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ABSTRACT: A technique is outlined by which density gradients visible
in two-dimensional schlieren photographs can be analyzed to obtain
the density gradient structure (i~e., the shape ar: zcation of
density gradients such as shock waves and vorticesj of three-dimen-
sional flow fields. Practical application of the technique relies
on obtaining a series of schlieren photographs of the flow field
from iifferent viewing orientations. The analysis is specialized
to the case of a right-circular cone at angle of attack. Results
are presented which show the shape and location of the bow shock
of a 56 half-angle right-circular cone tested in the Supersonic
Tunnel No. 2 at the U. S. Naval Ordnance Laboratory, White Oak, at
a nominal Mach number of 5.0, a nominal free-stream Reynolds number
per foot of 4.8 x 10b and angles of attack equal to 15 and 40.
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How to Analyze 2-D Schlieren Photographs to Obtain the Density
Gradient Structure of 3-D Flow Fields

In this report, a technique is outlined by wnich density gradients
visible in two-dimensional schlieren photographs can be analyzed to
obtain the density gradient structure of three-dimensional flow
fields. The analysis is specialized to the ease of a right-circular
cone at angle of attack. Results are presented which show the shape
and location of the bow shock on a 5* half-angle cone at a Mach
number of 5 and angles of attack of 150 and 40%
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NOMENCLATURE

d diameter

Smeasurement taken along the cone axis, from the tip
to the location of the "s" measurement

n normal to cross-sectional plane Q

r radial distance along a ray in the polar cross-
sectional plane

s measurement taken perpendicular to the cone axis,
from the axis to a density gradient

O(xo,yo,z o) origin of the(x',y',z') body fixed-coordinate
system

(o,yo ,zo") origin of the (x",y",z") tip fixed-coordinate
system on the cone

xn, Yn,zn components of normal vector

(x,y,z) schlieren (tunnel flixed) coordinate system

(x',y',z') body fixed-coordinate system

(x",y",z") tip fixed-coordinate system

Sa angle of attack of the reference axis to the free
stream

a aapparent angle of attack of the cone in the schlierena photograph - measured positive in a counter-
clockwise lirection from the positive z axis,
aa = tan - (coscp tana)

9 chalf angle of cone

C roll angle of cone "dog leg" sting plane

angular position in polar cross-sectional plane Q

Other symbols are defined in the text where they appear.
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INTRODUCT ION

The conventional two-dimensional schlleren system is widely used
in aerodynamic research to locate density gradients occurring in a
flow field. A typical example is the shook wave formed on a two-
dimensional wedge in supersonic flow. Schlieren photographs of an
essentially two-dimensional flow field are relatively easy to inter-
pret because every plane parallel to the schlieren plane can be
considered as similar. Schlieren photographs of a three-dimensional
flow field (e.g., a cone at angle of attack) are more difficult to
interpret because, in general, planes parallel to the schlieren
plane are not similar (Fig. 1).

Holographic techniques, combined with the schlieren princIple,
promise to provide a means to locate density gradients in their Lrue
three-dimensional perspective. However, a technique is presented in
this report by which density gradients visible to a conventional
two-dimensional schlieren system can be analyzed to obtain the density
gradient structure (i.e., the shape and location of density gradients,
such as shock waves and vortices) of a three-dimensional flow field.

In the sections to follow, this technique is developed for the
general case of an arbitrary body at angle of attack. As a special
example, the results of an analysis of a right-circular cone at
angle of attack are presented.

GENERAL APPROACH - ARBITRARY BODY
AT ANGLE OF ATTACK

Basic Concept of the Analysis

A two-dimensional schlipren photograph of a three-dimensional
flow field about an arbitrary body will generally show density
gradients as curved lines or regions (Fig. 1). The density gradient
structure in a cros3-sectional plane, AA, is depicted in Figure 2.

The schlieren light path (parallel to the x axis of the
schlieren (tunnel fixed) coordinate system (x,y,z)) will be referred
to in this report at the schlieren "line of sight." A projection
along "lines of sight" of the body and regions of density gradients
produces the image on the schlieren plane (Fig. 1). It is important
to note that a density gradient occurs someplace along the "line of
sight," and not necessarily directly above or below the body as the
schlieren photographs would seem to suggest (this will be illustrated
subsequently). In this report, the projection oiv image of a density
gradient on a schlieren photograph will be referred to merely as the
density gradient in the photograph.

