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AN ANALYSIS OF THE SPLIT HOPKINSON PRESSURE BAR

Prepared by:
James L. Rand

ABSTRACT: The purpose of this paper is . inalyze in detail many
of the assumptions and techniques often employed to obtain stress-
strein relations at rates of strain of approximately 103 sec-l,
The effects of »xlal wave propagation and interaction detail in
short cylinarical specimens on the resulting atress-strain
relation have been evaluated in detail. The effect of specimen
geometry on the "end effects” associated with friction has been
clearly demonstrated both theoretically and experimentally. An
overall evaluation of the quality of the data generated by the
split Hopkinson pressure bar experiment hased on a one-dimensional
wave 2nalysis and verified by experimental observations has been
presented,
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LIST OF SYMBOLS
a - Iagrargian coordinate; radius of specimen
- aross-sectional ares; arbitrary constant

- non-dimensicnal area, A,/A

W o »
[

- constant defined by equation (A-31)

- wave speed, propagation velocity

- non-dimensional wave speed defined by c(ps/Es)%
- diameter

- elastic modulus

non-dimensional strain defined by e/'cy

- force

- gage factor (2.09 +.5%)

- impedance defined by equatior. (2)

X O+ @ W om m e o o
[]

- constant - defined as used

e
[]

length

a3
t

mass
- constant defined by equation (C-2)

-1
non-dimensional impzact function defined by I(ES) ds

v 3
]

- radial distance
- Ip/Is; electriczal resistsnce

non-dimensional stress defined as O/by

L 7> - B
'

~ time

T, T - non-dimensional time defined as c t/t

U - ncn-dimensional velocity defined as (Esps)iv/’oy
4 - particle veloclty

v ~ voltage
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b 4 - longitudinal coordinate
a - parameter defined by equation (8).
¢ B - parsmeter defined as u(do/%o)
3 € - "engineering" strain
? ] - energy defined by equation (15)
u - coefficient of friction
p - mass density
P --non-dimensional density defined as p /b
c - "engineering" stress
T - time
® - impact functior defined by equation (A-21)
SUBSCRIPIS
a - "apparent” value
cal - calibrated value
D - refers to "dynamic" value
; a - refers to "gage"
I - refers to incident preszure bar
: L - index on length in CASH code
IMAX - maximum index on length in CASH code
m - measured quantity
max - maximu vslue
N - index on time in CASH code
o - elastic value; original value; or yleld value &8s used

P - refers to pressure bars

r - refers to radial direction
R - refers to reflected strain
s - refers to specimen
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refers to transmitter pressure bar
refers to the yield point of the specimen
refers to axial direction

refers to tangential direction

SUFERSCRIPTS

denotes differentiation with respect to time
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INTRODUCTION

The behavior of materials under dynamic loading 1s receiving
an increasing amount of attention as more highly transient
environments are encountered. In order to simulate the irates of
loading produced bynimpac or blast wave impingeme~t, strain rates

rom 50 sec™l to 107 sec~! must be achieved. Various types of
impact testing devices have been used [1]* which not only permit
but require the existence of inertial forces cr stress wives in
the specimen in order to determine its stress-striin-strain rate
relaticnship. One of the more popular devices of this type is the
split Hopkinson pressure bar. This technique =onsists of placing
& short specimen between a pair of bars which remain elastic
while a sfress wave 1is propagated through the systea., When one-
Aimensiong]l wave analysis is applied to the measurcd strain
records from each bar, both the force and velocity at the specimen
end of each bar can be .alzulated. The stress and strain of the
specimen at any instan. of time 1s obtained by averaging the
forces and velocities obtained from the elastic bars. The
purpose of this report is to analyze in detail many of the
assumptions which must bHe made in order to draw meaningful
conclusions from this technique,

This study haaz been prompted by a wide variety of conflicting
statements which have recently appeared in tne litersturc which
challenge the validity of the split Hopkinson pressure bar
technique. In particular, the results of a study cf the dynamic
properties of a high purity aluminum utilizing this technique
were reported by Hauser, Simmons and Dorn {2]. They concluded
that the aluminum tested not only exhibited a dynamic stress-
strain relation but that the reiaticn was a function of the rate
of strain. However, various experimental analyses [3,45] of wave
propagation in thie material indicate that the rate independent
theory of wave propagation developed by von Kaiman (5], Taylor [b}
and Rakhmatulin [7? 1s adequate to predict its response. Bell [4
has recently reported an experimental study of the split Hopkinson
pressure bar utilizing his diffraction grating technique on the
specimen to obtain an independent measure of strain. Since 8
large difference in strain was observed between the direct
measurement and that inferred from pressure bar measurements,

Bell concluded that "...the source of the difficulty in the
extended quasi-static impact tests lies in the assumption of
uniform strain in the short elastically bounded specimen 2nd in
the neglect of wave propagation and interaction detail.”

The effects of the wave propagation and interaction detail
have been evaluated numerically in this report by app.ying the
method of characteristics to the elastically bounded specikens.

Snumbers in brackets designate references at end of repcrt

1
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In addition, the effects of friction and i1ts resulting biaxial
strecys conditior have been evaluated. Various experiments were
verformed at a variety of rates of strain in order teo confirm
certain assumptions. 1In all of the following analyses, the
stress-strain relation of a material will be assumed to be unique
in order to simplify the calculations. The response of the
pressure bars 1s then calculated. In order to obtain the stress-
strain relation of the specimen, the same assumptions may be
employcd as when the pressure bar response 1s obtained experi-
mentally. The usual assumptions are as follows:

1. Uniform Axial Stress Distribution. If the specimen is
made sufficiently shert, it 1s assumed that the stress,and
therefore the strain,is "effectively the same throughout the
specimen.”" [8] This assumption is equivalent to neglecting the
effect of axial inertia in the specimen,

2, Prictionless Interface. The presenc~ of fricticn at the
faces of the specimen will cause a combined stress situation to
exist at the interface even in a "static” test whizh results in
an "apparent" increase in stress for a given strain.

3. Uniform Radial Stress Distribution., This assumption
effectively requires the radial stress to be zero and the axial
stress to be constant across the diameter of the specimen,

4, fThe Boundary Conditions. Consistent with a one-
dimensional analysis is the assumption that, at the interfaces
between the specimen and pressure bars, the axial forces are
equal,

The first two assumptions will be analyzed in detail in this
report. The remaining assumptions will be the subject of a two-
dimensional analysis in the near future.

WAVE PROPAGATION AND INTERACTION

The one-dimensional "rate insensitive" theory of finite
amplitude wave propagation haa been utilized to de’ermine the
transient response of the elasticaily bounded specimen in the
split Hopkinson pressure bar experiment. The method of character-
istics has been used to obtain a solution in the same manner as
Conn [ 9]; however, the solution presented here has been carried
to a logical ceconclusion which permits certain generalizations teo
be made regarding the affects of axial inertia., The approach
taken here consists of assuming the stress in the specimen to be
a known unique function of strain. FPor each incident strain
pulse the wave interaction detall may be computed at any point
in the specimen,as well as the reflected and transmitted strain
pulsee in the pressure bars., The assumptions outlined in the
preceding section are invoked in order to obtain an "apparent"
stress-strain relation which includes the affects of axial
inertia. A comparison of the "apparent"” and assumed stress-strain

2
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relations indicates the error to be expected due to the existence
of finite amplitude wave propagation.

The governing equations which describe the motion of the
specimen and presgsure bars, as well as the details of the compu-
tational technique, are contained in Appendix A. The calculation
has been reduced to a systematic set of machine instructions,
the CASH code (Appendix B), which permits the automatic computation
of the entire characteristic net. The stress-strain relation of
the specimen is assumed to be linearly elastic below, and
parsbolic abeve, the yileid stress. However, a discontinuity in
the slope of the curve 1s perwitted at the yicld streas so that
8 wide variety of materials are described by this representation.

Experimental Confirmation

Due to the many assumptions contained in this type of
analysis, it 1s desirable to perform Z calcujation where experi-
mental data are available, Therefore, one of the experiments on
commercially pure aluminum recently reported by Bell [4], which
1s extremely well documented, hes been used to demonstrate the
accuracy of this computational technique as well as the non-
dimensional nature of the one-dimensional solution. It 1s assumed
that the specimen i3 linearly elastic to a stress of 1000 psi and
the resulting stress and strain at yield is one point on a
parabola. A second point on the parabola of Bell [4] at a stress
of 25,000 psi has been used to cobtain an adjusted parabcla which
when normalized with respect to thr strain at yleld 1s given by:

F - 0.66942 - 2.975207S + 3.3057875° (1)

This equation 1s presented in figure 1 where 1t is compared with
the parabolic law given by Bell F&] The "hard” alumigum pressure
bars were assumed to be 2024-T6 having a modulus of 10/ psi and a
density of 1 1b/1n3. The same mcdulus and density were assumed
for the specimen in the elastic region. The pressure bars were
1.0 inch in diameter and the specimen had an {,/d, of % and a
diameter of 0.3 inch which closely approximates gest no. 827
reported by Bell (4]. The data deck described in Appendix B for
this case is given in Table 1.

The computed strains at the center of the specimen, as wel:
as the computed sverage strains, are compared in figure 2 with
experimental values reported t; Beil [4]. Relatively good agree-
ment 1s obtained between the computed strain and the average
specimen strain obtained from pressure bar measurements. Since
dry specimen-pressure bar interfaces were used for this test and
the computation assumes perfectly lubricated interfaces, the
deviation 1s well within the error to be expected. The radical
departure of the diffractlion grating measurements at approximately
4 percent strain is consistent with an experimental difficulty

B
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reported by Bell [10] sutsequent to the publication of the data

contained in figure 2. The difficulty 1s associated with a

ironoumced change in reflectivity of the surface at strains above
3 percent,

Axisl Inertis Effects

The CASH code has bdeen used in conjunction with the REDUCE
code to svaluate the effects of wave propsgation in the specinen
on the "apparent” stress-strain curve, The REDUCE code is merely
& machine program which is used to process the incident, reflected
and tranmmitted strain records to obtain the "apparent"” stress-
strain curve., Although originally developed to process
experimental data, it 13 directly applicable to the strain pulses
computed by the CASH code.

In order to assess the various effects of axial inertia on
the resulting "apparent” stresa-strain curve, the results of the
problem considered in the preceding section are presented in
detsill, The rocnuniform strain distribution which is most severe
during the earlier portion of the test 1s presented in figure 3(A)
as &8 function of both time and position along the specimen. In
addition, the difference in stress across the specimen, which is
averaged in order to obtain the stress-strain curve, is presented
in figure 3(B). It may be seen that the effect of nonlinear wave
propagation in the apecimen is to damp this stress difference
which oscillates about the origin. The "apparent” stress-strain
curve is presented ia figure 4 with the assumed stress-strain
behavior superimposed for comparison, It should be noted that
the "apparent” stress-strain curve is 8 reasonable approximation
of the assumed stress-strain behavior for strains greater than
1.5 percent. The "spparent” overstress occurring at strains below
1.5 percent 1is an axial inertia effect and should not be confused
with the initial overstress which occurs during the impact of a
projectile against a target rod. This latter effect is caused by
the initial thres-dimensional behavior while the waveform 1is
establishad in the target. The distortion of the "apparent’
stress-st_uain curve 1is sufficient to precluidz the determination
of the yleld stress or modulus for the case considered.

