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ABSTRACT

Equations of motion for a three-degree-of-freedom, two-

body airdrop system were derived and numerical solutions ob-

tained by 4se of a digital computer. It was assumed that, for

given initial conditions, the parachute drag area was a function

of time only.

The results indicated that:

1. The derived equations of motion result in cal-

culated trajectories which are good representations of actual

airdrop trajectories.

2. The parameters which most affect altitude loss

to equilibrium are parachute-cargo line length aud parachute

opening time.

3. There is an optimum parachute opening time which

results in minimum altitude loss to equilibrium. Longer or

shorter opening times will result in greater altitude losses

to equilibrium.

4. Moderate variations of aircraft flight path in-

clination, initial cargo acceleration, and initial cargo velocity

have only a small effect on altitude loss to equilibrium.

5. For a given equilibrium velocity, a cluster of

small parachutes appears to be a better choice than a single

large parachute for obtaining minimum altitude loss to equilibrium.
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Introduction

The operational ability to suaceaafuliy airdrop l~rge

cargoes from rear-loading aircraft flying at altitudes below

800 feet has been a Department of Defense goal for some yi•as.

This ability would greatly reduce the chance of aircraft de-

tection by enemy survaillance devices and also increase airdrop

accuracy by reducing the amount ol time during which the para-

chute and cargo are subjected to the effects of the unpredictable

winds. Efforts to achieve a low-altitude capability have beer.

underway for some time but hava not yet been completely fruit-

fulo

Presently, the minimum airdrop altitude is determined

almost entirely by the amount of altitude required for the

airdrop system j reach equilibrium conditions: that is, when

the cargo reaches terminal velocity and the parachuto and

cargo are in a vertical orientation. Thus, decrease in airdrop

altitude can occur only by decreasing the vertical distance

required to attain equilibrium conditions. Typical solutions

to this problem have provided aerodynamic or mechanical meanel

to decrease the opening times of the parachutes. This, of

course, results in the full drag area of the parachute being

applied earlier in the trajectory. This approach appears to

be based on the rationale derived from consideration of the

trajectory of a point-mass, i.e., the greater the decelerating

force, the less altitude required to reach equilibrium. How-

ever, in an airdrop of a cargo from 800 feet altitude, a typical
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Sdit bnce between the parachute and cargo centers-of-gravity

is on the order of 150 feet. As might then be expected, measured

flight trajectories of parachute-cargo airdrop systems are

quite different from point-mass trajectories. Thus, basing

airdrop system designs on the characteristics of point-mass

trajectories may not be a logical approach and may not result

in the desired improvements in system performance.

Analyses to determine the trajectories of two-body para-

chute-cargo airdrop systems have been conducted (l,2,3). The

analyses of references 1 and 2 were used as bases for the

development of a specific low-altitude cargo airdrop system

which did not deviate too greatly from standard airdrop systems.

As a result, the analyses were not of sufficient scope to

determine basic differences in the respor-e of point-mass and

two-body systems to variations in system characteristics. The

analysis of reference 3 was conducted primarily to determine

the forces being exerted on the cargo and the motion of the

cargo itself about its own center of gravity.

In a preliminary study by the author (results unpublished)

equations of motion were solved with the assumptions that the

parachute drag area and parachute mass were constant throughout

the trajectory. These are not very realistic assumptions for

the transient portion of the trajectory, but the calculated

trajectories were similar enough to actual trajectories to

provide a reasonable basis for determining trends. The con-

clusio.is derived from this preliminary study were encouraging

2



enough to spur on additional study. The -esults of this addi-

itonal study are described in this report.
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Theory

The airdrop system model used as a basis for the equations

of motion is shown in Figure 1.

As usual in an analysis of this type, a number of asoump-

tions were made to yield tractable solutions. The major assump-

ti•us are:

I. The airdrop method chosen is that of extraction

by recovery parachate. In this method, the reefed recovery

parachute ts used to extract the cargo from the aircraft.

After the cargo clears the aircraft, the reefing line is severed

and the parachute is allowed to inflate. In this study, zero

time coincides with the instant that the cargo leaves the air-

craft and the parachute begins iiflating from its reefed con-

figuration.

2. The only aerodynamic forces acting on the parachute

and cargo ere drag forces.

3. The parachute and cargo drag coefficients are

independent of their respective angles cf attack.

4. The elastic line joining the parachute and cargo

has a spring constant, k.

5. The parachute center of gravit, is located at a

fixed distance from its skitt regardless of the change in para-

chute shape as it opens.