J1
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Large density gradients may occur in the form of surfaces (e.g.,
shock waves) or "line sources" (e.g., vortices). In turn, these
density gradients may appear as diffuse images (e.g., the vortices
in Pig. 2) or very distinct images (e.g., the bow shock in Pig. 2)
in the schlieren photograph. "Lines of sight" are shown to pass
through the center of the vortices. Considering the bow shock to
be of infinitesimal thickness, the "lines of sight" run tangent to
the bow shock (Fig. 2).

A reference axis is defined to coincide with the tunnel axis
(parallel to the flow direction) for convenience of illustration;
however, in general, the reference axis has an arbitrary orienta-
tion. The origin of a body fixed coordinate sydtem (x',y',z') is
locatqtd in crosa-sectional plane AA, with z' along the reference
axis, and x' parallel to x when the body has not been rolled about
the tunnel axis. If the body is rolled about the tuanel axis an
angle T ( a sting mounted in a roll head of a wind tunnel allows
the widel to roll while maintaining the same angle of attack to the
flow), the schlieren photograph presents a new image as seen by
comparing Figures 2a and P.b. The superposition of a number of cross-
sectional planes taken at varying roll angles qp, would show the
center of the vortices to be regions of intersecting "lines of sight"
while the bow shock would be defined by an envelope of "lines of
sight" in the (x',y') plane. By using a series of cross-sectional
planes taken along the reference axis, the entire density gradient
structure of the three-dimensional flow field could be constructed
in detail. Obviously, any density gradient structure always
hidden from view by an opaque body, or that is too weak to be
photographed, cannot ')e constructed by using the analysis of this
report.

The above presents the basic concept behind the technique
presented in this report. The next step will be to extend this
concept to the more complex geometry of the general three-dimensional
flow field about an arbitrary body.

Extension o~f. sic Concept to General Case

The geometry for the general three-dimensional flow field about
an arbitrary body (only the reference axis, RF. is shown) is shown
in Figure 3. The reference axis, RF, is at; angle of attack, M, to
the free stream, and lies in a plane which is rolled about the
tunnel axis (parallel to the free-stream flow direction) an angle

v •q*-O corresponding to the case when the reference axis lies in a
plane parallel to the schlieren plane). The projection of the
reference axis ( along the schlieren 'line of sight") onto the
schlieren plane (y,z) is indicated by line MG. A curved shock wave
is assumed to exist in the flow field. A curved surface A, made up
of "lines of sight" tangent to the shock wave along line TN, inter-
sects the schlieren plane in line SP. Lir2 SP is what appears as a
density gradient in the schlieren photograph. A cross-sectional

2
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plane, 9, perpendicular to the reference axis at point 0, is inter- 4
sected by surface A along line CD. A body fixed-coordinate system
(x',y',z'), with origin at point 0, is oriented with the x' axis
parallel to the x axis of the schlieren (tunnel fixed) coordinate
system (x,y,z) when cp = 00.

Analogous to the special case of Figure 2, a superposition of
cross-sectional planes Q (obtained at a series of roll angles, 0)
will define the shock wave by an envelope of CD lines in the (x' y')
plane (Fig. 4). In the special case of Figure 2, the envelope is
defined by "lines of sight." However, CD lines are the loci of
points of intersection of a series of "lines of sight" with plane Q
(i.e., the intersection of surface A and plane Q). For the
remainder of this report, CD lines will be referred to as "effective
lines of sight." In general, "effective lines of sight" wll be
curve! and density gradients will occur someplace along these lire s.

Had a vortex been considered to exist in Figure 3, a series of
intersecting "effective lines of sight" would define its center
(Fig. 4). Once the shape and location of the density gradients have
been established, the cross-sectional shape of the body can be added
to complete the picture. The entire density gradient structure of
the three-dimensional flow field could be constructed using a series
of cross-sectional planes located along the reference axis.

The next step will be to determine the necessary equations to
construct ar "effective line of sight" from a given equation for a
density grauc.Lnt, SP.