It has been found that the duration of this initial overstress
is approximately twice the rise time of the incident strain pulse.
Therefore, great care must be exercised in analyzing split
Hopkinson bar data obtained during the time required to establish
the initial uniform strain distribution in the specimen. Tails
problem is alleviated somewhat if the material being tested has
8 well-defined yleld stress such as work-hardened commercially
pure aluminum., The case of work hardening to a yleld stress .f
11,000 psi as tested by Hauser, et al [2], and analvzed by Conn [ 9]
has been considered. The assumed &nd computed str.ss-strain
curves are presented in figure 5., Since the slope o1 the curve
in tihe plastic portion of this material is much less than in the
previously considered material, relatively large nonuniform strain

5
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distributions may exist in the specimen with a much reduced effect
on the stress distributions. Therefore, a good approximation of
the yleld stress may be obtained if there is a sharp disconti-
nuity in the slope of the curve at that point.

The "acoustic impedance"” of a rod is defined as:
I =0p.cA, (2)

It has been found that the ratio of the pressure bar impedance
to the specimen impedance, R, is a sensitive measure of the
constancy of the specimen strain rate. The impedance ratio was
varied by using steel, titanium and aluminum pressure bars in
conjunction with various specimen geometries, Pigure 6 1llus-
trates the effect of this ratio on the average specimen :strain
rate, The wave speed required to compute the impedance 1s the
plastic wave speed which i3 a function of time., Therefore, the
meterial described by equation (1) was assumed in all -ases and
the wave speed at a stress of 10,000 psi was assumed coastant to
obtain the values of R given in figure 6. Since this ratio
enters the calculation 2s a single quantity in the boundary
conditions (Appendix A), 1t is reasonable to expect that a
reduction in specimen diameter has th- ssme effect as increasin
the density of the pressure bars, This is reflected in figure
by the results for ratios of 15.4 and 14.8. The former are the
results for aluminum pressure bars and a specimen to pressure bar
diameter ratio of 0.72 while the latter are the results for
titanium bars and a diameter ratio cf 0.96.

It has been shown that the =ffect of averaging the end face
strains will yleld an "apparent" stress-strain curve which is a
gocd approximation of the assumed behavior for times greater than
twice the rise time of the incident strain pulse., However, if
instead of averaging the pressure par measuremznts, the stress 1is
assumed to be constant, then the transmitted strain pulse 1is
proportional to the average specimen stress and the reflected
strain pulse 1s proportional to the average specimen strain rate,
The effect of axlal irertia on this type of data reduction is
13lustrated in figure 7 for an aluminum specimen described by
equation {1) with an {,/d, of unity. The oscillation of the
curve about the assumed behavior is exaggerated because of the
increased length of the specimen. Therefore, this type of data
reduction is only useful when the difference in the stress across
the specimen is small with respect to the average stress., Other-
wise, a significant error could be introduced into the "apparent”
stress-strain behavior if an attempt 1s made to average the
resulting urve,

(03
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FRICTION ANALYSIS

The analysis contained in the preceding section is only valid
in the absence of frictional forces at the interfaces between the
specimen and pressure bars, However, compression testing of
small cylinders, as shown in figure 8(A), at any speed 1s
extremely difficult since the combination of friction and specimen
length will cause a nonuniform stress diatribution to exist near
the ends. These "end effects” will give rise to two conditions
which are experimentally observable; namely, {(a) an increase in
the force required to obtain a given deflection, and (b) a
distortion of the specimen commonly referred to as "barreling."

The first of the experimental observables previously mentioned
will be manifested in an "apparent” increase in stress to obtain
the same strain, The followirg approach is based primarily on
the analysis reported by Jackson and Waxman [11). The magnitude
of this effect can be estimated by assuming the presence of a
shear stress which is proportional to the axial stress on each
face of the specimen. The constant which expresses the ratio of
the shearing stress to the axial stress 1is defined as the
"coefficient of friction” and is given by the symbcl u. The
differential equation which expresses the static equilibrium of
forces shown in figure 8(B) is given by:

dor o. -9 o,
Tt —F—tM=0 (3)

If the materiai is aasumed to be incompressible in the plastic
regime, and if the Tresca yleld criteria and Hencky-Mises flow
law are employed, it can »e shown [12] that:

o, = o ePulaTIAt (%)

The resulting nonuniform stress distribution givern by equation (&)
13 shown in figure 8(C). In order to determine the effect of such
a stress distribution on the "apparent" stress-strain curve
obtained from a compression test with friction, the force must

be determined as a function of specimen geometry. The axial force
for any given length is given by:

a
P, = 2m IO o, rdr (5)

If the "apparent" stress i1s defined as:

O = }?z/‘na2 (6)
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it can be =hown that:

0,/9, = &2 (e - (14)] (7)
where
& = p(14¢)"3/2 (8)

Here B 1s the ratio of the coefficient of friction to the original
Lo/d, of the specimen and ¢ 1s the "engineering" strain.

The {ncrease in "apparent" stress as a function of strain
given by equation (7) 1s presented in figures 9 and 10 for
various values of the parameter 8 of practical interest.

Figure 9 demonstrates the error to be expected if cylinders with
an original length to diameter ratio on the order of unity are
compressed without lubricating the anvils. However, even when
great care is taken to maintair a frictionless interface with
lubricants such as molybdenum c¢isulfide (u = 0.04), compression
of short cylinders with an (L,/d,) ~ .25 could result in errors
in excess of 5 percent,

Assoclated with the end effects of a short cylinder is the
distortion of the specimen commonly referred to as "barreling.”
This is a two-dimensional effect which could cause erroneous
results 1f stresses and strains are dediced from force and cross-
head displacement measurements, However, a two-dimensional
analysis by Davis and Jackscen [13) was compared with the preceding
analysis and revealed no significant differences at strains below
15 percent [12].

In order to confirm the validity of the one-dimensional
analysis, several experiwents were performed using commercially
pure aluminum, A single rod of 1100-F aluminum as recelved was
cut into one-foot ienzths, neated to 650°F for 24 hours, and
oven cooled. All specimens used in this study were machined from
this one piece of stock. Cylindrical compression specimens were
machined with various ratios of length tc diameter as listed in
Table 2. One specimen was re-annealed at 650°F for 2% hours sn
that the effects of residual stresses due to machining could be
evaluated., The faces of ecach specimen were polished with emery
cloth, cesium oxide and j2welers rouge, in that order. A pair of
compression plates of 434C steel, ground to a number three finish,
were attached to a standard Baldwin-Southwark, 60,000-pound capacity,
universal testing machine. The crosshead velocity of this machine
was maintained at the constant values indicated in Tavle 2 1in
order to maintain the same constant strain rate for the various
geometries. A lubricant consisting of molybdenum disulfide in a
light oil solution was used throughout this series of tests.

8
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Specimen no. 1 was loaded to a atress of 11,000 psi, unloaded,
re-lubricated, and then reloaded to a higher stress, This
procedure was repeated several times to obtain the data presented
in figure 11, The data were obtained by simultaneously recording
the outputs of the internal balance of the testing machine and an
electrical deflectometer attached to the crosshead of the machine
which was assumed rigid. Specimen no. 2 was compressed to the
same final strain 28 specimen no. 1 without re-lubricating during
the test. The results of this test were identical to those {llus-
trated in figure 11, indicating that lubrication was maintained
throughout the test. Specimen no. 3 was re-annealed and tested
with identical results indicating the lack of any significant
residual stresses due vo machining. Therefore, all remaining
tests were performed without re-annealing or re-lubricating the
specimens during the experiment. The remaining specimens were
tested and the "apparent" stress-strain curves for length to
diameter ratios from 2.70 to C.277 were obtained.

The force-deflection data cocllected in this series of
experiments are presented in figure 12 for three representative
ratios of length to diameter. The discontinuities in the stress-
strain behavior were repeatable and indicate that the material
considered in this report is mechanically unstable, This
observation is consistent with that reported by Kenig [14] where
the stress-strain data were in the form of a staircase funetion
instead of a smooth curve,

In order to determine the stress-strain relation for a
frictionless test, and to sassess the accuracy of the one-
dimensional theory, it is noted that the exponential in equation (7)
may be represented as a series:

2 3
& =1 4+a + ;T'+ %T-+ coes (9)

Substitution of this expression into equation (7) and neglecting
higher order terms ylelds:

o/bo =1+a/3 (20)

Therefore, for & given value of strain the apparent increase in
stress is inversely proportional to the originai ratio of length
to diameter of the specimeni. This may be expressed as:

1 "% %1 8 Go/4), (11)
o, -0 a, E;

2 o . o1

Therefore, the stress to be expested from a frictionless test is
given by:
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Inserting the values of o, and 0, for ¢ /d 's of 2.7 and 0.545,
respectively, from figure 12 at fo percént “strain, it is found

that:

g

(12)

or
o, ~ 15,080 ps1 (14)

The "apparent” increase in stress for an { /4 of 545 1s 13.05
percent at 2 strain of 10 percent. The vaJue of B which will
sause this increase may be determined from figure 9 and is found
to be equal to 0.305. The coefficient of friction may then be
computed from the definition of B and is found to be 0.166. The
values of 8 for each test have been computed for this coefficlent
of friction and are tabulated in Table 2. A computed stress-
strain curye for B equal to zero may be calculated from the datsa
obtained with the maximum {,/d, (spcciman no, 6) corrected
according to equation (7). The "apparent” stress-strain curves
predicted by the one-dimensional analysis are iilustrated in
figure 12. Excellent agreement is obtained with the intermediate
values of 8 and good agreement with the maximum value of 8
considered, The maximum deviation of the computed stress from
that observed experimentally is 3.65 percent.

These results indicate that the effects of friction and
epecimen geometry cannot be considered independently, but will
occur in a predictazble manner. 1In addition, the measurement of
croashead displacement is an acceptable method of obtaining
specimen strain when the effects of friction are small enough to
prealude barreling. Although these results have bwzen derived for
a statically applied lcad, it will be assumed that the effects of
friction and specimen geometry are synonymous dynamicalily, as
well., It has also been demonstrated experixentaily that even
when great care 1s taken to eliminate friction, the use of
relatively short specimens will introduce an "apparent"” increase
in stress very similar to reported strain rate effects. Therefore.
the effects of friction should not be neglected unless it can be
shown that the geometry of the specimen can be changed without
affecting the resalting stress-strain curve wher derived fTrom
load and deflection measurements.




EXPERIMENTAL EVIDENCE OF DYNAMIC BEHAVIOR

If the material under investigation 18 sensitive to the rate
of loading, a radically different response may be indicated if
these data are compared with the data obtained from low-speed
testing such as that presented in the preceding section. However,
since the rstes of strain difrer by approximately six orders of
magnitude, such differences are entirely possible, In order to
demonstrate that this different response is a property cf the
material and not due to the presence of friction, axial or radial
irertia, dynamic data were obtained for commercially pure aluminum
by two completely independent test techniques, Medium straian rate
data were obtained with the more conventional high-sp®ed testing
equipment while high strain rate ds2t{a were cbtained with the
split Hopkinson pressure bar tecinique. Although the strain rafes

roduced by each technique do not overlap, they do provide data
for a wide variety of straln rates.

