in Fig. 6a, and a sheet of
varying strength but constant filament pitch angle ¢R also lying on
the cylindrical wake boundary as shown in Fig. 6b. For a given blade
mumber b, pitch A, and loading parameter W, the motion and geometry
of the system are determined along with the strength of the uniform
boundary sheet. The solution of this model for the unknown strength
distributions of the inner sheets and the non-uniform boundary sheet

proceeds directly through the application of the Biot~Savart equation.

o hme sns asmmmmss. ws . o e . e w e ——
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CHAPTER III1

ANATYSTS AND SOLUTION OF THE WAKE MODEL

From the discussion of the preceding chapter, the geometry and
motion of the ultimate wake vortex system of infinite length are
known. The problem is now to find the distribution of vorticity in
the wake which will satisfy the velocity boundary conditions implied
by this geometry and motion. In this analysis, the Biot-Savart equation
supplies the required relationship between the geometry, motion, and
vortex sheet strengths. For an elemental length of an arbitrary vortex

filament

- gﬁ cos %ads' (8)

The integral relations for the velocity components in Cartesian

coordinates are given by La‘mb12 and are repeated here for a single

finite strength vortex filament.

no s (B - u—)-;,z—
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A vortex sheet of the wake system is divided into a number of
equal width strips. These strips ar= replaced by vortex filaments of
finite but unknown strengths lying on the centerlines of the strips.

The strength of the filament must be equal to the integral of the sheet
strength across the strip width. For purposes of mumerical calculation,
an adequate representation of the vortex sheet is achieved by placing

a filament along the centerline of its corresponding strip, provided
the strip width is sufficiently small compared to a characteristic
sheet width.

The integrals for the velocity components associated with the

finite strength helical vortex filaments introduced in this manner

are more conveniently expressed in polar coordinates so thet the

following transformation is made. (See Fig. 2.)

' 7
x’ =1’ cos ¥

x=rcos Y

£
4
#
3
:
%
X
¥,
p

y' =2/ sin¥’

y=rsiny¥

¢
z =2

4 +rl Y, tancp'
o
Z

Z =

4 /
s’ =r' ¥/ sec @'

B tn ot

Employing the transformation yields

; S




Y $ o1
¥
-

<1
H

-%I[r' tang’ (r sin¥ - r’ sin ¥’')

’ ' ' ! ] ay’
-r' cos¥' (z-2' -r¥ tang’)| =g
o 53

u _'TJYTTJ [r' tan @’ (r cos ¥ - r’ cos ¥')

’ ’ ’ et ] ay’
+r’ sin¥’ (2 -2/ - r'Y" tang’)| =
o B3

7

u, =%j[r'2 - rr’ cos (¥' -¥) =

B2 ok

where

B2 =12 + r'2 . 2 or' cos (¥’ -¥)+ (z - zé -r'y’! tancp')2

The boundary conditions are more conveniently expressed in

terms of the velocity components along the vortex sheets and

perpendicular to the sheets. Thus

=
n

u cosY¥ +u sinvy
X y

(uy cos ¥ - u_sin ¥) cos g + u, sing

V‘F

=
1

¢ =Yy COS Q- (uy cos ¥ - u sin ¥) sin g

The integrals for these velocities due to a single finite strength

filament become

S i a R L [T LTI o T
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bu,, =,§ﬁr [r'2 tan o’ sin (¥’ - ¥)
=00

ar’

+r' [z - zc" - 'Y’ tang’] cos (Y’ - ¥) =3

o0
Bvg =1¥E‘[m [{r' tan @’ [r - v/ cos (¥ - ¥)]
+r [z - zé - r'Y’ tano’] sin (¥’ - Y)} cos ¢

o 4
+{r"‘ - rr’ cos (¥' - ¥)tsing &
b o] 2

bu, = %ﬂ-r [{r'g - rr’ cos (¥’ - ‘f)} cos ¢

- {r' tang’ [r - r’ cos (Y’ -¥)]

7
+r' [z - ch> - r'Y’ tan¢’) sin (¥’ - ‘1’)} sin cp] %—

A

where the limits on the integrals refer to the infinite extent of the
ultimate wake.

Now, non-dimensionalizing these equations with w and R, and

employing the helical relation

rteng =r' tang’ =R tang; ,

the elemental velocities associated with one filament become

o Bptsy 2acer
S
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N Aur ® -, .
; T:-,EYEL[r tan op sin (¥’ - ¥)
] ‘
+F[Z -2 -¥ tang] cos (¥ -¥)| (9)
o R B3
E Aug Y cos ¢ ] 7 fI
= 7/ — - /-
= T L [r tan g (?r * g 2cos (¥ ‘i’)) (10)
- - av’
+[Z - zé -y’ tan gp] sin (¥’ -v) ?5?
;
5 Au cos a2 !
§ = = XEE§;J£ | " -7 cos (¥ -¥) (11)
1
% - ten? (1 - E cos (¥/ -¥)]
“Rr T
_E in ¢/ -¥) tang, [Z - 2/ - ¥/ tang_] &
; r ot Pr o Pr §3
|
i where
2 -7 + 7% - 27 cos (w'-w)+[2-2é-w’tanch]2

9 = tan™* [—;} tan ch:l

i, s

and ¥, T, Z, E(’) are non-dimensionalized by R.

The boundary conditions may be written by suming the contribu-

tions of every filament of the system. They are,

[ e —
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The uniform boundary sheet induces no radial velocities anywhere
in the ultimate wake and the non-uniform boundary sheet induces no

radial velocities on an inner sheet due to its symmetry above and below

29

on the inner sheet: f
Au 1

L(SE) = oz 02) f

Au :

r 4

Z(_w_) =0 (13) ;

and on the cylindrical boundary: %
q

E:

A'u.r " 3

() =o (18) :

;

;

j

§

8 line of intersection. Examination of the integrand of equation (9)

reveals that no radial velocities are induced at an inner helical sheet

LA i

by the evenly spaced inner sheets themselves. Thus, equation (13) is

satisfied identically. The condition on the cylindrical boundary,

RPN ICROERS " TR

equation (14) involves only the inner sheets and the non-uniform
boundary sheet. The condition of equation (12) involves all three
systems. The remaining constraint requires that the sum of the
strengths of all of the vortex filaments comprising the wake be zero.
The boundary conditions may now be written on the inner sheet (from

equation (12))
. E; z; [ f;g Aa] E; é;; = cos ¢ (15)

on the cylindrical boundery (from equation (1k4))
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7 (3, () - 2

), () ), () ), () = 0 an)

where Z.L refers to the inner sheets, zz refers to the uniform boundary

v
sheet, ) refers to the non-uniform boundary sheet and

!

cos (p - cprB) s

p=g
1]

o sin (cp - cprB)

tan ch

Wil

1
tan(or = and ’ca.ncp-;ta.nch .

B

For a fixed choice of A and W, the contributions of the uniform
boundary sheet to equations (15) and (17) are fixed in terms of the
sheet strength y(gB) and the pitch angle og- Thus the system of

equations can be written more conveniently as

LT G L (G- (30 o
7, ()1 G2 o 0o

- A
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and

7, (k) + %, () -~ 1, () -

Equation (18) can be evaluated at a mumber of control points

N PP Jrsc T PO, FPO |

on an immer sheet. These points are placed between the filaments

v Ao

comprising the sheet and are equal in rumber to the mumber of filaments

ar

« SAraLL

on the sheet (the final point being placed at r = R). Equation (19)

cah be evaluated at control points on the cylindrical boundary between

an intersection line and the pcint midway between intersection lines.

