
Miscellaneous Publication MP-68-2

00

RELIABILITY AND CONFIDENCE LIMITS OR

SAMPLE TESTING

Based on the Binomial Distribution Graphs for Sample Sizes
From I to 100, and From I00 to 1,000 In Multiples of 10

By

C. J. THORNE and R. W. CLAASSEN
Operations Research Division

29 April 1968 ;D D)

NAY 6 1968

t )

THIS DOCUMENT HAS BEEN APPROVED FOR PUBLIC
RELEASE AND SALE; 11 S DISTRIBUTION IS UNLIMITED.

V yNAVAL MISSILE CENTER

Point Mugu, California

"I



TABLE OF CONTENTS

Page

SUMMARY ................ .. ... ............ ............. .... 1

IN T R O D U C T IO N . . . . . . . . . . . . . . . . ... . . . . . . . . . . . . . . . . . . . . . . . . . 3

S Y M B O L S . . . . . .. .. .. . . . ... . . . . . . .. . . . . . . . . . . . . . . . . . . 3

T H E O R Y . . . . . . ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

THE GRAPHS ... 4..... .. ....... 4

E X A M P L E S . . . . . . . . . . .. . . . . . . . . . .. . . . . . .. . . . . . . . .. . . . . . . . . 5

Example 1 .... ............................................... 5
E xam p le 2 . . . . . . . . . . . . . . . . . . . . . . . . . .... . . . . . . . . . . . . . . . . . . . . . . . 5
E xam ple 3 . . . . . . . . . ... . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

NUMERICAL ANALYSIS ............................................. 6

R E FE R E NC E S . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

APPENDIX. CONVERSION FROM BINOMIAL TO HYPERGLOMETRIC DISTRIBUTION ... 199

ILLUSTRATIONS
Figure 1. Reliability Curve for n -• 1 .... ............................. 8

Figure 2. Reliability Curves for n 2 . ............................... 9

Figure 3. Reliability Curves for n 3 ................................ 10
Figure 4. Reliability Curves for n 4 ................................ 11

Figure 5. Reliability Curves for n 5 ...... ........................... 12

Figure 6. Reliability Curves for nr 6 ....... ......................... 13

Figure 7. Reliability Curves for n 7 .............................. 14

Figure 8. Reliability Curves for n 8 ... ...... . ................... IS
Figure 9. Reliability Curves for n 9................................. 16

vigure 10. Reliability Curv(:'! for n 10 .. ............................ 17
Figure 11, Reliability Curvwes for n 11 .............. 18
Figure 12. Reliability Curves for n 12 ................... ............. 19
Figure 13. Reliability Curves for n - 13 ......................... 20
Figure 14. Reliability Curves for n 14 .................... ........... 21
Figure 15. Reliability Curves for n 15 .... ........................... 22

Figure 16. Reiiability Curves for n 16 ........ ............................ 23
Figure 17. Reliability Curves for n .• 17 .. ................... 24
Figure 18. Reli;lbility Curves for n <. 18 ............................ 25

Figure 19. Reliability Curves for n - 19 .*....................... 26
Figure 20. Reliability Curves for n -- 20 ....... . . ....... 27
Figure 21. Reliability Curves for ni 21 . . ............................ ... 28

Figure 22 Reliability Curves for n 22 .......... . 29

Figure 23. Reliability Curves for n 23 .. . .... .......... 30
Figure 24. Reliability Curves for n -. 24 ............................... 31

Figure 25. Reliability Curves for n 25 ............................ 32
Figure 26. Reliability Curves for n 26 .............................. 33
Figure 27. Reliability Curves for n -27 . .............. ........ 34

Figure 28. Reliability Curves for n - 28 .. 35

Figure 29. Reliability Curves for n - 29 36



Page

ILLUSTRATIONS (Continued)
Figure 30. Reliability Curves for n = 30 ...................... 37
Figure 31. Reliability Curves for n = 31 .. ....... ........ ...... 'l
Figure 32. Reliability Curves for n = 32 ............................. .. ...... 39
Figure 33 Reliability Curves for n = 33 ...... ..... 40

Figure 34. Reliability Curves fo." a = 34 ...... 41
Figure 35. Reliability Curves for n = 35 ...... .... 42
Figure 36. Reliability Curves for n = 36 ........ 43
Figure 37. Reliability Curves for n = 37 ,............ 44
Figure 38. Reliability Curves for n = 38 .................. 45
Figure 39. Reliability Curves for a = 39.................................. 46
Figure 40. Reliability Curves for a = 40 ........ 47
Figure 41. Reliability Curves for n 41 48

Figure 42. Reliability Curves fo: n = 42 .... ... 49
Figure 43, Reliability Curves for a = 43 .............. .......... 50
Figure 44. Reliability Curves for a .44 ......... , ......... ............ 51
Figure 45. Reliability Curves for a = 45 . ....................... 52
Figure 46. Reliability Curves for a = 46 . ................ ............. 53
Figure 47. Reliability Cumves for a = 47 .............. 54
Figure 48. Reliability Curves for a = 48 ............................. 55
Figue 49 Reliability Curves for a = 49 ................. ... ...... 56
Figure 50. Reliability Curves for a = 50 ...................... ..... ... 57
Figure 51. Reliability Curves for n = 51 ....... ......... 58
Figure 52. Reliability Curves for n = 52 ................................... 59
Figure 53. Reliability Curves for a = 53 ........................ 60
Figure 54, Reliability Curve% for n = 54...... 61
Figure 55. Reliability Curves for a = 55 . 62
Figure •6. Reliability Curves for a = 56........................... 63
Figure 57. Reliability Curves for a = 57 ..................... ....... 64
Figure 58. Reliability Curves for a = 58 ............... 65
Figure 59. Reli ibility Curves for = 59 .............................. 66
Figuse 60. Reliability Curves for a = 60 ............. ............ 67
Figure 61. Reliability Curves for a = 61.................... .... 68
Figure 62. Reliability Curves tot n = 62 ....... 69
Figure 63. Reliability Curves Lot n = 63 ... 70
Figmue 64. Reliability Curves for a = 64 ................................ 71
Figure 6. Reliability Curves for n = 63 ......................... 72
Figure 66. Reliability Curves for n = 66 .................. 73
Figure 67. Reliability Curve for a = 67 ........ .............. 74
Figure 68. Reliability Curves for n = 68 .. .... 75
Figure 69. Reliability Curves for a = 69 ............ 76
Figure 70. Reliability Curves for n = 70 .......................... 77
Figure 71. Reliability Co, es for n = 71 ............. .. 78
Figure 72. Rehlbilit) Curves for a = 72 .................... 79
Figure 73. Reliability Curves for a = 73 ............. . .9.... ....... ,..