6, The air density remains constant throughout the

trajectory

4
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BEN

These assumptions still permit rather general application

of the equations of motion. The following additional assumptions,

necessary to obtain numerical solutions, generate particular sclu-

tions to the equations which are then less general in application:

1. The variation in parachute area, Sp , for any given

case, is a function of time only and is described by the following

equation:

S = So [.oo2o+.oos4 I8.4) tF (1)

This equation is essentially that derived experimentally by

Berndt and DeWeese(it) for a solid flat-circular canopy in its

latter stages of opening, i.e., from f-AF - 0.3 to t/t• - 1.0.

The constant, 0.0020, in the zbove equation differs from -the

constant, 0.0117, in Berndt and DeWeese's equation to take into

"account the fact that equation (1) was used, in this study,

throughout the opening process, i.e., from -/t, - 0 to t/. - 1.0.

This was done to simplify the computer solution, but is not un-

reasonable since the reefed parachute shape is close to the shape

assumed by Berndt and DeWeese for the beginning of the "terminal

filling period".

2. From case to case, the variation in parachute opening

time is inversely proportional to the initial cargo velocity.

3. Throughout the opening process, the shape of the

parachute is represented by an inverted conical frustum topped

by an oblate hemispheroid. (See Figure 2) The constants and

equations used to relate these geometrical figures to the

6
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parachute shapes wnre obtained from referenced data(S).

4. The parachute drag coefficient is constant through-

out the opening process and for this study vas chosen to be 0.7.

This value is a compromise that attempts to take into account

the variation in drag coefficient witli velocity. This variation,

calculated from referenced data (6) is shown in Figure 3.

Use of the theory by French (7) that the variation in

parachute area during opening is not a function of time, but

rather of distance along the trajectory was considered, but had

to be discarded because of computer memory limitations.

Derivation of Equations

Summing forces along and perpendicular to the cargo and

parachute velocity vectors, respectively, resulted in the

following equations:

-%• "at

---rTcos c 1 ) -- dV~ (2r)

S4) (4)(

-TS/no t M Tca tap) = .t.Vp s(9 rp) (5)

7
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FIGURE 2 SIMPLIFIED PARACHUTE SHAPE
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where

The parameter, S,,, is known as the aerodynamic penetration (8)

and !s the distance an object of mass, rm , travels in air of

density, 9 , 'or aerodynamic drag proportional to the square

of the speed to reduce its speed by a factor of e -

Another equation was determined by consideration of the

effect of system geometry on the parachute and cargo velocities.

The velocity components of the parachute and cargo in the direc-

tion of the line joining them are equal. Therefore, their

relative velocity is the difference of their valocity compon-

ents perpendicular to the line joining them ( It is this

relative velocity which produces system rotation characterized

by the following equation:

A_ ID. (V0 sbnc. -VsLnot) (6)

Equations (.) through (5) are functions of the tension,

T , in the line Joining the parachute and cargo. The tension

is a function of the distance between the parachute and cargo

and is determined by the following equation:

T W **~ (7)

Additional equations are determined from consideration

of the parachute and cargo velocity components in the % and

So directions:

9



Co~ s (611 L )

at

C1 t

The equation for the time variation of the mass of in-

cluded air in the parachute, MLO. , was derived using the

me.thod of reference 5 as follows (See Figure 2):

-•=,= \41.

rn• Vo 0. R.. I.c.F.

06 e. (12)

where:

R-r• 112r t r
Equations (1) through (12) completely dc'"cribe the problew

and a solution can be determined using numerical techniques.
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Non-dimensionalizing

Trior to solving the equations, the parameters were non-

dimensionalized by the following method:

1. All lengths or distances were dfvided by Sb

Thus X e

2. All areaa were divided by

3. Velocities were divided by V .

4, Non-dimensionai time, Vetl

5. Masses were divided by

Where SO, is the aerodynamic penetration of the parachute-

cargo combin 'ion at equilibrium and Ve is the equilibrium

velocity (terminal velocity) of the parachute-cargo combination.

V and are related by the following expression:

The final non-dimensional equations of motion are as

follows:

- = - sin_ - % ') l c s • (13)

~~Co50c + /_7snt (14)

_• - d- -- (15)

11I
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W' - (18)

* ~Vcs~ (19)

C v Os(20)

MSVn 9J.(21)

C---*(22)

[Vs. S~ý "r SnX(23)

F, =~ -U(24)
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Comput at ion

The non-dimensional equations of motion were solved numer-

ically using the Runge-Kutta-Gill (10) method on an IBM 1130

Digital Computer with both graphical and digital output. The

equations were solved for 58 different sets of input values which

are tabulated in Table 1.

Case 1 is a reasonable approximation of a typical airdrop

where a 3250-lb. cargo is airdropped from. an aircraft flying at

an airspeed of approximately 130 knots and using a 100-ft. diameter

parachute for extraction and recovery. The remaining cases con-

stitute a systematic variation in the airdrop parameters con-

sidered most significant.