Development of Equations for "Effective Line of Sight"

Basically, the analysis consists of finding equations in the
(x',y',z') system which define the line of intersection, CD, of
surface A with plane Q. The details of this analysis are presented
below.

a. Silrface A

The functional form of surface A in the (x,y,z) system is:

A(x,y,z) = 0 (1)

and after transfbrmation to the (x',y'z') system:

A'(x',y',z') = 0 (2)

More explicity, surface A is related to the functional form of
the density gradient, SP, in the schlieren plane:

z = f(y) (3)

3
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b. Plane Q

The functional form of plane Q in the (x,y,z) aystem is:

Q(x,y,z) = 0 (4)

and a transformation to the (x',y',z') system together with z' = 0
in the Q plane gives:

Q1(x1,y1, z,) -- 0 (5)
Plane Q is defined by its normal

n = xn + Yn3 + Z n (6)

and point O(x 0, y, o). Hence the explicit form of equation (4)

becomes:

xn (X-X0 ) + yn(y-yo) + Zn(Z-Zo) = 0 (7)

The transformation equations necessary to determine
equav ion (5) are found with the aid of Figure 3 to be:

x = x0 + x'cosq, - y'cosm sincp - z'sin'L sinqp

Y = y0 + x'sincp + y'cosa coscD + z'sinei cosq, (8)

Z = Z0 - y'sina + z'cosrz

and the normal to plane Q, which is parallel to the z' axis, is:

- = -sina sinm I + sina cosep 3+ Cosa (9)

c. "Effective line of sight," CD

The intersection of surface A and plane Q defines the
"effective line of sight," CD. Expressed functionally in the
(x',y',zt) system, the equation of line CD is:

y' = g(x') (10)

Substitution of equatiki (3) into equation (7), together with
equation3 (8) and (9), gives the explicit form of equation (10),
and hence the equation of the "effective line of sight" as:

l=zo0 - f(y)y'= - ~~(11)

sin M

The functional form, f(y), is retained in equation (11) but
would in practice, be transformed through equation (8) to a function
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of (x',y°). The value of ,, which is a constant for the geometry
of Figure 3, serves to specify the cross-sectional plane under
construction.

Concluding Comments on the General Approach

* The use of a reference axis and a cross-sectional plane perpen-
dicular to the axis will be the most convenient in the majority of
body shapes, such as cones, lifting bodies, etc. However, in
principal, other geometrical arrangements may be used for specific
applications. For sting supported models, the reference axis can
be taken along the sting when it is visible in the schlieren
photographs. In practice, data measurements would be referenced to
the origin of the (x,y,z) system and curve fitting would yield
equations of the form (z - f(y)) describing the density gradients.
The images of shock waves are generally very distinct lines and can
be described by single equations. However, diffuse images may
require several equations to properly define the region of the
density gradient. In some cases, data may be referenced to a point
on the projected reference axis, as to be shown in the next section
where the projection of the tip of the cone is chosen as the
reference pcint. The value for z is easily obtained from a
schlieren photograph showing the eference axis in true length

* (e.g., when cp - 00).

Finally, it is conceivable that the geometric analysis
presented above coull be extended for use with shadowgraph and
interferometer systems.

SPECIAL CASE - THE RIGHT-CIRCULAR
CONE AT ANGLE OF ATTACK

In this section the general result of equation (11) is
specialized to an analysis of two-dimensional schlieren photographs
of a right-circular cone at angle of attack.

For a given configuration, the terms r. und sing are constant
in equation (11). Hence, one merely needs to determine the proper
form of f(y), which describes the density gradient in the schlieren
photograph.

Before determining the functional form f(y) for density
gradients about a circular cone at angle of attack, the basic
geometry must be defined.

Basic Geometry and Definitions

A series of schlieren photographs of a cone at angle of attack
is shown in Figures 5a, b, and c. The density gradients appearing
in these photographs seem to emanate from the image (projection onto

* the schlieren plane) of the cone tip and are essentially straight
lines (suggesting that the flow around the cone is essentially

5
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conical). Hence, for the purpose of this analysis the images of
these density gradients are assumed to be straight lines emanating
from tip.

A schematic in Figure 6 depicts the wind-tunnel schlieren
photographic arrangement and defines the roll angle, T, of a cone
mounted on a "dog leg" sting. For this geometry the reference
axis is defined to coincide with the cone axis. Obviously, the
cross-sectional plane perpendicular to the reference axis (referred
to hereafter as the cone axis) shows the cross section of the cone
as a circle.