Figure 74. Reliabitity Curves for n = 74 ............................ 81
Figure 75. Reliability Curves ýor a = 75 . . 82
Figure 76. Reliability Curves for a = 76 .. ................ 83
Figure 77. Reliability Curves for n = r, , .......... ..... , 84
Figure 78. Reliabili'y Curves for n = 78 ,........... ...... 85
Figure 79. Reliability Curves for n = 79 .. ........ .... 86
Figure 80. Reliability Curves for n = 80 ..... ,.... ........ 87
Figure $1, Reliability Curves for a - 81............... ........ 88

!



r

Page

ILLUSTRATIONS (Continued)
Figure 82, Reliability Curves for n - 82 ....... 89
Figure 83. Reliability Curves for n = 83 .......... ..... 8 90

Figure 84. Reliability Curves for n = 84 .... ....... . 91

Figure 85. Reliability Curves for n = 85 .. .............. .. 92
Figure 86. Reliability Curves for n = 86 ......... 93
Figure 87. Reliability Curves for n = 87.. ........ .. 94
Figure 88 ke:liability Curves for n = 88 ................. 95
Figure 89. Reliability Curves for n = 89 ..... 96
Figure 90. Reliability Curves for n = 90 .... .. 97
Figure 91. Reliability Curves for n - 91. ................... 98
Figure 92. Reliability Curies for n ý 92 . ................ 99
Figure 93 Reliability Curves for n = 93 ... ............... . . 100
Figure 94. Reliability C%ýrves for n = 94 ........ .................... 101
Figure 95. Reliability Curves for n = 95 ............................ 102
Figure 96. Reliability Curves for n = 96 .... .. ........ ......... 103
Figure 97- Reliabilr Curves for n = 97 ..... ... ......... 104
Figure 98. Reliability Curves for n = 98 ..................... ..i5
Figure 99. Reliability Curves for n - 99 ....................... 106
Figure 100. Reliability Curves for n -- 100 .................... ....... 107
Figure 101. Reliability Curves for n = 110 .......................... 108
Figure 102. Reliability Curves for n = 120 ............. ............ 109
Figure 103. Reliability Curves for n = 130 .......................... 110
Figure 104. Reliability Curves for n = 140 .. .......... ....... 111
Figure 105. Reliability Curves for n = 150 ................... . . 112
Figure 106. Reliability Curves for n = 160 .. ............................ 113
Figure 107. Reliability Curves for n = 170 ............................. 114
Figure 108. Reliability Curves for n 180= ............................ 115
Figure 109, Reliability Cur;es for n = 190 .... ...... ............. 116
Figure 110. Reliability C ,--es for a = 200. ........................ 117
Figure 111. Reliability Curves for n 210 .......................... 118
Figure 112.. Reliability Curves fo a = 220 ... . . . ... ........... 119
Figure 113. Reliability Curves for a = 230 ................. ........... 120
Figure 114. Reliability Curves for e = 240 ......................... 121
Figure 115. Reliability Curves for a = 250 .............. 122
Figure 116. Reliability Curves for a = 260. .......................... 123
Figure 117. Reliability Curves for n = 270 ......... ................... . 124
Figure 118, Reliability Curves for n = 280 ............................ 125
Figure 119.. Reliability Curves for n = 290 . ............... 126
Figure 120. Reliability Curves for n = 300 . ...... ......... 127
Figure 121, Reliability Cuives for n = 310 ............................. 128
Figure 122. Reliability Curves for n = 320 .......................... 129
Figure 123. Reliability Curves for n = 330 ... ....................... 130
Figure 124 Reliability Curves for n = 340 ............................... 131
Figure 125. Reliability Curves for n = 350 ........... ......... 132
Figure 126, Reliability Curves for a = 360 .......................... 133
Figure 127. Reliability Curves for n = 370 .................. 134
Figure 128. Reliability Curves for n = 380 ... ......................... 135
Figure 129. Reliability Curves for n = 390 .......................... .136

Figure 130. Reliability Curves for a = 400 ...... 137
Figure 131. Reliability Curves for n = 410 ....................... ..... 138
Figure 132. Reliability Curves for n = 420 ............................... 139
Figure 133. Reliability Curves for n = 430 .. ............... 140

Iii



Page

iLLUSTRATIONS (Concluded)
Figure 134 Reliability Curves for n . 440 141
Figure 135 Reliability Curves for n 450 142
Figure 136 Rehabiihtj Curves for n 460 143
Figure 137. Reliability Curves for ni 470 . .... 144
Figure 138 Reliability Curves for n 480.... .145
F.gure 139. Reliability Curves for n 490 146
Figure 140 Reliability Curves for n 500 147
Figure 14W. Reliabilhty Curves for n 510 148
F.rgure 142 Reliability Curves for n - 520 . . 149
Figure 143 Reliability Curves for n 530 . . IO
Figure 144 Reliability Curves for n 540 151
Figure 145. Reliability Curves for n 550 152
Figure 146 Reliability Curves for n - 5 153
Figure 147 Reliability Curves for n - 570 154
Figure 148. Reliability Curves for n . 580 155
Figure 14q Reliability Curves for n 90 .i. 156
Figure 150 Reliability Curves for n 600 .1 -15;