The points are again placed between filaments with one less point than
filaments. Equation (20) includes the filaments on one inner sheet,

the filaments on the non-uniform boundary sheet lying between an

* - intersection line and the adjacent intersection line, and those
% _ filaments of the uniform boundary sheet passing through a line
connecting two adjacent intersection lines. These filaments comprise
Z a characteristic portion of the vortex wake, altrrugh the velocities

X must be calculated using all of the filaments of the wake system.
: Now, the integrals of equations (9) and (11) may be defined

respectively as

1 = (k) @)
IC = (ﬁ:ﬁ)/(ﬁﬁ cos :p) (22) g

and the system of equations may be written as follows:
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for the control points on an inner sheet

L 5 () + 1, % () -1~ 1, (59 - (Gadreose (e

for the control points on the cyli. rical boundary

5,5 (o) + I, % (k) = @

and
73%" ; Y ( ¥ )
Z ( Rw)+23 ( Rw)—'LZ Rw. (25)
c c c
where
Z is over the filaments of one inner sheet,
c
23 is over the filaments of a characteristic
¢ portion of the non-uniform boundary sheet,
and

Zz is over the filaments of a characteristic
portion of the uniform boundary sheet.

With the equations in this form, the influence of W is confined
to the right hand sides of the equations through the velocity field oi
the uniform boundary sheet, and the coefficients Ir and IC depend only
on the choice for A (the pitch of the inner sheets) and b (the number

of blades).
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Owing to the simplicity of the uniform boundary sheet, the
velocity field inside the wake associated with this sheet has been
evaluated explicity in terms of A and % in Appendix II. The result

is

u, _v(gp) o §
L w “B 3
u
E—Y- = -!- =0 . 3
v W :
1
u, ;
Using equation (7), <~ can be written as ¢
|
§
u 3
—Z = cos ¢ sec (p, = o,) cos @ '
W R Pr ~ 9B op :
. or f
§
uz 1 3

Tv'=1+uB :
Then, the right hand side of equation (23) becomes
o, (o
- —_—
1-0, {500 - (Bafreos 0 =1 - i (26)

Further, the right hand side of equation (25) becomes

+ aye AT SIS A TP

1( ,
_ B
- ‘ZA (E-TYIE)"W(M A cos gp/b)
Y ¢
4
. Since 2nR AB/b is the length of the line defining the character:stic

portion of the uniform boundary sheet and y(gB) is the sheet strength

TR B M50 00208 oo v
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per unit length. Thus

T () - - & ()

Some rearrangement of the terms of equations (26) and (27) yields

pe) A=A
1-1/@ng) = Z%r_;?[l -5 T’T’x‘iﬁ)]
R W
1 () -3 (2 - M)

u§ sin ¢
R _ tan (0o - ©0g)
W cos gp "R B
or
ugo - A - AB)
W A1 + XXB

So that, defining

equations (28) and (29) may be rewritten as

22
1- l/(l+MB) = G ——s

1+ A2

3k

(27)

(28)

(29)

(30)
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Thus, the system of equations can be written

at the inner sheet control points

Zﬁ%(ﬁ%ﬁ*i;ﬁfﬁ%9=G :

1422

2

at the cylindrical boundary control points

L)L n (6 o

and

3, (ake) -3, (o) -0 & (2D

1+

Since the right hand side of every equation is multiplied by G (or is

zero) a new vortex filament strength can be defined as

-4 (e

and the system written

at the inner sheet control points

35

- - )\2
Eilcy+z31Cy=l+}\2 (31)
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at the cylindrical boundary control points
- O -
ery+A3Ir‘y-—O (32)

LR

The system of equations in this form does not contain the W parameter,
so that a solution may be obtained which may be scaled directly for
any value of W. That is, the equatiors are solved for G = 1 (W = 0)
and the wake vorticity distribution for any value of W is obtained by
multiplying the result by the appropriate value of G.

The blade bound vortex strength is found at any radial station
by summing the filaments of an inner sheet lying inboerd of the radial
station in the ultimate wake. The remaining elements of the solution,
the strengths of the filaments of the non-uniform boundary sheet, are
required in the calculation of the power and thrust. The evaluation
of the coefficients Ir and Ic of the unknown filament strengths, the
positioning of the filaments and control points on the sheets, and the
simultaneous solution of the system of linear equations for the unknown

strengths are all considered in some detail in Chapter V.

.
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CHAPTER IV

oot 5 AL 5

CALCULATION OF THRUST, POWER, AND INDUCED EFFICIENCY

~

The solution for the distribution of vorticity in she ultimate

wake allows a detailed calculation of the induced velccities within

LSRR DL A5,

the weke. A knowledge of these velocities, and hence of the momentum

and energy in the wake, leads to & straightforward calculation of the

thrust, power and efficiency. §

Tarust !
Following the analysis of Theodorsen.l1 consider a control volume E
enclosing the ducted fan and its ultimate wake as shown schematically ;
in Fig. 8. Using the momentum theorem the thrust of the ducted fan may
be found by considering the average pressure forces acting on the control
surface and the average flux of momentum through the surface. These
averages are taken over a time At = 21/t and the integration is with

respect to time, dt = dz/(V_ + w). Thus, from Fig. 8

1 1
T+ PAataS = o (v + uz) at (Vv + uz) as

51282 S2

1
- K€!£ p V; dat V; as
1

‘ which can be written as

"~

SRRt 2
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In order to integrate equation (34) the pressure term must first be
eliminated by employing the equation of motion for an unsteady,
incompressible, potential flow.

OI|OI

f— %V2=f(t)

Since there can be no induced velocities at an infinite radial distance

from the wake axis

at"P/" - v¥/2 = p_fo (35)

The unsteady term may be eliminated by considering the potential

field in a steady coordinate system such that
$(r, ¥, 2) = ¥(r, Y +Qrt, z)
Then

3% _ 0% of _

Now Uy may be written as
Uy =u§ sinp cos @ - ug sin o

and

ntmeds ot dd
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u, = U sin”o +u, cosg ,
fe) )

Thus

Le]
w, sino =u_ tan ¢ - sin” ¢ tan
4 2 © ug 'Y iy

(o

uy becomes

tan @ w(l - G) - u, tan @

UY

V +w
and, since tan o = A/x (-Eaﬁ——>/x s g% inside the wake becomes

OIIQI
ct |

== (V, + W, +w(V_ + w) (1 - G)

Then inside the wake equation (35) is

p/o + /2 - (V, + wu, +w(V +w) (1-6) = o Le (36)

The pressure must also be constrained hy a static pressure
balance at the wake boundary. Since all disturbances vanish outside

the wake, the constraint becomes pR =P, or

p, = POR - % p Vg- + p(V; + W) qu - p(V; + w) w(l - G)

Then using equation (36) to eliminate p_ yields




(pm-p)=%-p(V2~V§)-p(Vm+w) (w, =w, )

“R_
where
) 2 2 2
Vv = (Vo +u,)” +u_ +uy
2 2
Vo= (v o+tu )P
R_ ® zR- uYR-
Substitution of equation (37) into equation (34) yields
- X I [ 2 1( 2
TeEw, W Yoy *1y - 3 (Ve +u,)
@ Volume
. Inside
Wake
-2 2 2 2
-v.+u I +u 4 - )
ot 1ty -y

+(V_ + w) (uz - qu )] r dr dz d¥

The limits of integration are taken over a characteristic volume of

the wake such that

0<z< 2nR/b
Osr<R

osYson

Then defining non-dimensional lengths as

e -

L1

(37)

g
%
*;




‘R IR,

RS

4T 2

o P T —

T o0 e A D A B PNV ST

L - [ e

42
Z =z/(R\/b) , 0<SE<1
F=rR , 0sF<1
the thrust can be written as
1 2T -
___Wp .2 [ ,fl.[ 2 1 2
T—2rriv +w$R(2"m/b) Vo Uy z°2[(v<»+uz)
® 0 0 0
2, 2 2 2 ) ]_ = %
-(mezR +ur+1..‘i,-qu:|+(Vm+w)(uz qu)rdrdzd‘{’/En
Now, non-dimensionalizing the velocities according to 1 = u/w and
W = w/OR yields
ce@ @[ [ [T Ee w2 an )2
T=2% (AR) wORuz+uz-2[(_r+uz)
0O 0 O
- Vm{nR+ﬁ )2+ﬁ2+ﬁ$-i\y ]
W zR- r R
v /QR
+ ( +l)(u -1 )]Fdidid‘i’/a'r
ZR_ .
Noting that (V_/QR) = (A - W) and defining a thrust coefficient as
2 2
= T/[p (OR)“R") (38)

the result may be reduced to
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Some of the terms may be integrated immediately as follows.