Medium Rate Testing

The first series of experiments to be described was tested
with the high-speed testing equipment shown in figure 13. This
apparatus consists of a modified Plastechon Model 581 testing
machine equipped with 2 Schavitz-Bytrex Model PL 2500 load cell,
and an Optron Kodel 680AX electro-optical extensometer. The
extensometer consists of two optical tracking units which generate
an electrical signal proportional to the displacement of the
target being tracked. The targets used in this series of tests
were attached to the upper and lower faces of the compression
cage shown in figure 13, The differential output of the two
trackers i3 a voltage proportional to the "engineering" strain
as a function of time. The frequency response of the extensometer
is reported by the marufacturer to exceed 5 ke. The freguency
response of the load cell-extension armm-compression cage
coxbination has been determined experimentally to be 200 cps;
however, calibration of both measuring devices was accomplished
statically. The output of both the load cell and extensometer
were recorded simultaneously and independently with a Tektronix
Model 502A dual beam oscilloscope. The data taken during these
tests were obtained with crosshead velocities sufficiently low
to preclude the existence of axial or radial inertia effects in
the specimens and/or "ringing" of the measur_.ig or recording
equipment,

The hiﬁh-speed testing machine operates as shown schematieally
in figure 14, A high pressure nitrogen source provides a constant
pressure to a piston which initially compresses the oil. By
activating a solenoid valve the fluid is sllowed to discharge
through an orifice which is adjusted to obtain various constant
erossnead velocities, The compression cage is fitted with a slack
adapter which permits the crosshead to accelerate to a constant
velocity prior to engaging the specinen,

12
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g Three specimens were machined from the same stock usad for

the "static" testing program. The dimensions of each specimen were

3 identical (see the following table), and the same lubricant as
used in the "static" tests was used to insure that any differences
in cbserved stréss could not be attributed to frictional effects.

The crasshead velocity of eacn test was varied in order to achieve

the variation in strain rate indicated in the following table,

The data obtained from a typical test are presented in figure 15

as well as the stress-strain curves for the three rates of atrain

considered. The stress-strain curve derived in the preceding

section for f equal to zerc also is illustrated in figure 15.

The data obtained {rom specimen no, 15 were not at constant

strain due tc the inability of this type of equipment to maintain

3 constant velocity at high rates of loading.

M:dium Rate Testing - Specimen Configurations
and Test Conditions

it it bl caebi s e Lt ket i
RTINS ALY PETY IR A A P TPy Y

Specimen Length Diameter Lo/ao Speed . 1
no, (in) (in) (in/sec) €(sec )
13 0.500 0.252 1.98 1.15x1072 .023
14 0.501 0.251 1.99  8.75x1072 .175
15 0.50C 0.251 1.98 0.5 to 1.5 1. to 3.

Py

oS

Description of Split Hopkinson Bar Apparatus

The general arrangement of the apparatus used in this series
of tests is similar to that used by Krafft, et al [15], Lindhoim [16],
and more recentiy by Tanaxa, et al {17]. This apparatus is
11lustrated schematically in figure 16. The pressure bars were
mounted on four Teflor V-blocks wnich were originally aligned by
bore sighting from the high pressure section of the projectile
25 launcher, Both pressure bars were machined from the same rod to
34 insure the same properties and then ground to the same dlameter
as the projectile (0.483 inch). The material used was TAl-4Mo
titanium which has a yield stress certified to exceed 172,000 psi.
Each pressure bar was instrumented with a pair of Mlerc-
Measurements foil strain gages (type EA-06-125AD-.20) diametri-
cally mounted with an Eastm=n G10 adhesive for stralin gage
applications., At each strailii measuring station the gages were
wired to opposite arms of a Wheatstone bridge which causes tlre
change in resistance of eacnh gage due to axial strain to be
additive and that due to bending to cancel. The output of these
bridges is recorded by mears of two Tektronix Model 531 oscilloscopes
and cameras, The incident pressure bar was instrumented with a
MicroSystems semiconductor stra!:n gage {(type PA3-16-120) located
one inch from the impact point. The signal from this gage was
used to trigger two delay units whicin were used to trigger the
recording eguipment at a suitably delayed time. Both pressure
bars were 30 inches in length and the strain measuring station on
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edcn pressure par was loeated 18 inches from the specimen so that
the simplified method of data reduction introduced by Lindholm [16]
could be utilized. Integration of the reflected strain pulse was
accomplished by means of a Tektronix Type "0O" operational amplifier
plug-in unit. The output of this amplifier was used to drive the
horizontal sweep of a Tektronix Model 531 oscilloscope while the
transmitted strain signal provided the simulianecus vertical
deflection, 'The calibration of the Wheatstone bridges, opera-
tional amplifier and elastic wave speeds is described in detall

in Appendix C.

A rectangular stress wave is generated by the impact of &
titanium projJectile launched from 8 small bore air gun, The
projectile used was 10 inches in length which provided a pulse
duration of approximately 100 microseconds as illustrated in
figure 17. It may be seen that a rise time cf approximately
4 microseconds 1s possible with the impact of a flat nosed
projectile, However, the resulting oscillations which are
introduced due to the {inite diameter of the bar are undesirsble
for several reasons, The oscillation of the incident atrain
pulse will cause an oacillation in the particle velocity at the
incident face of the specimen., This condition would cause a
small amount of nonuniform work hardening on one side of the
specimen, Since the effect of cyclic work hardening on the
dynamic behavior of a material is not entirely clear [16], 1t
should be avolded if at all possible, In sddition, the averaging
of this oacillation 18 only valid to obtain the force that
generated the variation in strain and not the effect at the
specimen end of the incident pressure bsr,

In order to reduce this cscillation as much as possible the
impact face of the projectile was rounded off to a one-inch
radius, %The incident strain pulse generated by this type of
projectile is shown in figure 17{(B) for a slightly lower impact
veloeity than that used to obtain figure i7(A). It should be
noted that t e rise time 1s increased to approximately 10 micro-
seconds; however, the oscillation 1is attenuated as desired.
Although the amplitude of this incident strain variation could
be attenuated even more by increasing the diameter of the
pressure bars, the variation of the reflected strain pulse would
be amplffied acecerdingly. In addition, the use of atrain gages
with relutively long gage lengths, which has been suggested,
would only serve to nide this wvaristion in strain and not
eliminate 1t. Heither of the previously mentioned approazhes
vere attempted to further reduce this oscillation.

Upon arrival of the incident pulse at the specimen, part of
the wave is reflected bask into the incident bar while part 1is
transmitted, ‘The transmitted wave prepagates intc the "throw-off”
bar $llustrated in figure 16, reflects from the free end and
separates, just as the "measuring piece” in Hopkinson‘s original
experiment., Thils teshnique prevents the specimen from being
reloaded by &ny additional pulses, thereby permitting its recovery
and measurement.

1k
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The specimens used in this series of experiments were again
mechined from the same stock of commercially pure aluminum
previously described, Six different diameters and three di“ferent
lengths, Table 3, were teated, The strain records obtained with
specimen no., 19 are considered typical &and are shown in figure 16.
T™e same lubricant as used for the low-speed tests was used
throughout this program. The change in original length of the
specimen, while resulting in a variety of strain rates, was
intended to demonstrate the lack of frictional effects under
dynamic conditions.

As descridbed by Lindholm [16], if it is assumed that the
stress iz unifomm along the axis of the specimen, then the data
may be reduced electronically as shown in figure 16. However,
since this involves a needless additional assumption, the datsz
have been reduced by computing the forces and particle velocities
independentlz at each face of the specimen., The oscilloscope
traces were "read”" on & Universal Telereader Type 17A egquipped
with a Telecordex which automatically punches the resulting x-y
goordinate information onto IBM cards, The three data decks
(incident, reflected, and transmitted) are used as input to the
REDUCE code which numerically determines the stress, strain rate
and a2train at each data point. This program also computes the
difference in stress across the specimen in addition to the
final stress-strain curve, The output of this program for
specimen no. 19 is presented in figure 18,

Several important features may be seen by comparing the
reduced data in figure 18 with the raw data in figure 15. fThe
relatively amall oscilliation appearing on the refiected strain
pulse gilves rise to a significant oscillation in the reduced data,
Sinse the frequency of this oscillation is predictable on the
basis of geometric dispersion in the pressure bar (18], this
variation in strain could have deen eliminated prior to data
reduction. However, the siternate method of retaining this
veriation in raw data and smoothing the reduced data was utilized.
This problem s characteristic of the type of material being
tested since the amplitude of such oscillations is very nearly
proportional to the ampiitude of the pulse being propagated [19].
As the strength of the specimen 18 increased, the amplitude of
the reflected wave will decrease while that of the transmitted
wave inareasees,

Prom figure 18 the average strain rate is seen to vary from
1850 to 90C sec-1, 1If this material were sensitive to the rate
of strain, this variation would have to be taken into account,.
One technique often employed is to ¢ross plot stress as a
function c¢f strain rate for each value of strain., Thie requires
several tests at 2 wide variety of strain rates to obtain the
stress-strain curve at a constant strain rate. This was found to
be unnecessary for the commercially pure aluminum tested,

The resulting stress-strain dbehavior of the specimen is
11lustrated in figure 18(C). Based on thz results of the
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one-dimernsicnal wave analysis the data ccllected during the first
20 microseconds (twice the rise time of the incident pulse) has
been ignered. The oscillations predictadble from geometric
dispersion o: the reflected pulse in the elastic pressure bar
have been smoothed and the resulting curve superimposed on

figure 18(C) for comparison.

In order to demonstrate that the increase in stress indicated
by these experiments is independent cf the specimen length, the
stress-strain behavior of specimen no. 21 is compared with that
of specimen no, 19 in figure 19, It is apparent that this
material exhibits the sanme et{esa-straln response for rates of
strain from 1000 to 4000 xec~l, Howev:r, the data obtained from
this series of experiments are relatively scattered and cannot be
presented as a single curve or a family of rate sensitive curves,
The variation in the stress-strain behavior of this material for
this series of experiments is i1llustrated in figure 19 and is
indicative of the level of confidence which should be placed in
any dynamic results for this material.

Two techniques were used to independently verify the accuracy
of these experiments. The specimen was recovered sfter each test,
examined, and the final length determined. No evidence of
barreling was observed and the final strzin measurement was within
one percent of the maximum strain indicated by the resulting
stress-strain curve. Although this indicates that the specimen
strain may be computed zccurately froms pressure bar measurements,
it does not provide a verification of the stress measursment.
Therefore, an energy balance waas performed in 2an attempt to
provide this verification. Applying the theory of one-dimansionsal
elastic wave propagation, it was found that the energy absorbed
by the specimen 15 given bdy:

(c2 2

2
8 = E ¢ I R - cT)dt (15)

1
8 P PAP ‘fo

where v is the duration of the pulse., The energy absorbed by the
specimen may be attributed to the sum of the strain and kinetic
energies, The resulting unbalance in energy is then an estimate
of the accuracy of the atrain measurements, An increase in
temperature of the specimen was computed assuming an adilabatioc
process and 2 specific heat a2t comstant volume of 0.217 Btu/1b°P,
Based on the results of Farren and Taylor [20] 1t has been sssumed
that 93 percent of the strain energy appears 2s a temperature
increase., The results of this calculation for the data contained
in figure 16 are listed in Table &,

Although the temperature increase of &.28°F indicates that
the effect of thermcdynamics on the resuliting data is negligidle
for this particular specimer, it does not provide an independent
check of the magnitude of the stress-strain relaticn obtained
f-om this test since the same balange could be obtained with less
strain energy and only a slight increase in internal energy.

17
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Table 4, Energy Analysis of Specimen No.