In Figure 7 the geometry of a typical schlieren photograph is
shown. The image of the cone and sting defines the projected cone
axis and tip. For the purposes of data measurements, the reference
point is chosen as the origin (osy 01tsz0") of a tip fixed-coordinate
system (x",y",z").

The basic data taken with each photograph consisted of:

m- angle of attack of the cone to the free stream

S- roll angle of cone-"dog leg" sting plane
9c - half angle of cone

- apparent angle of attack of cone in schlieren
photograph - measured positive in a counterclockwise
direction from the positive z axis
ma = tan-1 (coscp tann)

s - measurement taken perpendicular to the projected cone
axis, from the axis to a density gradient

I - measurement taken along the progected cone axis from
the tip to the location of the s" measurement

In the equations to be developed below s and t appear as a
ratio, V/s. Hence, the location of the measurement of s and I is
arbitrary by consequence of similar triangles (Fig. 7). This
implies that all cross-sectional planes along the cone axis present
a similar density gradient profile. For convenience of discussion,
the measurement of s is taken at point (o,y oz) in Figure 7.

Determination of f(y) - The Functional Form of the
De tXGradient

It is convenient to refer to density gradients as occurring
"above" or "below" the projected cone axis according to their
relation to the (x",y",z") system (Fig. 7).

6
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The equation of a density gradient occurring "above" the axis
in Figure 7 has the form:

z"= . y" (12a)
$

"The equation of a density gradient occurring "below" the axis
has the form:

z" y (12b)

The next step is to transform equation (12a) and (12b) to the
(x,y,z) system to obtain the functional form z = f(y). The trans-
formation of equation (12a) will be shown in detail below.

The appropriate transformation relations are:

x1 = x

Y" = (Y-yo")costa - (z'zo")sina (13)
z" = (y-yo")sinea + (z-zO )cos~ a

Upon substitution of equation (13) into equation (12a) we
have:

z = f(y) = zo " (Y-Yo")Ea (14)

where

Ea - sin%, + cosena (15)
a o V a

A similar form for equation (12b) is found by replacing Ea in
equation (14) by:

sina - s-O
Eb = a- s a. (16)

Cosita + Vin ma

Equation of "Effective Line of Sight"

Because a density gradient appearing about the cone in the
schlieren photograph is essentially a straight line, surface A of
the general approach is now a plane. Hence, the "effective line
of sight," defined by the intersection of plane A and plane Q, is
a straight line. The equation of this line is developed below.

Applying equation (8) and (14) to equation (11), results in

y'sina= (z 0 -z 0 ") + (yo-yo" + x'sinc + y'cos* cos p)Ea (17)

S~7

--------------------------------------
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From Figure 7 we see that:

(18)
YO Os
z 0 -~ z 0Cosa

which, after non-dimensionalizing by the cone diameter, d, at
point 0, brings equation (17) to:

L-inl= - +- sinf + xint+ d OSm cos (19)
d d ds d-~ s~ +(19)~ ~~'- 0'V

As the cone is rolled through angles T, the relationship between
I and d varies. This is taken into account by a geometrical
consideration shown in Figure 8, with the result that:

cost (20)2 tanec cose(0

Application of equation (20) yields the equation for the
"effective line of sight" in the (xt,yI,zI) system:

IV[ I + EtaSa

t2LEjj a tan-c 1 (21)
d sinm - EaCos,% coscp

A similar equation is found for density gradients appearing"below" the projected cone axis where Ea is replaced by Eb in
equation (2 .

Construction of "Etfective Lines of Sight" in the
Cross-Sectional Plane

It was found convenient to present the results of the analysis of
the cone in a polar diagram representing the cross-sectional plane Q.
Using the relations defined in Figure 9, equation (21) for density
gradients appearing "above" the projected cone axis, becomes:

cosm 1+E tn
r Eai §~ tan O atafl] (22)
d= EaSinX sincp - cos) [sina-Ea cos 7 cos']

Replacing Ea by Eb yields a form for density gradients appearing
"below" the axis. In applying equation (22) for the range 90g < cp
< 270 degrees, it must be noted that fa is a negative angle.