Consider a line integral within che wake as showr in Fig. 9. The

PRI
P W dn W AR P A

integral about the path ABCDA encloses those filaments shed by a blade
bound vortex between x = 0 and x = x (x = ¥) so that the line integral

yield I'(x) and

B C
j urdr+j 1-.2d.z+J-Durdr+‘£Auz dz = I'(»)

A B c

But, from the requirement on velocity discontinuity across the sheet

(for which u, of the filaments is zero)

a6 BV bt 74 W M CSH IR e RNy P BB I Rk

B ID
I u, dr = - u, dr
A c
so that
J.Auz dz - Ue (enBA/b) = I'(x)
D )
or

ra L tar waBINNEStOs 4
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Employing the definition of Theodorsen for the non-dimensional blade
bound vortex strength as
_bT(x
K(x) = 2mkwA (40)
yields
1
J' T dZ = K(x) + 4
go
0

so that

flfl fzﬂ i, T dF dZ a¥/em =fl fzn LK(x) *8 ] xax a¥ /2m
0 00 0 o

()

=;-2'-[2£1K(x)xdx+ﬁ§] .

o}

But the integral term is definedll as X, the propeller mass coefficient,

1
x=2f K(x) x ax . (k1)
0
Thus
1,1
fj IaTﬁzfddedY/Qn=%[x+ﬁ§] (42)
0 0 0 N

If T is taken as T = x = 1 then u, becomes 1 so that the integration

of the last term of equation (39) becomes

. o A5 B e R A RO RS b -
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flflfznﬁ F 4F 4z ay/em = = [K(1) + T, ] (43)
0 ¢ o “r : u§°

The remaining terms of the integral of equation (39), which

must be evaluated numerically, may be defined as

10 e,
ez=ij i, T dF dZ d¥/em
0 0 0
1 .1 p2m o
€. = J I I , T dF dZ a¥/an
0 0O
ar o
ey = f U, T dF dZ a¥/em
0 00

1.1 2, ”
_— [ [+ Jr o @ av/en
- 000 R R,

and ¢ = ¢, + €+ e, BEmploying these definitions and equations (42)

and (43), equation (39) becomes
= Ao q)g -
CT = {‘_' X - K(l) + (ﬁ l)ugo + 2 ez e + GR-] (h’-})

It has been established that the flow field of the uniform
boundary sheet is known and that the vortex sheet strength distributions,

and hence the flow fields, of the sheets of varying strength need only




Ly

be solved for the lightly loaded ccadition. It is possible, then, to
calculate the thrust coefficient in terms of the ¥ = 0 weke solution
and the scale factor G. Referring to equation (39) the integral terms
can be modified as follows. The velocities are separated into those
associated with the inner helical. and non-uniform boundary sheets
(varieble strength, subscript vsﬁ) and those associated with the uniform

boundary sheet. The Vs velocities can be scaled according to

u =G =GT
VSﬁ vs o Vs
Further K@)=GMQ%O=G%h)mmM=GxO. From
equation (28) the velocity associated with the uniform boundary sheet
2
is simply T =1 - G A 5 for all F. For simplicity in the following
1+

1 1 .27
development Id( vol) will be taken to represent I J _[ T dF dZ a¥/enm.
0 0 O

The integrals in equation (39) can then be written as

2
Iﬁi d(vol) J[G i, + (1 - —c-;—)‘--.,-a-)]‘2 d(vol)
vs

1+
2 f.2 Gha

=G |u d(vol) + 2G (1 - )fﬁ a(vol)

2z 2 4

vs 1+ Vs

2
+%(1' Gl2)2 ’

1+

Iﬁ.ﬁ a(vol)

2 (=2
G a(vol) ,
u‘yvs

EPER——
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fﬁi a(vol) = 6° Jﬁ? a(vol) ,
vs

2 .
fﬁz a(vol) = G° fﬁz a(vol) + 26 (1 - —=ho) Ji,  alvol)
ZR_ vsR 1+ Vsp

2
1 2
+5 (- L2 5)"
1+

B 1) = @ |4 .
JUYR_ d(vol) = @ quVSR d(vol)

From equation (42)

fﬁz d(vol)=-él-[}6 R,
vs 1+ 2\

and from equation (43)

- 1 1
juZVSR awer) = 3 [1,(1) - ——)

Substituting these results and the results of equations (42) and (43)

into equation (39) yields

211
Cp = 29 [5%(61{0+1-G)

s e, 'W{é‘fﬁ

s
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2
+-':L-(1--—-—--G}‘ )2]-%6;2[115

_2
d(vol d(vol)]
2 1+ Aa vs (vo ) ' fu‘yvs (vo

2
+ 2168 ﬁs a(vol) + G(1 - Glz} (K (1) - == 5)
© vsp 1+ ° 14+

2
+£(l_-—G-L)2

2 1 +3%

+ G fﬁfvs d(vol)]- % (G K (1) +1 - G)]
n ‘

The remaining integrals, which must be evaluated mumerically, may be

regrouped and defined ag

1 1 .27 -
) 2 .2 2 2 1
e, —-f f f [uz - -8 o+ a, ]r df dz d¥/on (45)
0 0 0 Vs Vs vs Vg

Using the definition of equation (45), the thrust coefficient may be'

written as

2 2,2
2 A A ) 2
RS e B LT

2 2
A 2G A GA 2
+(l-G)(=+l-—'—'—'~(l-"—'—)
v 1422 .1+A2]

e

> s A .
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where, for & givean b and A, J{o, Ko(l) and € are calculated from the
% = 0 solution. Since G is calculated algebraically for a given A
and %, equation (46) provides an entire family of values for C, whereas

T
equation (l4) provides only a single value.

Power

The ideal power required by the heavily loaded ducted fan may
be determined through & consideration of the induced energy loss in
the ultimate wake. Following Theodor:senl:L the energy loss, E, is

given by the methods of classical mechanics as

E=m-TVm=—2F(€nTﬁj[%pvm v2+(%p v2+p-p°)uZ] d (vol) (47)

where Q is the torque of the fan and v2 is the magnitude of the total
induced Veloecity, v2 = ui + ui + u,i . Substituting from equation (37)

for (p - p_), the energy loss becomes

. 1, .2 2 12 ]
E'En‘(%ﬂ‘;jtevm" tvu tu, (ZVR--wuZR) d(vol)

Then, defining a non-dimensional energy loss as

e = B/[p (@R)3 %] (48)

and non-dimensionelizing velocities and lengths as was done for the

thrust coefficient, e becomes

(& - 17 + %a (*1; - aZR YT aF 4z d¥/enm
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Agein, dividing the induced velocities into those associated with the
uniform boundary sheet and those associasted with the variable strength
sheets, the expression for e can be calculated in terms of G and the
= 0 solution. All manipulations and integrations are similar to those 1
performed in the thrust analysis. The result is given as %
j
- 1 1 i
c-wfodaln. Sl o 8 g .1y ag
: 1+2% 1+ 1+ 4
¥
i
62 32 g A2 1 ]
- 2 (l it 2) (K (l) - 2) g
1+ 1+ 1+ i
:
2 2 :
2.1 G
+z3 @1 -2z B3 ;

1+ 1+

L™

+ G (%:; + 1) fﬁz a(vol)
vs

po

el

e (% - 1) f[ + uf ] a(vol)

2 G A \frs2 -2
¢ (1- (s ] a(vol
+a ( 1+x)f + 1, (vol)

R_ R_
@12
-2 5 Jﬁ u a(vol)
2 z !
1+ vs “wvs
R_ 3
i
+ G3f + 1’55 ] a (vol)] ’:;
vsp “§
- i
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Of the remaining integral terms the first three are evaluated in the
calculation of eo for the thrust coefficient. The last two must be
mumerically integrated for the W = O case in a similar menner.