Figure 151. Reliability Curves for n 610 158
Figure 152 Reliabiliry Curmes for i'r 620 . 159
Figure 153- Rehability Curves for n -- 630 . 160
Figure 154. Reliabihty Curves for n --640 161
Figure 15S. Reliability Curves for n 650 .. .162
Figure 156. Reliali-i:hy C.--ves for n r 660 163
Figure 157. Reliability C•ie;" jfor , = 670 . 164
Figure 158 Reliability f..rves for n = 680 .... . 165
Figure 159. Reliability Cdrves for n = 690 . 166
Figure 160 Reliability Curves for n = 700 .167
Figure 161. Reliability Curves for n = 710 ......... 168
Figure 162. Reliability Curves for n = 720 .............. 169
Figure '63 Reliabdit, Curves for n = 730 ... 170
F;gure 164. Rehability Curves for n = 740 . .. ........ 171
Figure 165. Reliability Curves for a = 750 ............. 172
Figure 166. Reliability Curves for n - 760 .............. . . 173
Figure 166. Reliability Curves for n = 770 ........... 174
Figre 168. Reliability Curves for n = 780 .......... 175
Figure 169 Reliability Curves for n 790 ...... 176
Figure 170. Reliability Curves for n - 800 .. .. .. 177
Figure 171 Reliability Curves for n - 810 ........ 178
Figure 172. Reliability Curves for n = 820 .. ....... 179
Figure 173. Reliability Curves for n = 830 ..... IK)

"Figure 174. Reliability Curves for n = 840 ....... 181
""Fgure 175 Reliability Curves for n = 850 ..... ..... 182

Figure 176, Reliability Curves for n = 860 .... 183
Figure 177. Reliability Curves for n = 870 ........... 184
Figure 178. Reliability Curves for n - 880 .... 185
Figure 179 Reliability Curves for n . 89-0 .. .............. 186
Figure 180. Reli.bilitv Curves for n = 900 ......... 187
Figure 181 Reliability Curves for n = 910 ......... . . 188
Figu.e 182. Reliability Curves for n = 920 ......... ......... 189
Figure 18W. Reliability Curves for n = 930 .... ...... 190
Figure 184 Reliability Curves for n = 940. ..................... 191
Figure 185. Reliability Curves for n = 950 . ....... 192
Figure 186 Reliability Curves for n = 960 .................... 193
Figure 187. Reliability Curves for n = 970 ....................... 194
Figure 188 Reliability Curves for n - 980 ............................. 195
Figure 189. Reliability Curves for n = 990 ...... ..................... 196
Figure 190. Reliability Curves for n = 1.000 ............ ............. i97

iW



SUMMARY

There is frequent need to obtain information as to the att,'oUteS, chdracteristics, reliabilities,
and capabilities of production itemns. Such information is required for logistic planning, tactical
operations, and alternative uses and to determine that the supplier has met contractual specifica-
tions. The normal procedure involves the testing of a number of items that have been randomly
chosen from a production lot,

In one type of acceptance sample testing, it is assumed that each item will be either a suc-
cess or a failure, arid no allowance is made for % arying degrees of success. Upon completion of
the testing, it is desired to determine, at a certain level of confidence, limits on the reliability
of the entire !ot from which the sample was selected.

Graphs are given here that may be used to determine either one-sided or two-sided reliability
limits at any desired confidence level, based on the success ratio for the tested items. The sam-
ple is assumed io have been drawn from a population with unknown reliability p (percentage of
good items). The graphs are for sample sizes frorr Ito 100 and also from 100 to 1,000 in multiples
of 110.

Two basic assumptions are possible in random sample testing: that of the binomial c'istribu-
tion and that of the hypergeometric distribution. The theory and the graphs of this report ate based
upon the binomial distribution. The binomial distribution is usually sufficiently accurate, but
formulas for approximating the hypergeometric distribution from the binomial distribution values
are given in the appendix.



INTRODUCTIN f

A common contract provision for acceptance of production items is a given probability of suc-
c,,ssful performance under specified conditions. An associated confidence level is usually either
inmplied or stated. An accepted factor in any estimate of the quality of the produced item is this
performance probability, often called reliability.

in 10J-percent testing, how many units passed and how many failed is known, and thus the
reliability is known. In sample testing, only the success and failure ratios for that sample and

that test are known. This success ratio for a given test is the best estimate of the probability of
successful performance on that test of an individual item of the remainder of the group of items.
The probability of a randomly selected iter2 of the untested items passing or failing the test is
between 0 and 1, but any value between these limits has an associated upper and lower confidence
level based on the sample test results. Correspondingly, for a given confidence level, there is an
associated on,-sided or two-sided popul ation reliability limit. The definition of these confidence
levels, as used here, together with their adequacy, is discussed in the section entitled "Theory."

This rqort presents graphs of the entire spectrum of confidence levels and the associaited
reliabilities determined by the sample testing results. The graphs are based on the binom;4d dis-
tribution theory. There are 190 grnphs given, one for each sample size from I to 100, and from
100 to 1,000 in multiples of 10.

From these grapas and the actual number of successes, upper reliability bounds and associ-
ated confidence levels, and lower reliability bounds and associated confidence levels can be read.
Reliability intervals for given levels of confidence can also be read. Conversely, the number of
successes required for a particular sample to meet a stzted reliability at stated confidence levels
ca.i be determined. The graphs can also be used to determine whether the sample calls within pre-
determined risk levels.