8
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The "effective line of sight" is a straight line and can be
defined by two points calculated from equation (22) (Fig. 10). One
point can be found by assuming for convenience, Xl = •. A second
point can be found along a ray rotated a convenient angle in either
direction from rl/d, to angular position X2 . Finally, the body
shape is constructed as a circle of unit diameter about point 0.

Because every cross-sectional plane along the cone axis is
similar, one cross-sectional plane serves to define the density
gradient structure of the flow field.

RESULTS OF THE ANALYSIS OF A RIGHT-

CIRCULAR CONE AT ANGLE OF ATTACK

Obtaining the Schlieren Photographs

In this section, the results of applying the above technique
to schlieren pictures of a cone at angle of attack are presented.
Schlieren photographs used for analysis were obtained as part of
a more extensive study of the flow field about an inclined right-
circular cone conducted in the Supersonic Tunnel No. 2 at the
U. S. Naval Ordnance Laboratory, White Oak (Ref. 1). Figures 5a,
5b, and 5c are typical of schlieren photographs obtained of a 50
half-angle right-circular cone at nominal free-stream Mach nui-ber
of 5.0, o nominal free-stream Reynolds number per foot of
4.8 x l0o, and an angle of attack, a = 400. Figureslla, llb, and
llc show a similar series at a = 15. Photographs were taken in
increments of roll, Acp = 100 over the range 0' < r < 1800. Because of
symmetry, the series from 00 to 900 was duplicated by the series
from 900 to 180. In addition to the "still" photographs, movies
were taken of the cone continuously rolling from 00 to 1800.
Although the latter provided many more views to analyze, the
quality of definition was not as good as the "still" photographs.

Shape of the Bow Shock

The image of the bow shock appeared in the schlieren photographs
as distinct lines and hence was described by single equations "above"
and "below" the projected cone axis. The profiles of the bow shocks
formed on the cone at angles of attack of m = 150 and 400 are shown
in the cross-sectional planes of Figures 12 and 13. Because all
cross-sectional planes along the cone axis are similar, one plane
serves to describe the shock shape for a given angle of attack.

The shock envelopes are shown not to be closed because the
shock waves were too weak to be visible in the region of the
leeward meridian. If these envelopes were to close, it appears
that they would nearly coincide with the free-stream Mach wave
projection on the leeward meridian.

The "effective lines of sight" calculated for = 0°, 60, and
90* are shown in Figure 13 for the case of a = 400. It is inter-
esting to note that the "effective line of sight" for = 90g

9
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defines a portion of the bow shock at approximately 45* from the
leeward meridian. That is, the portion of the bow shock visible
in Figure 5c does not lie directly above or below the cone (i.e.,
on a ray 900 from the leeward meridian) as the schlieren photo-
graph would seem to suggest.

No attempt was made to compare the shock shapes of Figures 12
and 13 with analytical calculations. Furthermore, no flow surveys
were completed to substantiate the location of the shock wave.
Other density gradients appearing on the leeward side of the cone
in Figures 5 and 11 are currently under investigation and the
results of this study will be presented in a later report.

Errors

Errors introduced in obtaining the raw data can obviously bereduced by working from enlargements of the photographs. In the

calculation of two points which define an "effective line of
sight," sufficient accuracy of the line orientqtion was obtatned
by locating the points relatively far apart (i.e., rotating X2
relatively far from XI)"

SUMMARY

A technique has been outlined by which the density gradients
visible in two-dimensional schlieren photographs can be analyzed
to yield the density gradient structure (i.e., the shape and
location of density gradients such as shock waves and vortices) of
a three-dimensional flow field. The analysis has been specialized
to treat the case of a right-circular cone at angle of attack.
Practical application of the technique has relied on obtaining a
series of schlieren photographs of the flow field from different
viewing orientations by rolling the model relative to the schlieren
system. Results have been presented which show the shape and
location of the bow shock formed on a 5" half-angle right-circular
cone tested in the Supersonic Tunnel No. 2 at the U. S. Naval
Ordnance Laboratory, White Oak, at a nominal Magh number of 5.0, a
nominal free-stream Reynolds number of 4.8 x 10 , and angles of
attack equal to 150 and 40%.

Since the completion of the work for this report, the authors
have become aware of a similar technique for determining the shape
of the bow shock around conical shapes as presented in Reference 2.