From equation (47) the power can be written as
P=@ =1V +E
so that defining a power coefficient as
¢p = B/[p(aR)> "]
yields

CP=()\-?I)CT+e .

52

(50)

(51)

The power requirement for a constant diameter wake can also be

calculated directly by the Kutta-Joukowski theorem. An increment of

torque is given by dQ = bp va.xi al I' rdr where ve.xia.l is given by
Voxial = Ve +ug sin ¢ +uC cos @
2
=V, 4w (1 - 5)
x +A
Then
G2 5 o2
dQ =p (27RwA) K(x) [V +w (1 - —=—=—)] R x dx
© 2 2
X +A
and
1 1 -
O i 2
&=p (ﬁR)a“w‘ [\Vw tw) e | K(x) x dx - 2 GW J K(x)—éi—zdxj
0 0 X +A

-1
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From equation (41)
1
X = 2.[ K(x) x dx
0
Defining the remeining integral as
_ ps
po=2 Jl K(x) s—p dx
0 X +A
the power can be written as
P=q =p(mR°) (RP%1°[K - @wpl .
Then, since X = G‘(o and p = Gu.o, the power coefficient is given by
= T2 =
Cp = GWA [Mo - GWA gzo] . (52)
Efficiency
The induced efficiency is defined as M, = TV ' /P. Thus from
equation (50)
( - ﬁ)cT
L (e ) (53)

Efficiency may also be written as

= - i)cT/cP .
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CHAPTER V

NUMERICAL PROCEDURES

In the preceding chapters the model and its mathematical solution
have been outlined in terms of the basic procedures and developments
required. To obtain such & solution it is necessary to evaluate the
velocity contributions of a filament of unknown strength at an arbitrary
location in the flow field of that filament. This evaluation will be
carried out by numericelly calculating the integrals of equations (9),

. (10) and (11). Using these results a system of linear equations will
be developed in terms of the unknown filament strengths of the system
by equating the sums of velocities at control points in the ultimate
wake to the required normel velocities at these points. 1In order to
specify the parameters of these equations, decisions will be made about
the manner of subdividing the vortex sheets into finite strength fila-
ments and the placement of control points on the sheets.

After the system of equations is determined and solved, the
integrals of equations (45) and (46) will be evaluated in order to
calculate the thrust and power of the ducted fan. In addition the

values of Kb(x), Ro and p  will be evaluated.

Evaluation of Velocity Components

The evaluation of the velocity components associated with a

single finite strength helical vortex filament at an arbitrary location

in the flow field of the filament depends (in this analysis) on a

. - S A T St W VI g S o ATy B am - e B T e VT ]

- s > i s .
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numerical integration of an integrand which is solely a function of the
geometry of the filament and the point at which the velocity is to be
calculated. The expressions for the coamponents, equations (9), (10),

and (11), are repeated here for convenience.

Au o
I = - ? -
= E‘rX_Rw L {r tan oy sin (¥ ¥)

=l (= =t ‘ ‘ ay’
+ T (z-zo-Y tanch)cos (¥’ -v) =

[~
| ¢
oo o)
t'a
b B
=

Hi
-~
g
_6
o]
N
"Sll"ﬂ
+
Hll"ll
-
[
n
[¢]
(e}
»
e
~
[ ]
€
N
S’

PP ar? e 7% .27 cos (¥ -¥) +[2-7 - ¥ tangl®

/1 \
9 = tan” (5 tanop)
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and the primel dimensions 7', 'z'é, ¥’ refer to the location of an
elemental length of the vortex filament. The unprimed dimensions refer
to the location of the point at which the velocity is to be calculated.
The computations needed to numerically evaluate these integrals
may be simplified by converting their limits from - o < ¥’/ < ® to
0S ¢’ < w, This is done in the usual manner by splitting the integral
at ¥/ = 0, switching the limits on the - » < ¥’ £ 0 portion and
redefining ¥’ to - ¥’ in the negative range. The resulting veloclty

component relations are (using the substitution A = tan ch)
Au o
r _ Y ’
~ - wel {[Freme-n
0

+F (2 -5 -A¢¥'] cos (¥' - \r)] %
B

- [f’ A sin (Y +¥)

-7 [% - zénw’] cos (¥’ ”)]i%} a
2

Be v ocoso [© fof, (F . F ,
e [ o (et 0
0

+[Z -2 -2’7 sin (¥’ - \y)] -}3-
B

ety

s o s+ b, a on i e g s
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Py 4 -—
+'f'[7\(%-+-;-r-2cos (¥ +v)

- [ - 2/ +AY'] sin (¥ -w)]:%} av’

3
1
{
%
i
3
b
;
{

3 _ Y _cos =2 == '
£ | v —lm’—gi {[r - 27 cos (Y -VY)

?
-2 (1 --;—-cos (v’ -v))

T S B 2 aade T

ST

IHI

a1}

! . ’ - =t ’ 1 X
A sin (Y -Y)[z-zo-u’]]i_s '

4 ;
&
i

e "
S R . Y
FstEn ot o s

. - o
+ ['f"‘ - 77’ cos (¥' +Y¥)

4 =t

4 -2 [1 r-%-cos (¥’ +v))]
$ 3 .

" + fl )\ . (Y’ + Y) [— - + x\l,l]] 1 1 d“l"

4 = A sin zZ - zo 3f .

P

where

i
+
1
n

¥/ cos (Y -¥) + [Z - '73('; - M"]a

B2 -7 + 7% - 2 7 cos (v’+w)+[z-zé+w']2 .
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For convenience in the ensuing discussion the integrandas of the velocity

components are defined by fr’ f. and £, such that

£ ¢

Au )
_I—FL A /
w an‘(J; fr (Y’r9r’z’ ZQ,‘Y,)\)dY
= - TR fmf (v'; 7, ¥, %, 3, ¥, A) a¢’
W TIRw 3 a4 ? 4y S50 %o

0

A_ug_ ({8155 . ? 7 ’ i
= =lm;9f £, (¢'5 ¥, ¥/, 2, 2, ¥, A) ¥
0

The numerical integrations proceed in a straightforward manner;
ﬁ;!‘. will be used as the illustrative example., The integration is perform-
ed by subdividing each turn of the helix (A¥’ = 27) into k subintervals
of included angle 2m/k. £, is calculated at ¥y’ =0, 2n/k, 2(2n/k), ...
k{on/k) and these values are stored as they are calculated. Then the
contributions of these segments of the helical filament are summed by
a trapezoidal rule integration such that

6, (8) - (e [£,00) +§ (5,000 + 2,0/

+ 1 (2n/k) + -;- (fr(E'rr/k) + £ (2 %!‘-)) +

coo o+ £ (0 - 2050)
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(Note that 6., is a coefficient of velocity subject to multiplication