Incident Strain Energy
Incident Kinetic Energy:
Total Incident Energy:

Reflected Strain Energy:
Reflected Xinetic Energy:

Transmitted Strain Energy:

Transmitted Kinetic Energy:

Specimen Strain Energy:

(AT = 6.28°F)
Specimen Kinetic Energy:
Energy Unbalance (% Error)
Total Energy:

NOLTR 67-156

18

(in 1b)

122.85
122.85
2b5.7

48,65
48.65
15.5
15.5
104.0

0.06
13.4
2&5'7

19

percent

19.8
19.8
6.3
6.3
42.3
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DISCUSSION OF RESULTS AND CONCLUSIONS

The analyses contained in this report have been performed in
an effort to establish the limitations of the split Hopkinson
pressure bar as a technique to obtain dynamic stress-strain
relationships,

Axial Inertia Effects

In the analysis of results obtained from the split Hepkinson
pressure bar it is assumed that the average stress and strain
rate in the specimen at any time may be approximated by the
average of the stresses and particle velocities of the end faces
of the specimen. The effects of the large gradients of stress
and strain caused by axisal wave propagation in the specimen have
been evaluated, Although certain conditions have been found
where the nonuniformities of stress and strain are severe, the
effect of the averaging process is to yield an "apparent" stress-
strain curve which 1s 2 reasonably ¢lose approximation of the
actual stress-strain behavior. Due to the finite rise time
required to develop the incident strain pulse, a significant
overstress will be apparent during the earlier portions of the
test. Fortunately, this overstress is not an accumulative effect,
However, modulus data cannot be obtained and yield stress c¢an
only be obtalned approximately by this technique since both
rhenomena usually occur during this portion of the test when the
averaging process is not valid, It has been found that as the
ratio of the "acoustic impedance" of the pressure bar to that of
the specimen 1s increased, the average rate of strain approaches
a constant value, The effect of assuming a uniform stre=ss and
strain rate has been found to increase the amplitude of the
oscillation of the "apparent" stress-strain curve about the
actual curve. However, the average of this resulting curve agtin
appears to be a good approximation of the actual behavior of the
material.

End Effects

The effects of a shearing stress on the faces of the specimen

have been examined statically, both theoretically and experimentally.

It has been found that the effects of friction and specimen
geometry cannot be considered independently. It has been shown
that a reduction in the initial ¢{,/d, of a short compression
specimen will have the same effect as an increase in the
coefficient of friction for the same specimen geometry. It also
has been demonstrated that "barreling” will be initiated at lower
values of strain as the ratio of the coefficient of friction to
the specimen {,/d, is increased.

The effects of friction predicted by the one-dimensional
anslysis have been observed experimentally. Since the agreement
between the predicted load-deflection behavior and that observed
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experimentsally is considered excellent, & method is presented
whereby the actual or frictionless stress-strain behavicr of the
materizl may be computed,

Experimental Results

Load-deflection dsta have been obtained for annealed 1100-F
commercially pure aluminum at room temperature_and at rates of
strain from 1.8 x 10-3 sec-l to 6.4 x 103 sec-l, Low-speed or
"static" testing indicates that the material under consideration
is rate insensitive at the lower rates of strain. In addition,
these tests indicate that commercially pure aluminum is a
mechanically unstable material as defined by Kenig [14].

Reasonably good agreement with the frictionless low-speed
test results was obtained Eith a_medium rate testing machine at
s strain rate of 2.3 x 10~2 sec~l, However, a significant change
in the stress-strain behavior was indicated as the rate of strain
was increased to .175 sec-l for the same specimen geometry. If
the rssults obtained from the preceding friction analysis may be
assumed valid at these velocities, then the increase in stress at
a given strain may not be attributed to friction, or axial or
redial inertia effects. It was observed that after an initial
increase in stress, the data approached that given by the static
response of this material,

Split Hopkinson pressure bar results have been obtained for
this material at s variety of specimen geometries., It has been
shewn that for & given diameter, the length of the specimen may
be reduced by a factor of four without significantly affecting
the resulting streas-strain curve. %This indicates that the
effects of friction are insignificant at these rates of strain if
the results of the static analysis are applicable.

Due to the scatter in data obtained_for this material at
rates of strain on the order of 103 sec~l, the values of stress
11lustrated in figure 20 for the split Hopkinson pressure bar are
only considered accurate to 45 percent. This relatively large
scatter in data is considered to be indicative of a definite
limitation of this test technique when applied to mechanically
anstable materials. The recently reported phenomena of
"satastrophic straining at one "point" in 8 specimen,"” [21] in
annealed 1100 aluminum could easily render the dynaxic testing of
short specimens meaningless., This phenomena 13 a characteristic
of the specimen and is not indicative of the accuracy to be
expected from the split Hopkinscn pressure bar technique with
mechanically stable materials. Probably the best proof of the
validity of this technigque is its adility toc determine that a
stable material is insensitive to strain-rate; such as, 7075-76
(22]. The dynamic behavior has been observed to be the same as
the static relation with the split Hopkinson pressure bar technique.

20
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Finite Amplitude Wave Propagation

An independent method of obtaining the dynamic stress-strain
behavicr of a rate insensitive material is available {[23].
However, before considering the experimental observations it is
necessary to clarify certain misconceptions which have developed
over the past few years regarding the "rate independent" tnzory
of plastic wave propagation.

It can be shown [12] that the same differential equations &s
those developed by von Karman are applicable toc 8 rate sensitive
material along certain paths, i.e.,

do
dv = p—;‘c— (16)

along

—

o = +{po ag tJt:)}i (17)

If the stress 13 expressed as a function of strain and strain rzate
then:

2 -
e = @3—&- + (g‘ée d3: (18)

If the behavior of a material is insensitive to the rate of strain
(30/0€ = O) but still differs from the "static" behavior, then

the measurement of finite amplitude wave speeds 18 an accurate
measure of the slope of dynamic stress-strain curve at each level
cf strain, Therefore, the theory employed by Bell is completely
Justified and only the iimitations of the experimental observations
need be congidered.

Two features must be demcnstrated experimentally in order to
assert that a material is insensitive to the rate of strain. Pirst,
it must be shown that the wave speed associated with each level
of strain is a function of the strain alone., Second, it must be
shown that the area under the predetermined wave spreed-strain
diagram will uniquely determine the particle velccity, The first
condition may be demonstrated by relatively few experiments since
each test contains strain values from zero to the maximum strain
determined by the impact velocity. However, the second condition
requires a separate test at each velocity for which the rate
insensitivity is to be demonstrated. Unfortunately, this second
condition is relatively insensitive to changes in the yleld stress
of the material because of the violent change in wave speed for
very small values of strain. Therefore, in order to demonstrate
rate insensitivity, the maximum strains developed for extremely
low impact velocities would have to be measured.
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It has been asserted by Bell [24) that the relationship

c
fonaxc ¢ = v, (19)

has been found to apply for impact velocities "from less than
100 in/sec to 3000 in/sec." However, since the amount of
scatter in the data that had to be averaged to obtain these
wave spceds does not appear in the literature, it is possgible
that the relationship:

;

max

v+ 1) cde = v, (20)

‘D

would also satisfy the same experimental observations. If this
1s possible, then the resulting dynamic stress-strain relation
could be found from the expression:

¢ 2
¢ =0p +0 f‘ e de (21)
D

where 0 12 & rate sensitive stress occurring at a strain, ¢_,
above vRich the material is rate insensitive. Tuerefore, thg
disagreement in the dynamic stress-strain behavior of a material
obtained by the measurement of wave speeds does not invalidate
the results obtained from split Hopkinson pressure bdar experiments,
but does demonstrate the rate inszensitivity of the material for
certain strains. These results are in agreement with recent
experimental observations of Bodner and Clifton [25]) who found
the plastic deformation of commercially pure zluminum to be
insensitive while the yileld stress was sensitive to the rate of
strain.

CONCLUSIONS

The analyses contained in this report permit the following
conclusicns regarding the validiiy of the split Hopkinson pressure
bar technique:

1. Experiments utilizing finite amplitude wave propagation
have not yet demonstrated the insensitivity of commercially pure
aluminum at strains near the yield point and, therefore, do not
contradict various split Hopkinson pressure bar results appearing
in the literature,

2. The existence of nonlinear wave progagation in the
specimen significantly affects the "apparent" stress-strain
behavior of the specimen for a time equal to approximately twice
the rise time of the incident strain pulse. As a direct
consequence, it is unlikely that elastic modulus information
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¢can be obtained by this technique for most metals. In addition,
the yleid stress can be only approximated, unless there is a

distinct change in the slope of the stress-straln curve at the
yield strese,

3. "Apparent" stress and strain levels obtalned at later
times by averaging pressure bhar measurements are not signifi-
cantly affected by nonuniform stress and strain distributions.
The effects of friction are not evidenced in the "apparent"
dynamlc behavior observed,

L, Commercially pure aluminum has exhibited a dynamic
behavior at rates of astrain where axial and radial inertia effects
are insignificant, However, split Hopkinson pressure bar results

for this material are questionable due to an inordinate amount of
scatter,

It is concluded that this technique 1ur the determination of
dynamic material behavior is capable of generating stress-straln
relations with reasonable &ccuracy only in the region of gross
piastic deformation for mechanically stable materials, Maximum
usefulness in terms of constancy of strain rste and minimum
osclillations will result from the use of high "acoustic impedance”
pressure bars with 2 minimum diameter. Although the effects of
friction do not appear to be as severe as in static testing, 3
lower 1limit on the specimen {,/d, must exist and may be dictated
more by radial inertia and ediabatic heating than interface
friction., This is a problem which wili require further study
but does not affect the results contained in this report.
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APPENDIX A
THE ONE-DIMENSIONAL ANALYSIS

It 18 generally conceded that the one-dimensional theory of
wave propagation will accurately predict the stresses, strains
and particle velocities 1in leng, thin rods where the aresa change
is not large. However, in order to analyze the split Hopkinson
pressure bar experiment, the equations must be applied not only
to the pressure bars but to a specimen with an Lo/do on the order
of unity. Therefore, the response of the specimen must be
calculated with the basic assumption that a uniaxial stress
condition exists at all times., The validity of this assumption
must ultimately be established experimentally.

The Pressure Bar

The one-dimensional analysis when applied to an elastic bar
of constant original cross-sectional area requires that:

do

dv = (A-1)
Po%
along lines in the a-t plane defined by:
da :
B=xc, =+ (EA)? (A-2)

Therefore, along those lines of positive slope, integration of
equation (A-1) yields:

v - = K (4-3)

V+o = K (A_u)

The constants of integration K_ and K_ may be determined from the
initial conditions, so that th® problgm 1s reduced to the
simultaneous solution of two linear algebraic eguations.