The binomial distribution theory assumes that the reliability of the items in the population
remains unchanged as the sample is selected. For a finite population or a nonteplacement sam-
pling plan, the exact theory is that of the hypergeometric distribution. Since the population size
is usually large compared to the sample size, the binomial result is a good approximation to the
hypergeometric. Hypergeometric distribution tables are given in reference 1. Formulas for ap-
proximating the hypergeometric distribution from binonial distribution values are discussed in the
appendix.

SYMBOLS j
Sample size

Nuwber of items in a sample thE ss a given test

p Population reliability

Pt Lower reliability limit

Ct(pj; sn) Confidence level that p> 2P, given s and n

Pu Upper reliability limit

Co(pu; X.n) Confidence level that p < p., given s and n

I - Cmý•; a-a) Risk that p < pt

I - Cu(p,; asn) Risk that p > p,

3



THEORY

Consider the determination of an unknown populatbon reliability p, based on the testing of .1
sample of a items randomly drawn from the population. The probability 05(j) of obtaining exactly
j successes within the n items tested is given by the binomial distribution

n! pJ(l - p)n- (Fl
.'!n W )

i s-I

The probability of obt:;ning at most s - I successes in the sample of n is 1;6(j). This
j=0

probability is used by many authors as the definition of the confidence level that the reliability is
at least pe, given s and n (see references 2 and 3); that is,

Ct(pf; sI) = t (_) I-- 1 - 0(j) (2)
J=0 j=S

It should be noted that, because of the discrete nature of the distribution, the probability that the

reliability is at least pf is, in general, greater than Cf(pe; s,n). This is also pointed out in ref-

erence 3. In other words, the definition used for the level of confidence is conservative, and is
most conservative when the size of the sample is small.

Conversely, the confidence level that the reliability is at most p., given s and n, is defined
by

C,(p.; s,n) = 01j) = 1- ) (3)
jis+l j=O

Again, C.(pu; s,n) is conservative.

Note that, fe: s = 0, Cf(o,; s,n) = 0 for any pf ipeater than 0. For s = n, Cu(pu;' s,n) - 0 for

any p, less than 1. Note also that, if pu = pf, Cu(pu; s - 1,n0 - 1 - C ; s,n). This fact makes

it possible to combine graphs for pf and Pu.

THE GRAPHS

The graphs are given in figires 1 through 190. A separate graph is given for each sample size,
n. from I to 100 and from 100 to 1,000 in multiples of 10. The vertical scale on the left side of
each graph is for CI(pg; s,n) and that on the right side is for Cu(pu; s,n). The graphs for a from

I to 50 give separate curves for all possible number of succ:esses, s. from I to n for pt, and from
0 to n - 1 for Pu. For n > 50, the values of s for which curves are actually plottee are eatered

on the epf 'o.ptae curves. These values were chosen so that linear interpolation in the horizontal
direction will give three-decimal accuracy. In most cases, if the graphs are plotted and read pre-
cisely, the error in linear interpolation in the horizontal direction will be considersbly less than
0.001.S

4!



EXAMPLES

For the following examples, assume that n = 10 and s = 5. Ther the graph of figure 10 is
used, the fifth curve being used for pf and the sixth curve for Pu"

Example I

SDetermine a 90-percent confidence interval for the population reliability.,

In general, to determine the C% confidence level (two-sided symmetric interval) use
Cu = (1 ÷ C to detrmine Puand Ct = (1 + C)/2 to determine pa. "he reliability interval for

, the C%/* confidence level is then

Pf < P <-Pu

*i• For this problem,

"°~Ce- = +f0.9 = 0.95
2

and

Cu 1+09 = 0.95

"* Then from the graph of figure 10, p, is determined to be 0.22, and Pu is determined

to be 0.78. Thus at the 90-percent confidence level, the reqpuired reliability interval is given by
0.22 < p <_ 0.78.

Example 2

For

Cj(pf. 5,10) = 0.8, pp • 0.33

For

Cu(p.; 5,10) = 0.8, p. • 0.675

Thus for a 60 -percent confideece interval,

0.33 < p < 0.675

Example 3

For

Cf(pl; 5.10) =0.9, pr 0.265

For

C.(p.; 5,10) = 0.9, p..a- 0.735

I _ _ _



r

Thus for an 80-percent confidence interval,

0.265 < p ' 0.735

NUMERICAL ANALYSIS

For computational purposes, using equation (1), it is convenient to write equation (2) ip the
form

Cf(pr; s,n) - (a - n- x-i (1 - x)'-* dx (4)
1)'- (n - &)!

P,

Then

o dc (p f, s 'n) n!

kf (s - I)' (n - s)' Pfs-1 - pfn-" (5)

and

dkr(pil; sin) - ac(pt; s,n) (n - (t s-
x _ _r (6)ap2 a)PI PrO - Pt)

For 0 < pf < I, the only point of inflection is at P= (s - 1)/(n - 1). Equations (1), (2), tand

(S) in logarithmic form were used to evaluate Ct(J•; s,n) and Wf(pr; sn)Vi(dpr) at Pt = (s - 1)/
(n- 1).

For (s - 1)/(n - 1) < pt < 1, Ct(pr; s,n) was evaluated by numerical integration. The formula

that was used is

t (Pr + h; sCn) + Xf;; s.n)

h Cf ~(pt +h; s,n) + C2(:ýpl; Sn)1

The first derivative was calculated by the equation (derived from equation (S))

atp:S'n) acm n) .. L I u~

___ -/ \I - 1r/"a" .f 0 PtPt

f0I

The second derivative was calculated by equation (6).