1
by the non-dimensional filament strength y/inRw.) 8, measures the
contribution of the first turn of the helical filament (and its
reflection for - 21 < ¥’/ < 0) to the radial velocity associated with
the filament. This result is stored and the contribution of the turn
defined by 2 S ¥/ < U (and its reflection) is calculated in the seme
manner yielding 62 (é;E). Then 62 is compared to the sum of 61 and 62.
A percent change is defined as 100 x ]62/(6l + 62)|. If this chenge
is not sufficientiy small then 63 is calculated and the comparison is
made again according to 100 x ’2;£=4. The process is contirmed until
Au

the percent change in the coefficient of -;; is less than some specified

tolerance. The coefficient is then set equal to the sum of the contri-
butions of all terms for which 61 was calculated,

Clearly, the accuracy of this result depends on the choice for
k and the specified tolerance. The magnitudes of these parameters
depend in general on the geometrical values T, i', ¥r and on the
mmber of blades in the fan. It would be possible to control these
values very closely by a process of repeated calculations and compari-
sons within a given integration. For example, 61 could be evaluatel
with k = 90, then reevaluated with k = 120, again with k = 150, 180
and so on until two successive values were identical to an arbitrarily
specified mumber of significant diglts. Then §, would be handled in

2
the same menner. Similarly the 6i contributions would be summed until

the final contribution failed to change the sum in the chosen mmber

vk Tt SRARK B Vi R Bianmnvias i) R R A R A A R

PRRPUR P PR S e

PETS

N e R

(e

PR VI

[RESOA




T 2L VLR

ruite

TRANTY

At e e

AP

Y

b S At

w*
3

T

60

of significant digits. It is apparent that such a procedure could be
enormously time consuming, and the choice for the mumber of significant
digits to be carried must be made very conservatively. Choosing the
best alternative at hand, reliance is made on the specification of
minimum requirements over a broad range of cases.

The values of k and the tolerances for the velocity components
were sized somewhat subjectively on the basis of their effects on
solutions of the wake vorticity distribution. The method of sizing
a parameter consists of fixing all but one of these at very coaservative
levels and systematically varying the remaining parameter over a wide
range. This procedure is repeated for various velues of b and A and
the resulting wake vortex strength distributions are compared. For
example, k was varied over a range from 90 to 720. It was found that
for k greater than 180 the solutions for wake vorticity were essentially
identical for b and A taken over very wide ranges. That is, the value
of Ko(l) at b and A was changed by less than 1/2 of one percent by
increasing k from 180 to 720. On the basis of this result k was fixed
at 180 for all subsequent solution, obviating the need for sny repetitive
calculations.

The permissable tolerances for summing the 6i contributions to
eés and é;ﬁ were treated in a similar manner. The minimum values were
found to vary with the choice of b and A but in general could be fairly
large due to a favorable compensation of the truncetion errors. For
example, the value for e;; for ten turns of a filement might bz only
95 percent of the value for 30 turns, but the errors for the -;5 values

for the otner filaments would be nearly the same so that solutions for
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wake vorticity (or for K(1)) would differ by perhaps 1/L4 of one per-
cent, Thus it was decided that the tolerances on - and -35 could be

set at two percent for all subsequent solutions without incurring

significant errors.
Aur
For the calculation of - the truncation tolerance was found
to be strongly dependent on the characteristic axial separation of two

adjacent inner helicel sheets as measured at the wake boundary. This

charscteristic length may be non-dimensionalized by the weake cir-

cumference to yield

¥ SZRAD 4y

e =T oE (55)

Wﬁen';c is small problems arise in accurately calculating the redial
velocities. Thet is, when a calculation point lies on the cylindrical
boundary;mthe radial velocity due to & filament in a helical sheet
lying to one side of the point must be swumned with the velocity
contribution of a filament at the same radial station of the helical
sheet lying to the other side of the point. The radial velocity
contributions of two such filaments will be nearly equal in magnitude
but large and opposite in sign. Thus an :.cceptable calculation of the
sum of these contributions requires accuracy to & large mumber of
significant digits.

The primsry influence of these celculations on the wake vorticity
solution occurs in the sizing of the non-uniform boundary sheet strength.
If the percent change of ,6&/§ 51' is not held sufficiently small the
strength distribution of this sheet may become quite lrreguler, changing

sign and generally degenerating. Fortunately, the magnitude of the
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non-uniform boundary sheet strength becomes very small (as compared to
K(x)) when ';c becomes small so that the effect of inaccuracies in this
sheet strength is of secondary importance to the solution for K(x) and
to the calculation of velocity profiles in the wake. (When';c becomes
zero the model reduces to the infinite blade case for which the radial
velocities vanish along with the strength of the non-uniform boundary
sheet.) It was found that the solutions could be adequately controlled
if, for’?c < 1/l the tolerance was keld to 0.1 percent; for 1/4 < E;

< 1/2 the tolerance was 1/2 percent; and for 1/2 < ’;c < 1 the tolerance

was held to 1.5 percent. Higher values of ?c are not considered to be

of practical interest.

System of Linear Equations

As may be seen in the preceding section, the velocity component
contribution of a single filament at any point in its flow field is a
linear function of the vortex strength of the filament. If the
contribution of n filaments to a velocity component, say AuC/w, at a

given point are surmed then the result is of the form
glyl+g2y2+g3y3+ « . +gn’Yn=ug/COS(p

where g; is the integrated functions of geometry, fg, related to the
set of filaments (one for each blade) of strength ¥; and to the
calculation point, ¥, ¥, Z. If the filament strengths (?,i) are
unknown and the geometry of the filaments is known, then specifying
a value for ﬁc at the calculation point yields a linear equation in

?l, '72 o o Vn’ If n such caleculation points are chosen and the
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velocity component is specified at each point, the result is a system
of n linear equations in n unknowns. Such a system of equations is
used in the solution for the distribution of vorticity in the ultimate
wake, The inner helical sheets and the non-uniform boundary sheets
must be divided into strips and the strips replaced by finite strength
vortex filaments. In order to arrive at some criterion for a minimum
number of finite strength vortex filaments to be used to represent a
sheet, the blade circulation for an optimum free propeller was calculated
using the methods of this chapter for comparison with the results of
Goldstein™® Solutions were generated using 4, 6, 8, 10, 12, and 18
filaments per sheet. The results, which are considered in greater
detall in Appendix III, indicated that ten filaments constituted an
adequate approximation to the vortex sheet (i.e., a maximum value of
K(x) of about 98 percent of Goldstein's value).

Initial calculations for the ducted fan wake model were performed
using ten filaments to replace an inner helical sheet and eight filaments
to replace a characteristic portion of the non-uniform boundary sheet.
Because of the symmetry of vortex strength in the boundary sheet the
eight filaments introduce only four unknowns. Control points were
placed between adjacent filaments using ten points on the inner sheet
at ¥/ = 0 and three points on the cylindrical boundary. This arrangement
is illustrated schematicelly in Fig. 10. At the ten control points on
the inner sheet the contributions to ﬁt/cos @ = 1 are calculated and
summed to yield ten equations. At the three control points on the
cylindrical boundary the contributions to ﬁr = 0 are summed to yield

three equations. A final (lhth) equation is written in terms of the
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Figure 10. Schematic Diagram of the Arrangement of Vortex Filaments
and Control Points in the Ultimate Wake of the Ducted Fan,
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are modified to include the effect of the uniform boundary sheet as
discussed in Chapter III so that the system of equations takes the

form

e aw s . .2 2
il * Ay Yoy =2/ 40

_ _ _ .2 2
By 1 Tyt Ay pWpt e o o+ By ) ¥y, =27/ +17)

_ _ _ . 2
Boa ¥yt ooVt o o+ By g Ty =2/ (1427
3
A Vi* R o¥ot e o v Ay ¥y =0 {
+ * o

Ag 1YVt A3 Ay =0

- - A 2
AWy tA o Tot e o oty ¥y =- ()@ +2®) .