In order to demonstrate the application cf these equations,
conslder the diagram i~ figure A-1. It 1s assumed that all
components of the system are initially at rest and stress free.
An arbitrary pulse has been generated at one end and has been

A-1
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observed at the straln-measuring station located a distance x
from the specimen. The constant K, at the point I may be
determined from the initial conditlons and is equal to zero.
From equation {A-3) it obviocusly follows that:

V. = = ¢ € (A‘S)

The value of K_ may be determined at point B from the values now
known at point'I. From equation (A-hg it is seen that:

o g
v, + 2 = Vv, + oI . (A-6)
0 0 o0

However, from equation (A-5) we may substitute the value of v

into equation {A-6) to yleld: 1

B pcC oI (A-7)

In order to determine the value of K, at point R,1t 1s necessary
to repeat the experiment in the absence of & specimen with the
idenm.1cal incident pulse shape, or otherwise generate the
incident pulse so that the value of K, may be determined in the
absence of reflections from the specimen. PFor simplicity, let it
be assumed that X, may be determined 2t point D and 1s equal to
zero., In this case,

Vp = - Cf (2-8)

°n °R
vg - 5c. = vp - 5oy (A-9)
Therefore,
v _ B _ o (A-10)
B Doco 0o R

Equationes (A-T) and (A-10) may be solved simultaneously for the
stress and particle velocity in terms of the measured quantities.

vg = co(cI - SR) {(A-11)

A-2
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and

a oo (61 + eR) = E(€I +eg) (A-12)

The initial conditions of the problem permit equation (A-3) to

be applied between points F and C and between points E and T,
Therefore:

o g
C F
v, - = v, - = 0 (A-13)
C °,%o F ooco
and
a o]
T E
Vo - = v, - =0 (A-14)
T ooco E poco

Applying equation (A-4) between points C and T then ylelds:

Vo = S fq (A-15)

and

0. =0¢ “e. = Ee (A-16)

If the transmitted strain, €,, 13 measured at a distance x

from the specimen, then the Stress and particle velocity o? the

pressure bar at the specimen at time T will be determined from
X

the transmitted strain record at time (tc + EI)' Similarly, the
o X
pertinent incldent and reflected strain data occur at (tB - EL)
x o
and (tB + El}, respectively. Xnowledge of the stresses and
o}

particle velocities at each instant of time then permits the

stress and 3train in the specimen to be computed according to the
definition:s contained in reference 8,

The Specimen

Application of the one-dimensional theory of wave propagatlion
to the specimen 1s somewhat more complicated since the paths
along which the differential ecuations must be applled are no
longer straight lines. 1In gencral, the differential equations
may not be integrated in closed form and the many wave reflectlions

A-3
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between the faces of the pressure bars must te taken into account.
The solution to this problem may %# carried out graphically and

the details of this calculation are available in the literature [9].
Therefore, only the approach to this problem will be outlined

here,

The stress and particle velocity at an arbitrary point in
the specimen are determined by the simultaneous solution of the
two differential equations which apply along the two lines that
intersect at the arbitrary point in the a-t plane. As before:

. do
av = s (A-17)
o}
however, the paths are now defined by the expression:
2 3¢ dg
poc 3.{ = B_E' (A‘18)

For a rate insensitive materlal or for a constant strain rate
test, this expression may be simplified to yield the relation:

0002 - (gg.)é (A-19)

Therefore, along the positively sloped paths, integration of
syuation (A-17) yields:

V-vy=0 -0, (A-20)

where
do = [p (S?)é] do (A-21)
Similarly, along the negatively sloped paths, integration ylelds:
V-V, 0, - 0@ (a-22)

At the boundary, between the incident pressure bar and the
specimen, the magnitude of the incident strees wave in addition
to the waves in the specimen will influence the motion of the
interface. At any point on this boundary the characteristic
paths to be considered ars a positively sloped line in the speci-
men and a negatively sloped iine in the pressure bar., 1In the
first case we have from equation {A-20):

A=
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Vg - @g =V, - Dy (A-23)
while in the second case:
g:
v, + = 2¢c € ((A-T)
B poco oI

The boundary conditions described in reference 8 may be expressed
as follows:

Vg = Vg (n-24)

ar.d

Cghg = Ophy (A-25)

The simultaneous solution of equations {A-7), (A-23), (A-24) and

(A-25) ylelds the following expression from which the specimen
stress may be determined:

g_A
s°s _ )
ESE;K; + m(os) =2 £y -V, +t O (A-26)

Once the specimen stress is determined, the veloclty may be
obtained from equation (A-23). A similar treatment may be applied
to the specimen-transmitter bar interface which results in the
following expression:

Oshs
0 O O

which may Le =olvea for the specimen stress. This stress then
may be used to determine the velocity of the interface from the
expression:

Vo =V, 40
2

5 -~ o(og) (r-28)

2

Providing the stress-strain relation for the specimen and the
elastic constants of the pressure bars are known in advance, the
stress, strain and veloclty may be calculated at any point in the
a-t plane, including the boundaries. Therefore, knowledge of the
incident strain pulse permits the computation of both *%the

A-5
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reflected and transmitted strain pulses. These results then may
be used tc compute the "apparent" stress-~strain relation which
willl include the effects of nonlinear wave propagation in the
specimen,

The CASH Code

Although the computation of the stresses and velocities in
the specimen a3 & function of time and position 1s ctraightforward,
the graphical method used by Conn [9) 1is extremely laborious if
any degree of accuracy 1s desired. Therefore, this problem has
been programmed in MORTRAN IV so that the task of evaluating the
effects of axlal wave propagation in this experiment may be
lightened somewhat.

The CASH Code (an acronym for Characteristics Applied to the
Split Hopkinson Bar) essentially divides the a-t plane into a
number of lines of constant a. The point in time along each of
these lines where the equations are to be evaluated is determined,
as shown in figure A-2, by the preceding points on adjacent lines.
The characteristic lines at the adjacent points are extended
assuming no change in slope. 1In general, each line will inter-
sect the desired line at a different time., The earliest arrival
establishes the location of the point and the other 1line is
shifted back in time until it intersects the same point. 3hifting
of the adjacent point is accomplished by a linear interpolation of
the function, 9, defined by equation (A-21). As this function
changes, the slope of the characteristic 1line also changes until
the resulting line intersects the desired point. The particle
velocity then 1s linearly interpolated to the same point and all
other required properties then are evaluated.

This program has been written utilizing several subroutines
so that other problems in one-dimensional wave propagation may be
solved without re-programming. The main routine 1is used to
control the input of data, conversion to non-dimensional quantities
and incrementing through the characteristic net. Since all of
the equations used in the program have been non-dimensionalized
with respect to the specimen yield stress, any consistent set of
units may be used for input data, The shape of the incident
straln pulse may be described by as many as 200 pairs (e,t) of
points which are constunt or increasing in magnitude since the
present subroutines have not been written to accommodate elastic
unloading. Due to the number of poin.s required to describe the
details of the wave phenomenon,cnly ten polnts along each line
of constant a are retained at any time. After the tenth point is
computed, all ten points along lines for which output 1s desired
then are stored and the next ten points may be computed.

Subroutine STORE is used to control the form of the output
of data. This output may either be non-dim-nsional or have the
same dimensions as the input data at the option of the user.
After all quantities have been stored at 50 points along as many

A-6
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as eleven lines of constant a, the results for each iine then
are printed separately.

Subroutine BOUND solves the characteristic equations at the
boundaries of the specimen., Equation (A-26) which must be solved
8t the specimen-incident bar interface may be written as:

5&1&
—= 1S +P = QCiE& -0, + Py (r-26)
T
I
where the non-dimensional quantities are defined in the 1ist of
symbols. Similarly, equation (A-27) which must be solved at tae
specimen-transmitter bar interface may be written as:

o, T
= S+P= U2 + Py (a-27)

T
Therefore, both equations (A-26) and (A-27) are of the same form:

K;S+ P =K, (4-23)

where K, and K, are constants which must be determined at each
1nterra&e. Sugroutine BOUND computee the value of each of these
constants at each time and then uses a portion of subroutire WAVE,
which contains the stress-strain relaticn of the specimen, to
sclve equation (A-29).

Subroutine STRESS solves the characteristic equations at all
interior points in the a-t plane., It first establishes the point
in time at which the squations are to be solved and controls the
shifting of the characteristic line on onec side. The eguations
to be solved take the form:

U-P= Ul - P1 (A-20)
and
U+P=1U, +P, (A-22)

This subroutine uses another portion of subroutine WAVE in order
to accomplish the shifting and establish the new characteristic

ey~

gusnitities which are required to solve equations (A-20) and (A-2?).

Subroutine WAVE 1s tne only portion of this prograsa which
requires use of the stress-strain reiation of the material, The

A-T
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subroutine reported here is based on 2 stress-strain relation
which has the form:

E=5 for S< 1 (A-30)

and
2
E = By + B,S + 533‘ for §> 1 (A-31)

This equation was used since many materials may be represented
with a stress-sirain relation of this general shape [ 26] and all
derivatives and integrals are easily ottained in closed form,
The relationsnip between P and S becomes:

[3B,(P - 1) + (B, + 2B,)*-5)} _ B
8 = %3 - 233 * ) 2 (a-32)

and

5 1.
(B, + 21333)1 5. (8, + 2B,) 5

- - \
P 1l + ?% (A 33[

The slopes of the characteristics are given by:
=4+ (B, + 21335)‘é (A-3u)

Therefore, the first gorticn of this subroutine i1s used to
evaluate the stress, strain and characteristic slope for any g’ven
value of P, The second portiocn of this subroutine is used by
subroutine BOUND. Waen equation (A-33) 1s substituted into
equation {(A-29), a cubic equation in 3 results which may be

solved for its one real root. The third portion of subroutine
WAVE 1s used to shift the required characteristics determined by
subroutine STRESS. The methca by which this shift is accomplishcd
may be demonstrated by considering figure A-2, Subroutine STRESS
is used to determine the point Tp and identifies the point
TL-I,N which needs to be shifted until:

T T

: -1
L-1,N = "L,N (ci-l,N) ba (a-35)

The slope of the required characteristic, C, is determined by

substitution of equaticn (A-34) into equation (A-33) and assuming
that P varies linearly between Ty _; y.j @nd Tp_j,N. This results
in a single equation for the unknowh time, TL-l,N’ which may then

A-8
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be evaluated, This time then is used to compute the values of P
and V assuming & linear variation between T -1,N-1 and the former
Ti-1,§- The stress, strain and characueria%ic slope then may be
compuged from equations (A-32), (A-33) and (A-34),

The solution of equation (A-29) and the shifting orf charac-
teristic quantities requires the solution of a standard cubile
equation with one real root. Since this wmust be accomplished at
almost every point in the characteristic net, a function sutrouvtine
has been included which evaluates the one root without the use of
time-consuming iterative technigues,

The CASH Code provides a very ranid method for computing the
one-dimensional response of the :plit Hopkinsosn pressure bar since
there are no iterative schemes employed in the program. It 1is
difficuit to estimate the accuracy of this prograa because of the
linear interpolations used throughout; however, &s the number of
points in the characteristic net is inzsreased, the exact solution
should be approached. The sample problem described in this
report was computed with IMAX equal to 2C1 and again with IMAX
equal to 51 with no apparent degradation of results. Since the
computar time required is roughly proportional to the asquare of
IMAX, the lower value is recommended for reaasons of economy. The
solution to the sample problem was carried out to a dimensionless
time of 60 with IMAX equal tc 51 and required 4,23 minutes on the
IBM 7092 Version 13. A listing of the FORTRAN ntatements which
constitute the CASH Code is provided in Appendix B.

A-9
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INCIDENT PRESSURE BAR

(1,N}
L:‘ P
Ba = RAXTT
l::2 ]
(2,N -1 /(Z,N}
<
L-1,N-1) (L-1,N)

ORIGINAL CHARACTERISTIC
SHIFTED CHARACTERISTIC

(LMAX-I.N\-Z)/ \\LMAX—E,N-H
LMAX - 1 >

LMAX
(LMAX,N - 1) LMAX, N

TRANSMITIZK PRESSURE BAR

FIG. A-2 CHARACTERISTIC NET USED 8Y CASH CCDE
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APPENDIX B

TXVIRC TN AT

THE CASH CCDt

IoFTC CASH LisT

THIS PROGRAM COMPUTES Tre TRANSIENT RESPONSE OF THE SPLIT

AOPKInSON PRESSURE BAR EXPERIMENT bY THE SETHQU OF CHARACTER-

ISTICS ASSUMING The RAUVIAL STRESS IS EQUAL TU 7FRC.  THE MALIN

ROUTINE s CASty FORMS ALL VAKIABLES IRTO NUN-ULIMENSTONAL QUANTI-

TIESe ESTARLISHEL TH* ZONINGs AND CONTRL S THE INDEXING THRPOUGH
» THE CHARACTERISTICS NET. THr FGLLOWING OICTIONARY OF TERMS MAY