6 i



For 0 < pf < (s - 1)/(n - 1), Crtpj; s.n) was calculated by the equation (derived from equa-

tions (1) and (2))

CF(pf; s,n) = I - Ce(l - pf; n + I - s,n)

Fcr s = 1, Cf(pf; 1,n) was calculated by the equation (derived from equations (1) and (2))

Cf (9f; 1,n) =(I - p,)n

An estimate of the error -n the method can be obtained at pf = 1, since

Cf(0; S,n) = 0

The maximum deviation of the calculated value of Cf(l; s,n' from 0 was less than 2 . 10"6.

REFERENCES

1. Lieberman. G. J., and D. B. Owen. Tables of Hypergeometric Probability Distribution.
Stanford, Calif., Stanford University Press. 1961. (Stanford Studies in Mathematics and

; Statistics No. 3.)
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a. (s - 1) a 1.0; 2.1; 3.2; ... ,7.76

(a 1). a tr 10; 2.1; 3.2...; 77.76
C(p,) IS DETERMINED FROM s. (s - 1) CURVE

CQp) IS DETERMINW FROM (s * 1). a CURVE
RISK THAT RELIABILITY IS LESS THAN p, I - C(p 1 )

RISK THAT RELIABILITY IS MORE THAN p. 1 - C(p.)

Figure 77. Reliability Curves for n 77. (s numbers on curves; for Pu" Values are I less.)
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(a + 1). s a 1.0; 2.1; 3.2; . . 78.77,
CIpI) IS DETERMINED FRM a. (a - 1) CURVE
C(p.) IS DETERMI ED FROM (s 1). * CURVE
RISK THAT RELIABILITY IS LESS THAN pe 0 1 - C(pi)
RISK THAT RELIABILITY IS MORE THAN P. a 1 - C(PN)

Figure 78. Reliability Curves iw n M 73. (s numbers on curves; for pu" values ore I less.)
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C(p,) IS DETERMINED FROM L. (s - 1)CURVE
C(o) IS DETERMINED FROM (s + 1). s CURVE
RISK THAT RELIAIILITY IS LESS TPAN p, a I - 'p,)
RISK THAT RELIABILITY IS MORE THAN p, 1 - C(p,)

Figure 79. Rcliablifty Curve, for n - 79. (s numbers on curves; for ou, voiues are I less.)
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s, (s - 1)-= 1.0; 2.1 3,2:..,..; 81,80

(s 1 1), a 1.0; 2,I' 3.2; ... ; 81.80
C(p1 ) IS DETERMINED FROM s. is - 1) CURVE

C(p.) &i. u.TERIMINED FROM (s + 1), s CU VE
RISK THAT RELIABILITY 5 LESS THAN ",, •1 - C(Pf)
RISK T•AT RELIABILITY IS MORE THAN p. = I - C(po)

Figure 81. Resiability Curves fo n 81. (s nuffiurs on curves; for Pu. values are I less.)
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C(p, I IS DETFFIMNED FROIt s. (s - 1) CURVE
C(p) IS DETERMINED FROM (s * 1) & CURVE

RISK THAT RELIABILITY IS LESS THAN p, I - C(p,')
RISK THAT RELIABILITY IS MCRE THAN p. = I - C( 9.)

Figure 82. Reliability Cves for n 82. (s numbers on curves; for pu" v.;U't4 cr5 less.)
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C(p t) IS, DETERMINED FPMU s. (s 1) CURVE
C'P.) IS DETERMINED FROM Its + si CURVE
RISK THAT RELIABILITY IS LESS THAN p, I - C(pt)
RISK THAT RELIABILITY IS MORE THAN p. 1 - C(p.)

Figure 83. Rellability Curves for n 8 3. (s numbers oni cuives; for pu, values are 1 less.)
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C(pd) IS DETERMINE.D FROM s. (s - 1) CORV
C(P.) IS DETERUINED FROM (a + 1). s CURVE
RISK THAT RELIABILITY IS LESS THAN p, I - C(pt)

RISK THAT RELIABILITYr IS MORE THAN ;; 1 - C(p.)

Figure 84. Reliability Curves for r. S4. (s numbers an curves; fp values am I less.)
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(s ), • 1 0.2.1, 3.2. 8; 8 2

C(pr) IS DETERMINED FROM s. (s - 1) CURVE
C(p.) IS DETERMINED FROM (z + 1). s CURVE

RISK THAT RELIABILITY IS LESS THAN p= I - C(pr-
RtSK T;UAT RELIABILITY ;S MORE THAN pý I - C(p)

Figure 85. Reliobility Curves for n = 85. (9 r,.mbers on curves; for pu, volueo, are 1 less.)
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Figure 36. Reliability Curves fer n 66. (s numI~e~s an curves; for pw, values ame 1 less.)
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C(pe) IS DETERMINED FROM a, (s - 1) CURVE
C(p.) -S DETERMINED FROM (s + 1). 9 CURVE

RISK THAT RELIABILITY IS LESS THAN p, * - C(p,)

RISK THAT RELIABILITY IS MORE THAN p. I - C(p.)

Figure S8. Reliability Curves for n 88. (s numbers on curves; for pu, values are I less.)
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: ~C(p,) IS DETERNINED FRON (s + 1). s CURVE
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C(p,) IS DETERMIINED FROM s. (s - 1) CURVE
C(p.) IS DETERMINED FROM (s + 1), s CJRVE

RISK THAT RELIABILITY IS LESS THAN p, I - C(pe)
RISK THAT RELIABILITY IS MORZ THAN p. 1 - C(p.)