Al,l through A] 0,10 are sums o? b of the integrated function, fC’ with
the sum taken over the corresponding filaments of each inner helical

sheet. Al,ll through Alo,lh are the sums of b integrations of fC for
the corresponding filsments of the characteristic portions of the non-

uniform boundary sheet. Similarly, All 1 through Al3 10 8re integrations
’ H

of fr for the inner sheets and All,ll through A13,lh are the integrated
fficients for the non-uniform boundary sheet. through
coefficients for the (o] oundary shee Alh,l oug Alh,lo

. = =
are 1.0 and Alh,ll through Alh,lh are 2.0. ¥, through¥,, are the
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unknown strengths, y/(UnRwG) of the inner sheet filaments and Y11
through Vlh are the unknown strengths for the non-uniform boundary
sheet filaments.

Thorough investigations of the effect of the total numbers of
filaments and control point locations and their spacing on the inner
sheets indicate that the arrangement shown in Fig. 10 is satisfactory
and does not required modification with "z'c (i.e., A and b)., The
satisfactory numbers of filaments and control points on the cylindrical
boundary were found to be clearly dependent on ';c. That is, for
‘;c < 1/4 6 filaments and 2 control points suffice; for 1/h < "z'c < 1/2
8 filements and 3 control points suffice; and for 1/2 < ‘;c <1, 12
filaments and 5 control points are adequate. The decisions for
adequate arrangements were made rather subjectively on the basis of
comparisons of a blade number family of solutions to the exact infinite
blade solution by Grale. A further criterion which involves the
smoothness of the vorticity distributions on the sheets was used as
a measure of the convergence of the sheet strength distributions.

In Chapter II it was noted that the strength of the non-uniform
boundary sheet must be zero at the lines of intersection and must
meintain helical symmetry between lines of intersection. In order to
meet these requirements the sheet strength was defined as a series of

trigonometric functions such that

~ X - _
vy = z ansin[g-gz——ln z]
n=1
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where N + 1 is the number of control points on the sheet. The series
is integrated over a strip width of the sheet to yield the corresponding

finite filement strength. If 2 w represents the strip width such that
= 1/UN then the filament strength is

m z]}

zZ+w N _ -
v=£ 7 = T [a (55) stn (255 1] cos [B5=E
F4

AT 2 s Zr g 2 gty S T 5 ?
Svertl SeBi S e ks S PRAGRIGIRIEIETS

The strength distribution of an inner sheet is also expressed in

gerles form. As T approaches 1.0 it is necessary that 7 become zero

gso that for points immediately above and below the sheet ﬁr may vanish.
Since the strength of the sheet is ?{' = - 9%35)_ thls restriction requires }
that % be zero at x = 1.0, Thus the bound vortex strength may be writien

as

N-1
%- Z B, sin[zn ] ) (55)

To calculate ‘the strength of a filament of the inner sheet the difference

in bound strength is taken at the radial stations corresponding to the

T st A

edges of the strip which the filement replaces. Thus

N-1 -
Yy=-1=z 2B sin[ 5 lnw]cos[ana lnx] .
n=1

The system of linear equations is formed in the same manner as
before by summing the velocity component contributions at a given point

due to all of the filaments of unknown strength. However, :he unknowns

now become the coefficients of the two serles for ¥. That ia, &t the

point (¥, ¥, Z) n is fixed and the contributions of all filaments for
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B, (or an) are summe® to yield the coefficient A, 3¢ For exsmple, set
»

= 1 in the Bn series so the coefficlient for Bl is

o Bl o [ o) e ()] -

The system formed in this manner is equivalent to the previous system
(with discrete filament strengths) with the additional constraints on
the end values of the vorticity distributions.

Solution of the linear system for either the filament strengths
or the series coefficlents is carried out by the Gauss method of
successive eliminations as presented by Meevtlh. Having solved for
the wake vorticity the blade bound vortex strength distribution may
be calculated directly from the series of equation (55). X, may be
calculaeted by integration of the series to yield

- -1 1 -1
b= R (Bt [ () - (@Y,

and

K(x)- ot 1n[-—"—n ] .

K, mey be obtained by a simple strip integration based on filament

strength such that

{2 (°Yi) ! 22w}
(% +12)
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Thrust and Power Integrations

In Chapter IV the thrust and power coefficients were shown to

contain integrals of the velocity distribution through a characteristic

volume of the weke. These integrals, which must be evaluated numerically
are
2
E e°=ﬁrj [ﬁi -ﬁi -ﬁ,? +ﬁ§ +ﬁ§ ]Td‘fd’id‘!/Zﬂ
B 0 0 0 vs vs vs Vep vep
) i

- ’ -~ sy, A K2 0, .l
s WAE bl S et .&:dy%&;&x&gm*umﬁgﬁ¢m;ﬁu"mdwﬁmm‘am&:&nﬁ‘&&fﬂwﬁ&

snd the integrals occurring in the power calculation

J.l 1 2T
Z z
0 0 0 vs “vsp

¥ dr 9z a¥/on

O P A

A
%
~

and

i ['[ s, [ +& JFaaao/m
; 0 0 0 vs vsp vsP

] When the strengths of all of the vortex filenents comprising the

ultimate wake are known, the components of induced velocity can be

calculated at any point in the wake by evaluating the integrals for

| each of the filaments and multiplying the result by the filament

| B strength. The procedures for integrating and summing the contributions

of the filaments are the same as those used in setting up the system

of linear equations. These results are then projected to yield the

L, components of induced velocity in the r -, z -, and ¥ - directions.

. Due to the helical symmetry of the vorticity and veloecity distributions ;

in the ultimate wake, the volume integrations may be performed by
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£ obtaining a detailed knowledge of the flow field on a ZF - surface.

This surface is bounded by the wake axis, the cylindrical boundary,

§ an inner helical sheet, and the radial line midway between two adjacent
E’ inner helical sheets. The surface is divided into a network or grid.

At the intersection points of the grid the induced velocity components
are calculated, their squares are calculated, and all of this informa-

tion is formed into two-dimensicnal arrsys of data. A typical

vaieh 3 Ot

integration surface is shown schematically in Fig, 1l.
Since the motion and vorticity of the wake are known, mmerical
a evaluation of the velocity components at the edges of the ZF - surface
is not required. Specifically, at ¥=0 By=7,=0eand{; = ﬁgo. AZ =0,
2,/=2 2y =~ _ = /(=2 2 - Adl"gxz
1-@%/(F° +2 ),u‘,—-GAr/(r +1%), and U, = - 5= =S .

u
z

- - - 2,22 . ,2 ~ - =
AT=1 1 =0,T =1-a%/(F +7L)+2ycosch,uu,=-G7Lr/

(F° +2%) + 2 singy. (Here, ¥ is the strength of the non-uniform
3 boundary sheet.) At Z =1/2 U =0 but ¥, and T, must be evaluated
numericelly. For the arrangement shown in Fig. 11, all of the velocity

components must be evaluated at the internal grid points of which there

Est st ditgy

are 27, and the ﬁ\y and ﬁz values must be calculeted at the 9 lower edge

% points.
L
g The elements of these two-dimensional arrays of date are then
squared to form three new arrays denoted by 1’15 s ﬁg and ﬁf .
i,J 1,3 1,3
Teking the ﬁi array as an example, the integration may be performed

1,3
by a simple strip method such that
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Figure 11. Network Used in Calculating the Velocity Integrals
on the Zr - surface.
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o L
o —
[
o —y
y

f=d ]

{

I J -
 Fardar/em =35 p B2 g
i=0 Jj=0 41°g i,3 i+1,]

+ 80 + 50 ]
21,341 244,341

where (I + 1) is the number of grid points in the ¥ - direction and
(J + 1) is the number of grid points in the Z - direction., For the
network illustrated in Fig. 9, I = 10, J = b and 4127 = 1600.