PROVE HELP-~UL IN MAKING (HANGES TO THIS PROLRAM,

Ve

Lo dst o i

PROGRAM SYMB(: ODEFINITION

STRESS/7SPECIMEN yvlolu STRESS

PARTICLL VELCCITY/ZIMPACT VELOCITY AT YifELD
STRAIN/SPECIMEN YIELD STRAIN

®HAVE YELOCITYZELASTIL wAVE VELOCITY

IMPACT velLOCITY/ZIAPACT VELOCITY AT YIELD
TIMZIsTime FOR caSTIC wAVE TO TRAVERSE SPECIVEN

s s T TR T [Pt SRR NT Mgy PRI gy My

~vVvAmMmC®»n

Tre FOLLONIRNG iRSTRUCTICKS ARt TC ASSIST Tnt USER [« PREPARING
THE Daté DECKe suhY CORSISTINT SET OF UKITS MAY BE USEDeee
(TetEe TNy P51 IN/SECY £TCe)

s Mo g s s atiead

Y

e Wn F RGNS mewe e e

g coL
s CARD ] 1-14 D1 INCIDERT vARQ LTAMETER
¥ 15-28 El INCIDENT BAR M0DULUS
§‘ 29-42 RuD1} 1nCiDENT BAR DENSITY
¢ CARD 2 1-14 D2 TRARSMITTER BAS DIAMETER
H >-28 E2 TRANSMITTER B&% MOUULUS
o 70-42 RHO2 TRANSMITTER FAR DENSITY
3
& CARC 3 1-14 DS SPECIMEN DIAMFTER
N 15-28 FS SPECIMEN MODULUS
) 29-62 RHOS SPECIMEN UENSITY
E% 43-506 SY SPECIMEN YIELY STRESS (MUST BE HUN=ZELRU)
32
§ CARD 4 1-164 G DIMENS JONAL CONVERSION FACTOR (3864,0R68 IN/
34 SECK82, OR 1,00 (2/STC*e2)
5* 15-28 X0 ORIGINAL SPECTMFN {FNATH
H CARY 5 1-24 Bl ARBITRARY CONSTANTS wHICH DESCRIBE THE
i 15-28 82 STRESS=STRAIN RELATION OF THt SPECIMEN
29~-42 B3 IN NUN-UDIMENSIONAL UNITS (St SUBKOUTINE
43-56 Ba WAVE ) o
87-70 BS
: CARND 6 1=72 1D ANY 72 CHAERACTFRS WILL AF DRINTFD FNG
IGENTIFICATION PURPGSES
. CARD 7 4=5 1 AMY INVTEGER FrOM 2 T0 1i WHICH INDICATES
THE wUMBER GF PUSITIUnS ALUNG THE SPECIMEN
THAT OUTPUT 1S VESIRED
8-10 LMAX ANY OLD INTEGER FROM 3 TO 201 WHICH
DICTATES THE SIZE QF Trt (HAPaCTERISTIC NET
15 M ENTER 1 N COL 1% IF OUTIPUT 1S TO Bf
DIMENSIONLESS, LFAVE BLANK IF QUTPUT 1S
NESIRED IN SAUF UNJTS AS INPUT,
CARD 8 1-5% K THE ACTUAL NUMHBER OF PAIRS OF UVATA POINTS
TO BE READ IN (MAY NUT EXCEED 200)
6-19 C1 A CONSTANT WHICH WILL CONVERT THE INPUT

B-1




T

20-23 C2

CAKU 913~18 EPS1tJ)
19=24 TIM(J)

CARC 101-5 KKK
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APPENDIX B

DATA TC MINTITS OF STRAIN
A CONSTANT WHICH WILL CONVFRT THE IKNDUT

DATA TO UNITS OF TIMF

4 PAIRS UF DATA PUINTS PER (AR WHICH ARE
PROPORTIUNAL TO THE SIRAIN ANu TIME OF THE
INCIDENT PULSE

CONTROL CARD WHICH DICTATFS THE RETURN FOR
SUBSEQUFNT CASEDess

-1 = RETURM TO CARD 1

0 = RETURN TO CARD 3

+1 = RETURN TO CARD 8

COMMOM AsAl 3A2¢A39AUADJAREAL JAREA2 B8 9B sB839BL4B59BELC1201512)
1C1 3C29CBARI yCBARL 9 LESCO(11950)9sCRICSsCh L1 2D2+sDCHDSHLT DX HsE(201412
2)19E12E2eEF{12)1+F 00119501 FPSII200)5EPS2(12)+ERIFRO(S0)WESHETI12)y
JETO(50) sEWsG T o Tl ID012) 0 sKol Ll oLLL{11) LMAXSLMAXY JLMAX2sMgNyNN,
G4NMAX o NPAGE yNSTORE ¢ P (2010121 9P 14P2+P0O(11,50) +PPyPR,PWsRHC] 4RHC2Z,
SRHOS95(201912) sSLOPESSMAX (2011 +50(1195C)»SReSSeSWSYsT(201+12)4T1,
672, TIMi2003sTO(119501sTReTSsUI2019.2)4U0(11550)UR,US«XBAR(11)5XD

200 READ (5417 D1l,£14+RHOL
READ (%41} DZ2,E2,RHGC2

205 READ (5351) DSsFSsRHOSSY

READ (5¢1) GeXD

READ (591t B1leH2:639yR44RS

READ (5+5) 1D
READ (5+2) 1y LMAXM
210 READ (5+2) K9C1s(2

READ (594) (EPS1(J)»TIM(J)s J=1,9K)

WRITE (6+6) 1D

WRITE (6+7) D1+E1sRHOY 9D2+E2 sRHOZ2 s DS+ESsRHDSHSY
WRITE (6+8) B1s82+834H4,85

WRITE (6:9) TsLMAX,K
NSTORE = O
NPAGE = 0
DO 10 L=1,sLMAX
Ul{Ls1)=0.
SiL+11=0.
Cllyolr=l,
E(L'l,'no
TlLs1)=0.
P{Lsl)=0,
SMAX (L) =],

10 CONTINUE
EF(1)=0.
ET(11n0.
EPS2(1)=0.
ARFA1=(DS/D1r1as®2,
AREA2=tDS/7D218#2,

CBAR1I»SORT(FI®#RHOS/(ES®RHO]L ))
CBAR2=30RT(E2#RHOS/ (ES*RHO2))

CSaSQRT(ES#G/RHOS)
Al=SY/ES
A2=(SeAl
A3=Xx0/CS

Abm] ,+RHOS#ARFAL/Z (RHOI#CRARY)
AS=n],+RHOSBAREA?/ (RHO2#CRAR2Y

C2=C2/A3
LMAX] = LMAX - 1
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APPENDIX B

A = | MAX]
LMAX2=LMAX]1=]
NX=l,/4
XBAR(1)=0.
Tlel=]
O 20 Je1e 1
B=FLOAT(J)/FLOAT(I1}Y
XBAR(J411=8

20 CONTINUE
DO 350 11=1,1
LLLETIT) = XBAR(II) # FLOAT(LMAX])Y + 1,

350 CONTINUE
J=?
SLOPE=CI#FPS1(2)1/(C2%T1M(2}))
T(142)=2,.%DX
EPS2¢2)=SLOPFRDXs2,
DO €0 L=2,LMAX]1,2
T(L+11=DX

60 CONTINUE
L=1
N=?
S0192) = (2.,#CRARISFPS (D)1 #F Q) /(CY® (], 4£Fi TATRRUOS/(CRARI#RHOT YY)
P(1+2)1xS(1,2)
Cl{ls2) =1e
E(1+2) = S(1,+2)
Ui1,2)=P(1,+2)
IF (S(142)1=14) 64464462

62 SMAX(1)=S11,2}

64 DO 70 1L=3,LMAX,2
P{L+2)=0,
StLs2)=n,
UtL+2)=0.
E{l+2V=0.
ClLeé2)=1,
TIL»2)=2,%DX

73 CONTINUE
DO AN L =2,LMAX1,?
PlL+2)=0,
S(L'2)=0.
UlL+2)=0,
E(L+2)=0.
ClLe2)=1e
TiLe2)=3,%DX

80 CONTINUE
Pl{2+2)=P(1+42)
S{2+21=511,2}
U02:2)=2U0(1,2)
Fi242)3F(1,2)

81 DO 110 N=3,12
N=N
L=]
CALL B80UMD
DO 90 L=3,LMAX2,2
L=l
NN=N-]
CALL STRFESS

90 CONTINUE

Q1 D0 Q5 L=2,LMAX]1+2
IF (S(LWN=-1) = SMAXI(L)) 95,95,92

Q2 SMAX(L) = S(LeN=1)

LYN)
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Q5 fONTXNUE

LELMAX APPENDIX B
CALL BOUND
DO 100 L=2,LMAX]»2
L=l
NHsN
CALL S3IRESS
100 CONTINUE
1N1 DO 118 L=14LMAX,?
TF (SILWRI~AMAX(LYY 1NnE,10n5,102
102 SMAX{L)=S{LN)
165 CORTINUE
IF (T11eN) «LTe N.) GC YG 920
IF (S(1¢N) oLYe Ne) GO TO 980
1F (S{LMAXIN) oLTe (e?! 6O TO 985
IF (J=K) 110,110,050
110 CONTINUE
CALL S5TORE
DC 140 L=1¢LMAX
TlLe1)=TlL41Y)
SELsY}=S5(L 11
UtlL<11=U(L,21)
E(La11=EiL,1 1)
Cils11=C(L 4,11}
PiLs11%P(t 411}
P(Le21=P (1 412}
TILe23=TIL 412)
StLe2)=S(L,12)
YL+ 23=UiL412)
E(L+?)=E(l. 412}
LI1L.2)=CtiL-12)
1490 CONTINUE
FPS2(1)=FPS2(11)
FPS2{21=FPS2112})
FFE11sF (11
FF(2)=FF(12)
ET(1I=ETC(I )
£ET(2)=ET(12}
GO TO 81
980 CALL STORE
CALL CUTPUT
WRITE (6,981)
GO TO0 150
985 CALL STORE
CALL GuTPUT
WRITE (6,986}
GO TO 150
920 CALL STORE

CALL OUTPUYT

GO TH 15Sn

FORMAT (5F14.5)

FORMAT (318)

FORMAT (15,2€14.5)

FORMAT (]12X+8F640)

FORMAT (12A6)

TORMAT (1H],1245)

FORMAT (JH—~ 924X sRHDIAMFTFR G 12X s THMODULUS 913X 4 THDFNSTTY 411X 212HYIEL
1IN STRECSS/IIHATNCIDFINT RAR (3X,3720,8/16HNTRANSMITTFR BAR3E2N.8/
2AHOSPECIMIN s TX 44T 20,8

8 FORMAT (VHegI2X92HB1 218X s2HB2 2 .BXs2HES21BX+7HBG91BX ,2HRS/5E2048)
9 FORMATY (]H—;3HI ="5.ZGKO6HLHAX ’.IS’?OX'3HK "15)
GR] FORMAT (1HO.62HSPFCIMFN HAS SEPFRATFD FROM INCIDENT BAR ~ ARALYS'<
1 TERMINATFD)
98¢ FOPMAT ({JHD+&5HSPECIMFN HAS SEPFRATED FQUM TRANSMITTER BAR - ANALY
1S1S TERMINATFD)
150 CONTINUE
RFAD (542) XKY
IF (KKK} 20042Nn5:210
Q99 STOP
END

o
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APPENDIX 8

SIRFTC STORF LISY

SUBROUTINF STORE

SUBRQUTINE STORE CONVERTS THE NON<DI“FMSIONAL QUANTITIES INTO THE
SAME UMITS USED FOR INPUT, THIS CONVFRSION MAY BE SUPPRESSED BY
ENTERIMG A 1 IN COL 15+ CARD 7. THE DUTPUT WILL ThEN BF N

THE DIMENSIONLESS FQoPv INDICATED IN THE PROGRAM DICTIONARY,
REFLECTEN AND TRANSMITVTFD STRAIN VALUFS ARE ALWAYS IN THE ACTUAL
UNITS OF STRAIN (IN/IN).