10
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FIG. 5a SCHIIEREN PHOTOGRAPH OF A 50 HALF ANGLE CONE AT ANGLE OF
ATTACK a400 , 00O.
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FIG. Ila SCHLIEREN PHOTOGRAPH OF A 50 HALF ANGLE CONE AT ANGLE OF ATTACK
a =150 . ~00

21



-7 7 -1

NOLTR 69-80

FIG. Ilb t60 0

22



NOLIR 69-80

FIG. lI c *900

23



NOLTR 69-80

MACH 00

WAVE

MACH WAVE PROJECTION
TIP Cie",

PROJECTIO"N

CROSS-SECTIONAL
PLANE

O•"PROJECTION OF TP

OF CONE PARALLEL
TO FREE STREAM
FLOW DIRECTION

CONE
CROSS-SECTION OF
UNIT
D IAMETER 

0- 

o
900 0

I WINDWARD

1800

FIG. 12 SHOCK WAVE PROFILE OF RIGHT CIRCULAR
CONE A! ANGLE OF ATTACK a = 150

24



NO LT R 69-80

00
D,, MACH WAVE PROJECTION

= 60°

S90o0

PROJECTION OF
TIP OF CONE
PARALLEL TO FREE
STREAM FLOW
DIRECTION

CONE 
/

CROSS-SECTION

SUNIT "EFFECTIVE LINES
,DIAMETER OF SIGHT" AT

VARIOUS ROLL
go ANGLES

90°=9

WI NDWARD

1800

FIG. 13 SHOCK WAVE PROFILE OF RIGHT CIRCULAR
CONE AT ANGLE OF ATTACK a =400

25



JP

DOCUMENT CONTROL DATA- R & D
S. jrgt,' g 1,II"t I, of Irtl V, 1-,% o1 , b r4 rf ,,nd mde.xr ,I unrlol.,t( .M 0 n ,I t be antiterwd Intn then Il, erai i .t ,rt I , I., ,, ited)

OI 41CtINA TIN•G ACT'IVITY [('C),porite, nothor) Zao. REIPORT SE•CURITY CLAStfVICATIOtN

U. S. Naval Ordnance LaboratoryI UNCLASSIFIED
White Oak, Silver Spring, Maryland 2b GROUP

3 ORECRORY T TI T LE C 0

How to Analyze 2-D Schlieren Photographs to Obtain the Density
Gradient Structure of 3-D Flow Fields

4 DESCRIPTIVE NOTES(7'ype of report and inclusve dates)

final
5 AU THORISI (First n••e, middle initial. Iast nTae)

Allen E. Winkelmann and Robert H. Feldhuhn

6 REPORT DATE 7.TOTAL NO OF PAGES 1b. N.O OFr REFS

15 April 1969 15 plus illus. 2
On. CONTRACT OR GRANT NO go. ORIGNATOR'S REPORT NUMBER(S)

b. PROJECTNO -NOLTR 69-80

C. I1' OTHER qEPOkT NO(S) (Any other numbers thot may be nss$gned
this report)

d.

$0 V1ISTRIOUTiON STATEMENT

This document has been approved for public release and sale, its
distribution is unlimited.

I1 SUPPLEMENTARY NOTES 12 SPONSORING MILITARY ACTIVITY

13 ABSTR•CT

A technique is outlined by which density gradients visible in
two-dimensional schlieren photographs can be analyzed to obtain
the density gradient structure (i.e., the shape and location of
density gradients such as shock waves and vortices)of three-
dimensional flow fields. Practical application of the technique
relies on obtaining a series of schlieren photographs of the flow
field from different viewing orientations. The analysis is
specialized to the case of a right-circular cone at angle of
attack. Results are presented which show the shape and location
of the bow shock of a 50 half-angle right-circular cone tested
in the Supersonic Tunnel No. 2 at the U. S. Naval Ordnance
Laboratory, White Oak, at a nominal Mach number of 5.0, a
nominal free-stream Reynolds number per foot of 4.8 x 106 and
angles of attack equal to 150 and 400.

DD 0 0|-87- (PAGE I)

S/'. 0101.807.68Ci. Si-curitv Claosstficalirnn



r

Secu•ty Classification

14 LINK A LINK B I-INK C
KEY WOROS

ROLE WT ROL" WT ROLE WT

Flow visualization
schlieren
flow-field surveys
density gradients

DD H1V.1473
(PAGE 2) Security Classification

r