For the integrations involving the (vs) velocities, calculation
of the array members is restricted to the filaments associated with

the inner helical sheets and the non-uniform boundary sheet. The edge

values become: at ¥ =0 T =T, =0, 1, =-l/(l+?\2)§ at
vs vs vs
2
=03 = 12-2"2,5‘? =-G)\f/(i"2+}\2)a.ndﬁr =
vs 1+ A T o+ A vs vs
A dTI'(x - - - 2 -~
a0 vt 5, 0,8, =-@/(+2?) 27 stngy,
vs vs
i, =2% cospp. AtZ=1/2 §, =Oandl, andy, mustbe
vs vs vs vs

evaluated numerically.

The accuracy of the integration technique is clearly dependent
on the choice for I and J and on the strip method employed. As a check
on the method the ﬁz velocity distribution was calculated for several
values of A and b and integrated using the method outlined above. From
equation (42) of Chapter IV

- 1 -
J.uzdvol-z[}t +u§o]
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Using velues of I =5 and J = 4 the numerical results agreed with the
more exact results of equation (42) to within about 1 percent in all
cases. (See Appendix III.) As a further check the values of €. €y

and €, were calculeted in the same manner for A = 1.356 and for

increasingly large blade mumber. Their convergence to the exact value
for the infinite blade ca.sel3 was satisfactorily observed and is

considered in more detail in Appendix III.
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CHAPTER VI
RESULTS

Following the initial checkouts of the mumerical procedures,
the methods for the generation and solution of the system of equations
for the wake vorticity distribution of the lightly loaded ducted fan
were programmed for the digital computer. The system was solved first
for a value of A = 1.356 with b = 2 and 4. The results for the blade
bound circulation, K(x), were compared to the electro-potential analogy
results t:;‘ Gra.yh. These comparisons are shown in Fig. 12 and Fig. 13.
In both cases the agreement is considered to be good.

Solutions were also generated for comparison to the theoretical
results of Ta.chmind;ji2 who used the velocity potential approach. K(x)
is shown for the two methods in Fig, 14 and Fig. 15, with A = 1/3 and
2/3 and b = 4 in both cases. The agreement is again considered to be
good.

For comparison to the exact theory3 for a ducted fan having an
infinite number of blades, solutions were obtained for b = 2, 4, 6, 8,
12, 16, and 24 with A = 1.356. The results for the blade bound vortex
strength show excellent convergence to the exact solution as seen in
Fig. 16. Since the measure of convergence may be seen more easily in

terms of the mass coefficient, the values of xo for increasing blede

number are shown in Fig. 17.
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Figure 12. Comparison of Two Methods for Determining the Blade
Bound Vorticity for a Lightly Loaded Ducted Fan.
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Figure 13. Comparison of Two Methods for Determining the Blade Bound
Vorticity for a Lightly loaded Ducted Fan.
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Figure 15. Comparison of Two Methods of Calculating the Blade

Bound Vorticity for a Lightly Loaded Ducted Fan.
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for the Infinite Blade Case (Exact3).
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In order to illustrate the behavior of the design and performance
parameters with the the variation of the load parameter, a family of
solutions is presented in Figures 18 through 21. Fig. 18 shows the
basic lightly loaded ciwoulation curves, Ko(x), for A = 1/2 and
b=2,3, 4, 6, and 8. The variation of the scale factor G with W
is illustrated in Fig. 19. This result is plotted versus ﬁ/h; since
W ranges from zero to A, W/A yields the convenient range of zero to
1.0 with %/A = 1.0 corresponding to the static thrust condition. The
variations of G,and Cp with W/A are shown in Fig. 20 and Fig. 21 for
the heavily loaded ducted fans corresponding to the lightly loaded fans
of Fig. 18. The exact results for the infinite blade case are included
in these figures for comparison and to illustrate the convergence of
the results, with increasing blade number, to the exact solution.

In Appendix IV a collection of results is presented in several
tables. The range taken for A was O < A < 1, and for %/A from zero
to 1.0. For the values of A considered, the blade numbers were taken
as 2, 3, 4, 6, 8, 12 and 16. As may be seen in the tables, the higher
blade numbers were not considered in the calculations for the smaller
velues of A. Rather, thé blade mumber was increased until the results

had closely spproached the cxact infinite blade solution.
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APPENDIX I

GECMETRY AND MOTION OF THE INNER HELICAL SHEETSh

The argument as to the geometry and motion of the wake vortex
pattern of an optimum ducted single-rotation fan is essentislly the
seme as that presented by Betz” and TheodrosenS. Following these
approaches, consider a non-cptimum ducted fan which is producing the
required thrust at the expenditure of the necessary amount of power.
At a distance behind the first ducted fan system such that the duct
interference velocities are negligible, arrange a second ducted fan
having the same mumber of blades and rotational speed as the first
fan and so phased with the first fan that each blade intercepts one
of the sheet of discontinuity that are shed from the former fan's
blade trailing edges. The diameter of the duct of this second system
is set equal to the weke diameter so that it intercepts the sheet of
discontinuity that is shed from the first duct's trailing edge.

Assume that the second fan is mounted on an extension of the shaft of
the first fan and assume further that neither the second fan nor the
duct contribute to the motion of the wake nor disturb the flow in

any way; Similarly, place a third ducted fan, and so forth, until a
large mumber of ducted fans are arranged in tandem, all mounted on the
shaft of the first fan, all having the required phase relation, and
none contributing to the motion of the wake ncr to the thrust or

power required.
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In general, certain of the blade elements of the first fan will
be operating at relatively high efficiencies while other elements will
be operating at relatively low efficiencies. This will be evident in

the weke, as will be seen later, by the pitch of the weke spiral with

the efficlency being higher where the pitch is lower and vice versa.
Suppose now that on the second ducted fan s positive increment of 5
thrust is added to a blade element where the pitch is low and an

equal increment of negative thrust is added on the third fan to an
element operating in a region where the pitch is high. The thrust of
the complete system remains unchanged but the third fan adds more power

to the shaft acting as a windmill than the second fan requires to produce

?
the thrust increment so that a net reduction of the power required by
the system is realized. (Of course skin friction is neglected and it ;
is assumed that the thrust increments are very small so that the power

recovery factor is 100%.) The efficiency of these added increments mey

SOALE T 3 rn B s S A2 s

be obtained by considering Fig. 22. Using the Kutta-Joukowski theorem,
the increment of thrust is

JURNTRVTIRS 4

AT

pAT(Or - uy) .

4
|

The increment of torque is

AQ

pAT(V, + u )r

This gives for the efficiency

N - =80 parar - )V

QaQ " pal(V, +uw_ r
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v, T = Uy,
TV Fw C:; + uz) tan ¢
Vv
_ [ ]
TV +w
or =15 7 (56)

The elemental efficiency is thus simply a function of the ratio of the
apparent velocity of th2 helical vortex sheet element to the free stream ?
velocity. The process of adding an increment of thrust on a blade

element of one fan and removing the same amount on the following fan
with a net reduction in power required is continued until no further

reduction is realized. At this point the efficiency of the added

element of thrust will be the same regardless of the radius at which
it is added. From equation (56) this occurs when w/V_ is the same at
each blade station for the last fan in the array. The wake behind this
last fan represents the wake for the optimum case. Thus the optimum
condition is obtained when the ultimate wake vortex pattern appears to
move as a rigid body and the pitch of the inner helical -.:e spirel is
uniform along the radius. The problem, of course, is the determination

of the single ducted fen which will yield the same weke configuration

as the array.
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APPENDIX IX
VELOCITY FIELD OF THE UNIFORM BOUNDARY SHEET

The uniform boundary sheet of the ultimate wake vortex model
consists of equal strength helical vortex filaments of constant and
equal pitch wirapped on a right circular cylinder at the pitch angle(pB.
The strength of all filaments is the same and is given.by”?, the sheet
strength per unit length normal to the filaments.