COMM™ . AgA] gA24A3 )AL A5 LARIAL JARFB24P A1 ,R2,13,04 ,REGRF4(C(201,12)
1C1eC2eCBARYWCRARZ 4 CFCQIT1a8N) s RICSHCWaNY1 9NZ23NCoDSsDTHDY € (201,412
230E B2 EF112)+F0(11+50),EPS1(200),EPS2L12)1+FRLERO(S50)+ESHET(12)y
BETO(S0) oEWaGs T oIl aINI12)9JeKsL oLl sLLLITT} gL AKX LMAXTJLMAX2 3MeNyJNN,y
GNMAX s NPAGE yNSTORE +P (201,121 ,5P1,4,P2,POt11,60)¢PP,PR,PWyRHO1,RHO2,
S5RHOS»S{20112)sSLOPE»SMAXI201)4S0(11550) 3SR CSeSWsSYsT(20) 5121571,
ET2,TIMI200),TO(12350)sTRTSHUIZ201922).U0(11+50) 2UP>L5,XBAR{Y1} X0

Kk = N-2

DO 9085 N=],KY¥

NSTORF = “STORE + 1

DO 900 LOUT=1,1

L = LLe(LOoum)

IF (M +EQe 1} GO TO 902

TO(LOUTSNSTORE) = T({LNY ® A3
SO(LOUT, NSTORE) = 3(LeN} ¥ SY
PO(LOUT,NSTORF) = P(L «N) *# A2
UJO(LOUTLNSTORF) = UL +N) # A2
EQ(LOUT NSTORE) = E(L N) & A}
CO(LOUTNSTORE ) = C(l. %) * C5
GO TO 900

902 TO(LOUTSNSTORE) = T(LoN)
SC{LOUTNSTORE) = S{LN)
POILOUTLNSTORE! = P(L+N)
UD(LOUT JNSTOREY = U(LsN)
EQO(LOUTZNSTORE) = E{(L+N)
CO(LOUT 4NSTOREY = CiL 1)

500 COMTINUF .

ERO(NSTOREY = EF{N}

ETO(NSTORE) = FT(N)
905 CONTINUE

IF (NSTORF .EQe. 50) GO T0O 901

PETURN

ENTRY QUTOUT
QA1 NPANRF = MNPARF + |

DO Q2¢ LOUT=1,1

WRITE (6+910) XBAR(LOUT), KPAGE

WRITE (609711 (TO(LOUTsJJ)»SOILOUT o JL)oPO(LOUT ¢JL)sUOILCUT I Y

1 EO(LOUT»JJ)YsCOILOUT»JJ) s JJI=1NSTOREDY
920 CONTINUE

WRITE (564930) NPAGE

WRITE (60931) (TO(1+JJYERO(IIYs JJI=1,NSTORF)

LOUT = LLLI(I)

WRITE (6494n) NPAGE

WRITE (60931) (TOUT4JUJ)»ETOUII s JI=1,4NSTORM)

NSTORE = 0

RETURN
910 FORMATY (1H]196HXRAR =9F T7¢59s00X s 4HPAGE o 1L/ THN I IX J4HTIME 415X s6HSTRES

159 15X 3HPHI s 10X 1 THPARTICLE VELOCITY »OXs6HSTRAING12X 2 10HWAVE SPEFD

2)
Q11 FORMAT (6F2n.8)
930 FCRMAT (1H] ¢12HINCIDFNT RAR,IONX y4HPART (T4 /1HO 11X 4HTIME ,1NX,

1 16HRFFLFCTFD STRAIN)
931 FORMAT (2E20.8)
940 FORMAT (1HI15HTRANSMITTIR RAR OTX ¢LrHPAGE 3 14/ HN s Y I X o GHTIME 49X

1 1BHTRANSMITTED STRAIN)

END
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APPENDIX B

C ROUND Lrer
SUBROUTINE BOUND
SUBROUTINE BOUND SOLVES THE CHARACTERISTIC EQUATIONRS AT THE
BOUNDARIES OF THF SPTCIMEN. THIS SURROUTINE ASSUMFS THAT THE
SPECIMENR=-PRFSSURFE BA2 INIERFACF IS FRICTIONLFGS AND THAT THE
AXTAL FORCEF AND VELOCITY OF THF SPECIMEN AND PRESSURE BAR ARE
FOUAL,

COMMON AgA13A2083 gAG ABJARFAY JARCA2 R R] R2,RIZRURE4RFZ (201,121
1C14C29CBAR] +CRARZ s CEWCO(11950) 3CRCSsC DI oN2+sDCoDS DT oDLH,E(201412
21 sE)9E24EF(12)5F0(11+50)FPSII2NN)EPS2(12)+sERIERO(S0)2ESHET(12)
BETO(SN) gEW Gl sl elD(12) 5 eKolalLsLLE(11)4LMAXSLMAX] JLMAX2 oM gNyNiNy
4GNMAX JNPAGE s NSTORF 43P (201,12) 4P1sP2,P0(71:50)9PPPRPWIRHOL1,RHOZ2,
SRHOS+S5(201+12) sSLCPE»SMAX 12011050011 950)3SRySSeSWeSYsT(2014512)9T1
6T2sTIMI2CGN}sTO(11,,5N)2TRTSH1J(201412)41J0(11+50),URL,US,XBARITI11)4+X0

IF {L=1) TNnNn,770n,RNN

TEYsNI=T(24N~1) ¢ DX/C{2sH~-1)

IF (TU1.N)=C2#TIM(JY) 704,704,702

J=J+1

SLOPE=CI#(EPSI(JI-FPSI(J=11)/(C2%(TIM(J)=TINMII~1)))

EPS2IN) = CI#EPSY11U-1)+SLOPER(T(1sN)-C2%TIM(JI=-1))

NN =81

P1=RHOS#AREAL/ (RHO1*CBAR])

P2=P(29N=11-U(2sN=1)42,#CBARI1BFDS2(N)#FS/SY
CALL PROP

P({1sN)=PO

Pw=PpP

CALL WAVE

S({1eNj=SW

ClleN)=CW

E(1sN)=FV

UG 4Nj32,%CIAR]I*FPS2{N)FS/SY=-P1#SW

FFIN)mD.OP (S NI #ARFLT#SY/FI-U(1,N)1%<Y/(CRAR]I#FS))

GO TO 850

TILMAXSNI=T(LMAX=3 3 N=1)14DX/C(LMAX-]14N=1)

D1=RHNSSARTAZ/ (DHO2€rRADD )

D2xU(LMAX =1 JN=1)¢P(LMAX~] 4N=-1)

CALL PROP

Pw=PP

CALL WAVE

P{LMAX ¢N)=PW

S{LMAX4N)=2SHw

CI(LMAXIN)=CW

E(LMAX,N)=FEW
UILMAX s N) =Pl #SYW

ETINISS{LMAX N)RARPEA2#SY/FZ

CONTINUE
RETURN
FND
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APPENDIX 5

SIBFTC STRESS LIST

40n

411
412

SUBROUTINF STRFSS

SURROUTINE STRFSS SOLVFS THE (HAPACTIRICSTIC FOUATIONS AT ALL
INTERIOR PCOINTS OF THF CRFCIMEN LSSUYING MO INTTIAL CHANAGE ¥
CROSS-SFCTIONAL ARPA,

COMMON AgAY1gAZ23A3 484 JASGART AL JARIA2,0 F] ,B82,N3,04 ,AG,RF,C(201,12)
1C14C2+sCBAR] yCRBARZ s CE2COL11 05N ) 4CPsCSsCvsN1aN24NCsDSNT4DX4E(201412
2)2EYeF2+4FF(12)9F0(11950)1+ P51 (2001 +EPS2(12)12FRIFRO(BU)IIE5sET(12)
3ETO(SO) 4 EWsGs T2 114100120 s Kal sl L sl LL {1} sL™AXSUMAX]T L YAXZ ¢ ¥ sN NNy
LHNMAX gNPAGE JNSTORF yP (20135121 sP1sP23sPCI 114501 ,5PsPRPLPHOI SRHOZ,
5RHOS+S1201¢12) +SLOPE«SMAX(201)+5CG (113501 +5P sS5595msSYeT(201212)4T1
6T2+TIMI20N5sTO(11+50) TP TSeU1201512)43u0{11350)2URUSIXRAR(I1),4X0

TIsTIL=14MN 14(DX/CIL=T+NN )

T2=TUIL+T«RN Y+ (DX/CIL+1 4NN )}

IF (ABS(T1/T2 =~ l4) oLFe ne0nNNNN]Y) GO YO 420

1F (T1~T2) 400,420,430

TC(LsNI=T]

LL=L+]

CALL SHIFT
60 TO 415
TLLWNYI=T?

LL=t -]

CALL SHIFT
IF (L=2) 415,411,415
IF (TR-C2#TIM(J=-1)) 412,413,413
J=J-1
SLOPE = CI#(FPSI(J)~EPSI(J=1))/7(C2#{TIM{ N=-TiM{J=~11))

417 FPS2(NI=CIRFPST{J=-114C1%(FPSY(J)=FPSI(J=11)1%(TR=C2*TIM(J=-1)}/
1 (C2¥(TIM(N-TIM(IJ-1)))

415

420
450

455

470

475

479

480

P{LL sNN)}=PP

S{LLsNN)=SP

E(LLINN)=ER

ULLLsNN)=UR

CILLsNN)=CR

TILLWMNN)=TP

GO 70 4%n

T(LWN)=TY

COMTINUFE

IF (L.EQ.1) GO TO 4890

PILAR)=oS®(PIL+]oNR J4P(L-1,NN j-UIL+1 NN I4+U(L=-1,8N )}
U(LoRI=oS#(UIL4ToNN J+UIL=1 3NN =P LL+T 4NN J+D(L=~1,%4 1))
IF (ABSIPILWN)/P(LsN=1) = 14) oLFe 0.000000)) G0 10 477
1F (P{L4N;=P{LeN=T}) 455,475,475

SILaNI=N SH(S(L4T JNNI#S(L-1oNNIFUIL-T 4RUH)I-UIL+T 4NN
UILaN)I=058 (SIL-1 sNNI=S(L+1NMI+UIL=T,NAN)AU(L+YoRN))
PILsNI=S{L,,N)

ClLosN)=1,

ECLoNYIZE{L yN=1)+StLsN)=SI{Lsh=1)

G2 TO 480

PW=aP (L +N)

CALL waAvy

S(L NI =SW

ClL NI =(W

E(LoNI=EW

RETURN

SILsNY = S{LN-1)

E(LsN) = E{LoN~-1)

C(LsN7 = C(LWN-1)