Figure 97. Reliobi!lty Curves for n w 97. (s numbers on curves; for pu, vilues are 1 less.)
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F C(jp IS DETERMINED FROM s. (a - 1)CURVE

Cp() IS DETERMINED FROM (s 4 1). * CURVE
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Figue 99. Reliability Curves fat n 'i 9. (s numbers on curwes; for p., volves ore I less.)
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s. (s - I) - 1.0; 2.1. 3.2;..; 110.109
(s + 1), s 1.0; 2.1. 3.2; .. 110.109
C(pe) IS DETERMINED FROM a, (s - 1) CURVE
C(pu) IS DETERMINED FROM (s * I). s CURVE
RIg( THAT RELIABILITY IS LESS THAN = I - C(pt)

RISK THAT RELIABILITY IS MORE THAN P 1 - C(p,)

Figure 101. Reliability Curves for n 110. (s numbers or, curves; for pu, values are a less.)
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SC(p) IS DETERMINED FROM s. (s - 1) CURVE

~C(p.) IS DETERMINED FROM (s * 1). x CURVE
SRIS-K THAT RELIABILITY IS LESS THAN p, I - --(Pl)
SRISK THAT RELIABILITY IS MORE THAN p, • I - C•p)

•. Figure 102. Reiiobility Curves for n =120. (s numbers on, curves; foe pu, values, are I less.)
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z 1). s -1 0: 2.1. 3.2. ., 140.139

C(P1 ) IS DETERMINED FROM s, (s - 1) CURVE
C~p) IS DETERMINED FROM (s + 1). s CURVE
RISK THAT RELIABILITY IS LESS THAN P, I - C(Pd
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Figure 104. Reliability Curves for n 140- is numbers on curves; for p., values ere I Iess.,
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(z (* 1) z 1 0; 2,1. 3.2. .,. 150.1 49
C(pt) iS DETERM11ED FOWMs, (z - 1) CURVE-

Cp1IS DETERMINED FROM (s + 1), a CURVE

R1MK THAT R~ELIABILITY tS LESS THAN4 p, a - C(p,)
RISK THAT REMiABILITY IS MORE THAN p. a 1 - C(p.)

Figure 105. R*Iiab~iity Curves for rt = 150. (s numbers oni curvos;ý for p., vojues art 1 less.)
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:(p.) IS DETERIUNED FROM (s* 1). a CJRVE
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Figure 107. Reliability Curves for n 170. (s numbers or. curves; for Pu, values or& 1 less.)
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is+ 1) s = 1 0. 2.1. 3 2. .19 18-
C(p, i IS DETERMINED FROM s. Is - 1 CURVE

IS DETSERMINED FROM (s + 11 s CURVE

RISK THAT RELIABILITY IS LESS TIHAN = I - C(pt
RISK THAT RELIABILITY IS MORE THAN p., = I - C(p.)

Figure 109. Reliability Curves for n ý 190. (s numbers on curves; for P.' values are I less.)
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F C~p IS DETERMINED FROM %, (a - 1) CURVE
Cp-IS DETERMINED FROM (s + 1). s CURVE

RISK THAT RELIABILITY IS LESS THAN p, z 1 -C(pt)

RISK THAT RELIABILmT IS MORE THAN pý I I -~u

Figure 110. Reliability Curves for n =200. (s numbers an curves; for p values are I less.)
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$ (s - 1= 1.0, 2.1. 3.2; . 2' 209

C(p1 • i DETERUINE.D FROM s, (a - 1) CURVE
Cip)J IS DETERMINED FROM (a + 1). £ CU'RVE
RISK THAT RELIABILITY IS LESS THAN 2t= -" C(i:,)
RISK THAT RELIABiLITY" IS MOIRE THAN P- 1 - C(pO)

F~guat. 111. lteliabi•it. Curves for n = 210. (s numbers on cufrves; foi p., vogues are 1 less.)
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p. RELIABILITY

s. (s - 1)" 1 0. 2.1. 3,2. 230.229
(s +l).s• 10; ,1;h3,2. .. 230.229

C(p,) IS DETERMINED FROM s, (s - 1) CURVE
C(p.) IS DETERMINED FROM (s * 1). s CURVE

RISK THAT RELIABILITY IS LES3 THAN p, - I - C(p,)

RISK THAT RELIABILITY IS MORE THAN p. x 1 - C(p.)

Figure 113. Reliability Curves for n 230. (s numbes on curves; for pu, volues are 1 less.)
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. 1) = 1.0 2j. 3,2. 240 239
( + 1). s = 10. 2.1. 3.2. .,:240 231
C(pl) IS DETERlMIED FROM s. (s - 11 %- IRVE
C'p" IS DETERMINED FROM (s * 1). s CURVE

RISK THAT RELIABILITY IS LESS THAN p, = I - C(pe)
RISK THAT RELIABILITY IS MORE THAN p. 1 - C(pu)

Figure 114. Reliobility Curves for n 240. (s numbers on curves; for p., values are 1 I-ss.)
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(sIj s 1.0.,2.1..2 U 250 2A9

C~dIS DETERMINED FROM S. (s - 1) CURVE
C~p.) IS DETERMINED FROM (s + 1). & CURVE

RISK THAT RELIABILITY IS LESS THAN P, 2 - C(P,)
FISK THAT RELIABILITY IS MORE THAN p., 2 1- C(P.)

Figure 115. Rtelability Curves for n 250. (s numbers or. curves, for pu. volUuaz are 1 less.)
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p. RELIABILITY

s (s - 1) = 1.0; 2.1. 3.2 .. 20.269
1s*I) s= 10-.2.1.3.2.. .270269

C(p,) IS DETERMINED FROM s. (s - 1)CURVE
C(p.) IS DETERMINED FROM (s * 1), s CURVE
R ISK THAT RELLABILUTY IS LESS THAN p, = I- C(p
RISK THAT RELIABILITY IS MORE THAI PS = 1 -.

Figure 117. Reliability Cur.es for n = 270. (s numbers on curves; for p., values are 1 less.)
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s. (s - 1) = 1.0; 2.1. 3.2; ... 280.279
(s * 1). s 10•. 2.1; 3.2... 28O.Z-9
C(P9) IS DETERMINED FRM s. (s - 1) CURVE
C(p,) IS DETERMWE FROM (s + 1). s CURVE

- RISK THAT RELIABILITY IS L THAN f = - C-p,1
RISK THAT RLLIABILITY IS MORE THAN 9. 1 - Cýp.)