This sheet can be divided into two sheets to be superposed.

One sheet consists of a system of infinitesimal strength ring vortex
elements whose axes are the axis of the cyli..irical wake boundary
surface. The strength of this sheet is given by? cos @p. The other
sheet is a system of straight line filaments of inf'initesimsl strength
lying on the cylindrical boundary surface and parallel to the wake axis.
Again, the strength of all filaments is the same and the sheet strength
per unit length normel to the filaments is given by ?y' sin ch.

The velocity fields of these two sheets are calculated separately,
in terms of a Biot~Savart integration of the filaments of the sheets,
and then superposed to yleld the veloclty field of the entire uniform

boundary sheet.

Ring Element Sheet

From considerations of symmetry, the angular and radial velocitles
associated with the ring element sheet are identically zero. The geo-

metricel relationships necessary tc calculate the axial velocity field of

il
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,, this sheet are shown in Fig. 23. From the figure
, dyds’ =y cos ¢ Rd¥dz
h, = R-r cos ¥
' 2 2, 2
i h” = (R-r cos ¥)“ + z .
52 = R% + r° - 2rR cos ¥ + 2°
cos B = h/P ¢
cos a = h2/h
4 80 that :
) E . ® 2T COS @ j
;F - _ ~ B cos :
4 u, —2_[ f y—Kﬂ———PEEcosaRdez
2 00 ,
o 21 cos o, (h/F) (h,/h) ;
5 ~ ° B 2
E, =2 Y In =2
0 0 P
_ M, COB0p (1 . F cos ¥) d¥dE
: =2 Y T 32
B =2 - =2
3 0 0 (L+7 -2Fcos ¥ +%)
where T and Z are nondimensionalized by R. Now look at the Z~
‘,I integration and define, a = (1 + i"2 - 2F cos ¥) so that ‘
4. 3
,: 0 %
& [ az -
i - 2J 23/2 /2 i -—————7—! —2/8. ),
3 0 (a+%°) aa+22) 0 a(—-+l) ;
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or ZI ————7- 2/(l+r -2F cos ¥) .
(a + %

This integral may be found in reference 15.

Then uz becomes

. _J.Z'n~ cos ¢
g =

(L -F cos ¥) v

2n

o

where a8

so that

o2

—
J 1l + a cos x
0

_~cosch{J.2rr av _J‘
=Y T E+bcos?¥
0

Now
J‘Q",_._;i.‘l_’____ 1
at+pbcosY a
. 0
. the form

(1+52-2Fcos‘1’)

2n cos ¥ d¥

a+ b cos ¥
0

=1 +F and B = -2F. But

TR
&
+
~—
‘_I
+
o bal
I3
y
&

a av

T » which is of
1+ = cos ¥

, which yields from reference 15
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on
dx - 2n 2 -
f 1+acosx 2)1/2 for a“ < 1 or, ¥ < 1 (inside the wake).
(L - a
Then
on )
ay 1 o7
J a+bcosV a 1/2 and
(+- @)
1/2
~ ©OS Op 5 — g \2
u, =¥ 5 () + (1 + :§§)[l 2 (a2 - (1 N f2) )
~ COS @p 1 0 o ~ COS @p
=Y T {"+§(1'r)(a__'2_))}=\( w—= (m + )
-F
or

u, =Y cos gy

Straight Line Element Sheet

From considerations of symmetry, the axial and radial velocities
associated with the straight line element sheet are identically zero.
The geometrical relationships necessary to calculate the angular velocity
field of this sheet are shown in Fig. 2kL.

The velocity at a point due to the filement can be evaluated

directly from reference 16 as

sin op as sin oy Ra¥

Do =
—tta cny

d »“ch;&‘ggt,,.‘
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From the figure Pa

Then

so that

so that

=2
T

~
du\y —-2-"—1.3- )Y sinch Ray

Hl

)
a + 1y cos VY.
0 b

and b = -2¥, Agaln, the integral is of the form

,a <l,orr<1

Hij

1 JE"
0

Thus

(1 + ¥ - OF cos ¥)

(en/(2 - 22% + %)
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Superposition
From the results for the two sheets the velocity field inside

the weke due to the uniform boundary sheet is given by

?cosch, }
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APPENDIX III
CHECK CASES FOR THE NUMERICAL PROCEDURES

In developing the computer programs to handle the numerical
calculations required for the solution of the wake vorticity distribution
and the numerical calculation of thrust and power coefficients, a number
of check cases were developed in order to obtain accuracy criteria for
the various approximations required for a solution. The first of these
checks involves the replacement of helical vortex sheets by a number of
finite strength vortices.

The solution for the blade bound vorticity of an optimum free
propeller is well-established and has been solved for e number of
cases by Goldsteinlo. A mumerical model similar to the one employed
for the ducted fan was developed in order to check the accuracy of the
integration of the velocity contributions of the finite strength helical
vortex filaments and to establish a criterion for a minimum number of
filements required to adequately represent a helical vortex sheet.

The conditions placed on the solution were as follows. The velocity
normal to a helical sheet must be proportional to the local pitch of
the sheet along a radial line on the sheet, and the vorticity of a
single blade trailing sheet must sum to zero. The blade trailing
sheets were divided into J strps, the strips replaced by filaments
lying along the centerlines of the strips. Control points at which

the normal velocity component was summed and specified were placed

RY Y %:ﬁéﬁm
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at (J-1) points midway between the filaments representing the sheet

”
.o Cot
. AN
TR, ver iy
i, P

oriented at ¥ = 0. The arrangement for J = 4 is shown schematically
in Fig. 25. The result is a set of 3 linear equations in 4 unknowns.
The 4th equation is supplied by the zero net vorticity constraint.

The system is illustrated as follows.

Al,l 2 + Al,2 Y1 + .. .+ Al,J Yy = cos ¢,

GRS S e A A Rty - BT AT oo

Where, for example, A1 1 is the sum of the geometrical integrations of
>

f

was calculated and solved for A = 1/2 and b =2 for values of J = L, 6,

for the inboard most filament of the b helical sheets. The system

AN

N

8, 10, 12, and 18. The results are shown in Fig. 26. Based on these
results, it was decided that the ten filament system represents an 4
Z

adequate spproximation to the vortex sheets. Greater numbers of

filements improve the solution very slowly and it was felt that the
correspondingly larger computation times were not Jjustified.

In order to provide a check on the calculation and integration
of the functions of velocity in the ultimate wake, the integral for

ﬁz vas set up in the manner described in Chapter V and evaluated for

.
i SO OFATI RIS et 0 x e

several cases of b at A = 1/2. The result was compared to the exact

value provided by equation (U42) according to
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Figure 25. Schematic Diagram of the Arrangement of

Filaments and Control Points in the Ultimate
Wake of a Free Propeller.
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The comparisons are listed and reduced to a percent difference in

Table 1, where

Iﬁz d vol - fﬁz d vol
percent difference = exact mumerical

Iﬁz d vol
exact

As the table shows, the difference in all cases was of the order of

1 percent or less so that the calculation and integration methods were

considered to be sufficiently accurate.

As an additicnal check on the volume integrations, the values
of €, ¢, and ¢, were calculated for A =1 and b = 2, 4, 8, and 12.
These results are compared to the values for an infinite blade fan.
As can be seen in Fig. 27 the results show satisfactory convergonce

for increasing blade number.
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Table 1. Accuracy of the Weke Integrations

b Iﬁz d vol f 4, d vol Difference % Difference

numerical exact
2 .520 .526 .006 1.14
3 552 557 005 0.90
4 .569 .572 .003 0.53 :
8 .589 .590 .001 0.17

A=1/2,%=0
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