CONTINUE

RETURN

FND
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APPENDIX 8

SIRFTC WAVE] LisT
SURRQUTINF ¥AVE
SUBROUTINE WAVE 1S THE ONLY SUBROLUTINE WHICH REQUIRES USE OF THE
STRFSS=STRAIN CFLATICN OF THIP SPECIvVFER, THFE RFLATIONSHIP UsSEN IN
THF PLASTIC RPFAINDN 1Seee Tz R} & R28S + B3aSEE?
THIS RFLATIONSHIP HAS ALRFADY BFFN NORMALIZED SO THAT..B1+R2+83=1
THIS ROUTINE TONSISYS OF THREF SEPARATE PARTS.
i COMMON A3A14A23A3 A4 325 ARTAT JARTAZ N ,R]T4M2,83,RB4,P5,BF+C(201+121,
1CY12C2,CBARTICBI/R2+CEZyC0(11950) 3CR1TSHC A1 9N29DCHDSaDToDXsE (201412
21 s El2E2sFF (121 4F0(11450)+50S1(2N0)14,EPS2112)1+ERIERO(S0)GESHIETI12)
3ETO(S50) 9 EWL ol llaIN(12)0JeKel sLL oLLL (1Y) oL MAXSLMAXT o LMAX2yMoN NNy
GNMAX G NPAGF ¢ NSTORF 4P (271 ,1214P14P24PO(11+50) 3PP sPRyPWRHO14PHD2
SPHOSGSI2N1 41213 SLOPF SMAX (207 143S0111+50),5R4SSeSWeSYsT(201912)9 T2
H ET24TIM(207)3TO111 95013 TRsTSHUIZ201+1234,U0(11450)URsUSsXBAR(11)9X0
FOR A GIVENM IYPACT VELOCITY THIS PART OF THE SHUEBROUTINE WwILL
COMPUTE THE SPFCIMEN STPFSS, STRAIN, AND wAVE SPEED.
IF ((PW/SMAX(L)) «GT. 0N.9959999) GO Y0 210
200 SW=PW
Cw=l.
FRN=F (L ¢MN=1)14SW=S (] ¢R=1)
GO Y0 290
210 SW=l ({3, %#BIM(PU-1,) I+ (R242, %33 )82 ,5)8%(2,/3,1-R21/(2.%53)
CW=1a/SORT(P242,203385V)
CW=B1482#SW+B3 23 W2
290 CONTINUE
RETURN
FOR GIVEN CHARACTERISTIC VALUFS AT THE BOUNDARIES, THIS PORTION
OF THF SURROQUTINS WILL COMPUTF THE <cTPFQe AND IMPACT VFLOLITVY.
ENTRPY DPDOP
1F (L=1) 3n1,391,3n2
301 IF ((P2/A4) +GT. 0.,96Q0000) GO 710 3nS
303 P2=P2-P(2+N-11+S(2.N-1)
s GO TO 300
1 302 IF (iP2/A5) .GT. 0.99920097) GO TC 3n6
304 P2=P2~P(LVYAX=]1,4N=1)+S(LMAX=TsN=1)}
60 TO 30n
305 A4=P2
GO 10 ?21n
306 AS=P2
GO 1O 310
A0 SP=P2/(Pl+l,)
pPPaSP
GO TO 39n
310 VzP2-1,4{0247, 8021 88] &/ (3,803
X=1,5%R2 /22 (0, 8P| #8D )/ (3,807
Y=eTS#(B2/83)13%24(9,#P1#V) /(4,283
=e125%(B2/8B3)%82-(N #yBY}/(8,¥R3) .
SPaROCT(X4Ys2Z)
350 PP=1,.4¢ (8242.'83'Sp)'.105—(82+2.‘83)*‘105)/(30'83)
390 TONTINUIE
PFETYRN .
FOR & GIVFN TIvS PASEFN ON THFE SLOPF OF (NF CHARACTFRISTIC, THIS
PORTION OF TH® SURROUTINF wILL CO¥PUTF THE VALUS OF THE OTHER
DEQUIRED CHARACTERISTIC,.
ENTRY SHIFT
DT=TILL W NN)~-TLLINN=1) :
IF (USILLWNN=1)/SMAXILL)) «GTe 7.9999999} GO 7O 410
4ND 1F ((SILLLNNI/ZSYAXILL)Y) offTe 0,9999909) GO TO 4907
4nl TR=eET(LN)-DX
PRabDILL ¢ ANN=1I 4 (T2«TIL L yNN=1 118 {PILLJHN)=P(LL\N=-113 /DT
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APPENDIX B

URBU(LL ¢ NN=1)+(TR-TILL,NN=1 )Y (U(LL NN)~U(LL NN=1)) /DT

G0 T0 480

TR=TILL W NN=1)+DTH (SMAXILL)=PILLyNN=T1J11/7(PILLINN)=P(LLsNN-1))
CSMAX = 1o 7/ SORT(B242.#B838SMAX(LLY)

PSMAX = 1.4{(B2+42.,%R3eSMAX(LL))I#*],5-(B242,%83)#2],.5)/(3.%83)
IF (TR4DX=T{L NI 403,401,401

IF (TR4DX/CSVMAX=TI(LN}) 406,404,404

X=n,

Y= (DX/Z(TILL o NNI=TR))# (1o/7CILL yNY)I #2311, /CSVAXE43)
27-1o/CSMAXERT+ ((TR=T(LWRIJ/{T(LLGNN)I=TR) ) #( 1,/ (C{LLINA)##3 )~
1 1./7CSMAX#®3)

CRE = ROOT(XsYs7)

TR = T(L+N) - DX ® CRF1

PR PSMAX + ((TR1 = TR)IZ(TILL oNN) — TRI) # (PILLINN) - PSMAX)
1R TR

YR = JILLWNN=1 14 TR-TLLL  AN=TIIY LUILL 4NV I=UILL s NN=11) /DT

GO TO 480

PR=DSMAYX

SRzUILL sNN=I 1 4 {TR-T(LLNN=1 ) ) # (U(LL TN =u(LL 4" IN=3) 3 /DT

GO 7O 480

TF ((STLLWMNNIZSYAXILL)Y) o6GTe 0.9996000) GO 10 425

"N

TR = Tl oN) = DX/7CLLJNN=-1)
SP = S(LLyHN=1)

02 = P{LLNN-1)

U2 = tr(LL fN=-1)

CR = T{LLJNN~1)

ER = E(LLsNN-1)

GO YO 495

X=0,

Y=(DX/OT)IRL]4/7CILL NN #83-] (/O (LL JNN=-1)%83)

Z==1 e /CILLNN=1)*#834((TILL +2N=1)=T(LsN)}/DTIR(1/(CI{LLNN)®83) o/
T(C(LL sAN~1 )22 )

CQISROOT(X'YoZ)

TR = TU(LWN} = DX = CR}

PR = P{LLoHNN=1) + (1TR = T(LLWRN=1)1/DT) # (PILUIRN) = PI{LLIRN=-1})
US=UILL o NN=1 14 (TP=T(LL,NN=T1}i 2 (UILLyNNI=UILLshN~1)1/0T7

IF ((PR/SMAX(LL)) «GTe 0.0599990) 60 10 490

SR=PR

CR=1.

FR=E(LL gNN=11+S5P=C(L1 4“N=1)

GO TO 495

SRz ({3, 4R3I (DR-] 4 14(R2+42,%73)188] R 188 (2,/3,)1-R23/(2,%B3)

CR=14/SNART(R2+42.2538#<2)

ER=B14B22SR+B335R 82

CONTINUE

IF (LLFQel) 6O TO 493

IF {(LL.FQ LMAX) RO TO 492

PETURN
FO(MNNISEFINN=T I+ (TR=T(LL NS~ 1) ¥ (FF(NN)=FFIRN=131/DT
RETURN
ETINN)=ETINN=T)+(TR=TILL»*N=1 )12 (ET(NN)-ET(NN=1})/,/DT
RETURN

€ND

B-9

'YX}



>
o

T

Ll e

e 8 A B,

g e ad o R

e e T

SIRFYC

10

29

22
23

24

25
30

AR LK IS et e g S e A

ROOT LIST
FUNCTION ROOT (XsY,2"

NOLTR 67-156

APPENDIX B

FUNCTICON ROCTY FINDS THE ONE REAL ROOT OF THE CUBIC EQUATION

X#83 4+ Asxe#? ¢+ Bax + C
STATFMENT CONTAINS THF

= 0o THE ARGUMINT LIST OF
THRFF COFFFITIFNTS A, R,

DOUBLE PRECISION A3B (4N FHF

AzY /3= (X/3,1 882

B2 /3 )#03XRY/64+7/2
C=Baen2sive

IF (C) 10,20+20
PHI==RB/DSORT(~A%%3)

ROOTe~X/3.42+20SCRT(=-A)*COS(PHI/3,)

GO 10 30

Nx-R4NDSORTIC)
FaB+DSNRT{C)

F=l4/73.

IF (D) 25422422

IF (F) 234724924
RCGOT=~X/3 ,+D#%F+(~E)*»aF
GO TO 30
RODTA=X/3,+4Ds#F-Ensf

GO TC :=n
RAGT2~X/3 e~ (~D)ssf-Fusf
QETURN

END

THE CALLING
AND C.
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APPENDIX C
CALIBRATICN OF RECORDING DEVICES

The measurement of stress and particle velocity in each
pressure bar is accomplished indirectly by recording transient
electrical signals generated by the change in resistance of
etched foil strain gages. This technigue differs somewhat from
the methods employed in the static measurement of strain where
the voltage required to "balance" a Wheatstone bridge 1s propor-
tional to the strain. The transient measurement of straln
requires the bridge tc be initially balanced and the amount of
"unbalance" recorded as the strain is applied.

Each strair-measuring station consists of two strain gages
which are connected to opposite arms of & Wheatstone bridge as
1llustrated schematically in figure C-1{A). Each pair of strain
gages 1s connected to a separate channel of a transducer input
conditioner which contains six Wheatstone bridges (B and F Model
1-220B4). The system is calibrated prior to each test by switching
known precision resistances into the bridge circuits and recording
the resuiting deflections on Tektronix Model 531 oscilloscopes
equipped with Type D plug-in units. The intensity 1s modulated
every 50 microseconds by means of a separate external osciilator
which permits calibration of both the vertical and horizeontal
axes ol the oscilloscope as shown in figure C-1(B).

The equation which describes the output of a bridge with four
initially equal arms and two active gages in opposite arms 1is
given by:

Y=-31F0-n (c-1;

vwhere the (1 - n) factor is required to acccunt for the non-
linearities which arise for large changes in resistance. This
correction factor 1s given by:

(1-n)=(1+2% (c-2)

The "engineering" strain is proportional to the ratio of the
change in resistance to the original resistance of tre gages. The
constant of p.roportionality is the gage factor, G, supplied by
the manufacturer. Cauations (C-1) and (C-2) may be rewritten in
terms of strailn as:

8 =46 (1 - n) (c-3)

c-1
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(1 -n) = (1+0e)"" (c-k)

Since the gage factor has a nominal value of two, strains on the
order of 2500 microstrain may be measured to within % percent when
the (1 - n) factor is neglected. Since the strains in the pressure
bars never exceeded this value, n was assumed to be equal to zero.

The calibration resistors are wired in parallel with only one
of the active arms of the bridge, figure C-1(A). Thevefore, the
change in resistance of the bricdge is only half that which will
occur when both gages are strained. The equivalent strain
corresponding to a given calibration resistor 1s given by:

R

G
€,gy = - 2 (c-5)
cal G(RG + Rcaiy
From equation (C-3) we obtain:
(gay =2 G¢ (c-6)
“V/eal cai

Therefore, the strain is related to the measured change in voltage
by eliminating V and G from equations (C-3) and (C-6) to ottain:

Ay
© TEV 7 feal (e-7)

Each strain corresponding to a calibration resistor may be
computed from equation (C-5) and the corresponding displacement
on ?n)oscilloscope det >rmined experimcntally as shown in figure
C‘IB.

The elastic wave speed in each pressure bar 1s determined by
impacting each bar separately and observing the multiple reflections
of the propagating wave on an oscilloscope sweeping at one milll-
second/centimeler. The output of a calibrated external oscillator
is superimposed to obtain an accuvrate time vase, An accurate
measureaent of the length, {, ol each pressure bar and the total
elapsed time, At, between (n + 1) peaks observed in the propagating
wave permits the average wave speed to be computed from the
expressicn:

2 n Lo
S, = ——_— c-8
o X (c-8)

c-2
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‘The elastic wave speed for the titani
these experiments
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FIG.C-1 CALIBRATION OF STRAIN MEASURING EQUIPMENT
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