In each case, the trajectory solution was carried out to an

arbitrary equilibrium condition which was defined as the time

when the parachute-cargo orientation is within 5 degrees of ver-

tical and, simultaneously, the cargo velocity is less than 1.05

times the equilibrtum velocity.

The time increments used resulted in each trajectory being

defined by at least 35 calculated points for the shorter tra-

jectories and more than 250 calculated points for the longer

trajectories.

14
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Results and Discussion

The trajectory obtained for Case 1, the nominal case, is

shown in Figure 4. Included in the figure for comparison is a

trajectory obtained from an actual flight test with initial con-

ditions and system characteristics generally similar to those

of Case 1. Unfortunately, the flight test data were not complete

enough to insure that all conditions for the calculated and actuai

trajectories were identical. Also, actual trajectories are de-

termined relative to the ground, while the calculated trajectories

are determined relative to the air mass. Thus, the local winds

will result in discrepancies between the two trajectories.

On this basis, the close similarity between the trajectories

indicates that the equations do predict cargo trajectories re-

asonably well.

Figure 5 shows the variation in altitude loss to equilibrium

with parachute-cargo line length, L The trajectories for those

cases with L less than 1.5 are characterized by asymptotic approaches

to the vertical (4 - 90 deg.). For those cases with L greater than

1.5, the trajectories oscillate about the vertical and as L in-

creases the oscillations become more nronounced. For those cases

with L greater than 2, the scattering of points is caused by the

fact that equilibrium is defined as a range of allowable values for

9 and V. Because of the oscillations, the. equilibrium conditions

can be approached from either boundary of that range; that is,

during that part of the oscillation whereX'., is less than 1.05,

9 can reach equilibrium by approaching the 95 degree boundary from

19
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smaller values of the angle or the 95 degree boundary from larger

values of the angle. For the asymptotic trajectories, equilibrium

is reached by approaching the 85 degree boundary only. A typical

asymptotic trajectory and a typical oscillatory trajectory are

compared in Figure 6. Figures 5 and 6 show quite well that re-

duction in parachute-cargo line length offers a fruitful method

for lowering airdrop altitudes.

Figure 7 presents the variation in altitude loss to equil.-

brium with parachute opening time for five parachute-cargo line

lengths. Especially noteworthy is the fact that minimum altitude

loss to equilibrium occurs at discrete values of ,arachute openinr,

time. The trajectories calculated for values of ( 2- 2. ) that

result in minimum altitude loss for a given value of L are char-

acterized by just a slight oscillation about the vertical. For

longer opening times, the trajectories become asymptotic in nature

and for shorter opening times, the oscillations become more severe.

Trajectories for a typically short opening time, an optimum open-

ing time, and a typically long opening time are shown in Figure 8.

In Figure 7, the curve for SDe = 81.77 resulted from an attempt

to determine the effect of increased cargo weight on minimum al-

titude loss to equilibrium. In six cases, the cargo weight was

increased tenfold to 32,500 pounds and the diameter of the si-gle

parachute assumed in the mathematical model was increased by a

factor of the square root of 8; eight being the numbet of para-

chutes actually used for that weight cargo. This resulrtd in the

drag area of the parachute, a function of the square of the

22
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diameter, being the same as in an actual airdrop. However, the

mass of the included air in the parachute is a function of the

cube of the diameter. Since the drag area and the included air

mass were not increased proportionately, the value for SDe did

not remain constant and, in fact, increased by a factor of al-

most 2.

Because of this, no specific conclusions can be reached on

the effect of increased cargo weight on altitude loss to equil-

ibrium. However a cluster of small parachutes, having the same

total drag area as a single large parachute, will have a signif-

icantly smaller total mass (and volume) of included air. This

should result in shorter opening times, which, as has been shown

in Figure 7, may or may not decrease altitude loss to equilibrium.

Also, the smaller value of SD for the cluster will result in
De

lower values of the non-dimensionalized altitude loss to equil-

ibrium at the optimum parachute opening time. Further, since SDe

is the non-dimensionalizing factor for altitude loss, the smaller

value of SDe will yield even lower values of actual altitude loss

to equilibrium. Thus, for a given equilibrium velocity, a cluster

of small parachutes with a carefully chosen opening time should

permit airdrop from lower altitudes than when using a single large

parachute.

The effect of aircraft flight path inclination, at the in-

stant of cargo release, is shown in Figure 9. With the coordinate

system used, negative angles indicate that the aircraft is climbing.

26
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The discontinuity in the curve results from the approach to the

equilibrium boundaries changing fron. one direction to the other.

This figure shows that the flight path has no marked effect on

altitude loss to equilibrium. Inspection of the cargo trajec-

tories in Figure 10 shows that the trajectories for Po equals

plus or minus 30 degrees are quite different during the early

portions of the trajectories, although they do approach a more

typical characteristic during the later portion of their trajec-

tories. For the case of the aircraft in climbing flight, the

altitude that the cargo gains during the early portion of the

trajectory is almost equivalent to the additional altitude re-

quired to damp out the more severe oscillations that result.