Figure 118. Reliabil;ty Curves for n 280. (s numbers en curves; for Pu. values ore I lesý.)
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.(s-1) = 1.0; 2.1; 3.2. .. 290.289

C(p,) IS DETErRMINE.D FROM s, (v - 1) CTIWVE
C(p.) :S DETERMINED FROM (z + 1). s CURVE
RISK THAT RELAP11-IITY IS LESS THAN P. I
RISE; THAT REL!ABILITY *. WORE THAN p.~ 1 -

Fi'jure 119. Reliability Curves for n 290. (s numbers on curves; for p.u values are 1 less.)
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s, (s - = 1,0; 2.1. 3.2; .. 320 319
(s* + ). s- 1,0.2.1 32...320 311q

C(pd) IS DETERMINED FROM s. (s - 1) CURVE
C(p) IS DETERMINED FROM (s * 1). s CURVE

RISK THAT RELIABILITY IS LESS THAN p, - C(pt)
RISK THAT RELIAB!JTY IS MORE THAN p. Q -p

Figure 122. Reliability Curves for n 320. (s numbers on curves; for p ' values art 1 less.)
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* C(pf ) IS DETERM1INED FR0M s. (s -) ICURVE
C(p2 ) IS DETER~iiNED FROM (s + 1). a CURVE

R1Sk"IHAT RELIABILITY IS LESS THANP 2f =1- C(pf )
RISK THAT R.ELIABILITY IS MORE THAN p. 2 1 - C(p.)

Figure '23. Reliability Curves for n 3310. (S numbers on curves; fo u values ore 1 less.'
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s. (s - 1) = 1... 2.1, 3.2; ., 340,339
(z + 1), s 1.0; 2.1; 3,2. ... 340 339

C(p-) IS DF.TERMINED FROM a. (s - 1) CURVE
C(p•) IS DETERMINED FTIOM (+ 1). s CUI.VE

RISK THAT RELIABILITY IS LESS THAN p1 = I "

RISK THAT RELIABILITY IS MORE THAN p, - -C(

F;gure 124. Reliability Curves for n 340. (s numwers an curves; for P.. values a* e I less.)
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.(s -- 1) = 1.0; 2,1; 3,2: ... ; 360 359

(s + 1) a = 1.0; 2.1; 3.2. ; 360,359

C(pd) IS VFTERKINED FROM a. (- 1) C,"RVE
C(p.) IS DETERMINED FROM (sa 1). s CURVE

RISK THAT RELIABILITY IS LESS THAN P1 u 1 - C(pt)

RISK THAT RELIABILITY IS MORE THAN p, I - C(pw)

Figue 126. Reliability Curves for n = 360. !s numbers on curvws; for p., values are I less.)
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s. (s - 1) = 1.0; 2.1; 3.2; .; ,90..38•
(•" 1).s= !0.2,1;3,2;. , '•'•399
C(pt) IS DETERMINED FROM s. (s - I) •URVE
C(p•)/3 DETERMINED FROM (s + I), s CURVE
RISK THAT RELIABILITY IS LESS TEAN Pt = I - C(pr)
R•;K THAT RELIABILITY IS tK•E THAN p. = I - C(p.)

Fioure 129. Reliability C•'rvqe$ for n -- 390. (s humbert on curves; for Pu" volt, el orle ] less.)
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C(p ) IS VETERMINE FROM (s I )- s CURVE

RISK THAT RELIABILITy IS LESS THA!N P, I - c(pt)

RISK THAI RELIABILITY IS MORE THAN P.. C -)

Figure 130 Rekabiblity Curves for n 400. %s numbers on' curvso.; for p .values are i less.)
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Cp IS DETERMINED FROM s -,s - 11 CURVE

Clpý IS DETERi2NED FROM 4s *I) s CU;RVE
PISK THAT RELIABILITY IS LESS TEAS p,1 - C;
RISK~ THAT RELIABILITY IS MORE THAN p = I - C1,p

Figure 133. Ro-liab1ilty Curves for n 430. (s numlbers on curves; for p . value& are I less.)

140



20

U

60 0

ULU

4.0 " aj A

I . U1 =1 0.21I,. C 3

RisK THAT , RELIABILITY SOETANp=1-

Figure 134. Reliability Curves for ni 440. (s numbers on curves; fo p vales ore I less.)

141



zz
U

t0 6 0 .

It U

4060C

wis.

o so

-90

0 01 0.2 0.3 0-4 0.5 0.6 0.7 0.8 0.9 1.0
p. RELIABILITY

s. (s -1) 140. 2,1 3.2 4;.,O44
(s 41). s 1 0-.21, 32 450.449

C(pd )IS DETERMINEWFROM1 z(s - 1)CURVE
C(p 0 ) IS DETERMINED) FPOI (t + 1). s CURVE
RISK THAT RELIABILITY 1S LESS THAN p= .- C(pt)
RISK THAT RELIABILITY IS MORE THAN p. x 1 - C(.p,)
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Figure 137. Reliability Curves for n~ A 70. (s numbers on curves; for p.,. values are 1 less.)
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Figure 141. Relicbslty Curves #or n .~510. (s numbers an curves, for p values ore I less.)
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RISK THAT RELIABIL-TY IS MORE THAN pu 1 - C(pj)

Figure 147. Reliability Curves for n =570. (s numbers on curves; fo! pu, values are 1 less.)
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C(pu) IS DETERMINED FROM (a * 1). s CURVE
RISK THAT RELIABILsTY IS LESS THAN p, I - C(pt)
RISK THAT RELIABILITY IS MORE THAN pu I - C(pu)

Figure 148. Reliabilitv Curves for n 580. (s numbers on curves; for pvalues are I Icss.)
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RISK THAT RELIABILI TY IS MORE THAN p. I - C(p.)

Figure 149. Reliability Cu:-,es fo- n 590. (s numbers on curves; for p., values ore 1 less.)
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Figure 153. Rlisobdlity Curves for n 630. (s numbers on curves, for p,, values are I less.)
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Figure 155. Reliability Cu.-ves for r. =650. (s numbers on curves; for p,,values are I leis.)
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Figure 157. Reliability Curves for n = 670. (s numbers on curves, for pu, value& are 1 less.)
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Figtre 160. Rcliobilit1 , Cu-yes for n = 700. (s numbers on curves; for pvolu*s or* 1 less.)



MI

20

0 7 30 P

CC)

60 040 . . . . 7 0 9 10

. 5 13 .02.1.3.2....7so709

lo I

1680



-40

I.t U PC U1

00 so

0 0.1A 03 0.1 05 0.6 0.7 0.8 CA4 10
p.RELIAEIUrrY

Ii4Ii~0t 102.:, 3 . .720
C'p,) IS DETERMINED FROM 2. (a - 1), CUR%-E
C~p 1 DFETERWNErD FROM4 (a1 . s CURVE
FUSK THAT RELLABRUTY IS LESS- THANk. F# C~,
RIfSK THLATI RELIABILITY IS MORE THAN pu " I-P.p)
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Figure 163. Reliability Curves for n z730. (s numibers on curves: fo u vol-ues are 1 !ess.1 ,
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RISK THAT RELIABILITY IS WORIE THAN C I - C ,

Figure 166. Reliability Csjrvos for n 760. (s "a.ps on curves; for pu.. values are 1 less.)
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(s 1).s a 1 0.2,1. 3,2, .. 790,"779

C(p,) IS DETERMINED FROM a. (s - 1) CURVE
C(pý) IS DETERMINED FROM (s + 1), a CURVE
RISK THAT RELIABILITY IS LESS THAN p1  I - C(p 2 )
RISK THAT RELIABILITY IS MORE THAN p7 I - C(p.)

Figure 168. Reliability Curves fo, n = 780. (s numbers on curves; for p., values are I less.)
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RISXZ THAT RELIABILITY IS LESS THAN p, I - C(p,)
RISK THAT REL!ABILITY IS MORE THAN4 p.= I - p.

Figure 171. Reliability Curves for n = 810. (s numbers on cu-yes; for p., values are I les-.)
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Figure 172. Reliability Curves for n 820. (s numbers on curves; fot pe,. values ate I less.)
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Figu?. ;79 Reliability Curves for n - 890. (s numibers on curves; for pj, s'olues ore I less.)
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APPENDIX

CONVERSION FROM BINOMIAL TO HYPERGEOMETRIC DISTRIBUTION

Reference 1. page 19, gives formulas for approximating the hypergeomezric distribution if
results for the binomial distribution (such as the graphs of the present report) are given.

Let

N = lot size

n = sample size
4

s = number of "successful" items in sample

CC(pf, sn) = confidence level

Pf0 = lower reliability for the binomial distribution (provided by the graphs)

PC = lower reliabdity for the hypergeometnc distribution

Then. from refererce 1.

PC 1 MPfo0. s-1

where

2 2

ano

1 , P (ns 1)2 (pfo Pg oS

( 2Pr - 1) t(s - 1) (n - s)- 11 1
n 0

As an example, consider N = 25, n = 20. s = 13. and Cf(pf; s,n) = 0.7. From figure 20,

P{ z 0.565. Then

1 .3)`4 (0-5565 - )1 (169) (01)83G. 435 /64) 0.565 0.565 0.435

and

1 1(1.5) (0.565) 6 -()15 =0.598SPf • 2-5(24)(15 S11

If 6 is taken as zero. calculations give pC = 0.590. From the tables of reference 1, the true value
of PC is 0.600.



Again. consider N 25, n 10, S - 8. and Cf (pt,, s.n) - 0.6. From figure 10. pf' 0 0.705.

1( 0 295) (9) - (0.705 1 )(64) - (041) (3, , 1 1
0 295 0.705 0.705 0.295

and

pf :, I (20.5) (0.705) - 3.- - 0.7192 (24)(f20.5)

If 6 is taken as zero. calculations give pf = 0.718. From the tables of reference 1. the true value
of pf is 0.720.

According to reference 1 , 5 can usually be taken as zero if n < 0.4N.

The corresponding formula for pu is

P l. I (MtU .1 s - 6 \N~ u 2 24M)

where

M=N- --nfl
2 2

and

= 1 1 1 , (n -s s - I )

-(2Pu0-) {s(n-s-1)-l] 1 _ 1
0pu 0 I - .p 0

Consider N 25, n = 20, s = 14, and Cu(pu; s,n) r 0.78. Figure 20 gives p. ; 0.792. Then

2 0.20 (36) (0.792 (225) (0.584)1(69) 0
0.2 0.792 0208

and

P 1. [(15.5) (0.792) 7- 7 _ = 0761PU 25 1' (-24)-(15.5)]

If 3 is taken as zero, calculations give p. = 0.771. From the tables of reference 1, the true value
of Pu is 0.760.

Te Again, consider N - 25, n = 10, s = 6, and Cu(pu; s,n) . 0.74. Figure 10 gives pu0 0.735.
Then

3=( 1 - 0.265) (16). (0.735 - - 15) (49) (0.47) (17) - 1 1
2 0 .2 09 (. 1 0073 0.265
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and

Sý3 (20 5) (072025 (24) (20 S)

If 6 is ta-en as zero, calculations give p. 0 723 From the tables of reference 1. the true value
of is 0 720.
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