The small effects of initial cargo acceleration and initial

cargo velocity on altitude loss to equilibrium are shown in Fig-

ures 11 and 12. The initial cargo acceleration was calculated

by dividing, at time zero, the tension in the line joining the

parachute and the cargo by the cargo weight, Wc.

In both figures, the number of cargo oscillations before

reaching equilibrium increases step-wise with increasing values

of the abscissa, resultiug in increasing altitude loss to equil-

ibrium. However, small increases in the value of the abscissa,

as long as the number of oscillations is not increased, results

in smaller altitude losses to equilibrium. This is especially

apparent in Figure 12 and it is felt that the same occurs in Figure

11 although there are not sufficient points to show this con-

clusively. This "within-the-cycle'" phenomenon is due to the

28
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approaching of the equilibrium boundaries from two directions.

Assessment of the results of this analysis reveals two para-

meters that significantly affect altitude loss to equilibrium,

Those parameter3 are parachute-cargo line length and parachute

opening time. These parameters are closely interrelated and changes

in them for any given airdrop system must be accomplished judicious-

ly for as the line length is varied, the value of the optimum

filling time changes. Thus, what is optimum filling time for one

line length is not optimum for another.

The other parameters that were investigated do not affect

altitude loss to equilibrium in sufficient enough degree to warrant

special attempts to optimize their values during airdrop system

design. This conclusion may be limited in scope since the effects

of simultaneous variations of the parameters were not studied. It

is suspected that for parachute-cargo line lengths of less than 2.0,

where the trajectories are asymptotic in nature and quite different

from the nominal case, the effects of initial cargo acceleration,

initial cargo velocity and aircraft flight path inclination may

be quite different. For instance, it is suspected that, for L4

2.0, increasing initial cargo acceleration will result in decreasing

altitude loss to equilibrium rather than the increasing altitude

loss shown in Figure 11.
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Conclusions

1. The derived equations of motion result in calculated

trajectories which are good representations of actual airdrop

trajectories.

2. The parameters which most affect altitude loss to equil-

ibrium are parachute-cargo line length and parachute opening time.

3. There is an optimum parachute opening time which results

in minimum altitude loss to equilibrium. Longer or shorter open-

ing times will result in greater altitude losses to equilibrium.

4. Moderate variations of aircraft flight path inclination,

initial cargo acceleration and initial cargo velocity have only

a small effect on altitude loss to equilibrium.

5. For a given equilibrium velocity, a cluster of small

parachutes appears to be a better choice than a single large para-

chute for obtaining minimum altitude loss to equilibrium.
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LIST OF SYMBOLS

minor semi-axis of oblate hemispheroid

CD drag coefficient

bp parachute drag

DPO parachute diameter when fully open

e-P eccentricity of oblate hemispheriod

length of parachute suspension lines

F non-dimensional form of

3 •acceleration of gravity

k spring constant of line joining parachute
and car',o

length of line joining centers-of-gravity
of parachute and cargo

AI length of parachute reefing line

increase in length, due to tension force,
of line joining centers-of-gravity of para-
chute and cargo

L non-dimensional form of

r%• cargo mass

rN•a mass of included air in parachute

M. total mass of parachute; the sum of canopy
mass, included air mass, and additional air
mass
mass of parachute canopy

Mk

- -non-dimensional form of

non-dimensional form of rvi' .
S•/ ~non-dimensional form of r'

i" radius of parachute during opening (major
semi-axis of oblate hemispheroid)
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r,, non-dimensional form of r

L inlet radius of parachute during opening

r- non-dimensional form of

P, •nominal radius of parachute canopy

SC cargo reference area

5 b aerodynamic penetration

Sp P projected area of parachute

S P projected area of fully open parachute

se non-dimensional form of

t time

St parachute filling time - measured from line
stretch to full open

t time from line stretch to reefed condition

T tension in line joining parachute and cargo

!T? tension in line at t = 0

V velocity

Sr velocity of cargo with respect to aircraft
at t - 0

V non-dimensional form of V

Vo. total vo1,_,me of par chute canopy

Vol.c.F. volume of conical frustum

Vo1.0,H. volume of oblate hemispheroid

WC¢. cargo weight

W9 weight of psrachute canopy

IL hortzontal distance

SXnon-dimensional form of

vertical distance (altitude loss)
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KIM

non-dimensional form of .•

Q C•angle of attack

f non-dimensional form of A

E mass ratio

1 orientation of airdrop system with respect
to horizontal

SA. additional mass factor

air density

non-dimensional form of

angle between velocity vector and horizontal

Subs cripts

COL aircraft

C cargo

e equilibrium

0 initial condition

parachute

I.
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